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The '   genera l   method  for   ana lyz ing   s teady   subsonic   po ten t ia l  

aerodynamic  flow  around a l i f t i n g  body  having   a rb i t ra ry   shape  

is presented .  By u s ing   t he   Green   func t ion   me thod ,   an   i n t eg ra l  

r e p r e s e n t a t i o n   f o r   t h e   p o t e n t i a l  i s  obta ined .  Under small 

p e r t u r b a t i o n   a s s u m p t i o n ,   t h e   p o t e n t i a l  a t  any   po in t ,  P ,  i n   t h e  

f i e ld   depends   on ly  upon t h e   v a l u e s   o f   t h e   p o t e n t i a l  and i t s  

norma l   de r iva t ive   on '   t he   su r f ace ,  & , of the  body.  Hence i f  

t h e   p o i n t  P approaches   the   sur face   o f  t h e  body, t h e  represen-  

t a t i o n   r e d u c e s  t o  a n   i n t e g r a l   e q u a t i o n   r e l a t i n g  the  p o t e n t i a l  

and i t s  normal   der ivat ive  (which i s  known from t h e  boundary 

c o n d i t i o n s )  on t h e   s u r f a c e  f, ( two-dimensional   Fredholm  integral  

equat ion  of   second-type) .  The quest ion  of   uniqueness  i s  exa- 

mined  and i t  i s  shown t h a t ,  f o r  t h i n  wings,   the   operator   be-  

comes s i n g u l a r   a s   t h e   t h i c k n e s s   a p p r o a c h e s   z e r o .   T h i s   f a c t  may 

y ie ld   numer ica l   p roblems  for   very  t h i n  wings.  However, numer i -  

c a l  r e s u l t s   o b t a i n e d   f o r  a r ec t angu la r   w ing   i n   subson ic   f l ow 

show t h a t   t h e s e   p r o b l e m s   d o   n o t   a p p e a r   e v e n   f o r   t h i c k n e s s  r a t i o  

7 = .001. Compar i son   w i th   ex i s t ing   r e su l t s  show t h a t   t h e  

proposed  method i s  a t  l e a s t   a s   f a s t  and a c c u r a t e  as t h e   l i f t i n g  

s u r f a c e   t h e o r i e s .  
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SECTION 1 

INTRODUCTION 

A gene ra l   me thod   fo r   compress ib l e   po ten t i a l   ae ro -  

dynamics  has   been  developed  by  one  of   the  present   authors*.  

P resen ted   he re  are a p p l i c a t i o n s   o f   t h e  method t o   l i n e a r i z e d  

s teady  subsonic   f low.  The method  and t h e   a s s o c i a t e d  

numer i ca l   p rocedure   fo r   eva lua t ing   su r f ace   p re s su re  are 

d e s c r i b e d   f o r   g e n e r a l   c o m p l e x   a i r c r a f t   c o n f i g u r a t i o n s .  

Numerical   examples   for   f ini te- thickness   wings are inc luded .  

1.1 Defini t ion  of   Problem 

The impor tance   o f   an   accura te   eva lua t ion   of   the   f low 

f i e l d  and r e l a t e d   p r e s s u r e   d i s t r i b u t i o n   a r o u n d   a n   a i r c r a f t  

i s  w e l l  known t o   t h e   a e r o s p a c e   d e s i g n e r .   I n   t h e   m e t h o d s  

usua l ly   employed   fo r   t he   eva lua t ion   o f   t he   p re s su re  

d i s t r i b u t i o n   o v e r  a wing,  the  wing i s  assumed t o  have 

z e r o - t h i c k n e s s   C l i f t i n g   s u r f a c e   t h e o r i e s ,  see f o r   i n s t a n c e  

R e f s .  1 t o  4 ) .  More r e c e n t l y  more s o p h i s t i c a t e d   t e c h n i q u e s  

have  been  introduced  for   the  evaluat ion  of   wing-body 

combinations.  An e x c e l l e n t   r e v i e w   o f   t h e  state o f   t he  a r t  

i n   t h i s   f i e l d  i s  g iven  by  Ashley  and Rodden  (Ref. 5). and 

t h e r e f o r e  i s  no t   r epea ted   he re .  It may be  noted  however 

t h a t ,  as p o i n t e d   o u t   i n  R e f .  5 ,  these  newly  developed 

t e c h n i q u e s   " a r e   r e a l l y   j u s t   a n o t h e r   e v o l u t i o n a r y   s t e p  

toward the   r emote   goa l  of f l o w - f i e l d   a n a l y s i s   f o r   w h o l l y  

a r b i t r a r y   c o n f i g u r a t i o n s " .  On t h e   o t h e r   h a n d ,   a r b i t r a r y  

* See R e f .  6 

." . 



conf iqura t ions   have  t o  be c o n s i d e r e d   f o r   a i r c r a f t   d e s i g n .  

