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PReFACE 

This report  (Volume I of th ree  volumes, w i t h  Volume I1 t o  be NASA CR-141743 
and Volume I11 t o  be  NASA CR-141744) p a r t i a l l y  documents the development of a com- 
puter program (NATA) f o r  ca lcu la t ing  the flow i n  arc-heated wind tunnels and the 
conditions on models t e s t ed  i n  such reentry simulation f a c i l i t i e s .  
was  t o  provide a means f o r  predicting and in te rpre t ing  test conditions used i n  
the experimental evaluation of thermal protection materials f o r  reentry vehicles 
such as t h e  Space Shu t t l e  Orbiter. Much e f f o r t  w a s  expended t o  make the  program 
r e l i a b l e  and e a s i l y  usable by engineers without great  exper t i se  i n  gas phase 
chemical k ine t i c s ,  gas t ranspor t  properties,  thermochemistry, and computer pro- 
gramming. The c a p a b i l i t i e s  of NATA are summarized concisely i n  the  abstract ,  
and i n  somewhat more d e t a i l  in  the  Introduction (Section 1). 
avai lab le  experimental da t a  ind ica t e  t h a t  the r e s u l t s  produced by the program 
have a useful l e v e l  of accuracy. 

The objective 

Comparisons with 
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Geometric area ratio, A'g/A'g0 

Geometric cross sectional area of a nozzle or channel at a given axial 
position 

Geometric cross sectional area at the throat 

Constant coefficient in formula for forward reaction rate constant 
for the ith reaction 

Inverse matrix of the matrix E.. 
'I 

Number of chemical elements present in the gas mixture 

Specific heat of the gas at constant pressure 

Specific heat for the it" species at constant pressure 
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Molar internal energy 

Activation energy in formula for forwaxd reaction rate constant for 
the ith reaction 

Energy of electronic excitation for the k' state in a molecule 
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k 
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Tt! Absolute electron temperature 
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THE NATA CODE - THEORY AND ANALYSIS 

By W. L. Bade and 3. M. Yos 
Avco Systems Division 

Wilmington, Massachusetts 

1. INTRODUCTION 

The NATA* code was developed by Avco Systems Division from 1968 through 
1974, under the sponsorship of the NASA Johnson Space Center, to meet a need for 
predicting and interpreting the flow conditions in electric-arc heated wind tun- 
nels. Test facilities of this type are used at the Johnson Space Center, and 
elsewhere, for evaluating thermal protection materials for reentry systems. The 
present report documents the theory and analysis upon which the current version 
of NATA is based. A user's manual and a programmer's manual for the code are to 
be issued separately. 

The earliest version of NATA was based upon a computer program developed at 
Cornel1 Aeronautical Laboratory (CAL) (ref. 1). This CAL program performed cal- 
culations of quasi-one-dimensional flow through a nozzle of specified geometry. 
The flow was assumed to start from a state of thermochemical equilibrium at spe- 
cified temperature and pressure in an upstream reservoir. The program included 
options for flow solutions based on chemical equilibrium, frozen chemistry, and 
chemical non-equilibrium with specified reaction rate constants. 
effects were neglected. 
models immersed in the flow. The program used fixed-format input; i.e., the 
numerical data were punched, without alphanumeric identifiers, in prescribed 
fields of the input cards. 
as all of the gas species properties and reaction rate data had to be read in. 
The output was in the form of non-dimensional ratios of the gas flow properties 
to standard values. 

Boundary layer 
There was no provision for calculating conditions on 

The input was voluminous (100 to 200 cards per case), 

During the development of NATA, the basic calculations of frozen, equilib- 
rium, and non-equilibrium flow as coded in the GAL program have been retained 
with only minor changes. Many new features have been added, including a laminar 
boundary layer calculation, internal gas transport property calculations, options 
for specifying the reservoir conditions by input of the total mass flow together 
with the reservoir pressure or the stagnation enthalpy, and computations of the 
heating and stresses on models immersed in the flow. 
revision of the input and output arrangements has been carried out to make the 
code easier to use. 
by namelist input, in which only the variables whose values are to be changed 
have to be read in. 
are generally satisfactory. 
gas models, including argon-free air, are compiled into the program and can be 
invoked by specifying a single input variable. Curvefits to the geometries of 
several of the nozzles and channels used at NASA Johnson Space Center are also 
included in the program. As a result of these changes, the number of input cards 
required per case has been reduced to 4 to 8 (typically). The output has been 

In addition, a radical 

The fixed-format input of the CAL program has been replaced 

The control inputs are all preset to standard values which 
A l l  species and reaction data for several standard 

*Acronym far Nonequilibrium Arc Tunnel Analysis. 
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expanded to include additional quantities, such as the boundary layer properties, 
and is now presented in dimensional form to allow direct comparison of the code 
results with experimental data. Each output variable is labeled with an alpha- 
numeric identifier. 
NATA will almost always generate a successful solution when run with the standard 
values of the control inputs. 
the code usable by gas dynamicists who are not necessarily expert in thermo- 
chemistry, transport property theory, chemical kinetics, or computer programming. 

In addition, much effort has been expended to ensure that 

A major objective of these revisions was t o  make 

The remaining parts of this introduction outline the capabilities of NATA, 
discuss its limitations, and describe the subsequent sections of the present 
report. 

1.1 Programming 

NATA is a Fortran IV program consisting of a main program and 68 subroutines. 
The source deck contains approximately 8500 cards. 
versions, one for use on the IBM 360 system, the other for the Univac 1108. The 
IBM 360 version is entirely in double precision, whereas the Univac version is a 
single precision program with some double precision arrays and subroutines. One 
version can be converted into the other by inserting or removing the cards which 
type all floating-point variables as double precision in the IBM 360 version. 

The program exists in two 

The IBM 360 version requires about 410K bytes of core storage, including 
The Univac version is run on the 1108 using overlay, and fits into the buffers. 

two-bank processors at NASAIJSC with about 2000 words of storage to spare, 

1.2 Gas Models 

NATA provides four options for specifying the species properties and re- 
actions defining the gas model. 

1.2.1 Standard Gas Models 

Six compiled-in standard gas models are available in the code. One of these 
is a model for argon-free air at low and moderate temperatures where NO+ is the 
only important ion species. 
five atomic and molecular-ions. 
mixtures of 75 mole percent CO2, 20 mole percent Ar, and 5 mole percent N2. 
Finally, there is an electronic non-equilibrium (two-temperature) model for argon 
and one for helium. 
of electronic excited states. 
input of a single index value. 

Another is a high-temperature air model including 
There are two planetary atmosphere models for 

These rare-gas models include a non-equilibrium treatment 
Any of these standard models can be selected by 

1.2.2 Standard Gas Models with Input Mole Fractions 

The elemental composition of the gas mixture is specified in terms of the 
mole fractions of "cold species" which are stable at low temperature. 
ple, the weight fractions of Cy 0, N, and Ar in the planetary atmosphere models 

For exam- 
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are determined from the assumed mole f rac t ions  of C02, Ng, and A r  i n  the gas be- 
fo re  i t  is  heated. Optionally, these cold species mole f r ac t ions  can be set i n  
the input  without dis turbing the standard species proper t ies  o r  t h e  reac t ion  sys- 
t e m .  Thus, the  standard models f o r  a i r  and the  planetary atmosphere can e a s i l y  
be applied t o  mixtures of t he  same cold species i n  d i f f e ren t  proportions. 

1.2.3 User-Generated G a s  Models with Standard 
Species and Reactions 

A gas model based upon the  avai lable ,  compiled-in species and react ions,  
but  w i t h  a non-standard se l ec t ion  of species  and reac t ions ,  can be set up i n  the 
input.  For example, some of the react ions can be deleted from a standard model 
t o  assess t h e i r  e f f e c t  upon the  solut ion of a pa r t i cu la r  case. Input of such a 
non-standard gas model requi res  about 4 t o  8 input cards,  depending upon the 
numbers of species  and react ions included. 

1.2.4 Input of Species and Reaction Data 

Final ly ,  the bas i c  da ta  f o r  species  and reac t ions  can be set i n  the  input. 
The da ta  f o r  standard species and reac t ions  can be  changed i n  p a r t  or i n  whole, 
and new species and react ions can be introduced. About two input  cards are re- 
quired p e r  new react ion,  and about 3 t o  4 cards per  species.  

1 .3  Transport Propert ies  

NATA includes a self-contained capabi l i ty  f o r  computing the  t ransport  
p roper t ies  of gas mixtures, based upon the temperature, pressure,  and mole frac- 
t ions  given by the  equilibrium or non-equilibrium calculat ions of the flow solu- 
t ion.  The t ransport  co l l i s ion  cross  sect ions f o r  t h e  standard species  are 
provided by compiled-in data .  
i n  the  input.  The t ransport  p roper t ies  calculated are the  v iscos i ty ,  t he  chemi- 
ca l ly  frozen Prandt l  number, t he  atom-molecule L e w i s  number, and the  electrical 
conductivity. The v iscos i ty  and Prandt l  number are used i n  the  ca lcu la t ions  of 
the boundary layer  on the nozzle w a l l  and i n  calculat ions of stagnation-point 
heating on models and of the heat  t r ans fe r  t o  wedge models. 
used i n  stagnation-point heat  t r ans fe r  calculat ions.  
i s  not used i n  NATA, but is pr inted out. 

Col l is ion cross  sec t ion  da ta  can a l so  be  specif ied 

The Lewis  number is 
The electrical conductivity 

1.4 Flow Geometry 

The geometries of nozzles and channels are specif ied,  i n  NATA, by means of 
curvef i t s  t o  t h e i r  p ro f i l e s .  A p r o f i l e  i s  the curve of i n t e r sec t ion  of the  
inner  surface of a nozzle o r  channel with a symmetry plane. 
nozzle, there  i s  one such p ro f i l e .  For a rectangular channel, there  are two 
p ro f i l e s .  
cu la r  arcs, joined end-to-end with value and slope continuity.  
computer program (NOZFIT) i s  ava i lab le  f o r  generating such cu rve f i t s  from 
nozzle design data.  

For an axisyuunetric 

Each p r o f i l e  i s  represented as a sequence of s t r a i g h t  lines and cir- 
A separate  
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If boundary layer displacement effects are neglected, the inviscid flow de- 
pends only upon the ratio of the nozzle cross sectional area to the area at the 
throat, not upon the shape of the cross section. However, the convergence or 
divergence of streamlines in the boundary layer does depend upon the type of 
nozzle geometry, and affects the rate of boundary layer growth. To take such 
boundary layer effects into account, NATA contains explicit treatments of three 
types of nozzle geometry: axisymmetric nozzles, two-dimensional nozzles, and 
rectangular channels. 

1.5 Reservoir Conditions 

The flow is always assumed to start from a state of thermochemical equilib- 
rium in an upstream reservoir. 
thermochemical state is a function of two variables, and its speqification there- 
fore requires two inputs. 
of reservoir conditions. 

For a gas of given elemental composition, the 

NATA provides three options for the input specification 

1.5.1 Temperature and Pressure 

The basic method is the one used in the original CAL program (ref. l), 
namely, direct input of the reservoir temperature and reservoir pressure. NATA 
contains a subroutine for determining the equilibrium species mole fractions 
from these data and the species thermochemical properties. 

1.5.2 Pressure and Mass Flow 

The upstream stagnation pressure can be measured easily in arc heated wind 
tunnels in which the flow stagnates in a plenum chamber downstream of the arc 
heater and upstream of the throat. However, the reservoir temperature is diffi- 
cult to determine. For this reason, an option is provided to calculate the 
reservoir conditions from data on the reservoir pressure and the total mass flow 
(which is easily measured). When this option is used, the reservoir temperature 
is estimated and the resulting total mass flow is calculated based on an equilib- 
rium flow solution from the reservoir to the throat. An iteration is then 
carried out to determine the reservoir temperature corresponding to the input 
mass flow. If the boundary layer is to be included in the main flow solution, a 
correction is made for the effect of the displacement thickness at the throat. 

1.5.3 Mass Flow and Stagnation Enthalpy 

Many arc heated wind tunnels lack an upstream stagnation region. In such 
facilities upstream pressure measurements do not give the effective reservoir 
pressure. To deal with such cases, NATA provides a third option in which the 
reservoir conditions are determined from input data on the total mass flow and 
the stagnation enthalpy. 
calculated from measurements of the electrical power input, thgrmal losses to 
the facility cooling system, and mass flow. In this option, the reservoir 
temperature and pressure are calculated by a double iteration to match the input 
mass flow and enthalpy values, assuming equilibrium flow from the reservoir to 

The mean-stagnation enthalpy of the gas stream can be 
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the throat. 
fect of the displacement thickness on the effective throat area. 

If the boundary layer is included, a correction is made for the ef- 

1.6 Boundary Layer 

'he boundary layer in an arc heated wind tunnel can be either laminar or 
turbulent. According to a correlation of available boundary layer transition 
data, the layer is expected to remain laminar throughout the nozzle for most 
operating conditions of the existing NASAIJSC arc heaters. 
proximate laminar boundary layer calculation based upon an integral method de- 
vised by Cohen and Reshotko. 
streamwise pressure gradient in the nozzle. 
analytical curvefits to relations among non-dimensional boundary layer parameters, 
based on similar boundary layer solutions. The curvefits employed in NATA in- 
clude the dependence of the parameters upon the Prandtl number, the viscosity- 
temperature index, and the hypersonic parameter. The boundary layer is assumed 
to start at a specified position upstream of the nozzle throat, and is computed 
step by step along with the inviscid flow solution. Beyond the throat, the in- 
viscid flow is coupled with the boundary layer through the effect of the displace- 
ment thickness on the effective area ratio. 
the aid of a computational artifice. 
nel, two separate boundary layer solutions are computed, one for each pair of 
channel faces. 
flow, the boundary layer solution yields predictions of the heat flux and shear 
stress on the nozzle or channel wall. 

NATA contains an ap- 

The calculation includes the effects of the 
The Cohen-Reshotko method utilizes 

The coupled flow is stabilized with 
In the case of flow in a rectangular chan- 

Besides determining the displacement effects on the inviscid 

1.7 Flow Solutions 

NATA provides frozen, equilibrium, and non-equilibrium flow solutions. 
These are the same flow options offered by the original CAL program (ref. 1) and 
the methods used in generating the solutions are largely identical with those 
used in the CAZ, program. In the frozen solution, the species mole fractions are 
held constant at their reservoir values. This type of solution approximates the 
actual non-equilibrium flow fairly well in cases with low reservoir pressure. 
In the equilibrium solution, the gas is assumed to be in a state of local thermo- 
chemical equilibrium at each point in the nozzle. The actual flow always departs 
radically from equilibrium in the supersonic region downstream of the throat. 
However, equilibrium flow is often a good approximation in the region upstream 
of the throat and in the throat region. 

The non-equilibrium solution is intended to model the actual flow as closely 
as possible within the basic approximation of quasi-one-dimensionality. 
species concentrations are assumed to be governed by chemical rate equations. 
The basic method of solution is numerical integration of these rate equations to- 
gether with the differential equations formulating conservation of mass, momentum 
and energy. However, it is found that the system of difference equations is sta- 
ble only for extremely small step sizes when the flow is close to equilibrium. 
Because the flow starts from a state of equilibrium in the reservoir, the numeri- 
cal integration technique therefore cannot be used initially. Instead, the 
solution is started by treating the non-equilibrium flow as a perturbed equili- 
brium flow. 

The 

The perturbation method is used until the departure from equilibrium 
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has become la rge  enough t o  allow use of the-numerical integrat ion.  
d i f f i c u l t y  is t h a t  the’sonic  mass f l u x  f o r  the  non-equilibrium solut ion i s  not  
known u n t i l  the  so lu t ion  has reached the  sonic point. 
cumvented by using an inverse method upstream of the throat-and f o r  a shor t  dis-  
tance beyond the throat .  

Another . 

This probl 

When a two-temperature e lec t ronic  non-equilibrium model i s  used, the  e lec t ron  
temperature i s  one of t h e  integrat ion variables.  
losses  and energy t ransfer  between the electrons and t h e  heavy p a r t i c l e s  i n  the  
gas are taken i n t o  account, and some of t h e  e lec t ronic  excited s t a t e s  may be 
t rea ted  as separate  species governed by rate equations and not necessar i ly  i n  
equilibrium with the ground state. 

I n  such cases, rad ia t ive  energy 

1.8 Model Conditions 

A major object ive of NATA is t o  provide calculat ions of test conditions on 
models f o r  comparison with experimental heat f l u x  and pressure measurements. 
The code provides model calculat ions of two types: stagnation point conditions 
and conditions on blunt wedges. 

The calculat ions of 
shock solut ion.  The gas 
Zen (with mole f r a c t i o n s  

1.8.1 Stagnation Point 

stagnation point model conditions begin with a normal 
immediately behind the  shock can be assumed t o  be fro- 
equal t o  those i n  the f r e e  stream ahead of the  shock) 

o r  i n  chemical equilibrium. 
obtained i n  a given NATA run, regardless of whether the f r e e  stream solut ion i s  
frozen, equilibrium, or non-equilibrium. The conditions a t  a point on t h e  stag- 
nat ion streamline j u s t  outside t h e  boundary layer  on t h e  model are then calcu- 
la ted .  The pressure a t  t h i s  point is the  stagnation pressure, which can be 
compared with P i t o t  measurements. 
l a t e d  using a modification of the  Fay-Riddell formula. H e a t  f lux  calculat ions 
are done f o r  both hemispherical and flat-faced models, and f o r  both an equilib- 
rium and a frozen boundary layer .  Effects  of surface c a t a l y t i c  eff ic iency can 
be included. The shock standoff dis tance i s  a l so  calculated appro,ximately. 
These calculat ions of stagnation conditions on models are done independently f o r  
the  frozen shock and the  equi l ibr iup  shock. 

Ei ther  o r  both of these types of solution can be 

The stagnation point heat f l u x  i s  then calcu- 

Calculations of stagnation point conditions are normally done f o r  axisym- 
m e t r i c  models. However, the calculat ions can be done, instead,  f o r  two-dimen- 
s iona l  models such as a cylinder with i t s  a x i s  normal t o  the d i rec t ion  of flow. 

1.8.2 Wedge Models 

The pressure and heat  f lux  d i s t r i b u t i o n s  on the f l a t  surface of a blunt 
wedge are calculated using a modification of t h e  r e s u l t s  of t h e  Cheng-Kemp theory. 
Effects  of bluntness and the boundary layer  displacement thickness are taken in to  
account. 
t i o n s  can be calculated f o r  a series of input-specified leading edge r a d i i  and 
wedge angles of a t tack .  

For a given model locat ion i n  a par t icu lar  NATA solution, wedge condi- 
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1.9 

NATA contains several  
ment of new gas models and 
are not  normally exercised 
standard gas models. 

Supplementary Program Functions 

fea tures  designed t o  a i d  t h e  user during t h e  develop- 
under other  abnormal circumstances. These f e a t u r e s  
during runs t o  produce flow solut ions based on 

1.9.1 Equilibrium Gas Propert ies  

The code contains an  option t o  compute only the  reservoir  conditions, i.e., 
t h e  equilibrium thermodynamic proper t ies  and mole f rac t ions .  This f e a t u r e s  al- 
lows the  u s e r ' t o  determine the  equilibrium equation of state of a gas mixture of 
specif ied composition, based on a par t icu lar  set of assumed species  propert ies .  
Normally, t h e  t ransport  propert ies  i n  the reservoir  are a lso  computed. However, 
the  t ransport  property calculat ions can be suppressed, i f  desired,  t o  avoid in- 
put of the required c o l l i s i o n  cross  sect ions.  

1.9.2 Species Thermal Propert ies  

Another option produces tab les  of the f r e e  energy, enthalpy, s p e c i f i c  heat ,  
and entropy as functions of temperature f o r  each of t h e  species  i n  a gas model. 
This fea ture  provides, f o r  example, a convenient means f o r  t e s t i n g  proposed 
thermo f i t s  f o r  t h e  species,  and allows d i r e c t  comparison of the  propert ies ,  as 
computed by NATA, with o ther  tabulat ions such as the  JANAF tables .  

1.9.3 Transport Cross Section Edi t s  

A t h i r d  option produces an e d i t  of the  s teps  i n  the  t ransport  cross  sect ion 
calculat ion f o r  a l l  of the  species i n  the  gas model. 
t o  s e t t i n g  up o r  modifying cross  sec t ion  inputs  f o r  a gas model. 
NATA can be made t o  produce a deck of punched cards containing t h e  averaged 
c o l l i s i o n  crQss sect ions f o r  a l l  p a i r s  of species i n  a gas model. 
the  da ta  can be read and used by other  computer programs. 

This e d i t  is a useful  a i d  
I n  addition, 

I n  t h i s  form, 

1.9.4 Tape Output 

NATA contains provisions f o r  wri t ing selected r e s u l t s  of t h e  flow, boundary 
layer ,  and model calculat ions on a binary tape f o r  subsequent processing by 
other  programs. 
t a i n  types of p l o t s  of such da ta  using SD-4060 o r  similar equipment. 

An auxi l ia ry  program (NATA/PLOT) is  ava i lab le  f o r  producing cer- 

1.9.5 Error Processing 

When a la rge ,  multicase NATA job i s  rbn, one o r  more of t h e  cases may f a i l  

NATA contains numerous provi- 
because of input  e r r o r s ,  inadequacy of standard values f o r  the  control  parameters, 
o r  possible  previously undetected coding errors .  
s ions t o  a i d  t h e  user i n  ident i fying the  cause of t rouble  i n  case of code f a i l u r e ,  
and t o  f a c i l i t a t e  t h e  running of l a r g e  jobs i n  s p i t e  of the  f a i l u r e  of some of 
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, 

the cases. 
errors before they cause the program to execute an operation which is not al- 
lowed by the computer system, such as dividing by zero or 
tion with an illegal argument. Such an operation would 1 
termination of the entire run. Second, when an error condition is detected, 
most cases NATA prints a diagnostic message to identify its nature. 
execution of the current case in the job is terminated. Fourth, a speciaX sub- 
routine is called to print out most of the data stored in common, together with 
alphanumeric identifiers. The name of the subroutine in which the error was 
detected is also printed. Finally, the program proceeds to read the input data 
for the next case, and execution of the job continues. 

First, the program contains many validity checks designed to detect 

Third, 

1.10 Limitations 

The calculations performed by NATA involve many approximations which limit 
The basic approximation in the inviscid the code’s accuracy and applicability. 

flow solutions is that of quasi-one-dimensionality. Each flow variable is as- 
sumed to vary with the axial coordinate of the nozzle, but to be constant over 
any nozzle cross section. Actual flows in arc heated wind tunnels always show 
some radial non-uniformity. In some facilities, the non-uniformity is suffi- 
ciently moderate that the quasi-one-dimensional description can be considered to 
be a roughly valid and useful idealization. In others, the non-uniformity is 
so severe that the usefulness of an analysis based on radially uniform flow ap- 
pears doubtful. 

The boundary layer calculations involve many approximations related to the 

Also of 
boundary layer starting condition, the method of solution, and the stabilization 
of the coupled boundary layerlinviscid flow problem beyond the throat. 
course, the laminar boundary layer calculation is applicable only when the actual 
boundary layer has not undergone transition. 

It would be extremely difficult to carry through an error analysis for the 
code by evaluating and combining the effects of all of the approximations used. 
Such a calculation has not been attempted. Instead, results from the code have 
been compared with experimental data from arc heater facilities in which the 
radial non-uniformity is not very severe. It has been found that NATA predic- 
tions of static pressure and stagnation pressure generally agree with the 
measurements t? within about 20 percent. Based on a limited number of compari- 
sons, it appears that NATA predictions of heat flux to a channel wall or a wedge 
model are too low by about 20 to 30 percent. NATA results for stagnation point 
heat transfer are roughly in agreement with experimental data for hemispherical 
models, when allowance is made for surface catalytic efficiency and for low- 
density effects which are not treated by the code. 

1.11 Organization of Report 

The remaining sections of this report document the theoretical relations 
and mathematical analyses upon which the NATA code is based. 
the description of chemical species and chemical reactions. 
with the calculation of gas transport properties. 

Section 2 treats 
Section 3 deals 

Section 4 explains how the 
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geometry of the  nozzle o r  channel is described, and how the  boundary layer  dis-  
placement e f f e c t  on the inviscid flow is  formulated. Section 5 gives the 
ana ly t ica l  b a s i s  of t h e  boundary layer  calculation. 
equilibrium and frozen inviscid flow calculat ions,  and Section 7 the  non-equilib- 
rium flow. Final ly ,  Section 8 treats the calculat ions of conditions on models. 

Section 6 discusses  t h e  
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2. THERMODYNAMIC AND KINETIC MODELS 

The treatment of chemical equilibrium and r e a c t i o  s i n  NATA is  s 
e s s e n t i a l l y  the  s a m e  as t h a t  i n  the  Cornel1 Aeronautical Laboratory program 
(ref.  1).  Section 2.1 explains how the  code describes chemical species and 
formulates the conservation of chemical elements and electric charge. 
discusses the calculat ion of thermal propert ies  of species and Section 2.3 t h e  
spec i f ica t ion  of chemical react ion ra tes .  
equilibrium and f o r  imperfections i n  the gas equation of state are described i n  
Sections 2.4 and 2.5. 

Section 2.2 

Simple  models f o r  v ibra t iona l  non- 

2.1 Elements and Chemical Species 

The gas stream whose flow is  computed by the  NATA code can cons is t  of up t o  
20 chemical species.  
i n  some instances,  atoms i n  s p e c i f i c  e lec t ronic  excited s t a t e s ) ,  atomic ions, 
diatomic molecules and molecular ions, l i n e a r  t r ia tomic molecules or  ions (such 
as C02), and the electron.  
l e m  w i l l  be denoted b y n .  The gas composition is expressed, i n  d i f f e r e n t  p a r t s  
of the  calculat ion,  i n  t e r m s  of e i t h e r  the  mole f rac t ions  xj o r  the  molar concen- 
t r a t i o n s  yi i n  u n i t s  of moles of species j per  gram of mixture. These quant i t ies  
a r e  re la ted  by 

The types of species.normally t reated a r e  atoms (including, 

The number of species included i n  a par t icu lar  prob- 

x- = w y  1 I 
i n  which W denotes the l o c a l  mean molecular weight of the  gas mixture i n  grams 
per mole. 

The number of chemical elements present i n  the gas i s  denoted by C .  The 
chemical formulas of the species are represented by a matrix a, whose general 
element aij i s  the number of atoms of the jth 
species.  Thus, i f  the ith species is denoted by Mi and the  jth element by E. , 
the  chemical formula of the species may b e  represented by the equation 

element per molecule of t h e  ith 

I 

I f  ion species a r e  present,  the electron i s  included among the elements. 
case, pos i t ive  ions are represented as compounds containing a negative number of 
e lectrons;  f o r  example, N ~ +  is considered t o  be a compound N2e-l. 
vention, conservation of electric charge during react ions becomes a spec ia l  case 
of conservation of the  chemical elements. 

I n  t h a t  

With t h i s  con- 

NATA ca lcu la t ions  of thermochemical equilibrium* are carr ied out using a 
technique i n  which the concentrations of the "dependent species" are expressed 
i n  terms &f those of t h e  "independent species'' (or "components"), where the 

*See Section 6. 
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number of independent species i s  equal t o  the  number of elements. The advantage 
of t h i s  technique i s  t h a t  it reduces the  number of equations, which must be solved 
simultaneously t o  determine the equilibrium species mole f rac t ions ,  from n t o  C .  

For example, t h e  high temperature model f o r  a i r  used i n  NATA contains 11 species 
but only 3 elements ( N , o ,  and e ) ,  so t h a t  the number of equations is reduced 
from 11 t o  3. 

The independent species  o r  components must b e  chosen such t h a t  they are 
l i n e a r l y  independent combinations of the  chemical elements, and must be placed 
a t  the  beginning of the l ist  of species f o r  each gas model. 
problems, they should be species which are s t a b l e  a t  low temperatures (i.e., a t  
la rge  expansion r a t i o s  downstream of the  nozzle throat) .  
are included i n  the model, the e lec t ron  should b e  one of the  components, and should 
be l i s t e d  as species number 1. 
the list of species. This arrangement allows t h e  code t o  drop the  charged par t i -  
cles from t h e  model f o r  equilibrium flow when t h e  equilibrium e lec t ron  mole frac- 
t i o n  becomes negl ig ib le  (<lo-20). 
these requirements, i n  the NATA models f o r  air the  components are e , N 2 ,  and 02, 
i n  t h a t  order. 

To avoid computational 

However, i f  ion species  

The ion species should a l l  be placed a t  the end of 

As an i l l u s t r a t i o n  of an arrangement s a t i s f y i n g  

Because the components head t h e  list of species,  the r e l a t i o n  between them 
and t h e  elements i s  specif ied by t h e  square submatrix Tj of e. 
Since the components are chosen t o  be l i n e a r l y  independent combfinations of the 
elements, t h i s  submatrix is non-singular and has a unique inverse which w i l l  be 
denoted by . The inverse is defined by 

with i = 1 t o c  . 

C 

i = l  

where t h e  Kronecker symbol $i i s  1 f o r  k = j and 0 otherwise. 
the  inverse matrix Aki ,  the  system of equations (2) f o r  i = 1 t o  c can be solved 
t o  obtain the elements as l i n e a r  combinations of the  components: 

With the a i d  of 

C C C C 

Equation (4) can now be subs t i tu ted  i n t o  the  remainingequations (2) f o r  i = c + 1, 
c + 2 ,  . . .,n, t o  obtain expressions f o r  the  dependent species i n  terms of t h e  
components: 

C 

k = l  
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where 

C 

j - 1  

The matrix t; gives the composition of the dependent species i n  terms of the com- 
ponents. 

The o v e r a l l  elemental composition of the  gas mixture i s  invariant  through 
a l l  react ions,  equilibrium or  non-equilibrium. It is specif ied on input i n  t e r m s  
of the  mole f r a c t i o n s  Xjc of the species making up the  cold gas which is injected 
i n t o  the  arc heater.  These mole f rac t ions  and the  chemical formulas f o r  the  cold 
species are used t o  ca lcu la te  the number of gram-atoms of each element k per mole 
of the  cold gas, denoted by 8: 

j = l  

where ajkc is the number of atoms of the kth element i n  a molecule of the jth cold 
species,  and nc is the number of cold species.  

For use i n  the  thermochemical equilibrium calculat ions,  the  elemental com- 
posi t ion of the gas must be re-expressed i n  terms of t h e  independent species.  
Because the  elements can be expressed as l i n e a r  combinations of the  independent 
species by equation ( 4 ) ,  the  elemental composition of the  gas i s  equivalent t o  a 
composition i n  t e r m s  of the  components. 
of t h e  jth 
cons is t  of the  independent species.  These quant i t ies  4.C are re la ted  t o  the 

L e t q - C  denote the  number of molecules 
I component per molecule of the cold gas when the  gas is considered t o  

1 
by 

C 

Qk = qjc ajk (k = 1, . . . , C) 

j = l  

Mult ipl icat ion of t h i s  equation by Aki and summation over k gives 

C 

k = l  
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NATA computes the qc from equation ( 9 ) ,  and then normalizes them, 

t o  obtain a set of composition coef f ic ien ts  whose sum is unity. 
a c t u a l l y  consisted of the components and no other  species,  t h e  qi would be t h e  
mole f rac t ions  of the components. 

I f  the gas 

The above d e f i n i t i o n s  and r e l a t i o n s  can be used t o  derive a formula-for the  
mole f r a c t i o n s  of the  independent species i n  terms of the qi and the mole frac-  
t ions  of the (n- c >  dependent species. 
calculat ions.  L e t  N. represent the number of molecules of species j i n  a gas 

sample containing N = 

number of molecules of t h e  j t h  independent species t h a t  the  sample would contain 
i f  a l l  of the atoms making up molecules of the dependent species w e r e  rearranged 
t o  form molecules of the independent species. From the  def in i t ion  (5) of the 

This formula is used i n  the equilibrium 

I n  
Nj molecules altogether.  Also, l e t  Nj* denote the 

j = 1  

- 
v i -c ,  k matrix, 

n 

N; j ( j  = 1 , .  . . , c) 
Nj* = Nj + c 

i = c + l  

where the f i r s t  t e r m  is the  number of molecules of species j ac tua l ly  present and 
the sum represents the ex t ra  species j molecules tha t  could be formed from the  
dependent species. From the def in i t ion  of q. , 

I 

Ni* 

From (11) and (12), 

C n n 

k = l  i = c + l  i = c + l  

This equation may now be divided through by N t o  convert the subscripted N ' s  t o  
mole f rac t ions ,  x . It is noted t h a t  
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C n c xk 

k = l  i = c + l '  

Also, the  s ingly subscripted a r r a y  vi: is defined by 

Equation (13) then becomes 

n 

i = c + l  

which gives the mole f rac t ions  Xi of the  independent species ( j  = 1 
of the  qj 

t o  c ) i n  terms 
and the mole f rac t ions  Xi ( i  = c + 1 , . . . , n ) f o r  the  dependent species. 

2.'2 Thermodynamic Propert ies  of Species 

The thermochemical equilibrium calculat ions f o r  the  reservoir  and the nozzle 
flow calculat ions require  da ta  on t h e  following propert ies  f o r  each chemical 
species ( j  ) i n  the  gas: 
molar entropy So a t  a standard pressure po,  and the  molar heat capacity cpj. 
a mixture of ideal gases, these thermal propert ies  a r e  functions only of temper- 
a ture .  

the molar enthalpy Hi , t h e  chemical po ten t ia l  po and I For 

The chemical p o t e n t i a l  may be defined ( re f .  2, p. 283) as the  p a r t i a l  deriva- 
tive of the f r e e  energy of a gas mixture with respect  t o  the  quant i ty  of one of 
its const i tuents :  

where t h e  subscr ipts  ind ica te  t h a t  the  e n t r o p y s ,  volume V, and quant i t ies  of the 

and Nj, On a molar 
bas i s ,  F~ 

1 other  cons t i tuents  are held constant. The u n i t s  of pj depend upon those f o r  F 
The quant i ty  measure Nj can be molecules, moles, grams, etc. 

can be calculated using t h e  r e l a t i o n  (ref.  2, p. 953) 
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i n  which RO is the  universal  gas constant, fj 
f o r  spec ies i j  , defined as a sum over a l l  energy states E; 

is the  molecular p a r t i t i o n  function 

1 

and H;o is the enthalpy of formation of the  species a t  standard conditions 
(usually zero temperature). For an i d e a l  gas 

(2 muj k T)  3/2 e 
f. = fint (T) (20) 

h3 nj 

where fint is the p a r t i t i o n  function f o r  the i n t e r n a l  degrees of freedom. I n  the  
f i r s t  f a c t o r  on t h e  r i g h t ,  which is t h e  t rans la t iona l  p a r t i t i o n  function, nj de- 
notes the number of p a r t i c l e s  of species j per u n i t  volume and mj t h e  p a r t i c l e  
mass; k is Boltzmann's constant,  h Planck's constant,  and e t h e  base of na tura l  
logarithms. For 
convenience i n  calculat ions,  equation (18) is rewr i t ten  i n  t h e  form 

I 

The p a r t i t i o n  function depends upon t h e  pressure throughnj . 

where p. denotes t h e  p a r t i a l  pressure i n  atmospheres a n d P o  is the  chemical po- 
t e n t i a l  a t  a p a r t i a l  pressure of 1 atmosphere (a function only Gf temperature). 
Prom equations (18), (20), (21) and t h e  i d e a l  gas l a w  

I 1 

p- = n-kT 
1 1  

it  is possible  t o  show t h a t  

where po = 1.01326 x lo6 dyne/cm2 (a pressure of 1 atmosphere expressed i n  
absolute cgs u n i t s )  and rj is a function only of the  temperature: 

r' I n . f . / e  (23) 
1 1 1  

Because t h e  molar i n t e r n a l  energy of a species is given by (ref .  2, p. 335) 
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one can show, by d i f f e r e n t i a t i n g  (221, t h a t  the molar enthalpy Hj 
given by 

Hj - Hjo 0 
d (4Ri$)  = - T -  

ROT dT 

0 
i n  which Hjo is the  enthalpy of formation of the  species. 
the  gas mixture is simply the sum of the species entha 
fract ions:  

The m 

n 

H = C  Xj Hj (26) 

j = 1  

The other  required species thermodynamic propert ies  can be calculated from 
He and . The entropy Si of the  jth species is given by (ref.  2, p. 261 and 2h7) I 

With (21), t h i s  can be rewri t ten 

S. = $ - RO &I pj I 
where pj is the  species  p a r t i a l  pressure i n  atmospheres, and 

is the  species entropy a t  the standard pressure (1 atm), a function only of 
temperature. The molar entropy of the  gas mixture i s  given i n  terms of the  
species entropies  by (ref .  2, p. 618) 

n s=c xj sj 
j = 1  

I f  p denotes the t o t a l  pressure i n  atmospheres, (30a) can be rewri t ten,  with the  
a i d  of the r e l a t i o n  p. I the  form 

= Xjp between the p a r t i a l  pressures and mole f rac t ions ,  i n  
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n n 

(30b) 
j = l  j = 1  

0 
S = XjSj  - R o ' k p  - % Xj k Xj 

in which the last term is the entropy of mixing. 

The molar heat capacity of the jth species is defined by 

d Hj 
Cpi = d~ (31) 

The heat capacity of the gas mixture is then 

n 

c P = c xjcpj 
j = l  

Equations (25), (29) and (31) show that H. , Sjo and can a11 be calculated 
o methods are avail- 

able in the NATA code for calculating the chemical potentials themselves, 
are based fundamentally upon the statistical mechanical expression (18) for q in 
terms of the molecular partition function fj . 
technique, relies upon accurate calculations of p'? by other computer programs. I The data on 6 as a function of temperature are curvefitted in the form 

from the chemical potentials pr at the standard I pressure.'h 
Both 

One method, called the thermo-fit 

Then from (251, 

0 

4 Hj i Hjo 
= a. + b-T + cjT2 + djT3 + ejT 

J 1  ROT 
( 3 4 )  

Thus, the parameters 7 , bj , etc., are simply the coefficients of a fourth-degree 
polynomial curvefit to (Hi 
advantages: 

- HYo )/ROT. The thermo-fit method has the following 

1. The thermal property data generated by a specialized thermal-property 
computer program can be highly accurate, because the program can perform 
elaborate calculations, taking account of effects such as vibrational 
anharmonicity and vibration-rotation coupling in molecules. 

2. The computer time required for evaluation of the curvefit formulas (33) 
and (34) is small. 
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3 .  The method is appl icable  t o  molecules which are too comp 
treated by the other  technique avai lable  i n  NATA, e.g., 
atomic molecules and molecules containing four o r  mor 

The cu rve f i t  coe f f i c i en t s  a i ,  b. , etc., are determined by least-squa 
f i t t i n g  of equation ( 3 4 )  t o  computed enthalpy values  over a c e r t a i n  tempe 
range. Within the range of the data ,  the f i t  has good accuracy, but ab0 .s  and 
below t h i s  range the accuracy can become very poor. I f  t 
simply extended, the overa l l  accuracy de te r io ra t e s  becaus 
( 3 4 )  is not  su f f i c i en t ly  f lex ib le .  

This l imi t a t ion  of the thermo-fit method can be circumvented by using the  
second NATA technique for  ca lcu la t ing  species  thermal proper t ies  t o  obtain the  
propert ies  -at r e l a t i v e l y  low temperatures. 
"physical model"*, is based upon approximate evaluation of the  in t e rna l  pa r t i t i on  
function fint i n  (20) f o r  each species.  For a monatomic species,  the  only in- 
t e rna l  energy states are those of e lec t ronic  exc i ta t ion ,  and 

The second technique, ca l led  the 

L 
-E; /kT 

fint = felec = C gi e 

i = I  
( 3 5 )  

In  t h i s  equation, E; is the  energy of the ith e lec t ronic  state r e l a t i v e  t o  the 
ground state (i = 1 ), and gi is the state degeneracy. In  pr inc ip le ,  t he  upper 
l i m i t  of summationL should be a t  the highest  bound state below the e f f ec t ive  
ionizat ion poten t ia l .  In  prac t ice ,  r e s u l t s  of good accuracy can be obtained by 
including only a few states of the lowest energy. High-lying states of near ly  
equal energy can be lumped together by using an average Ei  and summing the 
degeneracies. Array dimensions i n  NATA allow use of up t o  10 states, including 
the  ground state. 

For species  containing more than one atom, the  in t e rna l  p a r t i t i o n  function 
sum includes states with various values of the v ibra t iona l - ro ta t iona l  energy. 
In  the NATA physical model, the p a r t i t i o n  function f o r  molecules i s  approximated 
as a product 

fint = frot * 

of ro ta t iona l ,  v ibra t iona l ,  and e lec t ronic  factors .  This approximation neglects  
the va r i a t ion  of the  molecular moment of i n e r t i a  with the v ibra t iona l  quantum 
number as w e l l  as the  d i f fe rence  i n  v ibra t iona l  frequencies between d i f f e r e n t  
e lec t ronic  states of the  molecule. 
energy st,".es f o r  each normal mode are approximated by those of a harmonic 
osc i l l a to r .  These approximations t o  the  p a r t i t i o n  function f o r  molecules be- 
come inaccurate a t  high temperatures, but are expected t o  give good r e s u l t s  a t  
moderate temperatures where most of the molecules are i n  the i r  e lec t ronic  ground 
state and the degree of v ibra t iona l  exc i ta t ion  is not too high. 

A s  a fur ther  approximation, the  v ibra t iona l  

*I t  is called the "harmonic-oscillator model" in reference 1. 
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For l i n e a r  molecules (including a l l  diatomic species),  t he  ro t a t iona l  
p a r t i t i o n  function, fmt 
temperatures of i n t e r e a t  i n  NATA, is  given by (ref .  2, p. 345 and 454) 

, neglecting quantum e f f e c t s  as is  appropriate fo r  t he  

kT - - 8 n 2  IkT 
frot = 

o h 2  u h c  Bo 
(37) 

where I denotes the molecular moment of i n e r t i a  about an ax i s ,  passing through 
the center of mass, perpendicular t o  the l i n e  jo in ing  the cons t i tuent  atoms. 
The symmetry f ac to r  u is uni ty  f o r  asymmetric molecules and equal t o  2 fo r  
symmetric molecules (with iden t i ca l  nuc le i  a t  opposite ends of the molecule). 
The quant i ty  BO i n  the f i n a l  expression of (37) is the ro t a t iona l  constant of 
the molecule i n  the ground v ib ra t iona l  state. 
given i n  terms of tabulated spectroscopic constants by 

For diatomic molecules, it i s  

1 
2 BO = Be - - ae (38) 

where Be denotes the  r o t a t i o n a l  constant fo r  the equilibrium internuclear separa- 
t i o n  and ae is the  coe f f i c i en t  giving the dependence of the ro t a t iona l  constant 
upon the v ib ra t iona l  quantum number. ae is normally q u i t e  small and 
can be neglected without ser ious e r ro r  within the context of the approximations 
being used. 

The term 

I n  t e r m s  of B O ,  the moment of i n e r t i a  is given by 

h 

8 a 2 c  BO 

Thus, (37) can be wr i t t en  

I =  

T 
fmt = - 

0, 

where the c h a r a c t e r i s t i c  r o t a t i o n a l  temperature 8, is defined as 

h c u  
k 

e, = - B~ = 1.43879 UBO 

with Bo given i n  cm"'. 

For non-linear tr iatomic molecules* (ref .  2, p. 4-54], 

uh3 
fmt = 

(39) 

whereIA,  IB , and IC are the  th ree  pr inc ipa l  moments of i n e r t i a .  

*The non-linear case is not treated in the present version of NATA. The formulas for this case are given with a view toward possible 
future development of the code. 
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For diatomic molecules, the v ibra t iona l  p a r t i t i o n  function i n  t h e  harmonic- 
o s c i l l a t o r  approximation is ( re f .  2, p. 345) 

where hul is  the energy difference between the ground state and the  f i r s t  vibra- 
t i o n a l l y  excited state, and OV t h e  c h a r a c t e r i s t i c  v i b r a t  

Ov = hul /k  ( 4 3 )  

The v ibra t iona l  t e r m  of a diatomic molecule i s  represented i n  the  form (ref .  3 ,  
P* 9 2 )  

3 
G(v) = me (v + i) - a, xe (v + + ) 2  + a e y e  (V + i) ( 4 4 )  

The v ibra t iona l  constants mer  a e x e ,  and aeye have been determined from spectro- 
scopic s tud ies  for  many diatomic molecules ( ref .  3 ,  p. 501-581) .  The vibrat ional  
exc i ta t ion  energy hu1 is  given by h q  = hc f G ( 1 ) -  G(0) 1 . Thus, from ( 4 3 )  and 
( 4 4 )  

hc  13 
V k  4 

0 = - - 2 O e X e  + - ( 4 5 )  

It is c l e a r  from ( 4 4 )  t h a t  G ( V )  - G(v-l)varies with the v ibra t iona l  quantum 
number V. For t h i s  reason, the present harmonic o s c i l l a t o r  approximation (which 
neglects t h i s  var ia t ion)  becomes inaccurate a t  high temperatures where several  
v ibra t iona l  levels a r e  populated t o  a s ign i f icant  degree. 

A triatomic molecule has three v ibra t iona l  normal modes. The v ibra t iona l  
p a r t i t i o n  function f o r  a non-linear tr iatomic species i s  

3 

fvibr = (1 - e 

k = l  

I n  a l i n e a r  t r ia tomic molecule, there  a r e  only two r o t a t i o n a l  degrees of freedom 
and the "bending" v ibra t iona l  mode is degenerate. In  t h i s  case, the v ibra t iona l  
p a r t i t i o n  function is given by 

k = l  

i n  which two of the e&, say ov2 = Ov3 
f o r  the  bending mode. 

