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ABSTRACT 

This report describes results of a NASA sponsored study to investigate 

and analyze the general aviation air traffic flow patterns at uncontrolled 

airports and to develoli traffic pattern concepts which minimize the mid-air 

collision hazard in unconrrolled airspace, An analytical approach t o  

evaluate mid-air collision hazard probability as a function of traffic 

densities is developed which is basically independent of path s t r u c t u r e ,  

Two nathods of gentxating space-time interrelationships between terminal 

area aircraft are presented. One is a deterministic model to generate pseudo- 

random aircraft tracks and this is compared with analyses of results from 

available real data. Some hazard measures are presented for selected traffic 

densities. A second model which is a statistical model in preliminary form 
i s  discussed. An a n a l y t i c a l  expression for the statistical description of 

procedure path deviations is derived. 

An analysis of a developed generalized expression for mid-air-collision 

(MAC) probability results in the conclusion that the probability of encountcr- 

ing a hazard should be minimized independently of any other considerations 

and that given a certain encounter rate the number of encounters involving 

visible-avoidable aircraft should be maximized at the expense of encounters 

in other categories, It is shown chat the p i l o t  "look-time" should be pro- 

portioned according to the magnitude of the probability of finding a visible- 

avoidable hazard. 
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CHAPTER 1 

TNTRODUCTION 

I n  t h e  growing alr t r a f f i c  environment of today the i n v e s t i g a t i o n  of 

mid-air c o l l i s i o n  hazard is of prime s ign i f i cance  t o  our  soc i e ty .  Of 

particular i n t e r e s t  i s  t h e  r e l a t i o n s h i p  between prescr ibed  procedures and 

t h e  mid-air c o l l i s i o n  hazard t o  genera l  a v i a t i o n  a i r c r a f t  i n  uncontrol led 

terminal  a i r s p a c e .  Wi th the  o b j e c t i v e  of developing t r a f f i c  p a t t e r n  concepts  

t o  minimize mid-air c o l l i s i o n  hazard i n  uncantrol led airspa.ce,NASA-Wallops 

personnel have developed a d a t a  base cons i s t i ng  of posi t fan-t ime t r a c k i n g  

data. The d a t a  provide information on te rmina l  a r e a  a i r  t r a f f i c  p a t t e r n s  

inc luding  those  flown by genera l  a v i a t i o n  aircr,sft a t  s e v e r a l  medir~m-sized 

c i t y  a i r p o r t s  thaL genera l ly  r ep re sen t  uncontrol led a i r p o r t  environments. 

The Research Tr iangle  In s t i eu t e ,unde r  con t r ac t  NAS6-2312, is provid ing  

support by developing an a n a l y t i c a l  concept f o r  t h e  a n a l y s i s  of da t a  obtained 

by NASA. Various approaches have been i n v e s t i r s t e i  t o  provide r e a l i s t i c  

measures of mid-air c o l l i s i o n  r i s k  and r e l i a b l e  methods f o r  maehemacical 

camparison of d i f f e r e n t  a i r  t r a f f i c  flow s i t u a t i o n s ,  These have i n c l u d e d  t h e  

development of prel iminary computer mathematical models of t he  uncont ro l led  

terminal  a r e a  t r a f f i c  and methods f o r  v a l i d a t i o n  of t h e s e  a n a l y t i c a l  models 

us ing  t h e  empir ica l  a i r  t r a f f i c  d a t a  co l l ac t ed  by NASA-Wallops personnel .  

1 1  Problem Statement and S ign i f i can t  Issues 

Published procedures f o r  uncontrol led terminal  a r e a  environments pro-  

s c r i b e  t h a t  an a i r c r a f t  upon approaching the runway must genera l ly  e n t e r  a 

rec tangular race t rack- type  p a t t e r n  which involves l e f t  t u r n s  a t  r e l a t i v e l y  

h i g h  bank ang le s  i n  a counter-clockwise runway e n c i r c l i n g  pa th ,  P a t t e r n  

altitudes may vary from runway t o  runway but gene ra l ly  gradual ly  descending 

l e g s  are prescr ibed  t o  a l l ow o rde r ly  progression t o  touchdown. This basic 

procedure, i l l u s t r a t e d  i n  Fihurc 1-1 (see ref. I ) ,  provides  the p i l o t  

under VFR cond i t i ons  w i t h  a good continuous view of the runway durirtg t he  

approach and landing phase. I n  an uncontrol led environment each p i l o t  is 

dependent basically on the "see-and-avoid" concept t o  prevent  mid-air 

c o l l i s i o n s  so t ha t  the  ques t ion  of whether o r  not  proscr ibed te rmina l  
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approach procedures a t e  c o n s i s t e n t  wi th  minimiziag mid-air c o l l i s i o n  hazard 

i n  a  eee-and-avoid environment ie fundamental. 

To answer t h i s  ques t ion  i t  f a  necessary t o  evaluate t h e  present  un- 

con t ro l l ed  pa t t e rn8  flown and t o  determine impra*rements i n  a  p i l o t ' s  

a b i l i t y  La see another a i r c ra f t  (oesuming he looks) f o r  va r ious  changaa i n  

t h e  t r a f f i c  p a t t e r n  concept.  In refs. 2 and 3 some analysis  of appi.ca:;h 

data has indicated t y p i c a l  adherence to procedure i n  an uncontrol led 

environment. Addi t iona l ly  cons idera t ion  is  give~, i  t o  p i l o t  v i s ib i1 i r . y  from 

the cockpit  through t h e  use of  a i r c r a f t  v i s i o n  envelopes t o  g ive  i n s i g h t  

into how approach pattern v i s i b i l i t y  might be evaluated.  No evidence haa 

been found of p rev io l~s  studies which evulua te  the  approach p a t t e r n  on the  

b a s i s  of mid-air c o l l i s i o n  ~ T s k  i n  n sze-and-avoid environment, However, 

t h i s  type procedure has beeu proposed as a technique for evalua t ing  the 

effect of VFR towers on t r a f f i c  flow and sequencing (ref. 4 ) .  

In a codtroll+:d ~ ~ ~ u i i . o r m e n t  separation s tandards  (or minimums) a r e  

normally enforced I :  thtt "natural"  course  dev ia t ions  w i l l  allow very 

l i t t l e  c o l l i s i o n  rii?!:, ( s e e  r e f s ,  5 and 6 ) .  The idea  of c o l l i s i o n  frequency 

has been developed (ref. 5) as  the frequency w i t h  which the d i f f e rence  

between t h e  actual pos i t i one  of two a i r c r a f t  comes w i t h i n  a c e r t a i n  value.  

A prediction of this frequency can then be termed a p r o b a b i l i t y  of c o l l i s i o n .  

The task of relating c o l l i s i o n  r i s k  t o  a t r a f f i c  conf igura t ion  can be broken 

i n t o  two p a r t s :  (1) determining the  Erequeucy with which a i r c r a f t :  a r e  

exposed t o  r i s k  by passing close toge the r  and (2) determining what chance 

of c o l l i s i o n  i s  inherent  i,l t h e  passing,  One approach t o  eva lua te  a ;;iven 

path  s t r u c t u r e  is  t o  analyze t h e  f l i g h t  pa ths  and c a l c u l a t e  the r e l a t i v e  

frequency t h a t  these  paths are "close" cons ider ing  t o t a l  f l i g h t  time and 

assuming that: a i r c r a f t  proceed a s  i f  no col l . is ion occurred when pa th  cros- 

sings do occur .  In ref. 5- t h i s  i s  called "b l ind- f ly ing  c o l l i s i o n  rl sk." 

I n  t h e  uncontrol led r eg ion ,  c o l l i s i o n  hazard t o  a p a r t i c u l a r  aircraft 

has been stated to depend on (1) d e n s i t y  of a i r c r a f t ,  (2) heading d i s t r i b u t i o n ,  

and ( 3 )  speed d i s t r i b u t i o n  ( r e f .  5 ) .  For t h e  s i t u a t i o n  involving random 

independent paths  a small dev ia t ion  i n  f l i g h t  path w i l l  no t  change the 

environment and t h e r e f o r e  no t  change t h e  hazard. The s tatement  has been 

made t h a t  t h e  chance af  having a c o l l i s i o n  i a  then determined by t h e  

environment and is unaffected hy dev ia t ions  from t b =  f l i g h t  pa th ,  For the 

s i t u a t i o n  of i n t e r e s t  h e r e , t h e  assumption of randont independent p a t h s  is 

not  va l id  s i n c e  the re  i s  a prescr ibed  procedure even i n  the uncontrol led 



terminal a r e a ,  Prel iminary i n d i c a t i o n s  (ref, 2) a r e  t h a t  preecribod pa th  

davioti.ons a r a  not small  enough t o  be  n e g l i g i b l e  and i n  fact: can con t r ibu te  

t o  the mid-air c o l l i s i o n  r i s k ,  

In  ref. 7 c o l l i s i o n  hazard is nctuaLly d i v i d e d  i n t o  two p a r t s .  A 

measure of p i l o t  workload is c o n s i t . r e d  t o  be r e l a t e d  t o  the percent  of 

time that. a given a i r c r a f t  f i n d s  another  a i r c r a f t  i n  an "encounter" s t a t u s ,  

An encounter s t a t u s  can be defined in a numbar of ways and can inc lude  rc- 

l a t i v e  range,  c loaing v e l o c i t y ,  and c l o s i n g  a c c e l e r a t i o n ,  A second con t r i -  

butor  t o  c o l l i s i o n  hazard is  e n c o m r e r  r a t e ,  which can bo r e l a t e d  to pro- 

b a b i l i t y  of an  encounter d u r i n g  some given time period i n  which t h i s  time 

period is  very  small  compared t o  the ~ i n e  b a s i s  f o r  measurement of the 

encounter rate. 

I n  e v n l ~ ~ ~ t ~ g  t he  inherent  risk ro be a s soc ia t ed  wi th  a p a r t i c u l a r  

t r a f f i c  p a t t e r n ,  i t  seems appaiVen!: t h a t  t h e  important f a c t o r s  fo r  considerli- 

tion should inc lude  (1) density of a i r c r a f t  i n  t h e  te rmina l  a r ea ,  (2 )  c o n f l i c t  

po in ts  inherent: i n  t h e  t r a f f i c  pl t t erns ,  (3) speed d i s t r i b u t i o n  and type of 

a i r c r a f t ,  (4) v i s i b i l i t y ,  and (5) p i l o t  workload. These factors a r e  con- 

s idered  i n  developing an analysis of the uncontrol led te rmina l  a r e a  environ- 

ment i n  terms of a c o l l i s i o n  hazard p r o b a b i l i t y .  

1 . 2  Summary of Resul t s  

A genera l ized  express ion  f o r  mid-air-col l is ion (MAC) p r o b a b i l i t y  is 

developed which y i e l d s  two b a s i c  hypotheses about t ho  s t r u c t u r i n g  o l  p a t t e r n s  

f o r  the t e rmina l  area. P i r s t ,  t h e  p r o b a b i l i t y  of encountering s hazard 

should be minimized independently of any o t h e r  cons idera t ions .  Second, and 

perhaps no t  as obvious, i f  given a c e r t a i n  encounter rate, t h e  number of 

encounters involving v is ib le -avoidable  a i r c r a f t s h o u l d  be maximized, thus 

m i n i ~ ~ i z i n g  t h e  number o i  encounters  i n  o t h e r  categories ( inv is ib le -avoidable ,  

invioible-unavoidable,  o r  v i s ib le -unavoidable) .  Addi t iona l ly ,  an important 

cons ide ra t ion  concerning p i l o t  func t ion  i s  borne out .  The p i l o t  "look time" 

should be proportiolied according t o  the magnitude of t h e  p r o b a b i l i t y  of 

f ind ing  a v is ib le -avoidable  hazard,  Therefore t r a f f i c  p a t t e r n  design shou ld  

(1) minimize encounter r a t e s ' a n d  (2) maximize v is ib le -avoidable  encounters  

under t h e  c o n s t r a i n t s  of a i r c r a f t  cockpi t  b inocular  design. 



Two approaches hove been inves t iga t ed  and a r e  descr ibed i n  t h i s  r epo r t  

r a l o t i n g  t o  the r e q u i r e d  a n a l y s i s  of air t r a f f i c  p a t t e r n s  and their r a l a t l o n -  

ship t o  hazard in t1.e u.~cont ro l led  terminal area environment. An a n a l y t i c a l  

occupancy model bnsod on a  s t a t i s t i c a l  d e s c r i p t i o n  of t h e  terminal  area 

a i r s p a c e  i s  presented.  This  can serve a s  a b a s i s  f a r  eva lua t ing  va r ious  

approach p a t t e r n s  once the  pr0cedd.m is completely developed and eva lua ted .  

Particular pa t te rn  c h ~ r o c t e r l s t i c a  can be defined i n  terms cf input  s t a t i s t i c s  

and a measure of hezrrd p r o b a b i l i t y  can be ana lyrZcal ly  determined. The 

resulting s t a t i s t i c a l  measure of hazard p r a b a b i l i t y  can be evaluated f o r  

v a r i o u s  p a t t o r n  c h a r a c t e r i s t i c e .  

Secondly, a t r a j e c t o r y  model is descr ibed  which involves  a s e t  of para- 

meters which can b e  var ied  t o  gene ra t e  approach pa ths  s i m i l a r  t o  those 

present in real d a t a ,  Thin d e t e r m i n i s t i c  approach is  demonstrat ive of a 

c a p a b i l i t y  t o  generate r e a l i s t i c  t r a f f i c  pa ths  u s i n j  a computer a lgori thm 

which can readily be a l t x r e d  t o  conform t o  e s s e n t i a l l y  any des i r ed  approach 

p a t t e r n .  

Thc d e t e r m i n i s t i c  nlodel is used i n  a pre l iminary  k t i r m  t o  demonstrate 

eva lua t ion  of encounter p r o b a b i l i t i e s  f o r  a p a t h  s t r u c t u r e  designed o 

represent t h a t  c u r r e n t l y  used i n  t h e  uncontrol led environment. Paths are  

time correlated by assignment of touchdown t imes t o  entering a i r c r a f t  

accord ing  t o  a Poisscn  d i s t r i b u t i o n  with a  rate paramerer dependent on 

the assumed a i r c r a f t  dens i ty .  This can provide a b a s e l i n e  measure ~f t h e  

hazard  a s soc i a t ed  with a p a r t i c u l a r  t r a f f i c  p a t t e r n .  P l i g h t  p a t h  dev ia t ions  

are measured cnd d i s t r i b u t i o n s  of across-path e r r o r s  are compared with 

those obtained from t h e  Wallops Island d a t a  analysis t o  s u p p o r t  the premise 

that t h i s  modelling approach can be used t o  gene ra t e  r e a l i s t i c  flfgkit  paths 

~ z p r e s e n t i n g  t h e  un.:ontrolled te rmina l  a r e a  environment. 

Vinzlly, reccmmendations t o  improve t h e  d e t e r m i n i s t i c  model a r e  given 

along with suggested ex tens ions  t o  t h e  a n a l y t i c a l  occupancy model approach. 



CHAPTER 2 

MID-AIR COLLISION MODELS 

The u l t i m a t e  value of a hazard node1 f o r  uncontrolled airspaces l ies 

i n  t h e  u t i l i t y  of t h e  mnrlcl Por pred ic t ing  and mfnimizing  he ndcl-~ir 

collision probability. I n  t h i s  chapter s genera l  expression f o r  the 

mid-air c o J l i s i o n  p r o b a b i l i t y  i s  advanced. The expression shows e x p l i c i t  

dependence on aircraft v i s i b i l i t y  and d e t e c t a b i l i t y ,  pilot function, and 

hazard p r o b a b i l i t y ,  The express ion  i l l u s t r a t e s  rather s t r a igh t fo rward  

minimization tactics t h a t  can be  pursued,  and dramatizes the dominance of 

t h e  hazard p robab i1 i . t~ .  Models for hazard p r o b a b i l i t y  are developed i n  

Chapter 4. 