T h e r e f o r e   m e t h o d s   f o r   c o m p l e t e l y   a r b i t r a r y   c o n f i g u r a t i o n s  

are becoming more and more impor tan t .  A general   method,  

s u i t a b l e   f o r   u s e   i n   a u t o m a t e d   d e s i g n  i s  presented   here .  

A b r i e f  summary o f   t h i s  method i s  p r e s e n t e d   i n   t h e  rest 

of t h i s   S u b s e c t i o n .  The mathemat ica l   formula t ion   of   the  

problem i s  o u t l i n e d   i n   S u b s e c t i o n  1 . 2 ,  w h i l e   a n   o u t l i n e  

o f   t h e   r e p o r t  i s  g iven  i n  Subsect ion 1 . 3 .  

A g e n e r a l   t h e o r y   o f   t h e   u n s t e a d y   c o m p r e s s i b l e   p o t e n t i a l  

f l o w   a r o u n d   l i f t i n g   b o d i e s   h a v i n g   a r b i t r a r y   c o n f i g u r a t i o n s  

and  motions i s  p resen ted   i n   Re f .  6.  I n   p a r t i c u l a r ,   f o r  

s t e a d y   s u b s o n i c   f l o w ,   t h e   t h e o r y   y i e l d s   a n   i n t e g r a l  

e q u a t i o n   r e l a t i n g   t h e   p o t e n t i a l   o n   t h e   s u r f a c e s   o f   t h e  

body to   the  "normal-wash".  However, t h e   i n t e g r a l   e q u a t i o n  

becomes s i n g u l a r  as  wing th i ckness   goes  t o  zero.  Hence, i n  

order t o   d e m o n s t r a t e   t h e   f e a s i b i l i t y   o f   t h e   m e t h o d ,   t h e  

problem  of a r e c t a n g u l a r   t h i n  wing i s  so lved   numer ica l ly  

he re in .  The method  used c o n s i s t s  o f   d i v i d i n g   t h e   s u r f a c e  

o f   t h e  wing i n t o  N small elements,   and  approximating 

each  e lement   with i t s  t a n g e n t   p l a n e   a t   t h e   c e n t r o i d   o f  

the   e lement  (.discrete element  method).  Then,  assuming 

C/l t o  be   cons tan t   wi th in   each   e lement   and   sa t i s fy ing   the  

i n t e g r a l   e q u a t i o n   a t   t h e  cen t ro id  o f   t he   e l emen t ,   y i e lds  

a system  of N l i n e a r   e q u a t i o n s   w i t h  N unknowns, t h e  

va lues ,  ya . , o f   t h e   p o t e n t i a l  a t  t h e   c e n t r o i d s  of t h e  

elements.  The r e s u l t s   i n d i c a t e   t h a t   t h e  method  can  be 

-2- 
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used even for  v e r y  small t h i c k n e s s  (i.e.,  t h i c k n e s s  r a t i o  

t =.1%. Loss of s ign i f i can t   f i gu res   becomes impor t an t   on ly  

when t dec reases  below about  ,013. However,  even f o r  

'I: = , 0 1 %  t h e  f i n a l  r e s u l t s  are i n  agreement ( t o  p l o t t i n g  

a c c u r a c y ) .   w i t h   t h e   e x i s t i n g  ones. 

It  may be   no ted ,   however ,   tha t   for   th ick   wings   and   bodies ,  

the   t angent -p lane   approximat ion  may not   be   an  accurate one. 

Fur thermore ,   the   d i scre te   e lement   method i s  n o t   n e c e s s a r i l y  

t h e  best method.  These  questions are analyzed  in   Ref .  7 

w h e r e   d i f f e r e n t  numerical procedures   a re   cons idered .   These  

inc lude  a "modal  method" (as a n   a l t e r n a t i v e  t o  t h e   d i s c r e t e  

element  method)  whereby  the unknown f u n c t i o n  cf) i s  expressed 

as a l i n e a r  combinat ion  of   prescr ibed  funct ions  (modes)   with 

unknown c o e f f i c i e n t s .  The r e s u l t s   i n d i c a t e   t h a t   t h e   d i s c r e t e  

element method i s  preferab le   for   bo th   accuracy   and   computer  

t i m e .  V a r i a t i o n s   o f   t h e   d i s c r e t e   e l e m e n t  method a r e  also 

cons idered   in   Ref .  7 .  These  include a purely  numerical   co- 

e f f i c i en t   (w i thou t   t angen t -p l ane   approx ima t ion )  a s  w e l l  a s  a 

co r rec t ion   ( t h rough   numer i ca l   eva lua t ion   o f   t he   d i f f e rence )  

of the   e r ro r   i n t roduced   w i th   t he   t angen t -p l ane   approx ima t ion .  