, a r e  equal t o  the  v ibra t iona l  temperature 
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The chemical po ten t ia l  p: a t  standard pressulte can now be evaluated by sub- 

is given by (351, so t h a t  

s t i t u t i n g  the expressions f o r  the i n t e r n a l  p a r t i t i o n  function, based on the physi- 
cal model, i n t o  the  general  r e l a t i o n s  ( 2 0 1 ,  (22) and ( 2 3 ) .  For monatomic species,  
fint 

For molecular species,  from ( 3 6 ) , ,  

The chemical po ten t ia l  formulas f o r  monatomic and diatomic species can be com- 
bined i n t o  a s ingle  equation involving the number nj of atoms i n  a molecule of 
the  species: 

I 

where 

I n  these formulas, equations ( 3 5 ) ,  ( 3 9 )  and ( 4 2 )  have been used t o  evaluate the 
electronic ,  ro ta t iona l ,  and v ibra t iona l  f a c t o r s  i n  the  p a r t i t i o n  function. 
numerical values are subst i tuted f o r  the  physical constants,  (51) becomes 

I f  

i n  which W. is  the  species  molecular weight i n  grams per mole. I 
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I n  the  case of a l l n e a r  t r ia tomic species,  from (491, (351, (39), and (47) 

4 c 7 
2 

B j + - & T -  

i = l  

0 0  

-E; j /kT 

\ i = 1  / \  
where 

The enthalpy can be calculated f o r  monatomic and diatomic species by apply- 
ing equation (25) t o  (50): 

0 

Hj - Hjo 5 + 2 (n j  - 1) 'vj 1 - - i- ( n j - 1 )  - . 
OVj / T  

e - 1  
ROT 2 T 

1 
kT 

+ - *  

I n  the case of l i n e a r  

0 

Hi - Hi0 7 

i = l  

Li -E;j / kT  
g i j  e 

i = l  

t r ia tomic species,  appl icat ion of (25) t o  (52) gives 

4 
'vji 1 - - - + c  T '  

2 0"ji / T  
e - 1  i = 1  

ROT 

Li - Eij /k T C gij Eij e 
1 i = l  + -  

kT -Eij / k T  

1=1 

(54) 
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The molar hea t  capacity f o r  monatomic and diatomic species is, from (31) 
and (541, 

2 OVj/T 
e (56a) (2) . eVj /T  2 

Cpj 
- =  + (nj - 1 )  

5 + 2 (nj - 1) 

2 
(e - 1 )  RO 

s1 sg - 5 2 2  
+ 

s1 
where 

- E i j / k T  
s1 = gij e 

i = l  

L; 

i = l  

2 -E;j /kT 

i = l  

For l i n e a r  tr iatomic species,  from (31) and (551, 

evji /T 
7 
2 

- - 'pi 

RO 
- 

i = l  -1 

(57) 

The thermal proper t ies  of a species can be spec i f ied  using t h e  thermo-fit, 
t he  physical model, or both techniques. 
species or  a species whose molecules contain four o r  more atoms, the  programming 
of NATA does not provide a treatment based on the physical model. 
of such species must be described using t h e  thermo-fit a t  a l l  temperatures. 
the o ther  hand, f o r  monatomic species,  the physical model i s . accu ra t e  a t  a l l  
temperatures. 
whose proper t ies  are compiled i n t o  NATA. 
f i t  da t a  and physical model proper t ies  are provided i n  the code. 
model is used f o r  temperatures up t o  a "switching" temperature T,, which is pre- 
set t o  5000° K; and the thermo-fit is used f o r  temperatures above Tsw. To avoid 
disturbance of the flow so lu t ion  by a small d iscont inui ty  i n  thermal proper t ies  

In the case of a non-linear tr iatomic 

The proper t ies  
On 

Accordingly, only t h i s  model i s  used f o r  t he  atoms and atomic ions 
For most molecular species, both thermo- 

The physical 
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a t  the  switching temperature e t  els is epr 
out  over a temperature range 
Within t h i s  range, the species  thermal propert ies  are calculated 
r e s u l t s  from t h e  thenno-fit and t h e  physical model; e.g., f o r  t h e  enthalpy, 

- 5  

where 

500 + (T- Tsw) 

W~~ = 1000 

500 - ( T  - Ts.) - 
1000 WPM - 

and where the  subscr ipt  TF denotes the  thermo-fit and PM the  physical model. 

2.3 Reaction Rates 

A chemical reaction* involving some of the  species  present i n  the gas mix- 
tu re  can be denoted 

i n  which Mi represents  a molecule of the  jth species and the vij , v ( .  are 
stoichiometric coef f ic ien ts .  
react ion as reac tan ts ,  
v c *  11 = 0. 
t o t a l  number of reac t ions  is denoted b y r  . 

For t h e  molecules which do not partic2ppate i n  the  
= 0; f o r  those which do not  appear among the  products, 

The subscr ipt  !I’ serves  t o  dis t inguish the d i f f e r e n t  reactions.  The 

The molar concentration of species j w i l l  be  denoted by [Mj]. If (59) repre- 
sen ts  an actual reac t ion  mechanism, then t h e  number of moles of forward react ions 
occurring per u n i t  volume is  given by 

k - 1  

“See reference 4, Chapter XVII. for a background discussion of classical chemical kinetics. 
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i n  which the r e a c t i o n , r a t e  constant kfi 
t ions  but  is, i n  general, a function of temperature. 
reverse  react ion 

is independent of the species  concentra- 
Correspondingly, f o r  the  

n 

k = l  

I f  (59) represents  the n e t  r e s u l t  of two o r  more s t eps  i n  the ac tua l  react ion 
mechanism, then equations (60) are inapplicable.  In  such a case, i f  (60) were 
forced t o  f i t  experimental r a t e  data ,  i t  would be found that the apparent rate 
constants kfi and k d  would vary with the species  concentrations. 

[Mi ] of species j due t o  the  i* react ion is 
From equations (59) and (601, the ne t  rate of change of the concentration 

n 

- ( v Q  - v * * )  '1 k; [h4klvik 

k = l  

In  equilibrium, the ne t  rate of production is zero, so that, from (61), 

k = l  

where Ki denotes the  equilibrium constant: 
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The equilibrium constant f o r  the  react ion can be 
( re f .  2, p, 953): 

termined from. t h e  condition 

n n 

i n  which pj denotes the  chemical po ten t ia l  (21) f o r  the  jth species. 
t i o n  of (21) i n t o  (64) gives  

Substitu- 

n n (pj)'ij = exp ( 6 5 )  
ROT 

j = l  

- 
[Mj I by 

pj = [ M j l  ROT 

Hence, comb i n a t  ion 

For. i d e a l  gases. the p a r t i a l  pressures p. are re la ted  t o  the molar concentrations I 

of (63) and (67) gives 

where 

Because the chemical po ten t ia l s  a t  standard pressure (pjo  1 depend only on the  
temperature, t h e  equilibrium constant K; is a function only of temperature. 

The r e l a t i o n  (62) between the forward and reverse rate constants f o r  a re- 
ac t ion  is termed "detailed balancing". Since k,i , kfi , and Ki depend only on 
the  temperature, no t  the  concentrations, t h i s  r e l a t i o n  i s  v a l i d  even when the 
concentrations are out  of equilibrium, as they normally are throughout a non- 
equilibrium flow solution. 
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Only one of the two rate constants f o r  each react ion need be specif ied,  as 
other  can b e  determined from the  f i r s t  using the  de ta i led  balancing r e l a t i o n  

and the thermochemical expression (68) f o r  the equilibrium constant. Con- 
ventionally,  the forward r a t e  i s  specified.  I n  NATA, it is  represented as a 
function of temperature by a curvef i t  of the  form* 

i n  which E,; is the ac t iva t ion  energy f o r  the react ion.  Experimental data  on 
rate constants are usual ly  f i t t e d  usiug a form s i m i l a r  t o  t h i s ,  but with Tw i n  
place of (T/10000)%. The s p e c i f i c  form (69) has been adopted f o r  use i n  NATA 
because, i n  react ions with l a r g e  negative exponents v i ,  it permits f i t t i n g  the 
experimental da ta  with coef f ic ien ts  Ai of smaller magnitude. When the conven- 
t i o n a l  formula with TVi is  used, some such react ions require  Ai values la rger  
than the l i m i t  ( 4 0 3 8 )  on f l o a t i n g  point numbers i n  computers such as the UNIVAC 
1108. 

Many dissociation-recombination react ions involve a " third body", a p a r t i c l e  
which catalyzes  the  react ion by supplying p a r t  of the  dissociat ion energy o r  
carrying off p a r t  of the recombination energy. I f  the  rate constants a r e  the  
same f o r  several  react ions which d i f f e r  only i n  the third-body species involved, 
the k i n e t i c  model can be simplified by combining a l l  of these react ions i n t o  one. 
The third-body concentration i n  the combined react ion is equal t o  the sum of the 
concentrations of the  ac tua l  t h i r d  bodies. 
s implif icat ion.  The th i rd  bodies are omitted from the  vij and vij matrices f o r  
the combined react ion but  are l i s t e d  separately.  The rate-constant curvef i t  (69) 
f o r  the a c t u a l  three-body react ions i s  used. The e f f e c t  of the combined concen- 
t r a t i o n  of a l l  the t h i r d  bodies f o r  the react ion i s  taken i n t o  account by spec ia l  
coding. 

The coding of NATA a;lows t h i s  

2.4 Vibrational Non-equilibrium 

The calculat ions of species thermal propert ies  performed by NATA (Section 2.2) 
normally assume t h a t  t h e  v ibra t iona l  degrees of freedom of molecules are i n  thermal 
equilibrium with the other degrees of freedom. However, the  code a l s o  contains an 
option t o  ca lcu la te  these propert ies  on the assumption t h a t  the  v ibra t iona l  degrees 
of freedom are "frozen" a t  the  reservoi r  temperature. 
the normal, equilibrium property calculat ions,  makes it possible  t o  bracket the 
possible  e f f e c t s  of v ibra t iona l  non-equilibrium. When t h i s  option i s  used, the 
code ca lcu la tes  the species propert ies  from t h e  physical model a t  a l l  temperatures. 
The thermo-fit cannot be used i n  t h i s  case because it is based on a c u r v e f i t  t o  
property calculat ions assuming complete equilibrium. 

This option, together with 

The formulas f o r  the  species thermal propert ies  i n  the case of frozen vibra- 
t i o n  can be derived from the  equations i n  Section 2.2 by assuming t h a t  the  vibra- 
t i o n a l  exc i ta t ion  temperature i s  constant and equal t o  the reservoi r  temperature, 
,TO. For diatomic molecules, the chemical po ten t ia l  (50) becomes 

*Other forms are used for some of the reactions in the electronic nonequilibriurn model for argon. 
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+ R  

5 + 2(nj - 1) 
+ 2 k T - ( n j - l ) k  ( I -e  

The enthalpy (54) becomes 

1 i = l  

kT Lj 
+ -. 

(70) 

-Eij /kT c gij  e 

i = I  

Because the vibrational contribution to the enthalpy H j  is  constant, the heat 
capacity Cpj (31) does not contain a vibrational term. The species entropy a t  
standard pressure i s  given by 

Sp 5+2(nj -1)  
- =  b j +  (1 + & T I  
RO 2 

\ Li -Eij /kT C gij Eij  e 
-Eij /kT 

gij  e 
1 i = l  

kT Lj 
+ -- 

-E;j /kT i = l  C gij e 
i = I  

For a linear triatomic species, the thermal properties in  the case of frozen 
vibration are given by 
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L j  -Eij /kT C gij  Eij e 
1 i = l  

kT  L j  
+ - - '  

-Eij /kT C gij e 
I = 1  

Li - Eij/kT 
gij  Eij  e 

gij e 

1 i = l  

kT L j  
+-.I__ 

- Eij/kT 

i = I  

The spec i f i c  heat  again lacks a v ibra t iona l  contribution. 

2.5 G a s  Imperfections 

The CAL program upon which NATA is  based ( re f .  1) contained an option t o  in- 
clude t h e  e f f e c t s  of gas imperfections due t o  the  f i n i t e  volume of the molecules. 
Such e f f e c t s  are negl ig ib le  under the conditions t o  which NATA is normally applied. 
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However, to-provide for possible, presently unforeseen, future applicati 
NATA to nozzle flows with extremely high reservoir pressures", this opti 
been retained. 

The CAL treatment of gas imperfections is based upon the van der Waals 
equation of state (ref. 2 ,  p. 581) 

in which V represents the molar volume 

W V = -  
P (77) 

The quantity bo is the molar volume from which the centers of the molecules are 
excluded because of the finite size of the molecules. If the molecules are 
assumed to be spherical, then 

where NO is Avogadro's number and * denotes the molecular diameter. 
term in (76) represents the effects of attraction between the molecules. 
the coefficient a in this term is assumed to be zero, because the attractive 
forces have negligible effects in the high temperature flows to which NATA is 
applied. 

The second 
In NATA, 

The remaining term is written 

a 0  T 
p = -  (794 W 

where the effective density 7 is defined as 

N P 
P =  

bo p 

WO 
1 -- 

The molecular weight Wo in (79b) is written with a superscript o to signify that 
the coefficient b o / w o  is read as an input, and is assumed to be constant through- 
out the solution. The molecular weight w in (79a), however, is the local value, 
which varies in equilibrium and non-equilibrium solutions. 

The van der Waals equation (76) is inaccurate at high densities where V be- 
Thus, equations (79) provide a valid approximation to comes comparable with bo. 

the effect of finite molecular volume only so long as the term bOp/WO is small 
compared with unity, say, less than about 0.1. 

*In air, these effects are of the order of 3 percent when the pressure in atmospheres is about 0.1 times the reservoir temperature in 
degrees K.  
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Because m i n  (79), there  is no 
correct ion t o  the enthalpy i s  given by 

I n  terms of the enthalpy Hideal f o r  an i d e a l  gas, 

I n  NATA, t h e  computation of reservoir  conditions is car r ied  out  f o r  speci- 
f i e d  temperature and pressure. 
an i d e a l  gas mixture, but  the enthalpy and densi ty  are calculated from (81) and 
(79). These r e l a t i o n s  are a l s o  used throughout t h e  frozen and equilibrium flow 
solut ions,  and i n  the i n i t i a l  portion of the  non-equilibrium so lu t ion  which is 
calculated by perturbing the equilibrium solution. The correct ion f o r  gas im- 
perfect ion is not  used during t h e  non-equilibrium in tegra t ion  because, i n  
pract ice ,  the  flow remains near equilibrium (and thus is calculated by t h e  
perturbation method) u n t i l  the  densi ty  has dropped t o  values a t  which the  correc- 
t i o n  i s  negligible.  

The composition is assumed t o  be the  same as f o r  

Section 5.3 of reference 1 can be consulted f o r  fur ther  dis iussion of t h i s  
option. For a i r ,  t h i s  reference recommends a value of (T = 2.6 A = 2,6 x cm 
f o r  use i n  equation (78). 
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3. TRANSPORT PROPERTIES 

NATA requires  t ransport  property values fo r  use i n  the  laminar boundary 
layer  ca lcu la t ions  and i n  ca lcu la t ions  of heat  t r ans fe r  t o  models. 
por t  p roper t ies  and re la ted  quan t i t i e s  are a l so  pr in ted  out. 
por t  coef f ic ien ts  required i n  NATA are computed in t e rna l ly  by a subroutine 
package which w a s  adapted from a separate ,  previously developed t ransport  proper- 
t y  program. 
code f o r  the  standard gas  species.  Such data  can a l s o  be set i n  the input.  

Some trans- 
A l l  of the  trans- 

The bas ic  da t a  required by the  ca lcu la t ions  are compiled in to  the  

To f a c i l i t a t e  the  use of the code i n  computing inv isc id  flow so lu t ions  f o r  
gas models involving non-standard species  whose t ranspor t  cross  sec t ions  may be 
unknown, a l l  t ransport  property ca lcu la t ions  can be  suppressed by input of a 
s ingle  cont ro l  var iab le  (N0TRAN). 
layer  ca lcu la t ion  and calculat ions of stagnation point  heat t r ans fe r  and of 
conditions on wedge models. 

This procedure a l so  suppresses the boundary 

According t o  k i n e t i c  theory ( r e f .  5) the t ranspor t  Zoeff ic ients  i n  a mix- 
tu re  of gases depend upon the  sca t t e r ing  cross  sec t ions  hllj 
co l l i s ions  between p a i r s  of molecules. The Chapman-Enskog theory provides ex- 
p l i c i t ,  but extremely complicated, fozmulas f o r  t h e  v iscos i ty ,  thermal conduc- 
t i v i t y ,  binary d i f fus ion  coef f ic ien ts ,  and other  t ranspor t  propert ies  i n  terms 
of the  co l l i s ion  c ros s  sec t ions ,  t h e  p a r t i c l e  masses, t he  species  mole f rac t ions ,  
and the  temperature. Thus, i n  pr inc ip le ,  the problem of calculat ing the  trans- 
port  coe f f i c i en t s  f o r  a given mixture cons is t s  of two p a r t s :  f i r s t ,  the  deter-  
mination of the  co l l i s ion  cross  sec t ions  Clij f o r  a l l  possible  p a i r s  of species  
( i ,  j ); and second, the  evaluation of the  Chapman-Enskog formulas. 

(defined below) f o r  

The co l l i s ion  c ross  sect ions can be determined o r  estimated i n  many d i f -  
f e r en t  ways. 
ments o r  can be determined ind i r ec t ly  from the  ana lys i s  of da ta  on various gas 
propert ies .  
semi-empirical quantum mechanical calculat ions.  

They can be  measured d i r e c t l y  i n  molecular-beam sca t t e r ing  experi- 

For simple systems they can a l so  be obtained from ab i n i t i o  or  

For co l l i s ions  between heavy pa r t i c l e s ,  it is general ly  advantageous t o  
express the  co l l i s ion  cross  sec t ions  "ij i n  terms of the  in t e rac t ion  po ten t i a l  
& j  between the  p a r t i c l e s .  
mated by a simple empirical  form containing one or  more adjustable  parameters 
which may be chosen t o  f i t  t he  experimental data. 
model frequently used i n  t h i s  way is the Lennard-Jones (6-12) po ten t i a l  

The in t e rac t ion  po ten t i a l  can then of ten  be approxi- 

For example, one type of 

(b = - ($1 
Here, r denotes the  center-to-center separation of the  two molecules, c and u 
are the adjustable  parameters, and (b is the energy of in te rac t ion .  
eters can be evaluated by f i t t i n g  theo re t i ca l  predict ions based on the  models t o  
experimental data  on some material property, f o r  example, the  v iscos i ty ,  thermal 
conductivity,  binary d i f fus ion  coef f ic ien t ,  or second v i r i a l  coef f ic ien t .  

The param- 



Once t h e  in te rac t ion  poten t ia l  dij between a p a i r  of oms o r  molecules has 
been determined, t h e  averaged c o l l i s i o n  cross sec t ions  required i n  t h e  
t ransport  calculat ions can be computed by classical mechanics. 
s tep  requires  a lengthy numerical computation; however, t h i s  computation has al- 
ready been carr ied out f o r  a number of commonly used forms f o r  the  in te rac t ion  
poten t ia l ,  and tabulated values of the  averaged cross  sect ions as functions of 
temperature are avai lable  i n  t h e  l i t e r a t u r e .  

In general  t h i s  

I n  the case of a p a i r  of atoms with unpaired valence electrons,  quantum 
mechanical calculat ions show t h a t  there  can be several  d i f fe ren t  in te rac t ion  po- 
t e n t i a l s  which occur with d i f f e r e n t  probabi l i t i es .  I n  t h i s  case the  t o t a l  cross  
sect ion may be obtained simply by calculat ing t h e  cross  sect ions independently 
f o r  each p o t e n t i a l  and then averaging the  resu l t ing  cross  sect ions with t h e  ap- 
propriate  probabi l i t i es  t o  obtain the  t o t a l  cross  sect ion.  

For c o l l i s i o n s  involving electrons,  classical mechanics i s  not appl icabl .  
and quantum calculat ions are required t o  r e l a t e  the  c o l l i s i o n  cross sect ions Qij 
t o  the  in te rac t ion  poten t ia l s .  I n  t h i s  case it  is  of ten  simpler t o  analyze the  
da ta  d i r e c t l y  i n  terms of t h e  c o l l i s i o n  cross  sect ions,  without going through 
the  intermediate s t e p  of determining the in te rac t ion  poten t ia l s  dij. 

After the c ross  sect ions Gijccs)  have been determined f o r  a l l  p a i r s  of 
species i n  the gas, the  t ransport  propert ies  may be computed by evaluating 
several  l a r g e  determinants. 
considerable amount of computer t i m e  i n  the  case of a gas mixture containing a 
la rge  number of species.  

This s tep  i s  straightforward, but  can require a 

I n  NATA, the  compiled-in t ransport  property da ta  consis t  of parameter 
values and t a b l e s  f o r  d i r e c t  calculat ion of the  averaged cross sect ions Bii'" . 
The in te rac t ion  poten t ia l s  themselves a r e  not used. Thus, the  s tep  of calculating 
t h e  cross  sect ions from t h e  in te rac t ion  poten t ia l s  i s  bypassed. I n  addition, the 
amount of computation required t o  evaluate the  mixture t ransport  propert ies  i s  
grea t ly  reduced by using approximate formulas, developed by Yos ( ref .  7) ,  i n  
place of the  f u l l  formulas of the  f i r s t  Chapman-Enskog approximation. 

3.1 Basic Equations 

The propert ies  generated by the  t ransport 'property calculat ions i n  NATA are 
the  mixture v i s c o s i t y p ,  the  electrical conduct iv i tyo ,  t h e  frozen Prandtl  
number 

N R f  = 'pf dKf 
and t h e  atom-molecule L e w i s  number 

where cpf i s  the  frozen spec i f ic  heat of the mixture a t  constant pressure, Kf is 
the  frozen thermal conductivity, p i s  t h e  mixture density,  and D,, is t h e  binary 
atom-molecule diffusion coef f ic ien t  f o r  the  mixture. The calculat ions of these 
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propert ies  are based on t h e  mixture composition as given by the  
non-equilibrium flow solut ion,  o r  by the equilibrium normal shock solut ion,  
as appropriate. 

The v iscos i ty  1.1 and the  t rans la t iona l  component K, of the thermal conductiv- 
i t y  are computed from an approximation t o  the  f i r s t  Chapman-Enskog formulas 
( ref .  S), developed by Yos ( ref .  7): 

Here a may represent e i t h e r  the  v iscos i ty  r;i o r  t h e  t rans la t iona l  thermal con- 
duc t iv i ty  &;  n i s  the  number of species i n  the gas; and xi is  the  mole f r a c t i o n  
of the ih species. Also, 

and 
n 

j = l  

For t h e  v iscos i ty ,  the quant i t ies  
and (87) are defined by 

and A i j ( d  appearing i n  equations (86)  'I 

while f o r  the t r a n s l a t i o n a l  thermal conductivity they are defined by 
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In these equations, Wi is the molecular weight of the ith species, NO = 6.0225 x 
1023 molecules/mole and k = 1.3805 x 10-16 ergs/OK are the usual unit conversion 
factors, 

and the Eij('>') 
tween species i and j , which are supplied as input tofhe transport property 
calculations. Several different definitions of the "ij@. s, symbols have 
appeared in the literature.* 

are averaged collision cross sections for the collisions be- 

The one used here is 

00 

s y 2 s + 3  e x p ( - ~ ~ ) G ; j ( ~ ) d y  
0 

=[2/(s+ l)!] y2s+3 exp(-?) Gij(') dy i a..ce, s) = 
'I fi s + 3  exp (- ?) dy 0 

0 

where 

f ( l  - cos e 2) 4 R uij sin x d x 

f (1-  cos e x) s i n x  d x  

- 0 
Qij@ = 

0 (93) 

Here uij = uij (x, g) is the differential scattering cross sect-an for t..e pair 
i -  j , x is the scattering angle in the center of mass system, 
velocity of the colliding particles, and y = Imimj/2(mi i- mj)kTIg2 g is the 
reduced velocity. 
tions of temperature and gas composition for each pair of species in the mixture 
from basic cross section data, which are either in tabular form o~ are given as 
simple analytical functions of temperature and composition. 

is the relative 

In NATA, the cross sections Qj (e*  are calculated as func- 

*The quantity designated here as ?$(p* s) is called n 02 S2ij(R, S I *  in ref. 5 and n cij(p* s, in ref. 6. 



The frozen thermal conductivity Kf appearing in (83) is calculated from the 
modified Eucken approximation (ref. 8) : 

where K, is the translational component of the thermal conductivity given by 
equations (85) to (91) , 

is the component of the thermal conductivity resulting from the internal ex- 
citation energy of the molecules, and cpi is the specific heat at constant pres- 
sure for the ith species. 
given by 

The frozen specific heat cpf for the mixture is then 

where 

n 

w =  c xi w; (97) 
i =  1 

is the average molecular weight, and XiWi/W is the mass fraction of species i 
in the mixture. 

For the electrical conductivity, the NATA code uses an expansion of the 
first Chapman-Enskog approximation (ref. 5) to lowest order in the ratio(me/m;) 
between the electron and atom masses, 

where e is the electronic charge and the prime on the summation sign indicates 
that the term Xe 4ef1) is to be omitted from the sum. The complete first 
Chapman-Enslcog approximation, 

is used for the atom-molecule diffusion coefficient required in the Lewis number 
calculations. 
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3.2 

The accuracy of equations (85) t o  (91), which are used f o r  the  calculat ion 
of t he  v iscos i ty  and t r ans l a t iona l  thermal conductivity i n  NATA, has been dis- 
cussed i n  reference 7, and i t  is own t ha t  these equa 
sults within a percent o r  less of the f i r s t  Chapman-En 
considerable savings i n  computation t i m e .  The accurac 
Enslwg approximation i t s e l f  depends p r i m a r i l y  on the temperature dependence of 
the  co l l i s ion  cross  sec t ions  fiij''* f o r  the various species i n  the  gas. The 
approximation i s  exact f o r  cross  sec t ions  which vary inversely as fl (i .e. ,  
constant co l l i s ion  frequency, o r  force proportional t o  the  inverse f i f t h  power 
of t h e  internuclear  separat ion) ,  and becomes progressively poorer as the 
temperature dependence of the cross  sect ions deviates fur ther  from t h i s  l a w .  
For neutral-neutral  and neutral-ion co l l i s ions ,  where the cross sec t ion  depen- 
dence is close t o  1 n, the f i r s t  Chapman-Enskog approximation generally gives 
t ransport  p roper t ies  within a few perce t of the exact so lu t ion  (ref .  5). Be- 
cause the  co l l i s ion  cross  sect ions Qij(es)  are known only within about 10 t o  
20 percent at bes t ,  f o r  the species considered i n  the NATA code, the addi t iona l  
e r r o r  introduced i n t o  the  calculated t ransport  p roper t ies  by the use of the f i r s t  
Chapman-Enskog approximation f o r  neutral-neutral  and neutral-ion co l l i s ions  is 
negl igible .  

The e f f ec t s  of Coulomb co l l i s ions ,  f o r  which the cross  sect ions are propor- 
t i ona l  t o  l / T 2  , are not given very accurately by the  f i r s t  Chapman-Enskog 
approximation; f o r  example, i n  the  l imi t ing  case of a f u l l y  ionized gas, the 
t ranspor t  p roper t ies  calculated from t h i s  approximation d i f f e r  by about a f ac to r  
of two from those obtained from an exact solut ion of the  Boltzmann equation 
(ref .  9). Coulomb co l l i s ions  are t rea ted  i n  NATA using e f f ec t ive  cross  sect ions 
which are chosen t o  make the t ransport  propert ies  calculated from equations (85) 
t o  (99) agree with the  exact solut ions f o r  a f u l l y  ionized gas a t  low pressures 
( re f .  9) .  The t ranspor t  propert ies  calculated from equations (85) t o  (99) f o r  
p a r t i a l l y  ionized gases using these e f f ec t ive  Coulomb cross  sec t ions  are then 
found t o  agree with accurate calculat ions €or p a r t i a l l y  ionized gases ( refs .  10 
t o  12)  within about 10 t o  20 percent a t  a l l  degrees of ionizat ion,  which i s  again 
within the accuracy of the  avai lable  cross  sect ion data .  

The e f f ec t ive  c ross  sec t ions  used f o r  Coulomb col l i s ions  i n  the NATA code 
are given by the following equations: 
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- 
= 2.71 Q, 

- 
Q12(2r 2, = 5.44 Q, 

622(1,1) = 12.7 Q, 

where the  subscr ipts  e ,  1 and 2 represent respect ively 
and doubly charged ions,  

e i s  t h e  e lec t ronic  charge, 
3 (kT)3'2 

2 e3  (nne)'/2 
A = -  

is the Debye shielding parameter introduced by Spi tzer  

(100a) 

electrons and s ingly 

(1OOb) 

(10Oc) 

( re f .  9) ,  ne is the  num- 
ber of f r e e  e lectrons per u n i t  volume, and f i s  a correct ion fac tor  t o  take 
account of the  reduced effect iveness  of the shielding a t  high electron densi t ies .  
The correct  form f o r  the fac tor  f is not known at  the  present t i m e  and a number 
of d i f f e r e n t  approximations have been suggested f o r  i t  ( re fs .  13 t o  16). For 
e lectron number d e n s i t i e s  below about 1017 t o  l O 1 8 / c m 3  f is  -1 and a l l  approxi- 
mations f o r  the  t ransport  propert ies  ( re fs .  13 t o  16) agree within about 10 t o  
20 percent; a t  higher e lectron dens i t ies ,  however, subs tan t ia l  differences 
between t h e  d i f f e r e n t  approximations begin t o  appear ,  and the correct  treatment 
of t h e  problem has not  ye t  been established. The NATA code uses the approxima- 
t i o n  suggested by Yos ( re f .  7): 

f =J1+y*r". 64n e2 1/3 
(100d) 

However, as noted above, the  e r r o r s  i n  t h i s  approximation may be la rge  a t  the  
higher e lectron dens i t ies .  

Errors  i n  the  f i r s t  Chapman-Enskog approximation may a l s o  be la rge  f o r  
electron-neutral  co l l i s ions ,  ranging up t o  about a f a c t o r  of th ree  i n  the  case 
of electron-argon atom c o l l i s i o n s  (ref 10) , because of t h e  strong temperature 
dependence of the cross  sect ions which r e s u l t s  from the  Ramsauer e f f e c t  i n  argon. 
For t h i s  case a lso ,  the  NATA code makes use of e f f e c t i v e  c o l l i s i o n  cross sec- 
t ions  i n  equations (83) t o  (99) t o  ca lcu la te  the t ransport  propert ies ,  with t h e  
cross  sect ions being chosen t o  match the  experimental electrical conductivity 
da ta  as w e l l  a s  possible.* For those cases i n  which comparisqns have been made, 
t h i s  approach y ie lds  t ransport  propert ies  which agree with the  ava i lab le  experi- 
mental data  within experimental e r r o r ,  which i s  generally of the order of 20 t o  
30 percent; however, l a r g e r  e r r o r s  than t h i s  a r e  of course possible  i n  other 
cases. 

*Note that electrical conductivity is the only transport property which is significantly dependent on the electron-neutral cross sections. 
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The accuracy of t h e  modified Eucken approximation used i n  the  thermal con- 
duc t iv i ty  calculat ions f o r  t h e  NATA code has been examined i n  d e t a i l  by Mason 
and Monchick ( re f .  17). 
cent i n  cases where there  is a rapid exchange of energy between exc i ta t ion  and 
t r a n s l a t i o n a l  states through i n e l a s t i c  c o l l i s i o n s ,  as i s  normally t h e  case f o r  
r o t a t i o n a l  exc i ta t ion  i n  low temperature gases; however, the  e r r o r s  become 
smaller when the  exchange i s  less rapid,  and are negl ig ib le  i n  cases where 20 o r  
more c o l l i s i o n s  are required f o r  the exchange of energy between i n t e r n a l  excita- 
t i o n  and t ranslat ion.  
temperature gases, e r r o r s  resu l t ing  from the use of the  modified Eucken approxi- 
mation should generally b e  a few percent o r  less i n  t h e  NATA code, though e r r o r s  
of as much as 10 t o  20 percent may arise from t h i s  source i n  exceptional cases, 
where the  i n e l a s t i c  c o l l i s i o n  cross  sect ions f o r  some of the important i n t e r n a l  
states of a species are large: 
does not  ord inar i ly  contr ibute  very s i g n i f i c a n t l y  t o  the thermal conductivity 
( ref .  18), s o  t h a t  i n  such cases the  modified Eucken approximation is necessar i ly  
va l id ,  regardless of the behavior of t h e  i n e l a s t i c  cross  sect ions.  

Errors  i n  t h i s  approximation may approach 10 t o  20 per- 

Because the latter s i t u a t i o n  i s  normally the  case f o r  high 

For atomic gases, of course, i n t e r n a l  exc i ta t ion  

I n  summary, t h e  accuracy of the  t ransport  property calculat ions i n  the  NATA 
code appears t o  be governed i n  almost a l l  cases by the  accuracy of the data  on 
atomic and molecular c o l l i s i o n  cross  sect ions used i n  the  calculat ions.  For the  
cross  sect ion d a t a  compiled i n t o  the code, t h i s  accuracy should generally be i n  
t h e  range from about 20 t o  40 percent,  except i n  the  case of carbon containing 
mixtures, where only rough cross  sect ion estimates a r e  ava i lab le  f o r  some species  
and e r r o r s  may consequently range up t o  as much as a fac tor  of two o r  more on 
occasion. 

The discussion of t h e  accuracy of the  t ransport  property ca lcu la t ions  i n  
NATA has not rncluded any er rors  i n  the  calculated t ransport  property values 
which may a r i s e  from e r r o r s  i n  t h e  gas composition da ta  used as input t o  these 
calculat ions.  When such e r r o r s  a r e  important, they w i l l  of course decrease the  
absolute accuracy of the calculated t ransport  propert ies  and may need t o  be con- 
sidered i n  evaluating the  overa l l  accuracy of the  code r e s u l t s .  

3 .3  Method of Calculation 

The formulas i n  Section 3.1 give the  desired t ransport  propert ies  i n  terms 
of t h e  temperatureT,  t h e  species mole f rac t ions  X i ,  molecglar weights Wi , speci- 
f i c  hea ts  Cpi , and t h e  average c o l l i s i o n  cross sectiofis Qij'ez ')(TI . A l l  of 
these data ,  except the cross sect ions,  a r e  provided by the gas dynamic calcula- 
t i o n s  i n  NATA. 

The cross  sec t ions  f o r  a l l  of the p a i r s  of species are computed i n  a series 
of s teps .  
each s tep ,  t h e  values of Q ( ' v  '1 , d 2 p 2 )  , andB d ' 7  '1 a r e  computed by a particu- 
l a r  method (or option) with a p a r t i c u l a r  set of parameter values,-and these 

Bfj Q i j ( ' 9  for  each p a i r  of species (i ,  j ) t o  which t h e  s t e p  i s  applicable. 
The information concerning the  appl icabi l i ty  of s t e p s  t o  species  p a i r s  i s  s tored 
i n  index arrays.  
t o  a p a r t i c u l a r  species p a i r ,  then the cross  sect ions f o r  t h a t  p a i r  are the  
values computed during t h a t  s tep .  
pair ,  t h e  cross  sect ions for' the  p a i r  are b u i l t  up by adding contributions from 

F i r s t ,  t h e  cross  section? f o r  a l l  paiEg a r e  set t o  zero. Then, i n  

valu_es are added t o  the  corresponding cross sect ions Qij('9 , Q*.(2, 2f , and 

I f  only one s t e p  of .the cross sect ion calculat ion i s  appl icable  

I f  more than one s tep  i s  appl icable  t o  t h e  
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the  d i f f e ren t  s teps .  This procedure provides considerable f l e x i b i l i t y  i n  the  
representat ion of the  cross  sect ions.  I f  the  c ross  sect ions are poorly known 
f o r  severa l  minor p a i r s  of species ,  but are considered l i k e l y  t o  be roughly the  
same f o r  a l l  pa i r s ,  then the cross  sect ions f o r  a l l  of these p a i r s  can be set 
i n  a s ing le  s tep .  

The code contains defaul t  provisions f o r  estimating some cross  sec t ions  i f  
they are not spec i f ied  e x p l i c i t l y  i n  the  compiled-in da ta  or  the input.  
of the specif ied s t eps  i s  appl icable  t o  a pa r t i cu la r  pa i r ,  and i f  both of the 
species  are ions,  then the  e f f ec t ive  Coulomb cross  sec t ions  (100) are used. I f  
one species  i s  neu t r a l  and the o ther  ionized, the  formula 

I f  none 

i s  t he  de fau l t  option. The constants A(', ') are compiled i n t o  the  code. I f  
both species  ,are neu t r a l  and are unl ike (not the  same species) ,  the  cross  sec- 
t i ons  are estimated using the simple mixing r u l e  

However, i f  cross  sect ion data  are not specif ied €or l ike- l ike  co l l i s ions  of a 
neu t ra l  species ,  the code does not  a t t e m p t  t o  provide estimates of the cross  
sec t ions ,  but  re turns  an e r r o r  message and terminates the  case. 

The compiled-in data  specify s t e p s  f o r  calculat ing the cross  sect ions f o r  
the  l ike- l ike  in te rac t ions  of a l l  of the  standard species, and f o r  those unl ike 
in te rac t ions  f o r  which experimental o r  t heo re t i ca l  cross  sec t ions  are ava i lab le  
i n  the  l i t e r a t u r e .  None of the standard gas models requires  a l l  of these s teps .  
For example, the  a i r  models do not need the s t eps  specif ied f o r  calculat ing the  
cross  sect ions i n  helium. A t  the  beginning of each NATA case,  the code e d i t s  
the s t e p s  of the  cross  sec t ion  ca lcu la t ion  t o  e l iminate  those which are not 
needed i n  the current  gas model, and t o  i n s e r t  required but  unspecified s teps  
in accordance with the  previously described defaul t  options. 
of the  s t eps  i n  the  unedited and edi ted cross sec t ion  ca lcu la t ions  can be ob- 
ta ined by s e t t i n g  a control  input.  

A pr inted summary 

3 . 4  Cross Section Models 

NATA contains 12 methods o r  options f o r  calculat ing 
B* i n  a pa r t i cu la r  s tep.  

, G(2> 2, , and 
Each of these options i s  b r i e f l y  described below. 
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3.4.1 Coulomb Cross Sections 

I n  t h i s  option, t h e  cross sect ions a re  

B* = 1.5625 

where C1 and C2 are specif ied constants, and Q, i s  given by equations ,(lOOb) 
and ( 1 0 0 ~ ) .  

3.4.2 Exponential Poten t ia l  

Here, the  cross sect ions a r e  obtained from Monchick's ( re f .  19) c o l l i s i o n  
i n t e g r a l s  f o r  the  exponential po ten t ia l ,  4 = A d P  , which are compiled i n t o  the 
code. The input parameters are A/k and p . 

3.4.3 Charge Exchange Cross Section 

I n  t h i s  option, and B* a r e  calculated f o r  a resonant charge ex- 
change cross sect ion of the form 

(104) 

where v i s  t h e  r e l a t i v e  velocity.  i s  not calculared i n  t h i s  ca5e. The 
input  parameters are A ,  B , and the atomic weight. The nij'l' and Bij com- 
puted can e i t h e r  replace t h e  value computed i n  earlier s teps  of t h e  cross sec- 
t i o n  calculat ion o r  be added t o  them. 

2 Qe, = (A - B loglo V) 

c(27 2, 

3.4.4 Tabulated Cross Section 

Here the cross  sect ions a r e  given i n  tabular  form as  functions of tempera- 
ture.  

3.4.5 Power Law Potent ia l  

This option ca lcu la tes  c o l l i s i o n  cross sect ions f o r  an inverse power law 
poten t ia l ,  4 = At-7 , based on t h e  analysis  of Kihara, Taylor, and Hirschfelder 
( ref .  20). The required inputs  are q and the quant i t ies  

al = a r  (3 - :) +/3 A(1) (7) 
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where A(')($ and A(2)($ are tabulated functions which are given fo r  both 
a t t r a c t i v e  and repulsive po ten t i a l s  i n  reference 2 0 .  

3 . 4 . 6  Lennard-Jones (6-12)  Poten t i a l  

This option ca l cu la t e s  the  cross sec t ions  f o r  the  Lennard-Jones (6-12)  po- 
t e n t i a l ,  equation ( 8 2 ) .  The input parameters- a k a n d u .  The tabulated 
c o l l i s i o n  i n t e g r a l s  are compiled i n t o  the code. 

3 . 4 . 7  Transferred Cross Sections 

This option allows cross sec t ions  calculated f o r  one p a i r  of species t o  b e  
used a l s o  f o r  o the r  pa i r s ,  possibly with a constant multiplying fac tor .  
cross sec t ions  are calculated from the formulas 

The 

where t h e c k  are constant f a c t o r s  and the  subscr ip t  ii 
which the  c ross  sec t ions  were previously calculated.  

i nd ica t e s  the  p a i r  f o r  

3 . 4 . 8  Empirical Mixing Rule 

Here the  cross sec t ions  f o r  a pa i r  of unlike species ( i , j  ) are calculated 
from the  empirical  mixing r u l e  ( 1 0 2 ) .  
added t o  the  previous values f o r  t he  pa i r .  

These calculated cross sec t ions  are then 

3 . 4 . 9  Fairing Option 

This option modifies the  previously calculated cross sec t ion  values f o r  a 
species p a i r  according t o  the  formula 

where f(T) i s  a l i n e a r  f a i r i n g  f ac to r  given by 

This option allows the  use of d i f f e r e n t  forms f o r  t he  cross sec t ion  i n  d i f f e r e n t  
p a r t s  of the temperature range, with a smooth t r a n s i t i o n  between them. 
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3.4 .10  Generalized Mixing Rule 

s option is  a genera l iza t ion  of t h e  empirical mixing r u l e  (102) i n  whi 
the cross sec t ions  are calculated from t h e  formula 

where (4 j ) and (m, n) are any spec i f ied  species pairs .  

3.4 .11  Same-pair Transfer 

This option ca l cu la t e s  one of t he  averaged c o l l i s i o n  cross sec t ions  $ 
f o r  a p a i r  of spec ies  from the previously calculated value of a d i f f e ren t  de, 
f o r  the pair .  I n  terms of the notation 

- Q..('I I &(', 1) 
'1 'I 

the  new cross sec t ion  is calculated from the formula 

where m andn are two spec i f ied  in t ege r s  i n  the range from 1 t o  3,  and C is a 
constant. 

3.4.12 Multiplication by a Constant 

This option mul t ip l ies  previously calculated values of the c o l l i s i o n  c ross  
sec t ions  fo r  a p a i r  of species by a constant f ac to r ,  according t o  the  formulas 

This is t h e  same as the option described i n  Section 3 .4 .7 ,  except t h a t  here t h e  
cross sections f o r  a species p a i r  are obtained from previously calculated va lues  
fo r  t he  same p a i r  ins tead  of those fo r  a d i f f e r e n t  pa i r .  

-44- 



4 .  NOZZLE AND CHANNEL GEOMETRIES 

4.1 Uses of Geometric Information i n  NATA 

The NATA code uses information about nozzle and chan 
following three  d i s t i n c t  purposes. 

4.1.1 A r e a  Rat io  Calculations 

In the equilibrium and frozen flow so lu t ions ,  the  gas temperature is taken 
as the  independent var iable .  The code decrements the  temperature repeatedly,  
s t a r t i n g  at the  reservoi r  value,  and a t  each poin t  ca lcu la tes  a l l  the  other  flow 
var iab les ,  including t h e  e f f ec t ive  area ra t io :  

A, = A;/A’ 
e* 

Here, A; is the  e f f ec t ive  cross  sec t iona l  area of the  inv isc id  flow, while A; 
is the  cross  sec t iona l  area of the flow a t  the sonic  point.  The nozzle geome*try 
is then used t o  determine the .posit ion i n  the nozzle,  as spec i f ied  by the a x i a l  
coordinate x , corresponding t o  t h i s  e f f ec t ive  area r a t i o ,  I f  the boundary layer  
on the nozzle w a l l  is neglected, t h i s  so lu t ion  f o r  x i s  straightforward. I f  
the  boundary l aye r  i s  included, the  so lu t ion  must be based on a relation*between 
the  e f f ec t ive  area r a t i o  A , ,  the  boundary layer  displacement thickness 6 , and 
the  geometric area r a t i o .  

Ag = A;(x)/Ah (114) 

In  (114), A ’  is the  geometric cross  sec t iona l  area a t  pos i t i onx  , and A& i s  the 
cross  sec t iona l  area a t  t he  throa t .  g 

The non-equilibrium flow so lu t ion  is s t a r t e d  j u s t  downstream of the reser- 
v o i r  as a perturbed equilibrium solut ion.  The gas temperature is again the  in- 
dependent var iab le ,  and the  geometric descr ipt ion of the  nozzle i s  used t o  de- 
termine t h e  axial coordinate corresponding t o  each computed flow condition. 
When the per turbat ions exceed a ce r t a in  l i m i t ,  the  so lu t ion  is continued by in- 
tegra t ion  of the  non-equilibrium rate equations, using x a s  t he  independent 
var iable .  I n  the  region of the non-equilibrium in tegra t ion ,  the  geometric 
descr ip t ion  is  used t o  ca lcu la te  t he  geometric area r a t i o  f o r  given values o f x  . 
I f  the  boundary l aye r  is  included i n  the so lu t ion ,  i t  is  a l so  necessary t o  
ca l cu la t e  the  e f f ec t ive  area r a t i o  from the  geometric area r a t i o  and the dis- 
placement thickness.  

4.1.2 Boundary Layer Calculations 

The ove ra l l  geometry of the  nozzle o r  channel w a l l  determines the conver- 
gence o r  divergence of s t reamlines  i n  the boundary layer ,  and thus a f f e c t s  t h e  
rate of buildup of boundary l aye r  thsckness. For example, i f  the  s t reamlines  
diverge,  the  gas flowing i n  the boundary layer  expands l a t e r a l l y ,  and as a re- 
s u l t  the  thickness increases  more slowly than i t  would i f  the  s t reamlines  were 
pa ra l l e l .  

. 
-45- 



4.1.3 Specif icat ion of Model Points  and Channel Points 

NATA can provide calculat ions of stagnation-point conditions on axisymmetric 
o r  two-dimensional models, and of the conditions along the surface of a blunted 
wedge model. 
ing  edges of such models w i l l  b e  placed is t o  input  a list of test sect ion 
diameters. Similarly,  points .at which flow calculat ions a r e  desired i n  a rec- 
tangular channel can be specif ied by input t ing a - l i s t  of values of the channel 
width. I n  each such case, the nozzle o r  channel geometry must be used t o  deter- 
mine the values of x corresponding t o  the input diameters o r  widths. 

One way of specifying the  locat ions i n  the flow a t  which the lead- 

4.2 Basic Geometric Options 

NATA has been programmed t o  provide flow calculat ions f o r  three types of 
nozzle geometry: 

(1) axisymmetric nozzle 

(2) two-dimensional nozzle 

(3) rectangular channel. 

I n  a13 three cases, the nozzle shape is specif ied by means of curvef i t s  t o  noz- 
z l e  w a l l  p rof i les .  
y is the perpendicular dis tance from the nozzle ax is  to the w a l l ,  and x is an 
a x i a l  coordinate, zero a t  the geometric throat  and increasing i n  the downstream 
direct ion.  