2 1 Mid-Air Colll .sion Probabiiity 

An abstract a i r c r a f t  space i s  depicted i n  Figure 2-1. The space 

dichotomizes a i r c r a f t  i n t o  those t h a t  are non-hazardous (g) t o  a t a r g e t  

a i r c r a f t  and t hose  t h a t  are hazardous (H) and would result i n  a mid-air 

c o l l i s i o n  if no evasive action wexe taken. The subset: of hazardous air- 

craft has been f u r t h e r  r e f ined  into disjoint subse t s  H corresponding t o  
i 

generalized geometr ical  l o c a t i o n s  (including space and time, fo r  example) 

of hazardous a i r c r a f t ,  It i s  convenient to  denote tha sxbset of hazardous 

a i r c r a f t  by 

where n is t h e  number of disjoint subsets  Hi. Now l e t  MAC denote the  

subset of hazardous aircraft that result i n  mid-air c o l l i s i o n s .  Since 

the set MAC is a subset of H ,  and H is a f i n i t e  union of d i s j o i n t  s e t s ,  

th i s  s e t  can be written as 

MAC = 
i=1 



Space 

[7 Subspace of Nonhazardous Aircraft 

Subspace of Hazardous Aircraft 

Subspace of Hazardous Aircraft 
Resulting in Mid-Air Collisions 

F i g u r e  2.~1. Aircraft Space. 



The probability of a mid-air oolliaion i s  

where P[Hi] is a hazard probability. Denoting the complement of MAC by - 
MAC, note that: P[MAC] can b e  written 

In worda, eq. (2-4) says the probability of e mid-eir collision i s  the 

probability of enccuntering a hazard, P [HI, minus the probability o f  

encountering and avoiding the hazard. If P [ ~ c / H ~ I  = I f o r  a l l  i (i .e . , 
all hazard conditions Hi are avoidable with probability 1) then P[MAC] = 0. 

A certain subset of the set H may contain a ircraf t  that are 

i n v i s i b l e ,  unavoidable, or both. Such hazardous aircraft result i n  mid-air 

co l l i s ions  with probability one. Thus eq. (2-4) can be  rewritten 

where K 1  = L H denotes the set of  hazardous a ircraft  that are v i s i b l e  (v) 
IEI i 

and avoidable (A) . 



The set (o r  event) is the event t h a t  a visible, avoidable, 

hazardou~ aircraft i e  "looked at"  (L) by the pilot (but not n e c e s s a r i l y  

seen if the hazard i s  not perfectly detectable) and de tec t ed  (D), It is 

asst.~med t h a t  n v i s i b l e ,  avoidable  target that is de tec ted  w i l l  b e  avoided, 

thereby ruling o u t  of t h i ~  a n a l y s i s  the i r r e s p o n s i b l e  p i l o t  who f a i l s  t o  - 
take evasive a c t i o n .  The n o t a t i o n  for MAC is 

Equation (2-5) can now be w r i t t e n  

The l a s t  s i m p l i f i c a t i o n  fo l lows  from t h e  observa t ion  that the i nhe ren t  

d e t e c t a b i l i t y  of a hazardous a i r c r a f t  is independent of whether o r  not  t h e  

p i l o t  looks a t  i t .  The I n t e r p r e t a t i o n  of eq. (2-7) is  the same as the 

i n t e r p r e t a t i o n  following eq. (2-4). However tlie additional i n t e r p r e t a t i o n  

can be made t h a t  t h e  p r o b a b i l i t y  of encounter ing and avoiding a hazard 

is given by t h e  p r o b a b i l i t y  of encounter ing,  looking a t ,  and d e t e c t i n g  a 

visible, avoidable  hazard. Seve ra l  p l a u s i b l e  minimization t a c t i c s  follow. 

2.2 Minimization Tactics 

It seems p l a u s i b l e  that  t h e  summation term i n  eq. 12-71 should be 

independent o f  (or  weakly dependent upon) t h e  p r o b a b i l i t y  of encounter ing 

a hazard, P[H]. That i s ,  the n a t u r e  of the s e t  H1 = C Hi of visible and 
iel 

avoidable  hazards, and t h e  p r o b a b i l i t y  of encounter ing,  looking a t ,  and 



d e t e c t i n g  t h i s  set of hazards, should be  independent of P[H] .  With t h i s  

assumption i t  can be concluded t h a t  P[H], t ho  p r o b a b i l i t y  of ancountaring 

a hazard, should be rnlnimized independently of any o t h e r  cons ide ra t ions ,  

Th i s  i s  of course  a t r a f f i c  p a t t e r n  and scheduling i s s u e .  Next, the s e t  

i f1  of v i s i b l e ,  avoidable ,  hazardous a i r c r a f t  should be maximized, s u b j e c t  

t o  t h e  cons idera t ion  t h a t  hazards which ore l i k e l y  t o  b e  encountered, looked 

a t ,  and detected (corresponding t o  large values of P[D/H~] P [ L / H ~ ]  P [ H ~ ] )  are 

t o  be included a t  the expense of o t h e r s .  If P[D/Bi]  P [ L / H ~ ~  P[t l i ]  i a  inde- 

pendent of H then t h e  c a r d i n a l i t y  o f  the s e t  of  visible, avoidable  targets 
i ' 

should be maximized independently of o t h e r  cons ide ra t ions ,  

F i n a l l y ,  t he  following i n t e r e s t i n g  minimizatian wi th  r e spec t  t o  p i l a t  

f u n c t i o n  i s  ev ident .  Let g ( i )  = PID/HI] P[Hi] denote t h e  p r o b a b i l i t y  o f  

.encounter ing and de tec t ing  the  visible, avoidable  hazard tii. Tllen t o  

minimize P [PIAC] , maximize t h e  o b j e c t i v e  func t ion  

where PIL/HI]  i s  the probability of looking a t  hazard This func t ion  is 

maximized by choosing (Schwartz inequality) 

where k-' = g ( i )  (assuming the p i l o t  looks i n  some g e n ~ r a l i z e d  IEI 
hazard l o c a t i o n  Hi with probability 1 ) .  Thus the  pilot should spend [ g ( i ) /  

g ( t )  1% of his time looking i n  hazard l o c a t i o n  Hi. Rovghly speaking, t he  
i€ 1 
percentage of time spent  looking i n  hazard l o c a t i o n  Hi should be p ropor t iona l  

t o  t h e  p r o b a b i l i t y  of d e t e c t i n g  a v i s i b l e ,  avoidable  hazard i n  that l o c a t i o n ,  

The p r o h a b i l f t y  of de t ec t ion  of a v i s i b l e ,  avoidable  hazard is  maximized 

through l and ing  p a t t e r n  design and n i r c r a f t  b inocu la r  design (ref. 3). 



CHAPTER 3 

DASIC AIRSPACE MODEL 

The o r i r i c a l  i s s u e  i n  a model f a r  mid-air collision p r o b a b i l i t y  

seems 0 b e  t h e  determinat ion of  hazard p r o b a b i l i t y ,  P I H I ] .  8averal hazard 

p r o b a b i l i t y  model6 have been proposed i n  r e l a t i o n  t o  c o l l i s i o n  nvoidancc 

s t u d i e s  (see, ref. 8 and the r a fe reneas  t h e r e i n ) .  These models ore 

gene ra l ly  geometr ical  i n  n a t u r e ,  a s  they must be, i ~ ~ v o l v i n g  complicarod 

kinematic  r e l a t i o n s h i p s  between two o r  more a i r c r a f t .  To d a t a ,  the 

models have not included t h e  e f f e c t s  of random a i r c r a f t  en t rance  times i n t o  

con t ro l l ed  o r  uncontrol led a i r s p a c e s ,  nor  have they accounted for random 

a i rc ra f t  t r a j e c t o r i e s  w i t h i n  an a i r space .  (The sugges t ions  contained i n  

ref. 9 r ep re sen t  a notab le  except ion  t o  t h i s  statement . )  

I n  t h i s  chap te r  the i s s u e  of  random a i r c r a f t  en t rances  i n t o  uneontrol lad 

a i r s p a c e s  is  addressed by developing a b a s i c  a i r space  model. First, cons ider  

a s i m p l e ,  b u t  r ep re sen ta t ive ,  landing p a t t e r n  and then pose a homogeneous 

Poisson  model f o r  t h e  number of a i r c r a f t  t h a t  land i n  an a r b i t r a r y  time 

i n t e r v a l  [ o , t ) .  By a s s ign ing  aircraft  entrance probabilities f o r  upwind, 

downwind, and crosswind lsgo of the p a t t e r n  (based on publ ished da t a ,  e,g, ,  

ref. 8) ,  a basic airspace model f o r  the number of a i r c r a f t  occupying any 

reg ion  of the p a t t e r n  a t  any point i n  tima can be obta ined .  The a i r s p a c e  

model i s  then general ized t o  inc lude  t h e  nonhomogeneous e f f e c t s  of d a i l y  

f luctust iorls  i n  t r a f f i c  d e n s i t y .  Some comments are advanced concorning 

ex tens ions  of t he  bas i c  airspace model t o  inc lude  random three-dimensional 

a i r c r a f t  t r a j e c t o r i e s .  

I n  Chapter 4 seve ra l  hazard p r o b a b i l i t y  models a r e  derived from t h i s  

basic a i r s p a c e  model. Inchapters 5 and 6 t h e  a i r s p a c e  model is used t o  

p a r t i a l l y  specify a t r a j e c t o r y  s imula t ion  program for genera t ing  random 

a i r c r a f t  t r a j e c t o r i e s  and ob ta in ing  va r ious  s t a t i s t i c a l  measures o f  an 

uncontrol led airspace. 

3.1 Homogeneous Poisson Model f o r  A i r c r a f t  Landings 

Let t h e  number of a i r c r a f t ,  N ( t ) ,  landing i n  t h e  time i n t e r v a l  [ o , r )  
b e  a homogeneous Poisson counting process w i t h  i n t e n s i t y  v and rate  parameter  

A t  = v t ;  i . e . ,  
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Figure 3-1. Representative Landing Pattern. 



where P[N(t) = n] denotes t h e  p r o b a b i l i t y  t h a t  N ( t )  = n and u t  i s  t h e  

average number of a i rc raf t  landing i n  [ o , t ) .  

Now coiiafder Figure 3-1 dep ic t ing  a Pive-leg landing p a t t e r n .  One 

m i g h t  reasonably ask what the p r o b a b i l i t y  is  that N,(t) aircraft w i l l  e n t e r  

the landing p a t t e r n  at l e g  m I n  the  time i n t e r v a l  [ o , t ) ,  To answer t h i s  

question, assume the general landirlg pattern contains M logs ,  a i r c ra f t  

enter l e g  m with probab i l i t y  pm, and = 1. Then t h e  p r o b a b i l i t y  

t h a t  Nm(t) = nm can be w r i t t e n  

where T, i s  t h e  appropr ia te  "travel time" requi red  f o r  an a i r c r a f t  t o  
J 

t r ave ree  t h e  jth l e g ,  and t 
M 

T i s  t h e  t o t a l  time required f a r  an 
m =  C .l 

aircraft, t o  land  a f t e r  e n t e r i n & ~ f e  landing  p a t t e r n  a t  l e g  m. The 

assumption h e r e  is  that every a i r c r a f t  t h a t  e n t e r s  l e g  m i n  t h e  i n t e r v a l  

[o,  t )  must l and  i n  the i n t e r v a l  [em, t + t.), where tm is t h e  time requi red  

Ear an a i r c r a f t  t o  t ravel  from t h e  en t r ance  of l e g  m t o  the l anding  p o i n t .  

Then eq. (3-2) follows from t h e  law of  t o t a l  p r o b a b i l i t y ,  

The f i r s t  term i n  eq. (3-2) is t h e  p r o b a b i l i t y  of nm successes (a 

success def ined  here a s  an ent rance  a t  l e g  m) i n  n t r i a l s  (a t r i a l  def ined 

here a s  a l and ing  in the t ime i n t e r v a l  [em, t + t m ) .  The d i s t r i b u t i o n  is 

binomial : 



The second probability etatement: i~ Poi~son with rate parameter X ( t  + tm) - 
At,, by virtue of the fact that: in~rements of a Poiaeon procesa !.*e also 

Poisson: 

Equation (3-2) is now evaluated as follavs : 

The conclusion i s  that the number of aircraft entering leg nh is Poisson 

w i t h  rate paremeter pm I t :  

The perameter p can be obtained from experimental observations regarding m 
t h e  relative frequency of aircraft entrances at  l e g  m (ref,  3 ) .  The para- 

meter X is also obtained from experimental obsentations. 



These calculations are based on preservation of the property that rho 

average number of aircraft  landing i n  the interval  [L1, t + e l )  is the 

average number entering l e g  1 i n  the interval [ o , t )  plus tha average 

number entering l e g  2 i n  the interval  [tl - t2, e + el- t2) . . . plus t l ~ a  

average numher entering leg M i n  the interval  [el - k, t + tl - s). 
Since  the average number of aircraft antering leg m i n  the interval 

i t l  - tm, e + tl - tn) is pm A t ,  i t  follows t h a t  

and t h e  averages are preserved. 

Actually, more can bo shown. Consider the individual  Poisson 

processes N1, . . . , NM, The number of aircraft landing i n  [tl, t + tl) 
equals the number of aircraft: entering leg 1 i n  the interval [ o , t )  plus the 

number entering l e g  2 in the in terva l  [el - t2, t + tl - t2) . . . plus the 
number entering leg M i n  the interval [tl - Ly, t 4- tl - tM) ; 

The characteristic function of N(t + tl) - N ( t l )  is 



Bur this can be w r i t t a n  

The nth term of the  product is t h e  characteristic func t ion  of the Poisson 

random variable  N m ( t  + t1 - tm) - ~ ~ ( t . ~  - t m ) .  Thus it follows t h a t  the 

N1(t), ..., N (t) are independent Poisson random psoceases ,  These tasulta M 
w i l l  be genera l ized  f o r  nonllomogeneous airspaces shortly.  

Tho conclusion is t h a t  Poisson modele f o r  t he  independent ly a r r i v i n g  

aircraft a t  the varioue landing  l e g s  lend t o  a Poisson model fo r  tha  

number of  aircraft landings on an a r b i t r a r y  time in terva l  (and vica-ver~a), 

provided r e l e v a n t  time in terva l s  a r e  careful ly  chosen, The mathematical 

model is  therefore c o n s i s t e n t  w i t h  the phys i ca l  constraint t h a t  a i r c r a f t  

which enter t h e  pattern must land a f t e r  an appropr i a t e  delay. Tha appro- 

priate delay has been assumed d e t e r m i n i s t i c ,  corresponding t o  the assump- 

t i o n  t h a t  aircraft trajector ies  are determinist ic .  It is very d i f f i c u l t  

to relax this requirement and sti l l  o b t a i n  t r a c t a b l e  models, hut i n  

Chapter 4 some prel iminary results are advanced for random a i r c r a f t  

trajectories. 

3.2 Interval Occupancy i n  Homogenoua A i r  Spaces 

An important determfnat ion to  be  made f o r  the c a l c u l a t i o n  of hazard 

probab i l i t i e s  i s  the  number of a i r c r a f t ,  Q(x;t), located Ln t h e  spat ia l  

i n t e r v a l  [ x ,  x 4- Ax) along the l anding  p a t t e r n  a t  time t (see Figure 3-1). 