R e s u l t s   i n d i c a t e   t h a t   t h e  l a s t  procedure .is t h e  most a c c u r a t e  

one. However, t h e  improved  accuracy does not  compensate fo r  

t h e  increase i n  computer t i m e .  I n   o t h e r   w o r d s ,   i f   t h e  com- 

pa r i son  i s  made with  equal   computer  t i m e  Csather  than  with 

e q u a l  number of  unknowns) the   pure   t angent -p lane   approximat ion  

i s  more a c c u r a t e  (for T =lo%) t han   t he   co r rec t ed   t angen t -  
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. .  . .  

plane  approximation.   Hence,   the   former  one i s  used  here  

a l though  the  second  one i s  a lso ment ioned   for   the  sake of 

completeness.  . .  

1 .2  Formulation  of  the  Problem 

I n  t h e   f o l l o w i n g ,   t h e   i s e n t r o p i c   i n v i s c i d   f l o w   o f  a 

p e r f e c t   g a s ,   i n i . t i a l l y   i r r o t a t i o n a l ,  i s  cons idered .  Under 

t h i s   h y p o t h e s i s ,  t h e  flow  can  be  described  by t h e  v e l o c i t y  

p o t e n t i a i  @ . Consider a frame of r e fe rence   such  t h a t  t h e  

undis turbed   f low  has   ve loc i ty  u, i n   t h e   d i r e c t i o n  of t h e  

pos i t ive   x -ax is .   Then ,  i t  i s  convenient  t o  in t roduce  t h e  

p e r t u r b a t i o n   p o t e n t i a l  (f , such t h a t  

Q;-u 00 c x t y >  
Note t h a t  'f z 0 i n   t he   und i s tu rbed   f l ow.  The e q u a t i o n   f o r  

t he   l i nea r i zed   po ten t i a l   subson ic   ae rodynamic   f l ow i s ,  

where v2 i s  the  Laplacian 

M = u, /a, 
i s  t h e  Mach number. 

i n  x,y,z v a r i a b l e s ,  and 
(1.3 1 

A very  general   approach i s  cons idered   here  by  assuming 

t h a t   t h e  body  immersed i n  t h i s  f low has a r b i t r a r y   s h a p e .  

Thus,   the   surface  of   the  body i s  r e p r e s e n t e d   i n  the g e n e r a l  

form , 
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I 
- 

w h e r e   t h e   s u b s c r i p t  B s t a n d s   f o r  Body. The  boundary con- 

d i t i o n  on   t he  body i s  given  by,  

v +  V$*=O (1.5) 

By us ing  Eq. (l.l), Eq. (1.5) y i e l d s ,  

vy  ’ VSe = - 
or 

arp 
a n  - Yrl ” 

wi th  

(1.7) 

Furthermore,  as  mentioned  above,  the  boundary  condition a t  

i n f i n i t y  i s  g iven  by 

y=o (1.9) 

F i n a l l y ,   t h e   p r e s s u r e   c a n  be eva lua ted   f rom  the   Be rnou l l i  

Theorem, 

or t h e   l i n e a r i z e d   B e r n o u l l i  Theorem, 

w h i c h   y i e l d s ,   f o r   t h e   p r e s s u r e   c o e f f i c i e n t ,  

(1.10) 

(1.11) 

(1.12) 
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1.3 \OukI$ne of ,Repart  

The method  of   so lu t ion   presented   here  i s  based  upon 

t h e  w e l l  known Green  funct ion  technique.  The Green  funct ion 

f o r   t h e   s u b s o n i c   f l o w  i s  u s e d   i n   S e c t i o n  2 t o  d e r i v e   a n  

i n t e g r a l   r e p r e s e n t a t i o n   o f   t h e   p o t e n t i a l  Cp a t  any   po in t  

i n   t h e   f i e l d   ( c o n t r o l   p o i n t )   i n  terms of   the   va lues   o f  

and a (p/a )I, on a su r face   su r round ing   t he  body  and t h e  wake. 