Each such p r o f i l e  may be  described by a function y (x), where 

I n  the case of an axisymmetric nozzle, the geometric cross sec t iona l  area 
of the nozzle a t  a s t a t i o n  x is given by 

A’  = n[y(x)12 8 

Thus, the  geometric area r a t i o  i s  

2 
A g =  [ ~ ]  

where yo = y ( 0 ) .  
length i n  the z-direction i s  

For a two-dimensional nozzle, the cross-sectional area p e r  un i t  

A ’  = 2 Y(X) (117) g 

and the geometric area r a t i o  is 

y (x) 

yo 
A = -  

Description of a rectangular channel requires two p r o f i l e s ,  Y(X) and Z(X). 
The cross sec t iona l  area a t  a x i a l  posi t ion x is 
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and thus the geometric area r a t i o  i s  

It is assumed i n  equation (120), and i n  the code, t h a t  both the p r o f i l e s  for  a 
channel have their-minima at  the  same a x i a l  locat ion,  x = 0 .  

4 . 3  P r o f i l e  Description 

Each p r o f i l e  used i n  NATA is  represented by an ana ly t ica l  curvef i t  contain- 
ing  up t o  12 sections.  The p r o f i l e  must be continuous and must have a continu- 
ous f i r s t  derivative.  
and a t  least two must l i e  downstream. 
NATA case involves e i t h e r  one o r  two prof i les ,  depending upon whether the flow is 
i n  a nozzle o r  a channel. 

A t  least two sect ions must l i e  upstream of the throa t ,  
The throa t  must be a sect ion boundary. A 

Each sect ion i n  a p r o f i l e  f i t  can have one of three avai lable  forms: 

(1) S t ra ight  Line 

(2) Circular  A r c  Convex Downward 

y(x) = P1 - j- (122) 

(3)  Circular  Arc Concave Downward 

Y(X) = P1 + JP? - (x - P2)* 

I n  the second and t h i r d  forms, P3 is the radius of the c i r c u l a r  a r c  andP2 , P1 
are the x and y coordinates, respectively,  of the c i r c l e  center.  

The parameter values Pl ,P2 , P3 for  each sec t ion  must be chosen so that the 
e n t i r e  p r o f i l e  f i t  represents the  given nozzle o r  channel pr,ofile with adequate 
accuracy, subject  t o  the following conditions: 

dy/& continuous everywhere 

dy/dx < 0 f o r  x < 0 

dy/dx > 0 f o r  x > 0 
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where Ro is the  throa t  radius i n  centimeters. The last three conditions imply 
t h a t  dy/& = 0 a t  x = 0 .  
veloped f o r  computing the parameters of NATA nozzle p r o f i l e  curvef i t s  from the  
kinds of da ta  avai lable  on engineering drawings, i.e., lengths,  angles, and 
r a d i i  of curvature. 

A separate  computer program ca l led  NOZFIT has been de- 

An addi t ional  constraint  on the p r o f i l e  f i t s  has been establ ished by experi- 
ence: There must not be any region of non-zero length i n  which the geometric 
area r a t i o  is constant,  o r  nearly constant,  and approximately equal t o  1. I f  
such a region is present i n  the nozzle f i t ,  t h e  non-equilibrium so lu t ion  usually 
becomes unstable i n  t h a t  region. 
has a f i n i t e  region of constant area ( i , e . ,  a s t r a i g h t  tube) a t  the  throa t ,  i t  is 
necessary t o  modify the curvef i t  s l i g h t l y  i n  order t o  obtain r e l i a b l e  operation 
of the non-equilibrium solut ion.  I n  prac t ice ,  representing such a region as a 
converging sectiorl with a convergence angle of 3 degrees has given sa t i s fac tory  
r e s u l t s  i n  most cases. 

Thus, i f  the ac tua l  nozzle being represented 

4 . 4  Relations Between the Geometric and Effect ive Area Ratios 

The laminar boundary layer  on the nozzle wal l  displaces the streamlines i n  
the inv isc id  flaw, thus changing the e f f e c t i v e  nozzle geometry. The amount by 
which the e f f e c t i v e  boundary of the inv isc id  flaw is *shifted is ca l led  the  bound- 
ary layer  displacement thickness, and is denoted b y 6  . The displacement thick- 
ness can be e i t h e r  pos i t ive  o r  negative,  depending on the boundary layer  veloci ty  
and temperature prof i les .  In  typ ica l  NATA so lu t ions ,  6* is negative i n  the up- 
stream and throa t  regions, and becomes pos i t ive  a t  some point downstream of tbe 
throat; 
and 62 , one f o r  each p a i r  of channel w a l l s .  
generally unequal because of the d i f f e r e n t  amounts of streamline convergence o r  
divergence i n  the boundary layers  on the  two p a i r s  of w a l l s .  

I n  channel flow problems, there  are two displacement thicknesses,  61 
These displacement thicknesses are 

In many p a r t s  of the code, i t  is necessary t o  ca lcu la te  the geometric area 
r a t i o  Ag from the e f f e c t i v e  a rea  r a t i o  Ae, o r  conversely. 
the two area r a t i o s ,  upon which both of these subroutines are based, depends upon 
the type of nozzle geometry. 
area per u n i t  length i n  the 2-direct ion is  

The r e l a t i o n  between 

For a two-dimensional nozzle, the  e f f e c t i v e  flow 

A; = 2 [y(x) - 6*1 ( 124) 

A t  the sonic  poin t ,  the  e f f e c t i v e  area is 

A' = 2 [y* - $1 (125) e* 

where the subscr ipt  * denotes sonic  conditions. Hence, the e f f e c t i v e  area r a t i o  
is equal t o  

-48- 



Because the sonic  point is near the geometric th roa t ,  e dy/& the 
throa t ,  the  p r o f i l e  ordinate y* a t  the sonic point is approximately equal t o  the 
ordinate  YO a t  the  throat .  I n  NATA, the  difference between these two quant i t ies  
is neglected. Hence, from (118) and (126) , 

(127) 
Ag =i - 6* + (1  - Z ) A e  

YO YO 

For an axisymmetric nozzle, the e f f e c t i v e  flow ar 

A '  = n(y - (128) e 

and a t  the sonic  point 

AC* = n (y* - 3x12 (129) 

Hence, with the approximation y* 'c YO , 

A =  

Equations (116) and (130) give 

2 

A = [z Yo + (1-5)&] YO 

I n  the  case of a rectangular channel, the e f f e c t i v e  flow area is  

while at  t h e  sonic  point  

A' 
e* 

= 4 (y* - S*,,) (z* - &I 

Hence, with the  approximations y* %yo z* ='zo , 
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Combination of (120) and (134) gives 

This is not an e x p l i c i t  so lu t ion  fo r  Ag as a function of A, and 8; , 6 , be- 
cause the r i g h t  hand s i d e  still  contains the  p r o f i l e  ordinates ,  y and2 . 
are known as functions of x ,  but  x is not known u n t i l  Ag has been determined. 
It is therefore  necessary t o  carry out the  so lu t ion  f o r  Ag using an i t e r a t i v e  
method, i n  the  case of channel geometry. 

These 
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5. LAMINAR BOUNDARY LAYER 

The NATA code contains an opt ional  calculat ion of the buildup of a l a m i  
boundary layer  on the nozzle o r  channel w a l l .  The r e su l t s  of t h i s  calculat ion 
are used i n  two d i s t i n c t  ways: 

(1) The boundary layer  displacement thickness 6* 
f ec t ive  inv isc id  area r a t i o  A e  t o  the 'geometric area r a t i o  
plained i n  Section 4 .  In  t h i s  way, the inv isc id  flow solut ion is 
coupled with the boundary layer  solut ion.  

The heat  f l u x  and shear  stress a t  the w a l l  are pr inted as code outputs.  
These data  can be used t o  test the overa l l  flow model by comparison with 
experimental measurements. 
ta ining a test panel,  these outputs provide predict ions of the  test con- 
d i t ions  on the panel. 

(2) 

In  the case of a rectangular channel con- 

5.1 Boundary Layer Transit ion Cr i te r ion  

The laminar boundary layer  calculat ion i n  NATA is appl icable ,  of course, only 
i f  the  boundary layer  i n  the case being invest igated is ac tua l ly  laminar and not 
turbulent .  Schlichting ( r e f .  21, pp. 457-463) has reviewed the avai lable  da ta  on 
boundary-layer t r ans i t i on  i n  incompressible flows. 
t ha t  a laminar boundary layer  is unconditionally s t a b l e  as long as the  Reynolds 
number based on momentum thickness,  

A s t a b i l i t y  analysis  shows 

NRee = PeUe '/Pe (136) 

is less than 162. 
and v iscos i ty ,  respect ively,  and 8 is  the momentum thickness,  

I n  (136), pe , ue , and pe are the  free-stream density,  veloci ty ,  

(137) 

In  (137), y i s  a coordinate loca l ly  normal t o  the  surface.  For values of NRee 
higher than the c r i t i c a l  value of 162, the boundary layer  is  unstable,  but the  
occurrence of t r ans i t i on  depends upon the l eve l  of turbulence i n  the f r e e  stream. 
Transi t ion occws nearNRe6= 162 only f o r  extremely high turbulence leve ls .  For 
exceptional1:T smooth free-stream flows t r ans i t i on  does not occur u n t i l  anNReeof 
about 90C is reached. 

t h e  t r ans i t i on  Reynolds number a l so  var ies  with o ther  flow parameters. 
increases  with increasing Mach number and with' increasing favorable pressure 
gradient,  and decreases with mass in j ec t ion  a t  the  w a l l .  I n  a recent study ( re f .  

It 

extensive data  on boundary layer  t r ans i t i on  have been compiled and correlated 
free-stream Mach number M i  and NRee. The da ta  can be f i t t e d  by the r e l a t ion  

22) , 
w i t h  

0.224 Me, T 
NRee, T = 200 e 
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where the subscr ip t  T r e fe r s  t o  conditions a t  t rans i t ion .  
s iderable  scatter, so t h a t  they do not determine the numerical coef f ic ien ts  i n  
(138) with high precis ion.  The choice of the value 200 f o r  the  critical Reynolds 
number a t  zero Mach number, i n  place of 162 o r  o ther  possible  values,  
count' of the f a i r l y  high l eve l  of turbulence present i n  arc-heated a i r  
of the s t rong favorable pressure gradient accelerat ing the  flow i n  a c 
diverging wind tunnel nozzle, and of the absence of m a s s  i n j ec t ion  through the  
nozzle w a l l .  A t  Mach n ers below 6 ,  equation (138) gives a lower t r ans i t i on  
Reynolds number than t h  
conditions. 

The data  contain con- 

o r r e l a t ion  recommended i n  reference 22 €or  f l i g h t  

The Reynolds number N R ~ ~  (136) and the t r ans i t i on  Reynolds number NRe(j, T !138) 
are computed and pr inted out by NATA. In  most cases lying within the  operating 
envelopes of ex is t ing  NASA/JSC arc-heated wind tunnels,NR,e remains smaller than 
NRee,Tthroughout the solution.* Thus, the assumption tha t  the  boundary l aye r  i s  
laminar i s  probably va l id  i n  most cases of current  i n t e r e s t  t o  NASAIJSC. 
a proposed upgraded pumping capabi l i ty  allowing mass flows up t o  1.5 lb / sec  would 
make accessible  a range of operating conditions i n  which the boundary layer  would 
of ten  become turbulent.  

However, 

5.2 Basic Equations and Transformations 

The bas i c  non-equilibrium invisc id  flow so lu t ion  car r ied  out  by NATA requires ,  
typ ica l ly ,  a few minutes of computer t i m e .  The equilibrium and frozen inv isc id  
so lu t ions  are much f a s t e r .  The choice of a method f o r  performing the  laminar 
boundary layer  ca lcu la t ion  w a s  guided, i n  p a r t ,  by the  requirement: t h a t  solut ions 
including the boundary layer  should not  consume a grea t  deal  more computer t i m e  
than the bas i c  inv isc id  solut ions.  This c r i t e r i o n  ruled out t he  use of exact 
solut ions of the  p a r t i a l  d i f f e r e n t i a l  equations f o r  the  laminar boundary l aye r ,  
and narrowed the  choice t o  one of several ava i lab le  approximate methods. The 
technique chosen i s  an i n t e g r a l  method developed by Cohen and Reshotko ( re f .  23). 
This technique is an extension of Thwaites' cor re la t ion  method f o r  incompressible 
boundary layers  ( re f .  24) t o  the  compressible case with heat  t ransfer .  It treats 
the e f f e c t s  of a rb i t r a ry  var iab le  pressure gradients.  
Probstein ( re f .  25, pp. 318-320) the Cohen-Reshotko i n t e g r a l  method is probably 
superior  i n  accuracy t o  the method of l oca l  s imi l a r i t y .  

According t o  Hayes and 

The Cohen-Reshotko method uses curvef i t s  t o  ce r t a in  boundary layer  proper t ies  
based on s i m i l a r  solut ions.  In  t h e i r  o r ig ina l  report  ( re f .  23), Cohen and 
Reshotko based these curvef i t s  on similar so lu t ions  f o r  Prandt l  number uni ty  and 
v iscos i ty  proport ional  t o  the absolute  temperature. The corresponding curvef i t s  
used i n  NATA are based on similar solut ions car r ied  out by Dewey and Gross ( re f .  
26), and include the dependence upon Prandt l  number, the viscosity-temperature 
index o appearing i n  p a p, and the  hypersonic parameter u = ue2 / 2 6 0 .  
is reason t o  hope tha t  the  boundary layer  calculat ions i n  NATA may be somewhat 
more accurate than those given by the Cohen-Reshotko method i n  i ts  o r ig5 -d  pub- 
l i shed  form. 

Thus, there  

*An exception is the boundary layer on the nonexpandjng face of a rectatigular channel, which often becomes turbulent a short 
distance beyond the throat. 
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The r e l a t i o n s  used i n  the  Cohen-Reshotko method w i l l  be derive 
from the equations f o r  an axisymmetric boundary layer  i n  a compress 
(See r e f .  27, pp. 384-385.) 

a u  aU a P  a + p v -  = - -  
pu ax aY a x  +F (~e) 

(139b) 

, (139a) 

( 1 3 9 ~ )  
a h  

p' dx 

In  these equations, p denotes the density,  p the  pressure,  p the  v iscos i ty ,  h the 
s t a t i c  enthalpy, and Np, the  Prandt l  number. The independent var iables ,  x and y , 
are  a p a i r  of loca l ly  orthogonal coordinates, with x p a r a l l e l  t o  the  surface along 
the streamwise d i rec t ion  and y lying along the normal t o  the surface.  
radius of t h e  surface from the  axis of symmetry is denoted by r (x). 

The l o c a l  

The equations (139) f o r  an axisymmetric boundary layer  can be converted i n t o  
those f o r  a two-dimensional boundary layer  using the Mangler transformation ( re fs .  
21 and 27) : 

- u = u  

(140a) 

(140b) 

(140c) 

(140d) L 
r 

- v = - (. +: ;) 
where L is  an a r b i t r a r y  non-zero s c a l e  length. 
boundary layer  a re  

The equations f o r  a two-dimensional 

(141a) 

(141b) 

( 1 4 1 ~ )  
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Cohen and Reshotko (ref.  23) base t h e i r  analysis  on equations (141). 
f i r s t  convert these equations i n t o  the  equat i  
l ayer  using the  Stewartson-Illingworth transformation (refs .  21, 28, 29): 

They 
f o r  an incompressible boundary 

Here, 

(142b) 

where T represents the absolute temperature and the  subscr ipts  w and 0 denote con- 
d i t ions  a t  the surface (wall) and free-stream stagnation conditions,  respectively. 
The symbola represents the sound speed, and subscr ipt  e indicates  l o c a l  free- 
stream (external)  conditions. The transformation of the  ve loc i ty  components is 
found by defining a stream function $ such t h a t  

Then 

To obtain the desired r e s u l t s  i t  is  necessary t o  assume t h a t  

(144a) 

(144b) 

(145a) 

(145b) 
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which is equivalent t o  

I*o 

i n  which A 
flow obeys 

a: f 

and 

T 

is given by (143). 
the equations f o r  a per fec t  gas, i n  p a r t i c u l a r  

It i s - a l s o  necessary t o  assume t h a t  the inv isc id  

h 

'e he 
- = -  (148b) 

The transformed momentum and cont inui ty  equations f o r  the boundary layer  are then 

d u e  

e dX 
+ ( I + S ) U  - vo - u - + v - =  au au BLU 

ax ay a Y* 
au av 
ax ay 
- + -  = o  

(149a) 

(149b) 

Cohen and Reshotko a l s o  give the  transformed energy equation, but  t h i s  is not re- 
quired i n  the subsequent analysis.  In equation (149a) 

where h, is the l o c a l  stagnation enthalpy and ho i s  t h e  s tagnat ion enthalpy i n  the 
f r e e  stream, and 

vo = &/PO 

The transformed boundary conditions are 

u (X, 0) = 0 (152a) 

l im S = 0 
Y + o o  

(152b) 

(152c) 

(152d) 

(152e) 
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5.3 

The incompressible momentum integral equation is now obtained by multiplying 
the continuity equation (1496) by ( U e - q ,  and subtracting the resulting relation 
from the momentum equation (149a). This gives 

This equatiqn is now integrated with respect to Y from Y = 0 to A ,  where A is a 
fixed distance encompassing the entire boundary layer. The result is 

where 

A 

6: = /  (l- -$)dY 

0 

A 

& =  [ S d Y  

0 

(155a) 

(155b) 

(155c) 

are the incompressible momentum, displacement, and enthalpy thicknesses for the 
boundary layer, respectively. Equation (154) is equivalent to 

d X  
‘0; 1 
d X  U, 

+ - (26; + Si* + &) - 
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Cohen and Reshotko define the  following non-dimensional 
parameters : 

boundary layer  

ei2 d u e  
Correlation parameter: n I - - - 

VO d X  

I n  terms of these parameters, t h e  equation (156) can be  expressed ( a f t e r  multipli-  
cation with 2 6; Ue /VO ) i n  the form 

where 

is termed the  incompressible form E actor .  

5.4 Correlation Method 

Cohen and Reshotko now assume t h a t  the non-dimensional boundary layer  param- 
eters e and Hinc , and a l so  the  Reynolds analogy f a c t o r  ( to  be defined l a t e r ) ,  can 
be  approximated as functions of t he  cor re la t ion  parameter n and the  value SW of S 
a t  the w a l l ,  i r r e spec t ive  of the previous h i s to ry  of t he  boundary layer. This is 
t h e i r  genera l iza t ion  of Thwaites’ cor re la t ion  concept. On t h i s  assumption, the 
right-hand s i d e  of equation (159) is a function of n andSw: 

N h  s,) = 2 [n ( ~ i ~ ~  + 2) + el (161) 

so t h a t  (159) becomes 

Figure 1 s h k s  the  form of the function N ( n ,  s,) f o r  favorable pressure  gradients 
(n<O ), based on similar boundary l aye r  so lu t ions  f o r  Prandtl  number unity and 
the v i scos i ty  law (146). 
Dewey and Gross (ref.  26). 
and Reshotko’s ana lys i s  are re l a t ed  t o  the  quan t i t i e s  f” (0 )  , 1 1  , 12 , and @ tabu- 
l a t e d  by Dewey and Gross as follows: 

The poin ts  i n  t h i s  f i gu re  represent r e s u l t s  tabulated by 
The parameters n , e , Hinc , and N appearing i n  Cohen 

n = - p (163a) 
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Figure 1 THE FUNCTION N (n, S,) BASED ON SIMILAR SOLUTIONS FOR 
N p r = l , U = l  
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(163d) 

The family of s t r a i g h t  l ines  i n  f igure  1 represents a simple curvef i t  t o  t h e  Dewey 
and Gross Data: 

N (n, S,) = A + B 6,) n (164) 

where 

B (S,) = 2.14 + 1.28 (l+S,) + 0.93 (I+&,)  4 

and 

(165a) 

A = 0.38 (165b) 

The l i n e a r  dependence of (164) upon n is required f o r  fur ther  progress i n  the  
analysis.  
the correct  value of N (n, s, ) is 0.441 f o r  a l l  S , ,  whereas the ana ly t ica l  f i t  
(164), (165) gives a value of 0.38. The coef f ic ien ts  (165) have been chosen t o  
optimize the accuracy f o r n  5 0.1, i.e., f o r  ra ther  s t rongly favorable pressure 
gradients,  because t h i s  is the  region of most frequent use and grea tes t  importance 
i n  NATA calculations.  

The f igure  shows t h a t  the l i n e a r  f i t  is reasonably accurate. A t  n = 0 , 

Subst i tut ion of the  curvef i t  (164) i n t o  the  d i f f e r e n t i a l  equation (159) gives 

- u  - d (-) n = A + B(s,) n ,  
e d X  dU,/dX 

For constant w a l l  temperature ( S ,  = const.) ,  equation (166) has the  so lu t ion  

where Xo is the value of X at: the point where the boundary layer  starts. 
conditions on the boundary layer  w i l l  be discussed below. 

The ex terna l  f lowfield Ue(X) is assumed known. 

I n i t i a l  

Thus, n c& be calculated at 
each point  X by a running quadrature, using (167). 
momentum thickness 6, can b e  obtained from (158): 

Then t h e  incompressible 
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Because the  shear parqmeter e is assumed, t o  be given as a function of n and S , ,  
and because S, is known, the  shear can then be calculated from equation (157). 
Similarly,  the displacement thickness can be evaluated from H;nc(n, SW 1, and the 
heat  f l u x  t o  t h e  wall from a Reynolds analogy factor .  Thus, equation (1671, to- 
gether  with Cohen and Reshotko's cor re la t ion  assumption, provides an e x p l i c i t  
descr ipt ion of t h e  boundary layer.  

5.5 Momenrum Thickness 

Subst i tut ion of the  Stewart s on- Illingwo r t h  transformation formulas (142 a)  
and (145a) gives the solut ion (167) f o r  n i n  terms of the  var iables  f o r  a com- 
press ib le  two-dimensional boundary layer:  

Then subs t i tu t ion  of the  Mangler transformation formulas (140a) and ( 1 4 0 ~ )  gives 
the expression for n i n  the case of an axisymmetric compressible boundary layer:  

A M,-B d M e  

a0 Po 
U 

To introduce a more compact notat ion,  l e t  

n' = A l / L @  (1 73) 

where L is a c h a r a c t e r i s t i c  length and the index j is 0 f o r  a two-dimensional 
boundary layer  and 1 f o r  an axisymmetric layer .  Then 

-60- 



where 5 is  the  streamwise coordinate along the surface (equal to x - ~0 f o r  the  
axisynrmetric case and t o  ff - % f o r  the two-dimensional case). 
non-dimensional. 

Both n '  and n are 

The momentum 
defined by 

Equations (142b), 

thickness f o r  a compressible two-dimensional boundary layer  is 

(145a), (155a), and (175) show t h a t  is r e l a t e d  t o  t h e  incom- 
press ib le  momentum thickness 0i by 

- Po a0 ' r- 
Pe ae 

'i 

Application of the Stewartson-Illingworth formulas (142a) and (145a) t o  equation 
(168), followed by use of (176), gives t h e  following e x p l i c i t  formula f o r  the 
momentum thickness of a two-dimensional compressible boundary layer:  

&s t h e  Reynolds number based on the c h a r a c t e r i s t i c  sca le  l e n g t h L .  
0 is independent of L . 
gradient through the  thickness of t h e  boundary layer  is negl ig ib le  (Pw = Pe 1, fo r  
a per fec t  gas 

The value of 
Because X is  defined by (143), and s ince the pressure 

Hence, (177) becomes 

The momentum thickness f o r  an axisymmetric boundary layer  i s  

0 

-61- 



From the Mangler transformation (1401, 
L -  

8 = - 8  
r 

and 

dMe L2 dMe 
- = - -  
d F  ,2 dx 

Substitution of these relations into (180) gives 

which is of the same form as (180). Thus, based on this formulation, the differ- 
ence in momentum thickness between axisymmetric and two-dimensional boundary 
layers with the same external flow Me ( 4 ) arises entirely from the difference in 
n resulting from use of equation (169) in the 2D case and (170) in the axisym- 
metric case. In both cases, the momentum thickness can be expressed, with the 
aid of (174), in the form 

The above formulation assumes, in the axisymmetric case, that the boundary 
layer thickness is everywhere Ygligible compared with the distance r of the wall 
from the axis of symmetry. 
stream in an axisymmetric nozzle, where the local Reynolds numberNReLcan become 
quite low owing to the rarefaction of the gas. 
nozzles, NATA applies an approximate transverse curvature correction to the momen- 
tum and displacement thicknesses. This correction is based upon the following 
reasoning (reference 3 0 ) .  Figure 2 shows a portion of an axisymmetric nozzle, in 
cross section, near a location where the nozzle radius is r and the tangent to 
the nozzle surface is inclined at an angle b to the nozzle axis. 
tum thickness e ' ,  including the effects of transverse curvature, is shown. 
flow area in the boundary layer, based on the thickness e ' ,  is the area of the 
conical frustum whose cross section is represented by the line segment AB in the 
figure. 

This assumption is not necessarily valid far down- 

Accordingly, for axisymmetric 

The actual momen- 
The 

This area is given by 

A = n ( 2 r  - B'cosb) 8' (186) 

It is assumed that this flow area is equal to the flow area 2 n r 8 ,  where 8 is the 
momentum thickness (184) or (185) based on the thin-layer analysis. This assump- 
tion gives the relation 

r 

cos b 
o ' =  - (187) 

This correction increases the calculated momentum thickness for axisymmetric 
nozzles. 
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NOZZLE WALL 

BOUNDARY LAYER 

84-1773 
AXIS OF SYMMETRY 

Figure 2 GEOMETRY OF TRANSVERSE CURVATURE CORRECTION 
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5.6 Displacement Thickness 

Cohen and Reshotko'(ref. 23) give the following relation between the displace- 
ment and momentum thicknesses: 

TO 6* 

0 'e 
(Hinc + 1) - - 1 - =  

where Hinc is defined by (160). This relation can also be derived from relations 
given by Dewey and Gross (ref. 26) for similar boundary layers with arbitrary 
Prandtl number, free-stream Plach numb*er, and viscosity-temperature indexw, for 
zero sweep angle. NATA calculates 6 from (188), using an analytical curvefit to 
Hint based on the Dewey-Gross data. 
the momentum thickness 6' corrected for the transverse curvature effect, equation 
(187), in (188). 

For axisymmetric boundary layers, NATA uses 

The curvefit to the incompressible form factor is 

Hinc + 1 = i0.25 +0.75 e4.6n [1 + (3 - 15.6n) (1 + S,)] 1 - 
-0.4 R, Np, - [(I + SW) - 0.47 CJ N p J  

where Np, represents the Prandtl number and o is the hypersonic parameter 

2 
ue 

r J = -  
ho 

(190) 

This formula contains two main factors. The first, enclosed in braces, gives the 
dependence of H h c  upon n and S, for Prandtl number unity and w = 1. The second 
factor, in brackets, gives the dependence on Np, ando. The dependence of Hinc 
upon the viscosity-temperature indexw , defined by 

is weak and is neglected in (189). Figures 3 to 5 compare the curvefit (189) with 
data on H;1, calculated from Dewey and Gross's tabulation of similar solutions. 
The abscissa in these plots is 1 + Hinc as calculated from (1891, while the ordinate 
is l+H;,, based on the Dewey and Gross data. 
0.7, and 1.0, for w = 0.5, 0.7, and 1, for o = 0, 0.5, and 1, for (I+&) = T,/To 
from 0 to 1, and for values of 0 (the Falkner-Skan parameter) from 0 to 5 .  The 
root-mean-square percentage error in (l+Hinc) based on the curvefit, for the 405 
data points considered in the fitting analysis, is 5 percent. 
dividual error is 17 percent. 

The plots include data for Np, = 0.5, 

The largest in- 

In the limiting case of an infinite favorable pressure gradient (@--), Dewey 
and Gross's integral 11 is zero (reference 26). Thus, from (163c), Hhc+-l. 
curvefit (189) does not reproduce this limit exactly. 

The 
For @-'m,n+ -m according to 
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84-1774 Hinc + 1 (CURVEFIT) 

Figure 3 COMPARISON OF lNCOMPRESSll3LE FORM FACTOR CURVEFIT WITH 
DEWEY-GROSS DATA (Np, = 0.5) 

- 
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Hint + 1 (CURVEFIT) 84-1775 
Figure 4 COMPARISON OF INCOMPRESSIBLE FORM FACTOR CURVEFIT WITH 

DEWEY-GROSS DATA (Np, = 0.7) 
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1 2 3 
Hint + 1 (CURVEFIT) 

84-1 776 
Figure 5 COMPARISON OF INCOMPRESSIBLE FORM FACTOR CURVEFIT WITH 

DEWEY-GROSS DATA (Npr" 1.0) 
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(163a); thus, the  term containing the  f a c t o r  e4*6n i n  (189) has a l i m i t  of zero, 
and the l i m i t  of ( 1 + Hint ) is 1 

(192) - 0 . 4  R Np, 
lim [l + HinC(fit)l = 0.25 (1 + S,) - 0.47 o h  Np,] c B- 

For example, i f  Npr = 0.7, (1 + S,) = 0.1, and u = 1, t h i s  l i m i t  has the  value 0.22. 
The correct  value forB+w would be zero. 
t h a t  the  approach t o  t h i s  l i m i t  is very gradual. 
countered i n  NATA runs, (189) is of acceptable accuracy. 

However, t h e  Dewey-Gross da 
For t h e  pressure gra  

5.7 Shear Stress 

The shear stress rw a t  the  w a l l  can be calculated from the  def in i t ion  and 
value of the  shear parametere . From equations (157), (142b), (145a), (140b), 
and (182), 

f o r  e i t h e r  an axisymmetric o r  a two-dimensional boundary layer .  

Values of e can be obtained from Dewey and Gross's tabulated similar solu- 
t ions  using equation (163b). 
been curvefi t ted by the following expression: 

Values of the shear  parameter thus obtained have 

1 + 4.5 (1+sW)O-9 
e = 0.2205 + [ - +  2.7 5.06 1' 

(-n) (-.)0.224 

where 

4.37 ( 1  + S,) - 2 9 ( 1  +'W) + 0.67 e a = 15.5 e 

(194a) 

(194b) 

(194c) 

(194d) 

b = 0.7 + 0 . 4 7 ( l + S w )  (194e) 

The f i r s t  f a c t o r  i n  (194a) gives e as a function of n and S, f o r  o = 1. The 
second f a c t o r  gives  the  dependence on o and (i. The dependence on Prandt l  number 
i s  weak and is neglected. Thus, equations (194) represent as varying with the  
hypersonic parameter u even f o r  Npr = 1. 
should be independent of u f& Npr = 1. 

I n  theory, the  boundary layer  propert ies  
The Dewey-Gross da ta  ind ica te  l i t t l e  
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dependence of e on Npr  i n  the range from Npr = 0.5 t o  0.7, and thus provide no 
b a s i s  f o r  f i t t i n g  a Prandt l  number dependence which would cause the dependence 
on u t o  vanish f o r  NPr = 1. 
f o r  air, i n  which t h e  Prandt l  number i s  about 0.7. 

These formulas should, i n  any event,  be s a t i s f a c t o r y  

I n  typ ica l  appl icat ions of NATA, the enthalpy r a t i o  parameter ( 1  + S,) is 
small of order 10-2. The smallest value of (1 + S,,,) i n  the  Dewey-Gross data ,  f o r  
o < 1, is 0.05. Thus, appl icat ion of these da ta  i n  the  code normally requir  
extrapolation t o  ( l + S w )  values beyond the range invest igated by Dewey and 
Unfortunately, t h e  data  f o r  (I+%) = 0.05 and 0.1 ind ica te  t h a t  e has a st 
dependence on (1 + S,) f o r  small (1 + S,) and o < 1. As a r e s u l t ,  the  extrapolat ion 
t o  s t i l l  smaller values of (I+%) is a poten t ia l  source of s izeable  e r rors .  The 
ra ther  complex curvef i t  (194) w a s  developed i n  an e f f o r t  t o  minimize such-extrapo- 
l a t i o n  e r r o r s  by f i t t i n g  the  Dewey-Gross data  f o r  small (1+S,) as closely as 
possible.  

Figures 6 through 8 compare t h e  curvef i t  (194) with e values obtained from 
Dewey and Gross’s tabulated similar solutions.  The 405 cases used i n  the compari- 
son include Prandtlnumbers of 0.5, 0.7, and 1, o values of 0.5, 0.7 and 1, values 
of the  hypersonic parameter u of 0, 0.5, and 1, several temperature r a t i o s  1+S, 
i n  the range from 0 t o  1, and values of the Falkner-Skan parameter /3 ranging from 
0 t o  5. 
percentage e r r o r  i s  17 percent. 

The root-mean-square percentage e r r o r  is 2 percent. The l a r g e s t  individual 

5.8 Heat Flux 

Because the energy equation is not used i n  the  Cohen-Reshotko cor re la t ion  
method, the heat f l u x  (Iw is calculated from the shear stress r, using a Reynolds 
analogy f a c t o r  based upon s i m i l a r  solut ions.  The formula is 

where hr denotes the  recovery enthalpy and RA the  Reynolds analogy factor .  
expression f o r  recovery enthalpy recommended i n  t h e  l i t e r a t u r e  ( ref .  25, p. 296) 
is 

The 

However, the  da ta  tabulated by Dewey and Gross are f i t t e d  more accurately by 

hr = he + Nppes6 (h o - he) 
which is the  formula used i n  NATA. 
of quant i t ies  tabulated by Dewey and Gross, by 

The Reynolds analogy f a c t o r  is given, i n  terms 

f”(0) taw - tw 
R A = - .  1 - tw (198) e ‘(0) 
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Figure 7 COMPARISON OF SHEAR PARAMETER CURVEFIT WITH DEWEY-GROSS DATA 
(Npl = 0.7) 
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Figure 8 COMPARISON OF SHEAR PARAMETER CURVEFIT WITH DEWEY-GROSS DATA 
(Npr = 4.0) 
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Here, taw = h, /ho e A curvef i t  t o  taw , based upon equation (197) , is 
_ _  

taw = 1 - u  (1  

The Reynolds analogy f a c t o r  based upon Dewey and Gross's t ab les  has been curve- 
f i t t e d  i n  the following form: 

(200a) 

1 

6 . 2  + 2.35 ( 1  -+ Sw)-o*86 

where 

aR = ( 1  + Sw)-O-86@ 

(200b) 

0.486 
bR 0.94 - 1.31 (1 -I- sw) 

A s  i n  the case of the shear parameter, a r e l a t i v e l y  complex ana ly t ica l  form is 
used i n  an attempt t o  minimize the e r rors  resu l t ing  from extrapolation t o  values 
of (1 + S,) below the range covered by the Dewey-Gross data. 

Figures 9 through 11 compare the  curvef i t  (200) with da ta  from Dewey and 
Gross. The ordinate  i n  these f igures  is 8'(0) / f"@> , computed from values i n  
t h e i r  tabulat ion of similar solut ions.  
[(taw - %)/(I - C w ) l / R ~  (fit) 
(198) shows tha t  the ordinate  and abscissa would be equal i f  the  curvef i t  w e r e  
exact. This manner of p l o t t i n g  the comparison tests t h e  curvef i t  (197) f o r  t h e  
recovery enthalpy together with the  f i t  (200) f o r  the Reynolds analogy fac tor .  
Figures 9 through 11 do not  include the Dewey-Gross points  f o r  which tW = 1 o r  
tw = taw 
high-wall-temperature and low-wall-temperature heat  t r a n s f e r  da ta  accurately using 
a s ingle  ana ly t ica l  formula. 
the w a l l  temperature i s  lower than the  adiabat ic  wal l  temperature, which is always 
the case i n  typ ica l  applications of NATA. 
t a i n  a t o t a l  of 321 points .  
points  i s  9 percent. 
a case with cw = 0.6 and taw = 0.67. 
the  curvef i t  t o  t h e  adiabat ic  w a l l  temperature. 
e r r o r  of 79 percent. I f  these two points were excluded, the maximum percentage 
e r r o r  would be 2 4 p e r c e n t  and t h e  root-mean-square percentage e r r o r  would b e  
3 percent. 

The abscissa i s  the quant i ty  
, calculated from equations (199) and (200). Equation 

Such points  w e r e  excluded because i t  w a s  d i f f i c u l t  t o  f i t  both the 

The f i t  t o  RA thus appl ies  only t o  cases i n  which 

The p l o t s  i n  f igures  9 through 11 con- 
The root-mean-square percentage e r r o r  €or these 

The l a r g e s t  individual percentage e r r o r  is 127 percent,  i n  
The e r r o r  arises par t ly  from inaccuracy i n  

Another similar point has an 
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Figure 9 COMPARISON OF REYNOLDS ANALOGY FACTOR CURVEFIT WITH 
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Figure 10 COMPARISON OF REYNOLDS ANALOGY FACTOR CURVEFIT WITH 
DEWEY-GROSS DATA (Np,= 0.7) 
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-76- 



5.9 Dependence of the Momentum Parameter N Upon Np,  a n d o  

Cohen and Reshotko assumed the  parameter N ,  appearing i n  t h e  form (162) of 
the boundary layer  momentum equation, t o  be a function only of n andS,. When 
Nis evaluated from the  Dewey-Gross da ta  using (163d) it is found t o  vary with 
N p r r o ,  and u as w e l l  as with n andSw. Cohen and Reshotko neglected the dependence 
upon these addi t ional  parameters because they determined N from similar solut ions 
f o r  Np, = o = 1. For these conditions, the boundary layer  propert ies  a r e  inde- 
pendent of u . 

Because the  solut ions tabulated by Dewey and Gross include the  dependence 
upon Npr  , o , and u , i t  appears desirable  t o  determine whether t h i s  information 
can be used t o  improve the accuracy and range of appl icabi l i ty  of the Cohen- 
Reshotko cor re la t ion  method. 
i f  the  coef f ic ien ts  A and B i n  the  l i n e a r  curvef i t  (164) are constant f o r  each 
problem. 
to  nearly 1 a t  the downstream nozzle e x i t ,  including the dependence on u would 
lead t o  inadmissible var ia t ion  of A and B. Thus, the dependence on ~7 m u s t  be 
neglected. 

The so lu t ion  (167) of equation (166) is v a l i d  only 

Since u varies within each problem, from zero i n  the  upstream reservoir  

Inclusion of the  dependence of N upon the Prandt l  number leads t o  no incon- 
s is tency or d i f f i c u l t y  so  long as Np, is  constant f o r  each problem. However, in- 
clusion of the dependence upon o involves a l o g i c a l  inconsistency, because the  
der ivat ion of equation (162) involves the  assumption of the v iscos i ty  law (146) 
which is equivalent t o  (191) with w = 1. Nevertheless, a dependence of A and B 
upon o i s  compatible with the solut ion (167), so long as o is constant f o r  each 
problem and the inclusion of such a dependence can be j u s t i f i e d  by comparison with 
Dewey and Gross's similar solut ions (see below). 

The var ia t ion  of N with Npr  and o can be f i t t e d  approximately by retaining 
the  ana ly t ica l  form (164) and the expression (165b) f o r  B, but replacing (165a) by 

-6.67 (1  + Sw) 
(201) A = 0.38 - 0.76 Np, (1 - a) e 

Figures 12 through 14 compare the  curvef i t  given by (164), (165a) and (201) with 
the Dewey-Gross data.  The s t r a i g h t  l i n e  i n  the  f igure  is the  locus of agreement 
between the  f i t  and the data.  The curvef i t  represents the da ta  reasonably w e l l  
€or N values less than about 0.2,  but  is systematically too low a t  higher N . 
This is the  same discrepancy seen near the right-hand edge of f i g u r e  1, where the 
l i n e a r  curvef i t  N = A + Bn l ies  beneath the upward-curving relat ionship N (n , SW 
given by the  Dewey-Gross data. The region of N values where the curvef i t  is most 
accurate corresponds t o  values of the  correlat ion number n less than about -0.05, 
i.e., t o  the range of strongly favorable pressure gradients which is  important 
i n  NATA runs f o r  axisymmetric nozzles. For channels, smaller values of n of 
order -0.01 are encountered on the  expanding face. 

The v a l i d i t y  of t r e a t i n g  the  parameter A i n  equation (166) as a function of 
o and N p r ,  i n  accordance with (201), can be tes ted  by applying the  Cohen-Reshotko 
i n t e g r a l  method t o  some of the  s i m i l a r  solut ions tabulated by Dewey and Gross. 
These similar solut ions assume t h a t  the Falkner-Skan parameter is constant. By 
def in i t ion  
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Figure 13 COMPARISON OF MOMENTUM PARAMETER CURVEFIT WITH 

DEWEY-GROSS DATA (Np, = 0.7) 
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X 

6 = 1 pw % ue t 2 j  dx (203) 
0 

For p w % =  constant and j = 0, (203) becomes 

To simplify the analysis ,  cases with u << 1 are considered. Then (202) gives,  
upon in tegra t ion  with To/T, = 1, 

[ =  K u ,  2/P (205) 

With the  a i d  of (204)  and (205), equation (202) can be converted i n t o  a d i f fe r -  
e n t i a l  equation with x as the independent vafiable:  

2 K u,(~/@) - d u, 

(206) d x  = 
Pw Pw 6 

For u << 1, 

Me C uJaO ( 2 0 7 ~ )  

Thus, f o r  the  cases under consideration, the quadrature i n  equation (169) can be 
performed ana ly t ica l ly  with the a i d  of (206) and (207). The r e s u l t  is 

With equation (164), t h i s  can be wr i t ten  i n  the form 

N (fit) 
n = -  

2($  -1)  
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Figure 15 compares values of n calculated from (209) with values obtained 
d i r e c t l y  from (163a), f o r  a number of t h e  similar solut ions tabulated by Dewey 
and Gross. The f i l l e d  circles represent d a t a - f o r  w = 1, Np, = 1. The other  
symbols r e f e r  t o  cases with w L 1. 
(209) is zero and N(fit  ) is  small, are omitted. 
ment. 
w e l l  with the correct  values based on (163a). 
w k 1 as f o r  w = 1. I f  t h e  dependence of A upon w and Np,,  as given by (201), 
had not been included i n  t h e  calculat ion,  the agreement would have been poorer 
f o r  the  cases with w d 1 ,  especial ly  f o r  smaller-magnitude values o f n  . 
use of (201) t o  determine the  coef f ic ien t  A i n  equation (166) appears j u s t i f i e d .  

Cases with B = 1, f o r  which the denominator i n  
The l i n e  is the  locus of agree- 

The f igure  shows t h a t  the  n 'values calculated from (209) agree reasonably 
The agfeement is nearly as good f o r  

Thus, the 

The da ta  i n  f igure  15 are a l l  f o r  ~7 = 0. I f  da ta  f o r  other  values of 0 had 
been included, t h e  scatter would have been grea te r ,  especial ly  f o r  s m a l l  In1 . 

It is a l s o  of i n t e r e s t  t o  compare the  predict ions of momentum thickness based 
on the  Cohen-Reshotko i n t e g r a l  method with the  exact r e s u l t s  f o r  the similar solu- 
t ions.  Subst i tut ion of equations (204) t o  (208) i n t o  the formula (177) f o r  the 
two-dimensional momentum thickness gives, with use of (179), 

The momentum thickness f o r  s i m i l a r  solut ions,  based on re la t ions  given by Dewey 
and Gross, is 

I 

where 6 has been expressed using (205). 
- 
- -  

B - 2  + 2//3 

(211) 

From (210) and (211), 

According t o  equations (163a) and (208), the quant i ty  under the  rad ica l  i s  simply 
the  r a t i o  of the  correlat ion number n ,  as evaluated using t h e  Cohen-Reshotko 
method with the curvef i t  (164), t o  the  correct  value of n f o r  the s imi la r  solution. 
Thus, t o  the  extent  t h a t  (208) agrees with (163a), the  Cohen-Reshotko i n t e g r a l  
method gives the  correct  momentum thickness when applied t o  s imi la r  boundary layer  
problems, a t  least i n  the  l i m i t  u << 1 that  is t rea ted  by the preceding analysis .  

The remaining boundary layer  propert ies ,  6* , rw , and qw , are a l l  calculated 
from the  momentum thickness using curvef i t s  t o  r e l a t i o n s  based on similar solutions.  
Thus, t h e i r  accuracy should be comparable with t h a t  of the momentum thickness. 

5.10 I n i t i a l  Condition 

The i n i t i a l  condition on the  so lu t ion  (167) of the  Cohen-Reshotko d i f f e r e n t i a l  
equation (166) i s  embodied i n  the  lower l i m i t  of in tegra t ion ,% . I f  U, is  
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non-zero at  X = Xo, then n = 0 a t  t h a t  point. I n  t h a t  case, t h e  incompressible 
momentum thickness 6; is  a l s o  zero a t  Xg . 
( U e  = 0) then n&) is not  zero and the boundary layer  s t a r t s  with a f i n i t e  
thickness. 

I f  X = X, i s  a stagnation point 

It is d i f f i c u l t  t o  s p e c i f y ' a  f u l l y  sa t i s fac tory  i n i t i a l  condition f o r  the  
boundary layer  i n  an i n t e r n a l  f low system such as an arc-heated wind tunnel. 
Under some circumstances t h e  boundary layer  might extend upstream along the  w a l l  
confining the  flow, through the plenum chamber ( i f  any) and the  arc heater.  The 
conditions i n  these regions upstream of the nozzle a re  poorly known and generally 
chaotic because of the  presence of the arc column, s w i r l  caused by tangent ia l  
gas i n j e c t i o n  and, i n  some cases, free-stream turbulence. I n  general, the  cross 
sec t iona l  area of the flow is f i n i t e  everywhere, and any stagnation point which 
may e x i s t  i n  a "corner" of the w a l l  p r o f i l e  i s  l i k e l y  t o  receive an inf lux  of 
boundary layer  gas from fur ther  upstream. 

I n  NATA, no attempt i s  made t o  podel t h e  de ta i led  geometry of t h e  plenum and 
arc chamber. 
near the  juncture between the nozzle and the plenum. 
the  a r b i t r a r i n e s s  i n  the choice of t h i s  s t a r t i n g  point a f f e c t s  the value of the 
i n t e g r a l  I (172). The resu l t ing  uncertainty i n  I ,  i n  turn,  a f f e c t s  n' (173), 
n (174), and thus 6 (185), 
i n  these boundary layer  propert ies ,  due t o  an e r r o r  i n  9 , decrease downstream as 
the value of I increases.  