Consider an interval [x, x + Ax) on t h e  first l e g  ( i .  e . ,  dl 5 x x + Ax 5 d2 
with  dl t h e  beginning of l e g  1 and d l  the beginning of l e g  2) .  I t  fol lows 

that Q(x;t )  equals  ~ ~ ( t  - t l ( x  + Ax)) - N - t }  , the *:.,mber of a i r c r a f t  

en t e r ing  the  landing pattern a t  l e g  1 i n  an  appropr i a t e  i n t e r v a l  [t - 
t l (x  + Ax), L - t l ( x ) ) .  The time cl ( x )  is the time required f o r  an aircraft 



with velocity vl(t) t o  traverse the distance from dl t o  x: 

tl(x) 

v l ( ~ ) d f - x - d l  . 
0 

Thus Q(x;t), for dl 5 x  5 x + Ax < d is Poisson with rate paramatar - 2' 
el vIcl(x + Ax) - tl(x)l: 

When the velocity is a constant vo, then Cl(x)  = ( x  - dl)/vo and the r a t e  

parameter becomes plvbx/v The probability chat Q(x;t) = q is 0 

For an interval [x, x 4- Ax) on the second leg, ~ ( x ; t )  is the number of 

aircraft entering the landing pattern at leg 2 in an appropriate interval 

[t - tZ(x + Ax), t - t 2 ( x ) ) ,  p l u s  t h e  number of aircraft that entered leg 1 

in an appropr ia te  interval [t - tl(x + Ax), t - tl(x)) and continued in the 

pattern from leg 1 to leg 2. The time t2 (x )  is the time required for an 

aircraft w i t h  velocity v 2 ( t )  to traverse the distance from d2 to x 2 d2: 



The time tl(x) is simply tl(x) tZ(x) + TI, where TI ~ E I  the time ruquired 

for an aftcraft t o  traverse leg 1. Thus 

Q(x;c) * [NZ(f - t 2 ( x ) )  - NZ(t - t2(x + Ax))] 

By the independence and homogeneity of Nl and N2, it follows that Q(x;t) i s  

Poisson with  rate parameter (pl + p2) v [tZ (x + Ax) - t2 (x) ] ; i .e. ,  

When V ~ ( T )  = v 2 ( ~ )  = vo , 

Continuing in t h i s  manner, it is easy t o  show that for  x rontained in 
t h t h e m  leg, d m ~ x  < x + A x L d m +  I, 



m 

The average number of aircraft i n  [x,  x + Ax) i~ v ( ~ x / v ~ )  C p . Figure 3-2 
$=1 

is a graph of the  average number of aircraft in the interv  1 [x ,  x f Ax) v s .  

x. I t  i s  assumed that  the v e l o c i t y  is  emstant .  For the  example shown, leg 

1 and leg 3 are the most commonly entered l e g s ,  Note that  the model 

correctly exhibits increased congestion i n  the traffic pattern as the touch- 

down point i s  approached. 

3 .3  Nonhomogeneous Poisson Airspace Model 

The results of Sections 3 . 1  and 3 . 2  can be generalized by allowing the  

number of a i r c r a f t  landings i n  the in terva l  [o , t )  to b e  a nonhomogeneous 

Poisson process with rate parameter 

where v ( a )  > o i s  a variable i n t e a s i t y  parameter that  ac,ounts for daily 

fluctuations in a i r  traffic density. That is, 

Proceedfag as  before, assign probabil i ty  pm to  tile arrival of an 

a i r c r a f t  at  l e g  m and denote by N ( t ; ~ )  the number of aircraft entering the 
m 

landing pattern at  l e g  m i n  the t-second interva.1 [r,  t 4- TI. T ~ I J ~ ,  

for the di s t r ibut ion  of Nm(t;r), 



Average No. of aircraft in 
[x, x + Ax) a t  time t 

Pigurc 3-2. Average Number of Aircraft in Interval [x,  x 4- Ax) vs. x -  



This  uses the law of total probabil i ty and exploits the fact t h a t  

every aircraft: entering the landing pattern a t  l e g  m must land t seconds m 
later. Noting that N ( t  + tm + r )  - N(tm + r) is Poiaaon with rare parameter 

B(L; t, + T )  a A t  + 
+ - 1, + T r  eq. (3-22) can be evaluated as follows 

m m 

n m 
[p m (r;em + dl -pmS(t;tm + TI - - e 

='Inf 

Thus ~ ~ ( t ; r )  is Poisson with rate parameter pm @(tit, + T): 

Proceeding a s  i n  Section 3 . 1 ,  i t  can be shown that Nl(t;~), N2(tir), 

..., NM(r;~) are independent processes. Note here only that  the  ra te  

parameters i . .  , average number of aircraft entries) f o r  Nl(t) , , 
N (t) give the correct rate parameter for  N ( t ) .  The property is pre- M 
served that the average number of aircraft landings i n  the interval  

Itl# t + t ) equals the average number of a ircraf t  entering the lasiding 1 
pattern at leg 1 in  the interval  [ o , t )  plus the average number of a ircraft  

entering a t  leg 2 i n  the interval [tl - tp, t + tl - t2)  . plus the 

average number entering l e g  M on the interval  [t, - tM, t + tl - t M )  TO 

show this 



and therefore the  averages a r e  preserved as requi red .  

One can proceed a s  i n  Sec t ion  3.2 t o  determine the number of a i r c r a f t  

i n  t h e  s p a t i a l  f n t e r v a l  [x,x + AX) i n  a nonhomogeneous a i r space .  The 

r e s u l t s  a r e  d i r e c t  ex tens ions  of eqs. (3-16) and (3-19), 

3.4 Multidimensional Extensions t o  the Basic Airspace Model 

Muleidimensional ex tens ions  t o  the basic a i r s p a c e  model a re  obtained 

by cons ider ing  processes  of the form ~('t) with t a mult idimensionai  t - s e t .  

Then f o r  example, one can de f ine  = [ o , t )  X [o,x) X [o,y) X [o,z)  t o  b e  a 

cross-product s e t  cons i s t i ng  of temporal and s p a t i a l  v a r i a b l e s .  The process  - 
N(t1 becomes the number of a i r c r a f t  contained i n  the regfon o f  space  [o,x) X 

[o,y) x [o , z )  during t h e  time i n t e r v a l  10 , t ) .  I f  N(T) is  a Poisson process ,  

then the r e l e v a n t  probability statement i s  

where X is  now the average number of  a ircraf t :  i n  t h e  t-set T. The rate 
f 

parameter is related t o  a mu1 t idimensional  i n t e n s i t y  paramter ,  v(e) , 



describing the temporal-spa t i a l  in tens i ty  of  a i r c r a f t  i n  the space : 

The intens i ty  parameter v ( i )  is, in turn, chosen t o  describe the geometric 

properties  of a typical aircraft trajectory i n  a pre-specified landing 

pattern,  



CHAPTER 4 

MODEL8 FOR HAZP;KD PROBABILITY 

I n  thia chapter o hazard is modelled ns t he  occupancy by cwo o r  more 

a i r c r a f t  of a common r eg ion  of a i r space .  The hazard model is tied t o  the 

basic a i r s p a c e  model o f  Chapter  3 and a n a l y t i c a l  express ions  are derived 

f o r  hazard p robab i l i t y .  When a i r c r a f t  t r a j e c t o r i e s  are fixed-velocity and 

d e t e r m i n i s t i c ,  t h e  hazard p r o b a b i l i t y  can b e  r e a d i l y  eva lua ted ,  Numerical 
v a r e s u l t s  i n d i c a t e  t h a t  th parameter 4% , w i t h  v the a i r s p a c e  i n t e n s i t y  

parameter and a/vo t h e  so-ca l led  dwell time of  an a i r c r a f t  i n  a hazard-free 

i n t e r v a l ,  is a reasonable  f i g u r e  o f  merit for uncont ro l led  a i r spaces .  Hazard 

p r o b a b i l i t y  is  reduced by reducing 5 .  
Some d i scus s ion  i s  given t o  a hazard model t h a t  is a p p l i c a b l e  when 

a i r c r a f t  t r a j e c t o r i e s  are random, The r e s u l t i n g  express ions  f o r  hazard 

p r o b a b i l i t y  can be  evaluated f o r  a r b i t r a r y  random trajectories. 

4 .1  An Occupancy Model for Dete rmin i s t i c  T r e j e c t o r i e s  

Assume a l l  a i r c r a f t  i n  the landing p a t t e r n  of Figure 3-1 a r e  flying 

deterministic,  f ixed velocity (vo) t r a j e c t o r i e s .  In Sec t ion  3 .1  it was 

shown t h a t  Q(x; t ) ,  t h e  number of  a i r c r a f t  occupying t h e  s p a t i a l  in terval  

[x ,x  + Ax), d c x c x + Ax 5 d m +  is Poisson d i s t r i b u t e d :  m - 

I n  this model, U i s  the average number of  a i rcraf t  i n  the reg ion  [x,x + Ax) 

a t  time t. 

Now assume that: the number of a i r c r a f t  i n  [ x ,  x f Ax) is 

Q(x;t) = q. It follows from the b a s i c  properties of the Poisson process  

t h a t  t h e  unordered occupancy po in t s  f o r  the q aircraft are uniformly 

d i s t r i b u t e d  i n  [ o , t ) .  The ordered occupancy p o i n t s  x 5 xl < x2 < ... x c 
4 - 

x + Ax, where xi i s  the l o c a t i o n  o f  the  ith aircraft, a r e  d i s t r i b u t e d  as 

t h e  o rde r  a t a t i s t i c s  U1, U2, . . . , U t h a t  is, 
q; 



where $(;) denotes the density function f o r  - ' U2 # ,, . uq) 
A rather classical result that will be needed for o u r  ana lys ia  of 

hazard p r o b a b i l i t y  i s  the probabil i ty that all inter-aircraft d i s t a n c e s  

u i+l -' 
exceed a hazard-free d i s t a n c e  a. This is the probability that 

x l u  < x +  A x -  (q- l )a ,  u l + a  c up c x +  Ax - (q-2)a, ... u + a  c 1 q-1 
u c x + Ax. Denoting by P [ ~ / Q ( x ; ~ )  = q ]  t h e  p r o b a b i l i t y  that the  q-1 q 
inter-aircraft distances all exceed the hazard d i s t a n c e  a ( t h e  choice of 

no t a t i on  will be clear shortly), then 

Letting yi = (ui - x)/Ax, 

This can be simplified (ref. 10) y i e l d i n g  

t 0 , otherwise 



where [ b x / a  4- 11 denotes t h e  largest i n t e g e r  less than  o r  equa l  t o  Ax/a + 1. 

The parameter ~ x / a  is t h e  number of contiguouo hazard-Irea i n t e r v a l s  i n  t h e  

i n t e r v a l  [x, x + Ax). 
This  y i e l d s  a model f o r  hazard p r o b a b i l i t y  f o r  uncont ro l led  airspaces 

of  t he  form dcpictod i n  Figure 3-1. A hazard is defined t o  a x i ~ t  in 

the airspace: i n t e r v a l  [x ,  x + Ax) a t  time t i f  two o r  more a i r c r a f t  occupy a 

common reg ion  of a i r space .  I f  t h e  common r eg ion  of a i r s p a c e  is taken t o  be 

an in te rva l  of  length a ,  then the result of eq, (4-5) can b e  used t o  model 

t h e  p r o b a b i l i t y  t h a t  no hazard (fi) e x i s t s  i n  t h e  arlrspace [x, x -I- Ax) at rime 

t, given t h a t  q a i r c r a f t  occlupy t h e  a i r s p a c e  i n t e r v a l  [x, x + Ax) . The law 

of t o t a l  p r o b a b i l i t y  then y i e l d s  t he  fo l lowing  model f o r  t h e  p r o b a b i l i t y  t h a t  

a hazard (H) exis ts  i n  the a i r s p a c e  r eg ion  [x, x + Ax) at time t: . 

Equation (4-6) i s  a b a s i c  express ion  f o r  t h e  p r o b n b i l i t y  of a  hazard ,  In Fig- 

ures 4-1 and 4-2, P[H]  i s  p l o t t e d  versus  the r a t e  parameter  u and parametr ized by 

A d a ,  t h e  nf. .&er of cont iguous,  lion-overlapping , hazard-£ rce regions i n  

[x, x + Ax). The parameter [Ax/a + 11  is  t h e  maximum number of  a i r c r a f t  

t h a t  could, i n  p r i n c i p l e ,  b e  placed on t h e  interval [x, x + Ax) wi thout  

c r e a t i n g  a hazard. The r e s u l t s  o f  F igure  4-1 i n d i c a t e  t h a t  the hazard 

p r o b a b i l i t y  is smal l  when u ,  the average number of a i r c r a f t  t o  be  found i n  t he  

a i r space  i n t e r v a l  [x,  x -I- Ax), is very much smaller than the number 



L-' = 6.4 (Contour u f  
Constant I.) 

P ,  Average Number a£ A i r c r a f t  in [x,x+hx) 

i u  4 1  Hazard I J r o t u b i l i t y  vs.  Average Number nE A l  rcrnf t . 



p ,  Average Number oE Aircraft i n  [x,x+Ax) 

Figure 4-2. Hazard Probability vs. Average Number of Aircrafi - 
Expanded For Small p. 



Figure 4-3. Random Aircraft Trajectories. 



of contiguous, non-overlapping, hazard-free reg ions  in [x ,  x I- Ax). That is, 

fo r  emall P[H], 

Equivalent ly,  a f i g u r e  of merit can be daffned as 

requiring 6 << 1 fo r  low hazard p r o b a b i l i t j .  The parameter a/vo i s  t h e  

t i m e  i t  takes a cons tan t  v e l o c i t y  aircraft  t o  travel one hazard-free d is tance .  

Thus, f o r  1 p = 1 (worst-case), t h e  figure af merit 5.r~ the  average number 
j 

of a i r c r a f t  t h a t  e n t e r  t h e  a i r space  i n  the time i t  takes an a i r c ra f t  t o  

t r a v e r s e  one haz l rd- f ree  d i s t a n c e ,  From Figure 4-2 i t  is found, f o r  example, 

t h a t  6 on t h e  order  of 6 = 0.01 ensures P[H] on t h e  c r d e r  o f  P[H] = 0.01.  

4.2 An Occupancy Model for Random T r a j e c t o r i e s  

When a i r c r a f t  t r a j e c t o r i e s  ore random rather than de t e rmin i s r i c ,  

Q(x; t) , the number of aircraft occupying the a i r s p a c e  reg ion  [x, x -t Ax) a t  

t ime t ,  is  .no longer  Poisson d is t r ibueed;and  the previously derived r e s u l t s  

f o r  hazard p robab i l i t y  must b e  modified. To achieve t h i s  modi f ica t ion ,  

consider  t h e  diagram of Figure 4 - 3 ,  Severa l  nominal, fixed-velocity, 

d e t e r m i n i s t i c  t r a j e c t o r i e s  are i l l u s t r a t e d ,  along with random t r a j e c t o r i e s  

that dev ia t e  from these nominals. The t r a j e c t o r i e s  te rmina te  at t h e  

Poisson event  times T ~ ,  T ~ ,  ,,., + corresponding t o  t h e  homogeneous process n 
N ( t )  t h a t  cha rac t e r i ze s  t h e  number of  a i r c r a f t  landing0 i n  t hc  time interval 

[ o , t ) ,  Note i n  the f i g u r e  t h a t  the first a i r c r a f t  t o  enter t h e  a i r s p a c e  

e n t e r s  a t  l e g  2 ,  whereas t h e  first a i r c r a f t  t o  land e n t e r s  a t  leg m. 



Figure 4-4. Use of Slack  V,-,riables. 



It would be d e s i r a b l e  t o  eva lua t e  the p r o b a b i l i t y  that ,  given Q ( x ; t )  = q ,  

no two a i r c r a f t  occupy t h e  same region of a i r space .  Then the  procedure of 

Section 4 .1  could be used t o  eva lua t e  a hazard p r o b a b i l i t y .  The d i f f i c u l t y  i s  

t h a t  even when the  nominal, d e t e r m i n i s t i c  t r a j e c t o r i e s  a r e  separated by a 

d i s t ance  u ,  t he  corresponding random t r a j e c t o r i e e  may come well within a 
of each o the r .  This e f f e c t  is illustrated i n  Figure 4-3 where i t  is  shown 

t h a t  two random t r a j e c t o r i e s  i n  the  reg ion  [x,  x + Ax) a t  time t: come 

wi th in  a (and t he re fo re  constitute a hazard) even though all nominal 

t r a j e c t o r i e s  a r e  separa ted  by more than a ,  

These d i f f i c u l t i e s  imposed by t h e  random trajectories can be overcome by 

r equ i r ing  t h e  nominal t r a j e c t o r i e s  t o  be separa ted  by a p l u s  a random slack 

v a r i a b l e  t h a t  guarantees  the corresponding random t r a j e c t o r i e s  are a l s o  

separated by a. This  s t r a t e g y  i e  i l l u s t r a t e d  i n  Figure 4-4. T r a j e c t o r i e s  

j and 3-1 (with landing times T and T ) a r e  required t o  be  separa ted  by 
j j -1 

the  d i s t a n c e  u + h where 
j 

end B is  t h e  randon pe r tu rba t ion  of t h e  j th t r a j e c t o r y  from i ts  nominal 
j 

t r a j e c t o r y  a t  time t. 

