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ABSTRACT

The presence of H20 and CO2 in the earth's atmosphere has for centuries
frustrated astronomers in their attempt to "see" objects‘radiating outside the
visible window., Recently, NASA has outfitted a modified Cl41l transport with
~a 91.5 cm reflector telescope designed to view in the infrared range from 1lu

to 1000y, The telescope is situated in a cavity which (because of the lack

of infrared-passing windows) is operated open pbrt. Spoilers have been
designed which reduce turbulence~induced excitation of the cavity,

Since the aircraft is designed té operate at altitudes up to 15 km, the
effect of the H20 and 002 is reduced significantly. Furthermore, the optically
degrading influence of the large scale atmospherie turbulence on land-based
telescopes is thus replaced by the, as yet little understood, effect of the
‘turbulent shear layer resulting from the spoiler upstream of the éavity. The
purpose of this report is to establish a mathematical model appropriate to
describe the effect of turbulent shear layers on imaging systems.as well as to
examine the parameters of interest relevant to potential wind-tunnel experimen-
tation, |

Because of the relative thinness of the turbulent shear layer, it is
argued that the zeroth order geometrical optics plane wave approximation
adequately describes the radiation field in the vicinity of the telescope.

With rather mild assumptions, one then finds the following expfessions for the

average and mean square of the optical tramsfer function:
L L
kx
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and .
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<[t |2 =a/a) 2HGD(§1+§)Go(§1)eo(“£l+§)co('51)

L L
Xexp{—szZIZM[D(t,u;v,w)+D(t,s;v,q)+D(r,u;p,w)+D(r,s;p,q)]dzldzz}d;:ld-t;1

where U is defined in terms of the.density correlation functiomn, Rp, by

D(tyuy;v,w) = Rp(v;w) - Rp(t;w) - Rp(u;v) + Rp(t;q)

- - > > > - > -
and p= (u1+x’ zl): q= (u1ﬂ322)3r=(ul: zl) » 85 (ul’zz)’ t'_'(xl'*‘x, zl) ’ u=(xl+x, zz) ’
v=(;1;z1), and w=(;l,zz). In the special case that Rp is Gaussian, <T1> can

be found explicitiy in closed form, and a bound for <]T|2> obtained.

I. INTRODUCTION

The adverse effect of the earth's atmosphere on man's study of celestial
bodies has been of concern since the firet telescopes weré built in ﬁhe
seventeenth century. Electromagnetic waves traverse the universe relatively
unhindered in their travels only to be absorbed of dispersed in the last few

kilometers of their journey to man's eye. For example, the presence of H20

and CO, in the atmosphere accounts for the absorption of essentially all

2

infrared radiation (lu to 1000u) except for several narrow windows in the

épectrum up to 20 microns,

An observatory at an altitude of 15 km would be above 95% of the H20 and

75% of the €O, in the atmosphere and objects emitting in the infrared would

2 .
be detectable, With this in mind, NASA has installed a 91,5 cm reflector
telescope in a C-141 aircraft (ref. 1). Though not matching the height advan-
tage of satellites, the aircraft has some advantages in cost and flexibility.
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Since no known material is transparent to radiation at all wavelengths in the
infrared range, the airborne telescope is designed to operate open port. This
circumstance has created the potential for acoustic resonance of the telescope
cavity. To avert the concomitant telescope vibrations, spoilers were placed
just upstream of the cavity (ref. 2}, and, in this configuration, the telescope
is able to "see" in the infrared portion of the spectrum. However, the quality
of seeing varies randomly in time due to the refractive index fluctuations
introduced by the spoilers. Thus, the large scale turbulent fluctuations of
the atmospheric boundary layer, which are responsible fﬁr such phenomena as

the twinkling of stars, have been replaced by the relatively small scale

fluctuations in the spoiler~induced free shear layer,

The phenomenon just described is similar to optical degradation experienced
by photo reconnaissance or earth resources missions as well as in the use of
laser beams for communication systems. The occurrence of optical degradation
due to "fhin" turbulent boundary layers and shear layers common to so many
varied endeavoré has stimulated much work, both experimental and theoretical.

It is the purpose of this paper to summarize and develop the requisite mathe-
matical models which will provide a basis for an experimental investipation
of the fundamental nature of the influence of turbulent shear layers on

electromagnetic wave propagation, especially in the infrared range.

What follows is a short history of relevant work performed dufing the
last 20 years. The most thorough experimental investigation of the effect of
turbulent boundary léyeré on ligﬂt pfopagation has been that of Stine and
Winovich (ref, 3) in 1956. Their results indicate that the loss in resolution

due to turbulent boundary layers can be several times that experilenced by



land-based telescopes resulting from atmospheric turbulence, Hufnagel and
Stanley (ref. 4) showed theoretically that the optical degradation due to
turbulence can be related to the distribution of the mutual intensity function
across the aperture of the telescope., TFried (ref. 5) further distinguishes
between "long-exposure" (corresponding to Hufnagel and Stanley's results) and
"short~exposure" average optical transfer functions. In the present paper,
the author will describe those aspects of the theoretical models devised thus
far which are particularly relevant to propagation of infrared radiation

through turbulent shear layers.

II., THE ELECTROMAGNETIC FIELD

The electromagnetic field is a vector field satisfying Maxwell's equations
together with appropriate constitutive relations. (See Born and Wolf (ref. 6,
pp. 1-3)). By assuming that the magnetic permeability is comstant and that
the dielectric constant does not vary-appreciably over times of order X}/e
or distances of brder A, the electric and magnetic vectors are found to satisfy
identical wave equations. (A represents the wavelength and c¢ the free space
propagation speed.) Hence, each component of the field vectors satisfies the

scalar wave equation:

Y2V - (n/c)? v = 0, , (2.1)
where V= V(%,t) represents any of the components of the electromagnetic field
vectors, X is the position vector in the field, t represents time, and
n= n(?,t) is the refractive index. If there is no preferential polarization
direction, then the study of the scalar equation (2.1) suffices to yield the
measurablé quantities of interest, such as intensity or muetual coherence,

(See Born and Wolf (ref. 6, pp. 387-392).)