The boundary layer  i s  assumed t o  start a t  a somewhat a r b i t r a r y  point 
The uncertainty i n  xo due t o  

6* (188), T~ (193), and qw (195). The percentage e r r o r s  

Some ins ight  i n t o  t h e  dependence of these e r r o r s  upon x can be obtained by 
examining the behavior of the i n t e g r a l  I i n  the  l i m i t s  of low and high Mach number. 
A t  the  assumed boundary layer  s t a r t i n g  point Q , the  Mach number is  much less than 
unity. Thus, a,/% * pe/po 1, and I i s  approximately 

I n  the  two-dimensional case ( j = 0) ,  the  contributions t o  I from points  near 5 = 0 
are r e l a t i v e l y  s m a l l  because U e  is low i n  t h a t  region and, according t o  (165a1, 
B - l i s  a l i t t l e  grea te r  than 1 . Thus, f o r  two-dimensional boundary layers ,  the  
r e s u l t s  i n  the throa t  region and downstream should be ra ther  insens i t ive  t o  the  
value of ~0 chosen, so  long as it defines a point w e l l  upstream of the throa t  
where the  Mach number is low. 

I n  the  axisymmetric case ( j  = l ) ,  however, t h e  continuity equation p u e A ' =  
constant shows t h a t  $ 1  u e B - l  is  roughly constant i n  the  subsonic p a r t  of the  
flow, because 
approximately 1 , and p is almost constant. Thus, the r e s u l t s  f o r  an axisymmetric 
boundary layer  are more s e n s i t i v e  t o  t h e  choice of ~0 than those i n  the  two- 
dimensional case. 

is proportional t o  the  cross sec t iona l  flow area  A ' ,  2 - 1  is 

For flow over a f l a t - p l a t e  a t  zero angle of a t tack ,  the integrand @ (171) of 
I is constant,  so t h a t  I = ( x - 9 ) .  I n  t h a t  case, the r e l a t i v e  e r r o r  i n  I due t o  
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an e r r o r  i n  xo decreases as (x-xo)-'. 
nozzle, the  i n t e g r a l  can be expressed i n  the form 

For flow of a perfect  gas i n  an axisymmetric 

I n  the l i m i t  of high Mach number, the  integrand var ies  as MeB-5. 
f o r  cases with a low w a l l  temperature, the integrand decreases more rapidly with 
increasing 5, a t  high Mach number, than i n  the case of a f l a t  p l a t e ,  and the ef- 
f e c t s  of an e r r o r  i n  xo vanish more slowly. 

Since B 2.2 

5.11 Coupling with the Inviscid Flow 

The method by which the boundary layer  is coupled with the  inv isc id  flow i n  
NATA has been explained i n  Section 4. 
generated s t e p  by s t e p  along with the  inviscid solut ion.  The inv isc id  flow vari-  
ables  a t  each point are used i n  determining the boundary layer  parametersn , 8 ,  
a*, etc. ,  and the displacement thickness 6 at each point is used i n  t h e  inviscid 
solut ion t o  provide a r e l a t i o n  between the  geometric area r a t i o  Ag and the effec- 
t i v e  area r a t i o  A, (Section 4.4). 

Briefly; t h e  boundary layer  solut ion is 

A fundamental problem i n  the  calculat ion of coupled solut ions f o r  a confined 
inv isc id  flow and the  boundary layer  on the confining w a l l  is t h a t  the  system of 
equations f o r  the  coupled flow i s  unstable a t  supersonic Mach numbers ( ref .  27, 
p. 377). I f  the boundary layer  i s  computed using the  Cohen-Reshotko i n t e g r a l  
method, as  i n  the NATA code, t h i s  i n s t a b i l i t y  a r i s e s  as follows: Assume t h a t  
there  is a s m a l l  i n i t i a l  e r r o r  i n  t h e  Mach number gradient ,  dM,/d(. 
gradient is too high, then the  cor re la t ion  arameter n (174) has too la rge  a nega- 
t i v e  value. Then the exponential f a c t o r  ez6n i n  the cor re la t ion  (189) f o r  the 
incompressible form f a c t o r  Hint is too small, and as r e s u l t ,  ( 1  + Hint ) is too 
small. Correspondingly, the  di:placement thickness 6 calculated from (188) is 
too low. When t h i s  erroneous 6 is used i n  the inv isc id  flow calculat ion,  the  
e f f e c t i v e  area r a t i o  computed i s  too high, so t h a t  the  corresponding Mach number 
i s  too  high. Then the  next-computed value of t h e  Mach number gradient,  dM, fd E ,  
is  too high. Under some conditions, the e r r o r  i n  the  new dMJd5 can be l a r g e r  
than the  previous e r r o r  which l e d  t o  it. I n  such cases, the  e r r o r  i s  amplified 
from s t e p  t o  s tep ,  and the  solut ion becomes unstable. Such i n s t a b i l i t i e s  w e r e  
ac tua l ly  observed i n  some solut ions run during the  development of the NATA code. 

I f  t h i s  

To avoid such i n s t a b i l i t i e s ,  NATA uses a computational a r t i f i c e .  
p ress ib le  form f a c t o r  (189) is calculated from a smoothed value li of the  cor re la t ion  
p a r a m e t e r n ,  ra ther  than from the a c t u a l  current value o f n .  
s ions of the code, n' was defined as an unweighted average of n over t h e  e n t i r e  
portion of the boundary layer  upstream of the  current flow point: 

The incom- 

I n  some earlier ver- 

X 
1 

x-xo 
n dx' - n = -  
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However, t h i s  has been found t o  be an unnecessarily severe approximation. 
current version of the  code, pi is defined as an exponentially weighted average over 
t he  upstream p a r t  of t h e  solution: 

I n  the  

(215) 

Here a represents a cha rac t e r i s t i c  averaging dfstance,  such t h a t  n' depends mainly 
upon the  values of n a t  points lying between x - a  and x . The coef f ic ien t  b i s  
chosen such t h a t ,  f o r  n = constant, (215) gives ii = n . For x-xo > > a  , t he  value 
b = 1 / a  gives accurate r e su l t s .  
r ived  from (215) as follows: L e t  Ep be the n' a t  the  previous point of the solu- 
t ion,  and le t  A x  denote the current s t e p  s ize .  Then application of (215) t o  the 
current so lu t ion  point gives, with b = l/a , 

The algorithm ac tua l ly  used i n  the  code is de- 

The i n t e g r a l  on the  r i g h t  is approximated by t r ea t ing  n as constant over the  s tep .  
Then 

This r e l a t i o n  gives E as a weighted average of the  ii f o r  the  previous s t ep  and 
the  f o r  the  current s tep .  

The s t ep  s i z e  i n  NATA so lu t ions  is typ ica l ly  s m a l l  i n  t h e  throa t  region and 
q u i t e  l a rge  i n  the  downstream region of high Mach numbers. 
t i m e s  t he  l o c a l  s t e p  s i z e  is required f o r  s t a b i l i t y .  I f  a is  many t i m e s  the  loca l  
s t ep  s i z e ,  the  so lu t ion  remains s t a b l e  but  i s  af fec ted  t o  an inordinate ex ten t  by 
the use of n' i n  place of n .  Therefore, the averaging distance used i n  NATA is 
varied according t o  the  following ru le :  

An a value of a few 

a = R A  w o d  
where &-J denotes the  th roa t  radius,  Ag the  geometric area r a t i o ,  and w a constant. 
Over a l a rge  p a r t  of the  supersonic region, Ag/& is approximately constant f o r  
frozen NATA inv i sc id  solutions.  I n  t h i s  region, (218) gives a/Ax 5 constant. 

Averaging of n over a fixed number of previous points i n  the  so lu t ion  would 
be  simpler than (218), bu t  would cause the  so lu t ion  t o  depend upon the  s t e p  s i z e  
used i n  running the  problem. The averaging prescribed by (217) and (218) makes 
t h e  so lu t ion  approximately independent of s t ep  s i ze .  
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The smoothed value n' of the  correlat ion parameter is used only i n  calculat ing 

Thus, 
the  form fac tor  (and thus the  displacement thickness), The shear p a r m e t e r  e and 
Reynolds analogy f a c t o r  RA are computed from the  actual current value o f n  . 
the  shear stress and heat f l u x  are unaffected by t h e  smoothing procedure, apar t  
from any resu l t ing  e r rors  i n  the inv isc id  solut ion i t s e l f .  

5.12 Geometric Options 

The b a s i c  geometric options avai lable  i n  NATA (two-dimensional nozzle , axi- 

The present sect ion deals with the treatment of these options i n  the  
symmetric nozzle, and rectangular channel) have been described and discussed i n  
Section 4. 
boundary layer  calculations.  

The applicatfon of the  Cohen-Reshotko i i t e g r a l  method t o  two-dimensional and 
axisymmetric boundary layers  has been discussed e x p l i c i t l y  i n  preceding p a r t s  of 
the present section. The e n t i r e  difference between these two cases is contained 
i n  the  exponent j appearing i n  equation (171). I f  n '  is calculated from equations 
(1711, (172) and (173), and 8 from (185), then a l l  of the  boundary layer  proper- 
ties are obtained simply by s e t t i n g  j = 0 €or the  two-dimensional case and j = 1 
f o r  the  axisymmetric case. 

However, the t h i r d  option ( the rectangular channel) requires  some fur ther  
discussion. A channel has two p a i r s  of nominally i d e n t i c a l  faces.  I f  a channel 
face is of constant width, the  Eoundary layer  on i t  can be approximated as two- 
dimensional. 
converge o r  diverge. 
equation f o r  the-boundary layer  can be taken i n t o  account by t r e a t i n g  the  boundary 
layer  as axisymmetric i n  t h i s  case,  but  omitting t h e  t ransverse curvature correc- 
t ion.  
can be regarded as equivalent t o  the surface of a diverging axisymmetric nozzle 
whose circumference is equal t o  the  width of the ac tua l  face a t  each axial posit ion.  

I f  a face has var iable  width, the streamlines i n  the  boundary layer  
The e f f e c t s  of such a flow geometry upon t h e  continuity 

For example, a channel face which is widening i n  the  downstream di rec t ion  

Since the widths of the  two sets of faces of a channel vary d i f fe ren t ly  with 
a x i a l  posi t ion,  two independent boundary layer  calculat ions are performed i n  
channel flow solut ions.  
w e r e  axisymmetric, i.e., using equation (170) t o  calculaten . For each layer ,  the 
equivalent radius r i n  (170) is taken t o  be the half-width of the  channel face 
upon which the  layer  lies. 
the boundary layers  on adjoining channel faces i n  the  corner regions. 

Both boundary layers  are t rea ted  formally as i f  they 

No attempt is made t o  correct  f o r  t h e  in te rac t ion  of 

5.13 Examples and Discussion 

The present sect ion exhib i t s  selected r e s u l t s  of NATA flow solut ions includ- 
ing the  boundary layer.  These examples are intended t o  i l l u s t r a t e  certain aspects 
of the  NATA boundary layer  calculat ions and t o  provide, by comparisons with exper- 
imental data ,  some indicat ion as t o  the accuracy of t h e  resu l t s .  

Figures 1 6  through 20 show some of the r e s u l t s  of a non-equilibrium so lu t ion  
of the  flow i n  a rectangular channel. 
cross sect ion a t  the  throat .  
constant,  and the  o ther  dimension increases from 2.54 t o  53 cm a t  the  e x i t ,  145 cm 

The channel has a 2.54 x 5.08 cm (1 x 2 inch) 
I n  t h e  downstream region, t h e  5.08 cm dimension i s  
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Figure 16 HEAT FLUX AND SHEAR STRESS FOR THE CHANNEL TEST CASE 
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Figure 18 GEOMETRIC AND EFFECTIVE AREA RATIOS FOR THE CHANNEL TEST CASE 
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beyond t h e  throat .  I n  the region between 103 and 143 cm downstream of the throa t ,  
one of the  wide faces  of the  channel is instrumented w i t h  pressure taps  and flush- 
mounted heat  t r a n s f e r  gages. 

The flow so lu t ion  i l l u s t r a t e d  i n  f igures  16 through 20 simulates a test with 
an ac tua l  channel a t  the NASA Johnson Space Center ARMSEF f a c i l i t y .  
a i r  flow w a s  supplied by the Dual-Constrictor A r c .  
were as  follows: 

The heated 
The conditions of the test 

Mass flow = 0.0454 kglsec (0.1 lb l sec)  

Plenum pressure = 0.919 atm 

Reservoir temperature = 68790 K 

Stagnation enthalpy = 25.1 MJ/kg (10799 Btullb) 

Reservoir molecular weight = 18,36 gmlmole 

The mass flow and plenum pressure are measurements. 
puted by NATA from these data.  

The other  values w e r e  com- 

Figure 16 shows the var ia t ion  of heat f lux  and shear stress with the  a x i a l  
coordinate,x , f o r  t h i s  case, f o r  the  region from 0.1 m beyond the  throat  t o  the  
end of the channel. The curve labeled qwl  represents the  calculated heat f l u x  t o  
one of the broad faces  of the  channel. The three v e r t i c a l  bars represent heat 
f lux  measurements. 
gages a t  each of th ree  a x i a l  posi t ions.  The ranges of values indicated by the  
v e r t i c a l  ba r s  show the l a t e r a l  var ia t ion  of heat f lux  a t  each a x i a l  s ta t ion .  I n  
most cases, the heat  f l u x  measured on the  center l ine  of the  channel face w a s  higher 
than the  values obtained from the off-axis gages. The main source of the varia- 
t i o n  i n  heat f l u x  w a s  l a t e r a l  non-uniformities i n  the  flow. 

Experimental da ta  w e r e  avai lable  from three heat  t ransfer  

The curve labeled qw2 represents the calculated heat f lux  t o  the  narrow 
(5.08 cm wide) face of the channel. 
l ayer  on the narrow face is thicker  than tha t  on t h e  wide face. 
labeled rwl and rW2 represent the calculated shear stresses on the  wide and narrow 
faces  of the  channel, respectively.  
rW2 are available.  

qw2 is  smaller than qwl because the  boundary 
The curves 

No experimental measurements o f q W 2 ,  r w l ,  o r  

Figure 1 7  shows the  var ia t ion  of the  s t a t i c  pressurc ~ the  Mach number with 
a x i a l  posi t ion f o r  the same case. The three circles rep  
measurements of t h e  pressure on t h e  center l ine of one of Lne wide channel faces.  
The Mach number at  the channel e x i t  i s  about 4.5. 

- experimental 

Figure 18 shows the geometric area r a t i o  A 

Figure 19 shows the momentum and displacement thicknesses. The momentum 

and the e f f e c t i v e  area r a t i o  A, 
as functions of a x i a l  posit ion.  

Ag. 
thickness 81 on the broad face is  smaller than t h a t  ( 8 2 )  on the narrow face of 
the channel because of flow-divergence i n  the  boundary layer  02 the  brzad face. 
For x less than 0.155 meter, both displacement thicknesses,  61 and 82 are nega- 
t ive .  
l a rger  than the geometric cross sect ion ( A i  1. However, as shown i n  f igure  18, 

A t  the  e x i t ,  lk, is about 30 percent smaller than 

I n  t h i s  region, the e f fec t ive-cross  sec t iona l  a rea  of t h e  flow ( A ; )  i s  
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the  e f f e c t i v e  area r a t i o  A, is smaller than the  geometric area r a t i o  Ag. 
da ta  are mutually cons is ten t  because the  e f f ec t ive  flow cross sec t ion  A;* 
sonic point is  l a rge r  than the  geometric cross sec t ion  A& a t  the  throa t .  (See 
equations (113) and (114). ) 

These 
a t  the 

Figure 20 shows the  co r re l a t ion  parameters; n1 and " 2 ,  f o r  the  boundary 
layers  on the  broad and narrow channel faces,  respectively,  together with t h e  
corresponding smoothed values and62 , calculated from equation (217). The 
smoothed values t rack  the  loca l  values qu i t e  w e l l .  The loca l  values n1 and "2 are 
shown f o r  every s t e p  of t he  non-equilibrium so lu t ion  i n  the  region covered by t h e  
graph. 
s e r t i o n  of s t eps  a t  spec i f ied  channel widths corresponding t o  the  locations of 
heat t r ans fe r  gages and pressure taps .  

I r r e g u l a r i t i e s  i n  s t ep  s i z e  between x = 1 m and the  e x i t  are due t o  in- 

Figure 21 presents a comparison of NATA hea t  f l ux  calculations with experi- 
mental da ta  on hea t  f l u x  t o  the  channel w a l l  f o r  eleven cases. The mass flows 
f o r  these cases ranged from 0.028 t o  0.091 kglsec,  the  plenum pressures from 
0.544 t o  1.985 a t m ,  and the  stagnation enthalpies from 10 t o  47 MJ/kg. 
c a l  bars  ind ica te  the  range of hea t  f l ux  values observed a t  d i f f e ren t  lateral  
pos i t ions  a t .each  a x i a l  s t a t ion .  The dashed l i n e  i s  t h e  locus of agreement be- 
tween the  ca lcu la t ions  and the  experimental data. The unbroken l i n e  is a f i t  by 
eye t o  a l l  of t he  da t a  bars  shown. Based on the  unbroken l i n e ,  the  heat f l ux  as 
given by NATA is too low by 28 percent, on the average. 

The ver t i -  

Figure 22 is  a similar comparison of NATA s t a t i c  pressure ca lcu la t ions  with 
experimental measurements using the  center l ine  pressure taps  i n  the  channel. 
flow cases are the  same as i n  f igure  22. Based on the  curvef i t  provided by the  
unbroken l i n e ,  t h e  s t a t i c  pressures given by NATA are too low by 20 percent,  on 
the  average. 

The 

One possible explanation of t h i s  discrepancy i n  s ta t ic  pressure would be 
t h a t  the  e f f ec t ive  area r a t i o ,  as computed i n  NATA, is  too la rge  because of e r ro r s  
i n  the  boundary l aye r  displacement thicknesses. To test  t h i s  hypothesis, the  
r a t i o  of experimental and calculated pressures is  p lo t t ed  versus the  calculated 
displacement thickness on the broad face i n  f igu re  23 f o r  a s ing le  s t a t i o n  i n  the 
channel. 
thickness, *this r a t i o  would be c lose  t o  1 f o r  s m a l l  61 , and would diverge from 
uni ty  as 61 increased. Figure 23, however, shows t h a t  the  r a t i o  has no s ign i f i can t  
co r re l a t ion  with displacement thickness. Thus, t he  hypothesized explanation is 
rejected.  
of lateral  non-uniformities i n  the  flow. 
center l ine  of the  channel face. 
cen ter l ine  pressure,  then the  average pressure would be more nearly i n  agreement 
with the  r e s u l t s  of t he  NATA ca lcu la t ions ,  which are based on a uniform-flow model. 

I f  t he  e r r o r s  i n  pressure were due t o  a sys t .mat ic  e r r o r  i n  displacement 

The apparent systematic e r r o r  i n  s ta t ic  pressure i s  probably a r e s u l t  
The pressure da ta  were a l l  taken on the  

I f  the off-axis pressures w e r e  lower than the 

The boundary l aye r  ca lcu la t ions  i n  NATA involve many approximations, includ- 
ing those l i s t e d  below: 

(1) 

(2) 

(3) The ana ly t i ca l  cu rve f i t s  (164), (165), (189), (194), (200), (201) t o  the  

The assumption of uniform invisc id  flow 

The cor re la t ion  assumptions i n  Cohen and Reshotko's method 

r e s u l t s  of similar so lu t ions  
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The assumed i n i t i a l  condition (Section 5.10) 

The smoothing (217) of t h e  correlat ion parameter t o  s t a b i l i z e  the  coupled 
problem of the  inv isc id  flow and the  boundary layer  

The l i n e a r i t y  of the  r e l a t i o n  (164) assumed between t h e  momentum param- 
eter N and the corre1;rtion parameter n 

The neglect of the dependence of N upon the  hypersonic parameter 

The use of a Reynolds analogy fac tor ,  based on similar solut ions,  t o  
ca lcu la te  the heat  f l u x  

Approximations t o  gas propert ies  used i n  the  analysis ,  i.e., t h e  perfect  
gas l a w  and the  viscosity-temperature r e l a t i o n  (143). 

The combined e f f e c t s  of these approximations could account f o r  s izeable  e r r o r s  i n  
the r e s u l t s  of ‘the boundary layer  calculations.  I n  t h e  context of these approxi- 
mations, the  discrepancies ac tua l ly  seen i n  f igures  21 and 22 appear moderate i n  
magnitude. 

-98- 



6 .  EQUILIBRIUM AND FROZEN FLOW 

NATA performs two types of thermochemical equilibrium calculation: 

(1) Equilibrium at  specif ied temperature and pressure. T h i s  calculat ion is  
It is used in - the  determination of the  res- done by subroutine EQCALC. 

e rvoi r  conditions and i n  the  computation of conditions behind an equilib- 
rium normal shock on a model. 

( 2 )  Equilibrium a t  specif ied temperature and entropy. This ca lcu la t ion  is 
done by subroutine NEWRAP and is used i n  generating the  so lu t ion  f o r  
equilibrium flow of the  gas through the nozzle. 

0 

The technique used i n  the thermochemical equilibrium calculat ions a t  specif ied 
temperature and pressure i s  explained i n  Section 6 . 1 .  
inv isc id  equilibrium flow calculat ion.  Section 6 . 3  discusses the eoupling of 
the inv isc id  flow with the boundary layer  on the nozzle o r  channel w a l l .  Sec- 
t ion  6 . 4  discusses the  frozen flow solut ion,  which is generated using techniques 
similar t o  those used i n  the equilibrium solut ion,  with the  cons t ra in t  t ha t  the  
species mole f rac t ions  are constant a t  t h e i r  reservoir  values. F ina l ly ,  Section 
6 . 5  explains the three  options avai lable  i n  NATA f o r  specifying the  reservoir  
conditions, based on input of reservoi r  temperature and pressure,  of reservoi r  
pressure and t o t a l  mass flow, and of stagnation enthalpy and t o t a l  mass flaw. 

Section 6.2 discusses the  

6 . 1  Thermochemical Equilibrium a t  Specified Temperature and Pressure 

A chemical reac t ion  can be spec i f ied  symbolically i n  the form 

vi Mi = v'j Mj 

reactants pro ducts 

where the Mi, Mj represent chemical species  and the  5 ,  vi are the stoichiomet- 
r ic  coef f ic ien ts .  The condition f o r  equilibrium of the react ion i s  ( re f .  2 ,  pp. 
284-285 and 952-953) 

reactants products 

i n  which p i ,  p j  represent the  chemical po ten t ia l s  of  the  reac tan t  and product 
species.  From equation (21) and the r e l a t ion  

Pi = p xi 
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between p a r t i a l  pressures pi I) mole f rac t ions  X i ,  and the  gas pressure p ,  the  
chemical po ten t ia l s  can be expressed i n  t h e  form 

p i  = pi0 -+ e , p  + R X ;  (222) 

i n  which the  chemical po ten t ia l  pio a t  the  standard pressure i s  a function only of 
temperature. 

Application of the equilibrium condition (220) t o  the  react ions (5) f o r  
forming the dependent species (i = c + 1, ..., n) from the independent species  
(m = 1, ..., c )  gives 

C 

- 
P i  "i-c, m k n  (i = c+l, ..., n) 

m = l  

Subst i tut ion of equation (222) f o r  the  chemical po ten t ia l s  appearing i n  t h i s  
r e l a t i o n  gives an e x p l i c i t  expression f o r  the mole f rac t ion  Xi o f  the  ith depend- 
en t  species i n  equilibrium with the  independent species:  

c -  
xk "i - c, k v*i - - 1 

Xi = K; p 

k =  1 

where 

i s  the  equilibrium constant. 

Conservation of the  chemical elements can be formulated using equation (16): 

Here the  qj are the  normalized coef f ic ien ts  (10) expressing t h e  elemental composi- 
t i o n  of t h e  gas i n  terms of t h e  independent species ,  and the Xj ( for  j = 1, ..., c )  
are the  mole f rac t ions  of those species.  The (n-c) equations (224) together with 
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the  cequations (226)  provide a system of n equations f o r  de te r  
f rac t ions  Xm ( m  = 1, .-? n) of a l l  the  species. However, i f  eq 
used t o  eliminate t h e  mole f rac t ions  Xi of the dependent species from (2261, 
equations (226 )  become a system of c equations f o r  the  mole f r  
c independent species.  This formulation of the  thermochemical 
l e m  thus reduces t h e  number of equations t o  be solved from n ( 
species) t o  c ( the  number of elements). Since t h e  right-hand s i d e  of (224 )  con- 
tains a product of mole f rac t ions  Xm ra i sed  t o  various powers 5 - c,m, t h e  system 
of equations is, i n  general ,  non-linear. 

I n  NATA, these equations f o r  the  mole f rac t ions  of the  independent species 
are solved using t h e  Newton-Raphson method. Equations (226)  a r e  rewri t ten i n  
t h e  form 

The component mole f rac t ions  i n  t h e  rth i t e r a t i o n  w i l l  be denoted by X i f .  
t o  f i r s t  order,  

Then, 

where ( a F j / a X d '  denotes the der ivat ive of Fj with respect t o  Xm, evaluated using 
t h e  mole-fraction values of the r h  i t e r a t i o n .  This der iva t ive  can be determined 
ana ly t ica l ly  by d i f f e r e n t i a t i n g  (227)  : 

i = c + l  

s ince  the  q j  , . , and fli - 
given gas model. 
refers t o  a dependent species.  

are a l l  independent of the  mole f rac t ions  f o r  a 

Thus 
d e  subscr ip ts  j and mrefer  t o  independent species ,  while i 

1 for j = m  axj 
'xm 
-= 6, I [ 0 for i S m  

\ 

-101- 



and from logarithmic d'if f e ren t ia t ion  of 

X i  'i-c,m 

Xm 
- - - = xi 2 axi 

k = l  
a m  

Subst i tut ion of these expressions i n t o  (229) gives 

n 

- 'jm (232) 2 = -C [",-c,j - q j  ( v * i - C - l j  - Vi-c-m 
aF - Xi - 

axrn Xm 
i = c + l  

The object  of the Newton-Raphson i t e r a t i o n  i s  t o  make the Fi (Xk) a l l  equql 

This gives the following system of equations: 
to zero. 
j = 1 t o  C .  

Hence, i n  equations (228), the Fj (Xk + '1 are set  equal t o  zero, f o r  

where t h e  h m r a r e  t h e  r e l a t i v e  corrections t o  the mole fract ions:  

such t h a t  the corrected mole f rac t ions  are given by 

X m r + l  = XmE (1  +hmr) 

(233a) i s  a system of c l i n e a r ,  inhomogeneous equations f o r  the h m r .  
of (232) i n t o  (233a) gives the matrix of coef f ic ien ts  i n  the  form 

Subst i tut ion 

(233b) 

In  the  spec ia l  
(i.e., i n  which the  
ments c 1, the  above 

case of a gas model i n  which there  are no dependent species 
number of species n is  equal t o  the number of chemical ele- 
formulas remain va l id  i f  the sums running over the  dependent 

species are eliminated. These are the  sums i n  which the summation index runs 
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from c i- 1 t o n .  Equation (226) shows tha t ,  i n  t h i s  s p e c i a l  case, the  mole 
f rac t ions  Xj are equal t o  qj and thus are constant. , Equations (227) 
and (233b), with t h e  sums Over dependent species eliminated, show t h a t  the 
Newton-Raphson procedure gives t h i s  so lu t ion  f o r  the independent mole f rac t ions  
correct ly  on the f i r s t  i t e r a t i o n .  

I n  NATA, the  system of equations (233) i s  solved f o r  the correct ions hmr,  
a t  each s tage  of the i t e r a t i o n ,  by ca l l ing  a subroutine (DSMS$L) f o r  simultaneous 
so lu t ion  of a system of l i n e a r  equations. The i t e r a t i o n  i s  continued u n t i l  t h e  
hmT are a l l  less than o r  equal t o  10-6 i n  absolute magnitude. Once the  iteration 
has converged, the  entropy, enthalpy, and mean molecular weight of the equilib- 
rium gas mixture are computed from equations (30b), (26), and 

n 

w =c xj wj (236) 
j=l 

The gas density i s  then computed from the i d e a l  gas r e l a t i o n  

P W  
ROT 

p = -  

Finally,  the densi ty  and enthalpy are corrected f o r  gas imperfections using 
equations (79b) and (81). 

It should be noted tha t  t h e  mixture enthalpy given by (26), 

n 

H = E  Xj Hj 
j = l  

is the  enthalpy per mole of mixture. The s p e c i f i c  enthalpy (enthalpy per  u n i t  
mass) is  

H 
W h = -  

where w is  the  mean molecular weight (236). 
NATA, the  species molar enthalpies  Hj are computed i n  the  non-dimensional form 

In t h e  i n t e r n a l  calculat ions of 

where Ro is  t h e  universal gas constant and TO the  reservoir  temperature, and 
the  s p e c i f i c  enthalpy i s  given as 
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WOh 

Ro To 
CH = - (241) 

where Wo is the  molecular weight i n  the reservoir .  From equations (23 
(241) , 

n 

CH = “E W XJ SHJ(J) (242) 
J - I  

6.2 Inviscid Equilibrium Flow 

The governing equations f o r  steady, one-dimensional ad iaba t ic  inviscid flow 
are 

p u  A; = p * * e  u A‘, = const. . (243)  

dP udu + -= 0 
P 

I 

2 
h + - u2 = h~ = const. 

(244) 

(245) 

where p denotes t h e  densi ty ,  u t h e  flow veloci ty ,  A; t h e  cross  sec t iona l  area, 
p t h e  pressure, and h t h e  s p e c i f i c  enthalpy. I n  the  cont inui ty  equation ( 2 4 3 ) ,  
the  a s t e r i s k s  ind ica te  sonic-point values. The Euler equation (244) assumes t h a t  
viscous stresses and body forces  (such as electromagnetic and gravi ta t iona l  
forces) are negl igible .  The energy equation (245)  assumes t h a t  the  flow is 
adiabat ic .  Subject t o  these assumptions, these equations are applicable t o  any 
steady, one-dimensional flow whether the  gas is chemically frozen, i n  equilib- 
rium, o r  undergoing react ions with f i n i t e  r a t e s .  

Equations (244)  and (245) can be combined t o  give 

dP dh - -= 0 
P 

From the  f i r s t  law of thermodynamics, 

Tds - > dc + p d(f) 



and t h e  definilzion of enthalpy, 

P 

P 
h = E +-  

it  may be shown t h a t  

dP T d s  > dh - - 
P - 

Equation (246) thus implies t h a t  

T d s  ’> 0 

(249) 

i.e., the  s p e c i f i c  entropy of the  gas e i t h e r  remains constant o r  increases i n  a 
flow obeying equations (244) and (245). The condition f o r  d s  = 0 is tha t  the 
flow be revers ib le  i n  t h e  thermodynamic sense. 
retraces its sequence of v e l o c i t i e s  (without passing through a shock), t h e  gas 
is restored t o  its i n i t i a l  state. The flow i d  revers ible ,  i n  t h i s  sense, i f  
the  gas obeys a rate-independent equation of state, p = p (p, h ) ,  such t h a t  t h e  
density is uniquely determined when the  pressure and enthalpy are specified,  
gas which is everywhere i n  l o c a l  thermochemical equilibrium obeys a cons t i tu t ive  
r e l a t i o n  of t h i s  type. 
rate-independent equation of state. 
governed by equations (243) t o  (245) are isentropic  ( d s =  0 ). On the  other hand, 
non-equilibrium flows with f i n i t e  react ion rates a r e  i r revers ib le ,  because t h e  
gas composition depends not  only upon the  pressure and enthalpy but a l s o  upon 
t h e  past  h i s tory  of t h e  gas sample. 
such non-equilibrium flows 

This means t h a t  i f  t h e  flow 

A 

A gas whose chemical composition i s  frozen a l s o  obeys a 
Thus, both equilibrium and frozen flows 

Thus, from (250), t h e  entropy increases i n  

A l l  of the  flow solut ions calculated by NATA are assumed t o  start from a 
state of thermochemical equilibrium i n  an upstream reservoir.  
and state of t h e  gas i n  t h e  reservoir  are computed using t h e  method described 
i n  Section 6.1. 
t h i s  method is applied d i rec t ly .  I f  other options f o r  input spec i f ica t ion  of 
the  reservoir  conditions a r e  employed, the reservoir  temperature and pressure 
a r e  determined using t h e  i t e r a t i v e  techniques explained i n  Section 6.5, and t h e  
method of Section 6.1 is again used t o  compute t h e  gas composition and state i n  
the  reservoir .  

The composition 

I f  t h e  reservoir  temperature and pressure are input-specified, 

The flow conditions t h a t  can be reached by an equilibrium expansion from a 
specif ied reservoir  condition form a one-parameter family of states. I n  NATA, 
the  gas temperature is taken t o  b e  t h e  independent var iable .  
equilibrium flow states is generated by decrementing the  temperature, s t a r t i n g  
from the  reservoi r  value. A t  each temperature, the  species mole f rac t ions  and 
the  s ta t ic  pressure are determined from a thermochemical equilibrium calculat ion 
with the  supplementary condition t h a t  the gas s p e c i f i c  entropy s be equal t o  its 
value so i n  the  reservoir .  The conditions f o r  thermochemical equilibrium are 
equations (224) and (227). The s p e c i f i c  entropy may be obtained by dividing 
t h e  molar entropy (30b) by the l o c a l  molecular weight w: 

A sequence of 
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Thus, t h e  condition s = SO can be wri t ten,  with the  aid of (236), i n  the  form 

(252) 

n 
S*O sowj 

F c + l =  Xi [k - - 
RO 

j = l  

i n  which Xj i d  the  mole f rac t ion  of t h e  j t h  
weight, Sio the  species molar entropy at standard pressure,  and Ro t h e  universal  
gas constant. Equations (227) and (252) cons t i tu te  a system of c + 1 equations 
t o  b e  solved f o r  t h e  equilibrium mole f rac t ions  and t h e  s ta t ic  pressure p a t  t h e  
specif ied temperature and spec i f ic  entropy. A s  i n  Section 6.1, these equations 
are solved by t h e  Newton-Raphson method. The so lu t ion  is car r ied  out by subrou- 
t i n e  NEWRAP. The addi t ional  derivatives required by incorporation of the addi- 
tional equation (252) and the  addi t ional  unknown p a r e  as follows, f o r i  = 1, ... , C  

and m = 1, ...) c :  

species ,  Wi the species molecular 

e, xi- 1 1 SO Wi 

RO 
+ 

i = c + l  

(254) 
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Equation (253) is  derived by d i f f e r e n t i a t i n g  equation (227) w i  
 pressure,^ . respect  t o  t h e  

For the  independent species ( j )  , 
axj 
dP 

-=  0 

since the  mole f rac t ions  Xi ( j  = 1, ..., c) and the  pressure p are a l l  independent 
variables.  For the  dependent species (i) , from (224), 

Equation (254) is  obtained by d i f f e r e n t i a t i n g  (252) with respect t o  the mole 
f r a c t i o n  Xmof an independent species,  and using equations (230) and (231). 
Equation (255) r e s u l t s  from d i f f e r e n t i a t i o n  of (252) with respect t o p ,  when 
(256) and (257) are taken i n t o  account. 

The system of Newton-Raphson equations f o r  the  state of the  gas a t  a point 
i n  an equilibrium flow may be wr i t ten  

m = l  

where j and k run from i t o  c + 1 , 
Y,' x,' (m = 1, ..., C) (259a) 

yc+{ = P' (259b) 

For m = 1 t o  c and j = 1 t o  c, t h e  matrix of coef f ic ien ts  i n  (258) is given by 
(233b). For m = c + 1 and j = 1 t o  c ,  
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n 

Finally,  f o r  m = c + l a n d  = c + 1 ,  from (255), 

A t  each s tage  of the  Newton-Raphson i t e r a t i o n ,  the system of c + 1 l i n e a r  
equations (258) is solved f o r  t h e  relative corrections htrF by c a l l i n g  subroutine 
DSMSQL. 
the  pressure are then obtained from 

The improved estimates f o r  the  independent species mole f rac t ions  Xn and 

(262) Yi+I = Y,' (1 + h i )  (m = 1, ..., c + 1) 

The i t e r a t i o n  i s  continued u n t i l  a l l  of t h e  are smaller than or  equal t o  
10-6. 

Once the  equilibrium mole f rac t ions  and the  s ta t ic  pressure have thus been 
determined, the  molecular weight, density,  and s p e c i f i c  enthalpy are computed 
from equations (236), (237) , and (242). The densi ty  and enthalpy are corrected 
f o r  e f f e c t s  of gas imperfections using equations (79b) and (81). The flow 
ve loc i ty  is then determined from equation (245): 

and t h e  qass f lux  

m = pu (264) 

i s  computed. 

Up t o  t h i s  point ,  the  calculat ions have proceeded without reference t o  t h e  
nozzle geometry o r  t o  t h e  locat ion i n  t h e  nozzle a t  which the  computed flow con- 
d i t i o n s  occur. 
through the  cont inui ty  equation (243). 
area r a t i o  A,: 

The flaw conditions are re la ted  t o  t h e  nozzle geometry only 
This equation can be solved f o r  the 
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Thus, if the sonic  mass f l u x  m, = p,u, is known, t h e  area r a t i o  can b e  calculated 
from the  l o c a l  mass f l u x  (264) .  The locat ion of t h e  flow point within the nozzle 
can then be decermined by invert ing the area r a t i o  r e l a t i o n  A, = 
the  nozzle o r  channel geometry (Section 4 ) ,  t o  obtain the  a x i a l  p 
responding t o  the  calculated area r a t i o .  

Since the  area r a t i o  A, has a minimum a t  the  sonic  point,  the  sonic  mass 
f l u x  m, is t h e  maximum mass f l u x  occurring anywhere i n  the flow. I 
from a preliminary calculat ion (performed i n  subroutine NRMAX), bef 
equilibrium flow solut ion.  I n  NRMAX, the  temperature is repeatedly 
and the  equilibrium mass f l u x  is computed a t  each s tage,  u n t i l m  passes its 
maximum value. 
and other  flow conditions corresponding t o  the  maximum mass f lux.  The resu l t ing  
m, value i s  then used i n  t h e  determination of t h e  area r a t i o  from (265) during 
the main equilibrium flow solution. 

determined 

An i t e r a t i o n  is then carried out t o  determine the  temperature 

6.3 Boundary Layer Effects  

Inviscid flow is, of course, only an idea l iza t ion  of the behavior of real 
gases. In  an ac tua l  wind tunnel, there  is a boundary layer  on t h e  nozzle w a l l ,  
within which viscous stresses and heat transfek are important. Upstream of the  
throa t  and i n  the  throat  region, t h i s  boundary layer  is th in  and has s m a l l  (but 
not negl igible)  e f f e c t s  upon the  f r e e  stream flow. Downstream, i n  the region 
of high Mach number and low density,  the boundary layer  thickness can become 
comparable with the  nozzle radius  o r  the  gap between channel faces.  In  such 
cases ,  the e f f e c t s  of the  boundary layer  upon the  free-stream flow can become 
qui te  important. 

Depending on the flow conditions, the boundary layer  can be e i t h e r  laminar 
or  turbulent.  Within the operating envelopes of ex is t ing  NASA/JSC arc-heated 
wind tunnels,  t h e  layer  is usually laminar. 
l a t i o n  of laminar boundary layer  development on t h e  nozzle w a l l ,  based on the  
Cohen-Reshotko i n t e g r a l  method (Section 5 ) .  The boundary layer  propert ies ,  
including the  displacement thickness 6*, a r e  computed step-by-step, beginning 
a t  an upstream s t a r t i n g  point ,  along with the  inv isc id  flow solution. 
displacement thickness a l t e r s  the e f fec t ive  geometry of the nozzle or  channel.* 
I f  i t  is  posi t ive,  i t  reduces the  e f f e c t i v e  cross  sec t iona l  area of the  flow. 
I f  it is negative,  as it  normally i s  upstream and i n  the  throa t  region, i t  
increases  t h e  e f f e c t i v e  area. 

NATA contains an approximate calcu- 

The 

Relations between t h e  e f f e c t i v e  area r a t i o  (allowing f o r  the  displacement 
thickness) and t h e  geometric area r a t i o  have b$en given i n  Section 4 .  
r e l a t i o n s  involve the  displacement thickness 8* a t  t h e  nozzle throa t .  
quant i ty  is not known u n t i l  the  inviscid flow so lu t ion  and t h e  boundary layer  
calculat ion have reached t h e  throat .  
of the  throa t  must be generated without accurate knowledge of the  r e l a t i o n  
between the  e f f e c t i v e  and geometric area r a t i o s  i n  t h i s  region. 
f e r e n t  techniques f o r  circumventing t h i s  d i f f i c u l t y  have been t r i e d  during the 

These 
This 

Thus, the so lu t ion  i n  t h e  region upstream 

Several dif-  

'In the case of a channel, the flow is confined by two pairs of walls with different geometry. In this case, NATA performs two 
separate boundary layer calculations, and there are two displacement thicknesses at each flow point. 
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development of NATA. 
value f o r  t h e  displacement thickness a t  the throa t ,  based upon some type of pre- 
liminary solut ion up t o  the  throat .  Techniques of t h i s  type involved r e l a t i v e l y  
complex programming and, i n  some cases, led t o  unrel iable  code operation i n  the  
throa t  region, where the  solut ion is extremely s e n s i t i v e  t o  small er rors  i n  the 
area r a t i o .  

Most of these techniques involved the  use of an approximate 

The technique used i n  the  current version of NATA is simp1 
Upstream of the thro and gives r e s u l t s  of acceptable accuracy. 

between t h e  e f f e c t i v e  area r a t i o  and t h e  a x i a l  coo 
neglecting the difference between the  e f fec t ive  an area r a t i o s  i n  
t h i s  region. Since the  boundary layer is t h i n  i n  comparison with the  nozzle 
diameter upstream and near the throa t ,  t h i s  approximation is equivalent t o  a 
s m a l l  change i n  the nozzle shape i n  the upstream region. 
l i t t l e  e f f e c t  on the displacement thickness a t  the  throat .  Downstream of the 
throa t ,  i n  the  region where the boundary layer thickness can become large,  the  
r e l a t i o n  between the  geometric and ef fec t ive  area r a t i o s  is calculated using 
the  l o c a l  displacement thickness,  so t h a t  the boundary layer  and the  inviscid 
flow are coupled. 

Such a change has 

"he e f f e c t  of the  displacement thickness upon calculat ions of reservoir  
conditions from the t o t a l  mass flow using sonic flow analysis  is discussed 
below, i n  Section 6.5. This e f f e c t  is not negl igible ,  and is taken i n t o  account 
by an i t e r a t i o n .  

The preceding discussion of boundary layer e f f e c t s  i s  phrased i n  general  
terms, and is  applicable t o  a l l  th ree  types of flow solut ion.  
case of equilibrium free-stream flow, the  so lu t ion  including boundary layer  
e f f e c t s  i s  generated i n  the  following way: 

I n  the s p e c i f i c  

(1) A s  i n  the  purely inviscid case discussed i n  Section 6.2, the gas 
temperature is taken as the independent flow variable .  The tempera- 
t u r e  i s  repeatedly decremented, s t a r t i n g  from the  reservoir ,  and a t  
each s tage  the  composition, thermodynamic propert ies ,  and flow 
veloci ty  are determined by a Newton-Raphson solut ion of equations 
(227) and (252). 

(2) Upstream of the  throat  ( i . e . ,  fo r  temperatures above the sonic tempera- 
t u r e T , ) ,  the  a x i a l  coordinate corresponding t o  each flaw point is 
determined from equation (265) by assuming tha t  the e f f e c t i v e  area 
r a t i o  A, is equal t o  the geometric area r a t i o  Ag. That is ,  x is  
determined by solving t h e  equation 

m 
Ag(x) E A, = 2 m 

with the  a i d  of subroutine FINDX. 

(3) For each flow point,  a f t e r  x has thus been determined, the boundary 
layer  calculat ion for  the point i s  carr ied out a s  described i n  
Section 5. 
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(4) This procedure is continued u n t i l  the  t t r o a t  (x = 0) i s  reache 
displacement thickness at  t h e  throa t ($  
approximately. 

( 5 )  Beyond t h e  throa t ,  the  flow conditions are again determined by decrement- 
ing  t h e  temperature and solving equations (227) and (252), but t h e  geo- 
metric area r a t i o  Ag is  obtained from equation (127), (131), o r  (135), 
depending on t h e  type of nozzle geometry. The a x i a l  coordin 
then determined by invert ing t h e  geometric area r a t i o  relati  
t h e  nozzle o r  channel. 
AGS$LN. Since t h e  formulas r e l a t i n g  Ag and A, involve the displacement 
thickness 6*, and s ince  6* is obtained from the  boundary layer  calcula- 
t i o n  which requires  the  coordinate X, the  computation of Ag is based on 
the  e f f e c t i v e  area r a t i o  A, f o r  <he current  flow point and the displace- 
ment thickness 6* at t h e  preceding flow point. After t h e  boundary layer  
calculat ion f o r  the  flow point has been performed, subroutine AGSflLN i s  
ca l led  again with the e f f e c t i v e  area r a t i o  and displacement thickness 
f o r  the  current  flow point.  The resu l t ing  improved value of x is t h e  
one pr inted by t h e  code. The e r r o r  r e s u l t i n g  from use of t h i s  approxi- 
mation is s m a l l  so long as the  change i n  6* i n  one s t e p  of the  flow 
calculat ion is s u f f i c i e n t l y  small i n  comparison with the  nozzle 
diameter. 

i s  thus determined 

These operations a r e  performed i n  subroutine 

6.4 Frozen Flow 

Equilibrium flow is  the  l imi t ing  case of the  flow of a react ing gas mixture 
in  which t h e  react ion rates are i n f i n i t e l y  high. 
l i m i t ,  i n  which t h e  reac t ion  rates a r e  zero. Thus, i n  frozen flow, the  species 
mole f rac t ions  are assumed t o  be constant and equal t o  t h e i r  values i n  the  up- 
stream reservoir .  

Frozen flow is the  opposite 

As i n  the  case of equilibrium flow, the frozen flow so lu t ion  is  generated 
i n  NATA by decrementing t h e  temperature, s t a r t i n g  from the reservoir  value. A t  
each temperature, the  flow conditions are computed as  follows: .The enthalpy is 
computed from (242). The static pressure is  determined from t h e  condition t h a t  
the  flow be isentropic;  from (251), t h i s  condition can be formulated 

i n  which so denotes t h e  s p e c i f i c  entropy i n  the  reservoir  and wo t h e  molecular 
weight, which i s  everywhere equal t o  t h e  reservoir  value s ince  the  flow is 
frozen. Once the  pressure is known, t h e  perfect-gas density can be calculated 
from (237). For a frozen flow, (237) becomes 

-111- 



The density is calculated 
rected f o r  the  e f f e c t s  of 
These calculat ions are a l l  

A s  i n  the  equilibrium 
without reference t o  the  n 
i s  determined by a preliminary calculat ion,  
flow solut ion,  i n  which t h e  temperature i s  a 
corresponding t o  t h e  maximum mass flux. Dur 
each temperature, t h e  flow conditions are c 
e f f e c t i v e  area r a t i o  A, is 
form (265). The locat ion 
occur i s  then determined f 
the  boundary layer  is being generated, ' the  
A ,  and the  a x i a l  Goordinate x is obtained by inver t ing  the  area r a t i o  r e l a t i o n  
As = A ~ ( ~ )  f o r  t h e  nozzle. I f  t h e  solut ion includes boundary layer  e f f e c t s ,  the 

technique f o r  determining x from A, and t h e  displacement thickness 6* is exactly 
the  same as in  the  case of the  equilibrium solut ion,  described i n  Section 6.3. 

