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NUMERICAL COMPUTATICN OF THREE-DIMENSIONAL BLUNT BODY
FLOW FIELDS WITH AN IMPINGING SHOCK

Terry L. Holst and John C. Tannehill
Iowa State University

SUMMARY

A time-marching finite-difference method has been used to solve the
compressible Navier-Stokes equations for the three-dimeunsional wing-leading-
edge shock impingement problem, The bow shock was treated as a discontinuity
across which the exact shock jump conditions were applied. All interior
shock layer detail such as shear layers, shock waves, jets, and the wall
boundary layer are automatically captured in the soluiion. The impinging
shock was introduced by discontinuously changing the freestream conditions
across the intersection line at the bow shock. A special storage-saving
procedure for sweeping through the finite-difference mesh has been developed
which reduces the required amount of computer storage by at least a factor
of two without sacrificing the execution time, WNumerical results are
presented for infinite cylinder blunt body cases as well as the three-
dimensional shock impingement case. The numerical results are compared

with existing experimental and theoretical results.
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I. TINTRODUCTION

When an extraneous shock strikes the bow shock of a blunt body, a
complicated flow pattern results which may contain imbedded shock waves,
shear layers, expansion fans or supersonic jets. In addition, large in-
creases in wall heat transfer and pressure can occur and have been mea-
sured experimentally by many investigators. Impinging shock £low fields
may occur on hypersonic aireraft or reentry vehicles such as the Space

Shuttle.

A. Classification of Shock Impingement

The different flow fields which can result have been categorized by
Edney [1] into six basic types of shock interference patterns. These
patterns are shown in Figures 1-6, Impinging shock strength, freestream
Mach number, body shape, and position of impingement (with respect to the
subsonic flow region on the blunt body) are the primary factors in deter-
mining the type of shock impingement.

A Type I interference pattern (shown in Figure 1) occurs when the
impinging shock strikes the bow shock well above the upper sonic line.

In this case the impinging and bow shocks are of opposite families, The
shear layer emanating from the intersection point does not strike the
body and tLerefore, does not comtribute to increases in wall pressure or
local heating. However, the transmitted impinging shock can strike the
body. 1If strong enough, this transmitted shock can cause boundary layer

separation or transition from laminar to turbulent flow. Increases in
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wall pressure and heat transfer can then result from this shock-boundary
layer interaction. Heating amplifications as large as ten can result
from a Type I iInterference.

A Type II iaterference pattern (shown in Figure 2) occurs when the
impinging shock strikes the bow shock just above the upper sonic line.
In this case the impinging and bow shocks are also of oppousite families.
The transmitted impinging shock strikes the body surface resulting in
possible boundary layer separation or transition. 1In addition, two shear
layers are formed which may strike the body to cause additional heating
and pressure peaks. The shear layer emanating from point B is very weak
and can cause only small heating and pressure amplifications, On the
other hand, the shear layer emanating from point A is strong and can
cause large increases in heating and pressure. Heating amplifications as
large as five can be expected from a Type II interference.

A Type III interference pattern (shown im Figure 3) occurs when the
impinging shoek strikes the bow shock just inside the upper sonic line,
A shear layer emanates from the intersection point and strikes the body
causing large increases in heat transfer and wall pressure at this point.
This shear layer separates regions of subsonic and supersonic flow, The
supersonic flow is turned parallel to the body by an oblique shock which
exists between the bow shock and the body. Heating amplificatioms as
large as ten can be expected for a Type III interference.

When flow conditioms for the Type III case become such that the
oblique shock no longer is able to turn the flow parallel to the body,

a Type IV shock interference is formed and is shown in Figure 4. This



interference patt:rn occurs when the impinging shock strikes the near-
normal part of the bow shock. TImbedded in the subsonic portion of the
blunt body flow is a supersonic jet which is terminated by a normal jet
bow shock just above the body. The Type IV interference pattern pro-

_ duces the largest heating and pressure peaks due to the jet impingement
upon the body. Heating peaks as high as 17 times the undisturbed stag-
nation value and pressure peaks as high as 8 times the undisturbed stag-
nation value have been measured [2].

A Type V interference pattern (shown in Figure 5) occurs when the
impinging shock strikes the bow shock just below the lower sonic line.
This case is nearly a mirror image of the Type II case, except the imping-
ing and bow shocks are of the same family and a thin supersonic jet eman-
ates from the impingement point (point B) instead of a shear layer. Heat-
ing amplifications as large as five can be expected for a Type V inter-
ference.

4 Type VI interference pattern (shown in Figure 6) occurs when the
impinging shock strikes the bow shock well below the lower somic line.
This interaction is analogous to the Type I case except that the impinging
and bow shocks are of the same family and an expansion fan is transmitted
instead of a shock, The interaction of the expansion fan and the wall
boundary layer results in a small decrease in the wall pressure and heat
transfer.

Further details sbout the different shock interference patterns are
given in the original work by Edney. In addition, an informative discus-

sion on shock interference classification is given by Keyes and Hains [2].
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A two~dimensional shock interference geometry is shown in Figure 7a.
This geometry can produce any of the six interference patterns. The im=-
pinging shock is planar and oriented such that the intersection line is
parallel to the axis of the cylinder, causing the flow in each z-plane to
be identical., This geometrv is Important because it qualitatively models
the flow field in many three-dimensional cases.

A more physically realistic geometry occurs when a planar impinging
shock intersects a circular cylinder as showm in Figure 7b, This con-
figuration can occur when the bow shock from the nose of a vehicle strikes
the wing leading edge bow shock. A fully three-dimensional calculation
must be performed to obtain this flow field. The sweep angle of the cyl-
inder is a critical parameter in this case because it controls the inter-
ference pattern type. For zero or small sweep angles a Type IV interfer-
ence pattern will result. For moderate sweep angles (around 300) a Type V
interference pattern will occur. TFor larger sweep angles a Type VI inter=-
ference pattern will result. Because swept forward wings generally do
not exist, Types I, II, and TIII are not considered for the wing leading
edge case., Further discussion about this geometry and some of its flow

field detail is presented in the following sections.

B., Literature Review

1. Experimental shock impingement studies

The large number of publications appearing in the literature on
shock intrrference is indicative of the amount of work being done in this

area, Because of the complexity of the problem, most studies have been
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experimental or have used a highly simplified model in a theoretical
analysis,

Edney [1], Keyes and Hains [2], and Korkegi [3] provide an extensive
survey of the literature on the shock interference problem. References
(1] and [4-29], which are reviewed by Keyes and Hains, represent the bulk
of the experimental effort from 1961 to 1972, Many different experi-
mental approaches have been used to study the problem of shock interfer-
ence. The hemisphere and leading edge impingement geometries have re-
ceived most of the attention., The effects of Reynolds nuwber, Mach num-
ber, impinging shock strength, and sweep angle have been recorded through
various pressure, heat transfer, and flow visualization measuring tech-
niques., The scatter in the experimental data is unusually large, espe-
cially the peak values of heat transfer and pressure. This can be attrib-
uted to the very small region over which an impingement interaction
occurs, making accurate measurements difficult.

As described earlier, Edney in 1968 published a classical paper on
shock imp.ngement in which six basic shock interference patterns were
classified (see Figures 1-6). 1In addition, new techniques for heat trane-
fer measurement were developed which improved the accuracy of the peak
heating measurements., In addition to heat transfer measurements, pressure
measurements and Schlieren photographs were obtained for hemispheres,
leading edge fins, wedges, and flat-faced cylinders.

Keyes and Hains [2] and Hains and Keyes [30] published the results
of extensive experimental investigations of shock impingement. All six

impingement types due to Edney were investigated. Planar shocks were
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allowed to impinge upon the bow shocks surrounding both hemispherical

and swept fin models. Heat transfer measurements were made by using a
phase-change coating techmique. This techmique has the ¢biLity to detect
heating peaks over very narrow regions. The heat transfe- results,
however, are subject to numerous and often large sources of error associ-
ated with the measurement of 1) thermophysical properties of the model
material, 2) melt temperature, 3) melt time, 4) initial model temper-
ature, and 5) adiabatic wall temperature distribution. Peak heat trans-
fers of 17 times the undisturbed stagnation values and peak pressures of
8 times the undisturbed stagnation pressures were measured for the most
critical (Type IV) hemispherical case. 1In an aaditional report by Keyes
[31], off-center-line heating rates were measured for both hemispheres
and swept fing. Heating'rates higher than the undisturbed stagnation
value due to shock impingement were found over significant portions of
the off-center-line body surface.

Doughty et al. [32] determined angle of attack effects on shock
impingement heating rates by testing several delta-wing space shuttle
models. The same phase-change ‘coating technique was used in this inves-
tigation as was used in references [2] and [30]. At low angles of atrtack
(200), the heating rate increases (due to shock impingement) were re-
stricted to the vicinity of the wing leading edge. Heating rates on the
windward side of the trailing edge were almost unaffected by the shock
impingement., At moderate angles of attack (400) increased heating rates
due to shock impingement were experienced over a very large portion of
the windward side of the wing. No mention was made of the heating rates

on the leeward side of the wing.
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Other recent experimental studies were performed by Bertin and
Hinkle [33), Palko [3&3, snd Craig and Ortwerth [35], Bertin and Hinkle
used a double wedge model to approximate the wing leading edge problem.
Palko conducted an extensive series of experiments also on the wing lead-
ing edge problem, Stagnation line pressure and heat transfer measurements
and Schiieren photographs were obtained for systematic variatioms of
freestream Mach number, leading edge sweep angle, and impinging saock
strength,

Craig and Ortwerth investigated the leading edge shock impingement
problem but with a different impinging shock orientation. The orientation
studied was that of the two-dimensional type shown in Figure 7a. This
orientation exactly duplicates the type of flow fields shown in Figures
1-6. Pressure and heat transfer measurements and Schlieren photographs

were obtained.

2, Theoretical shock impingement studies

Many authoraz from references [4-29] have offered theoretical models
and methods of peak heating prediction, Most of these authors, however,
do not present a conclusive understanding of the shock impingement prob-
lem. The results, therefore, are in most cases not satisfactory [2].

Edney established flow models for each of the six shock interference
patterns. By determining the nature of the shock interference flow-
fields, Edney established the mechanisms which produce the pressure and

heating peaks. These peaks are caused by one or more of the following

phenomena: 1) shock-boundary layer interaction, 2) free shear layer

attachment, and 3) supersonic jet impingement. From these flow models
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semiempirical methods for predicting the approximate flow fields were
developed. Edney presented two methods, a graphical method and a numeri-
cal method,

The graphical approach, referred to as the heart diagram method, is
based on a plot of pressure versus flow deflection angle and can be used
to describe the flow fields for each of the six shock interaction types.

The numerical method presented by Edney utilizes the oblique shock
relations and an iterative procedure, Types I and VI can be solved
exactly while Types II through V require semiempirical values for certain
characteristic lengths.

Crawford [36) improved Edney's graphical approach by removing the
iteration procedure. This was accomplished by plotting a family of
pressure deflection curves with the pressure ratio on a logarithmic
scale and flow deflection on a linear scale,

Bramlette [37] improved Edney's numerical scheme with two simplify-
ing assumptions. This modified technique can only be applied to Type III
and Type IV interactions, but removes the iterative portion of the solu-
tion without sacrificing the accuracy.

Many authors have presented correlations for peak heating due to
shock-boundary layer interactions and free shear layer attachment [38-43].
The most useful shock-boundary layer correlation, developed by Markarian
[38] and used for shock impingemert problems by Keyes and Morris [43], is
based upon the inviscid pressure rise across the interaction region, The

basic expression is given by

LA
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h P_\ m
o> = c(-ﬁ) 1.1
u Py

where hp and hu are the peak and undisturbed %alues of the heat trans-
fer coefficient, respectively, pp and p, are the peak and undisturbed
values of wall pressure, respectively, and C and m are empirical con-
stants which depend upon the nature of the boundary layer (i.e., lami-
nar, transitional, or turbulent).

The boundary layer reattachment correlation for peak heating, pre-
sented by Bushnell and Weinstein [42], was used by Keyes and Morris for
the shock impingement free shear layer attachment problem.

Keyes and Hains L2] and Hains and Keyes [30] present the results of
an extensive theoretical study of all six types of shock impingement.