It  i s  shown i n   S e c t i o n  2 t h a t   t h e   i n t e g r a l   r e p r e s e n t a t i o n  

can   be   s impl i f ied   under   the   assumpt ion   of  small p e r t u r b a t i o n .  

In Sec t ion  3 ,  the  problem  of  a f i n i t e   t h i c k n e s s  wing 

in   subson ic   f l ow i s  ana lyzed   w i th in   t he  limits of small- 

pe r tu rba t ion   a s sumpt ion ,   t ha t  i s ,  l i n e a r i z e d   p o t e n t i a l  

equat ion,   boundary  condi t ion,   and  Bernoul l i ' s   theorem 

are used. Note t h a t   t h e   s u r f a c e   o f   t h e  body i s  n o t  

m o d i f i e d   i n   v i e w   o f   t h e   f a c t   t h a t   t h e  method i s  in tended  

for  complex   conf igura t ion   ana lys i s .  I t  i s  shown (Appendix A ) ,  

t h a t   i f   t h e   c o n t r o l   p o i n t  i s  on t h e   s u r f a c e   o f   t h e   b o d y ,   t h e  

problem  reduces t o  a n   i n t e g r a l   e q u a t i o n .  The ques t ion   o f  

ex is tence   and   un iqueness  i s  a l so  d i s c u s s e d   i n   S e c t i o n  3. I n  

Sec t ion  4 ,  t h e   n u m e r i c a l   p r o c e d u r e   f o r   s o l v i n g   t h e   i n t e g r a l  

equa t ion  i s  p r e s e n t e d .   I n   p a r t i c u l a r ,  it i s  shown t h a t ,  

f o r  a z e r o - t h i c k n e s s   f l a t   w i n g ,   t h e   o p e r a t o r  becomes s i n g u l a r .  

Hence, i n   o r d e r   t o   v e r i f y   t h e  l i m i t  o f   a p p l i c a b i l i t y   f o r  

low  values  of t h e   t h i c k n e s s   r a t i o ,   t h e   s u b s o n i c   f l o w   a r o u n d  

th in   w ings  i s  so lved   numer ica l ly .  The r e s u l t s  are p resen ted  

i n   S e c t i o n  5 ,  where   the   conclus ions  are d i scussed  also.  
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SECTION 2 

INTEGRAL  REPRESENTATION FOR THE  VELOCITY  POTENTIAL 
IN SUBSONIC FLOW 

2.1 Prandtl-Glauert  Transformation __ - . . . . . . . - . 

In order  to  obtain  a  formally  simpler  expression  for 

Eq. C l . 2 ) ,  the  following  Prandtl-Glauert  Transformation  is 

made, 

where 

Using  these  new  coordinates,  Eq. (1.2) can be rewritten  as, 

where 0 is  defined as, 

Thus  Eq. (1.2) is reduced to a  Laplace  equation.  Eq. (2 .3 )  

is solved  by  the well known  Green  function  technique,  which 

will briefly  be  shown  in  the  following  subsection. 

2.2 Green's  Theorem  for  the  Laplace  Equation __ . - - - . . .. - . 

The  Green's  function  for Eq. ( 2 . 3 )  is defined as a 

function  satisfying  the  following  equation, 

- 2  q = scx-x,,Y-y , z - 2 , )  

- 7 -  



where i s  t h e  Dirac d e l t a   f u n c t i o n .  

Mul t ip ly ing  Eq .  (2.3) by G and   subt rac t ing   f rom it Eq. 

( 2 . 5 )  m u l t i p l i e d  by , o n e   o b t a i n s ,  

Making u s e   o f   t h e   i d e n t i t y ,  

Defining a f i e l d   f u n c t i o n  E s u c h   t h a t ,  

E = l  i n  V ( o u t s i d e  of body) 

= o  otherwise  

and  mult iplying Eq. (2 .8)  by E ,  t h e n   i n t e g r a t i n g  it over  V I  

one   ob ta ins  , 

Using t h e   f o l l o w i n g   i d e n t i t i e s ,  

(2.91 

( 2 . 1 0 )  

(2.11) 

( 2 . 1 2 )  

(2.13) 

with  
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a n d   n o t i n g   t h a t   t h e   s o l u t i o n  t o  Eq. (2.5) i s ,  8 

w i t h  

G = -  I 

4 T  

Eq. ( 2 . 1 0 )  then  becomes, 

where 

( 2 . 1 4 )  

(2.15) 

( 2 . 1 6 )  

( 2 . 1 7 )  

E q .  ( 2 . 1 6 )  i s  t h e   d e s i r e d   i n t e g r a l   r e p r e s e n t a t i o n   f o r   t h e  

v e l o c i t y   p o t e n t i a l  'p . 