6.5 Determination of Reservoir Conditions 

NATA provides three  options f o r  input spec i f ica t ion  of t h e  reservoir  condi- 
t ions .  I n  a l l  th ree  cases,  i t  is assumed t h a t  t h e  gas i n  the  reservoir  i s  i n  
thermochemical equilibrium. I n  t h e - f i r s t  option, t h e  code user spec i f ies  the  
reservoir  temperature and pressure d i rec t ly .  
p roper t les  of the  gas i n  t h e  reservoir  a r e  then computed as described i n  
Section 6.1. 

The composition and thermodynamic 

I n  t h e  second option, the  input  quant i t ies  are the  reservoi r  pressure and 
the  t o t a l  mass flow. The ra t iona le  supporting t h i s  choice of parameters is t h a t  
the  t o t a l  mass flow is  much e a s i e r  t o  measure than the  reservoir  temperature. 
A meaningful reservoir  pressure measurement can a l s o  b e  obtained e a s i l y  i n  wind 
tunnels equipped with a plenum chamber within which a condition of flow stagna- 
t i o n  i s  approximated. I n  t h i s  second option, t h e  reservoir  temperature is 
determined, by an i t e r a t i o n ,  based on the condition t h a t  the  product of the 
e f f e c t i v e  throa t  area and the  equilibrium sonic  mass f l u x  be equal t o  t h e  input  
t o t a l  m a s s  flow. For each successive t r ia l  value of t h e  reservoir  temperature, 
the  equilibrium reservoi r  conditions are calculated as explained i n  Section 6.1, 
and t h e  equilibrium sonic  mass f l u x  m, is then computed as described i n  Section 
6.2. 
e f f e c t i v e  throa t  area is equal t o  t h e  known geometric cross sect ion of t h e  
nozzle a t  t h e  throat .  
tive throa t  area involves t h e  displacement thickness at  the  throa t ,  as shown 
i n  equations (125), (129), and (133). In  t h i s  case, the  reservoir  temperature 
is determined i n i t i a l l y  neglecting boundary layer  e f f e c t s .  
equilibrium flow so lu t ion  from t h e  reservoir  t o  t h e  throa t  is then computed t o  
determine an approximation t o  the displacement thickness a t  t h e  throat .  
calculat ion of the reservoi r  temperature i s  then repeated, using an e f f e c t i v e  
throa t  area which includes the  e f f e c t  of the  boundary layer  displacement 
thickness. 
flow are then car r ied  out assuming t h i s  revised r sservoi r  temperature. 

I f  boundary layer  e f f e c t s  are t o  be neglected i n  t h e  flow solut ion,  the  

I f  boundary layer  e f f e c t s  are t o  b e  included, t h e  effec- 

A preliminary 

The 

The main flow solut ions f o r  frozen, 'equilibrium, and non-equilibrium 
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The t h i r d  option f o r  specifying the reservoir  conditions is based on input 
The enthalpy can be deter- of the  t o t a l  mass flow and the stagnation enthalpy. 

mined from energy-balance data ,  and i s  a more meaningful piece of information 
than t h e  upstream pressure i n  wind tunnel configuratio lacking a stagnation 
region between t h e  arc heater  and t h e  throa t ,  especia i f  t h e  upstream flow 
is highly ro ta t iona l .  When t h i s  option is used, NATA determines the stagnation 
temperature and pressure i n  a f i c t i t i o u s  upstream reservoir  by a double itera- 
t ion ,  based on t h e  conditions t h a t  t h e  reservoir  enthalpy be equal t o  the  input 
stagnation enthalpy, and t h a t  the  product of the  e f f e c t i v e  throa t  a rea  and the 
equilibrium sonic  mass f l u x  be equal t o  the input t o t a l  mass flow. I f  boundary 
layer  e f f e c t s  a r e  t o  be included i n  the  flow solut ion,  a preliminary calculat ion 
t o  determine the  displacement thickness a t  the  throa t  is performed p r i o r  t o  t h e  
main flow solut ions,  as i n  the  second option. 

I n  t h e  second and t h i r d  options,  the  determination of the reservoir  condi- 
t i o n s  is based i n  p a r t  on calculat ions of equilibrium flow from the  reservoir  
t o  t h e  throa t ,  regardless of whether the  main flow solut ions t o  be generated 
are t o  be equilibrium, frozen, non-equilibrium, o r  some combination of these. 
The ra t iona le  f o r  t h i s  procedure may be outlined as follows: 

(1) When two o r  th ree  d i f f e r e n t  types of flow so lu t ion  are computed for  t h e  
same problem, the user’s  purpose i s  t o  assess t h e  importance of t h e  re- 
act ions by comparing solut ions based on i n f i n i t e ,  f i n i t e ,  and zero 
react ion r a t e s .  Such an assessment would be obscured i f  the d i f f e r e n t  
types of so lu t ion  s t a r t e d  from d i f f e r e n t  reservoir  conditions, as they 
would i f  separate  reservoir  calculat ions were performed f o r  frozen, 
non-equilibrium, and equilibrium flow. 

(2) The equilibrium-flow reservoir  calculat ions f o r  the  second and th i rd  
options already consume a s igni f icant  amount of computer t i m e ,  ranging 
from a few seconds t o  over a minute p e r  case, depending on the 
gas model and the  option. 
flow would use a great  deal  more time, especial ly  s ince  the  non- 
equilibrium solut ion is of ten  forced, by s t a b i l i t y  requirements, t o  
take very s m a l l  s teps  i n  the  upstream region. 

(3) I n  most of the cases t o  which NATA i s  applied,  the non-equilibrium 
solut ion (which simulates the  ac tua l  flow most c losely)  is approximated 
reasonably w e l l  by the  equilibrium solut ion i n  the region upstream of 
the  throa t ,  because the flow starts from an equilibrium s t a t e  i n  the 
reservoir  and t h e  pressure remains f a i r l y  high u n t i l  the  throa t  has 
been passed. 

S i m i l a r  calculat ions assuming non-equilibrium 

The reservoir  condition calculat ions f o r  t h e  second and t h i r d  options are 
control led by subroutine RESTMP e 
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7. NON-EQUILIBRIUM FLOW 

The chemical react ion rates i n  a real, high-temperature gas mixture are 
f i n i t e .  
some circumstances may approximat-e the flow i n  portions of t h e  nozzle. The 
ac tua l  flow i n  an arc-heated wind tunnel is a non-equilibrium expansion, 
present sect ion explains how non-equilibrium flow is calculated i n  the  NATA 
code.* Section 7 .1  presents the flow r e l a t i o n s  and react ion rate equat i  
a r e  assumed t o  govern t h e  flow, both f o r  the  normal case of chemical no 
and f o r  the case i n  which the f r e e  electrons and bound e lec t ronic  excited states 
are a l s o  assumed t o  be out of equilibrium with the  heavy species. 
l i n e s  the overa l l  method of solut ion used i n  NATA. 
ca lcu la te  portions of the non-equilibrium flow a r e  then described and analyzed i n  
Sections 7.3 t o  7.5. These techniques are an inverse method used i n  t h e  upstream 
region, a perturbation method used t o  start the  solut ion i n  the  region j u s t  down- 
stream of the reservoir ,  where the flow i s  s t i l l  near ly  i n  equilibrium, and t h e  
numerical integrat ion method used t o  compute the  flow f a r t h e r  downstream, where 
some of the react ions are appreciably out of equilibrium. Final ly ,  Section 7.6 
explains how the non-equilibrium inviscid flow i s  coupled with the boundary layer  
on the nozzle o r  channel w a l l .  

Thus, equilibrium and frozen flow are only l imi t ing  cases, which under 

The 

Section 7.2  out- 
Special techniques used t o  

7 .1  Governing Equations 

The NATA code contains two d i f f e r e n t  treatments of non-equilibrium flow. 
The f i r s t  is a conventional single-temperature model i n  which, a t  each s t a t i o n  
i n  the nozzle, the k i n e t i c  t rans la t iona l  temperatures and the exc i ta t ion  temper- 
a t u r e s  of a l l  species are assumed equal. I n  t h i s  model, only the  species concen- 
t r a t i o n s  are allowed t o  depart  from equilibrium. The compiled-in a i r  models and 
planetary atmosphere models a r e  of t h i s  type. For brevi ty ,  these may be referred 
t o  as chemical non-equilibrium models. 

The second type of non-equilibrium treatment implemented i n  NATA i s  a two- 
I n  t h i s  case, i n  addition t o  non-equilibrium of t h e  species temperature model. 

concentrations, t h e  e lec t ronic  degrees of freedom are assumed t o  be out of 
equilibrium with the t rans la t iona l  and v ibra t iona l  motions of the atoms, ions,  
and molecules. The ve loc i ty  d i s t r i b u t i o n s  of these heavy p a r t i c l e s  a r e  assumed 
t o  be Maxwellian a t  a temperature T, while the  t rans la t iona l  temperature of the  
f r e e  electrons i s  allowed t o  have a d i f fe ren t  value, T,. 
states of some chemical species are t reated a s  separate  physical  species, SO t h a t  
the populations of these s t a t e s  need not be i n  equilibrium a t  e i t h e r  of the 
temperatures, T or  T,. The governing equations include terms representing energy 
t ransfer  b e t w e n  the electrons and heavy par t ic les .  
from the  plp-sma a r e  taken i n t o  account. 
argon ar - cf t h i s  type. 
equilibrium models. 

The e lec t ronic  excited 

In addi t ion,  rad ia t ive  losses  
The compiled-in models f o r  helium and 

Such models w i l l  be re fer red  t o  as e lec t ronic  non- 

The f i r s t  p a r t  of t h i s  sec t ion  presents and discusses the governing equations 
f o r  t h e  chemical non-equilibrium models. 
t ron ic  non-equilibrium models. 
the  elemental composition of the  gas mixture, 

The second p a r t  deals  with the  elec- 
P a r t  3 explains the technique used t o  maintain 

*Available techniques for analyzing non-equilibrium nozzle flows have been reviewed by Bray (ref. 31 1 and by Hall and Treanor 
(ref. 32). 
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7.1 1 Chemical Non-equilibrium 

The gas flowing through the nozzle is assumed t o  cons is t  of n chemical 
species which can undergo I chemical reactions.  The react ions can be repre- 
sented i n  the form 

I n  t h i s  formula, the  Mj symbols represent the chemical species,  and the  matrices 
vij , vik are the stoichiometric coef f ic ien ts .  
rate constants are denoted by k f i  , k,;, respectively.  
the equations of steady, one-dimensional, adiabat ic  inviscid flow,- namely 
equations (243) through (245). These equations may be wr i t ten  i n  d i f f e r e n t i a l  
form as 

The forward and reverse react ion 
The gas is assumed t o  obey 

d k p  d k u  d h A ;  

dx dx  dx 
+ -  + - - 0  (270) - 

d u  1 dp u -  + -- = 0 
dx p dx 

dh du - + u-= 0 
dx dx 

Equations (270) t o  (272) are the cont inui ty ,  momentum, and energy equations, 
respectively.  
state is 

The gas mixture is assumed t o  be idea l ,  so t h a t  the  equation of 

i n  which the molecular weight W is given by equation (236): 

n 

w =  xj wj 

j =1  

i n  terms of the mole f rac t ions  Xj and molecular weights Wj of the  indivtdual  
species. Also, the  spec i f ic  enthalpy h is  given by 

where H~ is the molar enthalpy of the j* species, a function of temperature. 
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Inspection of equations (270) through (275) reveals the  presence of n i - 6  
dependent var iables:  p ,  u, P, h, T, W, and Xj f o r  j = 1 t o  n .  (The f 
A i i s  assumed, f o r  now, t o  be a known function, A;(x) of the posi t ion coordinate 
x.) 
l a t i o n s  are required, t o  y ie ld  a determinate system. 
r e l a t i o n s  are the  rate equations specifying the  changes i n  t h e  species 
f rac t ions ,  xi , or  concentrations, yj . According t o  equation (61), the  
of change of the molar concentration EM.]  of species  j due t o  the  ith react ion 

1 is 

Since there  are j u s t  six equations, i t  may be seen that n addi t iona l  re- 
The required addi t iona l  

rate 

I n  t h i s  equation, [hik] has u n i t s  of moles/cm3. 
constants,  kfi 
r e l a t i o n  (62) , 

k fi 

The forward and reverse rate 
and kri , are assumed t o  be connected by the  de ta i led  balancing 

(277) k .  = -  
" K; 

i n  which the  equilibrium constant Ki is given by equation (68): 

Here 

Some manipulation is required t o  br ing equation (276) i n t o  a form s u i t a b l e  
f o r  use i n  the  non-equilibrium flow calculations.  
equilibrium solut ion,  the amounts of the species are expressed i n  terms of t h e  
s p e c i f i c  molar concentrations yj , which are re la ted  t o  the  mole f rac t ions  by 
equation (1) and which have u n i t s  of moles per gram of mixture. 
centrat ions [ M i l  are r e l a t e d  t o  the  y j  by 

F i r s t ,  i n  t h e  NATA non- 

The volume con- 

CMjI = pyj  
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i n  which p is t h e  gas density. Second, s ince deals  with stead s, the  
time derivat ive i n  (276) must be converted i n t  space der iva t ive  

d d 
dt dx 
- =  u -  

Subst i tut ion of equations (279), (281) and (282) i n t o  (276) gives 

i n  which 

n 

vi = c V i j  

j= l  

(284a) 

(284b) 

Equation (276) gives only the  changes i n  EMjI due t o  the chemical react ion,  not 
those resu l t ing  from changes i n  the volume of the  gas sample. 
operator on the  l e f t  i n  (276) r e f e r s  t o  changes i n  species concentrations a t  con- 
s t a n t  gas density,  and i t  is  correct  t o  set 

Thus, the  id/dt Ii 

as was  done i n  the  der ivat ion of equation (283)*. 

The t o t a l  rate of change of the spec i f ic  concentration Y .  f o r  the  
1 

jth species 
may now be obtained by summing equation (283) over a l l  of the reactions:  

'See Section 7.1.2 (below) for a more detailed derivation of (283). 
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With the aid of the detailed balancing relation (277), equation (286) can be re- 
written in the form used in NATA: 

where 

k = l  

k =1 

The five flow equations (270) to (273) and (275) can be reduced to two by 
eliminating the derivatives du/dx , dp/dx, and dh/dx. Combination of the con- 
tinuity equation (270) with the energy equation (272) gives 

d L p  d R A ;  l d h  
__ + - -- - =  0 

dx dx u2 dx 

From (2751, 

n 

(291) day j 
“i + He J d x  -1 

dx 
j = l  

Also, from (31), 

dHj dHj dT dT 

dx dT dx Cpi d~ - -  - - =  - 

Hence, (290) can be rewritten in the form 

d k A ;  
- 2  - G O  

dT d Yj d k P  
+ H. - - u 2  - f: ‘Yj  cpj 1 dx dx dx 

j = l  
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Differentiation of the equation of state (273 

dp ROT dp Q p  dT pRoT dW 

dx W dx  W dx W2 dx 
- = - -  + - - - - -  

Substitution of (272) and (294) into the momentum equation (271) 

dh ROT d k p  Ro dT ROT dW 

dx W- dx W dx W2 dx  
+ -- + - - - - - = o  (295) _ -  

The quantity dW/dx can be expressed in terms of the concentration gradients dyj/dx 
by differentiating the relation 

n 
1 

W 
yj = - 

j = 1  

which can be derived simply by summing equation (1) over the species. 
tiation of (296) gives 

Differen- 

Substitution of (291), (292), (296), and (297) into (295) gives 

j = l  j =1 

Addition of equations (293) and (298) gives, finally, 

n 
dT d k p  u2 d k A ;  

[T 2 i yj x] + (5 -$) dx - - - - - 0  
(299) 

R o b  
j =1 

The basic system of differential equations for the chemical non-equilibrium model 
is (287), (293), and (299). This is a system of n +2equations for the dependent 
variables 'p, T, and .y for j = 1 to n. I 

-120- 



I n  NATA, these equatio e expressed i n  f i n i  erence form and 
numerically. The in t eg ra t ion  technique i 
point x i n  the flow, the concentration de 
equations (2871,  and the der iva t ives  dT/dx and d L p / d x a r e  obtained by simul- 
taneous so lu t ion  of equations (293)  and ( 2 9 9 ) .  The conditions a t  a pointx+Ax 
are then calculated from the flow var iab les  and t h e i r  f i r s t -o rde r  der iva t ives  a t  
x, using a modified Runge-fitta technique. Once T, p, and the yj have thus been 
determined a t  the new point,  the  s p e c i f i c  enthalpy is computed from (275 )  and the 
ve loc i ty  from the i n t e g r a l  form of the  energy equation ( 2 4 5 ) .  To ensure accurate 
conservation of mass, the dens i ty  is recalculated from t h e  flow ve loc i ty  and the 
area r a t i o  a t  the cur ren t  flow pos i t ion  x, using the  cont inui ty  equation ( 2 6 5 ) .  
The molecular weight is then computed from ( 2 9 6 ) ,  and the pressure from the 
equation of state (273 ) .  
( 2 5 1 ) ,  and a Mac number is calculated based on a "speed of sound" given by 
[(dp/dx)/(dp/dx)l IX: From (270)  and (271 )  , 

Also, t he  spec i f i c  entropy is  calculated from equation 

1 
(300) 

d- 
The above defined speed of sound is not,  i n  general, t he  speed of propagation of 
small disturbances i n  a re lax ing  medium (ref.  3 3 ) .  

7 .1 .2  Electronic Non-equilibrium 

Measurements of the e lec t ron  temperature T, i n  ionized nozzle flows generally 
show t h a t  the equilibrium between T~ and the gas temperature breaks down a t  some 
point i n  the expansion. (See r e f .  34, f o r  example.) The importance of including 
t h i s  phenomenon i n  flow ca lcu la t ions  depends upon the  intended appl ica t ion  of t he  
r e s u l t s .  
e l ec t ron ic  non-equilibrium, but the e l ec t ron  density,  t he  populations of excited 
states, and the  spec t r a l ly  resolved r ad ia t ion  emitted by the gas a l l  depend 
sens i t i ve ly  on the  e lec t ron  temperature. 

Aerodynamic forces  and heating are not l i k e l y  t o  be much af fec ted  by 

Equations f o r  steady-state,  quasi-one-dimensional flow of a plasma with un- 
equal e lec t ron  and heavy-particle temperatures have been formulated and solved 
i n  several previous s tud ie s  ( refs .  35 through 3 7 ) .  Since there  appears t o  be 
some disagreement i n  the l i t e r a t u r e  as t o  the co r rec t  form of such equations, 
t he  applicable r e l a t i o n s  are derived here by formulating conditions f o r  m a s s ,  
momentum, and energy conservation f o r  each species. 

Mass Conservation. - L e t  ij represent the mass of the  jth species produced 
per u n i t  volume per u n i t  t i m e  by reac t ions  occurring i n  the  flow. 
conservation equation fo r  species j may be wr i t t en  by considering the mass balance 
f o r  a small volume element i n  the flow of thickness Ax. The t o t a l  mass of the jeh 
gas en ter ing  t h i s  volume element per u n i t  time through the u p s t r e a  boundary a t  
x = x is  then given by p' u. A', wa lua ted  a t  x , while the  mass leaving the volume 
through the downstream boundary a t  x = x + hiis pi ui A; evaluated a t  x = x 4- A x ,  
where pj is the  mass dens i ty  of t h e  j* species i n  t n e  gas, uj is its mean flow 
ve loc i ty ,  and A ; i s  t he  cross-sectional area o f ' t h e  flow a t  the given value of X .  

Then t h e  mass 

I f  
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Since the  n e t  mass of species  j leaving the  volume element between x and x + A x  
due t o  flow through the  ends must be j u s t  equal t o  the  ma 
volume element by the source term i. -, t he  mass balance f o  
becomes J 

Taking the  l i m i t  of equation (301) as Ax-0 y ie lds  the mass conservation 
equation f o r  t he  jth species  i n  s teady quasi-one-dimensional flow, 

d -.. (pj ~j A;) = A' dx I =  

Momentum Conservation. - To der ive  the  momentum 
the jfh species ,  consider a test mass of the  jth gas 
located between the  planes x and x + Ax and which i s  
ve loc i ty  uj The t o t a l  momentum of t h i s  gas element 

x+ Ax 

P ;J pj uj A; dx 

X 

while the  force  ac t ing  on the element is 

conservation equation fo r  
which is instantaneously 
moving with the l o c a l  flow 
is then 

X 4 ' d x  

Here, the  f i r s t  two terms on t h e  r i g h t  hand s i d e  of equation (304)  are the  n e t  
pressure force  of the  jfh gas ac t ing  across  the  end planes of t he  volume element 
a t  x and x + h  , t he  th i rd  term is the x-component of the  force  between t h e  nozzle 
w a l l  and the  jth gas and the  f i n a l  t e r m  is the t o t a l  force on the  test mass of the 
j* 
t o t a l  body force  per  u n i t  volume on the  jth gas due t o  the  in te rac t ions .  
ing the  momentum conservation condition F = dP/dt t o  t he  test mass then y i e lds  
t h e  momentum balance f o r  the  element as 

gas due t o  in t e rac t ions  with other  gaseous species ,  where fj represents  t he  
Apply- 
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where the  right-hand-side of equation (305) follows d i r e c t l y  from equation (303), 
s ince  the l i m i t s  of in tegra t ion  i n  (304) are assumed t o  m o v e  with t h e  l o c a l  flow 
ve loc i ty  u i .  
conservation equation f o r  the jth species  i n  steady, quasi-one-dimensional flow, 

Taking the l i m i t  of equation (305) a s  Ax-0 now yie lds  t h e  momentum 

d dPj 

dx I 

- (pj uj2 A;) = - A', - + f j A i  
dx 

Energy Conservation. - Now consider t h e  energy balance f o r  the  same test 
mass of the jth gas discussed i n  the previous paragraph. 
energy per u n i t  m a s s  of the jth gas and ij be the t o t a l  heat energy added t o  t h i s  
gas per u n i t  volume per u n i t  t i m e .  
energy addi t ion t o  t h e  jth gas i n  the test volume except f o r  the work energy 
supplied by the p a r t i a l  pressure pj on the ends of the volume and by the body 
force f j .  

L e t  'j be the i n t e r n a l  

4j is thus assumed t o  include a l l  sources of 

Thus, the  energy balance f o r  the  test volume may be wr i t ten  as 

Taking the l i m i t  of equation (307) as Ax-0 and rearranging the  r e s u l t  s l i g h t l y  
y ie lds  the  energy conservation equation f o r  the  jth gas i n  the form 

where the  spec i f ic  enthalpy h- of the  jth gas i s  defined by 1 
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Equations (302), (306), and (308) are the  bas ic  conservation equations which 
must be s a t i s f i e d  by the individual components of a gas mixture i n  steady quasi- 
one-dimensional flow. 
i n  these equations may be d i f f e r e n t ;  however, i n  t h e  present analysis  it is  
assumed t h a t  the  flow ve loc i ty  

I n  general, the  flow v e l o c i t i e s  uj of the  individual species 

is the  same f o r  a l l  species.  
approximation f o r  pressures a t  least down t o  t h e  order of 10-4 atmospheres, while 
f o r  the  electrons the condition (310) w i l l  be m e t  provided there  i s  no n e t  flow 
of e lectr ical :  current  i n  the  gas. 

For the  heavy p a r t i c l e s  t h i s  should be a good 

It is fur ther  assumed t h a t  

so t h a t  there  is no n e t  production of mass and no ne t  body force on the  flow. 
Then equations (302), (306), and (308) may be summed f o r  a l l  species j i n  the gas 
t o  obtain the  usual quasi-one-dimensional conservation equations f o r  the t o t a l  
flow 

where 

d - (pu-A; )  = O  
dx 

du dP 
pu z = -  - dx 

d 1 

dx 2 
p u  - ( h + -  u2) = 4 

n 

P c C P j  

j =I  

i s  t h e ' t o t a l  densi ty  of the  gas mixture, 

(312a) 

(312b) 

(312c) 

(313a) 

n 

PZCPj 

j = l  
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is the t o t a l  pressure, 

n 
1 

P 
h G -  p- h. 

1 1  
j = l  

( 3 1 3 ~ )  

is the  t o t a l  enthalpy of the gas mixture per u n i t  mass, and 

n 

q G  4j (313d) 

is the t o t a l  energy addi t ion t o  the  flow per u n i t  volume per u n i t  time from ex- 
t e r n a l  sources. For the present analysis ,  the only external  source term t o  be 
considered w i l l  be  the r a d i a t i v e  energy l o s s  from the  gas, so that the source 
term (313d) becomes simply 

where ’lr is the radiated power per u n i t  volume l o s t  from the gas. 

For the  most general  type of one-dimensional flow, the species d e n s i t i e s  
Pj, flow v e l o c i t i e s  uj, and i n t e r n a l  energies c j  
ables ,  so t h a t  the  species mass, momentum, and energy conservation equations (3021, 
(306), and (308) would a l l  be required t o  obtain t h e  complete flow solut ion.  
Because of the assumption (310) made i n  the present analysis ,  however, these 
equations a r e  no longer a l l  independent, so t h a t  the body force \fi 
nated between t h e  momentum and energy equations (306) and (308) t o  obtain the  
s ing le  equation 

would a l l  be independent vari- 

may be e l l m i -  

d d 1 d 

dx 1 dx 2 dx 
- (pj u A’, cj) + p. - (U A:) - - u2 - (pj u A’,) = qj A’, 

f o r  the  species i n t e r n a l  energy Further,  i t  w i l l  be assumed i n  t h e  present 
ana lys i s  t h a t  the exchange of t rans la t iona l  energy among the  heavy p a r t i c l e s  i n  
the gas i s  s u f f i c i e n t l y  rapid t o  maintain thermal equilibrium among them, so t h a t  
equation (315) is required only f o r  the electrons.  Thus, f o r  a gas mixture con- 
ta ining nspecies ,  there  are n + 3 independent flow equations (namely, t h e  n species 
conservation equations (302), the overa l l  momentum and energy conservation equa- 
t ions  (312b) and (312c) f o r  the  mixture, and t h e  electron energy equation (315) t o  
determine the n species  d e n s i t i e s  p - ,  the  flow ve loc i ty  ut and the  electron and 
heavy-particle temperatures Te and T f o r  the mixture. 

cj. 

I 

For use i n  the  NATA code, i t  i s  convenient t o  express the  above flow equations 
i n  terms of the species  concentrations y. i n  moles/gm, defined by 

1 

- 
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where wj is the  molecular weight of the jth species and p is the t o t a l  densi ty  
of the  mixture defined by equation (313a). 
i n t o  equation (302) and the r e s u l t  simplified by the  use of equations (310) and 
(312a), one obtains  the species conservation equations i n  the  form 

When t h i s  notat ion is introduced 

dyj i j  (317) 
p' z=Wj 

Similarly,  the electron energy equation (315) becomes 

Pe 'P 1 (318) p u  we [ 2- (ye €e) - - - - - 
dx Wep2 dx 2 d x  

or ,  introducing the  i d e a l  gas equation of s t a t e  €or the  electrons and noting that 
the  flow energy t e r m  u2/2 w i l l  be negl ig ib le  compared t o  the random thermal energy 
e f o r  e lectrons because of t h e i r  small mass, 

where Ro = 1.9872 cal/mole-'K is the gas constant per mole. 

To complete the spec i f ica t ion  of the  problem, i t  is  now necessary t o  specify 
the source terms 'i, q,, and 21, occurring i n  equations (312), (317), and (319). 
I n  general ,  these terms may be wr i t ten  a s  sums of contributions from t h e  individual 
c o l l i s i o n a l  and r a d i a t i v e  processes occurring i n  the gas. 
t i o n  process occurring i n  the  gas is represented by the chemical formula (269), 
then the t o t a l  nurcber of react ions of the type (269) occurring per u n i t  volume of 
the gas per un i t  t i m e  i n  t h e  fqrward and reverse d i rec t ions  w i l l  be respect ively 

Thus i f  the  ieh reac- 

(320a) 

and 

n 

~ "ij (320b) 
N,i = No k,i t F  Yj-J 

j =1 

where No = 6.0225 x 

forward and reverse react ion rates f o r  process i i n  u n i t s  of (mole/cm ) 
The source terms ;j 

is  Avogadro's number and kfi and kri are respect ively the 
3 ( 1 - V i )  sec-l, 

&, and ;re are then given i n  terms of the  numbers of react ions 
(320) by I 

(32 l a )  
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€ri - 
NO NO Nri 1 

i =1 

(321b) 

(321c) 

where the sum is over a l l  reac t ions  i occurring i n  the  gas, Pij = "ij i s  the  
ne t  number of molecules of species j which are formed i n  a s i n g l e  react ion of type 
i i n  the forward direct ion,  qfi and -Qi are the mean energies l o s t  from the  gas 
by rad ia t ion  i h  Noreactions of type i i n  t h e  forward and reverse direct ions,  respec- 
t ive ly ,  and cfi and -6ri are s imi la r ly  t h e  mean energies gained by t h e  electron 
gas i n  No react ions of type i i n  t h e  forward and reverse direct ions.  I n  general, 
the react ion rates kfi and kri i n  equations (320) and the  parameters qfi , qri ,  cfi 
and cri i n  equations (321) depend on t h e  react ion under consideration and must be 
evaluated individual ly  f o r  each gas. The rate constants and parameters used i n  
the standard gas models f o r  argon and helium w i l l  be  documented i n  Volume I1 of 
t h i s  f i n a l  report  (The NATA Code - User's Manual). 

- 
"ij 

Subst i tut ion of (321a) i n t o  (317) gives the species  production equation (286) 
Also, (312a) and (312b) are ident ica l  used i n  the chemical non-equilibrium model. 

with equations (270) and (271), respectively.  The set of governing equations f o r  
the e lec t ronic  nonequilibrium model d i f f e r s  from t h a t  f o r  the previously considered 
chemical non-equilibrium model i n  t h e  following respects:  

(1) The e lec t ronic  non-equilibrium model contains one addi t ional  dependent 
var iable ,  the electron temperature, T, 

(2) There is one addi t ional  governing equation, t h e  e lec t ronic  energy 
equation (319). 

(3) The global energy equation (312c) contains the  r a d i a t i v e  l o s s  term (314) 
on the r i g h t ,  whereas the  corresponding equation (272) i n  the chemical 
non-equilibrium model has zero i n  the  right-hand side. Thus, i n  the  
e lec t ronic  non-equilibrium model t h e  t o t a l  enthalpy decreases i n  t h e  
downstream direct ion.  

, 

(4) The equation of state (273) is replaced by (313b), i n  which t h e  p a r t i a l  
pressure p. fo r  the  jth species  is 

1 

Here N~ = p y j  is the  number of moles of t h e  jth species per u n i t  volume, 
and Ti is the  t rans la t iona l  temperature f o r  the  species. 
assumed t o  be equal t o  T f o r  a l l  of t h e  heavy species,  equations (313b) 
and (322) give 

Since Tj is 
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i n  which 

is  the  t o t a l  molar concentration of the  heavy species.* 

For use by the  code, the species production equations are rewri t ten i n  the  
form (287) .  
equilibrium model is that the equilibrium constant Ki i n  the  expression (289) f o r  
the quant i t ies  xi may be calculated from the electron temperature Te instead of 
the gas temperature T, f o r  some of the reactions.  I n  such cases, K; i s  computed 
from 

The only modification of these equations i n  the e lec t ronic  non- 

i n  place of equation (278).  

Elimination of the der iva t ive  du/dx of the  flow ve loc i ty  between the con- 
t i n u i t y  and energy equations (312a) and (312c) gives 

when (314) is taken i n t o  account. For the electrons,  equation (292) is replaced 
by 

I f  (291) is used t o  eliminate d h / d x  from (326), and (292) and (327) are used f o r  
the heavy species and the  electrons,  respectively,  there  r e s u l t s  

n d Yj n 
- dT 

'ye Cpe 1 PI dx dx + y c .  - + dTe 

j =2 j = l  

This i s  the  e lec t ronic  non-equilibrium analog of equation (293).  

*Equation (324) is based on the NATA convention that the electrons, if present, are species number 1 .  
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Differen t ia t ion  of the  equation of state i n  t h e  form (323) gives 

Subst i tut ion of (312c) and (329) i n t o  t h e  momentum equation (312b) gives 

(330) 
dT ) - - + RO (Ye Te + % T) + (ye + % 

+ Ro (.e Ye + T "">= dx 0 

il, d k P  dTe - -  
dx pu 

Elimination of dh/dx using (291), (292), and (327), followed by addi t ion of (328), 
gives 

d T  yh 
+ T -  + Te - 

ye -dx + f i z  dx dx 
dTe 

which is the  e lec t ronic  non-equilibrium analog of equation (299). 
energy equation (319) may be rewri t ten as 

The electron 

The t o t a l  enthalpy, tio = h + u 2 / 2  ,, obeys equations (312c) and (3141, i.e., 

4, (333) 
= -  - dh0 

dx PU 
I_ 

To follow the changes i n  t h i s  quant i ty  accurately,  NATA treats ho as an addi t iona l  
dependent var iab le  i n  the numerical integrat ion.  Thus, there  are n + 3dependent 
var iables ,  T ,  T,, ho , and the  y j  , i n  the e lec t ronic  non-equilibrium model. 
each point x i n  the  flow, t h e  concentration der ivat ives  d y / d x  are computed from 
equations (287), and the  der ivat ives  dT/dx, dTe/dx , and dho/dx are obtained by 
simultaneous solut ion of equations (328), (331), (332), and (333).* The con- 
d i t i o n s  a t  the  p o i n t x  + Ax are then calculated from the flow var iab les  and t h e i r  
f i r s t -order  der ivat ives  a t  x, using the modified Runge-Kutta technique described 
i n  Section 7.5. Once T, Te, Ho ,  and t h e y -  have thus been determtned a t  the new 
point ,  the  s p e c i f i c  enthalpy is computed Jrom (275), which here  takes t h e  form 

A t  

*Either denpldx or d k At$dx is also obtained from the simultaneous solution, but these quantities are not integrated numerically. 
Section 7.4 discusses the reasons for this procedure. 
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The flow ve loc i ty  u is then calculated from 

u = l/- (335) 

Either  the  area A, o r  the densi ty  p is assumed known as a function of X. 
other  quant i ty  is calculated from the  cont inui ty  equation (243). 
is calculated from the  equation of state (323), t h e  entropy from (251), and the  
Mach number from (300). 

The 
The pressure 

7.1.3 Conservation of Chemical E l e m e n t s  

Each of the individual  chemical react ions (269) must be "balanced", i.e. , 
must conserve the chemical elements. 
conserves the  elemental composition of t h e  gas mixture, regardless  of the  rates 
a t  which the  individual  react ions proceed. 
f ini te-difference so lu t ion  of the chemical rate equations lead t o  small changes 
i n  the  elemental composition i n  each in tegra t ion  step. I f  allowed t o  accumulate, 
such e r r o r s  could become objectionably large.  In NATA, such gradual s h i f t s  i n  
the  elemental composition of the gas are prevented by adjust ing the species con- 
centrat ions a f t e r  each successful in tegra t ion  step.  This adjustment is based on 
the following re la t ions .  

I f  t h i s  is t rue ,  t h e  e n t i r e  react ion system 

However, truncation e r r o r s  i n  t h e  

The number of gram-atoms of the  jth element per gram of t h e  gas mixture is 
given by 

n n 

Yi *ii = (y;Io aij = constant c.  = 
J 

i = l  i = l  

I n  t h i s  equation, Qij 
the ith species,  y i  is the concentration of the  ith species  (moles/gm) a t  t h e  
current  flow point,  and i s  the concentration i n  t h e  upstream reservoir .  
The equation (336) can be solved t o  give t h e  concentrations of t h e  independent 
species i n  terms of the cj and the concentrations of t h e  dependent species. 
Section 2.1. ) From (336) , 

is t h e  number of atoms of t h e  jth element per molecule of 

(See 

C . n  

Mult ipl icat ion of (337) by the  inverse Ajk of t h e  square submatrix of aij with 
i = 1 t o  c ,  followed by summation over - j ,  gives 
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C n 
- 

Vi v i - c c , k  (338)  Yk = Cj  Ajk - 
j = l  i = c + l  

f o r  k = 1 t o  c, where k i s  defined by equation (6). 

I n  some earlier versions of NATA, the  elemental composition was  maintained 
by recomputing the concentrations yk of the independent species,  using ( 3 3 8 ) ,  
a f t e r  every integrat ion s tep.  This procedure proved t o  be unreliable.  
concentration of one of the independent species is very much smaller than t h e  
concentrations of some dependent species containing t h e  same chemical elements, 
the  l o s s  of accuracy on the subtract ions indicated i n  (338) can become so severe 
t h a t  t h e  independent species  i n  question f luc tua tes  wildly or  even goes t o  a 
negative coxicentration. To avoid t h i s  problem, t h e  present version of the code 
uses a more elaborate  element-conservation algorithm which spreads the correct ions 
over a l l  of the species,  more or less i n  proportion t o  t h e i r  concentrations, in- 
stead of adjust ing only the  independent species. The adjustments a y ;  t o  the  
concentrations y ;  computed i n  an integrat ion s tep  are selected so a s  t o  minimize 
the  sum of squares of the relative adjustments, 

If t h e  

i = l  

subject  t o  the  cons t ra in t  t h a t  equation (338) be s a t i s f i e d  by t h e  adjusted con- 
centrat ions 

. Prior  t o  the adjustment, the  concentrations of the  elements have the incorrect  
values 

n 

instead of t h e  cor rec t  values  c. based on the gas composition i n  the reservoir.  
Thus, before the  adjustment J 

C n 

j = 1  i = c + l  
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Sub traction of (342) from (338) gives 

8% = 2 8 C j  Ajk - 2 'Yi * v i - c , k  (343) 
j = l  i = c + l  

where 

Thus, the sum of squares (339) of the relative adjustments can be written i n  
terms of the adjustments for the dependent species: 

The conditions d ~ / d ( S y i )  = 0 for minimum D can be written i n  the form 

n 

m = c + l  

where 

(346b) 

(346c) 
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I n  NATA, the system of l i n e a r  equation (346)  is solved f o r  the  adjustments t o  t h e  
concegLrations &ym of the  dependent species using subroutine DSMS$L. 
concentrations of t h e  independent species are then computed using equation ( 3 3 8 ) .  
The e n t i r e  element-conservation calculat ion is done i n  double precis ion t o  avoid 
excessive loss of accuracy i n  the f i n a l  evaluation of the  independent species 
concentrations using ( 3 3 8 ) .  

The adjusted 

7 . 2  Method of Solution 

The bas ic  method f o r  calculat ing t h e  non-equilibrium so lu t ion  i n  NATA is 
numerical in tegra t ion  of the  rate equations derived i n  Section 7.1. However, 
there  a r e  two d i f f i c u l t i e s  which prevent immediate appl icat ion of t h i s  method 
when the  so lu t ion  i s  s t a r t e d  i n  the upstream reservoir :  

Star tup of in tegra t ion  near equilibrium. - The gas i n  t h e  reservoir  i s  
assumed to be i n  equilibrium, with zero flow gradients.  Also, f o r  t h e  
kinds of nozzle p r o f i l e s  t h a t  are used i n  NATA, the  der iva t ive  of the  
flow area, dAe’/dx, is f i n i t e  everywhere; thus, . t h e  flow ve loc i ty  i s  
q u i t e  low i n  the  f a r  upstream region of the  nozzle, and i n  consequence 
the  gradients  of the flow var iab les  dT/dx , dp/& , d b 3  /dx are q u i t e  small 
i n  that region, and the flow is  close t o  equilibrium. For flows which 
are near ly  i n  equilibrium, the  numerical in tegra t ion  procedure is s t a b l e  
only f o r  extremely s m a l l  s t e p  s izes .  Thus, it is  impracticable t o  start 
the in tegra t ion  f a r  upstream i n  the nozzle. 

Flaw upstream of the throat .  - The gas conditions i n  t h e  reservoir ,  to- 
gether with the  nozzle geometry, determine what the  mass flow must be. 
However, the cor rec t  mass flow f o r  a given non-equilibrium flow problem 
is not known when the so lu t ion  is s t a r t e d .  The mass flow f o r  the  corres- 
ponding equilibrium flow problem is known, but typ ica l ly  d i f f e r s  s l i g h t l y  
from the  non-equilibrium value. If an attempt were made t o  compute a 
non-equilibrium so lu t ion  by straightforward in tegra t ion  of the  rate 
equations, assuming the equilibrium-flow value of the  mass flow, most 
probably t h e  so lu t ion  would f a i l .  Ei ther  the  Mach number would reach 
uni ty  before  t h e  throa t  w a s  reached, i n  which case t h e  solut ion would 
blow up because of the  flow gradients becoming extremely large;  o r  the  
Mach number a t  the throa t  would be less than uni ty ,  i n  which case the  
t r a n s i t i o n  from subsonic t o  supersonic flow would be impossible. To 
obtain a v a l i d  so lu t ion  i n  t h i s  way, an  i t e r a t i o n  t o  determine t h e  
cor rec t  mass flow would be required.* However, repeated numerical 
in tegra t ions  of the  flow equations from t h e  reservoir  t o  the  throa t  
would be extremely time consuming. 

These two problems are d e a l t  with, i n  NATA, using methods which w e r e  evolved 
over a period of severa l  years a t  Cornel1 Aeronautical Laboratory ( re fs .  1, 3 8 ) .  
The d i f f i c u l t y  i n  s t a r t i n g  the in tegra t ion  near an equilibrium flow condition is 
avoided by t r e a t i n g  the i n i t i a l  portion of the  non-equilibrium so lu t ion  by a 
per turbat ion method, i n  which the  unperturbed so lu t ion  is t h e  inf ini te-react ion-  
rate equilibrium flow. This per turbat ion method is explained i n  Section 7 . 3 .  
The problem of calculat ing the  non-equilibrium flow i n  the  region upstream of the  
throa t  i s  handled using an inverse method which is documented i n  Section 7.4, 

*Methods of dealing with this problem are discussed by Bray (ref. 31). 
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Beyond the throat ,  and beyond the  near-equilibrium region i n  which the  perturbation 
method is  employed, the solut ion is calculated by d i r e c t  numerical integrat ion of 
the  rate equations, using t h e  modified Runge-Kutta technique described 
7.5. 

Figure 24 shows, i n  flowchart form, how these three  methods are combined t o  
generate the e n t i r e  non-equilibrium solution. The solut ion is always begun using 
the  per turbat ion method. I n  t h i s  method, t h e  s t e p  from one flow point t o  t h e  
next is taken by decrementing the gas temperature, as i n  the equilibrium flow 
solut ion (Section 6.2). After each s tep,  c e r t a i n  quant i t ies  6 X i ,  which measure 
the  departures of t h e  react ions from equilibrium, are tes ted.  
these quant i t ies  reaches a specif ied s i z e ,  the per turbat ion method is abandoned 
and the  numerical in tegra t ion  is s t a r t e d .  During t h e  integrat ion,  the  s t e p  from 
one flow point t o  t h e  next i s  taken by incrementing t h e  posi t ion  coordinate,^. 
If t h e  solut ion has not  y e t  reached the "downstream region'' (bounded by a point  
somewhat beyond the  throat ,  a t  which the  flow is  already supersonic), the inverse 
method is used. Once the downstream region has been reached, the solut ion is 
generated using t h e  d i r e c t  method. 
per turbat ion solut ion,  then the inverse method is never used a t  a l l .  

When any one of 

I f  the downstream region is reached i n  the  

7.3 Perturbation Method 

The flow i n  the  f a r  upstream port ion of the nozzle, where the  conditions 
d i f f e r  only s l i g h t l y  from those i n  the reservoir ,  is near ly  i n  equilibrium. The 
species concentrations and flow var iab les  can therefore  be expressed i n  the form 

y' = 7 + 6y. 1 1  I 
(347a) 

(347b) 
T = T +  6T 

(347c) 
p = p +  6 p  

i n  which the  barred quant i t ies  are values f o r  the  equilibrium flow and 8 y j ,  6T, 
6 p  are small perturbat ions due t o  departures from equilibrium. 

7.3.1 Perturbation of the  R a t e  Equations 

A system of equations f o r  determining the perturbations is needed. Such a 
set of r e l a t i o n s  can be derived from t h e  chemical r a t e  equations (287) and the  
flow equations, as follows. 
gives, t o  f i r s t  order , 

Subst i tut ion of (347) i n t o  the  rate equations (287) 

i = l  

The bar  symbol i n  x i ,  Fi 
equilibrium flow values of the  dependent var iables ,  yj ,T, and p .  

denotes t h a t  a quant i ty  is t o  be evaluated using the 
Thus, f o r  
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example, Fi does not denote the value of Pi f o r  t he  i n f i n i t e - r a t e  equilibrium 
flow, but  r a the r  Pi evaluated from (288) using the ac tua l  value of the rate 
constant kfi and the equilibrium ues 7. , T,  and p .  Equations (277) ,  (2791, 
(283) ,  and (289)  then show t h a t  
of the ifh reac t ion  from equilibrium. 

0 ,  $0 t h a t  Xi is a measure of the departure 
Se t t ing  Ti = 0 i n  (348) gives 

To f i r s t  order i n  t h e  perturbations,  axi  is given by 

A t  equilibrium, yi = 0 o r  

Thus, (351)  implies' that 

From (2781, 

(353)  

(354)  
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Hence 

P 

(355) 
dR Ki 
- = - - -  

d T  T 
j = l  

Now, from equation (25),  

H i  - -  - - -  
d T  ( Z T )  - ROT2 

Similar ly ,  d i f f e r e n t i a t i o n  of (289) with respect  t o  p and .y. , followed by use of 
(3521, shows tha t  I 

Thus, (350) become8 

From (349) and (360),  the  e n t i r e  right-hand s i d e  of (349) is  of f i r s t  order i n  
the perturbations.  
f o r e  of second order and can be neglected t o  within the  accuracy of the  pertur- 
bat ion calculat ion.  