The flow models introduced by Edney and the peak heating correlations
described above have been utilized and extensively compared with experi-
mental results. These theoretical methods for each impingement type have
been coded into computer programs and are listed along with detailed
descriptions in reference [44). These theoretical methods provide fast,
easily obtainable, and in most cases {(where real gas effects are negligi~
ble and good flow visualization photographs are available) adequate an-
swers for the peak heating and pressure values resulting from the shock
impingement, However, many disadvantages for these theoretical methods
exist [27: 1) The models used are local, two-dimensional models and do
not include three-dimensional effects. 2) The calculations are based
upon flow visualization photographs or other empirical sources. 3)

Shear layer prowth or oblique jet impingement are not included.
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4) Gas chemistry is not included.

Bertin et al. [45] presented a theoretical study of shock impinge-
ment (Types V and VI) on a double wedge model. Real gas effects were
included., The method utilized oblique shock relations, Included were
perfect gas results, variable gamma (Y) results and results for air in
chemical equilibrium in which all properties were obtained by a table
look-up scheme. Because of real gas effects, Bertin et al, [45] con-
cluded that extrapolation of wind tunnel data to flight conditions may

yield inaccurate results (e.g., in the case of the Space Shuttle).

3. Numerical shock impingement studies

The numerical schemes for computing blunt body flow fields have had
a pronounced effect upon shock impingement numerical solutions. There-
fore, a brief discussion of blunt body numerical solutions is presented
first.

Many schemes have been developed to sclve the classical blunt body
problem in a supersonic flow. Discussion and classical theory on the
blunt body problem can he found in Hayes and Probstein [46]. Daywitt zmd
Anderson [47]present a review of blunt body solutions in which special
attention is given to the time-dependent, finite-~difference approach.

Two basic variations utilizing rhe time-dependent approach have been
developed. The simplest is the so-called "shock-capturing' technique
[48-50]. 1In this technique the detached bow shock is automatically com-
puted with no a priori knowledge of its location or even existence.

The later technique is the so-called “'shock~fitting" technique [51].

The bow shock in this approach is assumed to be a boundary of the
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computational mesh across which the exact shock jump conditions
(Rankine-Hugoniot relations) are applied,

Another study [52] presented a viscous blunt body solution for a
gas in chemical nonequilibrium. The time-dependent shock fitting
approach was used In conjunction with the Navier-Stokes eguations. In
this approach, not only the inviscid flow field, but also the boundary
layer and the chemical species concentrations were computed.

Other numerical techniques for blunt body flows exist, but are not
digcussed here. Instead, the topic is changed to blunt body flows with
an impinging shock,

Tannehill and Holst [53] and Tannehill et al. [54] both obtained
tWOﬂd;meusional shock impingement solutions using the time-dependent
approach. In both papers, the complete Navier-Stokes equations were
solved, The geometry used is shown in Figure 7a.

The first paper obtained a low Reynolds number solution simulating
high altitude conditions by using the shock capturing approach. In addi-
tion, a preliminary study of fitting the bow shock and capturing all
shock layer detail was presented.

The second paper presented several moderate Reynolds number solutions
wtilizing the shock fitting method. The impinging shock was introduced
by discontinuously changing the freestream conditions at the bow shock.

Holst et al. [55) presents a brief discussion of the present results.

This completes the literature review. A brief presentation of the
methodology used in the present study for computing shock impingement

flow fields is presented in the next section.
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C. Present Methodology

In the present study the three~dimensional wing leading edge shock
impingement flow field is numerically computed by using a time-dependent
finite-~difference method. The choice of a numerical method to solve shock
impingement flow fields seems well suited because of the complicated type
of problem inveolved.

The three-dimensional formulation is important. The inclusion of the
third dimension provides a '"relief effect" which can drastically alter
two~dimensional results.

The time-dependent approach was chosen because a subsonic region may
exist along the stagnation plane of the wing leading edge. Even if the
cross-flow velocity is supersonic before impingement, a subsonic region
may form after the impinging shock has been introduced. Since the gov-
erning time-dependent equations remain a hyperbolic-parabolic set for
both subsonic and supersonic flows, all cases can be solved as an initial-
value problem where the steady-state solution is approached asymptotically
with tinme.

A standard approach for the numerical solution of a blunt body prob-
lem is to first compute an inviscid solution using the Euler equations
and then with the resulting pressure distribution compute a boundary layer
solution. ‘This approach is invalid for the present case because of the
various types of boundary layer interactions caused by the shock impinge-
ment. The Navier-Stokes equations, however, are valid in such situatioms
and have been chosen in the present study. In particular, the laminar,

compressible form of the Navier-Stokes equatioms have been chosen.
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Because of the possible existence of shock waves in the computational
domain, a conservative form of the governing equations has been used.

The bow shock has been treated as a boundary of the computational
domain across which the exact shock jump conditions (Rankine-Hugoniot
relations) have been applied. This is the so-~called "shock fitting"
procedure. All interior detail such as shear layers, shock waves, super=~
sonic jets, and the wall boundary layer are automatically captured, This
is the so-called "shock capturing' procedure. The bow shock is strong
enough to make an entirely captured solution impractical. On the other
hand, fitting any additionmal shock layer detail (such as the transmitted
shock) is generally too complicated (because of the transmitted shock~
boundary layer interaction). Therefore, fitting the bow shock and cap-
turing all shock layer detail seems to be a good approach for solving
the problem at hand,

For the shock impingement problem, a distinct advantage for numerical
methods exists over theoretical or experimental methods. Scale effects
must be considered when extrapelating experimental data to flight condi-
tions. Present theoretical methods require empirical inputs, However,
numerical methods are able to predict flow fields for flight conditions
without empirical inputs. This is a particular advantage for numerical
methods when real gas effects enter the problem.

Descriptions of the governing equations, the numerical method, and
the numerical results are given in the following sections of this report,
The results consist of a series of blunt body infinite cylinder solutions

and a three-dimensional wing leading edge shock impingement solution.
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The present results are compared with theory and experimental results

when possible.
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IT, GOVERNING EQUATIONS

A. Navier-Stokes Equations in Cylindrical Coordinates

The equations governing the flow of a compressible, viscous £luid

in the absence of body forces and electromagnetic effects, and written

in weak conservation-law for. using three-dimensional cylindrical coor-

dinates, are given by [56,57]
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The Navier-Stokes expressions for the components of the stress
tensor ('rij) and heat flux vector (qi) have been used in this study and

“are given by [56,58]
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To complete this set of equations two perfect gas equa.ions of
state are used, In addition, Sutherland's equation and a constant
Prandtl number assumption are used to compute coefficients of viscosity

() and thermal conductivity (k). The resulting equations are given by

P = pe(y-1) 2.11
P = pgRT 2.12
W= clTB/zl(c24-T) 2.13
k = chMPr 2.14

where for air in the perfect gas range the constants have the following

values:

287.024 mzlsec2 - %

gR =
c = 1.2585 % 10”° N-sec/m? - %gl/2

¢, = 110.4 % -
c, = 1004.585 n/sec? - %

Fr = 0.72

B. Independent Variable Transformation

Equations 2.1 through 2.10 are transformed from the physical domain
(r, 8, 2, t) into the computational domain (&, m, {, T) using the following

independent variable transformation:
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where r, is the bow shock radius, r, is the body radius, rSe and rg,

b

are the shock slopes in the A- and z-directions, respectively, s, is

the radial shock velocity, and x is defined by

2.18

This transformation maps the z~plane between the bow shoeck and the
blunt body into a rectangular region, stretches the radial distribution
of grid points according to the function f, and stretch:s the axial dis-

tribution of grid points according to the function g.
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The function £ chosen for all cases considered here is given by

159]
_ 1 B+ x
—cln(_x) 1l <B«w
£(x)
=x
where

c = 1n(%—i)

2.19

2.20

The first and second derivatives of the radial stretching functiom

(£} are given by:

2B/c
(F+x)(B-x)
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Equation 2.19 refines the grid near the body and thus permits

2.21

2,22

better boundary layer resolution. Figure 8 is a plot of the f stretch-

ing functicn for various values of @ which controls the amount of re-

finement. The practical range for @ is between 1 and 2 with smaller

values giving larger amounts of refinement.

zero mo radial stretching of the mesh occurs.

When B is set equal to

The function g chosen for all cases considered here is simply that

of a linear distribution (no stretching of the mesh) and is given by

g(z) = z

2.23
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98 _ 1.9 2.24
dz
2
a—§~ = 0.0 2.25
Az~

The physical domain of the problem is shown in Figure %a without
an impinging shock for clarity. The computational domain which results
after the independent variable transformation has been applied is shown
in Figure 9b. The grid distribution appearing in a typical #-plane in
the physical domain is shown in Figure 10a. The grid distribution in
a typical mn-plame, which is the computational counterpart of the physi-
cal @-plane, is shown in Figure 10b. These two Iigures illustrate what
the independent variable transformation does to the physical domain.

No matter how the physical demain changes or alters its shape during
the computation, the computational domain retains its rectangular box

shape with uniform mesh spacing throughout.

C. Governing Equations in Computational Domain

The final form of the governing equations after the independent

variable transformation has been applied is given by

U, oF 6, o, 5o
6T+ a§+an+ ag—fD 0 2.26

where
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In these equations the radial position (r) is given by

_ -1
r=x_ - f 7(g) (rs-rb) 2,35
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where the function fﬂl(g) represents the inverse of f. For the present

f (Bquation 2.19) the inverse is given by

cxX
£lgy - pe—1 2.36

PG |
In addition Equations 2.7 and 2,11 through 2.15 must be included
and are unaltered by the transformation.
Equations 2.26 through 2,34 represent the full three-dimensional
Navier-Stokes equations valid for compressibie, laminar, iime-dependent
flows. These equations are solved by a numerical finite-difference

procedure which is presented in the next section.
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IIT, NUMERICAL METHOD
A. TFinite-Difference Schemc

Equation 2.25 is solved by MacCormack's explicit finite-difference
method [607], which is composed of the predictor-corrector sequence given

in Equations 3.1 and 3.2,

predictor step;

! AT [.n n AT (n n )
. . = U, . - —{F, . - F, . - — G, . -G, .
Ul:.]sk Ul:l:k Ni( i+1,5,k F]—sJ:k) &n Gl:]"'l:k Gl:J,k

AT /. n ) n
~ —|H, . - H, . - ATD, . 3.1
AC ( i,3,k+1 i,3,k, 1,3,k
corrector step:
gl o Llin gL A-T-(F ol Fn+I
i,k 2 i:j:k i:j:k Ag i’j:k i'l,j,k
3.2
Atz il o+l ) AT n+l nt+1 ]_) ntr
-——{G. . -G, . - —{H. . - H, w D, .
Aﬂ l,_],k 1:J-1:k Ag Hls]:k 1:Jsk" A 1-:3:1{-

n ) Fn+I (n+l
Ui,k

where F;l,j,k = F(Ui,j,k = i,j,k)’ etc. The i, j,k subscripts
and the n superscript correspond to the discretized position in the
finite-difference mesh in the &-, m-, (-, and T-directions such that
E=1iAE, m=jAn, C=kAL, and T=nA7. A bar above the n superscript in-
dicates a predicted value. TForward differences arc used in the predic-
tor step to approximate the dF/3€, dG/dn and JH/JC derivatives while

backward differences are used for these terms in the corrector step.

In the predictor step backward differences are used to approximate the
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shear stress and heat flux derivatives appearing in the F, G, H, and D
components while in the corrector step forward differences are used,
This differencing procedure maintains second-order accuracy in both
space and time [617.

The computational module for MacCormack's method in three spacial
dimensions is shown in Figure 11. Both the predictor and corrector
step modules are shown. The symbol o is used to indicate mesh peinis
at which values for F, G, H, or D are required and are used in differ-
ences approximating the 3F/3E, 3G/3an and 3H/3C derivatrives. The sym-
bol + is used to indicate mesh points requiring values for u_ Ugs Uy
or T and are used in differences approximating the shear stress and
heat flux derivatives. Note that in both the predictor step (Egquation
3.1 and Figure lla) and the corrector step (Equation 3.2 and Figure 11b)
information from only three k-planes is required (k -1,k,k+1). 1In the
predictor step (Equation 3,1) the subscripts k and k+1 appear explic-
itly while the subscript k-1 is implicitly imbedded in the shear stress
and heat flux derivatives. In the corrector step (Equation 3.2) the
subscripts k -1 and k appear explicitly while the subscript k+1 is im-
plicitly imbedded in the shear stress and heat flux derivatives.