Assuming V is polychromatic, and assuming further that V is square

integrable, we have the following Fouriler representation:

v(x,t) = J a(E e Ty, (2,2)

-l

In the form (2.2), V is in general complex, which proves to be convenient.
However, in the physical problem we will, of course, be interested in the
real part of V.

Substituting (2.2) into (2.1) we have
[= -]
2 > | ~iut n2 a2 7 s | ~iet
v ulx,w)e dw -(EO 32 u(x,w)e dw=0. (2.3)
- -0
Assuming the required uniform convergence of the improper integrals involved,
the order of integration and differentiatiom in (2.3) may be interchanged to

give

' ! [V2u+(n/§)2m2u]e-iwtdw = g, , . (2.4a)

If we define k = w/c to be the free space wave number (rad/m), then

J (92utk2n2u) e T = 0, L : , (2.4b)

-0

Finally, we have
V2utkZn2u = 0; (2.5)

that is, each Fourier component of the complex signal, V, satisfies the
Helmholtz timeQindependent wave equation. If the Fourier components u(;,w)
are known, then the signal V is given by (2.2). Furthermore, 1f polarization

: -
is neglected, then intensity, I(x), at a point satisfies the relation



I(x) ocJ [u(x,w)|2do  ([6, p.3921).

We will henceforth concentrate our attention on u(§,m) rather than V(§,t)
since one determines the other,

We wish now to.specialize the problem to that of a plane wave propagating
through a turbulent shéai layer of thickness, L. The turbulence will be
- considered to occupy the infinite layer bounded by thlie plames z=0 and =z=L.
The undistorted plane wave travels in the ﬁdsitiVe z direction, entering the
shear layer at the plane z=0 and exiting at z=L. It will fﬁrthermore be
assumed that the wave radiates to « in the positive z directién, unaffected
except for the turbulent region just described; in particular, it is assumed
that the body which borders the shear layér does not reflect any of the
incident radiation. (This is sometimes referred to as the Sommerield
radiation condition.) With these boundary conditions understood, each Fourier
component of the radiation satisfles the Helmholtz equation (2.5).

It should be pointed out that since the refractive index n varies
randomly in space, equation (2.5) is a random partial differential equation
with variable coefficient, and hence it would be fruitless to seek an exact

solution, However, in most cases of practical interest, one can write

alx) = Lng ), | (2.6)

where [nl]<<l; i.e., the refractive index is perturbed only slightly from
its free space value. Because of this fortuitous c¢irecumstance, perturbation
solutions of (2,5) abound. Most of these methods are described in references

7 and 8, Because of the thinmess of the turbulent layer under consideratiom,



however, it is the author's opinion that diffraction effects can be ignored,
and a geometrical optics description suffices, Evidence to support this
contention follows in section IIT,
Tatarski [8, p. 174] seeks a solution of (2.5) of the form:
1

0@ = [u, ) + = u ) + -1132 u, G+ ..u)

=
ik8{x)
. e .

(The dependence of u on & will henceforth be implied rather than explicitly

stated.) He finds the following expressions for uy, u,, and 6:

z
uo(x,y,z) = Ay exp{H%J(z—E)anl(x,y,C)dc}
0

iA a
ul (X,Y,Z) = - '_'85'9' J (z"'z.;)z Vf[Vinl(ng,C)]dC
0

2 z
8(x,y,2) = L n(x,y,5)ds = z +J a, (%,¥,8)dg
- 0

where V% denotes the lateral (perpendicular to the direction of propagation)
Laplacian operator
92 e

E
and Ay denotes the initial undistorted wave amplitude. Tatarski argues that
terms higher than u, can be neglected if (i) 1/k<<1i and ({i)vA L<<li, where
1i denotes the Kolmogoroff inner scale of turbulence. Condition (i) places

an upper limit on the wavelength

A<<27w li ’






whereas (ii) essentially restricts the thickness of the shear layer as

follows:

2
<<
L li/l.

(Restated, condition (il) requires that the radius of the first Fresnel
zone, YAL, be much less than the inner scale of turbulence.) In the analysis

which follows, then, we will take:

1k6 (x,v,2)

u(x,y,z) = uo(x,y,z)e 2.7)
- Aoeikzex(x,y,z)+ikY(x,y,z)
where
z
X(x,y,z) = _% j (Z_C)vinl(x,YsC)dC
0
and
z
. Y(x’y’Z) = J nl(x,y,c)di; .
' 0

I1I. THE OPTICAL TRANSFER FUNCTION

The question of how to describe the effect of turbulence on the quality
of an imaging system is, to some extent, a matter of taste. Several para-
meters have been used by designers to describe optical quality depénding on
} . the design aspect of inferest. A descfiption of several of these quality

factors is given by O'Neill [9, Ch. 7]. With few exceptions, all can be
related to the so-called optical transfer function (OTF), T, which is defined
to be the normalized two—dimensioﬁal spatial Fourier transform of the image

plane intensity distribution due to a monochromatic point gource; viz:
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" S(x,y)e_i(fx+gy)dx dy

f[m s(x,y) dx dy

-0

1(f,g) =" R {3.1)

where f and g are spatial frequeﬁcies with uﬁits, radians per meter. In
(3.1), the function s{x,v), which denotes the intemsity at the point (x,¥y)

in the image plane due to a point source at (0,0) in the object plane, is
sometimes referred to as the point spread function. If one views an extended

object emitting incoherent light, then
I(f,g) = v(f,g) 0(f,g) , (3.2)

where I and O are the :wo—dimensional spatial Fouriexr transforms of the
intensity distributions in the image and object planes respectively. If
one were viewing an object with randemly varying intemsity distribution,

then instead of (3.2), one has:

¢ii(f’g) = |T(f,g)|2 Qog(f"g) s : , (3.3)

- where Qii and LT which denote the Fourier transforms of the intensity
autocorrelation functions in the image and object planes respectively, are
the image and objecf Wiener spectra respectively. (¢(f,g) corresponds to
the power spectral density for time varying random functions.) To summarize,
then, for incoherently illuminated objects, the optical transfer function
relates the Fourier transforms of image and object intensities in a linear
manner,
.