Now cons ider  t h e  ordered occupancy points x < x c x . x < x + Ax - 1  2 a - 
f o r  the q nominal- t rajectory a i r c r a f t  l oca t ed  i n  [x, x 4- Ax) , These occupancy 

paints are d i s t r i b u t e d  as t h e  order  s t a t i s t i c s  UI, U p ,  ..., U , a s  shown i n  
4 

eq. ( 4 - 3 ) .  The p r o b a b i l i t y  that t h e  j - t h  and ( j-1)-st ai rcraf t  a r e  separated 

by a 4- h f o r  j = 2,  3 ,  . . . , q i s  the p r o b a b i l i t y  that u - 
j 3 '3-1 > a + h  

3 ' 
Equivalent ly,  t h i s  i s  the probabf l i t y  t h a t  a l l  random t r a j e c t o r i e s  a r e  

separated by a t  l e a s t  a. For given hl, h2, h3, ..., h t h e  appropriate 
Fi ' 

p r o b a b i l i t y  s ta tement  is  



A f t e r  simplification 



\ 0 , otherwise (4-12) 

Defining t h e  random variable y = I3 - Bl, and a1,jsuming t h e  pe r tu rba t ion  B 
SAX q is independent of q, f o r  I < q 5 1 - -b 11, a 

The r e s u l t  here is very s i m i l a r  t o  t he  r e s u l t  of eq. (4-5), However, t o  obtain 

the  uncondit ional  p robab i l i t y  of a hazard, P [ H ] ,  fn t h i s  model, averaging 

over the joint d i s t r i b u t l o n  of Q(x;t) and h is necessary. Denoting the 

d i s t r i b u t i a n  of y by F 
Y '  

Thi s  i s  t h e  b a s i c  result for hazard p r o b a b i l i t y  when a i r c r a f t  trajectories 

are random. Note Chat by us ing  the binomial expans ion . for  (a + b l Q ,  

eq. (4-14) can b e  w r i t t e n  i n  terms of the moments of y: 



k 
A X  - - 1  (-l)q-k 
(q-k) l kl q-k 

where 

Thus, by simply knowing the  f i r s t  [g ?I+ 11 moments of y ,  one can i n  principle  

compute the hazard probabil i ty.  Khen the slack variable  y is  normally 
2 distributed,  say with mean zero and variance cr , then m = 1.3 , . . (q-k-l)o (q-k) 

q-k 
for q-k even and zero otherwise. Then eq. (4-15) can b e  easily evaluated, 

4 . 3  Multidimensional Extensions 

Multidimensional extensions of the resu l t s  given i n  Sections 4 . 1  and 4 . 2  

are, in princ ip le ,  straightforward. One s inply  considers  multidimensional 

Poisson processes ~ ( t ) ,  wi th  the mulridlmensional t-set discussed i n  

Section 3 . 3  and examines the probability that  aircraft  are separated by a 

suitable function of the multidimensional var iable  z.  In this way geometrical 

considerations for hazard regions can be  included and more complicated 

t ra jec tor i e s  analyzed. The r e s u l t s  fox hazard probabil i ty  w i l l  be multi- 

dimensional analogs of  eqs, (4-6) and 14-14}. 



CHAPTER 5 

SIMULATED AIR SPACES 

5.1 General 

A preliminary study has been conducted on data previously collected 

by NASA Wallops personnel at: three uncontrolled airports in Maryland. The 

data consist of single radar tracks of general aviation aircraft in an 

uncontrolled environment. Consideration is given to ways in which these 

data can be used to evaluate alternative patterns and procedures in such 

environments. To evaluate collision risk in an air traffic environment 

one approach is to analyze au environment which provides representative 

space-time relnti,.nships between aircrafr: for given patterns and procedures. 

The real data do provide spatial relationships which are representative of 

pilot adherence to the current procedure for runway approach. 

To evaluate current procedure one obvious method is to assign some 

time correlation to the real data tracks and then sample this finite set of 

position-time situations. Sampling could be done on a "with replacement" 

basis to provide an indefinitely large (but finite) set of "situations ." 
The method i s  d t r e c t  and should not be difficult to implement but it pre- 

cludes tracks other thdn the specific ones in the data base (tracks which 

are plausible but did not occur) Erom being analyzed. This could conceivably 

introd.uce a bias in the results. Furthermore, since it is desired to develop 

the capability to evaluate other patterns and procedures besides those which 

gave rise to the tracks in the data base, a simulation model to generate 

tracks for analysis is desirable. Another consideration involves the fact 

that the real data base is not presently available in a form which is 

suitable for computer anaPgsis, Thus to even vallclate, f o r  example, the 

statistical occupancy model evaluation discussed in Chapters 3 and 4, it 
is necessary t o  have some sinulation model to provide track data. 

The simulation model to be discussed here is a generating approach in 

the sense that tracks are generated which are plausl5le in light of the 

data, but which zre not themselves in the data base. This approach would 

regard those tracks in the data base as a sample Erom which popularian 

distributions would be derived, The tracks to be used in collision risk 



analysis would then be generated us ing  some Monte Carlo sampling from such 

d i s t r i b u t i o n s .  This  approach minimizes the danger of bias, is r e a d i l y  

adaptable to  d i f f i r e n t  p a t t e r n s  and proceduree, and can be implemented 

very  e a s i l y  once a method i s  def ined  t o  c h a r a c t e r i z e  air Lta f f i c .  

One of the first i a s u e s  addressed i n  t h i s  s tudy t o  provide a basis f o r  

a s imulat ion model was how t raff ic  flows can be characterized. This issue 

is  important i n  i d e n t i f y i n g  d t f f e r e n t  t r a f f i c  flows and i n  t h e  v a l i d a t i o n  

of computer models. The r e s u l t i n g  approach presented here  a s  a recommendation 

of t h i s  study i s  based on the major segments of t r a c k s  flown, c lass i f i ed  by 

t y p e  of a i r c r a f t ,  and each a i r c r a f t  entry po in t  i n t o  a defined airspace. 

Each segment i s  characterized by a few basic f l i gh t  variables such a s  headings, 

segment lengths, turn r a d i i ,  speed, a l t i t u d e ,  e t c ,  This approach seems 

f e a s i b l e  from t h e  standpoint of t h e  c a p a b i l i t i e s  of the data  base and appears 

adequate f o r  the purposes of the  analysis considering prec i s ion  requirements 

and cost of a n a l y s i s ,  

Sections t o  follow provide  a description of a pro to type  d i g i t a l  s imula t ion  

model which h a s  been used t o  gene ra t e  t r a f f i c  f o r  t h e  e x i s t i n g  environment. 

A c a p a b i l i t y  is described t o  model simultaneous t r a c k s  in a mul t ip l e  a i r c r a f t  

environment designed t o  r e p r e s e n t  an uncontrolled terminal area  a i r space .  

The model should be a p p l i c a b l e  in an existing s i t u a t i o n  as w e l l  as i n  a 

hypothe t ica l  environment which can be reasonably pos tu la ted .  Cent ra l  t o  the  

development of this c a p a b i l i t y  ia a means of genera t ing  a v i r t u a l l y  

unlimited number of t r a c k s  in the environment t o  be  modelled. The descriptions 

are not: complete b u t  are intended t o  convey an idea of how the s imula t ion  

model would work and how it  can be used to a n a l y t i c a l l y  eva lua t e  t h e  t r a f f i c  

p a t t e r n s  from a mid-air collision hazard s tandpoin t .  

Data requirements  f u r  t h e  pro to type  simulator are discussed.  

Essentially these are empirical d i s t r i b u t i o n s  of path lengths,  headings, and 

turn- rad i i  of legb t h a t  makv up a t rack .  These requirements can b e  r e a d i l y  

met by the d a t a  retrieval and a n a l y s i s  programs now being developed by NASA. 



5.2 Charac ter iza t ion  of A i r  T r a f f i c  Flows 

For purposes of t h i s  development the uncont ro l led  a i r p o r t  a i r apace  

will not be  t h e  e n t i r e  "Airport Traffic Area" convcntionalLy defined ae 

t h a t  a i r s p a c e  wi th in  a 5 s t a t u t e  mi le  (8 km) r a d i u s  oE the c e n t c r  of t h e  

airport up t o  b u t  no t  inc luding  2000 f t  (609.6 m) a l t i t u d e .  The a v a i l a b l e  

track da ta  i n  the NASA Wallops data base drops off  r ap id ly  beyond a 3 n . d .  

radius (5.6 km) of the  radar  site. Furthermore t h e  main f e a t u r e  of 

interest: is  the prescr ibed landing  approach p a t t e r n  which i s  u s u a l l y  f lown  

w i t h i n  this 3 m i l e  radius of t h e  runway. Therefore, a perimeter  of  3 n.mi 

(5.6 km) r a d i u s  from the runway threshold will be defined t o  encompass the 

a i r p o r t  a i r s p a c e  in the pursuing a n a l y t i c a l  d i scuss ion .  A coordina te  

system with origin a t  the  threshold  and t h e  y-axis coinc ident  w i th  t h e  

runway c e n t e r l i n e  as shown i n  Figure 5-1 w i l l  be used. This  choice of 

coord ina te  system should n o t  p re jud ice  the main concepts  and r e s u l t s  t o  be 

presented.  

The digital t r a f f i c  genera t ion  model descr ibed  r e p r e s e n t s  a simple 

ye t  p l a u s i b l e  cha rac t e r i za t ion  of t h e  uncontrol led environment. A i r c r a f t  

movements are described i n  terms of a f e w  b a s i c  flight v a r i a b l e s .  Tracks 

are defined i n  terms of major component segments and t h e  general environment 

i s  defined i n  terms of traffic types and the p r e v a i l i n g  patterns and 

procedures.  

5 .2 .1  Relevant parameters . - In  simulated t r a f f i c  s t u d i e s  e n t r y  of 

a i r c r a f t  i n t o  the defined a i r s p a c e  is o f t e n  the  fundamental "dr iv ing  event ,"  

Hence, a l o g i c a l  f i rs t  v a r i a b l e  of c h a r a c t e r i z a t i o n  i s  the  time between 

e n t r i e s , "  Th i s  includes a r r i v a l s  t o  t h e  perimeter of aircraft coming i n  

to land, or flying through, as w e l l  a s  a i r c r a f t  p resent ing  themselves at 

runways f o r  take-off.  Time between e n t r i e s  i s  a v a r i a b l e  t h a t  o f t en  has 

d i u r n a l  and other longer  term v a r i a t i o n s  which can be accounted f o r  a s  

necessary,  

*Vir tua l ly  a l l  of t h e  v a r i a b l e s  descr ibed axe b e s t  thought of as random 
v a r i a b l e s ,  and when considering a v a r i a b l e  for c h a r a c t e r i z a t i o n  its 
empirical frequency d i s t r i b u t i o n  should be  used, The t o t a l i t y  of such 
d i s t r i b u t i o n s  w i l l  be s a i d  t o  c h a r a c t e r i z e  the t r a f f i c .  



Figure 5-1, Illustrating Airspace,  Axes, and Tracks. 



Naxt, a c1assiEication of various types of driving events and tho 

frequency with which they occur should bo considered, The simplast c l a a s i -  

Eication, which should be adequate here, is "arrivals," "doparturas" and 

"f ly-bys." Arrivals and departures are commonly rhe greater port ion of 

airport traffic relative to fly-bys and in the long run must be of equal 

frequency for most analytical purposes. Thus it should be anoi~gh to state 

the fly-bys as n fraction of arrivals, or perhaps airport operations, 

Having characterized trnffic by its inter-avant tima and by type of 

event, further characterization is brse done separately for the thrcc types 

of events. In what follows, only the charactcrizatfon o f  arrivals is 

considered. This operation is somewhat: more complex than t h e  others and 

is perhaps of greater interest for collision hazard studies since propor- 

tionally, arrivals spend more time in tho airspace than other types, I n  

any case, the basic approach to traffic characterization would be similar 

for the other types of operations also. 

The arrlval traffic flow w i t h i n  a given airspace depends  g r e a t l y  on 

the type of aircraft, the point from which it enters and the runway on 

which it Lands. Therefore, the distribution of arrivals by type along 

the perimeter and the distribution of runway usage are important items 

f o r  characterization of traffic. 

For u given type of aircraft, entry point, and runway, tho flow 

patterns of traffic are governed by a variety of factors such as rules 

and procedures, weather conditions, presence of other aircraft, individual 
#- 

characteristics of aircraft and pilots, e t c .  No attempt wiil be made t o  

charncterize traffic flows by any specific factor in the above group. It 

will be enough to accept empirically whatever flows do evolve under the 

influence of all of these factors, and to try to characee~ize flows on 

t he  basis of major segments in the flight path. 

In order to define a segment, it is necessary to recognize s i x  modes 

o f  Flight: straight climb, straight descent, straight-and-level, climbing 

turn, descendjcg rurn,and flat-turn. Then a segment is defined a s  t h e  

portion of f l i g h t  path over which a particular mode is maintained; the start 

of a new mode marks the start of a new segmen:. This essentially simple 

concept poses two practical problems. One is the diffleulty of identifying 

a sharp changeover point from one mode or segment to another; the  other is 



t h e  d i s t i n c t i o n  between t h e  tffundamental" mode and t h e  "random" d e v i a t i o n s  

Erom i t .  These problems w i l l  n o t  be comple te ly  and quantitatively roaolvad 

h e r e .  The model will b e  designed t o  r e c o g n i z e  no more than  (k + 4 )  s a w a n t s  

t o  any pa th ,  where k i s  a number t h a t  depends on t h e  e n t r y  p o i n t  o f  t h e  

a r r i v a l  and r e p r e s e n t s  some rensonab lc  number of scgmanta nacassnry t o  f l y  

t h e  recommended p a t t e r n  for t h e  a i r p o r t .  For example, i n  F i g u r e  5-1, for 

a r r i v a l s  Erom t h e  s e c t o r  shown, k may be taken t o  be 7:  inbound, t u r n  on 

downwind, downwind, t u r n  on base ,  b a s e ,  t u r n  on final, and f i n a l .  Hence, 

t h e  assumption can be made t h a t  no p a t h  through t h i a  s e c t o r  need have more 

than 11 segments,  If more than 11 segments seem t o  a x i s r  i n  f a c t ,  then  it: 

w i l l  be assumed that some of t h e  apparen t  segments a r e  indeed " r i p p l e s "  and 

w i l l  be combined i n t o  a  t o t a l  of 11 o r  fewer segments.  

The above scheme is very h e l p f u l  i n  c h a r a c t e r i z i n g  t r a f f i c  f lows because  

i t  provides a means of c l n s a i f y i n g  f l i g h t  paths--by t h e  number and sequence 

of segment t y p e s ,  The number of d i f f e r e n t  types  of f l i g h t  p a t h s  ( fo r  n given 

a i r c r a f t  type from a g i v e n  s e c t o r )  is l i k e l y  t o  be quite manngcable, because 

many segment types are i n  p r a c t i c e  incompat ib le  w i t h  one a n o t h e r ,  and i t  i s  

p o s s i b l o  t o  s p e c i f y  t h e  f requency  w i t h  which d i f f e r e n t  f l i g h t  p a t h  t ypes  

a r e  found a t  a given n i r p a r t .  Thus, t h e  c h a r a c t e r i z a t i o n  of traffic a t  an 

a i r p o r t  shou ld  i n c l u d e  a s p e c i f i c a t i o n  o f  e m p i r i c a l  d i s t r i b u t i o n  of f l i g h t  

pa th  types. 

F i n a l l y ,  for each t y p e  of f l i g h t  p a t h ,  t h e  segments need to be char- 

a c t e r i z e d  by d i s t r i b u t i o n s  of a few b a s i c  v a r i a b l e s :  head ings ,  s p e e d s ,  

a l t i t u d e s ,  d e c e l e r a t i o n s ,  d e s c e n t  r a t e s ,  and t u r n  radii. 

The above scheme r e p r e s e n t s  a  conven ien t  way of characterizing t r a f f i c  

a t  an  a i r p o r t .  I n  f a c t ,  i t  leads d i r e c t l y  t o  t h e  method of track regenero- 

t i o n  and t r a f f i c  s i m u l a t i o n  t o  h e  d i s c u s s e d  i n  fo l lowing  s u b s e c t i o n s .  