For the present study MacCormack's method is applied to the finite-
difference mesh in four steps: 1) partial-predictor step, 2) completor-
predictor step, 3) partial-corrector step, and 4) completor-corrector

step. These steps are shown in Equations 3.3-3.6.
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partial-predictor step:

PP " AT (n n ) )
. =4, ., - —\{F, . - F,
Ulaz:k i,3,k ag i+1,j,k ij.k sJ+1 k :Jak
AT _n It
+ —H D. . 3-3
AC 1,5,k - AT i,jk

completor~-predictor step:

ol PP At .n
u, . = U5, -—H, 3.
i,k l,J,k AC i, 3, ket 4
partial-corrector step:
o et AT 3.5
i,ik 13]: Ag :J:k 1
completor~corrector step:
n+ 1[ o+l AT L _ Fn+1'
:J:k :J:k AE iik i-1,3,k
=T BT T
AT T )AL FT LTI ] s
Aﬂ isjak i,j- 1 k 3Jak i j,k

where the pp superscript designates the partial-predictor step result
and the pc superscript designates the partial-corrector step result.
All other notation is identical with the notation used in the standard
MacCormack method. Note that when steps 1 and 2 (Equatioms 3.3 and ?.4)
are combined the standard MacCormack predictor step (Equation 3.1) is
obrained and that when steps 3 and 4 (Equations 3.5 and 3.6) are com-

bined the standard MacCormack corrector step (Equation 3.2} is obtained.
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After each completed predictor or corrector step the U vector

-p - -Ulﬂ
Pu, UZ
U= r(r8 - rb) Pug = U3 3.7
pu, U#
E Us

is decoded to obtain the primitive variables (p,utJ “G’“z’e) in the

following mauner:

up = Uy/0

up = U3/U1
u, = UQIU1 3.8

_ 2 2 2
e = U5/U1 - (ur + u, + uz)/2

B

p=Uy/r(r -1y)

In all four steps shown in Equations 3.3 - 3.6 information from only
two k-planes is required in any single step. This aspect of the modi-
fied MacCormack method allows for a unique, storage-saving sweeping pro-

cedure. Thic procedure is described in detail in the next section.

B. Application of the Finite-Difference Scheme
(Sweeping Procedure)

MacCormack's method is usually coded to compute predicted values

at each grid point over the entire finite-difference mesh before the
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corrector step calculation is initiated, This requires storage for
both the predicted and corrected solution arrays during the computa-
tional process. 1In addition, many codes store other intermediate re-
sult arrays over the entire finite~difference mesh. For two-dimen-
sional problems this extra storage may not be a critical restrictiom.
For three~dimensional problems these extra arrays may require large
quantities of bulk storage causing significant penalties in program
efficiency.

The storage restriction associated with MacCormack's method for
three-dimensional problems has been to a large extent alleviated in
the present study. A special technique for sweeping through the
finite-difference mesh has been developed which requires storage for
only a single three-dimensional solution array. Besides the single
three-dimentional solution array several smaller two-dimensional arrays
(k~planes) are required to store intermediate results. This special
sweeping procedure is shown in Figure 12 where it is displayed in five
separate diagrams (steps 1 -5). Tor this presentation it is assumed
that the computer memory is divided into two types: 1) a larger,
slower access large core memory (LCM), and 2) a smaller, faster access
small core memory (SCM). Data exchange between small and large core
memory is efficiently achieved by using block transfer. This is the
basic architecture of many computing systems such as the CDC 7600, CDC
STAR and Burroughs ILLIAC IV, The three-dimensional solution array re-
sides in 1LCM and appears at the top of each of the diagrams in Figure 12,

The intermediate result arrays reside in SCM and appear below the three-
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dimensional solution array in each of the diagrams. These arrays are
indicated as planes in Figure 12 with operations between them being
indicated by arrows. Each plane represents a set of five arrays, one
array for each of the primitive variables (g, u_s ue, u,s 2)., The basic
sweeping direction is the k-direction (z-direction).

The first step of the sweeping procedure is shown in Figure 12a.
First, two planes of the n level solution (a total of ten arrays) are
read into SCM from the k=1 and 2 planes of LCM. From the data in
these two planes the k=2 plane of partial-predictor values is com-
puted. A secondary sweeping procedure is used to obtain these partial-
predictor values. This sweeping procedure starts at the bow shock (i=1)
and sweeps through the k-plane of mesh points toward the body (i=NI).
The purpose of this planar sweeping procedure is to reduce the number
of k~plane intermediate result arrays. Boundary conditions for the
n+1 and the n+1 level solutions at k=1 are also applied in this
step (see Figure 12a).

The next step continues the start up procedure and is shown in
Figure 12b. Since the n level plane at k=1 is no longer needed, it
is overwritten with the n level plane at k=2, HNext, a new n level
plane from LCM at k=3 is read into SCM, keeping the number of n level
planes in SCM at two. A plane of partial-predictor values at k=3 and
a plane of completor-predictor values at k=2 caa now be computed.

The completor-predictor step at k=2 uses the partial-predictor values

which were computed and saved from the previous plane at k=2. Then,

using the k=1 and 2 planes of n+1 level values and the k=2 plane of

n level values, a plane of partial-corrector values at k=2 is computed.
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Finally the n+1 level plane at k=1 is stored in the three-dimensional
solution array by overwriting the k=1 plane of the n level solution.
Planes containing the n+ 1 level solution in the three-dimensional solu~
tion array in the diagrams of Figure 12 are shaded while n level planes
remain unshaded.

A recursive process for the general kth plane has the following
steps (see Figure 12c): 1) read the k+ 2 plane of the n level sclution
from LCM into SCM, 2) compute a plane of partial-predictor values at
k+2, 3) compute a plane of completor-predictor values at k+1, 4) com-
pute a plane of partial-corrector values at k+1, 5) compute a plane
of completor-corrector values at k, and 6) store the kth plane of the
n+1 level solution in the three-dimensional solution array by over-
writing the kth plane of n level solution. The recursive process
begins at k=2 and continues until k=NK - 3 where NK represents the
maximum value of k. Note that by constantly overwriting unnecessary
planes of storage the maximum number of intermediate result planes in
SCM never exceeds seven; two for the n level solution, three for the
Tn+1 level solution and two for the n+1 level solution.

The treatment for the NK - 2 plane is shown in Figure 12d. The
steps involved are identical to those described in Figure lZc, except
that since this is the last value of k for which a plane of predicted
values is to be calculated no partial-predictor values are computed,

The final step of the sweeping procedure is shown in Figure 12e.
First a boundary condition is applied to the predicted values at NK
creating enough information to compute the completor-corrector values

at NK - 1. The final plane of corrected values is then obtained from
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the same boundary condition which was applied to the predicted values,
Then both n+ 1 level planes at NK - 1 and NK are stored in the three-
dimensional solution array by overwriting the fimal two planes of the
n level solution. The n+1 level solution is now completely stored in
the three-dimensional solution array. This completes one sweep of the
sweeping procedure as well as a single time step.

The final solution is obtained in a manner typical of the time-
¢ endent approach. Using the previously outlined procedure, the
computation is advanced in time from the initial conditions until the
solution is changing by a sufficiently small amount. At this point

the solution is said to have reached "steady state."

€. Shock Jump Conditions

The bow shock wave is a boundary of the computational domain
across which the exact shock jump conditions are applied (Rankine-
Hugoniot equations). Exact treatment of a shock wave by such a pro-
cedure is called "shock fitting.'" Because the bow shock position is
not known a priori, a procedure for determining its position is in-
corporated with the application of the shock jump conditions. The
three-dimensional shock fitting procedure used in the present study
was developed from the two-dimensional procedure used by Tannehill
et al. [54]. It is similar to the method used by Daywitt and Anderson
[47] (two-dimensional, time-marching problems) and the methods used
by Thomas et al. [627 and Kutler et al., [63] (three-dimensional, steady,

space-marching problems).
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The three-dimensional shock jump conditions used in the present
study are applied only one plane at a time in order to be compatible
with the sweeping procedure described in the last section., The solu-
tion variables at i = 1 and along j (1 =j =SNJ) for all completor-pre-
dictor and completor~-corrector planes are computed from the shock jump
conditions. Shock jump conditions as well as other boundary conditions
are not required for the partial-predictor or the partial-corrector
steps. A detailed description of the three-dimensional shock jump
procedure for a perfect gas is now presented., A similar presentation
invelving a real gas in equilibrium is presented in Appendix A.

The three-dimensional shock jump procedure starts by computing the

n+1 values for the bow shock radius from the Euler predictor equation

given by
n+1 e it T
r, = r: + AT(%S )? " ’ 3.9
ik ik /32

where T is the shoei: radius, Ts, the radial shock velocity and A7t the
time increment. Equation 3.9 is used to compute the predicted values
for the shock radius everywhere except on the boundaries where the

following boundary conditions are used:

T =T

"1,k 2,k
r, = 36@ - T )+ T,

NJ,k NI-1,k NJ-2,k NJ-3,k

0 1 3.10
r =r (fixed for all time)

S. 8 .

j,1 j,1
r =r

S,

— g



49

The next step involves the calculation of the pressure immediately
behind the bow shock (P?,j,k = pz). This is accomplished by using the
partial-predictor, completor-predictor combination given in Equations
3.3 and 3.4, The rtesulting predicted values are decoded into the
s u_» &) by using Equations 3.7 and 3.8.

8 "=
The pressure is then obtained from the equation of state (Equation 2.11).

primitive variables (p,ur,u

Because Equation 3.3 is applied on a boundary (i=1) the backward
differences used to apvroximate some of the derivatives in the shear
stress and heat flux terms require unobtainable information at i - 1.

To correct this situation forward differences are used wherever back-
ward differences are not valid, The use of forward differences in

place of backward differences reduces the method's second-order accuracy
in the vicinity of the bow shock but dozs not harm the overall solution
accuracy.

The shock slopes (rse and rsz) at the n+1 level are calculated

next by using the following central difference formulas

e )B?T - rsm - rsm )lee 3.11
o3,k 1,k -1,k

i o+l =T
(rs )"“ 6_—3“ SRR V1 3.12
2],k §. k41 i,k-1

where Af and Az are the physical grid increments in the B- and z-direc-
tions, respectively. Values for the shock slopes on the boundaries

which cannot be computed from ecither Equation 3.11 or 3.12 are obtained

by
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The primitive flow field variables obtained from the modified
MacCormack's scheme applied at i =1 are now recomputed from the pressure
(PZ)’ the shock slopes (rsa and rsz) and the shock jump conditions.
These conditions are derived from the Rankine-Hugoniot equations and

shock geometry considerations in Appendix B and are given by

D o P
v o QD _=°(l_1_+_%) 3.15

u = u - 3.16




51

_ -r /r
_ PP 5p °
u =1 - 3.17
8,2 B, pwVN > 2 .
\/1+ (r /T ) +r
s s s
8 z
pm"Pz -rsz
u =u - 3.18

z,2 z,o p V
”N\/1+(r /r)2+r2
s '"s s
. ¢ z
3 =VN 1+ {r /r 2+r2+u2
Sy Sg S s, r,

3.19

where the 2 subscript indicates conditions just downstream of the bow
shock (1,j,k) at the n+1 level, VN is the component of freestream

velocity normal to the bow shock and measured in a coordinate system
fixed with respect to the bow shock (positive inward). All s rsq,

Ts, and Tge values are at the (j,k) position in space and the n+1

level in time. The quantities By Py U and u © (infinity

r,= U, Z,
conditions) are either freestream conditions or flow conditions down-
stream of the planar impinging shock.

Before Equations 3.14 - 3.19 can be applied, a test must be made
to determine which set of infinity conditions are to be used. This
test must be performed for each grid point at which shock jump condi-

tions are applied. First, the position of the intersection line be-

tween the planar impinging shock and bow shock waves must be found.
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The impinging shock is a fixed plane in the physical domain, and is

expressed analytically as follows

1
int | cos[AB(j - 3/2)]

X,
r = -~z-!-‘—‘-t- pz(k-1) + x 3.20

Pik int

where r is the planar impinging shock radius and x, and z, are the
p int int
r- and z-intercepts, respectively, of the planar impinging shock in.
the g= Ooplane. 0Of course, the bow shock cannot be described analyti-
cally. Therefore, the description given by the two-dimensional array
of values, rsj x? must be used. For a given value of j the intersectiomn
]

line position is found by finding the value of k for which

[r -z ][r -r L]<o.o 3.21
Pk SikdlPiker 53,k

After finding which side of the intersection line that a particular
bow shock point lies, the correct set of infinity conditions required
for the shock jump relations are determined, The bow shock moves as
part of the time-dependent solution. Therefore, the position of the
intersection line is recalculated before each time step. This com-
pletes the shock jump predictor step.