2.3 S m a l l  Per turba t ion   Hypothes is  

I n   t h i s   s u b s e c t i o n ,   c o n s i d e r a b l e   s i m p l i f i c a t i o n  of E q .  

( 2 . 1 6 )  i s  ob ta ined  by  making use  of t h e  small p e r t u r b a t i o n  

hypothes is .  I t  should   be   no ted   tha t   the  small p e r t u r b a t i o n  

hypothesis  has  been  evoked by assuming  tha t   the   govern ing  

equa t ion  of motion i s  r e p r e s e n t e d  by t h e   l i n e a r i z e d   e q u a t i o n  

of t h e   v e l o c i t y   p o t e n t i a l  as shown i n  Eq. ( 1 . 2 ) .  For  neg- 

l e c t i n g  of non l inea r  terms i m p l i e s   t h a t   t h e   d e r i v a t i v e s  of 

'p are much smaller than  one,  i . e . ,  i n  compact  form, 

(2.18) 

- 9 -  
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where L is a characteristic  length of the  problem. 

This  hypothesis  is  now  used to  simplify E q .  (2 .16)  into, 

(2.19) 

where y, is defined  in E q .  (1.7) . 
In  order  to do this,  consider  the  boundary  condition 

given by E q .  ( 1 . 6 ) .  Under  the  assumption of small  perturbation, 

or, according  to E q .  (1.8) , 

( 2 . 2 0 )  

C2.21) 

This  means  that  the  x-component of the  normal  is  small  com- 

pared  to  the  other t w o ,  hence 

Iu 'Sl  lvsl 
and 

(2 .22)  

( 2 . 2 3 )  

Hence, E q .  ( 2 . 1 6 )  can be  approximated  by E q .   ( 2 . 1 9 ) .  
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SECTION 3 

NUMERICAL FORMULATION 

3 . 1   I n t r o d u c t i o n  

I n   t h e   p r e c e d i n g   s e c t i o n s ,  a b r i e f   d i s c u s s i o n  of t h e  

theory  of s teady   subsonic   f low i s  g iven .   In   Sec t ion  1, t h e  

problem i s  formula ted .   In   Sec t ion  2, the   Green  Funct ion 

technique i s  a p p l i e d .   t o   o b t a i n   t h e   i n t e g r a l   r e p r e s e n t a t i o n  

1 f o r   t h e   v e l o c i t y   p o t e n t i a l  , i . e . ,  'p a t  any f i e l d   p o i n t  

i s  r e l a t e d   t o   a n d  ?-f on t h e   s u r f a c e  of t h e  body  and t h e  

wake. A s i m p l i f i e d   e x p r e s s i o n  i s  then   ob ta ined   under   the  

hypothesis   of  small p e r t u r b a t i o n s .  

an 

I t  i s  obv ious   t ha t   t he   gene ra l   fo rmula t ion   p re sen ted  

here has   no   c losed - fo rm  so lu t ion   excep t   fo r  a few ve ry  

s p e c i a l   c a s e s .   H e n c e ,   i n   g e n e r a l ,   t h e   u s e   o f   h i g h   s p e e d  

computers w i l l  be   requi red .   Thus ,   the   numer ica l   so lu t ion  of 

the   p roblem  as   formula ted   in   Subsec t ion  2 . 3  ( sma l l   pe r tu r -  

ba t ion   f low  a round  an   a rb i t ra ry   wing)  i s  d i scussed   he re .  

I t  should   be   ment ioned   tha t   the   numer ica l   p roblems  a r i se  

e s p e c i a l l y  on t h e   t r e a t m e n t  of a t h i n  wing (see Subsect ion 

4 . 6 ) .  Thus, i n   t h e   d i s c u s s i o n ,  it w i l l  be  assumed t h a t  t h e  

body  under   considerat ion i s  a th in   wing ,   a l though the  f o r -  

mula t ion  i s  v a l i d   f o r  any  body w i t h   s h a r p   t r a i l i n g   e d g e s  

(see Subsect ion 3 . 3 ) .  
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3.2 Integral   Equat ion  Formulat ion;   Exis tence  and  Uniqueness  

of t h e   S o l u t i o n  

The i n t e g r a l   r e p r e s e n t a t i o n   o f   t h e   p o t e n t i a l   f o r   s t e a d y  

c o m p r e s s i b l e   f l o w   i n   P r a n d t l - G l a u e r t   v a r i a b l e s  i s  given  by 