5 . 2 . 2  Track genera t ion . -  I n  rho g e n e r a t i n g  approach, t h e  crack is 

developed p o i n t  by p o i n t  and segment by segment. The f i r s t  s t e p  is t a  

l o c a t e  t h e  arrival on t h e  p e r i m e t e r .  T h i s  i s   don^ by sampling from d i s -  

t r i b u t i o n s  f o r  e n t r y  p o i n t ,  i n i t i a l  s p e e d ,  k n i t i n l  a l t i t u d e ,  and i n i t i a l  

hending f o r  t h e  p a r t i c u l a r  segment and t y p e  of a i r c r a f t  involved.  It may 



be that e n t r y  speed,  a l t i t u d e  and handing will be dependent  upon e n t r y  

p o i n t  and t h i s  dependence would need to be quantifjad before defining 

d i s t r i b u t i o n s .  T h i s  is  markedly t r u e  f o r  i n i t i a l  headings, ns m:,y bo 

s e e n  Erom the d a t a  base,  and t h e  dependonce can be identified Prom n 

p l o t  of i n i t i a l  haadings v e r s u s  e n t r y  p o i n t s ,  

Having e o t n b l i s h o d  t h e  arrival on the p e r i m e t e r ,  the  next  s t o p  i s  t o  

g e n e r a t e  what w i l l  b e  c a l l e d  t h e  i n i t i a l  leg; t h i s  is t h ~ t  segment flown 

immediately after e n t e r i n g  the p e r i m e t e r .  Again, t he  n a t u r e  of t h i s  

segment (wi th  respect  t o  the 6 modas mentioned e a r l i e r )  depends very much 

on the  entry p o i n t .  From a b r i e f  observation of the d a t a  i t  seems t h c r o  

are some entry p o i n t s  w i t h  a large p r o p o r t i o n  of  s t r a i g h t - a n d - l o v e 1  i n i t i a l  

l e g s ,  w h i l e  o t h e r  e n t r y  p o i n t s  e x h i b i t  a large p r o p o r t i o n  of low-bank-onglc 

descending turns d i r e c t l y  onto t h e  final c o u r s e ,  The proper  d i s t r i b u t i o n  

E Q ~  t h e  p a r t i c u l a r  e n t r y  p o i n t  needs t o  be sot up and sarnplod. 

Assuming f o r  t h e  sake of  f u r t h e r  i l l u s t r a t i o n  that: Lhe i n i t i a l  l eg  

is determined t o  be s t r a i g h t  and level, a d i s t r i b u t i o n  of l e g  l e n g t h s  f o r  

t h e  p a r t i c u l a r  a i r c r a f t  type and sector i s  sampled. rrom t h e  i n f o r m a t i o n  

developed thus fo r  i t  i s  then p o s s i b l e  to  g e n e r a t e  the p a t h  of t h e  arrival 

i n  space, and time Erom the  p e r i m e t e r  up t o  some p o i n t  within the a i r s p a c e .  

Next, t h e  nature of t h e  second segment needs co be ~ e t e r m i n e d  by 

sampling from an a p p r o p r i a t e  d i s t r i b u t i o n .  Assume i t  is a descending 

tight t u r n .  Then the r o t e  of t u r n ,  descent altitude and f i n a l  h c d i n g  are 

determined by sampling,  and the g e n e r a t e d  path is extended :r, include t h e  

t u r n .  

T h i s  turn may o r  may n o t  put  the  a i r c r a f t  i n  the p a t t e r n ;  i t  depends 

on the entry p o i n t .  Assume f v r  the  sake of d i s c u s s i o n  that i t  p u t s  t h e  

a i r c r a f t  on downwind. Then the next s t e p  would be ro sample p r o p e r  d i s -  

t r i b u t i o n s  f o r  downwind headings  and o t h e r  c h a r a c t e r i s t i c s  of t h e  downwind 

Leg, s o  t h a t  t h e  p a t h  con be genera ted  up  t o  t h e  p o i n t  where t h e  base t u r n  

b e g i n s ,  



Tha number aP segments can very  from 1 (for sweeping t u r n s  d i r e c t l y  

onto f i n a l )  t o  about 1 2  ( fo r  a i r c r a f t  beginning with upwind legs and 

execut ing a P u l l  p ~ t t 9 r n )  depending an point  of  e n t r y ;  s i m i l a r l y ,  the 

nature  of t h e  segments w i l l  vary,  depending on type of  a i r c r a f t .  A l l  

thaso r a l n t i o n s h i p s  can be gleaned from rha dara and programmed into rho  

l o g i c  of the t r a c k  genera t ing  r o u t i n e s ,  The f e n s i b i l i t y  of this approach 

has been checked out  by some prel iminary t e s t  programs, and tha  appraach 

seems q u i t e  capable of genera t ing  t r acks  which are o f a i t h f u l  reprodurtion 

of rea l i ty - - the  q u a l i t y  of the reproduct ion b a i n g  determined by tha  

level  of d e t a i l  employed i n  t h e  set  of sampling d i s t r i b u t i o n s  used. 

To eva lua t e  c o l l i s i o n  r i s k  i n  an  air t r a f f i c  environment it w i l l  ba 

necessary t o  create an environment which provides soma time-space r e lo t ion -  

sh ip  between a i r c r a f t  which can be r ep re sen ta t ive  of an a c t u a l  environment. 

The s imula t ion  approach a s  described thus  Ear provides a means of chnrnceer- 

i z i n g  f l i g h t  paths such t h a t  a path generator  a lgori thm can r e c r e a t e  s i n g l e  

t r a c k  data ,  

For t h e  model t o  adequately r ep re sen t  t h e  a i r  t r a f f i c  environment i t  

i s  necessary  t o  provide time c o r r e l a t i o n  between a i r c r a f t  c racks ,  The 

method proposed and used t o  i l l u s t r a t e  how the model can provide basel ine 

eva lua t ion  of c o l l i s i o n  r i s k  invo lves  assignment of e n t r y  t imes t o  s i n g l e  

tracks generated using Monte Carlo sampling,  The same procedure could  be 

used t o  r econs t ruc t  a meaningful t ime c o r r e l a t i o n  between ind iv idua l  t r a c k s  

i n  t h e  NAP\-Wallops da ra .  T h u ~  each t r a c k  generated i n  t h e  a i r s p a c e  w i l l  

have an e n t r y  time assigned (randonly) which then  de f ines  a space-time 

h i s t o r y  t o  t h a t  t r ack  wi th  an assumed v e l o c i t y  f o r  t h e  a i r c r a f t  type 

corresponding t o  t he  t r ack .  

5.2.3 Model va l ida t ion . -  Once the  model is  implemented there i s  a 

need t o  provide some means of v a l i d a t i o n .  One method is  a c t u a l l y  a two- 

phase approach. A f i r s t :  v a l i d a t i o n  can be done on a l l  of the  same v a r i a b l e s  

t h a t  are used t o  c h a r a c t e r i z e  t h e  t r a f f i c .  D i s t r i b u t i o n s  would be compiled 

on t he se  v a r i a b l e s  from a large number of generated t r a c k s ,  and compared 

aga ins t  corresponding d i s t r i b u t i o n s  from da ta  base t r a c k s  of the  same air- 

c r a f t  type  and e n t r y  po in t .  If t h e  d i s t r i b u t i o n s  match t o  some s t i p u l a t e d  

goodness of f i t ,  the generated t r a c k s  may be  considered v a l i d .  Because of 



the close relationships between the distributions ganarated, the  dietribu- 

r i a n s  sampled from and the diatributions developed Prom ttia dnta, tlla abovo 

t es t  by itself does not provide adequate reassurance as to the v s l i d i c y  of 

the generated tracks, Hence, a second-level validation I s  proposad which 

does not involve di~tribwtione used in track generation. These cauld bo 

croaa-sectional distribritions of the t y p ~  investigatad in previous NASA 

studies, A number of planes can be selected and cross-sactional distribu- 

tions developed from the dnta base as wall CIS the  ganeratad tracks, If the 

distributions match to some stated degree of ".t, the generated tracks may 

be considered further validated; if not, more detail needs t o  be incorporatad 

in the set of generating distributions, Of coursa, all this needs to be 

done w i t h  due regard t o  sample sizes, sampling arrors, and all the ot1:er 

requirements of statistical tasting. 

The following sections describe the path generation simulation model 

as applied to two of twelve possible entry sectors, Tho algorithm for 

assignment of interarrival times is included in t h i s  discussion. In Clinpter 

6 model valldarlon is discussed and illustrated. 

5.3 Air Traffic Simulator for the IlncontrolLed Environment 

In Section 5.2 air traffic path chnracteristics were discussed in 

terms of variables which can provide for computer gen~ration of aircraft 

tracks. The procedure for generating tracks was described in general. Ap- 

pendix A contains n detailed description of how entries from two of the twelve 

possible entry sectors arc assigned paths within the airport airspace. 

Path segments are generated by random sampling from parametrized distri- 

butions. These parameters are deffned so that the distributions can be 

changed to conform with distributions t h a t  could be obtained from real 

data or might be analytically deterwitled from chosen pattern charnetcristics 

and procedures prescribed for a given uncontrolled airport. 

Once this ability to generate tracks is developed as described 

in Appendix A i t :  is possible to design n computer simulation model to study 

the collision hazard in a given environment. This section describes the 

model and how it operates, 
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Fig. 5-2. General flowchart of l o g i c .  



The computer modal has tha following characteristics: 

(1) I t  assigns an arrival Lime for each aircraft (if time is t o  be a 

factor in thc simulation).  The a i rcra f t  arrival time is  based on the aa- 

sumption that the inter-arrival timas are exponential. The following equation 

was enrplayed t o  ganorata exponantlnl inter-arrival times: 

1 TAU = - En(uf 

where X = number of aircraft/unit time, 

u = uniform randotn number. 

(2) The Elight paths ore generated as described in Appendix A. Pointe 

nlang the Elight path arc calculated basad on a s p e c i f i c  time i n t e r v a l  and 

velocity. Each Elight may be defined in both tima end spocc. 

( 3 )  The amount: of computer storage required to maintain tho f l i g h t  data 

WAS kept to a minimum by examining flight paths in sequential pairs. To 

illustrate, the f i r s t  Elight pair would be AC1 and AC2 where AC1 was the 

prior flight and AC2 is the current flight. Once dnto ore obtained from the 

two flights and the statistics updated,  another Elight is generated arid AC2 

becomes the prior and AC3 becomes the currort. This procedure simplifies 
the calculation of tha time parameter in that the prior Elight will a1wa;;i 

be entering the airspace a t  time zero and the current f l i g h t  will be entering 

at time TAU. 

The computer model consists of five logical units as shown in Figurc 5-2, 

The Initialization unit handles variable assignment and sets  specific para- 

meters by user input. It initiates the entire air pattern simulation. The 

Sector Selector handles the selection of the appropriate sector from which 

an alrcrafc w i l l  b e  entering the airspace. It also tallies the total number 

of f l i g h t  paths simulated, The Path Generators are sets  of programs (one 

for each sector) that operate flight: paths based or, the sector entry tra- 

jectories (see Appendix A ) .  The Statistics Generator maintains desired 

histograms and updates the recursive mean and sums of squares functions. The 

Output unit handles the output of the desired histograms and related means 

and standard deviations, 



There are currently five main programs t h a t  comprise the A i r  Pattern 

simulator. These are outlined in Appendix B along with the logic unit 

nsaocintion. Individual Elowcl~ar~s for each program ore also given in 

Appendix I3 with a brief description. 

For collision risk analysis the simulation model output coneisting of 

prescribed histograms and statistics is used as input ca special  a n o l y s l s  

programs, The t y p e s  nF 1111tput: available and some of the analysis methods 

used are discussed in Chapter  6 along w i t h  presentation of selected results. 

The typos of output available include that necessary to p r o v i d e  validation 

of the a~odel ,  In ehe computation and interpretation of hazard  statistics 

p r o p e r  account must be taken of t h e  fact that the tracks generated do not 

reflect any avoidance maneuvers. This is a basic limitation of rhe simulator 

which is really imposed by limitations in the real data. The data do not 

provide information concerning what parts, if any, are the  results of pilot 

maneuvering to avoid a potential conflict situation. This limitation could 

be presumably ovzrcome by Including decision making algorithms in the 

sirnulatioil model, Irt doing this -'t would be desirable to obtain surveil- 

lance type data which could give a composite picture of the traffic a t  a l l  

t i m e s  and the maneuvers performed in conflict situations, 



STATISTICAL ANALYSIS DF SIMLILATED AIRSPACES 

6.1 Histograms of Spatial Tra jec to ry  Deviat ions 

6.1.1 Numerical r e s u l t s . - I n  o rde r  to  ver i fy  t h a t  the  t r a j e c t o r y  model 

could genera te  val id  f l i g h t  p r o f i l e s  ( i n  a t  least two dirnandions), TOO 

aircraft: were cycled through t h e  approaclz p a t t e r n  and s t a t i s t i c s  were 

ca lcu la ted  at  downwind 1 (DWl) ,  downwind 2 IDW2), and base plane (BASE) 

l oca t ions  (see ref. 2). In  addit ion t o  histograms of d i s t a n c e  dev ia t ion ,  

histograms of d i s t ance  difference and time d i f f e r e n c e  of s e q u e n t i a l  aix- 

craf t  pairs were generated. A l l  d a t a  g r e s e n ~ e d  i n  t h i s  s e c t i o n  were 

generated with t h e  arr ival  r a t e  parameter selected a t  100 a i r c r a f t  per  hour. 

The r e s u l t s  may b e  gene ra l ly  summarized a s  follows: t he  d i s t a n c e  histograms 

appear n e a r l y  normal w i t h  s l i g h t  skew a t  the longer  d i s t a n c e s ,  the d i s t a n c e  

d i f f e r e n c e  histograms appear  t o  resemble a one-sided norrnel curve, and the  

tfme d i f f e r e n c e  histograms appear  exponent ial  ae would be expected. These 

d a t a  a r e  included i n  Figures  6-1 through 6-9. 

6.1.2. Cornpartson with published data.- Figure 6-10 shows selected d i s t a n c e  

devia t ion  d a + l  from actual aircraft observa t ions  (ref. 2) . Only d i s t a n c e  

da t a  a t  SW1, DW2 and BASE planes a r e  shown. Notice t h a t  i n  genera l  t h e  

histogr,ms a r e  similar t o  t hose  generated by t h e  t r a j e c t o r y  model with 

t h e  except ion of the increased  skew at  l a r g e r  dev ia t ions .  This difference 

i n  skew may be a t t r i b u t e d  i n  par.t t o  t h e  random number genera tor  i n  the 

t r a j e c t o r y  model and i n  p a r t  t o  the  skewness introduced by s i n g l e  engine 

high  wing a i r c r a f t  i n  the observa t ions  (see Figure 6-10d). Table 6-1 shows 

a summary comparison of f i r s t  and second o rde r  s t a t i s t i c s  between a c t u a l  

and s imulated d i s t ance  dev ia t ions .  Agreement is  good ac the DW1 and DW2 

planes bu t  tends  t o  appear suspec t  a t  the  BASE plane. This can perhaps  be  

a t t r i b u t e d  t o  t r a j e c t o r y  model c o n s t r a i n t s  i n  the base l e g  tun: and t h e  f a c t  

that approaches d i r e c t l y  into the Sase leg arc not ron?!.lerad i n  t h e  cu r r en t  

simulation. 
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Figure 6-2. Distance Difference f o r  Sequential. Aircraft, 
Downwind 1 Plane. - 
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Figure 6-3, Time  Difference for Sequential Aircraft 
Downwind 1 Plane. 
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Figure 6 - 4 .  D i s ~ a n c e  Deviation - Downwind 2 Plane. 
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Figure 6-5. Distance Differential for Sequential Aircraft, 
Downwind 2 Plane. 
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Fifiure 6-6. Tima Difference for Sequential Aircraft,  Downwind 
2 Plane.  
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Figure 6-8. Distnuce Difference for Sequential Aircraft, 
Base Leg Plane, 
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Figure 6-9, Time Difference for Sequential Aircraft, Base 
Leg Plane. 
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Figure 6-10. Publ ished Data (ref. 2) from Actual Aircraft Observations 
in Unconexolled Terminal Area, 



Table 6-1, Comparison of Actual and Simulated S t a t i s t i c s  
a t  DW1, DW2, and BASE Planes. 