The shock jump corrector step is very similar to the predictor
step with only two major differences. First, instead of using Equation
3.9 to compute the corrected shock radius, a modified Euler formula is

used and is given by
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rn'H' =1:n +-%I- (r )n + 1:s nFT 3.22
®ik S,k t/ 1,k t)3,k

Second, when calculating the pressure behind the bow shock,

Rquation 3.5 and a modified version of Equation 3.6 are used which is

given by
gl o LgPe gt A—(F ¥ pnil )
:J:k 2 i, ik i, i,k A i+l,j,k i, i,k
3.23
n+I n+ At . oFl n+l :
- —H. . - ATD, .
i,j,k i,j-1, k AC i,3,k i,5,k

Note that a forward difference is used to approximate the JF/3E deriv-
ative instead of the usual backward difference, This reduces the
method's second-order accuracy in the vicinity of the bow shock but

does not harm the overall solution accuracy.

D. Boundary Conditiomns

The boundary couditions must be incorporated with the sweeping
procedure presented earlier. Sirce only one k-plane of predicted or
corrected values is computed at a time, only one k-plane of boundary
conditions can be completed at a time. Figure 13 shows a schematic of
a typical k-plane in the physical domain with the various boundary
conditions indicated.

Along the bow shock the shock jump conditions are applied (as
previously discussed) and are given by Equations 3.14 - 3.19. The

wall boundary conditions are determined by specifying an isothermal



54

A =~ OUTFLOW BOUNDARY:

ZEROTH-ORDER EXTRAPOLATIONS
(i=18&2)
BOW SHOCK:
SHOCK JUMP CONDITIONS

SECOND-ORDER EXTRAPOLATIONS
(3=<i = NI

WALL BOUNDARY:

1. ZERO VELOCITY SLIP

2, ISOTHERMAL WALL

3. ZERO NORMAL PRESSURE

REFLECTION IENT

Figure 13. Physical z-plane showing boundary conditions.
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wall, a zero normal pressure gradient, and the no-slip condition. These

conditions are given by

(wyr, s,k = 99
(HB)NI,j,k = 0,0
(@, 5.k = 00 3.24

[ . = C = e = gonst
Ni,j.k vzw w ant

PNI, i,k - PNI-1,3,k “NI-1,3,k/ w

where Tw is the specified wall temperature. A perfect gas assumption
is required to formulate these boundary conditions.
The @-outflow boundary is treated with a second-order extrapola-

tion and is given by

3.25

where U stands for any of the primitive solution variables. This
boundary condition is stable provided the outflc.; Mach number in the
inviscid region of the shock layer is supersonic. When this boundary
condition is used near the intersection line for the shock impingement
case, numerical difficulties are experienced. The problem arises be-
cause Equation 3.25 attempts to extrapolate across the nearly discon-
tinuous region just downstream of the intersection line at i=1 and 2.
To correct this a zeroth-order extrapolation is used instead of the

second-order extrapolation along i =1 and 2.
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A plane of symmetry lies equidistant between the two grid planes
at j=1 and 2. This permits a reflective set of boundary conditions

at j=1 which is given by
(“r)i,l,k = (4)1,2,x

(“e)i,l,k B "(“e)i,Z,k 3.26

(2)i,1,x = (2)i,2,x

Pi, 1,k Pi,2,k

_ 3.27
1,1,k T %i,2,k

Notice that all solution cumponents are reflected in a positive manner,
except the tangential velocity component (ue), which is reflected in a
negative manner.

Boundary conditions for the inflow and outflow planes in the z-
direction are now discussed (see Figure 14). The flow variables at
the inflow plane (i,j,1) are held fixed for all time equal to the con-
ditions from a swept infinite cylinder solution calculated prior to the
shock impingement solution. The flow variables at the outflow boundary

are determined using a zeroth-order extrapolation given by
u, . =U, . 3.28
i,j,NK i,3,0K-1

where U stands for any of the five primitive solution variables,
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E. Initial Conditions

A swept infinite cylinder solution is calculated prior to the
shock impingement solution with freestream conditions matching the
conditions bghind the impinging shock (region 1, Figure 14). ‘the
conditions behind the impinging shock are computed using oblique shock
equations [647.

The infinite c¢ylinder solution is computed from the same computer
code which computes the three-dimensional shock impingement solutions,
An infinite cylinder solution, by definition, must have all z-gradients
equal to zero. Rather than impose this condition directly, by setting
all z-derivatives equal to zero and thereby changing the computer code
drastically, 1t is done indirectly by changing certain boundary condi-
tions. That ig, the z-derivatives are still calculated but automati-
cally come out to be zero because all z-planes are forced to be identi-
cal, This identity can be achieved simply by changing two boundary
conditions. First, reference to the impinging shock is removed at the
bow shock thus taking away the z-gradients across the intersection
line. Second, the inflow z-plane (k=1), instead of being held fixed,

is determined by a zeroth-order extrapolation given by

U, ., =0, ., 3.29
1,3,1 i,1,2
where U stands for any of the five primitive solution variables. This
removes the z-gradient which could exist between the first two z-planes

of the solution, In addition, all z-planes of the infinite cylinder

initial condition solution must be identical. With all of these
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conditions satisfied, a mechanism for producing a nonzero z-gradient
does not exist. This procedure yields an identical infinite cylinder
solution in each z-plane of the finite-difference grid.

Because all z-planes of the infinite cylinder solution are identi-
czl only a single z-plane is needed to completely specify the solution.
However, because of the three-dimensional computer code's structure, a
minimum of four z-planes must be used to compute an infinite cylinder
solution. Two of these four z-planes are boundary condition planes
(k=1 and k=4),

At the beginning of a three-dimensional impingement solution cal-
culation, the flow field solution in each z-plane is set equal to the
infinite cylinder solution. The shock radius array (rs), the shock
velocity array (rst), and the shock slope arrays (rsg and rsz) as well
as the flow field variables are initialized in this way. The initial
condition infinite cylinder solution is also the solution maintained

as the fixed boundary condition at k=1.

The procedure used to establish the infinite cylinder initial
condition solution is similar to the procedure used by Tannehill et al.
{54]. It involves the approximate curve fit of Billig [65] to get
the shock shape and slope, the shock jump conditions with Tse set equal
to zero to get the flow variables behind the bow shock, a Newtonian
pressure distribution and wall boundary conditions to get the flow
variables on the body, and a linear variation between the bow shock

and the body to get the intericr flow field.
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F. Stability

To insure numerical stability the time step associated with
MacGormack's method is limited in size by the CFL condition [61,66],

which in three~dimensions is given by

AT =C 1 3.30
l”r[ + |“e| I'-‘z| + |1 1 1

+ +
AT ()2 @ ()’

a

where a is the speed of sound and C is an adjustable constant.

Numerical solutions involving steep flow field gradients have used
special artificial émoothing terms to remain stable [67-70]. A modi-
fied version of the fourth-order product-smoothing term first developed
by MacCormack [71] is used in the present study. The original smooth-
ing procedure can be expressed by two basic terms (Sz,j,k’ n+11c)

1,73»
which are given by

n 1l n n n
e, . = a - 1’- AU 3.
51,3,k mz,j.k Cz(K.&l%U Kefy ) 3
n+1l _ ( n+l n+l n—}-]_ I'l+1 )
SiL i,k - AP Rpp B8 3.32

1,3,k

where the U's are defined by Equation 2.27, the summations om £ indi-
cate one term for each of the three spacial directions (i,j.k), the
c's are constant coefficients, the K's are variable coefficients de-

fined by
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n -2 n + n
B APz T P gk Pk 3.33
i+l n 2 n + " *
(pi+2,j,k Pi+l,5,k ~ Pi,3,k

and the 6E() and AE() operators are forwerd and backward differences,

respectively, defined by

n_.n _.m
&0 = Uiy, 5.k " Vi, 5,k 3.34

[}
=]

n n n
i

AiU :j:k ) Ui'laj:k 3.35

When smoothing is desired, S? i,k (Equation 3,31) is added to the pre-
H] ?

dictor step (Equation 3.1), and Sf+1 Kk (Equation 3.32) is added to
>

>3
the corrector step (Equation 3.2).

The variable K-coefficients are composed of a normalized second-
order difference of flow field density. The K subscript indicates
which direction the difference is in (i,j or k) and also the center
of the difference. The K superscript indicates the time level used
for the values of density. This always positive variable coefficient
is essentially zero in the smooth regions of the flow field and ap-
proaches a maximum value of one in regions of large point-wise oscil-
lations. The theoretical maximum vglue of the coefficient product in
front of the U-differences, namely the cK products, is one-half. The
K-coefficients can theoretically reach a value of one, causing the Css

€. and ¢, constant coefficients to be restricted to a value of one-

k

half or less., However, since the K-coefficients in practice are

usually much smaller than one, the constant coefficients can be much
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larger than one-half., Of course, smaller amounts of smoothing or
smoothing in only one or two of the three spacial directions can also
be obtained. This is achieved by independently setting the constant
coefficients in each of the three directions equal to the appropriate
values,

A major difficulty arises when applying this smoothing method to
the sweeping procedure presented earlier. To obtain both the predicted
and corrected smoothing terms at a particular value of k, solution vari-
ables from five k-planes are needed (k+2, k+1, k, k-1, k-2). Pro-
viding the information from such a large number of k-planes does not
fit within the framework of the sweeping procedure. At most, infor-
mation from only three k-planes can be supplied. This leads to 2

modification of MacCormack's smoothing technique which is given by

PP - ( n n_ n)
siF, E , c (K, .5U -K AU
1,5k 0 S ALY A}
n n n

+ ckKk(Ui,j,k - Aé]) 3.36
cp B n.n
55 ik = S Ui, g,k 3.37
C 1 n+l 'ﬂ+i n+1 n+[)
st ., == z',cK §U - K, o AU
i,j,k 2 T F AN ) 2-1 =y

1 0¥l ol , T )
+ 3 ckKk (6&1 Adl 3.38

where all notation is as it was previously defined. When smoothing is
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desired, S?pj 1 the partial-predictor-smoother step, is added to the
2.J

partial-predictor step (Equation 3.3), Sgpj K’ the completor-predictor-
3Jd

smoother step, is added to the completor-predictor step (Equation 3.4),

c
and S, . s
i3,k

corrector step (Equation 3.6).

the corrector-smoother step, is added to the completor-

Note that the modification dees not alter the terms in either the
i- or j-directions, only the k-direction, Instead of using K-coeffi-
cients centered at three different k-Ilocations (k+1, k, k-1), all ¥'s
in the k-direction are centered at k. This modification alone reduces
the number of k-planes involved to three.

All quantities in the partial-predictor-smoother step (Equation
3.36) are obtained from two k-planes (k and k -1), except p?,j,k+1
which appears in the Kﬁ coefficient., Since only the k and k -1 planes
of the n-level suvlution exist in SCM at this time, extra density in-
formation at k+ 1 must be obtained from LCM. These coefficients are
then saved and used in the completor-predictor-smoother step (Equation
3.37).

Instead of breaking the corrector-smoother step into two parts,
it 1o applied as one step just after the completor-corrector step.

This is because a third plane of densities (at k+ 1) cannot be read
into SCM from ILCM to compute a partial-corrector-smoother step. Because
of the sweeping procedure, the n+ 1~ level solution at lc+ 1 has nct
been computed yet, At the time the partial-corrector step is completed,
the entire n+1 solution at k-1 is saved in SCM. T.is can be con-
sidered as a partial-corrcctor-smoother step cven though no computations

are actually made. Then, after Lhe completor-corrector step is computed,
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the entire corrector-smoother step (Equation 3,38) is computed with all
three k-planes existing in SCM.

When Equation 3,12 is used to compute the shock slopes in the z-
direction (rsz) an unstable point-wise oscillation results in the z-
direction. This instability is strongest near the z-direction inflow
plane, To alleviate this problem a onock radius smoother is applied

during the corrector step which is given by

2 - ol . ar:-!-I -2l g Sl 3.39
1,kinew  ®j,klold 3, lerl ok %3kl

where ¢ is an adjustable constant. When g has a value of 0.25 the
amount of smoothing which occurs corresponds to the optimal flattening
of a sawtooth curve (rS vs z distribution) into a straight line. Larger
values of g will produce "over smoothing'" and if large enough (above
0.5) will actually feed the instability. Values of ¢ smaller than 0.25
(up to an order of magnitude smaller) will allow oscillatioms to exist

but will still keep the procedure stable,
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IV, DISCUSSION OF RESULTS

The present method was used to compute two-dimensional blunt body,
swept infinite cylinder, and three-dimensional shock impingement solu~
tions., Results for these three problems are presented in this chapter
along with the computational statistics of the computer code. In all
cases considered in this chapter, air is assumed to be a perfect gas.
The Prandtl number (Pr), the coefficient of specific heat at constant
pressure (cp), and the ratio of specific heats (Y) are held constant and

are given by

Pr = 0,72
¢, = 1004.58 m2/sec> - °K 4,1
vy = 1.40

The simplest case, that of the two-dimensional blunt body solution, is

presented first.