Thus, d.Tj / dx is small of f i r s t  order,  and d(6yj) /dx is there- 

Equation (349) is  therefore  rewr i t ten  as 



Subst i tut ion of ( 3 6 0 )  then gives 

7 . 3 . 2  Equilibrium Derivatives of t h e  Flow Variables 

The right-hand s i d e  of equation (3621 ,  d y / d x ,  denbtes t h e  gradient of t h e  
The equilibrium con- 

Thus, a l l  of the  der iva t ives  
concentration of the  jth species i n  the equilibrium flow. 
cent ra t ion  gradients  depend upon d T / d x  and dF/dx.  
d F /  dx f o r  i = 1 t o  n, @/dx , and d p / d x  have t o  be determined. 
( 2 4 3 )  and ( 2 9 9 ) ,  which are based on the one-d-lmensional steady flow equations, 
are va l id  f o r  the equilibrium flow as w e l l  as f o r  the  non-equilibrium case. How- 
ever, the rate equations ( 2 8 7 )  cannot be used f o r  the  equilibrium case because Pi 
is i n f i n i t e  and xi i s  zero i n  t h i s  case. 
der ivat ives  of the  flow variables ,  n re la t ions  are needed t o  replace the n rate 
equations ( 2 8 7 ) .  The r e l a t i o n s  used f o r  t h i s  purpose, i n  NATA, are the  c element- 
conservation r e l a t i o n s  ( 3 3 6 1 ,  which give 

The r e l a t i o n s  

Thus, f o r  the  determination of the  

d 7 i  2 aij = o  ( j  = 1 ,  ... , c )  

i = 1  

and the  n-c equations ( 2 2 4 )  f o r  the  equilibrium mole f rac t ions  Xj of the  dependent 
species. From equations (1) and ( 2 7 3 ) ,  equation ( 2 2 4 )  can be wr i t ten  i n  terms of 
t h e  equilibrium molar concentrations i n  place of the mole f rac t ions  xj , i n  the  
form I 

C 

where Kj is the eqyilibrium constant (225)  f o r  t h e  react ion forming the  jth de- 
pendent species from t h e  independent species. 
( 3 6 4 )  gives 

Logarithmic d i f f e r e n t i a t i o n  of 
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1 di;; 
T d x  

From (225) and (356),  

- C - 
d L K j  Hi - H e  

v j - c ,  e - - - -  - 
R,T2 e =.1 

d T  RO T2 

With the a i d  of equations (15) and (366),  equation 
form 

(365) can be rewri t ten i n  the 

C 

m = l  

Equations (293), (299) ,  (363),  and (367) a r e  n +  2 l i n e a r  r e l a t i o n s  among the n + 2 
derivat ives  d y j / d x ,  d T / d x ,  and d p / d x  f o r  the equilibrium flow. 
system of equations is solved using subroutine DSMSQIL. 

I n  NATA, t h i s  

7 . 3 . 3  Unperturbed Equilibrium Solution 

Equations (293) and (299) contain the  der iva t ive  den A , / d x  of t h e  e f f e c t i v e  
nozzle cross  sec t iona l  area.  During the non-equilibrium so lu t ion  by the  pertur- 
bat ion method, t h i s  geometric quant i ty  i s  determined as follows. A s  i n  the  NATA 
equilibriiim fl3w solut ion (Section 6 . 2 ) ,  the temperature is t h e  independent vari- 
able. Successive points  i n  the solut ion a r e  generated by decrementing t h e  
equilibrium temperature,T. A t  each T,  a l l  of the equilibrium flow var iab les  are 
computed j u s t  as i n  t h e  equilibrium solution, using subroutine NEWRAP. From the  
equilibrium-flow values p andii of the density and flow veloci ty ,  the  flow area 
r a t i o  A, is calculated using the cont inui ty  equation i n  the form (265). 
geometric posi t ion x of the  flow point i n  the  nozzle is determined by solving 
equation (266) using subroutine FINDX. 
known nozzle geometry and the posi t ion x by c a l l i n g  subroutine GE$MAEL* 

Then the  

Final ly ,  d en A; / d x  is  calculated from the  

*Note that d e ,  A;?/dx = den Ae/dx. 
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7 . 3 . 4  Equations Determining t h e  Perturbations 

There a r e  n+2 perturbations ayj , 6T, 6 p  t o  be determ t each flow point  
i n  the perturbation solution. Thus,n+2 independent l i n e  ebraic  r e l a t i o n s  
among these perturbations are needed. Perturbation of the  element conservation 
equations (336) gives c re la t ions ,  

aij 6yi = 0 ( j  = 1, ... , c)  

i = l  

Equations (362) are an addi t ional  n re la t ions  involving the  S y i ,  but these re- 
l a t i o n s  are not a l l  independent. 
rate equations (287).  A s  pointed out i n  Section 7.1 .3 ,  these rate equations 
automatically conserve the  chemical elements provided t h e  individual react ions 
(269) a r e  balanced. Thus, the system of n + c equations (362) and (368) contains 
the  s a m e  information as the n equations (362) alone. Since t h e  c equations (368) 
are used*, only n - c  of the equations (362) provide independent r e l a t i o n s  among 
the  6y. . The equations (362) with j = c + 1 t o  n are the  ones used. 

Equations (362) were derived by perturbing the  

I 

Another requirement f o r  s o l v a b i l i t y  of the equations f o r  the 6yj is tha t  t h e  
react ion system provide independent chemical pathways f o r  the formation and de- 
s t ruc t ion  of a l l  t h e  species. 
species,  then its concentration cannot change and no choice of the  8yj w i l l  allow 
the l e f t  hand s i d e  of (362) t o  match the  equilibrium concentration gradient d F  /dx 
on the r igh t .  ^ I f  there  are react ions involving a p a r t i c u l a r  p a i r  of species,  bu t  
these react ions do not  allow t h e  two species t o  be formed or  destroyed inde- 
pendently, then the species concentrations change i n  a fixed re la t ionship  and it  
is not possible  f o r  the l e f t  hand s i d e s  of equations (362) t o  match the independent 
equilibrium gradients  d q / d x  on the r ight .  This requirement on the  react ion system 
can be expressed i n  quant i ta t ive  terms by considering the chemical react ion formula 
(269) i n  the form 

I f  there  i s  no react ion f o r  forming one of the  

which may be obtained by combining (279) with (269) .  
species and Pij is the  number of molecules of t h i s  species  produced i n  the  i* 
reaction. Since each individual react ion conserves the chemical elements, t.he 

pij 

I n  (369) , M~ denotes t h e  jth 

s a t i s f y  the c conditions f o r  each react ion 

n ( k  = 1, ... , C )  

( i  =1, ... , r )  
pij ajk = 0 (370) 

j = l  

*An alternative approach would be to omit equations (368) and use all of the equations (362). The method used in NATA has the ad- 
vantage that equations (368) involve less computation and ensure accurate element conservation in the perturbation solution. 
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Equation (370) states t h a t  the  n e t  number of atoms of the  k* element produced 
i n  t h e  ith Because of (370), only n-c of the  pij values de- 
f in ing  a given ( i* ) react ion can be chosen independently; on 
selected,  t h e  remaining values are a l l  determined by conserva 
For example, i f  the  pij f o r  the "dependent species" j = c + 1 
are specif ied,  then the &j 
termined by element conservation. 

Now, i f  the species Mj are considered t o  def ine  the  d i rec t ions  i n  a n n -  

react ion i s  zero. 

t o  n (S 
f o r  the "independent species" j = 1 t o  c ar 

dimensional vector  space, then t h e  &j f o r  each i are t h e  co ts of a 
The number of l i n e a r l y  independent react ions i s  then equal t o  the  rank of 
matrix ( ref .  39). According t o  (370), the  rank of p;j can be no la rger  than 
n-c, regardless  of how many react ions are included i n  t h e  gas model. 
can b e  smaller than n -  c i f  there  are too few l i n e a r l y  independent reactions,  but  
i n  t h i s  case the per turbat ion solut ion w i l l  not  work f o r  reasons explained above. 
Thus, t h e  reaction,system is  required to  contain exact ly  n-c l i n e a r l y  independent 
react ions.  
using a standard technique ( re f .  40). I f  the rank is  found t o  be less t h a n n - c ,  
the case is  terminated. 
t h i s  requirement on the  rank of pij . 
r e l a t i o n s  among t h e  n + 2  perturbat ions 6 3 ,  6 ~ ,  6 p .  
r e l a t i o n s  are required. 
energy equation i n  i ts  i n t e g r a l  form (245): 

The rank 

I n  NATA, t h i s  requirement i s  applied by computing t h e  rank of pij 

Of course, a l l  of the compiled-in gas models s a t i s f y  

Equations (368) together with equations (364) f o r  j = c + 1 t o  n provide n 
Two addi t iona l  independent 

One such r e l a t i o n  may be obtained by perturbing the  

6 h  + G  6 u  = 0 

n 

j = l  

Perturbation of the  cont inui ty  equation (243) gives 

j7 6u i- ii 6.p = 0 (373) 

s ince  the  react ions do not a f f e c t  the nozzle geometry. U s e  of (372) and (373) t o  
eliminate 6 h  and 6u from (371) gives 

6P 
i i 2  'P 

IHj 6yj + *i;j Cpj 6T I - 7 = 0 

j = l  

(374) 

-141- 



7.3.5 The Condition 6 s  = 0 

Equations (362)  f o r  j = c + 1 t o  n ,  equations (368)  f o r  j = 1 t o  c , and 
equation (374)  are a system of n+ 1 r e l a t i o n s  among the n + 2 perturbations 6yj , 
ST, S p .  
Logically, t h i s  r e l a t i o n  should be based on the momentum equation (244)  o r  (271 ) ,  
which has not y e t  been applied t o  the determination of the per 
ever, the momentum equation i s  a d i f f e r e n t i a l  equation; s u b s t i  
i n t o  it would give a r e l a t i o n  between the  der ivat ives  of the p 
whereas what is desired is an addi t ional  l i n e a r  a lgebraic  r e f a  
ST, and 6 p .  To obtain such an  algebraic  r e l a t i o n ,  Cornell A e r  
( ref .  1) chose t o  introduce the approximation 6p"O i n  the computer program from 
which NATA has been developed. I n  other  versions of the  same program, Cornell 
Aeronautical Laboratory used the  a l t e r n a t i v e  approximation t h a t  t h e  perturbation 
i n  entropy is negl igible ,  

One addi t iona l  r e l a t i o n  is required t o  give a determinate system 

6s = 0 (375)  

which is s l i g h t l y  more accurate ( ref .  1). The current  version of NATA uses (375)  
as t h e  required addi t ional  r e l a t i o n  between the  perturbations S y j  , 6 T ,  and 6 p .  
Since both the  inf ini te-react ion-rate  equilibrium flow and the  zero-reaction-rate 
frozen flow are i sen t ropic  (Section 6 . 2 ) ,  it is plausible  t h a t  the  f i n i t e -  
reaction-rate non-equilibrium flow should be near ly  i sen t ropic  i n  the i n i t i a l  
region where the  departures from equilibrium a r e  s t i l l  s m a l l .  
bat ion i n  entropy from the equilibrium flow value,  SS , should be small i n  the  
region t o  which the  perturbation technique i s  applicable.  This supposition i s  
amply confirmed by t h e  r e s u l t s  of integrat ion of the  rate equations using NATA. 
In  general ,  the increase i n  entropy i n  non-equilibrium flow solut ions is qui te  
small, not only i n  the i n i t i a l  region but  even i n  t h e  region beyond the throat .  

The condition (375) can be expressed a s  a r e l a t i o n  between ST, S p ,  and the 
Syj as follows. From equations (1) and (296 ) ,  t h e  spec i f ic  entropy (251)  of the 
gas mixture can be wr i t ten  a s  

Thus, the pertur- 

To f i r s t  order,  the  per turbat ion 6s i s  given by 
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From (376), 

(378c) 

The f i n a l  form of (37813) i s  obtained using the  r e l a t i o n  
0 

dSj Cpj - = -  
dT T 

(379) 

which can e a s i l y  be derived from equations (291, (31) ,  and (3561, and a l so  fo l -  
l o w s  d i r e c t l y  from t h e  thermodynamic def in i t ions  of entropy and spec i f ic  heat.  
The f i n a l  form of equation (378c) is obtained using (296).  Subst i tut ion of (378) 
i n t o  (375) and (377) gives 

7.3.6 Conditions f o r  S ta r t ing  the Numerical Integrat ion 

Equations (368) f o r  j = 1 t o  c ,  equations (362) f o r  j = c + 1 t o  n, 
equation (374), and equatfon (380) are the  n + 2  equations which are solved 
simultaneously f o r  the perturbations 6 y  , 6T, 6 p  

J i n  subroutine PERT and solved by ca l l ing  subroutine DSMSQL. Once these pertur- 
bat ions have thus been determined, axi is computed from equation (360) f o r  each 
of the  reactions.  These axi values are used t o  determine the  point i n  t h e  flow 
solut ion a t  which the  perturbation technique i s  abandoned and t h e  numerical 

These equations are set  up 
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in tegra t ion  of the  chemical r a t e  equations is s ta r ted .  
t h i s  point  is based on the  following considerations: 

.The r u l e  f o r  se lec t ing  

1) The accuracy of the  perturbation calculat ion decreases with i n  
d is tance  down the nozzle, as the  per turbat  
The numerical integrat ion must be s t a r t e d  
cessively large.  

2) Each 6Xi -is an approximate corresponding 
react ion from equilibrium, 
the 6xi is very small; the  numerical integrat ion is s t a b l e  only f o r  ex- 
tremely small s t e p  s ize ,  A x .  
switchover t o  numerical in tegra t ikn  as f a r  downs 
avoid having t o  compute a la rge  number of very s 

Thus, it is des i rab le  t o  carry out  t h e  
am as possible,  t o  
1 integrat ion steps.  

The c r i t e r i o n  f o r  switching from perturbat ion t o  integrat ion is 

i n  which I S xi I is  the l a r g e s t  absolute magnitude 16xi I f o r  any of the react ions,  

and Cx is an input c r i t e r i o n  value which i s  preset  t o  0.1. I f  I 6xi l m a x  turns  out 

t o  be grea te r  than 1.2 Cx a t  -a point i n  the perturbation solut ion,  a new point is 
computed f o r  a temperature half  way between t h i s  point and the  preceding one. I f  
necessary, the temperature i n t e r v a l  is thus subdivided repeatedly i n  order t o  de- 
termine a point a t  which 1 S x ;  l m a x  s a t i s f i e s  both of the  inequal i t ies  i n  (381). 

6yi, ST, 6 p  are added t o  t h e  corresponding equilibrium-flow quant i t ies  i n  accor- 
dance with equations (347), and the numerical in tegra t ion  is begun. 

max 

Once a point s a t i s f y i n g  t h e  c r i t e r i o n  (381) has been found, the  perturbations 

Figure 25 i l l u s t r a t e s  the e f f e c t  of the  switching c r i t e r i o n  c on the  non- 
equilibrium solution. 
standard nozzle 1, s t a r t i n g  from reservoir  conditions of 7000° K and 1 a t m .  I n  
one run, Cx had i ts  standard value of 0.1; i n  t h e  other  two cases,  c X  values half  
and t w i c e  as la rge  w e r e  used. Figure 25 shows the  a i r  temperature a s  a function 
of posi t ion along the  nozzle, i n  the upstream region covered by the perturbation 
solut ion and the beginning of the numerical integrat ion.  
shown i n  the  f i g u r e  is drawn through points  of the  perturbation solution. Each 
trace of unconnected graph symbols represents  the  r e s u l t s  of t h e  numerical ibte- 
grat ion of t h e  rate equations f o r  one of the cases. The equilibrium and frozen 
flow solut ions are a l s o  shown f o r  comparison. The f igure  shows t h a t  increasing 
cx causes the code t o  begin the integrat ion f a r t h e r  downstream. 
between the three solut ions provide an indicat ion of the  e r r o r s  resu l t ing  from 
use of the  perturbation technique, 
i n  f i g u r e  25 t o  show these small differences c lear ly .  
is the most accurate,  and should l i e  very d o s e  t o  the  cor rec t  curve over most 
of t h e  region shown. A t  the  beginning of the in tegra t ion  f o r  the Cx =0.1  case, 
the temperature as given by the per turbat ion solut ion is too low by about 15 de- 
grees o r  0.2 percent. 
0.5 percent. 
toward the cor rec t  solution. For t h e  cases shown i n  f igure  25, a t  x =  +1.27 cm 
the  three  solut ions are separated by differences of about 1 degree out of 3770° K, 
o r  0.03 percent. 

Y Three NATA cases were run f o r  the  flow of a i r  through 

The continuous curve 

The differences 

The vertical scale has been grea t ly  expanded 
The solut ion f o r  Cx = 0.05 

For cx = 0.2, the corresponding e r r o r  i s  38 degrees o r  
After the integrat ion has begun, each solut ion tends t o  r e l a x  
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7.3.7 Prevention of Premature Switch t o  Numerical Integrat ion 

For some react ion systems and some reservoir  conditions,  the ISxi I values 

cal integrat ion a t  a 
f o r  d i f f e r e n t  react ions can d i f f e r  by de. When t h i s  occurs, 
t h e  c r i t e r i o n  (381) would force 
point i n  t h e  flow where some of small. The re- 
s u l t i n g  in tegra t ion  s t e p  s i z e  A 
equations would then be extreme 
computational a r t i f i c e  which c i  
which it would occur. A t  each 
R = I ax.  I / ISXi Imax of the  min 

i s  smaller than an input DCHRAT, preset  t o  10-4, t h e  code appl ies  t h e  fo-llowing 
tests t o  the react ion imax giving the maximum Sxi  I : 

NATA contains a 

1 min 

1. Does any species j appearing i n  the react ion have a concentration yj 
which is less than o r  equal t o  a value G M I N  (preset  t o  1O-lo mofe/gm)? 

2. Is the react ion running i n  such a d i rec t ion  as t o  fur ther  reduce t h e  
concentration of t h i s  species;  i.e., i s  pimx 

Pimax xima, < 0 ? 

I f  both of these conditions are s a t i s f i e d ,  then the  computational a r t i f i c e  i s  
applied. 
ac t ion  by a f a c t o r  of 1.1 x lO+R f o r  the duration of the perturbation solution. 
This increase should make equal t o  about lo4 times ISxi 1 , which is  a 

r a t i o  allowing normal operation of the  code. The j u s t i f i c a t i o n  f o r  t h i s  a r t i f i c e  
is as follows: F i r s t ,  i t  cannot a f f e c t  the overa l l  flow solut ion s igni f icant ly ,  
because i t  simply causes more rapid destruct ion of a species whose concentration 
is already negligible.  Second, i t  is  ef f icac ious  i n  most cases because the  most 
common cause f o r  an exceptionally high l ax i  1 value is the  presence of a species 
of high formation enthalpy Hgo whose equilibrium concentration i s  very low because 
the temperature is r e l a t i v e l y  low. Under these circumstances the  equil 'brium con- 
s t a n t  (225) f o r  formation of the species,  which contains a fac tor  e-HOo'ROT, is 
very s e n s i t i v e  t o  t h e  temperature because the  exponent H ~ O / R ~ T  i s  large.  Thus, 
t h e  equilibrium flow solut ion demands a rapid decrease i n  the  species concentra- 
t ion.  
change i s  responsible f o r  a la rge  departure of the react ion from equilibrium and 
thus a la rge  lSxi  I. 
Ar,  Ar' , and the 3-body recombination react ion 

It cons is t s  simply of increasing the  rate constant f o r  the  imaXth re- 

6 x .  I 
1 max min 

The i n a b i l i t y  of the ac tua l  react ion r a t e  t o  follow t h i s  rapid equilibrium 

For example, t h i s  s i t u a t i o n  arises when a gas model including 

Ar' + e-+e' + Ar + e- 

is used a t  r e l a t i v e l y  low temperatures where the equilibrium concentration of 
Ar' is very low and the  electron concentration may a l s o  be low. 

7.3.8 Neglect of Electronic Non-equilibrium Effects  

I n  runs based on gas models including e lec t ronic  non-equilibrium, the in- 
equal i ty  of the  electron and gas temperatures and the  loss  of energy by rad ia t ion  
are neglected i n  the  perturbation solution. 
together with t h e  numerical integrat ion.  
i n  t h e  per turbat ion solut ion appears t o  be a reasonable approximation, s ince the  
gas i s  assumed t o  be near ly  i n  equilibrium i n  t h e  region where the  perturbation 

These fea tures  are "switched on" 
The neglect of temperature non-equilibrium 
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solut ion is used. The neglect of rad ia t ive  losses  is a poorer approximation, 
s ince  the  radiated power per u n i t  volume is grea tes t  i n  the high-temperature, 
high-density region near the reservoir.. 
mations used i n  NATA, inclusion of the  rad ia t ive  1osses . in  t h e  perturbation 
so lu t ion  would give rad ica l ly  incorrect  resu l t s .  
X - t -  m ,  NATA nozzle p r o f i l e  c u r v e f i t s  open out  i n  conical fashion ra ther  than 
going t o  i n f i n i t e  area a t  a f i n i t e  distance upstream o f t h e  throat .  Thus, the  
reservot r  is, i n  e f f e c t ,  assumed t o  be an i n f i n i t e  dis tance upstream. Since the  
flow ve loc i ty  i s  f i n i t e  everywhere, the t r a n s i t  time of an elemen 
t h e  reservoir  t o  the  throa t  i s  a l s o  i n f i n i t e .  
no d i f f i c u l t i e s  i n  adiabat ic  flows. However, i f  the gas were allowed t o  e m i t  
r ad ia t ion  f o r  an i n f i n i t e  t i m e ,  i t  would lose  a l l  of its energy. Thus, the 
neglect of r a d i a t i v e  losses  i n  the  perturbation solut ion allows the code t o  
simulate the a c t u a l  flow of a radiat ing gas which i s  heated i n  a region a f i n i t e  
dis tance upstream of the  throat.  

However, because of geometric approxi- 

I n  the upstream region, f o r  

This geometric ideal izat ion causes 

7.4 Inverse Method for  the Upstream Region 

The perturbation method used t o  start the  non-equilibrium solut ion is based 
upon the  equilibrium solut ion,  and thus assumes the  equilibrium-flow value of 
the sonic mass flux,m, When t h e  numerical in tegra t ion  of t h e  
rate equations i s  s t a r t e d ,  the  i n i t i a l  densi ty  p ,  veloc i ty  u ,  and ef fec t ive  area 
r a t i o  A, a t  the switchover point thus have values which a r e  consis tent  with the 
equilibrium sonic mass flux: p u A ,  = m, . I f  t h e  integrat ion is s t a r t e d  down- 
stream of the throat ,  i n  the  supersonic portion of the  flow, it is  carr ied out 
i n  a straightforward manner as outlined i n  Section 7.1. However, i f  the  inte-  
gra t ion  i s  s t a r t e d  upstream of the  throat ,  a straightforward numerical integra- 
t i o n  of the  flow equations would almost c e r t a i n l y  f a i l  i n  the  throa t  region 
because the  sonic mass f l u x  required t o  allow a smooth passage from subsonic t o  
supersonic flow a t  the throat  would d i f f e r  s l i g h t l y  from the equilibrium value. 
To avoid t h i s  d i f f i c u l t y ,  NATA uses an inverse procedure when the integrat ion is 
s t a r t e d  upstream of the  throat.  This inverse method assumes, on the b a s i s  of 
previous s tud ies  ( re f .  41), tha t  the non-equilibrium densi ty  d i s t r i b u t i o n  up- 
stream of the  throat  and the sonic mass f lux  d i f f e r  only s l i g h t l y  from t h e  
equilibrium flow values. The p ( x )  and m, f o r  equilibrium flow a r e  assumed t o  
determine.the flow, i n  place of the specified noazle geometry. 
smooth representat ion of p(x )  with smooth der ivat ives ,  an a n a l y t i c a l  curvef i t  
t o  p ( x >  is used i n  place of the  data  a t  d i s c r e t e  flow points provided by the 
NATA equilibrium solut ion.  The form of the  curvef i t  i s  based on the  approxi- 
mation of i sen t ropic  flow of a perfect  gas with constant specific-heat r a t i o ,  
y .  I n  any standard elementary t e x t  on aerodynamics ( re f .  42), the following 
r e l a t i o n s  a r e  shown t o  apply t o  such a flow: 

(Section 6.2). 

To obtain a 

(382a) 

(38213) 

( 3 8 2 ~ )  
P U  A, = p* U* = constant 
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(382d) 

(382e) 

where subscr ipt  0 denotes reservoir  conditions and * denotes sonic conditions. 
Elimination of U ; P ,  and U* from these four equations gives a r e l a t i o n  between 
the densi ty  and the  e f f e c t i v e  area r a t i o :  

-(383) 

where 

a = y -  1 (384a) 

The value of a is  determined from equations (382d) and (384a), which give 

(384b) 

The r a t i o  p , /po  is  known from the equilibrium solution. 
f o r  a using the  Newton-Raphson method. 

Equation (385) i s  solved 
The object  of the  i t e r a t i o n  is t o  make 

(386) 

From the  nth estimate, an , of a ,  the ( n + l ) t h  estimate is  calcblated as 

g(%) 

a = a  
a n + 1  = - (dg/da) 

The der iva t ive  i n  t h e  denominator of (387) is obtained by evaluating 

(387) 

a t  a =  an  . 
o r  equal t o  10-5. 

The i t e r a t i o n  i s  continued u n t i l  both Ig 1 and 1 an + 1-511 a r e  less than 
Then C is evaluated by subs t i tu t ing  a and p*/p,, i w o  (383). 

Figure 26 i l l u s t r a t e s  the accuracy with which equation (383) f i t s  the  re- 
* 

s u l t s  o f  ac tua l  equilibrium-flow calculat ions,  
on which f igure  25 was  based. The curve represents equation (383), and t h e  points  
are r e s u l t s  of NATA equilibrium calculat ions,  

The flow problem is  t h e  same one 

The non-equilibrium solut ion by the  inverse method proceeds as follows. A t  
each new value of x i n  the numerical integrat ion,  the  geometric area r a t i o  A (x) 

g 
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is calculated by c a l l i n g  subroutine GE0MAR. Even i f  the run i s  one i n  which the 
boundary layer  on the nozzle wall .  is t o  be included, the e f f e c t i v e  area r a t i o  A, 
i s  assumed equal t o  the geometric area r a t i o  A during the  solut ion by the in- 
verse method. 
numerically. 
termined as a function of the posi t ion x i n  t h e  nozzle. 
is  a l s o  calculated from t h e  r e l a t i o n  

g Then the densi ty  r a t i o  p / p o  is  calculated by solving equation (383) 
Thus, p / p o  is de- This computation i s  performed i n  subroutine GEGM. 

The der ivat ive d e n p / d x  

* -  (389) 
den A, de4-l P 2c 

- =  
d x  2 d x  

a(%) - ( a +  2)c 

which can be derived by taking t h e  logarithm of (383),  di f fe ren t ia t ing ,  solving 
f o r  the  der ivat ive,  and using (383) t o  re-express the  r e s u l t  i n  somewhat simpler 
form. 

The flow equations (293) and (299) for  the chemical non-equilibrium model, 
which a r e  integrated during the  non-equilibrium solut ion,  contain both d k p / d x  
and dkAe'/dx . 
t r o n i c  non-equilibrium model. Ei ther  of these der ivat ives  could e a s i l y  be e l i m i -  
nated from t h e  equations. 
normal, d i r e c t  integrat ion and the inverse procedure i n  the same set  of formulas. 
I n  the d i r e c t  solut ion,  denA', /dx is obtained from the  nozzle geometry and den p / d x  
is determined by solving the flow equations. 
determined from the given nozzle geometry and t h e  area-density r e l a t i o n  (383) ,  as 
described above, and d L A , ' / d x  is  determined by solving the  equations. 

The same is t rue  of the equations (328) and (331) f o r  the  elec- 

Both a r e  retained i n  order t o  accommodate both the  

In the  inverse method, d f n p / d x  is 

Neither d L p / d x  nor d e ,  A,' /dx  is ac tua l ly  integrated i n  the Runge-Kutta 
rout ine  (RNKT, Section 7 . 5 ) .  The quant i t ies  obtained from the  integrat ion a t  
each flow point  are T and yj (and T, and ho i n  t h e  e lec t ronic  non-equilibrium 
model). From these quant i t ies  the  enthalpy h i s  computed using (275).  
veloc i ty  u is obtained from the in tegra l  form of the  energy equation (245) .  The 
cont inui ty  equation (265) is then used t o  ca lcu la te  the densi ty  p i n  the d i r e c t  
so lu t izn  o r  the  area r a t i o  A, i n  t h e  inverse procedure. 
r a t i o  A, thus determined i n  the solut ion by t h e  inverse method i s  s l i g h t l y  d i f -  
f e r e n t  from the a c t u a l  a rea  r a t i o  a t  t h e  flow point ,  A ( x )  , which was used i n  

g determining the densi ty  from (383).  This difference r e s u l t s  from deviations of 
the  non-equilibrium temperature and concentrations from the corresponding 
equilibrium-values, which produce a difference i n  the calculated flow veloci ty .  
Typically, A, is a l i t t l e  smaller than A (x) and drops below uni ty  i n  the v i c i n i t y  
of the throat .  

The 

The e f f e c t i v e  a rea  

g 

N 

A, has i ts  minimum a t  the point where the non-equilibrium flow ve loc i ty  is 

equal t o  a = J(dp/dx) / ( d p / d x  
geometric throat  of the  specif ied nozzle geometry. I n  a react ing gas, there  is 
a second sound speed besides a 
i n  the  nozzle a t  which t h e  flow ve loc i ty  i s  equal t o  c is  a branch point;  beyond 
t h e  branch point,  the  governing equations permit two solut ions,  a supersonic 
so lu t ion  (which i s  the  one desired)  and a subsonic solut ion.  In  nozzle flow of 
a non-reacting gas,  a and c are equal and the branch point and the  point of mini- 
mum area both l i e  a t  the geometric throat .  I n  a react ing gas, the frozen sound 
speed i s  a l i t t l e  la rger  than a ( re fs .  31, 41) ,  and thus the  branch point is 
s l i g h t l y  downstream of the  point of minimum area.  

, This point is near,  but  not necessar i ly  a t ,  the  

the so-called "frozen" sound speed, c a The point 
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I n  NATA, the  so lu t ion  by t h z i n v e r s e  method is  continued beyond the throa 
u n t i l  the  calculated area r a t i o  A, reaches SI. value (1.01) which typ ica l ly  occurs 
downstream of t h e  branch point. 
t o  make t h e  actual e f f e c t i v e  area r a t i o  A, continuous with the  va luexe  computed 
i n  t h e  inverse-method solut ion,  and the solut ion is continued by d i r e c t  inte-  
gra t ion  of t h e  rate equations. The adjustment of t h e  nozzle geometry i s  carr ied 
out. by s e t t i n g  an area rescal ing fac tor ,R, ,  equal t o  the  value of 

Then the specif ied nozzle geometry is adjusted 

N 

A, 

A€! 
R, = - (-390) 

a t  t h e  switchover point  from the inverse method t o  the  d i r e c t  solution. T h i s  
f a c t o r  typ ica l ly  has  values i n  the  range 0.95 t o  1.00. 

After the  d i r e c t  in tegra t ion  has been begun, the value of d L  p/dx computed 
a t  each point  is  checked f o r  sign. 
of the  sw,itch point,  it is assumed t h a t  the program has s t a r t e d  t o  follow t h e  
subsonic downstream so lu t ion  instead of the desired supersonic solut ion.  
condition could a r i s e  i f  the  branch point were ac tua l ly  downstream of the  switch 
point. To recover t h e  cor rec t  solut ion,  t h e  program restarts the  inverse-method 
solut ion a t  the  switch point,  using previously stored data ,  and extends it f a r t h e r  
downstream t o  a new switch point. I f  the den p / &  > 0 condition i s  encountered 
w e l l  downstream of the  switch point,  o r  i f  more than four r e s t a r t s  prove t o  be 
required the case is  abandoned. 

I f  d R  p/dx goes pos i t ive  s l i g h t l y  downstream 

This 

7.5 Numerical Integrat ion 

7.5.1 Treanor Integrat ion Technique 

The governing equations (287), (293), (299), (328), (331), (332) f o r  the 
non-equilibrium nozzle flow problem a r e  f i rs t -order  d i f f e r e n t i a l  equations of 
the form 

(391) - =  dy f(x, y )  
dx 

Here the dependent var iab le  y represents  a concentration yj, the  gas temperature 
T, the  e lec t ron  temperature T,; o r  the  stagnation en tha lpyho,  and x is the  a x i a l  
posi t ion coordinate i n  the  nozzle. Actually there  are n + l  o r  n+3 dependent vari- 
ab les  y and functions f ,  and each function f depends upon a l l  of the y ' s .  
subscr ipts  needed t o  dis t inguish the  d i f fe ren t  var iab les  and functions are omitted 
i n  (391) t o  simplify the  notat ion i n  the following discussion. 

The 

Numerous numerical in tegra t ion  methods f o r  systems of equations like (391) 
are ava i lab le  ( ref .  43). The earliest version of t h e  Cornel1 Aeronautical 
Laboratory program from which NATA w a s  derived used a fourth-order Runge-Kutta 
method based on the  equations 

1 
6 

A Y  = - A X  (fl + 2 f2 + 2f3 + f4) 
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where 

fi = f b i ,  Yi) 

and 
1 

2 
~2 = XI + - A X  

1 

2 
x3 = XI + - A X  

(393) 

1 

2 y2 = y1 + - f1 A x  (394a) 

1 
Y3 = Y 1  + ’z f2 A X  (394b) 

~4 = XI + A X  Y4 = Y 1  + f3 A x  (394c) 

Here XI is a value of x at which the Oalue y1 of y is already known, and y1 + A Y  
is the computed value of y at x = xi + A x .  
generally satisfactory. 
so that high accuracy can be achieved by suitable choice of the step size,Ax. 
Like other explicit integration methods, it is conditionally stable, i.e., 
stability can be maintained by using a sufficiently small Ax. 
special problem arises in the application of this fourth-order Runge-Kutta 
technique to the non-equilibrium flow problem. The Pi factors (288) for the 
various reactions can differ by several orders of magnitude because of dif- 
ferences in the rate constants kfi of the partici- 
pating species. Consequently, some of the species concentrations may relax 
toward equilibrium very rapidly while others do so very slowly. 
which is near equilibrium, the rate equation (287) takes the approximate form 

This integration algorithm is 
The truncation error in one step is of order  AX)^, 

However, a 

and the concentrations 

For a species 

where 7 is the local equilibrium concentration and P is an inverse relaxation 
distance. Differentiation of (395) shows that each derivative of y is P times 
larger than the derivative of previous order. Thus if P is large (i.e., if the 
relaxation distance is small), the higher order derivatives dny/dP are very 
large. Under these circumstances, the Runge-Kutta technique is unstable except 
for very small step sizes A X  such that P Ax < O ( l ) .  

To deal with this problem, NATA uses a modification of the fourth-order 
Runge-Kutta technique developed by Treanor (ref. 44). When one of the P’s is 
large, Treanor’s technique normally allows the use of a much larger step size 
than is possible in the Runge-Kutta method. When the P’S are all small, it 
reduces to the Runge-Kutta method. 

Treanor’s technique is based on the assumption that, over the interval A X ,  
equation (391) can be approximated in the form 
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This r e l a t ion  can be integrated a n a l y t i c a l l y  from x = x i  t o  x = xi + A x  t o  give 
the change i n  y over the  in te rva l :  

(397) = A X  [ A  F1 + (€3 A x )  F 2  + . ( C A x 2 )  F3 1 . 

where 
- P A X  

(398a) 1 - e  
F1 

P A x  

(398b) 
- P A X  

P A X - 1  + e  

( P A x ) ~  
F 2  

- P A X  
( P A x 1 2  - 2 ( P A x )  + 2 - 2 e  

F3 e 
2 (  P  AX)^ 

The four coef f ic ien ts  P , A  , XJ , C i n  (396) a r e  determined by f i t t i n g  t h i s  r e l a t ion  
to  data  a t  the  following four (x, y )  points:  

x = x1 Y = Y1 (399a) 

1 (399b) 
2 X =  XI + -  A X  Y = Y2 

1 
2 

X = X ~  + - A X  Y = Y3 

x = XI + A X  Y = Y4 

(399c) 

(399d) 

The yi w i l l  be chosen a t  a s l i g h t l y  l a t e r  s tage i n  the  analysis.  
(399) i n t o  (396) gives four l i nea r  equations fo r  P , A , B , c . 
these equations gives 

Subst i tut ion of 
The solut ion of 

(400a) f3 - f2 

y3  - y2 
P = -  
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The quantities YZ., and y3 are chosen,to 
(394b). Based on these values, the formula 

2 f 3  - f 2  P = -  - .  
A X  f 2  - f l  

be the values given by (394a) and 
(400a) for P becomes 

When ( P  Ax) is large, the y4 value given by (39412) can be considerably different 
from the correct value on the solution curve. To avold the errors in B and C 
which would result from the use of (3944, a better approximation to y4 is ob- 
tained by evaluating (397) with C = 0 ; i.e. , 

Y4 = ~1 + Ay = y1 + A X  [ A’F1 + ( B ’ A x )  F21  (403) 

where the coefficients A’and B‘are determined by fitting equation (396) to the 
three points ( X I ,  y l ) ,  (XI + A x / 2  , y2 >, and (XI + 8 x 1 2 ,  y3)  
for P remains valid, since it depends only on the evaluation of y2 and y3 . A 
and ( B ’  Ax 1 are found to be 

The expression (402) 

A ‘ =  f1 (404a) 

B ’ A x  = 2 [ ( f3  + P y j )  - ( f l  + P Y I , ) ]  (404b) 

Hence, (403) gives 

y4 = y1 + A X  [ 2  f3 F2 + f l  (F1 - 2 F 2 )  + f2 ( P A x ) F ~  I (405) 

This result is used, in place of equation (394c), for evaluating (B Ax) and (CAx2) 
from (400) and in the final integration formula (401). 

For ( P  Ax) -t 0 , equations (398) show that 
(406a) 

(406b) 

(406c) 1 
6 

F3 = .-. e;, 
P A x - t O  

Hence, for ( P  Ax) + 0 , equation (405) for y4 reduces to (394~)~ and the Treanor 
integration formula (401) reduces to the fourth-order Runge-Kutta formula (392). 
Thus, in a region of‘ the integration where (P Ax ) is small, Treanor’s technique 
behaves like the fourth-order Runge-Kutta method, which is known to perform well 
under such circumstances. On the other hand, for large ( P  A x ) ,  Treanor‘s tech- 
nique allows the use of a much larger step size without instability. 

Equation (402) specifies the evaluation of P as the ratio of two differences. 
If f l  , f2 , and f3 are nearly equal, the loss of accuracy on the indicated sub- 
tractions can produce large errors in P, or even a negative value of P .  
when these slopes are nearly equal the fourth-order Runge-Kutta method is satis- 
factory. Thus, if the magnitude of (f2 - f1)  / fl is found to be smaller than 10-4, 
or if P is computed to be negative, the Runge-Kutta formula is used. 

However, 
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The preceding discussion has been phrased i n  terms of the  solut ion of a 
s ingle  d i f f e r e n t i a l  equation. 
volves a system of n + l  ( o r n + 3 )  coupled equations f o r  the  concentrations 'y and I temperatu f o r  T, and ho i n  the  case of an e lec t ronic  non-equilibrium 
model). Treanor's integrat ion technique i s  applied t o  each of these 
d i f f e r e n t  ions individually.  This procedure i s  the  same as the  
when t h e  ta method is applied t o  a system of d i f f e r e n t i a l  equa 

The don-equilibrium flow problem, of c 

Lomax and Bailey (ref.  45) have.studied the  s t a b i l i t y  and acc 
several  integrat ion methods 
of steady, one-dimensional, non-equilibrium flow. 
regard t o  Treanor's method w e r e  a s  follows: 

including Treanor's, when applied t o  the equations 
Their pr incipal  f indings with 

1. When applied t o  a - s i n g l e  d i f f e r e n t i a l  equation, the method is s t a b l e  
f o r  la rge  s t e p  s i z e s ,  provided the parameter P is s u f f i c i e n t l y  c lose t o  
the eigenvalue of the  l inear ized equation. 

When the method is  applied t o  a system of coupled equations, its s t a b i l i t y  
depends on t h e  coeff ic ients .  
nearly uncoupled, but the  coupling is d i f f i c u l t  t o  assess a p r i o r i ,  The 
allowable s t e p  s i z e  for  a system of coupled equations depends upon t h e  
eigenvalues of the system. 

2. 
It works very w e l l  i f  the  equations are 

3. With proper s t e p  s i z e  control ,  the  method is s t a b l e  and gives accurate 
r e s u l t s .  

On the  whole, Lomax and Bailey preferred an impl ic i t  integrat ion technique 
t o  Treanor's method. 
apparent i n  non-equilibrium shock wave calculations,  i n  which the  system under 
consideration approaches an equilibrium state downstream. Treanor ' s  e x p l i c i t  
integrat ion formula has t o  use a s m a l l  s tep  s i z e  i n  near-equilibrium regions. 
the nozzle flow problem, t h e  departures from equilibrium generally increase i n  the 
downstream di rec t ion ,  so  t h a t  the s t e p  s i z e  can be increased as t h e  calculat ion 
proceeds. 
flow -problems than f o r  shock wave problems. 

However, the advantages of the impl ic i t  technique were most 

I n  

Thus, Treanor's method is expected t o  be more s a t i s f a c t o r y  f o r  nozzle 

7.5.2 Step-Size Controls 

Proper control  of the  s t e p  s i z e  is extremely important i n  any numerical in- 
tegrat ion using an e x p l i c i t  f i n i t e  difference scheme. 
l i t t l e  too large,  the  solut ion becomes noisy and inaccurate.  I f  t h e  s t e p  is in- 
creased s t i l l  fur ther ,  the solut ion becomes unstable and small e r r o r s  are ampli- 
f i e d  without l i m i t .  
the  solution requires  a needlessly large number of s teps  and w a s t e s  computer time. 
I n  nozzle flow calculat ions,  the s t e p  must be small i n i t i a l l y ,  where the gas mix- 
t u r e  is s t i l l  near an equilibrium state, but  becomes s t a b l e  f o r  much la rger  s teps  
f a r  downstream where the react ions are nearly frozen. 
termining and maintaining the proper s tep  s i z e  i n  each p a r t  of the calculat ion is 
needed. 

I f  the  s t e p  is j u s t  a 

On the  other  hand, i f  the  s t e p  i s  much smaller than necessary, 

Thus, a procedure f o r  de- 

The s t e p  s i z e  controls  i n  NATA are based on those described i n  re f .  1 f o r  
the  Cornel1 Aeronautical Laboratory program from which NATA w a s  derived. The 
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controls  i n  NATA areqsomewhat more elaborate  and restrictive t o  m e e t  the  needs 
of the e lec t ronic  non-equilibrium models, which are d i s t i n c t l y  less s t a b l e  than 
conventional chemipal non-equilibrium models. The controls  are based on tests 
f o r  the  acceptab i l i ty  and accuracy of t h e  computed r e s u l t s ,  both a t  intermedlate 
points  i n  each Treanor-Runge-Kutta integrat ion s t e p  and a t  the  end of each s t e p ,  
The tests a t  the end of each s t e p  i n  conventional chemical non-equilibrium models 
are as follows: 

Y j ?  0 

x .  - > - 0.01 

( j=  1, ..., n)  
d R A e  

AT 

Tb 
1 - 1  LTTEST 

Here the subscr ipt  b 
The c r i t e r i o n  values 

(j = 1, ..., n) 

denotes values a t  the  beginning 
GTEST and TTEST are under input 

(407a) 

(407b) 

(407c) 

(407d) 

of the  integrat ion step.  
control.  They a r e  prese t  

to  the  values GTEST = 0.1 and TTEST = 0.05. 

The f i r s t  test, (407a), requires  that the  concentrations be posi t ive.  The 
second requires  t h a t  d&/dx be negative upstream of t h e  throa t  and pos i t ive  down- 
stream o f  the throat ;  t h i s  test i s  e f f e c t i v e  only during the  solut ion by the  in- 
verse method, i n  which p (x) is assumed given and d k Ae/dx i s  computed from t h e  
flow equations. The s m a l l  negative value (-0.01) on t h e  r i g h t  allows f o r  pos- 
s i b i e  s l i g h t  displacement of the  non-equilibrium sonic  point from t h e  geometric 
throat.  The last two tests (407c, d)  set l i m i t s  on the  changes i n  the dependent 
var iab les  i n  any one step.  

I n  the  case of an e lec t ronic  non-equilibrium model, the  following addi t ional  
tests are performed a t  the  end of each integrat ion step: 

A 'e 

Teb 

A h o  

1 -.I L TETEST 

I - I LHTEST 
hob 

(408a) 

(408b) 

(4084 

where TETEST, HTEST, and QTEST are inputs prese t  t o  0.'05, 0.01 and 0.1, respec- 
t ive ly ,  and Dqm is the maximum value of QTEST * 1 &.b I computed previously i n  the  
case. The tests (408a) and (408b) set l i m i t s  t o  the  changes i n  the  e lec t ron  
temperature Te and t h e  t o t a l  enthalpy ho i n  each step.  
the  f luc tua t ions  i n  the  energy t ransfer  
needed i n  the  e lec t ronic  non-equilibrium model because i n  the  upstream region, 
whe'ce some of the  react ions are near equilibrium, ie  i s  extremely sens i t ive  t o  
small changes i n  the temperatures T and Te and some of the mole f rac t ions  y j .  
I n  turn,  qe a f f e c t s  the electron temperature through equation (332). The 
s e n s i t i v i t y  of e t o  the  dependent flow var iab les  is t h e  pr incipal  cause of t h e  

The test. (408c) controls  
t o  the  electron gas. This test i s  
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poor s t a b i l i t y  of t h e  e l e c t r o n i c  non-equilibrium models, which requires  the  use 
of small s t e p  s i z e s  i n  non-equilibrium flow calculat ions based on such models. 
The form of the  test (408c) allows f o r  the p o s s i b i l i t y  t h a t  qe may pass through 
zero a t  some point i n  the solut ion.  

The tests performed a t  intermediate points  in  t h e  Treanor-Runge-Kutta inte- 
gra t ion  s t e p  are generally more len ien t  than those done a t  the end of the step.  
I n  t h e  chemical non-equilibrium models, t h e  tests a t  intermediate points  are (407a), 
(407b), and 

T > O  - (409a) 

h < ho (409b) - 
I n  e lec t ronic  non-equilibrium models, t h e  following addi t iona l  tests are per- 
formed a t  fntermediate points.  