Let us define the pupil (or aperture) function, G(x,y), to be the

comp lex disturbancelat the point (x,y) in the aperture plane due to a point

source; G(x,y) will be defined to be zero if (x,y) lies outside the aperture.

(Note that we restrict our source to lie within an isoplanatic patch of the



‘working field.) It can be shown (see, for example, Born and Wolf [6, p.485]
or 0'Neill [9, p. 77]) that the optical transfer function is related to G as

follows:

(=]

LA JJ Gx"+x,y"+y)Gr(x',y") dx'dy’
G R —= . (3.4)
JT G(x',y")Gx(x'y') dx'dy'

-t

where R denotes the foeal length of the system. (¥ote that the integrations
in (3.4) are only formally infinite since G vanishes identically outside the
aperture.) The representation (3.4) will be particularly convenient as we
now proceed to describe the effect of the turbulent layer on optical quality.
If we assume that a polnt source is located at a distance far removed
from the optlcal system under consideration, then the radiation-entering the

turbulent layer is, to good approximation, a plane wave. But then we have:

[>-]

T I_{Z) ” Gy (x4, 47)G (&' 3 Du (x4, y My, Lk (', y L) dx"dy 'y o

IJ GZ(x",y ulx",y',L)uk(x',y',L)dx"dy"

where

1, (x,¥) in the aperture
GU(X9Y) =
0, (%,y) not in the aperture

and u(x,y,z) is given by (2.7).

Before proceeding further, a word is in order here regarding the efficacy
of T as a measure of optical degradation due to turbulence. Bf definition,
1 is the transfer functiom relating the intensity distribution in an extended

object to that of the image. 1Its value as a transfer function is thus limited

1
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to incoherently illuminated objects. On the other hand, if one observes a
star with a telescope, then the intensity distribution in the focal plane
is exactly the point spread function, whose normalized Fourier transform

is given by (3.1)., Hence, even though the use of T as a transfer function
must be limited to the ideal, and rarely realized, case of incoherent illu-
mination, its usefulness as a measure of optical degradation is broader.
(The derivation of transfer functions aépropriate to coherent or partially
coherent extended objects is given in Born and Wolf [6, Sections 9.5.1 and
10.5.3 respectively].)

Since, by (2.7), u depends on n, which varies randomly with position
in the turbulent field, then (3.5) implies that for each fixed spatilal
frequency, T is a complex random variable. Hence, a complete description of
T requires determination of its probability density,_or, equivalently, its
moments. In practice, one is fortunate to determine the first two moments,
namely the mean, or expectation, and the mean square, If we déﬁote mean by

< >, then from (3.5);

JJ ng)cx'aY';X.Y)Mz(x',Y';x,y) dx'dy’

ﬁ 6§?) (x',y'30,0)M, (x',¥'50,0) dx'dy' .-
where

6§ (x',y'3x,7) = G (k" x,y +y)Go (x'y ")
and
Mz(x'sY‘;xsy) = <u(x'+x,y'+y,L) uw*(x',y',L)>.

An exact equality is, unfortunately, not realized since, in general, the
mean of a quotient is not equal to the quotient of the means, It is reason-

able, however, to accept (3.6) as a first approximation. (See [10, p. 151]

11



for the derivation of a series expansion for <1> of which {3.6) gives the
first term.) Similarly, the mean square of v is given by:

20

: 1 TP S S T I t o tags? ot Y 3 ¥ Teg g !
<|T(E£i§z)|2> = Ilff GS Gfy'iut, vty (xy et vl ix,y)dx dy Tdutdy
R M- -

”” o™ ',y su,v'30,00M, (x',y" su',v"50,0)dx" dy " du'dv'

where
G84)(x',y';u',v';x,y)=G0(x'+x,y'+y)G0(x’y')Go(u‘+x,v'+y)GD(u',v')

M, (x",y'5u, v %, y)=<u(x'+x,y "y, Lu*(x’,y ", Lyu(u’,v', L)uk (u'+x, v'+y, L) >.

(3.7)

Note that the influence of the turbulence on <1> is felt through the second

moments of the disturbance in the aperture plane, namely the mutual intensity

(in the numerator) and intensity (in the denominator), whereas the stochastic

" contribution to <{t|{?> arises frem the fourth order moments of the disturbance

in the aperture plane. Although the expectations or means which occur here

are ensemble averages, they may be calculated in practice by taking time
averages if the light disturbance can be assumed statiomary, an assumption
almost surely warraﬁted.

Equations (3.6) and (3.7) are quite general, and do not depend on the
particular ﬁodel éf the disturbance, If we utilize the geometrical optics
‘approximation, described in section II, then the mutual intemsity is given

‘ At+iB
M, (x',y'5%,7) = A ]2<e” >

by:

R ' (3.8)

12



where

A = X(x'x,y'Hy,L) + X(x',y',L)
L
=-% f (L=0) [Vin, (x"+x,y"+y,T) + Vin (x',y",0)]dC
0
and
B = kiY(x"+x,v"+y,L) - Y(x",y",L)]

L
k f [n, (x"+x,y"4y,2) - o, (x',y",0)] dz.
0 _

Similarly, the fourth order correlation function occurring in (3.7) is
given by:

teip?
D|q <EA +HB',

M, (x',y 5ut, v x,y) = [A ' (3.9)

where

L
A'= —;5 [(L‘C) [Vinl (x'+X,Y'+y, C)+V§n1 (X' %4 ! 3 E)"'V_]z_nl (u' ’V' s C)+vin1 (.U""KQV'*TY) (’,) ]dC

and

L .
B'=k f[nl(x'+x,y'+y,c)-nl(x',y',c)+n1(u‘,v',c)—nl(u'+x,v'+y,c)]dc.
0

Unless we know the probability density for n,, we have reached an impasse.