A. Two-Dimensional Blunt Body Solution

The two-dimensional blunt body solution was computed using the three-
dimensional code in the same manner as the infiaite cylinder solutions
but with the freestream cross-flow velocity set egqual to zero.

The freestream conditions chosen for this two-dimensional computa-

tion were

545.8 N/m?

]

M= 5.9 p

62.8 °r

Re = 17326 T
o @
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where M is the Mach number, p is the pressure, T is the temperature, and
ReD is the Reynolds number based upon the cylinder diameter. Other con-

ditions pertinent to this case were chosen to be

o
i

0.025 m T, = L4444 °k

B0

A=0°

vhere D is the cylinder diameter, )\ is the cylinder sweep angle, 8 is
the radial mesh stretching parameter, and Tw is the constant wal! tem-
perature. Note that a ) of zero indicates no sweep and therefore, a
two-dimensional blunt body case. A B of zero indicates no stretching
of the mesh in the radial direction. The adiabatic wall temperature
(Taw) in the stagnation region was computed to be 504.9 °k from

T =T (1+r XL n?) 4.4
e 2 e

aw

where e denotes the edge of the boundary layer and r is the recovery
factor set equal to 0.85 for a laminmar boundary layer. On comparing the
Iw and '1'aw values, it is apparent that this case has an extremely hot
wall,

The computational mesh consisted of 21 equally spaced points in
both the radial and tangential directions. The tangential outflow
boundary was located along a radial ray 83.8 ° above the stagnation
streamline. The results of this computation are shown in Figures 15 and
6.

A plot of the pressure distribution around the cylinder is shown in

Figure 15. The circles are the current numerical results. The solid
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curve is a fairing of experimental data due to Beckwith and Cohen [72].
This faired experimental curve consists of data from both two-dimensional
blunt bedy and infinite cylinder results over a range of Mach number.
This pressure distribution is independent of sweep angle and normal Mach
numbers absve two. The dashed curve shown in Figure 15 is the result

predicted by the modified Newtonian pressure distribution given by

2 p P
w =( - 2 cosze-i- = ) 4.5

pstag pstag stag

where pstag is the stagnation point prezsure computed from the Rayleigh
pitot formulia [64].

All three results are in excellent agreement in the stagnation re-
gion of the blunt body. 1In fact, the error between the present numeri-
cal result and the stagnation value of pressure as predicted by the
Rayleigh pitot formula is less than 0.1 percemt. As expected the modi-
fied Newtonian pressure disagrees with the other two results away from
the stagnation region, The faired experimental curve and the numerical

results start disagreeing at about § = 50 °,  7his disagreement in-

creases to a maximum of about five percent error at f = 80‘). The
scatter of the experimental data used to obtain the faired experimental
curve in Figure 15 was about + five percent at A= 80 °,
A comparison of the numerically predicted shock shape with the em-
pirical result of Billig [65] is shown in Figure 16. The circular sym-

bols represent the numerical result while the empirical result is showm

as a solid curve, The error beuween the two results, to a large extent,
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is due to the extremely hot wall, The large wall temperature heats the
boundary layer causing the fluid density near the wall to decrease.
This apparently has the effect of increasing the bow shock standoff

distance as seen in the next section on infinite cylinder solutions.

B. Swept Infinite Cylinder Solutions

The swept infinite cylinder solution (as already mentioned) was com-
puted using the three-dimensional computer code by restricting all z-gra-
dients to be zero. This was accomplished with the appropriate choice of
boundary and initial conditions. Three swept infinite cylinder solutions
were computed to establish the validity of the three-dimensional computer
code and are presented in this section. 1In addition, the swept infinite
cylinder solution used as the initial conditiun of the three-dimensional
shock impingement case is also presented, In all of these cases, the
computational mesh consisted of 21 mesh points in both the radial and
tangential directions. The tangential outflow boundary was in all cases
Jucated along a radial ray 83.8° above the stagnation streamline.

The specified conditions chosen for the three infinite cylinder
solutions are given in Table 1, The freestream Mach number has been
divided into two components, the normal component (Mr,m) and the cross-
fiow component (Mz’w). Except for the addition of a cross-flow compo-
nent of velocity, the case A conditions are identical to the two-dimen-
sional case. Because of this, the previously computed two-dimensional
solution was chosen a+ the initial condition for the case A infinite

cylinder solution. The time-dependent development of the uz—velocity



Table 1. Specified conditions for the infinite cylinder

solutions,
Specifiec
Quantity Case A Case B Case C
M 6.45 6.45 6.45
M 5.94 5.94 5.94
r,e
M 2.51 2.51 2.51
Z,0
Re 18816 18216 18816
D,
p_ (/) 545.8 545.8 545.8
T (°K) 62.8 62.8 62.8
A (deg) 25.0 25.0 25.0
D (m) 0.025 0.025 0.025
T (°Kx) 1464 4 164b 4 411.8
O,
Tow, stag ¢ 573.2 572.0 572.5
B 0.0 1.2 1.2
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profile along the stagnation line for case A is shown in Figure 17,
The uz-velocity profile develops from the bow shock toward the body.
Moderate oscillations occur in the radial direction during the time-
dependent process but completely disappear as the steady-state solution
is approached. Initially, the solution moves rapidly toward sceady
state, however, the final small oscillations damp cut very slowly as
steady state is approached. The process essentially does not disturb
the initial solution in the rg-plane. This suggests independence be-
tween the two-dimensional solution and the cross-flow direction solution.

The second infinite cylinder solution (case B) was computed with
exactly the same conditions as the first, but with a different radial
distr%bution of mesh points. The mesh was refined near the body with
the stretching parameter (@) equal to 1.2. For this value of B, the
first grid point off the body is located at 2.3 percent of the shock
standoff distance as compared with five percent for an equally spaced
mesh. The mesh distribution for 21 points is tabulated in Table 2 for
several values of R, The distance between the body and the bow shock
has been mormalized to one. The first and second derivatives of the
stretching transformation are also tabulated in Table 2.

The uz-velocity and temperature profiles near the stagnation region
(g = 00) and the ue-velocity profile at A = 36.50 are shown in Figures
18, 19 and 20, respectively. The distance between the bow shock and
the body (x) is normalized to one for all profiles. For comparative
purposes the solutions for no stretching (case A) and for stretching
(case B) are both plotted. All three profile comparisons are in excel-

lent agreement.
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Table 2, Mesh point distributions for several values of the stretching parameter [.

2= 0 B=1,2 B=1,12

ror, M/ S/ rer, o/ FE/ rer, af/x 3/
BOW_SHOCK

1,00 1.00 0.0 1.000 0.70 6.00 1.000 0.62 0.00
0.95 1,00 0.0 0.928 0.70 0.07 0,917 0.63 0.08
0.90 1.0 0.0 0.857  0.71 0.14 0.840  0.63 0.16
0.85 1.0 0.0 0.787  0.72 0.22 0.764  0.65 0.26
0.80  1.00 . 0.0 0.718  0.74 0.31 0.687  0.67 0.37
0.75 1.00 0.0 0.651 0.76 0.40 0.614 0.71 0.49
0.70 1.00 0.0 ¢.586 0.79 0.51 0.545 0.74 0.65
0.65  1.00 0.0 0.524 083 0.65 0.480  0.79 0.84
0.60 1.00 0.0 0.465 0.87 0.80 0.419 0.85 1.08
0.55 1.00 0.0 0.409 0.92 1.00 0.363 0.92 1,38
0.50  1.00 0.0 0.35  0.98 1.23 0311  1.00 1.77
0.45  1.00 0.0 0.306  1.04 1.51 0.263  1.10 2.28
0.40  1.00 0.0 0.260  1.12 1.86 0.219 1.2 2.93
0.35 1,00 0.0 0.217 1.21 2,29 0.180 1.34 3.78
0.30 1,00 0.0 0.178 1,31 2.82 0.145 1.49 4,88
0.25 1.00 0.0 0.141 1.43 3.49 0.113 1.67 6.33
0.20 1.00 c.0 0.107 1.56 4,32 0.085 1,87 8.23
0.15  1.00 0.0 0,077  1.70 5.36 0.05 211 10.73
0.10  1.00 0.0 0.049  1.87 5. 66 0.037  2.38  14.03
0.05  1.00 0.0 0.023  2.06 8.29 0.017  2.70  18.37
0.00  1.00 0.0 0.000  2.27 10.34 0.000  3.07 2411

BODY.

L




75

1.0
O CASE A
0.9 [~ 5= 0.0 (NO STRETCHING)
ASE B
,3 1.2 (STRETCHING)
0.8 {— Repy , = 18816, 2 = 25°
M, = 6.45, T = 1444.4 %k
« 071
o
o
Q 0.6
O
| A4}
S 0.5~
<
7
0
- 0,41
<
=
O
Z 0.3
0.2—
0.1 oD
0
fon
0.0 ID I l
0 100 200 300 400

z - COMPONENT OF VELOCITY, U, m/ sec

Figure 18. wu,-velocity profile near the :tagnation region of a swept
infinite cviinder.



76

1.0 U
(&)
O
0.9}— o
o B=0.0
B 0 B=1.2
8 A = 25°
0 g Re.. = 18814
0 D
2 M = 6.45
Y ) T = 1444,4°K
w
o @)
0
Q 0.6 e
Q o
Ly (]
S 0.5 0
o«
5 5
0
- 0.4 Eg
<
2 B
0
Z 0.3 g
g
(|
0.2— 0
O
&
0.1 )
(]
(@]
0 [ I | |=
0 300 600 200 1200 1500

TEMPERATURE, T, °K

Figure 19, Temperature profile near the stagnation region of a swept
infinite cylinder.



77

1.0 a-
0.9 o
OCASE A,B = 0.0 (NO STRETCHING) &
D CASE B, B = 1.2 (STRETCHING)
0.8— Re, ., = 18816 3 = 25°
M, = 6.45, T, = 144449k O
% 0.7p— O
o a
0
O 0.61— el
2 8
6 0.5 0
Z L]
< 5
[a
:(, 0.4 — g
% 5}
Z 0.3— B
B
o
0.2+— %
9 .
0.1 Co
0
a
‘ H |
00— i
0 100 200 300 400
8§ -~COMPONENT OF VELOCITY, u_, m/sec

BI

Figure. 20. ug-velocity profile at 8 = 36.5° on a swept infinite

circular cyl

inder.

[ S e




78

The uz~velocity profile (Figure 18) is typical of all such profiles
on the infinite cylinder regardless of the tangential position, The
inviscid portion of the profile has a constant value equal to the z-
component of freestream velocity. The boundary layer portion of the
profile changes only slightly with tangential position. This occurs
in this computation because the mesh expands (due to the shock layer
growth) at the approximate growth rate of the boundary layer.

The temperature profile (Figure 19) shows the extent of the hot
wall., The uefvelocity profile at g = 36.5 © (Figure 20) has a velocity
overshoot which is characteristic of such a hot wall solution. The

v
better boundary layer resolution of the stretched solution is apparent
in all three of the profile comparisons. However, even better resolu-
tion through more grid points or larger amounts of stretching would be
desirable fer this solution.

The third infinite cylinder solution (case C) was computed with
exactly the same conditions as case B but with a wall temperature
slightly less than the adiabatic wall temperature (see Table 1). There-
fore, case C is a cold wall case. As pointed out earlier, the hot wall
condition seemed to canse a slight increase in the shock standoff dis-
tance. 5 plot of the three infinite cylinder shock standoff results
along with the empirical result of Billig [65] is shown in Figure 21.
The empirical result was computed from thz normal component of the
freestream Mach number and therefore, is identical to the two-dimensional
shock standoff curve, If a hot wall increases the shock standoff dis-

tance, then a cold wall should decrease the shock standoff distance.