Actual (ref. 2) Simulated 

mean std dev mean s t d  dev 

DWl -5440 ' 2402 ' -5200' 1162' 

DW2 -560Q' 780' -4869 ' 1561 ' 



It is apparent From the  preceding d i scus s lon  t h a t  the current simulation 

can t o  a l imitad degree d e s c r i b e  an uncont ro l led  terminal aran In  terms of the 

types of data previously published.  I t  18 f e l t  t h a t  a d d i t i o n a l  f l o x i b i l i r y ,  

when incorpora ted ,  w i l l  a l low the trajectory model t o  ba u t i l i z e d  i n  contort 

with the  tlreoretrcalmodel discussed  i n  previous chnptura t o  a s s e s s  hazard 

probabi l f  t i e s ,  

6.2 Estimated Hazard P r o b a b i l i t i e s  

The t r a j e c t o r y  model can be uaed t o  generate an e s t ima te  of hazard 

probabPl i tbes  by observing the  simulated a i r s p a c e  on an .~izcraft pairwisa 

basis. I6 the s imula t ion  is  exerzieed i n  such a manner t h a t  the sepa ra t i on  

d i s t a n c e  of two a i r c r l f t  occupying the area j o i n t l y  I s  indaxed verRu8 time, 

and i f  t h i s  is performed over a11 a i r c r a f t  p a i r s ,  then s e v e r a l  output@ 

be.. ome available. 

The least complex of these is a histogram of s e p a r a t i o n  d i s t a n c e  

over the  e n t i x ~  ensemble of a i r c ra f t  pa ir s ,  While being the s i m p l e s t  ou tpu t ,  

i t  perhaps is also the  l e a s t  meaningful i n  p r e d i c t i n g  o r  assess ing  a hamire 

excapt t o  give an i n t u i t i v e  f e e l  f o r  t h e  value of  distor~cc t o  c i o s e s t  

approach which would (or sliould) be  used t o  estimate hazard s t a t u s  from t h e  

other a v a i l a b l e  ou tputs ,  

Figures 6-11 through 6-13 show his tograms of s e p a r a t i o n  d i s t ance  f o r  

i n t e n s i t y  .;*. .meters of 50, 100 and 200 a i r c r a f t / h o u r .  The shape of t he  

histograms f o r  50 and 100 aircrafr) 'hour a r e  s i m i l a r  i n  that  a predominance 

i s  ind ica ted  about l ine  number 20 (3000 f t )  and t h a t  a r e l a t i v e l y  uniform 

distribution of d i s t ances  i s  observed elsewhere.  The histogram for 200 

a i r c r a f t / h o u r  begins  t o  take on f a i r l y  uniform c h a r a c t e r i s t i c s  over i t s  

e n t i r e  range and apparen t ly  i n d i c a t e s  t h a t  a s a t u r a t i o n  ~ t e u a t i o n  exists 

m d  i n t e n s i t y  parameters i n  this range should n o t  be expected t o  generate 

r e a l i s t i c  results. It would appear that  minimum sepa ra t i on  d i s t a n c e s  of one 

to three thousand fee t  are proper parameters f o r  eva lua t ing  hazard p r o b a b i l i t i e s  

( w i t h i n  the  in f luence  imposed by t h e  l i m i t e d  c a p a b i l i t y  s imu la t i on ) .  It should 

a l s o  be remarked that distances greater than  t e n  thousand f e e t  were de l e t ed  

from cons idera t ion .  



Total Entrieu = 3176 
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Bin Size = 150 f t  

Figur.? 6-1:. Distance Histogram for 50 Aircraft/~our 
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Bin Size = 150 f t  

F i g u r e  6-12. Distance Histogram f o r  I00 rrircraft/lIour 



Total rntries = 12426 

2 5 50 7 5 Bin Yumbcr 

Bin Size = 150 f t  

P i z u r e  6-13. Pis tance  Histograms f o r  200 ~ i r c r a f  t / lIour 



A more meaningful assessment of t h e  terminal  a r e a  environment is what 

can be defined a8 " p i l o t  workload." This is manifested oe a histogram of 

the t o t a l  time two a i rcraf t  spend a t  o sepa ra t ion  distance l e s s  than some 

p r e s p e c i f i e d  d i s t ance .  This  represents t h a t  d i s t ance  a t  which a p i l o t  would 

be concerned wi th  t h e  decision t o  make a see-and-avoid maneuver. 

Figures  6-14 and 6-15 show histograms of encounter rime l eng th  f o r  an 

in t ena  t t y  parameter of LOO aircraf t/hour and f o r  minimum scpare  t ion d i a  tances 

of 2000 f e e t  and 3.000 f e e t .  Notice t h a t  t h e  histograms appear exponent ia l  

as would be expected from both  t h e  na tu re  of t he  random variable and t h e  

density func t ion  assigned t o  i n t e r - a r r i v a l  times i n  the s i m u l a t i o n .  I n  going 

from a sepa ra t ion  d i s t a n c e  of 2000 feet t a  one of 1000 f e e t ,  the  numbar of 

entries i n  the histogram decreased from 114 t o  55. The histogram for S W .  C t  

i~ thus observed t o  be more e r r a t 3 2  than  the one f o r  2000 f t .  

Iln a l t e r n a t a  approach t o  r ep re sen t ing  " p i l o t  workload" is t o  compute 

t h e  cumulative time i n  an encounter normalized t o  the total time spent in 

the termlnal  aria, Figures  6-16 and 6-17 show histograms demonstrating t h i s  

type  of d a t a ,  Notice t h a t  as t h e  s epa ra t ion  {I i s tance  parameter is  decreased 

to  1000 feet,  t h e  prominancc near bin  20 moves toward t h e  o r i g i n .  This  is  

because, as t h e  separa t ion  parameter i s  decreased, the  number of a i r c r a f t  

which have the opportuni ty t o  spend a long time i n  an encounter is  reduced 

( fo r  a f ixed  number of aircraft) and more short encounters  are produced 

( i . e .  for zero l e e t  separation parameter, t he re  would be zero  encounters  

wh i l e  f o r  S n f i n i t e  s epa ra t ion  parameter, all a i r c r a f t  would be i n  an encounter 

100% of t h e  t ime).  Notice t h a t  f o r  2000 f ee t  s epa ra t ion ,  2% of t h e  a i r c r a f t  

are i n  an encounter  100% of t h e  time i n  t h e  terminal  a r e a  ( see  bin 51).  

Table 6-2 shows a summary of t h e  histogram d a t a  including means and 

s tandard devia t ionn .  Notice t h a t  as t h e  i n t e n s i t y  parameter varies f o r  a 

g iven  sepa ra t ion  d i s t ance ,  t h e  number of t h e  e n t r i e s  for each histogram v a r i e s  

accordingly b u t  t h a t  t h e  mean and standard dev ia t ion  do not vary appreciably. 

This  is likely due t o  t h e  f a c t  t h a t  the same paths are generated f o r  each 

c a s e  and sugges ts  that 100 ai rcraf t  a r e  s u f f i c i e n t  t o  generate gooa sample 

means and s tandard devia t ions .  Notice t h a t  a s  the  sepa ra t ion  d i s t a n c e  

parameter v a r i e s ,  t h e  means and standard dpvia t ions  vary  accordingly.  



1m ACM--2tm'  
Total entries = 114 

50 75 Bfn Ifumber 

Bin Size = 4 seconds 

Figure 6-14. Encounter Length Histogram for 100 Aircraft/Hour 
and Minimum Separation Distance of 2000 Et. 



188 M/H?--l0ee' 
Total enkties = 55 

Number 

Bin Size = 4 seconds 

Figure 6-15. Encounter Length Ilistogram f o r  100 ~ i r c r a f t / l 4 o u r  
and Minimum Separvtion Distance cf 1000 f t .  



100 AC/M--24m' 
Total e n t r i e e  - 96 

50 75 Bin Number 

Bin Size  2X 

Figure 6-16. Histogram of Percentage of T i m e  i n  an Encounter, 
100 ~frcraft/Hous and 2000 Feet Separation. 



168 kC/M--P888' 
Total e n t r i e s  = 50 

Din Number 

Bin S i z e  = 2% 

Figure  6-17. Ilisco#ram of Percetltnge O F  Time in an Encounter, 
100 ~ircraEr/Hour and 1000 Feet Separation. 



Table 6-2 ,  liistogram Sunrmary 

Encounter L c n ~ t h  Histo~rnms 
(Percantage of Aircraft Iznving a Givan Langth of Tima in nn Encount~r) 

D~~~ 
= TOTAL ( en tr i e s )  

 second^) 
'Oo0 ft STD DEV (aaconds) 

( a n t r i e ~ )  
(seconds) 

Percent T i m e  i n  an Encounter Histograms 
(Percentage of Airc ra f t  having a Given Percent of Their Total P l i g l ~ t  Time 
in the Terminal Area in an Encounter) 

~ircraft/Hour = 50 100 200 

TIMIN = 

2000 ft 

(entries) 
(percent) 
(percent) 

D~~~ 
= 

I000 ft 

T O W  
MEAN 

STD DEV 

TOTAL 
MEAN 

STD DEV 

94 -0 
20.0 
18.0 

20.0 
27.5 
17.1 

46.0 
34.1 
28,l 

50.0 
19.4 
18.7 

96 .0  
3 4 . 8  
24.4 

175.0 
35.1 
27.0 

(entr ies )  

(percent) 
(percent) 



Another maaningfuJ. ou tpu t  a v a i l a b l e  frem the trajectory modal is the  

number of independent: t imes, "encountclra," two alrezaft dra wi th in  a  pre- 

s p e c i f i e d  d i s t ance .  This is  independent of the  l eng th  of time apont i n  this 

s i t u a t i o n  ?nd l i k e l y  becomea the output  most c l o s e l y  related t o  htzerd 

~ r o b n b i l i t y .  For example, i f  one incorporated d i s t a n c e ,  r n t a ,  r e l a t i v e  

heading,  v e l o c i t y ,  and b inoculars ,  this output  could ba usud 'a a Monto 

Car lo  fashion t o  produce estimated p r o b a b i l i t y  of mid-air collZsion in tho 

same senso t h a t  i t  is  done t h e o r e t i c a l l y  in previous r h a p r c r ~ .  

To demonstrate the  p o t e n t i a l  for using t h e  s imula t ion  t o  wamine hazard 

p r o b a b i l i t i e s ,  the number of independent "encounters" was gencrntad f o r  mftzimum 

separation d i ~ t a n c e s  of 1000, 2000, and 3000 f e e t  and f o r  i n t e n s i t y  parameters 

3f 50, 100, and 200 a i r c r a f t  p e r  hour,  The r e s u l t s  are shown i n  F igure  6-18. 

Referring t o  F igure  4-1 and invoking t h e  r a t i o n a l e  t h a t :  

(I) AX be extended t o  t h e  d i s t a n c e  an a i r c r a f t  travels from an te r ing  

t h e  a i r s p a c e  t o  touchdown, 

(2) a corresponds t o  t h e  minimum sepa ra t ion  d i s t a n c e ,  

(3) tho  i n t e n s i t y  parameter can be l n t e r p r e t e d  as a measure of 

average number of a i r c r a f t  i n  t h e  airspace, and 

( 4 )  t he  number of encounters  (or  f o r  100 a i r c r a f t ,  t ho  average number 

p e r  a i r c r a f t )  can be i n t e r p r e t e d  aa a mensure of hazard p r o b a b i l i t y .  

One can observe that the s imu la t ion  does indeed p r ~ d u c e  dhra i n  consonance 

w i t h  t h e o r e t i c a l  p red ic t ions .  

Notice that t h e  curves of Figure 6-10 tend t o  " f l a t t e n  out" a t  high 

i n t e n s i t y  parameters a s  opposed t o  t he  behavior observed w i t l \  the la rge  average 

number of a i r c r a f t  i n  Figure  4-1. This  is a d i r e c t  result of the "sa tura t ion"  

mentioned pre-jiously as t h e  intensity parameter i s  allowed t o  i nc rease .  In 

f a c t ,  f o r  very large va lues  t h e  curves would pesk,  then dfminish,  becoming 

asymptotic t o  100 encounters.  That  i s ,  as t h e  number of a i r c r a f t  i nc reases ,  

a  po in t  is reached where a  give: a i r c r a f t  is always i n  an encounter .  Thus 

one ob ta ins  one and only one encocnter  p e r  a i r c r a f t  a-rer 100 a i rc ra f t ,  

producing 100 encounters  independent of parameter value.  Th i s  indicates the  

s imu la t ion  is  va l i d  only over a p r a c t i c a l  range and i s  not  u s e f u l  i n  

examining l imi t ing  condit ions.  



Figure 6-18. Number of Encounters Aircraft/Ilour with 
Minimum Separation Distance as a Parameter. 



CHAPTER 7 

A NON-CLASSICAL, MODEL FOR RANDOM AIRCRAFT TnNECTORIES 

The simulated trajectory model of Chapte r  5 repressnrn one rcasonnblo 

approach t o  the s imula t ion  of random a i r c r a f t  trajectories t h a t  antar a 

landing  p a t t e r n  under the Poisson regime. There are otF,etr modals, such 

a s  the Gauss-Markov dynamical modals populer izad i n  the m o d e m  conrru l  

l i t e r a t u r e ,  t h a t  OGJ  might cons ider .  Fhc application of such models t o  

t r a j e c t o r y  s imula t ion  and a n a l y s i s  is a well-developed, well-published 

t o p i c .  

I n  t h i s  s e c t i o n  depar ture  is  mnda from the Gnuss-Markov dynamical model t o  

cons ide r  Poisson-driven dynamical. systems. The purpose  is merely to 

sugges t  that: there are models other than Gauss-Markov models that  deserve 

cons idera t ion .  The a c t u a l  choice of a suitable model must be based an 

c a r e f u l  s t a t i s t i c a l  ana lys i s  of competing models and comparison wi th  

measured data.  

7 . 1  Poisson-Driven Dynamical System 

The cons t ruc t ion  of a Poisson-driven dynamical model f o r  random a i r -  

craft t r a j e c t o r i e s  proceeds a s  EoTlowa . The random t e l eg raph  wave ( r e f .  11) 

wi th  N(t) a Poisson counting process i s  defined as the  c o n t r o l  of t h e  a i r-  

craft. This c o n t r o l  is fixed a t  - + f between event t imes of the Poisson 

process as shown i n  Figure 7-1. T!I& s imples t  of a l l  Poisson-driven 

dynamical models for random t r a j e c t o r i e s  is  then obtained by l e t t i n g  yt  

denote the  ~ s s - p a t h  dev ia t ion  of a trajectory from the  nominal landing 

p a t t e r n  and modelling yt as 



I 

Yt 
A Cross-Pneh 

Ifevia t ion 

Figure 7-1, Typical Poisson Driven Trajectories. 

Trsf f i c  
Par tarn 



Thus y, is an integrated version of the random telegraph wave that reproaents 

fixed-velocity aircraft trajectories which deviate linearly From the nominal 

trajectory until tbey are corrected at a Poisson event time. A typical 

trajectory is illustrated in Figure 7-1. The process T(t) is often called 

a "random timu" (ref. 1L). 

A refinement to eq. (7-1) is obtained by inrroducing a damping term B 

and writing y, as 

The corresponding random differential equation is 

A typical trajectory f o r  this model is also illustrated in Figure 7-1. The 

model can, of course, be generalized further t o  account f o r  inertial effccta. 