1
However, if we are willing to assume that the variables A, B, A', and B' are
Gaussian, then further.progress can be made. In particular, we will assume
that A and B are jointly Gaussian and similarly for A' and B'. (From the
definitions of A, B, A', and B', an appeal to the central limit theocrem

seems to lend credence to such an assumption.) Then, by carrying out the

integration inferred by < > with respect to the Gaussian density, one finds

| o, |
<efM1B, | (AHLB> F(oy - 0B) 1 cov(4,B) (3.10a)

13



and,.similarly,
A'+iB'  <A'>+i<B'> %’(Ui,- cé,) i cov(A',B")
<e >=e e e s {3.10b)

where 02 denotes variance and cov denotes covariance. In order to carry out
the calculations indicated by (3.10)}, we proceed to determine the joint
moments for A and B, (Exactly similar results will follow for A' and B'.)

For convenlence in notation, we make the definitions:
R(X)5Y 524355 50%,) = <0 (6,520, (%,,7,5,2))> (3.11a)

P(xlgylszl;XQ,YZ’zz) = <an1(xlsyl,zl)anl(xz,y2,22)> (3.11b)

i

Q(x1,yl,z1;x2,y2,zz) <[an1(x1,y1,zl)]n1(xz,yz,z2)>. (3.11c)

Because the operation of ensemble averaging is éammutative with both inte-
gration and differentiation, then from (3,8)

L

<h> = =k | (L-) [VE<n, (x"+x,y"+y, 0)>+92<n, (x',37,8)>]dz
. R i1

0 (3.12)

L
<B> =k J [<n, (x"+x,y"+y,0)> - <o, (x',y',2)>]dt
0

Note that if one assumes <nl> = gonstant throughout the turbulent field
{a not unreasonable assumption}, then <A> = <B> = 0, Furthermore, from

(3.8) and (3.11) one finds:
LL

. 5AZp = %’{I(L"El) G—l"f_;z) [Px',y', ;_1;2{' Y5 ‘:2)
B Y | ' ' o
B R,y Y LY T B )R (KT, Y T Ty xR, Y Y, 85) (3.13a)

+chw+x,yr+y,gl;x‘+x,y'+y,Cz)J dg,dg,

14



LL
<B2s = K2 J[ [R(X',Y',CI;X',Y',Cz)-R(X"i'X,Y"PY,CI;X',Y',Cz)
0o
—R(x',y', ¢ 5%,y 4y, L) (3.13b)

+R(X'+X,)T"|’}T, El;x'ﬂsy'ﬂs CZ)] dcldcz

and LL ,
<AB> = k/2 JJ Tt Q' y', 5%y, 8,)
0o
HQx"+x,y "y, Ly sx',y! ,Cz)-Q x',y', %1 s,y 'y, ﬁz)

~Q(x"+x,y "4y, 5 sx"Hx,y 4y, ) ] dE,dL, . (3.13¢)

Similar expressions hold for A' and B', Clearly, without further simplifying
assumptions the problem remains, in a practical sense, intractable. To
elaborate, observe that from (3.11)

3%R a4R + 34R 4R

"P(X,,¥,s2,3%,, ¥ Z,)= + +
12712913722 723 72
ax2ax2  oyfexZ oxfayl  ayfayl

(3.14)

32R , 52R
Q(xlsylszl;xz,yzyzz) B o e

2 2
axl Byl

Hence, even if one were able to experimentally determine the refractive

index (density) correlation function, evaluation of <A2> and <AB> would

require a numericél differentiation of fourth order and second order respec-

tively. Althougﬁ this is feasible in principle, it is very difficult to deo

with any accuracy in practice, without a very fine mesh measurement scheme,
To conclude our general discussion, it should be noted that in practice

(see, for example, [11]), it is the modulus of the OTF, called the modulation

transfer function (MIF), which is measured, rather than the OTF itself. The

15



statistics of the MTF are related to those of the OTF as follows:
0z |<] 2 <|t|]> =2 1. (3.15)

Hence, if the expressions for <t> obtained in this section are used to
estimate the average MIF, <lT|>, the estimate can be expected to be con-

servative, Furthermore, the wvariance qf the MIT is bounded as follows:
0 s GTTI = <|t]|2> -<|r]>2 < <|t]®> = [<1>]2 = U%- (3.16)

Knowledge of the variance, together with applicatiom of Chebyshev's
inequality (see, for example, [12, p. 20]), yields information about the

variability of "seeing" conditions. In particular,

Pr(|t - <v> [> a0 ) = 1/a
and

Pr([]r] - <]r|>]> aaIT|) s 1/6% ,

for the OTF and MTF respectively.

In concluding this discussion, it is interesting to note that from
(3.15), the MIF suffers less degradation on the average than the OTF,
Furthermore, from (3.16), the variance of the MIF is, in general, smaller
than that of the OTF.