However, the hot wall cases considered in the previous solutioms were
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extreme cases. The cold wall case under current consideration is only
a slightly cold wall being very close to the adiabatic wall temperature.
Therefore, the close agreement shown in Figure 21 between the cold wall
shock shape and the empirical curve fit is expected.

A plot of the pressure distribution around the swept infinite cylin-
der is shown in Figure 22, The three numerical solutions are represented
by symbols. The solid curve is a fairing of experimental data due to
Beckwith and Cohen [727] which was discussed earlier, The agreement is
generally quite good over the entire curve.

A ue-velocity profile comparison is shown in Figure 23. The hot
wall profile from Figure 20 (case B) and the cold wall profile of case C
are both plotted. Both profiles are from the same position on the
cylinder (p = 36,5 °) and have identically stretched meshes. As expected,
the velocity overshoot has disappeared from the cold wall profile. Other-
wise, the two curves are almost identical.

The infinite eylinder solution used as the initial condition for

the three-dimensional shock impingement solution is presented next.

The freestream conditions chosen for this case were

2034.8 N/m>

M = 3.77 P_=
= 2.64 T =91.5% 4.6
7,0 ®
Rep ., = 27486

Otlier conditions pertinent {n this case were chosen to be

0.025 m T = 3% %k
o

A= 35 T, = 460 “k 4,7
B=1.12

=]
i}
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These conditions were selected tu permit a comparison with the experi-
ment of Keyes and Hains [2]. The inflow plane in the z-direction for
the three~dimensional shock impingement solution is fixed at the initial
infinite cylinder solution. Therefore, the freestream conditions for
the infinite cylinder solution (except ReD,m)'were computed to agree
with the experimental conditions on the downstream side of the impinging
shock., These conditions were computed from the given experimental free-
stream conditions and the oblique shock relations [64]. The freestream
viscosity was chosen to be an‘order of magnitude larger than in the
experiment, thus making the Reynolds number ten times smaller, This

was done to physically thicken the boundary layer and make its resolu-
tion possible with fewer grid points. The resulis of this computation
are shown in Figures 24-~30.

A plot of the maximum and the minimum radial shock velocity (rst)
as a function of time step number (n) is shown in Figure 24, These
velocities should approach zero as the steady-state solution is ap~
proached. The solution moves rapidly toward a steady state initially
with large time-dependent oscillations appearing. In the final part of
the solution, the convergence is very slow and has a monctonic behavior.

Plots of the numerical wall pressure and the heat transfer distri-
butions around the swept infinite circular cylinder are shown in Figures
25 and 26, respectively. The pressure distribution in Figure 25 is com-
pared with the faired experimental pressure distribution due to Beckwith
and Cohen [72]. The comparison is in general quite good. No experimen-

tal results for the heat transfer distribution are available for the
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conditions of the current solution. However, the stagnation line value
of heat transfer can be compared with theoretical results,
The stagnation line heat transfer for a laminar boundary layer on

a yawed infinite circular cylinder can be obtained from [73]

g -k Taw-Tw 2RED,:::»“stag /2 2Tcn:;pstag{Psta,g _ 1)1/&
stag @ 2D Mmuw YTStagpm\ Pea 4.8

where the subscript “stag'" stands for values measured along the stagna-
tion line, kw is the freestream coefficient of thermal conductivity,

u is the coefficient of viscosity computed from the Sutherland viscosity
law, and TaW is ziven as before from Equation 4.4, The value of stagna-
tion line heat transfer computed from this formula is about 15 percent
lower tlan the corresponding numerical value. This may be the result
of not obtaining enocugh resolution in the boundary layer., The numeri-
cal values of wall heat cransfer are computed by evaluating the slopes
of the total enthalpy profiles at the wall. The slopes are approximated
by three values of total enthalpy (i=NI, NI-1, and NI -2), This ap-
proximation is inaccurats for coarse mesh spacings.

Another consideration for the difference between the two results is
the accuracy of the theoretical result, Beckwith and Gallagher [73] com-
pare this theory with experimental results but for Reynolds mumbers two
orders of magnitude larger than the present value. In addition, only
2 limited number of comparisons were made between theory and experiment.
In light of these . nsiderations, the comparison between the theory and

the present numerical result seems reasonable.

B e e s . . . . R e s
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Conitour plots of Mach number, density, pressure, and temperature
for the present infinite cylinder solution are shown in Figures 27-30,
respectively, These contour plots have been drawn by a computer plotter
and are displayed in the physical plane. No characteristic blunt bedy
sonic line is shown in Figure 27 because the z-component of Mach number
in the shock layer is by itself supersonic. The boundary layer can
clearly be seen in Figures 27, 28 and 30. Note the unusually large
boundary layer thickness in the stagnation line region which is charac-
teristic of an infinite cylinder solution. The general validity of the
zero normal pressure gradient assumption can be seen from the pressure
contours shown in Figure 29, The stagnation line region of Figure 29,
however, does seem to suggest a nonzero normal gradient in pressure,

This concludes the infinite cylinder solution presentation., The
results for the three-dimensional shock impingement solution are pre=-

sented in the next section.

C. Three-Dimensional Thock Impingement Solution

An infinite cylinder solution was used to obtain the initial con-
ditions for the three-dimensional wing-leading-edge shock impingement
solution, The flow field wvariables in each z-plane of the three-dimen-
sional initial solution were set equal to the flow field variables from
the infinite cylinder solution., The planar impinging shock was intro-
duced by discontinuouzly changing the freestream conditions across the

intersection line, The solution was advanced in time by using the
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numerical procedure previously described until the wall pressures were
changing by sufficiently small amounts.
The freestream conditions chosen for this three-dimensional shock

impingement computation were

- 2
nr,m = 5,38 P~ 559.1 N/m
o
Mz,n = 2,51 T, = 59.6 K 4.9
- o
Ren’m = 19344 f= 10

where § is the angle that the planar impinging shock makes with respect
to the freestream velocity vector., For this set of freestream condi-
tions, the pressure ratio across the impinging shock (PR) has a value
of 3.6. The flow field conditions, which result after the freestream
flow passes through the impinging shock, must be identical to the free-
stream conditions used for the infinite cylinder solution. Other condi-

tions pertinent to this case were

D = 0,025 m T, = 3% 4
- (o] _ (o]
A= 25 T, = 460°K
B=1.12 @= 0.25 4.10
ci=cj=ck=1.0

where g is the smoothing coefficient for the (previously presented) bow
shock smoother (see Equation 3.39) aud ;s cj’ and c, are the coeffi-
cients for the 4th-order product smoothing terms used in conjunction

with the (previously presented) finite difference method (see Equations
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3.31 and 3,32). The sweep angle ()) given in Equation 4.10 corresponds
to a Type V interaction.

The three-dimensional computation was broken up into two parts.
First, a coarse solution was computed in which the computational mesh
consisted of 21 grid points in all three of the spacial directions. A
plot of wall pressure at two different stagnation line locations (mid-
point and ouiflow) versus time step number for this coarse solution is
shown in Figure 31. Note the large fluctuations which occur initially
in the solution. The solution appears c-nverged after approximately
400 time step iterationms,

Second, a refined solution was computed in which the computational
mesh consisted of 21 points in both the radial and tangential directions
ard 41 points in the cross-flow direction. The coarse solution was used
to obtain an initial condition for the refined solution. A linear in-
terpolation was used to generate an additional z-plane of values between
each already existing z-plane. Thus, the size of the physical domain
in going from the coarse solution to the refined solution did not change.
Instead, the number of grid points in the z-direction was doubled (Az
was halved) to improve the solution, No other changes were made. A
plot of wall pressure at two different stagnation line locations (mid-
point and outflow) versus time step number is shown in Figure 32. The
large fluctuations in the initial porticn of the solution are much
smaller than for the previous case with the coarse mesh, This is
probably due to the more exact initial condition solution. The solu=-

tion appears converged after approximately 400 iterations.
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Because of the bow shock smoothing technique employed in the three-
dimensional case, the radial shock velocities (rst) were not able to
approach zero in the vicinity of the intersection line. The shock
smoothing technique, which removed erruneous numerical oscillations
from the bow shock in the z-direction, also removed all desired physi-
cal "kinks," The physics of the three-dimensional problem tried to
restore the physical kinks by developing large shock velocities. The
bow shock, of course, did approach a steady-state position as the non~
zero shock velocities and the shock smoothing approached equilibrium,

The conditions given by Equations 4.9 and 4.10 were all chosen
{except for ReD,m) tu agree with the experiment of Keyes and Hains [2].
As with the infinite cylinder solution, the viscosity was chosen to be
an order of magnitude larger to physically thicken the boundary layer
and make its resolution possible with fewer grid points. In addition
to increasing the boundary layer and shear layer thicknesses, this
change also affected the wall shear stress and heat transfer values.
Therefore, nondimensional ratios should be used when comparing these
quantities with the experiment.

A comparison of the stagnation plane shock shapes is shown in
Figure 33. The solid curve is the experimental result of Keyes and
Hains [2] taken from a Schlieren photograph. The symbols represent the
present numerical results and are plotted in such a manner that the
experimental and numerical positions of the impinging shocks agree
exactly, The experimental results were obtained by allowing a planar
impinging shock to strike the shock layer on a finite swept cylinder,

The intersection point along the stagnation plane was only three centi-
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meters downstream from one end of the cylinder. The shock standoff
distance for the initial numerical z-plamne is therefore, much different
than the corresponding value of the experimental result. When these
curves are examined in light of this difference the comparison seems

quite good. Note the effect of the bow shock smoothing in the numeri-

cal result, The physical kinks which appear in the experimental Schlieren
photograph did not develop to the full extent in the numerical result,

A comparison of the stagnation line wall pressure is shown in
Figure 34, The symbols represent the experimental results of Keyes and
Hains [2] and were obtained from static pressure ports in conjunction
with electrical strain-gage pressure transducers. The solid curve
represents the present numerical result. The z-direction position of
the numerical pressure distribution curve was determined from the shock
shape comparison of Figure 33, The general trend of the comparison is
quite good. However, the peak value in the experimental curve, which
is caused by a boundary layer interaction with the transmitted shock,
is not reproduced in the numerical results. A small peak does occurlin
the numerical results indicating that the transmitted shock is partially
formed.

A comparison Jf the stagnation line heat transfer is presented in
Figure 35. The symbols represent the experimental results of Keyes
and Hains [2] obtained from the phase-change coating technique. The
solid curve is the present numerical result. A peak in the heating rate
1s measured for both the numerical and experimental results although

the heights of the pezks are not in good agreement. The coarse grid,
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numerical smoéﬁﬁing, and increased physical viscosity prebably all
contributed toythe poor resolution of the transmitted shock and there-
fore, to the poor agreement.

More insight into the numerical solution can be obtained from con-

tour plots of the important solution variables. Contour plots of Mach
number, density, pressure, and temperature are shown for selected z-
plane and @-plane locations in Figures 36-50. Each of these contour
plots was drawn with a computer plotter. The Mach number, density,
pressure, and temperature increments were 0.05, 1.03:{10-2 kgﬁm3,
957.6 N/mz, and ll.lloK, respectively., The sketch in the upper left-
hand corner of each contour plot figure identifies the approximate lo-
cation of the plane being plotted. For clarity all plots are shown in
the physical domain.

Mach number contour plots at k=8, 14, 20, 28, and 36 are shown
in Figures 36, 37, 38, 42, and 43, respectively. This series of contour
plots shows the effect of shock impingement at various z-plane locatioms.
The stagnation plane impingement point is between k=11 and 12, There-
fore, the Mach number contour plot at k=8 (Figure 36) shows no sign
of the impinging shock. The next five Mach number contour plots show
the development of a strong shear layer which is the result of the
impinging shock. The shear layer, which is seen in cross-section, em-
anates from the bow shock and approaches the body.

In addition to Mach number, z-plane contour plots of density,
pressure, and temperature at k =20 are shown in Figures 39-41, respec-
tively. The shear layer is apparent in both the density and temperature

contour plots but not pressure. An intersection point between the
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Figure 36. z-plane Mach number contours for a swept circular cylinder under
the influence of an impinging shock (k = 8).
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Figure 37. z-plane Mach number contours for a swept circular cylinder
under the influence of an impinging shock (k = 14).