7 .2  Density Evolution f o r  Poisson-Driven Dynamical Systems 

The statistical characterization for yt is complete when the joint 

density function for y , yt2, ..., y is known f a , .  a11 finite t-sets 
tl t n 

(el, L 2 ,  . . . , tn). In this section consider the determination of the partial 

differential equation t h a t  characterizes the first-order density function, 

denoted f (y ;t) , for yt. In this derivation the increment dT.(t) plays an 

important role, 



Figure 7-2. Typical Sample Functions of the Increment 
Process N ( t ) ,  



Typical sample f u n c t i o n s  f o r  d ~ ( t )  = 
t 

F i g u r e  7-2 f o r  various event times t < a < t -t d t .  The l e n g t h  of an increment 

is 

= - ( d t  - Za) (-1) N (t) J 0 ,  < n c d t  - - 

Given that  a Paisson event has occurred i n  the i n t e r v a l  I t ,  t + d t ) ,  t h e  

eveni: time a is u n i f o r m l y - - d i s t r i b u t e d  i n  [t, t + d t ) .  I c  can the- be shown 

that the d i s t r i b u t i o n  function f o r  d T ( t )  i s  

where Po i s  t h e  p r o b a b i l i t y  t h a t  N ( t )  is  odd and A i s  t h e  intensity parameter 

f o r  N ( t ) .  Th i s  d i s t r i b u t i o n  f u n c t i o n ,  i l l u s t r a t e d  i n  F igure  7-3, has a j~rmp 

of size [l - Xdt] P at y = -dt and a jump of  s i z e  [l - X d t ] [ l  - Po] a t  y = d t .  
0 

The result s imply  says t h e  increment  d T ( t )  has  Length - d t  with probability 

[l - hdt ]  Po, which is t h e  p r o b a b i l i t y  cha t  R ( t )  is odd and no events occur 

i t 1  jt, 1: $. dt), and length dt w i t h  p r o b a b i l - i t y  [1 - ~ d t ] [ l  - p o l ,  which is t h e  

p robab i l i ty  t h a k  N ( t )  is even and no even t s  occur ir, [ r ,  t + d t ) .  T5e lengths 

-dt r X < d t  are uniformly d i s t r i b u t e d  w i t h  d e n s i t y  X!2. The mean and  variance 



Figure 7-3. D i s t r i b u t i o n  Function for t h e  Increment Process dT(t). 



of dT(t) arc given by 

where P = 1 - Po is the probability that N(L)  is evan and O ( d c )  satisfies 
e 

lim O ( d t ) / d t  = 0. d t 4  

Considering the characteristic EunctLnnal for y t  

)(a;e) = 6 { e  jwyt) 

wherz EE.) is the expected value operator, the p a r t i a l  differential equation 

describing the evolution o f  f ( y ; c )  w i t h  time can be derived as in Appendix C. 

The resulting equation 

has boundary conditions 

which ensures that n3.1 paths s t a r t  a t  y = 0 and 
0 



which insures t h a t  the p r o b a b i l i t y  mass f o r  va lues  of -t < y c C i n t e g r a t e s  
-At 

t o  1 - e , I.@., 

The r e s t  o f  t h e  p robab i l i t y  mass (a-At) is atomic mass loca ted  a t  y = t ,  rep- 

r e s e n t i n g  t h e  p robab i l i t y  t h a t  no Poisson event occurs. 

Equations (7-8) tlirough (7-11) summarize t h e  e v ~ l u t i o n  of t he  p r o b a b i l i t y  

dens i ty  func t ion  f o r  t h e  cross-path dev ia t ion  y i n  a Poisson-driven dyna~nical 
t 

model For a i r c r a f t  t r a j e c t o r i e s .  

7 .3  Extensions of the Poisson-Driven Dynamicnl Model 

I n  ~ r d e r  t o  apply t h i s  t y p e  of procedure t o  the  a n a l y s i s  of  the un- 

con t ro l l ed  terminal area environment it would be  necessary t o  increa 'se  

dinlensional i ty .  Cross-path  dev ia t ions  could then be  represented i r r  n 

s t a t i s t i c a l  d e s c r i p t i o n  dependent fundamental ly  on a Poisson rate p a r a m a i ~ r .  

V a l i d a t i o n  can b e  accomplished through comparison of these desc r ip t ions  with 

that obtained from the r e a l  data.  Path srrutture d e f i n i t i o n  w i l l  then be a 

prime fac to r  i n  t h e  time evolutiorr of these  path dev ia t ion  dens i ty  func t ions .  

Once path v a r i a t i o n s  a r e  cha rac t e r i zed  techniques such as those discussed in 

previous c h a p t e r s  can b e  used t o  eva lua t e  hazard. 



CHAPTER 8 

SUMMARY AND RECOMMENDATIONS 

T h i s  r e p o r t  describes r e s u l t s  of a p r e l i m i n a r y  effort i n  n study 

des igned  t o  evaluate p r e s c r i b e d  p rocedures  used i n  the general a v i a t i o n  

u n c o n t r o l l e d  t e r m i n a l  a i r s p a c e .  procedure  e v a l u a t i o n  Is p r i n ~ o r i l y  from 

t h e  s t a r ~ d p o i n t  of mid-air  c o l L l n L u n  hazard  in t h e  "see-and-avoid" envirwn- 

ment. A g e n e r a l i z e d  e x p r e s s i u , ~  for mid-air c o l l i s i o n  (MAC) p r o b a b i l i t y  is 

developed. This a n a l y s l s  i n d i c a t e s  t h a t  t r a f f i c  p a t t e r n  design shou ld  

minimize e n c o u n t e r  r a t e s  and maximize v i s ib l i :  a v o i d a b l e  e n c o u n t e r s  under 

the c o n s t r a i n t  of pi lo t :  v i s i b i l i t y  inherent;  i n  a i r c r a f t  design. 

Extensive data have been collected by NASA Wallops personnel  i n  s e v e r a l  

u n c o n t r o l l e d  environments s u b j e c t  t o  c u r r e n t  p r e s c r i b e d  p rocedure .  Some 

r e s u l t s  of a n a l y s i s  of  t h e s e  d a t a  have indicate, t h a t  p i l o t  adherence  t o  

p r e s e n t  p rocedure  does  v a r y  c o n s i d e r a b l y .  latllce;: ~~46s are  t h a t  this v a r i a -  

tion from procedure  is based t o  some e x t e n t  on i n d i v i d u a l  a t t e m p t s  t o  maxi- 

mize the  a b i l i t y  t o  "see-and-avoid" u i t h l n  t h e  tc:minal a l r s p n c e .  These 

da t a  ,re t o  p r o v i d e  a b a s i s  f o r  e v a l u i t i n g  pro,-cdure i n  t h e  u n c o n t r a l l e d  

environment .  

Two basic a p p r o a c i ~ e s ' a r e  described t o  the e v ~ l u a t i o n  of procedure .  

One i n v o l v e s  a  determinisitic uode l  uscd t o  generate pseudo-random paths 

c o n s i s t e n t  w i t h  a given proc,~du,e .  The a b i l i t y  t o  d e f i n e  those paths i n  o 

space-t ime c o o r d i n a t e  sysrem is demonstra ted .  Fur thermore ,  o methad of 

examining t h o  mid-air collision hazard c o n d i t l n n c d  on a d e t e r m i n i s t i c  path  

s t r u c L u r e  is developed. An approach to t h e  extension of  t h i s  method t o  

random p a t h s  i s  a l so  d i s c u s s e d .  A p r e l i m i n a r y  d e t e c a i n i s t i c  model is used 

ra  demons t ra te  haw validation car. be nccumplfshec! u s i n g  rea l  da t a  analysis 

r e s u l t s .  Terminal  area density of a i r c r a f t  f o r  .the approach phase  i s  

varied and a h a ~ a r d  measure i s  calculated t o  p rov ide  i n f o r m a t i o n  r e l a t i v e  

to t h e  e v a l u a t i o n  o f  a p a t h  s t r u c t u r e .  

A second procedure  developed invo lveb  t h e  u s e  of a s t a t i s t i c a l  n o d e l .  

T h i s  i s  d i s c u s s e d  i n  terms o f  a dynamical  model which can generate path 

d e v i a t i o n s  i n  t h e  form of a s t o c h a s t i c  p r o c e s s  g e n e r a t i n g  f u n c r i o n .  



Express ions  f o r  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  of  thoea  d e v i a t i o n s  are 

derived, T h i s  method can be used i n  c o n j u n c t i o n  w i t h  the developed pro- 

cedures  for hazard measures i n  o manner similar t o  t h a t  used wi.th t h o  

d e t e r m i n i s t i c  model. 

For t h e  c o n t i n u a t i o n  of t h i s  e f f o r t ,  several reconunendatlons a re  

o f f e r e d  based p r i m a r i l y  on r e s u l t s  o f  s t u d i e s  thus f a r ,  

(1) NASA Wallops d a t a  should be made a v a i l a b l d  i n  a format and 

o r g a n i z a t i o n a l  s t r u c t u r e  which would f a c i l i t a t e  e x t e n s i v e  a d d i t i o n a l  

a n a l y s e s .  As an example the major a n a l y s i s  done s o  Ear i n c l u d e s  distri- 

b u t i o n s  of c ross -pa th  d e v i a t i o n s  a t  s e v e r a l  geomet r i c  planes within t h e  

approach p a t t e r n .  Since no t ime c o r r e l a t i o n  is  a v a i l a b l e  i t  i s  af  i n t e r e s t  

t o  do a n a l y s i s  of  hazard p r o b a b i l i t y  w i t h  some assumed t ime s t r u c t u r e .  

T h i s  a n a l y s i s  could be Lit t h e  form of s t a t i s t i c s  such  a s  encounter rates,  

duration o f  e n c o u n t e r s ,  v i s i b i l i t y  of hazardous  a i r c r a f t ,  e t c .  

(2) The a v a i l a b l e  d a t a  can p r o v i d e  b a s e l i n e  a ~ ~ - l c a t i o n  of p rocedures  

t o  i1i.e e x t e n t  t h a t  t r a f f i c  volumes v a r y  c o n s i d e r a b l y  and hazard  e v a l u a t i o n  

can be made f o r  n v a r i e t y  of p rocedures .  I n  t h e  c u r r e n t  s t u d y  t ime correla-  

t i o n  of the d n t a  from i n d i v i d u a l  a i r c r a f t  h a s  been assumed and is considered 

t o  be of  d e f i n i t e  b e n e f l r  f o r  a complete  a ssessment  of t h e  u n c o n t r o l l e d  

a i r s p a c e .  Other i n f o r m a t i o n  concern ing  a i r c r a f t  s imul taneous ly  i n  the  

airspace can d e f i n i t e l y  complement t h e  a n a l y s i s ,  c . g . ,  a i r c r a f t :  tnodc ( l a n d i n g ,  

d e p a r t u r e ,  e t c . ) ,  and whether  path d e v i a t i o n s  from procedure  a r e  p i l o t  

p r e f e r e n c e  o r  are i n  f a c t  t h e  r e s u l t  o f  avoidance maneuvers. Therefore, 

consideration should  be g iven  t o  acquisition of a d d i t i o n a l  d n t a .  

(3)  The d e t e r m i n i s t i c  model shou ld  be extended t o  i ~ l c l u d c  t h e  t o t a l  

t e r m i n a l  a i rspace  s o  t h a t  a complete  r e p r e s e n t a t i o n  of c u r r e n t  p rocedures  

i s  a v a i l a b l e .  Th i s  p rocedure  s h o u l d  be exrecded t o  e v a l u a t e  v a r i o u s  approach 

pa th  stxtlctures.  C o n s i d e r a t i o n  s h o u l d  h e  g ivt ,n  t o  jnc lude  i n  the model the 

u e c i s i o n  a l g o r i t h m s  necessary t o  i n c l u d e  avo idance  maneuvers based on t h e  

see-and-ovoid concep t ,  This can p r o v i d e  more r e a l i s t i c  e v a l u a t i o n  of 

procedure .  Some i n f o r m a t i o n  is  a v a i l a b l e  and more can be o b t a i n e d  con- 

c e r n i n g  p i l o t  workload,  what po r t i on  of t h e  time t h e  p i l o t  spends looking 

f o r  o t h e r  a i r c r a f t ,  and how he s p e n d s  his look t ime.  I d e a s  p r e s e n t e d  I n  

this p r e l i m i n a r y  s t u d y  indicate that  path  characterist ics  ca11 definitely 



enhance the see-and-a?:oid concept and should be influenced by t h i ~  consid- 

eration. For example, most efficient use of the pilor's look time con be 

directly linked to the visibility of hazardous aircraft and the magnitude 

of the search region of  potential hazardous aircraft. This i e  tiad to the 

apprvach path stxu~ture and a moesure of pilot: adherence to the structure. 

It seems reasonable to expect that pilot adherence to procedure will be 

directly proportional to the value of the procedure from the standpoint of 

protection against potentially hazardous situations. 

( 4 )  The statistical modeling should be pursued further to provide a 

viable method for evaluating procedure from a hazard standpaint.  Initially, 

this would involve extension of the analytical results t o  a multidimensional 

situation t o  more accurately represent the real environment in an uncontrolled 

airspace. This can provide a useful tool to evalgate any airspace environ- 
ment with -  an^ conceivable pattern structure. Estimates rrf pilot adherence to 

prescribed procedure can be input in tenns of statistical descriptions. Zn 

face limits on adherence to proposed procedure could be a parameter used to 

qualify a hazard measure For any particular postulated and evalltated 

procedure. 
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APPENDIX PA 

FLIGHT PATH C NERATZON FOR SLO1J AIRCRAFT 

T h i s  appendix  describes t he  algorithms used to g e n e r a t e  a i r c r a f t  

t r a c k s  i n  the u n c o n t r o l l e d  a i r p o r t  environment .  O f  twelve p o s s i b l e  30' 

entry s e c t o r s  d e f i n e d ,  only two s e c t o r s  a r e  inc luded  i n  ehs initial model 

and d e s c r i b e d  here. 

I n  t h i s  development of a geomet r i c  model f o r  g e n e r a t i n g  f l i g h t  paths 

( t r a c k s )  f o r  s low a i r c r a f t ,  s e v e r a l  a s sumpt ions  have been made concern ing  

t h e  a i r c r a f c  and t h e i r  path c h a r a c t e r i s t i c s .  Those assumptions are  made pri- 

m a r i l y  t o  p r e s e r v e  s i m p l i c i t y  i n  t h e  model b u t  are a l s o  based on examinat ion 

of data. The assumpt ions  a r e :  (1) the  runway is o r i e n t e d  i n  a nor th - sou th  

d i r e c t i o n  w i t h  the t h r e s h o l d  ( touch  down p o i n t )  a t  t h e  s o u t h  e ~ d ,  ( 2 )  the 

t h r e s h o l d  is d e f i n e d  a s  t h e  o r i g i n  f o r  o c a r t a s i a n  coord ina te  system w i t h  

a n g l e s  measured positively from the nor th - sou th  l i n e  (runway c e n r a r l f n e )  i n  

a c lockwise  d i r e c t i o x ,  (3) aircrafr tracks i n i t i a t e  g t  a p o i n t  which is 3 

s t a t u t e  miles (4 .8  km) from t h e  runway t h r e s h o l d ,  ( 4 )  all winds ( i f  any! a re  

from t h e  nor th  ( 0 ° ) ,  (5) all t u r n s  are smooth w i t h  a t a l t n  rare s p e c i f i e d  a t  

t h e  beg inn ing  of  a  run {up t o  30" per p o s i t i o n  u p d ~ i t e ) , ,  (6) a l l  random vart- 

ables are c o n s i d e r e d  I-11 be u n i f o r m l y  d i s t r i l m r e d ,  and ( 7 )  s low aircraft are 

t hose  which have a f e r m i n a l  a i r s p e e d  less than about 132 mph ,195 Eps) and an 

approach a i r s p e e d  ' .ess than  a b o u t  70 mph (103 fps)(these two speeds ore usad 

i n  t h e  madel). 

A . l  Geometrf .~  Model f o r  Sec tor  1 

The Sector  I is de f ined  as that 30" arc between 0' and 30' of  d 3-mila 

r a d i u s  c i r c l e  ci?ntered a t  touchdown. Angular  measurement is p o s i t i v e - c l o c k -  

wise from t h e  N-S l i n e .  T r a c k s  o r i g i n a t e  w i t h  a uniform distribution between 

0" and 20". The e l i :cr i thm f u n c t i o n s  a s  follows: 

(1) Upon e n t e r i n k  the sector an aircraft is us~igned an entry p o i n t  

and an i n i t i a l  heading,  8, where 

Note: f ( -  ) indicates p r o b a b i l i t y  d e n s i t y  f unccian.  
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Figure A-1. Geometry Assncioted w i t h  Sector 1 I n i L i n l  Entry Segment. 
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( 2 )  The i n i t i a l  l eg  length ,  11, is related t o  a randomly selectad angle, 

a ,  which is measured counter-clockwise from the N-S l i n e  with vortex a t  touch- 

down. Then 

i s  used to a e l e c t  a which determines the end of tho i n i t i a l  log, E l ,  where a 

turn to the downwind leg i s  i n i t i a t e d .  This geometry i s  i l l u s t r a t e d  i n  

Figure A-1, 

Fox any se l ec ted  a the l ength  b is calculated according to  Figure A-2 
1 

a s  fo l lows .  Angle B is the actuai  sector angle a t  which the entry point i s  

located .  With i n i t i a l  heading 8 ,  then 

The angle JI 

Therefore the leg length 

where 
n = rl sin (B-a) 

yielding 

r, s i n  (0 -a)  
I el = - cos (8-.a) 

Thus once a ,  B ,  and 0 arc generated the i n i t i a l  leg  length E may be calculated 1 
f rom (A-1) .  The distance R giverr i n  Figure A-2 which is the distance from the 

terminus of L t o  touchdown I s  defined as  the  range of the a i r c r a f t .  I 



Sector 1 

Sector of Allow- 
able Entry 1 . e ~  
Termini 

Sector of  A l l o w -  
able  D~rwnwinil 1.eg 
1:cad ings 

/ Runway l 'n~. ic l~dowr~ 

+ 
Y 

Radius o t Tu :n I l i ~ p c  

-2500 f t  * Model IJari~in.~t rhr Sct 

-4000 f t- 

Range of Downwind 
Leg T e r m i n i  I 

Figure A * ' $ .  Segments o f  F l i ~ h t  far Sector 1 Entr ies .  