(409c) 

(409d) 

(409e) 

A t  the  start of each in tegra t ion  s tep,  the  values  of yj , T ,  Te, x, %,Ae, p ,  
and s are saved i n  a separate  set of storage locations.  I f  any of the  conditions 
(407) t o  (409) is v io la ted  a t  any point where i t  i s  applied,  t h e  flow var iab les  
are reset t o  t h e i r  values a t  the  s t a r t  of the s tep ,  the  s t e p  s i z e  is reduced, and 
the s t e p  is repeated. I f  the  s t e p  f a i l s  again, t h i s  procedure is repeated u n t i l  
a successful s t e p  which passes a l l  of the  tests is  obtained, o r  u n t i l  the  s t e p  
s i z e  f a l l s  below cm. I f  the s tep  s i z e  goes below t h i s  l i m i t ,  o r  i f  a 
successful s tep  has not been achieved a f t e r  30 tries, diagnostic data  are pr inted 
out and the  case i s  abandoned. 

Changes i n  the s t e p  s i z e  a r e  based on two f a c t o r s ,  SC (used f o r  increasing 
the s tep)  and SCD (used f o r  decreasing t h e  s tep) .  SC is i n i t i a l l y  1.1. If-NQS 
successful in tegra t ion  s teps  have been taken without the  need f o r  a s t e p  s i z e  re- 
duction, the  s tep  s i z e  Ax is multiplied by SC. I f  the  s t e p  has thus increased 
NQS times without the  need for  a reduction, SC is increased by 0.1. NQS is an  
input (with input name NQSI), p rese t  t o  4. Thus, so long as t h e  in tegra t ion  
proceeds with no f a i l u r e s  of t h e  tests, the s tep  s i z e  is increased repeatedly,  
and the  fac tor  SC by which Ax is multiplied is a l s o  increased. 

When a f a i l u r e  of one of the  tests occurs, t h e  following act ions are taken: 

1. The counters f o r  successful s t e p s  and successful increases i n  s t e p  s i z e  
are both reset t o  zero. 

2. SC is decreased by 0.1 (but not below 1.1). 

3. 

4. 

5. 

Ax is divided by SCD. 

SCD i s  multiplied by 1.1. 

The s tep  is restarted from i ts  Beginning. 
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I f  repeated f a i l u r e s  of the same s t e p  occur, the  increase i n  SCD on each attempt 
allows the  program t o  reduce the s t e p  s i z e  very sharply i n  a s m a l l  number of 
cycles. However, once t h e  s tep  has been taken successful ly ,  A x i s  reset from its 
(possibly very small) value used i n  the integrat ion t o  , 0.7 Axold) , where 
Axold i s  the s tep  s i z e  used i n  the previous successful step.  Also, a f t e r  a 
successful s tep,  SCD is reset t o  the current  SC value. 

The i n i t i a l  s t e p  s i z e  a t  t h e  beginning of t h e  numerical in tegra t ion  i s  an  
input (DELTXI). It is  prese t  t o  0.01 cm. However, i f  

is less than the input value of A x ,  the  s t e p  s i z e  i s  reset t o  Axh.  
takes account of the  smaller s t e p  s i z e  required when the  switch from the  pertur- 
bat ion technique t o  numerical in tegra t ion  occurs i n  a region where one o r  more of 
the react ions are still very c lose  t o  equilibrium. 

This provision 

The preset  values f o r  TTEST and GTEST do not  imply t h a t  the  program allows 
e r r o r s  of 10 percent i n  t h e  concentrations or  of 5 percent i n  the temperature. 
I n  f a c t ,  the  cumulative truncation e r rorswhich  occur when the s t e p  s i z e  is con- 
t r o l l e d  by (407) are typica l ly  of the order of 0.1 percent o r  smaller. 

7.5.3 Freezing of Minor Species 

Previous vers ions of NATA were subject t o  a mode of f a i l u r e  which typ ica l ly  
occurred f a r  downstream of the nozzle throat .  
f a i l u r e  w e r e  as follows: The concentration of a minor species,  already very low, 
would begin t o  decrease more and more rapidly,  u n t i l  changes i n  the concentration 
of t h i s  species w e r e  cont ro l l ing  the s t e p  s i z e  i n  the  non-equilibrium integration. 
The decrease i n  concentration would continue t o  accelerate, forcing successive 
decreases i n  the s t e p  s ize .  
came qui te  low. 
accuracy on subtract ions would lead t o  major f luc tua t ions  i n  some of the  flow 
quant i t ies ,  and t h e  code would be unable t o  proceed with the non-equilibrium 
solut ion.  

The symptoms of t h i s  type of 

Thus, the r a t e  of progress of the  solut ion would be- 
I n  some cases, t h e  s t e p  s i z e  would become so small t h a t  loss of 

The mechanism of t h i s  type of behavior i s  as follows, The gas models used 
i n  NATA contain numerous react ions of the  type 

S +  A +  B -t C (411)  

Equation (283) f o r  the rate of change of species S due t o  t h i s  react ion i s  

s ince  vi =vi' = 2 
given i n  terms of kf 2nd the  equilibrium constant K by equation (277). 
(412)  can be rewri t ten 

for the react ion (411) .  Now, t h e  reverse  rate constant k, is  
Hence 

- Kys 
1 d y s  

Ys dx U 
- = _  - 
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The equilibrium constant (278) f o r  t h e  react ion (411) i s  

Now, assume t h a t  the  react ion (411) has been wr i t ten  so t h a t  products (B and C) 
are much more s t a b l e  than the reac tan ts  (S and A) a t  low temperatures. 
exponent i n  (414) i s  posit ive.  
come la rge  i n  magnitude as t h e  temperature f a l l s .  
constant K i t s e l f  can become exceedingly large. Moreover, under such circum- 
stances,  K increases very rapidly as t h e  temperature decreases. 
i s  decreasing, the increase i n  K can be so rapid that the second term on the  r i g h t  
i n  (413) becQmes and remains small i n  comparison with the f i r s t  term. I f  the con- 
centrat ion Y A  of the  second reactant  A is  large compared with YS , the react ion has 
l i t t l e  e f f e c t  on Y A .  Under these conditions, d R  y d d x  i s  negative and v a r i e s  
only slowly w i t h x .  
fashion, 

Then the  
Because of its f a c t o r  1 /T,  t h i s  exponent can be- 

In such a case, the equilibrium 

Even though ys 

Thus, y s  approaches zero I n  an approximately exponential 

The type of f a i l u r e  described above would occur under these circumstances if the  
c h a r a c t e r i s t i c  re laxat ion length L were small. 
NATA gas models, t h e  rate constant kf is s u f f i c i e n t l y  high t o  produce such f a i l u r e s  
i n  some cases. 

For some of t h e  react ions used i n  

The current  version of NATA contains a procedure designed t o  prevent f a i l u r e s  
of t h i s  type. Whenever t h e  following three conditions a r e  s a t i s f i e d :  

(1) An excessive change i n  t h e  concentration y’ of a species,  over a complete I integrat ion s tep ,  has forced a reduction i n  the  s tep  s ize ;  

The concentration yjb of the species a t  the start of the  integrat ion s t e p  
w a s  less than an input value GAMIN, preset  t o  10-10 mole/gm; 

(2) 

(3)  The concentration yi decreased during the  s tep,  

then the  concentration of t h e  species j is frozen by switching off  a l l  of the re- 
act ions which produce or  destroy the species. 
may be outlined as follows: 

The r a t i o n a l e  f o r  t h i s  procedure 

(1) It prevents f a i l u r e s  of the  type described above by switching off the  
react ion causing t h e  rapid destruct ion of the  minor species S (along 
with the other  react ions a f fec t ing  the concentration of the  species).  

(2) Because the concentration of S is  very low, and s ince the  net e f f e c t  of 
the  react ion system is t o  transform S i n t o  other  species,  f reezing t h e  
concentration of S cannot s ign i f icant ly  a f f e c t  the  concentrations of t h e  
other  species during the remainder of the  non-equilibrium flow solution. 

When t h i s  procedure is used, NATA p r i n t s  out a message ident i fying the species 
whose concentration i s  being frozen and the  react ions which a r e  being switched of f .  
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7.6 Boundary Layer Effec ts  

The method used i n  the approximate calculat ion of laminar boundary layer  
development on the. nozzle w a l l  has been documented i n  Section 5. The boundary 
layer  calculat ion f o r  the non-equilibrium solut ion follows an approach s imi la r  
t o  t h a t  used f o r  the  frozen and equilibrium calculat ions (Section 6 . 3 ) .  
upstream and throa t  regions, the boundary layer  i s  computed but  i s  not  coupled 
t o  the  inv isc id  flow. A shor t  distance beyond the throa t ,  the  coupling is "switched 
on". 
Section 6.3. 

' I n  t h e  

The motivation and j u s t i f i c a t i o n  f o r  t h i s  approach have been explained i n  

I n  the  frozen and equilibrium flow solpt ions,  the coupling of the  inviscid 
flow t o  the boundary layer  is turned on a t  the t h i r d  point beyond the geometric 
throat .  I n  the non-equilibrium solut ion,  the uncoupled solut ion is carr ied a 
l i t t l e  fa r ther  downstream, t o  the point a t  which the switch from the inverse 
solut ion t o  the d i r e c t  in tegra t ion  is made. This procedure allows the e f f e c t  
of the displacement thickness on the area r a t i o  a t  the switch point t o  be included 
i n  the area rescal ing f a c t o r  R, equation (390). Also, i t  avoids s t a b i l i t y  
problems which might r e s u l t  from switching the coupling on very close t o  the 
throat ,  where the solut ion is  extremely sens i t ive  t o  the area ra t io .  

I n  the  uncoupled region upstream of the switch point ,  the  e f f e c t  of the 
boundary layer  upon the effecEive area r a t i o  A, i s  neglected;i .e. ,  A, is  assumed 
equal  t o  the  geometric area r a t i o ,  Ag(x) .  
is calculated from Ag(x)  and the displacement thickness 6 using equation ( 1 2 6 ) ,  
(130 ) ,  o r  (134)  depending upon the  type of nozzle geometry. 
i n  equations (293) and (299) is calculated fFom the  der ivat ive of the appli- 
cable area r a t i o  formula. 
evaluated by the simple f i r s t -order  difference expression 

Downstream of :he switch point ,  A, 

Also,  den A;/dx = d e ,  Addx 

The der ivat ive d 8  /dx appearing i n  these formulas i s  

s* - so* 
(416)  

c x - x o  

i n  which6* and x $re the displacement thickness and a x i a l  coordin'ate a t  the current 
flow point ,  and % , xo the  correspondin values a t  the  preceding flow point.  
avoid an abrupt*discontinuity i n  d R A , h x  a t  the  point where the  coupling is 
switched on, d 8 /dx is  b u i l t  up gradually from zero over 29 in tegra t ion  s teps ,  
according t o  the formula. 

To 

s* dx = w ($*) C + U - W ) , ( g )  0 

where 
1 

30 - i w = -  

and i i s  an integrat ion s t e p  counter which i s  i n i t i a l i z e d  t o  zero i n  the s t e p  i n  
which the  coupling i s  switched on. 
i n  the preceding s t e p  using (417) .  
and (418)  would give a l inear  var ia t ion  of dS*/dx with the  counter i ,  from 0.0333 

Also, (d6*/dx)0 is the f i n a l  dS*/dx calculated 
I f  (dS*/dx)= were constant,  equations (417)  

-160- 



(dB*/dx)c a t  i = 0 t o  0.9667 (di3*/dxIc a t  i = 28. For i > 28, equation (418) is  
no longer used. Instead, t h e  weight fac tor  w i n  (417) is calculated from 

(419) w =--in 1 [ 1, (E) '1 2 

i n  which A x i s  the*integration s t e p  s i z e  i n  the current  s t e p  and Ax0 t h a t  i n  the  
preceding s tep.  
smoothing of f luc tua t ions  i n  (ds*/dx)c .  
smaller than t h e  value h.0 f o r  the  preceding in tegra t ion  s tep,  which can happen 
i f  the current  flow point i s  a model point o r  i f  t h e  numerical in tegra t ion  of the  
flow equations i s  encountering severe convergence problems, then t h e  weight w 
applied t o  the  current  (d8*/dx), value is very s m a l l .  
d i f f i c u l t i e s  which could r e s u l t  from l o s s  of accuracy i n  the  subtract ions indi-  
cated i n  (416) wheh x and xo are very near ly  equal. 

Thus, w never exceeds 0.5, and equation (417) provides some 
I f  the current  s tep  s i z e  Ax is much 

This algorithm avoids 

The above-described procedure f o r  switching on the  coupling between the 
boucdary layer  and the inviscid flow is found t o  work r e l i a b l y  i n  flow calculat ions 
based on conventional chemical non-equilibrium models. 
made t o  compute flow solut ions including the boundary layer  f o r  gases represented 
by t h e  e lec t ronic  non-equilibrium model, the solut ions usual ly  f a i l  a t  t h e  point 
where the coupling i s  switched on. Such f a i l u r e s  occur because the disturbance 
produced by increasing da*/dx i n  accordance with (417) and (418), small though 
i t  is, upsets the precarious s t a b i l i t y  of the  e lec t ronic  non-equilibrium model. 

However, when attempts are 

Boundary layer  calculat ions are performed both a t  the  intermediate points  i n  
the Treanor-Runge-Kutta in tegra t ion  s tep  and a t  t h e  end of each successful  s tep.  
Now, the  method used i n  the  boundary layer calculat ions involves the  evaluation 
of a d e f i n i t e  in tegra l ,  equation (170) o r  (172), i n  which the var iab le  of inte-  
grat ion is the streamwise coordinate Ely ing  along the  nozzle surface. Also, =f 
i t s e l f  i s  evaluated as a d e f i n i t e  in tegra l .  To avoid contaminating these inte-  
g r a l s  with inaccurate da ta  from unsuccessful integrat ion s teps  and intermediate 
points  i n  successful s teps ,  the "permanent" values of t h e  i n t e g r a l s  are incre- 
mented only following successful f u l l  s t e p s .  A t  intermediate points  i n  a s tep ,  
the  i n t e g r a l s  are incremented on a temporary bas is  f o r  use i n  computing the 
boundary layer  displacement thickness, but a r e  res tored t o  t h e i r  i n i t i a l  values. 
Also, dB*/dx is  not computed a t  intermediate points. 

The calculat ion of the displacement thickness 8* (Sections 5.5 and 5.6) 
involves the  quant i ty  d k  M/ dx, i n  which M denotes the  Mach number. During t h e  
non-equilibrium solut ion,  t h i s  der iva t ive  is  evaluated as follows: 

den  M 1 du 1 da 1 du 1 dT 
-=  - - _ a  - -c  - - _ e -  

dx u d x  a &  u d x  2 T d x  

where the  second form is based on the approximation a 
speed a .  The ve loc i ty  der iva t ive  i s  obtained from equation (245): 

TI/' f o r  the sound 
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For 
For 

chemical non-equilibrium gas models, % / d x  = 0 and &/dx  is given by ( 2 9 1 ) .  
e lec t ronic  non-equilibrium models, dhg/dx i s  given by (333)  and, from ( 3 3 4 ) ,  

I -  

Thus, den  M/dx i s  evaluated from the current  values of dT/dx, d y j / h  , and, i n  t h e  
case of e lec t ronic  non-equilibrium models, dT,/dx and dhg/dx, These der ivat ives ,  
i n  turn,  are obtained by solving equations (293)  and ( 2 9 9 )  (or ( 3 2 8 ) ,  ( 3 3 1 ) ,  ( 3 3 2 ) ,  
and ( 3 3 3 )  f o r  e lec t ronic  non-equilibrium models). These equations f o r  the deriva- 
t i v e s  involve A, and d A,/&, which depend on a* and dS*/&. Thus, t h e  calcula- 
t ion  of a* a t  any flow point requires  knowledge of the value of 6* a t  the  same 
flow point. This impasse is broken by using an Iterative self-consistent so lu t ion  
f o r  6* and the der iva t ives  dT/dx, dYj/dx, dTe/dx, dho/dx of the flow variables .  
The convergence c r i t e r i o n  i n  the i t e r a t i o n  is t h a t  the  newly computed a* d i f f e r  by 
no more than 1 percent from the previous value. 
der ivat ives  a r e  required,  i n  a non-equilibrium so lu t ion  including t h e  boundary 
layer ,  the  der iva t ives  a r e  f i r s t  computed assuming t h e  6* value 6: l e f t  i n  storage 
by the  last  previous calculation. 
puted by c a l l i n g  the boundary layer  rout ine,  and is compared with the previous 
one. I f  si* and 8; d i f f e r  by no more than 1 percent, the new value is accepted 
and used. 
peated, using 61 i n  the  r a t e  calculat ion,  t o  obtain a fur ther  improved estimate 
6$.  
thickness. 
a more accurate  estimate of 6*. 
assumed i n  the rate calculat ion by ai*, and the  output value obtained from the  

Whenever calculat ions of t h e  

Then a new value 6; f o r  the  thickness i s  com- 

I f  tQey d i f f e r  by more than t h i s  amount, the  e n t i r e  calculat ion i s  re- 

I f  the  convergence test is s a t i s f i e d ,  6; is  accepted as t h e  displacement 
I f  no t ,  the  following rapidly converging algorithm i s  used t o  obtain 

Denote the input value of displacement thickness 

boundary layer  rout ine  by so*. 
t i o n a l  re la t ionship  82 = f(6i*) 
t h a t  6: = 6 f .  The funct ional  
through the two poin ts  a l ready 
algorithm is  applied more than 

8; - 6,; 

6,; - 6,; 6;; - si; * 

602 ai1 - so: Si; 

si; - 6;; - 6,; +so; 

Sf - si; - - 

The in te rsec t ion  of ( 4 2 3 )  with 
a t  8: = 8: = 6 *  , where 

* *  
* s r  

Then -the ca lcu la t iona l  procedure def ines  a func- . The condition f o r  a self-consistent so lu t ion  i s  
r e l a t i o n  is approximated by a s t r a i g h t  l i n e  passing 
computed (or the two most recent points  i f  t h e  
once). The equation of t h e  s t r a i g h t  l i n e  i s  

(423)  

the  self-consistent so lu t ion  l i n e  is found t o  b e  

Figure 27 i l l u s t r a t e s  the geometry of t h i s  solution. The f i r s t  appl icat ion of 
(424)  almost always gives a 6* valueNhich s a t i s f i e s  t h e  self-consistency con- 
d i t i o n  t o  within 1 percent. 
using ( 4 2 4 ) .  

The program allows a maximum of four  i t e r a t i o n s  
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tii* 84-1798 

Figure 27 SELF-CONSISTENT SOLUTION FOR THE DISPLACEMENT THICKNESS 
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7.7 Example - NO Recombination 

To i l l u s t r a t e  the non-equilibrium flow calculat ions performed by NATA, the  

2 

code has been used t o  compute t h e  flow and concentration changes i n  two of Wegener's 
classic experiments ( refs .  46, 47) on t h e  three-body recombination of nitrogen di- 
oxide, 

Wegener's experiments were performed i n  a small wind tunnel o 
section. 
the p r o f i l e  shown i n  f igure  28. 
dimensional t o  within the  accuracy of the  measurements. 
w e r e  those designated C and F i n  refgrence 46. The conditions i n  these experi- 
ments w e r e  as summarized below: 

rectangular cross  
The flow geometry w a s  modeled i n  NATA as a two-dimensional nozz-le with 

The flow i n  t h i s  tunnel w a s  found t o  be one- 
The experiments analyzed 

PO TO 
0, 

(xN02)0 atm Experiment 

A percent 

C 0.0100 2.00 400 

F 0.0500 2.16 402 

Of the  three  gas species appearing i n  (425) only N2 is  a standard species i n  

The coef f ic ien ts  ob- 
NATA. 
t ab les  ( ref .  48) over the temperature range 2000 t o  400° K. 
tained €or use i n  equations (33) and (34) w e r e  as follows: 

Thermo f i t s  f o r  NO2 and N2O4 w e r e  obtained by f i t t i n g  the  da ta  i n  t h e  JANAJ? 

Coefficient NO2 N2°4 

a 4.003 3.553 

b 

C 

-3.75 x 1.1625 x 

2.45 x -4.55 x lo+ 

d 0 0 

e 0 0 

k 5.945 10 * 028 

€Ioo (kcal/mole) 8.586 4.473 
6 2 The rate constant f o r  the react ion (425) w a s  taken t o  b e  3 x 1014 cm /mole -sec 

(ref.  47). 

* Frozen, equilibrium, and non-equilibrium flow calculat ions w e r e  performed 
The r e s u l t s  are compared with Wegener's da ta  f o r  each of t h e  two experiments. 

i n  f igures  29 and 30. 
nozzle. 
value i n  the upstream reservoir.  
i n  the NATA output as 

The abscissa  i n  these f igures  is dis tance along the  
The ordinate  is t h e  r a t i o  [N02]/[N02] oof  the  NO2 concentration t o  its 

This w a s  calculated from quant i t ies  ava i lab le  
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The,curves i n  the f igu res  give the  NATA r e su l t s .  
( ref .  46), which are based on measurements of o p t i c a l  transmis 
of 3950 t o  4750 1. 
NO2 absorbs. 
are i n  close agreement with the experimental da t a  i n  both cases. 
F, the flow is  nearly i n  equilibrium throughout the tunnel, bu t  a major departure 
from equilibrium occurs i n  experiment C. 

The poin ts  are Wegener's da ta  
elengths 

I n  t h i s  wavelength range, N2 and N 2 O 4  are aparent, while 

I n  experiment 
The f igu res  show tha t  t h e  NATA non-equilibrium flow ca lcu la t ions  
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8, CONDITIONS ON MODELS 

The NATA code provides calculations of the heat flux and pressure on models 
inserted into the free-stream flow at specified locations. 
general types of model configurations: 
or two-dimensional probe, and the flat surface of a blunt wedge. 

The code treats two 
the stagnation point of an axisymmetric 

The points in the free-stream flow at which model condition calculations 
are to be done may be specified in either or both of two ways: 

(1) A list of up to 20 test section diameters (TSDIAM) may be read in.. 
Model condition calculations are done at the positions (downstream of 
the throat) at which the nozzle diameter has the values thus specified. 

(2) An initial axial coordinate value (WDPl), a final value (CXNAXI), and 
a number of model points (NMgDPT) may be read in. 
calculations are then done at the specified number of points, including 
the initial and final positions and a sequence of intermediate points 
whose axial coordinates form a geometric progression. 
calculations are done only at the initial point. 

Model condition 

For NM0DPT = 1, 

The influence of the test models upon the free-stream flow is not considered. 
Thus, when calculations are done for several model locations, each model is as- 
sumed to be inserted into the previously undisturbed free stream. 

8.1 Stagnation-Point Calculations 

The calculation of stagnation-point conditions begins with an approximate 
normal shock solution. The heat flux and shock standoff distance are then cal- 
culated for both flat-faced and hemispherical axisymmetric models. Optionally, 
the calculations can be done instead for two-dimensional models with flat and 
cylindrical leading edges. 
equilibrium flow behind the shock or a frozen shock with the species mole frac- 
tions behind the shock equal to those ahead of it. 
normal shock calculation can be done. 

These calculations are carried out assuming either 

Optionally, both types of 

Section 8.1.1 discusses the normal shock solutions, Section 8.1.2 the heat 
flux calculations, and Section 8.1.3 the stagnation-point velocity gradient. 
Section 8.1.4 specifies the model heat flux outputs provided, and Section 8.1.5 
discusses low-density effects which limit the validity and accuracy of the 
stagnation-point heat flux calculations. 

8.1.1 Normal Shock Solutions 

The main purpose of the stagnation-point model-condition calculations is to 
predict the stagnation point heat flux and the stagnation pressure on the model. 
The objective of the normal shock solution is to determine the conditions at the 
stagnation point of the inviscid flow, just outside the boundary layer on the 
model. 
subscript1 , conditions just behind the shock by subscript 2 ,  and stagnation 
c'onditions by subscript s . 

The free stream conditions ahead of the shock will be designated by 
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The conservation r e l a t i o n s  f o r  the  normal shock are: 

(427a) 

f l u 1  = P2U2 (427b) 

(4274 

The conditions ahead of t h e  shock are known from the nozzle flow solution. The 
conditions a t  t h e  inv isc id  stagnation point are assumed t o  be re la ted  t o  those 
j u s t  behind the  shock by 

(428a) l 2  h, = h2 -t - ~2 
2 

2 1 
P, P2 + 2 P2 u2 (428b) 

The f i r s t  of these r e l a t i o n s  (428) i s  exact. The incompressible Bernoulli equa- 
t i o n  (428b) is only an approximation t o  the actual'compressible isentropic  flow 
r e l a t i o n ,  bu t  i s  reasonably accurate  as long a s  t h e  shock Mach number is not  too 
low. I n  NATA, model condition calculat ions a r e  not done f o r  points  a t  which the 
free-stream Mach number is less than 1.5. A t  t h i s  Mach number, f o r  a perfect  
gas with y = 1.4 ( f o r  example), equation (428b) i s  accurate t o  within about 3.5 
percent. For higher free-stream Mach numbers, t h e  accuracy i s  s t i l l  b e t t e r  be- 
cause t h e  Mach number behind the  shock is  lower. For example, a t  Mach 5 the 
e r r o r  i s  only 0.5 percent f o r  a per fec t  gas with y = 1.4. 

The gas equation of state has the  form 

I n  the  case of a frozen shock, the  re la t ions  (429) are assumed t o  b e  the  equa- 
t ions  f o r  a thermally perfect  but  ca lor ica l ly  imperfect gas: 

WP p = -  
RT (430a) 

h = h(T) (430b) 

For t h e  equilibrium shock, the  r e l a t i o n s  (429) are embodied i n  a subroutine 
(EQCALC) which computes the  thermochemical equilibrium state of a gas mixture a t  
specif ied temperature and pressure. 
state r e l a t i o n s  can be expressed i n  ana ly t ica l  form. 

I n  t h i s  case, ne i ther  of t h e  equation of 

NATA calculat ions of the  stagnation conditions on a model are carr ied out  in 
two stages.  F i r s t ,  the  conditions immediately behind t h e  shock a r e  computed by 
simultaneous so lu t ion  of t h e  Rankine-Hugoniot conservation r e l a t i o n s  (427) and 
t h e  equation of state (429). Then the  s tagnat ion  conditions are calculated by 
simultaneous so lu t ion  of equations (428) and (429). 
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The equations (427) f o r  t h e  normal sho r i  
densi ty  r a t i o  

' p  E P d P 2  

i n  the  following form: 

2 
P2 = P1 + P1U1 (1 - 6 0 )  

(432b) 

I n  (432), equation (42713) has been used t o  eliminate the  veloci ty  u2 from the 
remaining two equations (427a), (427c). 

For both the  equilibrium shock and the frozen shock, t h e  solut ion involves 
an i t e r a t i o n  on the  temperature T2 of the gas immediately behind the normal shock. 
For each estimate of T2, the  static enthalpy h2 i s  calculated both from (432b) 
and from t h e  equation of s t a t e  r e l a t i o n  (429b) o r  (430b). The correct  temperature 
T2 is  the  one f o r  which these two enthalpy values are equal. 

I n  the case of a frozen shock, the gas enthalpy (430b) depends on tempera- 
t u r e  only, not  on pressure. 
using equation (275). I n  the solut ion f o r  the frozen shock, t h e  mole f rac t ions  
are assumed constant across the shock, so t h a t  the f r e e  stream values are used. 
To ca lcu la te  t h e  second h2 value from (432b), the  density r a t i o 6  must be known. 
I n  t h e  case of t h e  frozen shock, s ince  the  gas is  assumed thermafly perfect  and 
s ince  the  molecular weight Wbehind the shock is  the same as t h a t  ahead of the  
shock, the  density p2 behind the  shock is  given by 

It is  computed from the species enthalpies Hj(T2) 

07 Tq 
(433) 

-.L I 

From (431) and (433) 
p1 T2 

p2 =1 
" = - . -  (434) 

i n t o  (432a) gives a quadratic equation f o r  the  pressure p 2 :  

= o  (435) 

(436a) 

(436b) 

The applicable so lu t ion  of (435) i s  

-171- 



imate of t h e  temperature T2 i n  the iterative so lu t ion  of t 
e frozen normal shock, p2 i s  calculated from (437) and E i 

This eP value is then used t o  compute h2 from 443 obtained from (434). 
r e su l t i ng  h2 value is compared with the one from (275) t o  determine whether con- 
vergence has been achieved and i f  not,  t o  select an improved estimate of 
t he  next i t e r a t i o n .  

In  the  case of an equilibrium shock, t he  so lu t ion  is s l i g h t l y  more 
cated because the  enthalpy (429b) depends upon the  p re s su rep2 ,  and because the 
ca lcu la t ion  o f f P  €or each estimate of T2 cannot be performed ana ly t i ca l ly  but 
requi res  an inner i t e r a t i o n .  
pressure ~2 and density r a t iocp  are obtained by solving equations (429), .(431) 
and (432a), as follows: 

For each tr ial  value of T 2 ,  the  corresponding 

1. An i n i t i a l  estimate o f t  i s  chosen and is used t o  ca l cu la t e  an i n i t i a l  
estimate of p2 from (43L) .  

2, The equilibrium equation of state (429a) is used t o  compute 

P2 = P (T2 Y P2) 

3. The new density r a t i o  

c; = P d P 2  

i s  calculated.  

4. T G  new r a t i o  c i  i s  compared with the  old value cp t o  determine whether 
t he  inner i t e r a t i o n  has converged. 
be  equal t o  within 0.1 percent. 

The c r i t e r i o n  i s  t h a t  the two values 

5. I f  not,  the  quant i ty  

a = P2/P2 

i s  computed, and a new estimate of p2 is obtained from 

Equation (438) is equivalent t o  (437) with 

Thus, (438) i s  an approximation t o  the pressure p2 corresponding t o  the  
assumed temperature T2 , based on neglecting the  pressure dependence of 
t h e  gas composition. 

The s t eps  beginning with (2) are repeated using the new p2 from s t e p  6 .  
(5). 
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a 

This inner i t e r a t i o n  t o  obtainep and p2 is repeated f o r  each s t e p  of t h e  main 
i t e r a t i o n  on T 2 .  
the  frozen shock. 

The l o g i c  of the i t e r a t i o n  t o  determine T2 i s  the  s 

Once the  conditions P2 , T2., p2 behind the  shock have been obtained, t h e  
conditions a t  the  inv isc id  s tagnat ion point on t h e  model are calculated by solv- 
ing equations (428) and (429). The stagnation pressure i s  calculated d i r e c t l y  
from (428b), which i s  rewri t ten i n  the  form 

Ps = P2 i- -P1Ul2Cp 1 (439) 2 

The stagnation temperature Ts is  then obtained by an i t e r a t i v e  solut ion of (428a) 
and (429b) o r  (430b). 

8.1.2 Stagnation-Point Heat Flux 

NATA calculat ions of stagnation-point heat t ransfer  t o  models are based on 
a cor re la t ion  formula which incorporates r e s u l t s  of analyses by Fay and Riddell  
( re f .  49), Bade ( re f .  50), Finson and Kemp (ref .  51) and Goulard (whose work is 
reviewed by Dorrance, r e f .  52, pp. 92-93). Fay and Riddel l ' s  cor re la t ion  

(ref.  49) i s  widely used f o r  calculat ing stagnation point heat  t ransfer  i n  high- 
temperature air. 
f ined as follows: 

The non-dimensional groups appearing i n  t h i s  formula are de- 

Nusselt number based on property values a t  t h e  w a l l  

*Nu, w = 
q, Cpw 

Kw(he - hw) 

Reynolds number based on property values a t  the  w a l l  

NRe,w = 
Pw uex 

PW 

Frozen Prandt l  number (assumed constant) 

"P Npr = - 
K 

L e w i s  number (assumed constant) 
D12 p =p 

NLe = K 
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The o ther  notat ions used i n  (440)  t o  (444)  are: 

=P 

Dl2 

f 

h 

hD 

K 

qs 

U 

X 

P 

P 

= s p e c i f i c  heat  (chemically frozen) 

= 

= 0.52 f o r  an equilibrium boundary layer ,  0 . 6 3  f o r  a frozen one 

= enthalpy 

= 

binary diffusion coef f ic ien t  €or atoms and molecules 

enthalpy of dissociat ion pe r  un i t  mass €or the gas i n  the external  
flow 

= thermal conductivity (chemically frozen) 

= stagnat ion point heat f lux  

= 

= 

veloc i ty  component i n  the d i rec t ion  p a r a l l e l  t o  the  body surface 

r a d i a l  dis tance along the  body surface from the  stagnation point 

= viscos i ty  

= density 

The subscr ipt  notat ion is 

e = conditions a t  the  stagnation point of the external  flow 

w = conditions a t  the  body surface 

It is easy t o  show from the above def in i t ions  t h a t  

NNu.e NPr,e NNu,w (445)  

Thus, f o r  constant Prandt l  number the  Fay-Riddell formula ( 4 4 0 )  can be rewri t ten 
i n  terms of Nusselt and Reynolds numbers based on property values a t  the edge of 
t h e  boundary layer  i n  t h e  form 

- = 0.763 Np:.* ( - zp: 7'' [ 1 + ( N L .  -1) 
he 

NNU, e 

JNlie,e ( 4 4 6 )  

The Fay-Riddell 'correlation (440)  o r  ( 4 4 6 )  is  a curvef i t  t o  the  r e s u l t s  of 
49 numerical solut ions of the stagnation-point laminar boundary layer  equations. 
The solut ions included cases i n  which the  boundary layer  w a s  assumed t o  be i n  
chemical equilibrium, cases i n  which f i n i t e  rates w e r e  used f o r  the dissociat ion/  
recombination react ions,  and cases with a chemically frozen boundary layer .  
a l l  cafes, the  v iscos i ty  w a s  assumed t o  be given by a Sutherland formula, 

In  
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with ,q = 1.72 x 10-4 poise,  To = 2730 K, and Ts = 113O K, and the  Prandt l  num- 
her  w a s  assumed t o  have the  constant value 0.71. 
or  ( 4 4 6 ) ,  with these gas t ranspor t  propert ies ,  w i t h  f = 0.52 (equilibrium 
boundary layer ) ,  and with a L e w i s  number N L e  = 1.4,  has been found t o  cor re la te  
measurements of stagnation-point heat t ransfer  in  a i r  t o  within the  experimental 
accuracy of about 220 percent ( re f .  52 ,  p. 91 ;  f e f .  5 3 ) ,  a t  temperatures up t o  
the  onset of ion iza t ion  e f f ec t s .  

The Fay-Riddell f 

Although the Fay-Riddell cor re la t ion  w a s  developed spec i f i ca l ly  f o r  disso- 

The transport  p roper t ies  p ,  K , N p r  , 
c ia ted  a i r ,  i t  can a l so  be used t o  estimate stagnation-point heat t ransfer  i n  
o ther  gas mixtures. 
NLe,  appearing i n  (446) and i n  the  defining equations (441)  and (442) f o r  the  
Nusselt and Reynolds numbers, are computed by the  NATA t ransport  subroutine 
package (Section 3 ) .  

This i s  done i n  NATA. 

Air is t r ea t ed  i n  the same way as other  gases;  i .e. ,  t ransport  p roper t ies  
computed by ' the code are used i n  place of the propert ies ,  such as ( 4 4 7 ) ,  assumed 
by Fay and Riddell  i n  t h e i r  calculat ions.  For t h i s  reason, a minor modification 
of the  cor re la t ion  formula (446)  is required. The Sutherland formula (447)  f o r  
the  v iscos i ty  of air i s  qu i t e  inaccurate at  high temperatures. For example, a t  
70000 K and 1 a t m  pressure,  the  value based on (447) is  35 percent lower than 
the  value given by YOS' calculat ions ( re f .  54) .  A t  high temperatures, the 
Sutherland formula i s  p rac t i ca l ly  equivalent t o  a power-law v iscos i ty  formula, 
p = A p ,  with the  exponent o = 0.5 , whereas r e a l i s t i c  calculat ions f o r  equilib- 
rium a i r  ( re f .  54)  can be  approximated by the power l a w  with o c? 0.7 i n  the range 
from room temperature up t o  50000 K. A t  higher temperatures, the v iscos i ty  f i r s t  
increases s t i l l  more rapidly,  then passes through a m a x i m u m  and f a l l s  off .  

The value of the  exponent w a f f e c t s  the dependence of t he  stagnation-point 
heat  f l ux  upon the  enthalpy r a t i o  g, = hw/he 
For 0 = 0.5,  the cor re la t ion  parameter N N , , , = / ~ =  decreases with increasing 
enthalpy r a t io .  This i s  the  dependence which Fay and Riddell  f i t t e d  using the 
f ac to r  (pw pw/pe pe)O*l 
i s  va l id  only f o r  o = 0.5 (or f o r  the Sutherland law). For 
i s  equal t o  uni ty  f o r  a l l  values of the enthalpy r a t i o ,  but N N ~ ,  e/ j--s N R ~ ,  e increases 
s l i g h t l y  with increasing g, For o 0.7 t o  0.8,  (pw pJpe p e )  var i e s  with g, but 
N N ~ ,  e / d G  i s  p rac t i ca l ly  independent of g,. 

across  the  boundary layer  ( re f .  5 0 ) .  

i n  (446) .  However, t h e i r  representat ion of t h i s  dependence 
= 1, (p p p: pe)  

Since the  v i scos i ty  of a i r ,  as calculated i n  NATA, i s  approximated by a power 
l a w  wi thw N 0.7 f o r  temperatures up t o  50000 K ,  the  r e s u l t s  of reference 50 indi- 
cate t h a t  the dependence of the  cor re la t ion  parameter NN,, d\/NLRe,e upon the  en- 
thalpy r a t i o  should be  weak. For t h i s  reason, t he  Fay-Riddell cor re la t ion  (446)  
is adjusted f o r  t he  use o f  the  real a i r  v iscos i ty  i n  place of the Sutherland l a w  
(447)  by omitt ing t h e  f ac to r  (p, pw/pe pJo*l representing the dependence on the  
enthalpy r a t i o  across  the  boundary layer :  

where 
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C(0)  = 0.570 

For an axisymmetric stagnation 

C ( l )  = 0.763 

These values (450) can a l so  be 
( r e f .  26).* 

Equation (448) shows tha t  

is the  laminar hea t  t r ans fe r  parameter f o r  a low-temp 
Prandt l  number and p p  = constant through the bo 
a coe f f i c i en t  which depends upon body geometry. 
dimensional flow (i=O ) , according t o  Squire (ref. 55), 

t u r e  flow with const 

(450a) 

point ( j= I ) ,  from Sibulkin (ref 56), 

(450b) 

obtained from the  r e s u l t s  of Dewey and Gross 

the  laminar heat t r ans fe r  parameter, evaluated 
using gas proper t ies  i n  the ex terna l  flow, may be  approximated as the  product of 
t he  low-temperature cor re la t ion  function (449) and a correction f ac to r  repre- 
senting the  e f f e c t s  of heat t r ans fe r  by d i f fus ion  and recombination of atoms. 
Subs t i tu t ion  of t he  de f in i t i ons  f o r  N N ~ ,  e (analogous t o  equations 
(441) and (442) f o r  NNU, w and NRe, w ) i n t o  (448) gives t h e  following expression 

and NRe, e 

f o r  the  stagnation-point heat f lux :  
/due\  -i1'2 r 

I n  t h e  v i c i n i t y  of the  stagnation point,  t he  ve loc i ty  u, i s  proportional t o  the  
r a d i a l  d i s tance  x from the  stagnation point. Thus, i n  (451) t h e  r a t i o  u d x  has 
been replaced by t h e  stagnation-point ve loc i ty  gradient,  ( duddx) ,  . 

A fu r the r  minor modification of t he  Fay-Riddell formula has been made t o  
permit inclusion of the  e f f e c t s  of surface c a t a l y t i c  e f f ic iency  i n  the  calcula- 
tions. I n  the  case of a frozen boundary layer ,  (446) and (451) assume t h a t  the  
model surface is pe r fec t ly  c a t a l y t i c  f o r  recombination of atoms. 
has been modified t o  allow f o r  surface c a t a l y t i c  e f f ic iency  less than 1, using 
an approach suggested by Goulard ( r e f .  52, pp. 92-93): 

I n  NATA, (451) 

(he - hw) (452) 
he -hw 

Here @ is a c a t a l y t i c  f ac to r  which can take values between 0 (no ca t a lys i s )  and 
an  upper l i m i t  which i s  less than 1 f o r  a per fec t ly  c a t a l y t i c  surface. 
(452) i s  used only f o r  t he  frozen boundary layer .  For t h e  equilibrium boundary 
layer ,  t he  f ac to r  @ i s  omitted because, i n  t ha t  case, recombination of atoms is  
accomplished by reac t ions  i n  the  boundary layer  regardless of the proper t ies  of 
t he  model surface.  
(he-hD-hw)  . According t o  Goulard's ana lys i s ,  @ i s  given by 

Equation 

For @ =  0, (452) makes the  hea t  f l u x  proportional t o  

pw kRw 

*To get (450) from the data in Dewey and Gross, it is necessary to note that the FalknerSkan parameter p is 1 for j =O and 0.5 for j=1, 
and that N N " / ~  = 6 1  8' (01 for b= 1. 
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where kRw is  the surface recombination r a t e  constant,  defined such t h a t  the mass 
of atoms recombining on the surface p e r  un i t  area per s the 
concentration of atoms i n  mass p e r  u n i t  v o l  The 
u n i t s  of k~~ are  cm/sec. 

I n  NATA, the  d issoc ia t ion  enthalpy hD is calculated as 

hD = - Xi Higo 
W 

(454) 

atoms 

i n  which w i s  the mean molecular weight, Xi is the  mole f rac t ion  f o r  the i t h  
species,  and Hio0 is the  molar enthalpy of formation f o r  the species. Only neu- 
t ra l  atoms are\included i n  the sum. 
atomqolecule  d i f fus ion  process which i s  assumed t o  b e  dominant o r  charac te r i s t ic ;  
i n  t h e  standard a i r  models, N L ~  is computed based on t h e  0-N2 diffusion coeffi-  
c ient .  Thus, the s ign i f icant  recombination process i s  assumed t o  be 20+02. 
I n  the  planetary atmosphere (C02-N2-Ar) models, the bracketed fac tor  containing 
the  L e w i s  number i n  ( 4 4 8 ) ,  (451), and (452 )  i s  omitted s ince there  i s  no theo- 
retical  support f o r  applying it  t o  a gas mixture so di f fe ren t  from air. 

The L e w i s  number NL= is calculated f o r  an 

The boundary layer  so lu t ions  of Fay and Riddell  did not include e f f e c t s  of 
ionizat ion of the air .  
intended scope of appl icat ion of the  NATA code. 
s t r u c t u r e  and proper t ies  of a laminar boundary layer  primarily through i t s  e f f e c t s  
on the  gas t ransport  properties.  
ionizat ion are as follows: 

Flows with copious free-stream ionizat ion a r e  within t h e  
Gas ionizat ion a f f e c t s  the  

The main changes i n  t ransport  propert ies  due t o  

The chemically frozen thermal conductivity Kf increases  grea t ly  as a 
r e s u l t  of the high conductivity of the f r e e  electrons.  

Energy t ransport  by ambipolar diffusion and recombination of electron- 
ion pa i rs  occurs. This process fur ther  increases  the  e f f e c t i v e  thermal 
conduLtivity. However, t h i s  react ion conductivity is considerably less 
important than the  corresponding e f f e c t  due t o  dissociat ion and recom- 
binat ion of diatomic molecules i n  air ,  because the l a r g e  charge exchange 
cross  sec t ions  impede t h e  diffusion. 

The v iscos i ty  decreases as a r e s u l t  of the la rge  momentum-transfer 
cross  sec t ion  for  c o l l i s i o n s  of charged particles. 

A s  a r e s u l t  of these changes, the (frozen) Prandtl  number Np, = cpf p/Kf 
creases markedly as the  amount of ionizat ion increases.  
flow is ionized t o  a subs tan t ia l  extent ,  the  frozen Prandtl  number is considerably 
smaller a t  the  outer  edge of the  boundary l a y e r  than a t  t h e  cold surface,  where 
t h e  ion iza t ion  i s  negl igible .  This var ia t ion  of the  frozen Prandt l  number is a 
new fea ture ,  not previously encountered i n  s tud ies  of lower temperature boundary 
layers .  I n  air ,  f o r  example, the  equilibrium Prandt l  number (where 
Keqincludes the  react ion conductivity) has peaks and dips  due t o  the  react ions,  
but  the frozen Prandt l  number v a r i e s  by only a few percent i n  t h e  temperature 
region below the onset of ionization. 

de- 
Thus, when the external  
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Available s tagnat ion point boundary layer  solut ions have been studied t o  
obtain a cor re la t ion  of the  e f f e c t s  of free-stream ionizat ion upon stagnation- 
point  heat t ransfer .  
Kemp ( re fs .  51,  57)  f o r  the noble gases, those of DeRienzo and Pallone ( re f .  58)  
f o r  air ,  and those of Fay and Kemp (ref .  59)  f o r  nitrogen. 

These solut ions include the  calculat ions of Finson and 

Finson and Kemp ( re fs .  51,  57) computed solut ions of the  laminar stagnation- 
point  boundary layer  equations in axisymmetric and two-dimensional flows of 
ionized argon and xenon. 
and recombination, and obtained two sets of solut ions,  one based on l o c a l  thermo- 
chemical equilibrium through t h e  boundary layer ,  t h e  other  based on frozen 
chemistry but assuming a per fec t ly  c a t a l y t i c  w a l l .  
chosen t o  simulate s i t u a t i o n s  f o r  which experimental data w e r e  ava i lab le  i n  the  
l i t e r a t u r e .  

They included energy t ransport  by ambipolar diffusion 

The cases computed were 

Figure 31 presents  a cor re la t ion  of Finson and Kemp's r e s u l t s  f o r  the equi- 
l ibrium boundary layer .  
Prandt l  number across the boundary layer.  I n  a l l  cases, the w a l l  temperature 
w a s  3000 K; thus, N p r , w  w a s  constant a t  i ts  low-temperature value of 213 f o r  
monatomic gases. The frozen Prandt l  number N p r , e  i n  the ex terna l  flow w a s  
calculated from the  t ransport  property formulas assumed i n  Finson and Kemp's cal- 
culat ions,  ra ther  than from other ,  possibly more accurate data ,  because the  ob- 
ject of t h e  study w a s  t o  cor re la te  t h e  calculated heat  f lux  with the  t ransport  
propert ies  upon which it was  based. 