105

/k=20

k:] “. ‘e
i=1 j=21 =240

IMPINGEMENT POINT

M=T1.5

BOW SHOCK

M =0.80

SHEAR LAYER

BOUNDARY
LAYER
M, =35.94
) = 25°
Tw = 394°K
Rep,= = 19344
B = 112

Figure 38. z-plane Mach number contours for a swept circular cylinder
under the influence of an impinging shock (k = 20).
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107

4] M
-]
A

IMPINGEMENT
POINT

BOW SHOCK

p* =36.0~

Figure 40. z-plane pressure contours for a swept circular cylinder
under the influence of an impinging shock (k = 20).
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Figure 41. =z-plane temperature contours for a swept circular cylinder under
the influence of an impinging shock (k = 20).
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Figure 42,

z-plane Mach number contours for a swept circular cylinder under
the influence of an impinging shock (k = 2¥).
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Figure 45, 8-plane density contours on a swept circular cylinder
under the influence of an impinging shock (j = 2).
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Figure 46. 6&-plane pressure contours on a swept circular cylinder under the
influence of an impinging shock (j = 2).
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planar impinging shock and the bow shock irs quite apparent in several
of the z~plane contour plots (k=14, 20, and 28). Of course, no inter-
section point appears in the z-plane contour plots at k=8 or 36, be-
cause the range of the intersection line only extends from k=12 to
k =30. The effect of the zeroth-order extrapolation on the @-outflow
boundary condition at i=1 and 2 is seen in most of the z-plane contour
plots (bow shock vicinity of the foutflow). As pointed out earlier,
this boundary condition was employed to prevent extrapolation across
the sharp gradient in the flow near the intersection line, Although
it succeeds in this respect, it also introduces an inconsistent region
in the flow field.

Mach number contour plots at @ = 2,1° (j=2, stagnation plane),

© (3=4), 27.9° (1=8), and 62.3° (j=16), are shown in Figures

10.7
44, 48, 49, and 50, respectively., The flow field structure is bhest
studied from these @-plane contour plots, The strong shear layer pro-
duced by the shock impingement appears as a dark band of coalesced con-
tour lines. This shear layer emanates from the bow shock near the in-
tersection line, approaches the body, and finally, passes through the
z-outflow boundary.

A secondary coalescence of contour lines (Figure 44) which repre-
sents another (weaker) shear layer, lies between the bow shock and the
first sheér layer. An inspection of the numerical output shows that
the flow field between these two shear layers is subsonic. This region
of subsonic f£low enists only for small values of §. The extent of the

subsonic flow region can be seen in the z-plane Mach number contour

plots (Figures 37, 38, 42, and 43). Further inspection of the
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numerical output reveals a weak jet existing just above the weak shear
layer. Both the jet and the weak shear layer follow the stronger
shear layer (in a parallel manner) through the z-outflow boundary.

In addition to Mach number, B-plane contour plots of density,
pressure, and temper-ture at A = 2.1° {(j=2, stagnation plane) are
shown in Figures 45-47, respectively. As expected, the strongest shear
layer is apparent in both the density and temperature @-plane contour
plots but not the pressure.

A feature of the flow field which is apparent in the density and
pressure O-plane contour plots is the initial formation of the trans-
mitted shock. The darkest coalescence of density or pressure contours,
which is approximately perpendicular to the body represents a very
sharp expansion. The vertical contour lines immediately downstream of
the sharp expansion are the beginnings of a transmitted shock, Still
further downstream is another (weaker than the first) expansion. The
sharp expansion, followed by a slight pressure jump and then anotber
expansion can best be visualized by referring back to Figure 34 which
is a plot of stagnation line wall pressure.

Other noteworthy aspects of the &-plane contour plots include the
boundary layer, the thickening of the shock layer for iacreasing values
of 8, and the approximate validity of the zeroth-order extrapolation
for the z-outflow boundary condition.

A Schlieren photograph of a Type V shock impingewment on a swept
circular cylinder is shown in Figure 51. This experimental result is

due to Keyes and Hains [2]. The conditions given in Equations 4.9 and
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4,10 (except, of course, the frecestream Reynolds number) were chosen

to match this experiment. Note the existence of the transmitted shock,
the shear layer, and the jet. The development of the shock layer from
the end of the cylinder is also shown in this photograph.

The failure of the numerical method to more adequately predict the
transmitted shock is due largely to the coarse mesh. Another contrib-
uting factor is the bow shock smoothing which keeps the two bow shock
kinks from forming. This in turn directly affects the shock layer de-
tail especially the transmitted shock.

Contour plots of the wall pressure and heat transfer are shown in
Figures 52 and 53, respectively. The overall effect of the shock im-
pingement at the wall is seen quite vividly from these figures., The
peak in the heat transfer moves around the body in much the same
fashion as the intersection line on the bow shock. The effects of the
shock impingement are largest at the stagnation line and diminish in
the tangential direction until little change from the infinite cylinder

solution is experienced at the f-outflow boundary.

D. Computational Statistics

The two most important computational statistics associated with
the solution of any problem by a finite-difference technique are the
execution time and the storage requirements. The execution time, for
the most part, determines the cost of the computation. The storage re-

quirement determines the size of the computer needed for the computa-

tion. The storage requirement directly limits the computational mesh and
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Figure 52, Wall pressure contours on a swept circular cylinder under the

influence of an impinging shock.
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the influence of an impinging shock.
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very possibly the quality of the solution (especially for three-dimen-
sional problems). Statistics such as these are examined in this
section,

The computational statistics of the solutions presented in this
report are given in Table 3. The number of time steps per case varies
over a large range because of the different levels of desired conver-
gence, For instance, the infinite cylinder solution (used as the ini-
tial condition for the three-dimensional shock impingement solution)
was carried to a much higher level of convergence than the other infi-
nite cylinder cases.

As previously mentioned, the large core memory (LCM) is used to
store the three-dimensional solution array. Therefore, the required
amount of LCM is proportional to the grid size. The small core memory
(8CM) is used to store the program and the intermediate result arrays,
The amount of storage listed in Table 3 does not include buffer storage
or any storage allotted to the system.

The final statistic shows how much execution time is required on
a per time step per grid point basis. The last two values in this
category (three-dimensional solutions) are higher than the others
because proportionall, they contain a smaller number of boundary con-
dition points. All execution times are for a Centrol Data Corporation
7600 Computer.

The small amount of storage required for the three-dimensional
solution (only 131K words), is an achievement since the solution array

by itself required 90K words. With the savings in storage produced by



Table 3. Computational statistics.

Infinite Cylinder Cases

Three-Dimensional

Two~ .
Dimensional Initial Shock Tmpingement
Case Condition Coarse Fine
Case A Case B Case C Case Mesh Mesh
Time steps 900 700 800 600 1500 750 400
No. of runs 6 6 3 3 14 14 13
Storage
SCM (X words) 30 30 30 30 35 &1 41
LCM (Kwo.:ds) 11 11 11 11 9 " 46 90
Mesh 21x21x5 21x21x5 21x21x5 21%21x5 21x21x4 21x21x21  21x21x41
dimensions X X X X X b X x 2 KLZEX b B <
Execution -
time (sec) 475 371 410 310 550 2832 2797
Execution time
per time step 0.24 0.24 0.23 0.23 0.21 0.41 0.39

per grid pt.
(msec)

T4
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the sweeping procedure, larger more productive computational meshes can

be used,
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V. CONCLUDING REMARKS

A time-marching finite-differencc method has been used to compute
the three~dimensional wing-leading-edge shock impingement problem,

The bow shock was treated as a sharp discontinuity across which the
exact shock jump conditions (Rankine-Hugoniot relations) were applied.
The impinging shock (assumed planar) was introduced by discontinuously
changing the freestream conditions across the intersection line at the
bow shock. The compressible Navier-Stokes equations were used for this
three-dimensional computation, The present method does not require

any prior information about the shock impingement flow field to be com-
puted, as is the case with previous semiempirical approaches. In
addition, since the shock layer flow field is automatically "captured"”
in the same manner in each computation, it is possible, in principle,
to compute all three types of wing-leading-edge shock impingement

with the same computer code.

A special storage-saving procedure for sweeping through the finite-
difference mesh has been developed. This sweeping procedure reduces
the required amount of computer storage by at least a factor of two
without sacrificing the execuktion time. This savings in storage allows
for larger more productive computational meshes which is especially
useful for three-dimensional computations.

The shock impingement solution presented in this study demonstrates
the feasibility of three-dimensional time-dependent computations in-
volving the Navier-Stokes equations. At the time of this writing, only

one other time-dependent solution of the three-dimensional Navier-Stokes
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equations is known to exist [74]. The computational demands associated
with this problem, however, affect the quality of the present three-
dimensional solution. The artificially reduced Reynolds number and

the relatively coarse mesh are both limitations resulting from these
computational demands. As a result of this study, however, it is felt
that these limitations can be removed with the present method and with

currently available advanced computers,
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VI. RECOMMENDATIONS FOR FURTHER STUDY

Several recommendations concerning the extension of this work can
be suggested. First, a new version of the shock smoothing technique
(the old version is given by Equation 3.39) could greatly improve the
results. Obviously this new technique should eliminate the oscilla-~
tions in the bow shock, but, should not interfere with any physical
""kinks" which might appear in the bow shock,

The alleviation of the bow shock oscillations could also be
achieved in the shock slope calculation without the addition of any
numerical smoothing. For instance, the use of a one-sided difference
formula in place of the central difference formula to compute the shock
slope might relieve the numerical instability causing the oscillations
and therefore, remove the need for a bow shock smoother. One-sided

formulas which could be used for this purpose are given by

(%s ) (r - T, )IAz 6.1
z/j,k 53, k+1 ik
4

T, ( s - T - 3rs /2402 6.2
z/j,k \ j,ktl Fokt2 jak

where Equation 6.1 is a first-order forward-difference formula and

1§

Equation 6.2 is a second-order forward-difference formula. Both first-
and second-order backward-difference formulas or alternating forward-
backward formulas could also be tried.

Second, more grid points could improve the resolution of the shock

layer detail. By increasing the number of grid points in the radial
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direction, better boundary layer resolution could be achieved making

an accurate solution at higher Reynolds number possible. 1If the number
of grid points in the cross-flow direction were increased, better reso-
Iution of the transmitted shock could be achieved. Because of the
storage-~saving procedure used in this study, the use of more grid points
is possible and could be very beneficial. 1In addition, the resolution
of the transmitted shock could be greatly improved by clustering the
grid points in the cross-flow direction near the intersection line.

Third, a better comparison with experiment could be obtained if
the inflow boundary coundition in the cross-flow direction could be made
to more adequately match the experiment. This cculd be achieved by
using a different inflow boundary condition or by comparing with an
experiment in which the impinging shkock strikes the bow shock suffi-
ciently far downstream from the blunted end (about six diameters).

Fourth, different shock interference patterns (Types IV and VI)
ciuld be computed by varying the sweep angle (i). The Type IV inter-
ference pattern might be extremely difficult to compute because of the
subsonic cross-flow Mach number.

Finally, other problems related to the present problem are given
by the following: 1) Shock impingement with real gas effects, including
both chemical equilibrium and chemical nonequilibrium. 2) Shock im-
pingement where the body is a hemisphere. 3) A wing leading edge solu-
tion in which the body is more accurately modeled as a wing (i.a,, vari-

able body radius, taper, angie of zttask, ete.).
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IX. APPENDIX A: REAL GAS SOLUTION PROCEDURE

Presented in this appendix is the solution procedure (including
the shock jump conditions) when real gas effects are included. The
fluid is assumed to be air in chemical equilibrium. The solution pro-
cedure is identical to the procedure used for a perfect gas case w*th
the following two exceptions: First, all thermodynamic properties of
the fluid are determined from curve fits designed especially for use
with finite-difference methods [74,757, The curve fits available are

indicated by

p = ple,p)
a = a(e,p)
T = T{e, p) Al
h = h(p,p)
T = T(p, p)

where p is the pressure, e is the internal emergy, p is the density,
a is the speed of sound, T is the temperéture, and h is the static
enthalpy. These curve fits are valid for temperatures up to 25,000 %z
and densities from 10-? to 103 amagats,

Second, the expressions for Py and VN in the shock jump conditions
(Equations 3.14 and 3.15) ave not valid when the fluid is assumed to
be in chemical equilibrium across the bow shock, Closed-form analyti-
cal expressions for Ry and V,, for th.: real gas case cannot be found

N

because a closed~form analytical expression for the equation of state
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does not exist. Therefore, for the real gas case, an iterative proce-
dure is required.