( 3 , )  Upon completion of tha i n i t i a l  leg a new hrading IIDGDW i s  determined 

as the downwind l e g  heading. A random va lue  y drawn according t o  

is  used t o  form 

HDGDW P 180' 4- y , 

( 4 . )  The doviiwind heading is flown u n t i l  y = DWN2 where DWN2 is se l ec t ed  

from n uniformly dlvcr ibuted  range of values - 2500 f t  5 DWN2 2 - 4000 f t  

which terminates t he  downwind leg aouth of the runway, 

( 5 .  ) Upon completion of the downwind l e g  t h e  a i r c r a f t  i n i t i a t e s  a t u rn  

u n t i l  a heading of 90" i s  reached, At t h i s  point the d i s t a n c e  t o  tho  runway 

c e n t e r l i n e  i s  ca l cu la t ed  and the difference between th ia  distance and t h e  

r a d i u s  of t u r n  is the l ength  of t h e  base l e g .  The radius of t u rn  is de t e r -  

mined by the values of the ra te  of t u r n  and the a i r c r a f t  v e l o c i t y ,  Rnto of 

t u r n  is  dependent upon thd  i n i t i a l  parameter s e t t i n g  a t  t hc  beginning of a 

run and t h e  rime between p o s i t i o n  updates. 

(6.) Upon completion of t h e  base leg a t u r n  i s  i n i t i a t e d  t o  b r ing  t h e  

aircraS-L t o  a headtng of 0' along final approach. 

Figure A-3 C l u s t r a t e s  t h e  segments of flight f o r  an e n t r y  i n t o  Sector  

1.. Figures A-4 and A-5 i l l u s t r a t e  two typical.  computer generated Sector 1 
I , -  

e n t r y  tracks. Figure A-6 provides a f lowchart  of t h e  Sec tor  1 en t ry  algori thm. 

A . 2  Geometric Model f o r  Sec tor  1 1  

Sector 11 is defined as the 30-degree a r c  betrlrcn 300' and 330' of n 

three-mile radius circle centered at  runway touchdown. Angular measuremunts 

are clockwise from t h e  N-S line (extended c e n t e r l i n e  of runway). Upon 

examination of t h e  tracks from Sector  I l i n  t h e  Wallops data base two basic 

types of t r a c k s  were apparent: (1) one t y p e  cons is ted  of an iniLia1 entry 

l eg  which terminated close enough t o  ,the runway t o  p e r m i t  d i r e c t  e n t r y  i n t o  

t h e  do~nwiild leg and (2) t h e  o t h e r  type cons i s t ed  of an initial l eg  which 

ended too f a r  from the  runway t o  start a downwind so that a second l e g  inward 
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was necessary t o  get t o  the  downwind l eg .  Examples from the  actual  data 

are shown in Figure A-7. A d e f i n i t i o n  OF t h e s e  two types i s  shown i n  

Figure A-8. 

The s imula t ion  model provides  f o r  genera t ion  of these types of s low 

a i r c ra f t  tracks en te r ing  S e c t o r l l .  The d e s c r i p t i o n  of the algori thm i s  

as follows: 

(1.) Coordinates of e n t r y  (XAPT, YAPT) are se l ec t ed  a t  random assuming 

an equal ly  l i k e l y  d i s t r i b u t i o n  been 300' and 330' of t h e  angle AANGL def ined 

in Figure A-9. Thus 

XAPT = - RADIUS * SIN (360 - AANGL) 

YAPT = - RADIUS * COS (360 - U G L )  

(2.) The i n i t i a l  heading (HDGLM) i~ unffozmly distributed between 118' 

and 180°. It is  necessary t o  have the  i n i t i a l  l e g  length  depend on M T G L  

so that t h ~  l e n g t h  corresponding t o  AANGL = 330' will not  cause t h e  path t o  b e  too 

close t o  t h e  runway c e n t e r l i n e  o r  overshoot i t .  The en te r ing  a i r c r a f t  mus t  

always be a b l e  t o  e n t e r  o downwind leg. A t  AANGL = 330' the i n i t i a l  leg 

length i s  randomly chosen from an even distribution of lengths between 2500 

and 5000 f e e t  and a t  AANGL = 300' t h i s  range is  between 5000 and 10000 feet. 

Each l e g  l eng th  limit varies l i n e a r l y  with M G L  a s  

5040-2500 
LL (lower limit) = 2500 + (330 - AANGL) * 330-300 

and 
10000-5000 

UL (upper l i m i t )  = 5000 I- (330 - AANGL) * 330-300 

and is i l l u s t r a t e d  i n  Figure A-LO. 

(3.) The coord ina tes  a t  t h e  end of the i n i t i a l  entry l e g  are ca lcula ted  a s  

SBDGTT = XAPT + DISIN * SIN(18O-HDGIN) 

YBDWT 7 YAPT - DISIN * COS(18O-HDGIN) 

as per Figure A-11. 
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Figure A-7.  Actual Tracks of Aircraft Arr iv ing  from Sector 11. 
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(4.) If  t h e  a i r c r a f t  i e  wi th in  7500 ft of runway centerline, i t  is i n  a 

b u i t a b l e  p o s i t i o n  t o  proceed downwind. If n o t ,  i t  is made t o  proceed further 

inward on a heading of 135' ( f ixed)  u n t i l  i t  i a  with in  5000 f t ;  then,  i t  

proceeds downwind. This  l a t te r  s i tua t ion  occura If lower AANQL values Ilave 

higher HDCTN values (sea Figure  A-12). 

( 5 , )  Turns (if any) aftor i n i t i a l  leg  ore made a t  t e rmina l  v e l o c i t y  

(VELHI), The TURNS subroutine accepts o ld  and new hendinga, valocity, and 

coord ina tes  a t  beginning of turn;  i t  r e t u r n s  caordinotes after t u rn .  

When t h e  i n i t i a l  l e g  rerminntee a t  a distance from tha  runway c e n t e r l i n e  

greater than 7500 f t ,  a t u r n  is made t o  get t o  s new heading of IUIGZL - 135'. 
Downwind leg entry i s  delayed with new coordinates-before-downwind-turn 

ca l cu la t ed  as XBDWT = - 5000 f t  (see subparagraph 4 above) and YBDWT YAFTT 

+ (5000 + XAFFT) COTAN (180 - HDG2L). The program then  continuns with  the 

following l o g i c .  

Once t h e  termination of t h e  i n i t i a l  e n t r y  leg i s  within 7500 ft of the 
0 

runway c e n t e r l i n e ,  a downwind heading is  generated by sampling between 175 

and 185' (see Figure A-12). 

( 5 , )  The downwind l e g  te rmina tes  b e t w e n  2500 and 5000 f t  below the 

threshold. XBBST, YBBST are coord ina tes  of terminus of downwind l e g  where 

turn onto base l e g  begins (see Figure A-12). 

(7.) A base heading 1s chosen between 085 and 095 from a uniform 

d i s  t r i b u r i o n  (HBASE) (see Figure A-12) , 

(8,) The base  leg l eng th  i s  determined from t h e  point  of termination 

of the  downwind l e g ,  t he  base leg heading (HBASE) and the d i s t a n c e  tequlred 

to make the t u r n  t o  f i n a l .  Figure A-1.3 illustrates t h e  geometry involved i n  

determining the distance DENT and YBENT yie ld ing  the base leg d i s t a n c e  

2 1/2 DIST = [XBENT - X (NN) 1 + [ YBENT - Y (NN) ] 1 

where X ( N N ) ,  Y(NN) is the  beginning of the base l eg .  From Figure A-13 

XBENT and YBENT can be determined as follows. 

X(NN) = XBBST + R + R ain(90-HBASE) 
Y(NN) YBBST - [R - R cos(9D-HBASE) 



Radius of 1 
Turn I 

Radius of Turn 

Dxtandod Runway 
Canter1 ina 

Pigura A-13, Geometry for BASE ZEG and FINAL APPROACH TURN for Sarror  11 
Entry. 

XBENT = - [ R  - R sin(9O-HBASE)] 
YBBNT = Y(NN) + [XBENT - X(NN)] tan(90-HBASE) (A-1) 

where R is the turn radius and (9C-HBASE) = 0 a s  shown in  Figure A - 1 3 .  In 

the model these calculatione are obtained using the subroutine TURNS. The 

downwind leg heading, the d e s i r e d  base leg heading, ve loci ty  and position 

(XBBST, YBBST) arc input t o  yield [x(NN),Y(NN)J. Then using TURNS w i t h  the 

same input ,  except replacing desired base leg heading with the f i n a l  approach 

heading, an output posj.tion [x(N) ,Y (N) I i s  used to  find XBENT as 

XBENT x(W) - X(h) * 

Once XBENT i s  found, YBENT can be fourid tlsing eq. (A-1). 

( 9 . )  The turn t o  the f ina l  approach heading ( 0 ° )  is made at the same 

slower velocity at which the base leg is flown. Subroutine TURNS i s  agaic 

used. 

Flgures A-14, A-15 and A-16 provide plots of typical approach tracks 

generated by the computer algorithm. 

Figure A-17 gives a flowchart of the algorithm. 



F3 y,tlrra A--I 4. I:xtls~p li-  OI C:~,nrputar (:cnor;ll;ctl Arrival  Aircrnft  Trnrk with 
En t r y  i11t:o CocLar 11. 





Figure  h-16. I?xainplr. or CompuLcr i:cncrnterf A i  rc  r i ~  rl: 'Srar!k w i t i l  E n t r y  
i n ~ o  Scctor  '11. 
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Fig. A-17, Prcgram to generate t rack of slow a i r c ra f t  arriving Erom 

108 Sector 11. 



AIR T W F I C  SIMULATOR 

The air traffic simulator program to otudy the uncontrolled airport 

environment currently consiots of five major programs as outlined i n  

Figure B-1 .  A brief description of each program along with flowcharts 

in Figure B-3 fo l lows ,  
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F - I  General flowchart of a l r  t r a f f i c  programs. 
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F i q .  R-1. Continued. 
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Fig. B-1. Concluded. 



PROB is o program which incorporates two log ica l  u n i t s :  tha Sector 

Se l ec tor  and the Output Unit.  The Sector Se lector  uni t  of PROB is executed 

i f  the number of paths generated has not exceeded the desired total. Tho 

function of t h i s  un i t  is to aasign n v d u e  to the time parameter, TAU, and 

t o  select a sector based on a predetermined probabil i ty  o f  s e l e c t i o n .  

TAU, the inter-arrival t i m e  between a i r c r a f t  i-1 and a i rcra f t  i, i s  

computed by the following equation 

L 
TAU P - - f i n h )  9 

where X = number of arrivals/time period 

and x = uniform random number. 

The Output unit of PROB is executed after a11 paths are generated. It 

calculates the final mean and standard deviation for each desired d i s t r i b u t i o n  

and p r i n t s  the  r e s u l t s  along w i t h  the histograms. 

DISTR incorporates the Statistics Unit. Execution of Lhis program 

occurs af ter  each f l i g h t  path has been generated. I ts  function is to  

determine by interpolat ion  where and when the a i r c r a f t  crossed a given 

geometric plane. Figure B-2 illustrates this for  a given set  o f  points .  

Poi,-ijh (O,y, t) where y and t are found 
P o i n t  1 / by erpolating between point I and 

1 '. I x ~ , Y ~ ,  1 p ~ i i i  '. 
, , .- -... -.-- x = O  *\ 

Point: 2 
( ~ ~ 9 ~ ~ s ~ ~ )  

Figure B-2. Seq~lent ia l  Positions of Aircraft with Respect LO Plane 
of Interest a t  x = 0 .  



If the Plight path is  tho very first one to ba ganoratad than it is 

noc included in the statisticti: but serves as a baais Pram which to obtain 

data for the next Elight .  Parnmatere TARG and ID6K ore used to  do t smina  

which statistics are to be maintained. 

WSLOl is n Path Gnnarrrtor program (sea  Appondix A ) .  It: hnndlcs thtr 

aircroft  entering Sector I (0 ra 30 dcgreae a£ N-S l i n a ) .  Poehe nre 

go~leratad i n  e i t h e r  straight line o r  curved segments, WSLOl d a ~ a m i n o s  

the and points of each segment of the flight p n t h .  Xntermedista points  

along t he  segment nra obtained by calling subroutina FLY2. 

WSLll is o Path Gonerating program. It  handles a i r - r a f t  entering 

Sector 11 (300-330 degrees). Paths are generated i n  segmonts as i n  WSLO1, 

and t h e  s u b r o u t i n e  FLY2 calculates intermadlate points along tlla segment. 

A detailed description of the trajectory algorithms appears in Appendix A .  

FLY2: This subroutine callad Erum any rat11 CenerstIng program colculatas 

intermediate p o i n t s  along a segment. Provision is made For part ia l  Limo 

intervals  and f o r  s tra lght  or curved segments. 

The computer model has the fallowing l imi ta t ions :  

1) It currently handles a ircra f t  i n  only two oP twelve sectors, 

2) Aircraft albieude i s  n o t  considered. 

3)  There are no provisions f o r  a i r c r a f t  f l y i n g  by o r  taking off. 
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Fig. B - 3 .  I n d i v i d u a l  flowcharts fo r  a i r  t r a f f i c  Frograms. 
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F i g .  B - 3 .  Continued. 
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Fig, B-3. Continued. 
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Pig. W-3, Continued. 
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Fig. S - . I .  Cont inued.  
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APPENDIX C 

nfPFENENTIAL EQUATION FOR CROSS-PATH DEVIATIONS IN POISSON-DRIVEN 
DYNAMICAL SYSTEM 

Consider the random differential equation descr ib ing  cross-path 

d e v i a t i o n  yt a t  timmm t 

where 

where 8 is a danlping term. Here y is an integrated version of the random 
t 

telegraph wave (ref. 11) described by 

where N ( t )  i s  a Po i s son  counting process def ined as a control (+1) between 
event tirnes of t h e  Pcisson process. 

L e t  f ( y ; t )  d e n o t n  the f irst  order density function for yt. The incre-  

ment d T ( t )  can be  def Fned as  

= - ( d t  - 2 a ) ( - 1 )  N( t . 1  , O c a c d t :  

where n is  an event time. Consider the characteristic functional for  y 
t 



p(w;c) = E {eJw'tl 

where E { - I  is the expected value operator. This can be expressed us 

The partial derivative with respect to t is 

This  result  can also be obtained by examining 

a 4 h ; t )  rim 
at A t+o 

The expectation can b e  written a s  a conditional expectat ion 



where E denotes expectati3n under the distribution of yt .  The latter 
Y 

axpactatfion i n  eq. (C-3) can be written 

Prom the equation for dyt given in eq. (C-11, 

A f i n a l  s h n p l i f i c a t i o n  follows by observing that  t h e  expected value of the 

random te legraph  wave s~tisfies 

e [ f ( t ) ]  = Pe - PO . 

It is easily shown t h a t  (re f .  12) 

Tllus we can wri te  



Equating eqs. (c-2) and ( c - 4 ) ,  y ie lds  

or, integrating the  right-hand-side by parts 

This p a r t i a l  differential equation describes the evolut ion of f ( y ; t )  w i t h  

time , 
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