The abscissa  i n  t h i s  f igure  is the r a t i o  of the frozen 

The ordinate  i n  f igure  31 i s  the r a t i o  of t h e  non-dimensional laminar heat 
, based on gas proper t ies  i n  the  external  flow, 

Bade ( re f .  

t r a n s f e r  parameter, (NNu/-ee)e 

t o  the  value (NNu/*e)O f o r  a low-temperature flow, given by (449 ) .  

50 )  has shown t h a t  t h i s  r a t i o  is approximately equal t o  uni ty  €or stagnation 
point boundary layers  i n  helium, neon, argon, krypton, and xenon a t  temperatures 
up t o  t h e  onset of free-stream ionization. Figure 31 shows t h a t ,  i n  the ioniza- 
t i o n  region, t h i s  r a t i o  var ies  over a wide range. 
f i t  the  da ta  points  i n  the  f igure  represents t h e  equation 

The s t r a i g h t  l i n e  drawn t o  

Subst i tut ion of (441 ) ,  ( 4 4 2 ) ,  and (449)  i n t o  (455)  gives t h e  following formula 
f o r  stagnation point  heat  t r a n s f e r  i n  a noble gas,  v a l i d  from low temperatures 
up t o  and including t h e  ionizat ion region: 

This formula is used i n  NATA f o r  calculat ions of stagnation point heat t ransfer  
i n  helium and argon. 
equation (456)  shows t h a t  free-stream ionizat ion increases the  stagnation point 
heat  f l u x  above the value predicted by t h e  theory of reference 50 f o r  a gas of 
n e u t r a l  atoms a t  t h e  same enthalpy-. 

Since the  e f f e c t  of ion iza t ion  i s  t o  decrease N p r , e  , 
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Theoretical  calculat ions of stagnation point heat t ransfer  are a l s o  avail-  

They took 
able  f o r  p a r t i a l l y  ionized air  and nitrogen. 
computed t h e  heat  f l u x  through an equilibrium boundary layer  i n  a i r .  
energy t ransport  by diffusion and react ions i n t o  account by using the  equilib- 
rium Prandt l  number and omitting t h e  diffusion equations from t h e  system t o  be 
solved. 
represented by t h e  circles i n  f igure  32. Fay and Kemp ( re f .  59)  performed cal- 
culat ions f o r  nitrogen, using a model i n  which the react ion conductivity due t o  
t h e  ionizat ion react ion N,N +ewas neglected. This approximation w a s  j u s t i f i e d  
by reference t o  the  large charge-exchange cross  sect ion f o r  nitrogen. 
Kemp e x p l i c i t l y  included energy t ransport  by diffusion of n e u t r a l  atoms and t h e i r  
recombination t o  form diatomic molecules. 
diamonds and t r i a u g l e s  i n  f igure  32. 

DeRienzo and Pallone ( r e f ,  58)  

Their r e s u l t s  f o r  equilibrium a i r  with no blowing a t  the  w a l l  are 

a +  
Fay and 

Their r e s u l t s  are represented by the 

Both reference 58 and reference 59 tabulate t h e i r  r e s u l t s  i n  terms of the  
parameter ( N N ~ / ~ N ~ ~ ) ~  , based on gas propert ies  a t  the cold w a l l .  
preparation of f igure  32, these da ta  w e r e  'converted i n t o  ( N N J ~ N R ~ ) ~  values with 
t h e  a i d  of equation (445 ) .  I n  each case, the t ransport  propert ies  assumed i n  
the reported boundary layer  solut ions were used i n  equation (445)  and i n  evaluat- 
ing the abscissa of f i g u r e  32, since the  object of t h e  study was t o  cor re la te  
calculated heat t ransfer  da ta  with the transport  propert ies  upon which the  calcu- 
l a t i o n s  were based. 
not  s u f f i c i e n t  t o  specify t h e  assumed transport  p roper t ies  exactly,  so t h a t  there  
i s  some uncertainty as t o  where the  points  should l ie .  Fay and Kemp provided 
enough information t o  permit reconstructing the t ransport  property values f o r  
each of t h e i r  solutions.  

For the  

I n  t h e  case of reference 58 ,  the  surviving documentation is 

The scatter of the points  i n  f igure 32 i s  considerably grea te r  than tha t  i n  
f igure  31, but  the  overa l l  trend is  s imilar .  
again represents equation (455 ) .  
nent of 0.7 i n  (455)  were replaced by a s l i g h t l y  lower value,  e.g., 0.65. 
ever, (455)  accounts f o r  t h e  main par t  of the  var ia t ion  of the  ordinate.  The 
uncorrelated var ia t ions  probably r e s u l t  mainly from energy t ransport  by diffusion 
and recombination of atoms. 
L = 0 . 3  and L = 1 ( t r iangles  and inverted t r iangles )  bracket nearly a l l  of the 
d a t a  from both references 58 and 59. The parameter L i s  not t h e  L e w i s  number as 
defined by (444 ) ,  but  i s  a re la ted  quantity which (unlike N L ~ )  i s  approximately 
constant over the temperature range i n  which nitrogen molecules.dissociate. Fay 
and Kemp's r e s u l t s  ind ica te  tha t  the  stagnation point heat f l u x  v a r i e s  roughly 
as  ~ O . 3 7  

The s t r a i g h t  l i n e  i n  f igure  32 
The f i t  would be a l i t t l e  b e t t e r  i f  t h e  expo- 

How- 

Trend l i n e s  drawn through the  Fay-Kemp r e s u l t s  f o r  

I n  NATA, stagnation point heat t ransfer  i n  a i r  and other molecular gases 
under conditions of f r e e  stream ionizat ion i s  calculated by combining the  
ionizat ion e f f e c t  represented by equation (455) with the atom diffuaion and re- 
combination e f f e c t  given by (448) (and adjusted f o r  surface c a t a l y t i c  eff ic iency 
i n  ( 4 5 2 ) ) .  This combination of correlat ions gives 
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The corresponding stagnation point heat f l u x  formula is 

This d i f f e r s  from equation (456), which is usqd f o r  the  noble gases, only by t h e  
f a c t o r  i n  square brackets representing the e f f e c t s  of atom diffusion and re- 
combination. 

3, 

8.1.3 Stagnation Po e l o c i t y  Gradient 

The stagnation-point ve loc i ty  gradient (due/dx)s appearing i n  (452), (456), 

It a l s o  depends weakly upon the  
and (458) depends upon t h e  free-stream veloci ty  u1, t h e  model nose radius Rb , 
the  shock densi ty  r a t i o r p ,  and the  model shape. 
gas equation of state, i.e.,  t h e  e f fec t ive  spec i f ic  heat  r a t i o ,  y . 

For hemispherical models i n  axisymmetric flow and cy l indr ica l  models i n  two- 
dimensional flow, NATA computes the velocity 'gradient using the  modified 
Newtonian approximation (ref .  60): 

where p is  the l o c a l  pressure on the  body surface a t  a pa in t  where the  incident 
flow ahead of the  shock makes an angle p with the  normal t o  the  surface. 
before,  p i  is t h e  free-stream s ta t ic  pressure ahead of the shock and ps the  stag- 
nat ion pressure on the  body. 
ve loc i ty  a r e  r e l a t e d  by the incompressible Bernoulli equation 

A s  

Near the stagnation point ,  t h e  pressure and flow 

2 (460) 1 
2 Ps = P + - Ps u, 

and t h e  dis tance along the  surface from the  stagnation point is given by 

where R, is the  body radius  of curvature a t  the  stagnation point.  
of (459), (460) and (461) gives 

Combination 

Equation (459) i s  an empirical  pressure d i s t r i b u t i o n  which i s  reasonably 
accurate f o r  spheres. 
parameter. 

Figure 33 compares the  non-dimensional ve loc i ty  gradient 

(463) 
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based on the modified Newtonian formula ( 4 6 2 ) ,  with experimental da ta  from Boison 
and Cur t i ss  ( ref .  601, Crawford'and McCauley ( re f .  6 1 ) ,  and Reinecke (ref .  6 2 )  .* 
The f igure  a l s o  shows r e s u l t s  of unpublished calculat ions car r ied  out with the  
bbrett i-Bleich blunt-body computer program (ref .  6 3 )  by R. C. Boger of Avco 
Systems Division. The curve repres ts equation ( 4 6 3 ) .  The modified Newtonian 
formula agrees with t h e  experiment 
than eight  percent below t h e  trend ical  res-ul ts  from t h e  blunt-body 
invisc id  flow program. t heat  f l u x  depends upon the  
ve loc i ty  gradient as , the  (463)  f o r  models with spherical  
noses appears adequate. 

ata t o  within t h e i r  scatter, and l ies less 

Since the  sta 

Information surveyed by Hayes and Probstein (ref.  6 4 ,  pp. 422-423) suggests 
t h a t  the pressure d i s t r i b u t i o n  i n  two-dimensional hypersonic flow over a c i r c u l a r  
cylinder i s  given approximately by equation ( 4 5 9 ) .  The veloci ty  gradient param- 
eter (Rn/ul) (du,/dx), 
This difference,  i f  real, is neglected i n  NATA. 

is apparently a l i t t l e  lower f o r  cyl inders  than f o r  spheres. 

Figure 34 summarizes some avai lable  data  on t h e  stagnation point ve loc i ty  
gradient i n  axisymmetric f l o w  over a flat-faced cylinder.  The experimental data  
from reference 6 0  l i e  about 20 percent below t h e  r e s u l t s  of Vinokur's ( re fs .  6 5 ,  
6 6 )  approximate constant densi ty  solution. 
the  a n a l y t i c a l  r e l a t i o n  

The unbroken curve shown represents 

'P  

s 1.34+ 4.2 (6- 0.4)* 
(464)  

which is  a curvef i t  t o  Vinokur's r e s u l t s  f o r  t h e  flat-faced cylinder,  divided by 
a f a c t o r  of 1.2 t o  improve t h e  f i t  t o  Boison and Cur t i ss ' s  experimental data. 
I n  ( 4 6 4 ) , . R b  denotes the radius  of the  c i r c u l a r  f l a t  face.  

Two-dimensional flow over a flat-faced p l a t e  has been analyzed by Cole and 
Brainerd (ref .  6 7 )  using the  constant density approximation. 
and Probstein ( re f .  6 4 ,  p. 3 1 0 ) ,  Cole and Brainerd's calculat ions give the 
stagnation point ve loc i ty  gradient  i n  the  form 

According t o  Hayes 

where R, is the half  width of the  f l a t  face. 
426-428) have compared Cole and Brainerd's r e s u l t s  with those from other  
calculat ions.  

Hayes and Probstein ( re f .  6 4 ,  pp. 

Since the  body radius  Rb is  equal t o  the nose radius of curvature Rn f o r  
spher ica l  and c y l i n d r i c a l  models, equations ( 4 6 3 ) ,  ( 4 6 4 ) ,  and (465)  a l l  indicate  
t h a t  the stagnation point ve loc i ty  gradient (due/dx)s is equal t o  (ul /R$ rimes 
a non-dimensional function of t h e  inviscid flow parameters on t h e  stagnation 
streamline. Thus, the  stagnation point heat  f l u x  (458)  can be expressed i n  t h e  
form 

*The authors are indebted to W. G. Reinecke of Avco Systems Division for assembling the data plotted in the figure. 
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where G denotes t h e  non-dimensional veloci ty  gradient parameter: 

G = Rb (2) 
U1 S 

( 4 6 7 )  

I f  the  c a t a l y t i c  f a c t o r  @ i s  considered t o  be a given constant,  then t h e  r ight-  
hand s i d e  of ( 4 6 6 )  is  independent of body radius. However, i f  @ were assumed t o  
be given by equation (453), t h e  right-hand s ide  of ( 4 6 6 )  would depend e x p l i c i t l y  
OnRb. The present version of NATA treats @ as an input constant,  so t h a t  ( 4 6 6 )  
i s  independent of body radius. 

8 . 1 . 4 ,  Model Heat Flux Outputs 
f 

The stagnation point heat  f l u x  on the model is printed out  as q, 6, f o r  
up t o  e ight  cases. 
shock calculat ions are done: 

The following four values are pr inted when equilibrium 

[q, t/?l;;],FE Equilibrium shock, f lat-faced model, equilibrium boundary 
layer  

Equilibrium shock, f lat-faced model, frozen boundary layer  

Equilibrium shock, hemispherical model, equilibrium 

[q,flb]EFF 

[” ‘%IEHE boundary layer  

[q, f lb]EHF Equilibrium shock, hemispherical model, frozen boundary 
layer  

I f  frozen shock calculat ions are requested, the following four values are printed: 

19, f l d F F E  Frozen shock, f lat-faced model, equilibrium boundary layer  

[q, ’RbIFFF 

[qS flbIFHE 

Frozen shock, f lat-faced model, frozen boundary layer  

Frozen shock, hemispherical model, equilibrium boundary 
layer  

Frozen shock, hemispherical model, frozen boundary layer  [q, ~ F H F  

I n  addi t ion t o  these values, NATA provides two other  heat  f luxes a t  each 
model point.  
Research I n s t i t u t e  ( ref .  6 8 )  : 

One is  based on a simple formula proposed by Hiester of Stanford 

where ps is assumed expressed i n  atmospheres, he and h, are in  Btuflb,  and t h e  
l e f t  hand s ide  is given i n  Btuff t3f2 see. 
t h e  Fay-Riddell formula f o r  hemispherical models. The other  addi t iona l  value 
pr inted is  an estimate of t h e  heat  f l u x  t o  a f l a t  p l a t e  with a sharp leading edge 
a t  zero angle of a t tack:  

Equation ( 4 6 8 )  is  an approximation t o  
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Here x *represents t h e  dis tance from the  leading edge, and the-gas properties 
Np,*, p , p* are evaluated a t  a reference temperature T* defined by 

(470a) 

* 1  
2 

ah = - (he + hw) + 0.22 (h, - he) 

h, = he + Pr1'2 (hs -he) (470c) 

where h* i s  the  reference enthalpy and hr the  recovery enthalpy. These formulas 
were obtained from Schlichting ( re f .  21, p. 286), Jakob ( re f .  69, pp. 428-430), 
and the f i r s t  ed i t ion  of Hayes and Probstein ( re f .  25, pp. 296-297). Since they 
do not  take low Reynolds number e f f e c t s  i n t o  account, they are expected t o  be- 
come inaccqrate a t  l a rge  nozzle expansion r a t i o s  where the  gas densi ty  becomes 
very low. 

8.1.5 Low-Density Effects  

The preceding stagnation point heat f lux  formulas are based on boundary 
layer  theory and assume t h e  existence of an inviscid shock layer .  
z l e  expansion r a t i o s ,  the flow becomes highly ra ref ied  and t h i s  system of 
approximations breaks down. According t o  Cheng ( re f .  70), the  influences of 
low-density e f f e c t s  upon t h e  flow i n  the  stagnation region of a blunt  body can 
be c l a s s i f i e d  i n t o  the  following regimes of continuum flow based upon t h e  value 
of a parameter 6~~ : 

Regime 0: 

A t  l a r g e  noz- 

Inviscid shock layer  plus boundary layer  

€ K ~  extremely l a r g e  

Regime 1: Vorticity-interaction and viscous-layer e f f e c t s  

6 K2 2 O(1) (471) 

Regime 2: Merged-layer regime 

O(c,,) 5 6 K2 5 O(1) (472) 

The notat ion o(x) means "order of XI'. For 6 K2 less than O(c ) t h e  continuum 
flow descr ipt ion becomes inappropriate. The parameters 6 and p 1  K are defined by 

€ = -  Y -  1 (473a) 

P I u l R b  (T* ", (473b) 

2 Y  

K2 = 6 
FS To CL 

where y denotes the  spec i f ic  heat r a t i o  and quant i t ies  with an a s t e r i s k  super- 
s c r i p t  are evaluated a t  a reference temperature behind the  shock. 
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The quant i ty  & K 2 i s  computed by NqTA t o  provide a bas is  f o r  evaluating the 
importance of low-density e f f e c t s  upon the  stagnation-point heat  flux. Based 
on a survey of experimental da ta  given i n  f igure  4.1 of reference 70, the  in- 
crease i n  qs due t o  v o i t i c i t  - interact ion and viscous-layer e f f e c t s  should be 

& K $1.5, the  heat  f l u x  decreases with fur ther  decreases i n  & K2 as a r e s u l t  of 
merged-layer e f fec ts .  However, the  heat  f l u x  should be within about 30 percent 
of the  value based on boundary layer  theory so  long as 

les than 10 percent f o r  K Y 2 15, and less than 20 percent f o r  6 K 2 A  8. For 1 

K2z 0.1. 

I n  the  calculat ion of &K2by the code, 6 is  computed from the shock densi ty  
r a t i o  eP : 

€P & =  - 
1 + bp 

(474) 

which is based on the formula ePlim = ( y ; : ) / ( y +  1) f o r  the density r a t i o  of a strong 
shock i n  a perfect  gas. The fac tor  (T po/Top*) i n  (473b) i s  approximated by 
unity. 
and pr inted f o r  Rb = 0.3048 m ( 1  f t )  . 
model can b e  obtained by multiplying the  pr inted value by the model radius  i n  
fee t .  

Since t h e  model radius Rb i s  not  specif ied i n  the  code, G K2 is  computed 
The parameter value & K2 f o r  any spec i f ic  

8.1.6 Shock Standoff Distance 

NATA computes the  r a t i o  M R b  of the shock standoff dis tance t o  the  body 
radius f o r  each type of model. 
servable of model tests i n  wind tunnels. 
s t rength as-measured by the  density r a t i o e  
equation of state. 
NATA. 

This r a t i o  is of i n t e r e s t  because i t  i s  an ob- 

the  model geometry, and the  gas 
In  general ,  i t  depends upon the shock 

P' The equation of state dependence is weak and i s  neglected i n  

For hemispherical models, i s  computed from the  following curvef i t  t o  
V a n  Dyke's r e s u l t s  ( re f .  71 and re f .  64, p. 462): 

fore  < 0.17 0.?8 e p  

0.78 [l + 3.5 ( e p  -0.19)1'63 forep > 0.17 P 

P -  
(475) 

Figure 35 compares Van Dyke's r e s u l t s  with values obtained using the  computer 
program documented i n  reference 63 and with Vinokur's r e s u l t s  ( re fs .  65, 66) 
based on t h e  constant-'density approximation. 
numerical inviscid flowfield solut ions are i n  good agreement. 
a r e  too low by about 17 percent. 

The two sets of r e s u l t s  from 
Vinokur's r e s u l t s  

For flat-faced cy l indr ica l  models i n  axisymmetric flow, n/Rb is calculated 
using a f i t  t o  Vinokur's r e s u l t s  ( re fs .  65, 66), multiplied by a correction fac- 
t o r  of 1.17 based on the  comparison f o r  spher ica l  models i n  f i g u r e  35. 
corrected f i t  is 

The 

A 

Rb 
- = 1.12 e p 3 7  
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For cylindrical models in two-dimensional flow, equation (6.5.14) of Hayes and 
Probstein (ref. 64) is used*: 

For flat-faced models in two-dimensional flow, A/Rb is calculated from the 
formula (ref. 64, p. 310) 

A 

Rb 
- = - 1.23 6 R, (0.79 fip) (478) 

i 

8.1.7 Comparisons with Experimental Data 

Scott (ref. 72) has measured pressure and heat transfer distributions over 
a 5.08-cm radius hemisphere in the NASA-Johnson Space Center 10 Mw arc tunnel. 
The test conditions are summarized in tahle I. The stagnation enthalpy was 
determined from careful energy balance and mass flow measurements. The models 
were positioned 2.5 cm downstream of the 0.508-m diameter nozzle exit. The 
0.521-m effective test section diameter listed in table I was obtained by extra- 
polating the 15-degree expansion angle of the conical nozzle from the actual 
exit plane to the model station. 

The free-stream conditions listed in the second part of table I are based 
upon runs with the current version of NATA and differ slightly from the condi- 
tions tabulated in reference 72. The initial conditions for the NATA solutions 
were the stagnation enthalpy and mass flow. 
displacement thickness upon the effective flow cross section at the throat were 
taken into account in the determination of the effective reservoir temperature 
and pressure from these data. 
non-equilibrium. 
major effect upon the effective area ratio at the test station. 

Effects of the boundary layer 

The inviscid flow solution assumed chemical 
The boundary layer was included in the solution and had a 

Table I1 summarizes the measurements of model stagnation point conditions 
in reference 72, and presents NATA results for comparison. The conditions listed 
as NATA results are based on calculations for a chemically frozen shock layer and 
a frozen boundary layer. 
flow around the model are justified by the low pressure. 

These assumptions concerning the chemical state of the 

The NATA predictions of stagnation pressure on the model are about 6 per- 
cent higher than the measurements in both cases. 
varies with the effective area ratio, this agreement is better than might have 
been expected in view of the uncertain accuracy of approximations used in the 
calculation of the displacement thickness for the boundary layer on the nozzle 
wall. 

Since the stagnation pressure 

Scott (ref. 72) measured heat transfer to models coated with both nickel 
and Teflon in order to investigate catalytic effects. The catalytic efficiency 

*Hayes and Probstein give the formula in terms of the shock radius, R,. In (477), it has been reexpressed in terms of body radius Rb. 
assuming R, = Rb + A. 
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TABLE I 

TEST CONDITIONS FOR STAGNATION CONDITION MEASUREMENTS 

Case 

Data 
r- 

Standard nozzle number 

Stagnation enthalpy, MJ/kg 

Total mass flow, g/sec 

Test section diameter, m 

Axial coordinate, m 

NATA Results 

Mach number 

Static temperature, OK 

Static pressure, atm 

Free-stream density, kg/m3 

Free-stream velocity, km/sec 

Geometric area ratio 

Effective area ratio 

Free-stream mole fractions 

N2 

N 

0 

Other species 

1 

10 

25.3 

13.6 

0.521 

0.950 

10.1 

267 

3.65 10-5 

3.05 x 10-5 

4.35 

356 

161 

0.270 

0.461 

0.269 

<3.2 10-5 

2 

10 

17.6 . 

22.7 

0.521 

0.950 

9.3 

32 1 

5.53 10-5 

4.41 x 10-5 

4.07 

356 

202 

0.456 

0.236 

0.308 

< 1.1 
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TABLE I I  

COMPARISON OF CALCULA 
STAGNATION CON D 1 Ti ON 

Case 

Pressure, atm 

Heat flux (nickel), W/cm2 

Heat flux (Teflon) W/cm2 

Shock standoff, h / R b  

NATA Results 

Pressure, atm 

Heat flux (non-catalytic) , 
W/ cm2 

Shock standoff, h / R b  

hD/Che - hw) 

NLe 

Heat flux for @ = 1, W/cm2 

& K2 

1 

4.83 10-3 

56 

36 

0.17 

5.17 10-3 

35.0 

0.16 

0.619 

0.824 

85.3 

1.0 

130 

2 

6.26 10-3 

55 . 

35 

0.10 

6.62 10-3 

35.1 

0.14 

0.516 

0.961 

71.6 

1.3 

220 
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of Teflon f o r  atom recombination i s  much lower than t h a t  of nickel.  The NATA 
calculat ions of stagnation point heat  f l u x  t o  a non-catalytic surface agree with 
t h e  da ta  f o r  the Teflon-coated model t o  within about 3 percent. The higher heat 
t ransfer  rates f o r  n icke l  could be accounted f o r  by assuming values f o r  Q, less 
than uni ty  i n  equation (466). = 1, 
calculated from t h e  values f o r  Q, = 0 using (466) and t h e  tabulated values of 
hD/(he - h,) and N L ~  . 
Scot t ' s  da ta  f o r  the  Teflon-coated models has t o  be regarded as for tu i tous .  
low densi ty  parameter i% K2 , calculated from equations (473) and (474), is 
uni ty  i n  both cases. 
merged layer  regime, and low-density e f f e c t s  upon the heat t ransfer  are ex- 
pected t o  be of subs tan t ia l  magnitude. 

Table I1 lists values of heat f l u x  f o r  

The c lose  agreement of the  NATA stagnation point heat f l u x  r e s u l t s  with 
The 

Thus, the  flow around the  model is  on t h e  boundary of t h e  

Table I1 includes values of Cheng's Reynolds number parameterReF , defined 
as  

Cheng has presented a cor re la t ion  of stagnation point  heat t r a n s f e r  as a function 
of t h i s  parameter ( f ig .  9 in r e f .  73). 
the  r a t i o  q/qBL of the  a c t u a l  heat  t ransfer  rate t o  its value based on boundary 
layer  theory is about 1.0 20.1, within t h e  scatter of t h e  data.  A t  somewhat 
higher values of ReF i n  the  v i c i n i t y  of 500, d 4 B L  peaks a t  about 1.1 2 0 . 2 ,  be- 
fore  beginning its asymptotic approach toward uni ty  as R ~ F - + =  . 

For ReF i n  t h e  range from 100 t o  200, 

Scot t ' s  calculat ions (ref. 72), based upon a two-dimensional viscous flow- 
f i e l d  model, ind ica te  t h a t  the heat f l u x  t o  the Teflon-coated model i s  20 t o  30 
percent higher than the  f l u x  t o  a completely non-catalytic surface. 
appears l i k e l y  t h a t  t h e  NATA heat f l u x  r e s u l t s  are ac tua l ly  about 20 t o  30 per- 
cent high'under these low-density conditions. 

Thus, i t  

Table I1 a l s o  gives  experimental values of t h e  r a t i o  4 /Rb  of the  shock stand- 
off  dis tance t o  t h e  model radius,  based upon the luminous region o f  the  shock 
layer  i n  photographs reproduced i n  reference 72. 
are roughly i n  agreement with t h e  data. 

The NATA predict ions of 4/Rb 

8.2 Wedge-Model Calculations 

NATA provides calculat ions of conditions on a blunt  wedge with a r b i t r a r y  
leading edge radius and a r b i t r a r y  (but not  excessively large)  inc l ina t ion  of t h e  
wedge surface t o  t h e  flow. The pr inc ipa l  quant i t ies  calculated are t h e  heat 
f lux,  the  surface pressure,  the  displacement thickness of the boundary layer  on 
the  wedge, and the  shock ordinate,  all as functions of dis tance from t h e  leading 
edge. 
input  control.  These pos i t ions  can be specif ied i n  terms of an  i n i t i a l  dis tance 
from t h e  leading edge and a constant increment t o  generate a sequence of evenly 
spaced points ,  o r  by d i r e c t  input  of the  posit ions.  
together,  i f  desired.  

The posi t ions on the  wedge where these ca lcu la t ions  are done are under 

Both methods can b e  used 
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The locations in the wind tunnel at whkqh wedge-condition calculations are 
performed are contro 
stagnation-point model condition calculations. 
is as'sumed t o  be positioned at each of the specified locations. 

by the same inputs as are used to specify loca 
The leading edge of the 

tee, stream conditions with distance along the wedge 
the wedge is assumed to be inserted into a unifons 
ity,'etc. , prevailing at the location of the leading edge. 

are preset ,such 

angles of atta the nqber -of leading 

e calculations. However, the stagnation-point calculations 

erlying the wedge condition calculations is' explained ip 
this section. Section 8.2.1 summarizes the classical 
s-upersonic flow over wedges. 
edges including bluntness, and displacement effects , as 

resentation of the solutions of the ?e 
certain modifications of the Cheng-Kemp 

, stagnation-point model conditio 
, . .  can be suppressed. 

Section 8.2.2 discusses the 

al. (ref. 74) and Kemp (ref. 75). Sect 

in NATA. 
and Section 8.2.6 presents a comparison 0.5 NATA wedge calculations with experi- 
mental data. 

Section 8.2.5 discusses limits to the validity of the calculations, 

8.2.1 Classical Wedge Theory 

Supersonic flow over a wedge is relatively easy to calculate if the leading 
For a sharp leading edge, the shock edge is sharp and the gas density is high. 

is attached to the b at the leading edge if the Mach number is high enough. 
If the density is hi the boundary layer thickness is small in comparison with 
the shock layer thickness (except in a small region near the leading edge); thus, 
the shock is essentially straight, the density and flow velocity behind it are 
constant, and the streamlines behind the shock are parallel to the wedge sur- 
face. Under these circwstances, the conditions between the shock and the sur- 
face can be determined using oblique shock theory (ref. 64, p. 217-221 or ref. 
42, p. 85-89), The solution for the conditions behind the shock can be reduced 
to the solutQpn of a cubic equation in the case of a perfect gas. 

c. 

8.2.2 Low-Density Hypersonic Flow Over a Wedge 

Wedge models to be tested in arc-heated wind tunnels must have blunt leading 
edges to avoid excessively high heat transfer and melting or ablation of the 
leading edge. A l s o ,  if the models are fairly large, they must be tested at 
stations where the nozzle area ratio is large, and thus where the Mach number is 
high and the free stream density low. 
wedge is dominated by effects which are neglected in the classical theory for 
sharp wedges. 

Hypersonic low-density flow over a blunt 
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. .  . . .  
. .  . .  . .  

et al. ( re f .  74) formulated an analy t ica l  treatment 

ressure  l a w  ( r e f .  64 

y - l C < l ,  where y denotes the  6 
found t o  pred ic t  the  trend of 
predicted heat t ransfer  was too low by about 40 percent. 

hlemp ( ref .  75) modified the Cheng theory t o  include the e f f e c t s  of y k  1 to  
This modification brought the theore t ica l  prediction8 into gbod f i r s t  order. 

Kemp's analysis ,  which w i l l  b 

The fundamental r e l a t ion  i n  the  theory is the a e n g  equation:. . 

a nori-dimensional var iab le  proportional t o  t h e  I 
is a non-dimensional dis tance from the leading edge of t 
constant parameter 
of these quan t i t i e s  iii terms of physical var iables  d i f f e r  

modified vers ions of the  theory. 
of Boger and Aiello ( ref .  761, 

is proportional t o  the angle of a t  

I n  Keap'&f 



vhere 

r 0.664 + 1.73T.JTo 
I 

N = M G  

NR=, = p1 u l d p l  , Reynolds number based on le 

Ye = ordinate  of shock (f igure 36) 

k = drag coef f ic ien t  of t he  leading edge ( 4 / 3  f o r  a cyl indrica 
ing edge, 2 f o r  a flat-faced edge) 

leading edge (see f igure  36) 
X = coordinate parallel t o  the free-stream veloci ty ,  zero at  

... 
a = angle of a t tack  i n  radians (see f igure  36) 

C I- 

F(T ; .- TI 

F(T$ T* 

. .  

. I  . ,  

T' = cheng' s reference temperature, 

T* = To [1+ 3 (T,JTo)I/6 

To = stagnation temperature 

T w  = w a l l  temperature 

Y = r a t i o  of spec i f i c  heats 

M = free-stream Mach number 

t = thickness of leading edge (see f igure  36) 
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8.2.3 Analytical Curvefit to the Solution of the Cheng Equation 

For zero angle of attack W = O )  , equation (480) has the analytical solution* 
(ref. 74): 

(482a) 

(482b) 

in terms of a parameter 4 defined by 
dz 

A =  z -  
d5 

Forrf 0 ,  the solution of (480) cannot be obtained in analytical form. However, 
the solution can be approximated by assuming that 

where the prime denotes d/d< and [ ( Z Z ’ ) ’ ] ~  = 0 
from the solution (482), (483) for zero angle of attack: 

is evaluated as a function of < 

For given 6 ,  the parameter h must be obtained by numerical solution of equation 
(482b) and z must then be computed from (482a). 
mation (484), represented by the curves, with exact numerical solutions** of 
equation (480) for various values of r .  The approximation (484) is most accurate 
for small r . For example, with r=O.l , the maximum error is about 6 percent. 
Even for large values ofr, the error in (484) is less than about 10 percent ex- 
cept in the region where (22’)‘ is leveling off and beginning to approach its 
asymptotic value of r2 for large 5. In this region, for large r ,  the exact solu- 
tion undershoots the asymptotic value and approaches it in an oscillatory manner. 
For = 100, the difference between (484) and the exact solution becomes as large 
as a factor of about 1.45 in this region. 

Figure 37 compares the approxi- 

However, Cheng et al. (ref. 74) suggest that the oscillations in the exact 
solution, which are responsible for these large differences, are unphysical 
artifacts of the system of approximations upon which the theory is based. 
the approximate formula (484) might have higher physical accuracy than the exact 
solution. Comparisons with experimental data, presented below, support this 
conjecture. 

If so, 

‘The equations in reference 74 corresponding to (482) contain minor errors. The correct fo rm were given by Cheng, H.K., et al (ref. 77) \ 
**These numerical solutions were computed and provided by R. C. Boger, Avco Systems Division. 
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d i t i o n s  at  the  surface of t he  wedge are given by t h e  Cheng- 
Kemp theory i n  the f o b  (ref .  76): 

4yc: M2 (rN)* 
(48 pw A5 . (223' 

1/26:r5NG (zz~')' (48 

k3 &2 
* -  

Herto p w / p ~  is t h e - r a t i o  of t h e  pressure 9n the  wedge surfaee t o  t h e  free- 
stream pressure, CH i s  the  surface heat t r ans fe r  coe f f i c i en t ,  

(489) 

a 
b from (48La): 

the boundary l aye r  displacement thickness. The shock ord ina te  Ys may 

(490) - 2  
k3 t 

s =  
8 A4 cP(rN)* 

: The q&nti ty  (22')' appearing i n  (486) is given d i r e c t l y  by t he  approx 
on (484) of t he  Cheng eguation. The quantity 22' (487) and (488) c 
ained from (484) and (483): 

The var i ab le  2 i n  (490) is then given by a fu r the r  in tegra t ion :  

where [z21' may be obtained by squaring equation (482a). r = o  
Figures 38 and 39 compare the approximate so lu t ion  based on (484) wi th  ex- 

perimental da t a  on the  pressure and heat t r ans fe r ' d i s t r ibu t ions  over the surface 
of a very b lunt  wedge i n  a hypersonic a i r  stream. The experimental po in ts  are 
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I .  

from f igure  10 of Kemp's paper (ref.  75). 
e f f e c t s  of leading-edge bluntness, the non-dimensional coordinate 6 i s  small, 
and t h e  left-hand s i d e  of the  Cheng equation (480) i s  dominated by i t s  f i r s t  
term. I f  t h e  term is neglected, the  solut ion of t h e  Cheng equation f o r  
r=o is  found t o  be 

For a flow which is  dominated by t h e  

(493) 

Then (484) gives f o r  general  I' 

(494) i 

and 

zz' = 6U3 5113 + l-2 6 (495) 
d .,. 

I f  these expressions are subs t i tu ted  i n t o  (486) and (487), there  r e s u l t s  a f t e r  
some algebraic  manipulation 

' 

2 1 PW 0.382 - . ~ . - -  - 1 + -  
Y + l  y M2 a2 p1 5 

(496a) 

where 

(497a) 

t' 
Q. *.. (497b) 

The unbroken curves i n  f igures  38 and 39 represent equations (496a) and (496b), 
respect ivelyt  The agreement with the experimental da ta  i s  s imilar  t o  t h a t  shown 
i n  Kemp's o r i g i n a l  f igure  10. I n  the  region t z 1 ,  where the  pressure curve i n  
f igure  38 is l e v e l l i n g  out,  the  agreement i n  both pressure and heat f lux  i s  bet- 
ter than is obtained with the exact so lu t ion  of the  Cheng equation (shown by the 
dashed curves i n  f igures  38 and 39). 

- 

8.2.4 Modifications of the  Cheng-Kemp Formulas 

Since (223' is proportional t o  the  pressure and 6 is  propor 
dis tance from the leading edge, f i g u r e  37 may be regarded a s  a non-dimensional 
p l o t  of t h e  pressure d i s t r i b u t i o n  over the  surface of the  wedge. 
corresponds t o  t h e  angl  of a t tack.  For I?= 0 ,  the  pressure f a l l s  as f o r  
very small 6 and as 6-92 f o r  very la rge  6 .  For r non-zero and pos i t ive ,  the 
pressure levels off  t o  an asymptotic value, corresponding physically t o  the 

. 

The par meter r 
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classical wedge pressure. From (484), (486), 
sure  i s  given by 

For s m a l l  angles of a t tack ,  classical oblique 
gives t h e  pressure on t h e  wedge as 

y M2 a2 

p,  0 s  
($)oi = + 1 - €  

and (481~) the  as c pres- 

(498) 

shock theory (ref .  64, p. 218-220) 

(499) 

I/ 
where cP, os is  the densi ty  r a t i o  across the  oblique shock wave. 

Since A = ( y +  1)/2 , equations (498) and (499) agree under the  following conditions: 
3. 

y M2 a* (500a) 
I-€ 

> >  1 
p7os 

- Y - 1  
p , o s  - - € 

Y + l  

(5OOb) 

The second of these equations implies t h a t  t h e  shock i s  strong even though 
oblique. 
f i e d  only f o r  considerably higher Mach numbers than are l i k e l y  t o  be en- 
countered i n  the use of NATA t o  cor re la te  arc tunnel da ta  on wedges. 

For small wedge angles of a few degrees, these conditions a r e  s a t i s -  

Possible modifications of the  Cheng-Kemp r e s u l t s  f o r  t h e  conditions on 
wedge models have been studied i n  an e f f o r t  t o  obtain formulas with a wider 
region of appl icabi l i ty .  For t h e o r e t i c a l  reasons it appears inadvisable t o  
change Kemp’s choice of the  value (y  + 1)/2 f o r  the parameter A .  An a l t e r n a t i v e  
and b e t t e r  way t o  obtain the  cor rec t  asymptotic wedge pressure i s  t o  modify the  
def in i t ion  of t h e  parameter I?. is now redefined 
as 

I n  place of equation (481c), 

where 

(502) YG 
4 A5 ‘p2 M2 ( T N ) ~  

and (pw/pl)os 
addi t ion,  t h e  pressure formula (486) is modified t o  

i s  t h e  surface pressure r a t i o  based on oblique shock theory. I n  

(503) 

which is  simply (486) with a term of uni ty  added t o  the  right-hand side.  I n  
t h e  asymptotic constant-pressure region, where (22‘)’ 
(503) give p d p l  = ( ~ w / p l ) ~ ~  Under conditions such t h a t  equations (500) a r e  
s a t i s f i e d ,  (501) and (503) reduce approximately t o  the  o r i g i n a l  Cheng-Kemp 
formulas . 

i s  equal t o  r2, (501) and 
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I n  the  Cheng-Kemp theory, t h e  heat t ransfer  coef f ic ien t  
thickness are calculated from formulas involving t h e  surface pressure. 
notat ion of reference 76, 

In the 

(504a) 

(504b) 

Thus, consistency requires  t h a t  the  modification (503) i n  the  pressure formula * 
(486) be accompanied by corresponding modifications i n  t h e  formulas f o r  CH and6 

Subst i tut ion of (503) and (481b) i n t o  (504) gives  
2.656 AG cp2 (rW5 N (zz’ ) ’  + G? CH = - .  

6* = 

? k3 l/m 
? k 3  t Jm 

8 A5 6p ( r ~ ) 4  (22’)’ + n 

According t o  the  Cheng-Kemp theory, the shock ordinate  i s  given by 
y c  kt M2 P 

P d P l  

(505a) 

(505b) 

I n  t h e  o r i g i n a l  form of t h e  thefry,  t h i s  r e l a t i o n  i s  equivalent t o  the  Cheng 
equation (480). I f  and 6 are now assumed t o  be given by (503) and (505b) 
i n  place of (486) and (488), a new formula f o r  Y, i s  obtained: 

? k 3 t  1 +  J...+sls 
Y, = Axtana + 

8 A4 e,, ( T N ) ~  ( z z 3 ’ +  n (507) 

The f i r s t  term on the  r i g h t  can no longer be expressed i n  terms of r ,  because 
as defined by (501) i s  not  simply proportional t o  the  wedge angle a. 
of t h e  modifications, (507) does not  give the  cor rec t  asymptotic shock angle a t  
l a r g e  dis tances  from t h e  leading edge of a sharp p l a t e ,  because the coef f ic ien t  A 
i s  re la ted  t o  the  denst ty  r a t i o  f o r  an i n f i n i t e l y  s t rong shock ra ther  than t h a t  
f o r  the  a c t u a l  oblique shock, which can be ra ther  weak. 
modification could be made t o  force (507) t o  give t h e  shock angle i n  t h e  classi- 
cal wedge l i m i t  cor rec t ly ,  but  such a change would have an adverse e f f e c t  on t h e  
accuracy i n  cases i n  which t h e  bluntness and displacement e f f e c t s  are important. 
Accordingly, (507) i s  used as i t  stands. 

I n  s p i t e  

An ad hoc f u r t h e r  
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The modified formulas (503), (505), and (507) are no longer consistent with 
the Cheng equation (480). Thus, these formulas do not represent a new f 
the Cheng-Kemp theory, but only a set of ad hoc modifications of its res 

8.2.5 Limits of Validity 

The original Cheng-Kemp theory is valid in the strong-interaction regime 
under conditions such that merging and slip effects are unimportant. 
(ref. 75) gives the following criteria: 

Kemp 

. < *  J 

F G M  /=< 0.15 (508) 

x, = 6 r M 3  - 
P J" NRe, x 

> 1  (509) 

If the condition (508) is 
If (509) is violated, the 
criteria define lower and 

violated, merging ol; slip effects become significant. 
strong-interaction approximation breaks down. These 
upper values of the distance from the leading edge, 

bracketing the region in which the original Cheng-Kemp theory is expected to be 
valid. 
from (508), 

The lower limit xe is determined by the onset of merging or slip effects; 

44 M2C 
metres v=, , / ,  

where Re/m is the free-stream Reynolds number per metre. 
the position at which the strong interaction approximation breaks down; from 
(509) , 

The upper limit xu is 

€ * 2 d C  
metres P xu = 

Re/m 
(510b) 

If the free stream Mach number M is too low, these limits come together and the 
original Cheng-Kemp theory is not valid anywhere on the wedge. 
equal to xu, equations (510) give 

If xe is set 

(511) 

The original Cheng-Kemp theory has no region of validity for Mach numbers lower 
than Mmin . The modifications to the results of the Cheng-Kemp theory discussed 
in Section 8.2.4 were designed to extend the region of applicability of the 
results beyond the point at which strong interaction theory breaks down. 
the extent that these modifications prove to be successful, the modified formu- 
las are not limited by the criterion (509), but can be applied even for x >  xu . 

No analogous approximation has been developed to extend the utility of the 
Cheng-Kemp theory into the region where merging and slip effects are important. 
However, according to Vidal and Bartz (refs. 78, 79), free-molecule flow theory 
gives an approximate upper limit to the heat transfer to the surface of a wedge. 

To 
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A calculation of the ' free-molecule heat transfer coeffici 
NATA; if the resulting heat flux is 1 than that predi 
theory, the free-molecule value is pr 
(ref. 80), the free-molecule heat flux is 

in place of the ot 

where Wis the mean molecular weight, 

and ae is the thermal accommodation coefficient. In NATA, ae is assumed equal 
to unity. 

Unfortunately, the pressure predicted by free molecule theory is not an 
approximate upper limit to the actual pressure on the wedge (ref. 79). 
cases, the measured pressure is nearly an order of magnitude larger than the 
free molecule value. 
the calculated pressures. 

In some 

Thus, the latter does not provide a criterion for limiting 

8.2.6 Comparison with Experimental Data 

Scott (ref. 81) has measured the heat flux to a blunt wedge in the NASA 
Johnson Space Center 10 Mw Arc Tunnel Facility. 
rized in Table 111. The stagnation enthalpy of the flow was determined from 
carefwl energy balance and mass flow measurements. 
model was positioned 2.5 cm downstream of the 0.635-m diameter exit orifice of 
the nozzle. The effective test section diameter given in Table I11 was calcu- 
lated by extrapolating the nozzle expansion to the position of the leading edge. 

The test conditions are summa- 

The leading edge of the wedge 

The reservoir conditions were determined in the NATA solution from mass 
flow and stagnation enthalpy inputs. 
the boundary layer. 
wedge with Scott's experimental measurements of the heat flux to the surface of 
the wedge. 
denotes the distance along the surface of the wedge from its leading edge. The 
values tabulated under "Cheng-Kemp Modified" are based on the modified Cheng- 
Kemp formulas (501), (502) , (503) and (505). Those given under "Cheng-Kemp Un- 
modified" are based on the original Cheng-Kemp theory, equations (486)-(488). 
The heat flux calculated from the modified Cheng-Kemp formulas is about 20 per- 
cent low. The original Cheng-Kemp theory gives fluxes too low by 26 percent. 

The non-equilibrium flow solution included 
Table IV compares the NATA predictions of conditions on the 

Measurements of surface pressure were not performed. In Table IVY xw 
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I n  t h i s  case, the  condition (510b) f o r  v a l i d i t y  of the  strong in te rac t ion  ap- 
proximation is s a t i s f i e d  f o r  x, up t o  48 cm. 
theory is appl icable  over the e n t i r e  region covered by the exper 
so t h a t  the  differences between the  r e s u l t s  from e modified and unmodified 
formulas are small. The condition (510a) predic  
s ign i f i can t  i n  t h i s  case f o r  xw less than 14 cm. 

Thus, t he  unmodified 

t h a t  merging e f f e c t s  become 
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TABLE I l l  

Standard nozzle number 10 I 
Stagnation enthalpy, MJ/kg 

Total mass flow, g/sec 

. Test section diameter, m 

Axial coordinate, m 

Pitot pressbre, atm 

Wedge angle of attack, degrees 

Wedge leading edge radius, cm 

NATA Results 

Mach number 

Static pressure, atm 

Pitot pressure, atm 

Free-stream density, kg/m3 

Free-stream velocity, km/sec 

Free-stream temperature, K 

Frozen specific heat ratio ( y )  

Geometric area ratio 

Effective area ratio 

0 

13.9 

90.7 

0.648 

1.174 

1.43 x lom2 

15 

0.95 

9.7 

1.09 10-4 

9.26 10-5 

1.40 x 

4.07 

329 

1.471 

551 

39 3 

Free-stream mole fractions 1 
N2 

N 

0 

Other species 

0.584 

0.081 

0.335 

< 1 10-4 
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CALCULATED AND MI 

Qwnt i t y 

Angle of attack parameter,I‘ 

Conditions at xw = 18.8 cm 

Conditions at xw = 26.4 cm 

Pw , atm 
4v W/cm2 

a* , cm 

Conditions at xw = 34.1 cm 

Pw 9 atm 

qw , w/cm2 
a* , cm 

TABLE IV 

SURED CONDITIONS ON A WEDGE MODEL 

Cheng-Kemp 
Modified 

*.il!1.6 

2.24 

8.21 

1.05 

2.10 10-3 

6.88 

1.25 

2.01 10-3 

6.05 

1.42 

Cheng-Kemp 
Unmodified 

11.2 

2.03 

7.66 

1.12 

1.89 

6.40 

1.34 

1.80 10-3 

5.62 

1.53 

Measured 

- 
10.44 

- 

- 
8.62 

- 

- 
7.49 

- 
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