Homogeneous Turbulence. If one is willing to assume that the refractive

index spatial variations are statistically homogeneous, then certain simpli=
fications can be made. In particular, <n,> = constant and, hence, from

(3.9) and (3.12),

<A> = <B> = <A'> = <B'> = 0,

16



Furthermore, the correlation function R is now a function only of the
difference in the coordinates rather than the actual coordinates of the two

points under consideration; i.e.,
R(xl 3¥19213%557 55 22) = R(xz-xl Yo7V, ’ZZ-ZI) . (3.17}

Then, the relations (3.13) become:
L

a2 = 4 H (L-g,) (L-t,) [2P (0,05 T,=5 ) )¥2 (%Y, 8,8, )

(3.18&)
TP (=x,-y,5,-%,) ] dg,dg,
L
<% = k? Jf [2R(0,0,2,=0;)~R(X,¥, L ,=51 ) ~R(=%,~y, 5=t 1dE,dE, (3.18b)
0 .
L
<AB> = (k/2) J[ (L-2 ) [Q(==x,-y, 5,5, )-Q(x,y,5 =5, }] d§,dL,, (3.18¢c)
. ) _
where, if R=R(£,n,Z), then
32R 3R b
P(&E,n,L) = + 2 + LR
‘ BEU 7 3523n2 Bnu
' - (3.19)
: 32R ., 3°2R
Q(E,n,5) = — + —

3g2  on?
Hufnagel and Stanley [4, Theorem II, p. 61] have shown that

Q(‘XQ-Yscz-cl) = Q(X:Yscz-cl)s

which implies that <AB> = 0 and, hence, that A and B are uncorrelated. Some
simplification in the expressions for <AZ> and <B?> can be achieved by making
a change of variable (see Appendix). 1In particular, the double integrals

are reduced to single integrals as follows:

: A 17



L
<A2> = (1/12) J (21+z) (L=2)2[2P (0,0, 2)+P (x,¥,2)+P (x,y,-2z) ]dz

0 (3.20)
L .

- <B2> = 2k J (L-2) [2R(0,0,2)-R(x,¥,2)-R(x,y,~2)] dz.
0

1f we should assume further that isotropic conditions prevail, then
R(x,y,z)=R(x,y,~z) and P(x,y,z)=P(x,y,-z) and (3.20) can be simplified even’
further. (In fact, one need only assume that the correlation function is

an even function of z to obtain the same result.) | |

Similarly, from (3.9), one finds:
L )
<A'2> = 2<A%> + (1/12) ([ (2L4z) (L-2z)2{2[P(u"-x",v'-y"',2)

+P(u'=x",v'-y",=2)] +P(u'~x"~x,v'-y'-y,z)

‘ (3.21a).
+P (u'=x"-x, v -y oy, -2) HR (u'-x"4x, v -4y, 2) | |
+P(u'=x"x, v =y y,—-2z) } dz

and ,
L
<B'2> = 2<B2> - 2k?2 J (-2} {2[R(u"=x",v'=y' ,2)+R(u"=x",v'~y" ,~2) ]
5 : .
“R(u'=x"=x,v'-y'-y,z)=R{u"=x"wx,v' =y '~y ,~2) (3.21b)

-R(u'—x"+x,v'~y'ty,z) ~R{u"=x"+x,v' -y "4y, -2) } dz

Finally, combining (3.6), (3.7), (3.8), (3.9), (3.10),'(3.'20)', and

{3.21) we have:

<T> = -[0 T » ) (3.22)

ﬁhere L
. ) oy 2 .
TR=ex?{-% Ilﬁgéiﬁ%éﬁ_él ] (x,y,z)+2k2(L-z)Gl(x,y,z)sz}
Fl(x’YsZ) = ZP(0,0,Z) - P(x,¥,2) = P(x,y,-2)

G1(31Y:z) = 2R(0,0,z) - R(%,¥,2) - R(x,¥,~2) 18



and Ty denotes the diffraction limited transfer function of the imaging
system. The function Tp? representing the random influence of the turbu-
lence, 1is independent of properties of the imaging system, This decomposition
of <t> into the product of the diffraction limited OTF and a turbulent de-
gradation is, in general, possible only if an assumption like homogeneity

(or local homogeneity) is invoked., Furthermore,

o

1 L] t L
J]JJ Gé4)(x',y';u',v';x,y)eu(x »Y 2 U 5V ’x’y’L)dx'dy'du'dv'

<v]%>= ria?2 o | - ., (3.23a)
L ST TN T I )
J[T{ Gé"')(x',y';u',v';O,O)eU(x 2¥ sU L,V ’O’D’L)dx'dy'du'dv'

where

U(xl’y'su‘:v‘;x’Y’L)=%l{[<A'2>-<B'2>]_ 2[<A2>_<B2>]}’

and Ap denotes the aperture area, If we invoke the second mean value theorem
for integrals, then (3.23a) can be rewritten as follows:

L

T

b 9Ty (T on) 2 _
<]T[2>=Tét§gxp %ffﬁgéié%éé_él [Fz(sl,tl;x,y,z)—FZ(sz,tz;O,O,z)]

Q ‘ .
+2k?(L-2)G, (s |, t 3%, Y,2) }dz } , | (3.23b)

)

where
Fz(s,t;x,y,z) = P(s-x,t-y,2z) + P(s-x,t-y,~z) + P(s+x,tty,z)
+P (stx, t+y,=2z) =2[P(s,t,z) + P(s,t,-z)]
and
G2<5rt;le:z) = ZER(s,t,z) * R(Slts_z)] —R(S—X,t-Y,Z)

=R(8~X,t~y,-z) =R{s+x,t+y,z) -R{s+x,tt+y,-z).
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Since the mean value theorem is nonconstructive, we can guarantee the

existence of 8, and t; (i=1,2) which validate (3.23b}, but no algorithm

exists for determining their values. For circular and rectangular apertures,

one can argue, however, that

05 s% + ti s (D~r) (D+r) ( ""*-<:::)~*““D )
and
0 < 53.2_ + t% < (Dx-x)2+(Dy—y)2 ( Dy) ,
D
X

respectively, where r2=x%+y2, Clearly, equation (3.23b) is suggestive,

but not computationally useful. On the other hand, in the following

example, (3.23b) will be helpful in comstructing an interesting upper

bound for <[T|2>.