The freestream density (pm), the freestream pressure (pm), and
the freestream static enthalpy (hu) are all known and held constant,
just as in the perfect gas case. The pressure just downstream of the
bow shock (pz) is computed by exactly the same technique used in the
perfect gas case. The iteration procedure, which is used to determine
0y and VN’

the basic iteration parameter. Both lower and upper bounds for the

begins at this point. The density ratio (DR =p_/p,) is

density ratio (DR . and DR )} must be computed at the start of the
min max

iteration and are given by

DR . = 0.0 A2
min
p
2 Y-
5y + 1
DR = A.3
y-1, P2
+ P
v+l P,

Notice that the upper bound density ratio (Equation A.3) is obtained
from the perfect gas formula,

Next, the exact value of the density ratio (DR) is approximated by

DR = (bR ., + DR )/2 A.4
mlin max

Using this density ratio, a value for VN is computed from

P, - P
ol 2
Iy Y7 R) A.5
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which is an exact shock jump relation. Next, a value for h2 is

computed from the curve fit formula
hy = h(p,, p,) A.0

With these values of VN and hz, the density ratio is recomputed from

h, -h
DR = %/:i—w—g-+ 1 A.7
com V2

which is another independent relation obtained from the shock jump

conditions. At this point a convergence test, which involves a com-
parison between DR.-DRcomi and a predetermined error tolerance, is
made. If the test is passed, the iteration is stopped, and the current

values of and V.. are used to compute the velocity components (u s
Psy y r,2

N

u , and u_ .) and the radial shock velocity (rg, ) from Equations
5,2 z,2 £

3.16 -3.19. 1If the test fails, either DR ., or DR is updated
min max

according to the following scheme:

It

1f DR > DR then DR . DR A.8
com min

If DR < DR then DR DR A.9
co ma;

m X

With the newly computed value for either DR . or DR the process
min max
given by Equations A.4 -A.9 is repeated until the convergence test is
satisfied,
During the iteration process a special problem associated with

Equation A.7 may occur. If the density ratio given by Equation A.4 is
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far emough from the desired result the radical in Equation A,7 will
be negative, This situation is alleviated by returning to Equation A.4
with DRmax seL equal to the current value of DR.

The process just presented is known as a bisection type of itera-
tion. Convergence is guaranteed providing that the final value for DR
lies between the initial values of DRmin and DRmax' Because this rou-
tine only halves the sclution interval for each iteration, many itera-
tions are required to obtain reasonable accuracy. To reduce the number
of iterations a linear interpolating procedure for obtaining improved
density ratio approximations has been added. A schematic of this pro-
cedure is shown in Figure Al where the density ratio values lie along
the horizontal axis and the errors (ER = IDR-DRcoml) lie along the
vertical axis. Notice that both the minimum and maximum density
ratios and the corresponding errors for these density ratios are indi-
cated in Figure Al. TImproved approximations for DR are obtained by
replacing Equation A.4 with

DRmax.-DRmin
DR = DRmin + ERmin ER . +ER A.10
min max

where ER ., and ER are determined from
min max

&R, =R, -DR_| A.11
min LIl com

R =|or__ -pr_| A.12
max max cOom

The use of this linear interpolating scheme may speed up the iteration

process by as much as three times.



ER= |DR -
|DR DRCOMI

Figure Al.

i NORMAL GUESS GIVEN
,' BY BISECTION SCHEME

|
IMPROVED GUESS

£l
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The zero mormal pressure gradient boundary condition which was

used to compute wall values of density if given by

/ A.13

PN T Pnr-1%NI-1'®NT

where the subscripts NI and NI - 1 represent the values at the wall and
one grid row above the wall, respectively, This boundary condition was
used in the real gas computation, even though its formulation requires
a ; -fect gas assumption. For physically realistic cnld wall solutions
in the real gas range, however, the temperature in the vicinity of the
wall (i.e., in the lower part of the boundary layer) is probably low
enough to make this boundary condition valid.

Sutherland's viscosity law, in conjunction with a constant Prandtl
number assumption, were us.d to compute the coefficients of viscosity
(i) and thermal conductivity (k). These assumptions are generally not
valid for real gas calculations. However, other alternatives, such as
curve fit approximations (for p and k), are not available at the present
time.

The above real gas procedure was used in conjunction with the
previously presented finite-difference procedure to compute a sample
infinite cylinder solution. Because of the inaccurate method for
computing the real gas transport properties, the solution computed with
the real gas procedure was chosen to be in the perfect gas range. Com-
parisons made between the real gas solufion and the corresponding per-
fect gas solution were very good. The real gas computation required

50 percent more execution time on a per time step per grid point basis
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than the perfect gas computation. By this means the real gas procedure
was tested. Before any effective real gas computations can be made
with this procedure, a fast approximate method for evaluating the

transport properties of air in the real gas regime must be found.
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X, APPENDIX B: SHOCK JUMP CONDITIONS

The derivations of the three-dimensional shock jump conditions as
well as the three-dimensional radial shock velocity equation are pre-
sented in this appendix. The resulting equations are in a form con-
venient for computer application. Figure Bl shows a sketch of the
local shock-fixed coordinate system (QN’QT’%B) along with the standard

, , ) A A A
cylindrical coordinate system (1r,1 ,12).

8

A. Three-Dimensional Shock Jump Conditions

The resultant velocity vector on the downstream side of the bow
shock (VZ) may be expressed as the vector sum of ‘he freestream veloc-
ity vector (Vm) and some arbijitrary velocity vector increment (dﬁ) as

given in Equation B,l.

v, =V _+ & B.1
2,s @, 8 5

Equation B.l1 is written in the shock-fixed coordinate system (see

Figure Bl). Vm,S and Vz,s are given by

A A PA)

Vm’S = uN,a}N + uT,a}T + uB,c}B B.2
= _ A A A
V2,s uN’le e UT,ZlT + uB’le B.3

where u , and u are the components of Vm in the shock

B,w s 5

u
N, T,

normal, tangent, and binormal directions, respectively, and Uy 99 Ugp o3
] y
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BLUNT BODY

- %

BOW SHOCK

Figure Bl. Shock-fixed and body-fixed coordinate systems.



148

and u are the components of V in the shock normal, tangent and bi-

B,2 2,s

normal directions, respectively.
Unon substitution of Equatiums B.2 and B.3 into Equation B.l and
applying the fact that tangential components of velocity pass through

shock waves unaltered yields

u )@ B.4

Ny = (ug 5 = uy LMy

Note that the arbitrary velocity vector increment (AVS) is normal to
the bow shock as expected.

The relative velocity equations for the Vé and Vq}velocity vectors
between the shock-fixed and the body-fixed coordinate systems can be

written as

Voa.s = V2,0 " Varb B.3

VQ)’S = Vﬂ),b - VS/b B-G

where vs/b is the relative velocity of the bow shock with respect to
the body and v2,b and Vm’b are given by

= _ o A A

stb = ur,21r + ue’218-+ uz’zl B.7

o _ A A Fal

Vm,b ur,u}r + ue,m}g-+ uz,a}z B.8
where “r,z’ uﬂ,z, and uz’2 are the components of V2,b in the body coor-
dinate system and u s u , and u are the components of v in

r,e = f,o Z, o ©,b

the body coordinate system. Substitution of Equations B.4, B.5
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and B.6 into Equation B.1l yields

By taking components of Equation B,% in the r-, p~, and z-directions

yields
o, = ir‘?_’b- b - T m)(’i‘N- ’i‘r;, B.10
Mgy = vz,b',i\g =g+ (ug o, - uN’m)(’i‘N-’i‘ ) B.11
u o= Vz,b-’j}z =u, ot (ay - “N,m)(i\u' '1‘2) B.12

The three components u and u are the desired velocity

r,2’ “0,2’ z,2
components just downstream of the bow shock in the body coordinate
system. More useable expressions for the second terms on the right

hand sides of these three equations must now be found.

The general expression for the bow shock surface is given by
T, = £(8,2) B.13
or written in a different way

F(r: q:z) = rS - f(Q,Z) =0 B.14

An outward unit normal vector to the shock surface can be found by

using

A gF
- B.15
T TeF |
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where the v() operator in eylindrical coordinates is delined by

30 s 130 4 L 080 4 ;
7¢() ~ i + £ 30 L, + 5z it B. 16
which yields
A [ A
T -« (g fr )1, ~rg 1
§ =L s 8 =z B.17
. 1 /T )2 + (r )2
-+ (rSG s S 52
Taking components of Equation B.17 in the r-, 6-, and z-directions
yields
AR L — B.18
NoE 2 2
Lt (refr)” + (1g))
"rs /r
- n_s B.19
N p 2 2
\/l + (rsﬂlrs) + (rsz)
-r
8
P4 = z B.20
N =z

\/1 + (rsglrs)2 + (rSz)2

Next, an expression for (u Uy ) in terms of freestream quan-

N,2 N,
tities and the pressure just downstream of the bow shock (pz) is de-

sired. To this end the Rankine-BFugoniot equations are used and are

given by [58]

2 2
pm+ pmuN’m" Pz + DZUN,Z B.21
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Combination of these two equnations yields
PPy
u -u = ——— B.23
N,2 N,=» PN, @

Substitution of Equations B.18, B.19, B.20, and B.23 into Equations
B.10, B.11, and B.12 yields the shock jump conditions for the velocity

components in body-fixed coordinates, which are given by

p_-p
u. 2 = ur ”-i- pmu 2 1 > B.24
g ’ ® 2
=N \/1 * (rs/TIT + (xrg)
P_-P “rg
. Bk £_s B.25

6,2 B,e pu
w N, w 2 2
\/1 + (rse/rs) + (rg,)

P -P ~rg
W =u o+ 2 2 B.26
z,2 Z,® pu

mN,m\/l s (rsg/rs)z R (rsz)z

To complete this set of shock jump conditions expressions for u

N, ®
and Py in terms of freestream quantities and p, are needed. The ex-
pression for U e is usually written in terms of another guantity

?
defined by
Vo= (1) = -u B.27
N o, 5 N )

For the case of a real gas where the flow is everywhere in chemical
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equilibrium, including acress the bow shock, closed-form expressions
for VN and Py do not exist. Appendix A deals with this case by uti-
lizing curve fits for the properties of air and an iteration procedure
to compute VN and Por

For the case of a perfect gas, closed-form expressions for Vy and
p, are av.ilable [54,64]. By using these expressions and the new
definition for VN,

conditions can be stated as

the entire set of three-dimensional shock jump

y-1 P2
—.—..!..-—.
v+ 1 pm 28
= B.
P2 " Pup
231,
P, yti
P_ /o p
g = [llefr-1, 72 .29
N Po\Y P,
P _-P
u mu .22 L B. 30
r,2 r,® pva > 5
1+ (rselrs) + (rg,)
pm-pz rsalrs .
u = u + B.3
€2 6o 0 Vg 2 2
1 + (rse/rs) + (rsz)
P_-P g
4 = =2 2 B.32

Z,2 Z,®

p. vV
® NJl * (rSG/rS)z + (rg )"
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B. Three-Dimensional Radial
Shock Velocity Equation
Figure B2 shows a tketch of a segment of the bow shock at time t
and t+ At and some of the key notation used in this derivation. The
relative velocity equation for the freestream velocity vector (VG)
between the shock-fixed and the body-fixed coordinate systems is given
by Equation B.6. The freestream velocity component normal to the bow
shock, measured in shock-fixted coordinates, and positive inward (VN)

can be written with the aid of Equation B.6 as

Vv ={; .(-

_ =3 - -t -/:\

Equation B,33 may be simplified by using Equation B.8, B.18, B.19, and

B.20 to yield

) "ur,m'+ ue,mjrs{{rs) + U, Jsp o A
V. = + V + 1 B.34
N 5 5 s/b N
\/ﬁi‘+ (rse/rs) + (rsz)

At this point referenmce to Figure B2 is necessary to obtain a more
useful relationship for the last term of Equation B.34. Note that vs/b

FATE . . . .
is the component of rg, 1, in the shock normal direction which yields

jooe H A (A

vs/b = (rst Y lN)lN' B.35

where s, is the desired radial shock velocity. Substituting this
result into Equation B,.34 and simplifying with the aid of Equation B.18

yields
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SHOCK RADIUS FROM
BODY COORDINATE

SYSTEM (rs)

Figure B2, DNotation used in the derivation of the three-dimensional
radial shock velocity equation.
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-u +u, (rgJfr)+u r. + 14
v = r, o Q, ™ 8 s 2, Z t B. 36

\/1 + (rSG/rS)Z + (rsz)2

Solving this expression for sy yields the final result which is given

by

= 2 2
Tsg VN\/;-I_ Fsgry) + (Ts) T

- ue’m(rse/rs) - uz’mrsz B.27