Homogeneous Turbulence with Gaussian Correlation. BSuppose the

refractive index correlation function is Gaussian; 1.e.,

2. 2 2
- -(OrD +S ]
R{x,y,2)= 0l e +<n.>2,
nl -1

(A brief discussion of this example can be found in [13, p.46].)‘ Then

from the definition (3.19) of P, one finds

‘ 2 [ . 2 ‘ . 2 ‘ 2
P (x,¥,2)= 0‘51{(—2‘2) 4 -128 431 + 28 EN 112D 111-26H) ]

P T 2 , 2 2 2
+ @ @) 12D 41 e -1 +H .
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It might be noted that unless a=b=c, this model is homogeneous, but not
isotropic. Even so, the correlation function is even in its arguments and
so R(x,¥,z)=R(%,y,~-z) and P(x,y,2z)=P(x,y,~z). Then, calculation of the
constituents of T, 88 given by (3.22) gives:

g2

n
J@ﬁm‘—z’— n ooz = — (3 2 &)
¢

2 s 2 2

+{6§2) 6@ -12¢%) +3] + 2(%2)c%2)[1—zc§) 1126 “ (3.24)
2 L 2 . 2 2

+E» 1@ 12D 431 e -1+ D ]%Iz ,

where
L

1= j (2L+z) (L-2)2 o (#O],
0

. 2 )
=3 { (VAT3) (L/c) derf (L/c)+(1/3) [ (L/c) 2=%le” M 4 (1/6) k(L) 2).

(NOTE: erf denotes the error function, which is defined in the usual way as:

=
erf(x) = (2//m) [ e-uzdu. )

0
Similarly, ’
L 2 2 o
J 2k (L-2) Gy (%,¥,2) dz 4k2c§l[1-exp{-[(§> + & INI, . (3.25)
where L ,
3, = f (L-zye” (219 %4
0

= (c2/2){/r(L/c)erf(L/c) - 1 + e—(L/c)z}

21



In the special case a=b, then, from (3.22), (3.24), and (3.25), we find

. b - 2 2 2 - 2
TR=exp{-o;1f4<§> (2" TP @ 1 &) -a1 T s3e

) (3.26)
+2k2c2(1-e-(r/a) ) Jz/cz} .

Several calculations of <t> for this case were carried out onm a CDC 3300, and
the results are illustrated in figures 1 through 3., Some tentative conclusions

can be drawn. In particular, high degradation c¢an be attributed to:

(i) large diameter optics,
{ii) low altitudes,

(iii) thick shear layers,
and
(iv) short wavelengths.

As ﬁight have been anticipated, the contribution of the F, term appearing
in the integfal in (3.22) (or the Iz term in (3.26)) is ﬁegligible. The term
containing the wave number; k, which is very large in the geometrical optics
approximation, essentially "swamps" the result. It is to be expected that,
similarly, the ¥, term occurring in {3.23b) will prove negligible when com-
pared with the k? term., If one ignores the contribution of the Fy term in

(3.23b), it is easily seen that
<|t|% < 1212 expl4k?c20? [1-e (-1 & + D 1) 3 /2 (3.27a)
0O'R Xp 0 Xp a b z » | . a
and, hence, iﬁ the special case a=b,

<Julm <t - (3.27b)
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Finally, for the case a=b, from (3.16), (3.22), and (3.27h), we have

2 ¢ 12 w 1272 = (2(]=172 2 .28
0 < UTT| £ 02 < Tg - e ro(l TR) < TG (3.28)
It follows that
' Vier? .
3 U|T| <3 TO 1 TR' (3.29)

It is the bound (3.29) which gives the 30 boundaries of figure 4, Equation
{(3.29) leads to tﬁe interesting conclusion that the smaller the influence of
the turbulence (TRz 1) on the average MIF, the smaller the variance of the

MTF. Indeed, in addition to the data presented in figures 1 to 4, the.authbr
performed calculations for propagation at A = 100p for all permutations of

the .parameters D= .0l and .915 meters, a=b=2¢ = ,007 and ,2 meters, L = ,1

and .3 meters, and <p> = .905 kg/m? (3km) and ,187 kg/m? (15km). The influence
of the turbulence in these configurations was found to be negligible, and so
the optical system is diffraction limited within small fluctuations, Finally,
note that figures 1 through 4 are conservative in the sense that the correct

MIF would, in general, be larger and the true deviations smaller than

{llustrated.

Thé influence of scale of turbulence is somewhat more complicated than
. the effects described above., In particular,'an asymptotic analysis of the
expression containing k? on the right hand side of (3.26) leads to the follow-

ing representations of TRt
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T ~ exp{-B} 3 ' L{c<<1, D/a>>1,

R

T, ~ exp{=B(r/D)?(D/a)?}; L/c, Dfa<<l,

e = exp{=8(L/c)7 [/ - (L/e)7 )5 L/c, D/a>>1,

L exp{~8(x/D)2(D/a)2(L/c)=1[vm = (L/c)=11}; L/e>>1, Dfa<<l,
where

B = [2n .onlthP.

if B>>1, then clearly the first case cited experienées the worst degradation.
That is, if the upstream spoiler induces a shear layer which exhibits rela-
tively low frequency fluctuations in the propagation direction and, at the
same time, relatively high frequency fluctuations in the plane perpendicular
to propagation, then degradation cam be quite large, On the other hand, the
converse situation (i.e., L/c>>1 and Dfa<<l) tends to mitigate against large

optical degradation,

Locally Homogeneous Turbulence, It is, of course, rare that turbulence

satisfies exactly the homogeneous hypothesis., Perhaps the simplest variety
of nonhomogeneous turbulénce is that labeled locally homogeneous. In this
case, it is assumed that while the refractive index field is not necessarily
homogeneous, the spatial increments of n, are, The relevant correlation
function is then

e o

DG s%pikgy) = <[ng Gydony G 1Iny G- G T, (3.30)
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which can be rewritten as follows:

m§1,§2;§3,§4) = %{D(§1,§4)+D(§2,§3)-n<§c’1,§2)-n(§3,§4}}, (3.31)

where

D(Ec”i,;j) - <[nl<§j>—n1(§i)]2>

is called the structure function of the random field, ny, If the field

n; is locally homogeneous, then
>
D(xi,xj} = D(xj—xi,yj-yi,zj—zi). 7 (3.32)

Our purpose here is to calculate the statistics for the OTF in terms of the
structure function,
Based on the results for homogeneous turbulence discussed above, it

gseems reasonable to assume <n;> = constant, and, hence, that
<A> = <B> = <A'> = <B'> = (},

Furthermore, we will ignore the (presumably small) contributions of <AB>,
<A'B'>, <AZ?>, and <A'2> to the statistics of t. Hence, we need only derive

expressions for <B2> and <B'2>, But, from (3.8),

(3.33)

L . :
<BZ> = J! D',y ’cl’x ¥" ’Cz’x +X:Y W:Clsx +x,y’ +Y’r= )dc dC2 4
= 2
Tk ” [D(%,7,0,=5,)4D(=%, -y, Ty=L,)=2D(0,0, L~ cl)]dcldc?_
0

By a change of variables (see Appendix), we can write:

25



<B2> = k2 J {L-z) [D{x,Y¥,2)+D(x,y,-z)-2D(0,0,z}]dz. (3.34)
. .

Similarly, one finds:

L
<B'%> = 2<B% + k? [ (L-z>£2{n(u'-x',v'-:v',z)+n(u'-x' vy’ ,-2)]
0

~D(u'-x"-x%x,v'-y'-y,2)-D(u'=x"-x,v'«y T =y,~z) (3.35)

—D(u'*x'+x,v'—y‘+y,z)—D(u'—x'+x,v‘—y'+y,—zi}dz.
Finally, combining equations (3.6)-(3.10), (3.34), and (3.35), we have:

<T> =TT (3.36)

where

TR ® exp{-k?/2 IL(L-z)[D(k,y,Z)+D(x.y.-Z)-2D(0.0.Z)]dz};
: 0
also,

‘ . I S R O
<le|®> = (/a2 JJT{ 688 vt st v smy) o Y ULVERT L gy rautayt,

—C0

(3.37a)
where
Vix',y',u',v'ix,y,L) = —k[<B'%> - 2<B2>],
If we again invoke the second mean value theorem for integrals,‘then
L
<|t}#> = tZ1} exp{-k?/2 f (L-2) H(s,t3x,y,2) dz} , (3.37b)

0

where
H(s,t3x,y,2)=2[D(s,t,2) + D{(e,t,-2)] ~ D{s-x, t=-y,z)

=D(8=x, t=y,~z) =D{s¥+x,t+y,z) =D(st+x,t+y,-z)}. 26



The remarks following equation (3.23b) concerning 8 and t are applicable

here.

If the turbulence is assumed to be locally isotropic as well as locally

homogeneous, then (3.34) and (3.35) become

L

<B2> = 2k2 Jl(L—z)[D(x,y,z) —D(G,O,z)] dz
0

and L

<p'%> = 2{<B% + kZOJ (L-z) [2D(u'=x",v'~y',2)

~D(u'=x"-x,v'=y"~y,z) =D(u'~x"+x,v'-y'+y,z)Jdz},

respectively. Hence, the above results fox €T7> and <|T|2> simplify to:
L

<> o= TTeE T exp{~k?2 [ (I~z) [D(x,y,2) -D(0,0,2)] dz}
0 .

and

[--]

<[TI2> = (TﬁlAS} J[I[ Géa)(x',y';u',v‘;x,y)

L

X exp{~k? [ (L=2z){2D(u'~x",v'=y',2) =D(u'=x"-x,v'=y'-y,2)
0

~D(u'=x"+x,v'=y'+y,2) ] dx'dy'du'dv'}
L

gT; exp{-k? f(L-z)[zn(s,tm -D(s=x,t-y,2) -D(s+x,t+y,z)1dz}.
B

A few remarks are in order here concerning the relation between correla-—
tion functions and structure functions. If the correlation function is known,
then the structure function is given by:

3> B &> = L
D(xl,xz) = R(xl,xl) + R(xz,xz) 2R(x1,x2). (3.38)
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Unfortunately, there is no analogue for recovering the correlation function
from a measured étructure function (unless the turbulence is homogeneous,

in which case the two statistics are equivalent). Hence, in general, it is
recommended that the correlation function be measured, rather than the
structure function. The structure function can be calculated using (3.38)

if it should prove of interest, If the sole object is to verify the simpli-
fied model presented here, then either correlation or structure functions are
acceptable, since the structure function occurs naturally in <g?> and <B'%>
(see equations (3.34) and (3.35)). A thorough discussion of structure
functions and their relation to correlation functions e¢can be found in

[14, p. 86] and [8, pp. 13-38].

IV, CONCLUDING REMARKS

Several conclusions and recommendations can be drawn, and observations

made, based on the above analysis:

1, If one assumes from the start that

(i) <n1> = constant,

and

(i1) <A2>, <A'2>, <AB>, and <A'B'> << 1,
then the plane wave solution of the geometrical optics approximation yields:

0 L
'<ré%%kgb>=(1/Ap) JJGo(x'+x,Y'+V)G0(x',Y')ext{-kZIZ JJ D(t,u;v,w)d;ldcz} dx'dy’,

o

where t=(x'+x,y'ty,5.), u=(x'+x,y'4y,0,), v=0',y",%,), and w=(x',y',8,).

(4.1)

From the definition, (3.30), P is clearly related to the correlation function

of n, as follows:
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D(t,u;v,w) = R(vsw) - R{t;w) - R{ujv)+ R(t;u).

Similarly, the mean square <|t|2> is given by

<.|T(%’%) 12> = (1/A§) [JJJ Géa') (x',y'3u', v ix,y)

L
X exp{-k?%/2 LJ [D(t,u;v,w)+ D(t,s;v,q) (4.2)

+ U (r,uip,wit U(r,83p,9)1dg, dz, dx'dy’'du'dv’,

where t, u, v, dand w are defined as above, and p=(u'+x,v‘+y,c1),
q={(u'+x,v'+y,8,), r=(u',v',cl),'and s=(u',v',.C2). Hence, by measuring
correlation functions for 0, {(or, equivalently, density) on an appropriate
mesh, one can evaluate <7> and <|t|?> by the quadratures (4.1) and (4.2).

If the density fluctuétions are homogeneoﬁé or locally homogeneous, then,

of course, the simpler rélations (3.22)-(3.23) or (3.36)-(3.37), respectively,
hold, It might be noted that the more realistic spherical wave approximations
could be expected to imply less serious degradation than indicated by the

plane wave theory discussed here. (See [4, figure 8, p} 607,) .

Z, Since n, is related to the density of the shear layer by

n; = Kp ,

where K=,000223 m3/kg is the Gladstone-Dale constant, then

& > >
RGx;5%,) = K? R, (_xi;xj)-

3

Hence, all of the results discussed above can be written in terms of density

correlations instead of correlations of ny. The measurement of the statistics
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of p is a nontrivial endeavor, and much activity has been devoted toward
that end. Hot wire anemometers [15], laser velocimeters [16], crossed beam
techniques ([17], [18], [19]) and sphere probes [20] all offer (either

separately or jointly) some hope for carrying out such measurements.

3. As noted earlier (see (3.6) and (3.7)), determination of the mutwal
intensity, M,, and fourth order moments, M,, of the light disturbance in

the aperture plane yields the pertinent statistics of T. Hence, the moments
of the disturbance provide an even more fundamental description of optical
degradation than does the OTF, Some effort has been expended towards the
measurement of such statistics. Typical results are described in [21], [22],
[23], [24], and [25]. It might be noted that Kelsall's shearing interfero-
metexr [11] is capable of measuring the mutual intensity, Mz’ under certain

conditions.

4, 1t is interesting to conjecture that if the influence of the turbulence
on the optical performance were known, then the resulting image might be
"eorrected" and the turbulence influence eliminated. In fact, research has
been carried out to just this end ([26], [27], and [28]). Korff [27] makes
the argument that <]t|%> may provide more useful information than does <7>

in that signal/noise is reduced for high spatial frequencies. -

5, As remarked earlier, the choice of the OTF, T, as the indicator of
optical quality is somewhat arbitrary. Im fact, if one were concerned with
propagating, rather than imaging, systems, the Strehi intensity, 8§, is perhaps
more appropriate, It is defined to be the ratio of the maximum intensity (in

a particular plane of observation) to the maximum intensity which would have
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been obtained had no disturbance been present. (See, for example, Born

and Wolf [6, p. 462] and 0'Neill [9, p. 106]). In terms of OTF, we have

fff(f,g) df dg

S = *

L=+l

[I To (f,g) df dg

-l

(The definition of § is thus the analog of system bandwidth for time-varying
systems.,) Hence, if one can calculate T and its moments, similar results

can be obtained for §. In particular,

<t{f,g)> d4f dg

Rum—
—8

<l =

J

]
|

Note that <|$|%> is not directly related to <|t|2> ,

To(£,8) df dg

§+—8

and

8

j <t(f,g)t*(f',g')> df dg df' dg'

<Isl =

J Ty (E8) T (£7,8") df dg df' dg'

8§ -~ 8|8
L 2

6. Finally, the evaluation of experimental results and comparison with
full scale results requires knowledge of scaling laws. A derivation of such
gimilarity laws is given in {13, p. 100]. In addition to the usual aero-
dynamic parameters such as Mach number and Reynolds ﬁumber, it is clear from
the analysie of part IIT that the ratio of model characteristic length to

the diameter of the receiving optics should be maintained,
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V. APFPENDIX

We wish to derive the following formulae:

LL

L
”F(y-X) dx dy = f (L-g) [F(&) + F(-£)] dg (a.1)
00 0

LL

L ,
il (L-x) (L~y)G(y-x)dx dy = (1/6) J (2LAE) (L~EY2[G(EI+G(~E) 1dE.  (A.2)
0

To this end, we make the change of wvariables

£ = y=x, n = L-(xty)}/2, (A.3)

Then, in the g-n plane, the double integrals (A.l) and (A.2) are performed

over the area indicated in figure Al,

FIGURE Al | 32



From (A.3), we have

x= L-n - §/2, y= L=n + £/2 ;

Since the Jacobian J = 3(x,y)/8(£,n) = 1, then the double integrals of

(A.1) and (A.2) can be written:

LL 0 1+&/2 L L-£/2 »
J[ F(y-x)dx dy = J F(&) [ ] dn.] d&+ [ F(&)[j [ dn ] dg (A.4)
00 -L -£/2 0 £/2
L . L-g/2
= J[F(E)+F(-E)][ [ dn:l dg
0 £f2
L

= L (L~E) [F(E)+F(=-£)] dE

and
LL : 0 1+E/2
JJ (L=x) (L~y)G(y-x)dx dy = J G(E)[: J(w+£/2)(n-512)dn ] dg (A.5)
00 -L ~-£/2
L-£/2
+[c(e) [ f (n+£/2) (n=E/2)dn ] at
-£/2

L L-g/2
= J [G(E)HG(-E)] [ J(n+512)(n—slz)dn] dg
0 gl2 :

L-£/2
But
T (n+€/2)(n—E/2)dn = (1/6) (2L+£) (L-£)2 , and, from (A.4) and (A.5),
g/2

formulae (A.1l) and (A.2) follow immediately.
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