[see Eq. 2.191, 

I n   o r d e r   t o   a n a l y z e   t h e   q u e s t i o n   o f   u n i q u e n e s s   o f   t h e   s o l u t i o n ,  

t h e   s u r f a c e  z i s  r ep laced  by a smooth  surf ace x’ surrounding 

(at very  small, b u t   f i n i t e ,   d i s t a n c e ;   t h e   b o u n d a r y   l a y e r   t h i c k -  

n e s s ,   f o r   i n s t a n c e )   t h e  body  and  the wake (F ig .  2a ) .  The 

wake i s  t runca ted  a t  a v e r y   l a r g e ,   b u t   f i n i t e ,   d i s t a n c e   f r o m  

t h e   w i n g .   I f   t h e   c o n t r o l   p o i n t  i s  on   t he   su r f ace  , t h e  

f u n c t i o n  E assumes  the  value 1 / 2  and  Eq.  (3.1)  reduces  to,* 

I f   the   geometry  of t h e  wake i s  known and i f  (fH i s  r ep laced  

by the   va lue  (see Eq. 1.8 ) ,  

* 
See  Appendix A 
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i n t e g r a l   e q u a t i o n   r e l a t i n g   t h e  downwash i n t e g r a l  t o  t h e  

unknown va lue   o f  y on   t he   su r f  ace. Note t h a t  Eq. (3.2) 

gives t h e   s o l u t i o n   o f   t h e   e x t e r i o r  Neumann problem  and, i n  

t h i s  case, t h e   s o l u t i o n  of t h e   e q u a t i o n  ex is t s  and i s  

unique*.-, f o r  any  smooth  (Lyapunov)  surface  (Ref. 9 , pp. 

6 2 0 - 6 2 1 ) .  

Next ,   the   surface  (surrounding  the  body  and  the 
/ 

wake) i s  r ep laced  by t h e   s u r f a c e  , composed of t w o  branches ,  

the s u r f a c e  CB o f   t h e  body  and t h e  s u r f a c e  Z w  of t h e  wake 

Gig .   2b ) .   Thus ,  Eq. (3.21,  combined  with  Eq.  (3.31,  reduces 

to** 

I n  Eq. ( 3 . 4 ) ,  Uw i s  the   upper  
4 

s i d e   o f   t h e   s u r f a c e   o f  the wake 

and  hence, t h e  normal N, i s  unde r s tood   t o  be the  upper  normal.  

* 
Note t h a t ,   f o r   t h e   i n t e r i o r  Neumann p rob lem,   t he   so lu t ion  of 

t h e   e q u a t i o n  i s  n o t   u n i q u e ,   f o r   a n y   a r b i t r a r y   c o n s t a n t   c a n  

be  added t o  the   so lu t ion .   Phys i ca l ly   speak ing ,   one   migh t  

s a y   t h a t ,   f o r   t h e   e x t e r i o r   p r o b l e m ,   t h i s   a r b i t r a r i n e s s  i s  

e l imina ted   by   t he   cond i t ion  ’p = 0 a t  i n f i n i t y .  

** 
The s o u r c e   i n t e g r a l   o n   t h e  wake i s  e q u a l  t o  zero.  
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Note tha t   on ly   t he   va lue   o f   on   t he   su r f ace   o f   t he  body 

(not  on  the  wake) i s  necessary  t o  s o l v e   t h e   i n t e g r a l   E q u a t i o n  

(3.4) .  

From p h y s i c a l   c o n s i d e r a t i o n s ,   t h e   s o l u t i o n  of Eq. (3 .4)  

i s  "ve ry   c lose"   t o   t he   one   o f  Eq. 3.2.  Thus, it w i l l  be 

assumed t h a t ,  i f   t he   geomet ry   o f   t he  wake i s  known, t h e  

so lu t ion   o f  Eq. ( 3 . 4 )   e x i s t s  and i s  unique.  I t  should  be 

emphas ized   however ,   tha t   th i s   conc lus ion  i s  based  upon  phy- 

s ical  reasoning .  However, t h i s   r e a s o n i n g  i s  q u e s t i o n a b l e ,  

as shown by the   remarks   g iven   in   Subsec t ion  4 . 6 .  Hence, a 

r igorous  mathematical   proof   of  t h e  ex is tence   and   un iqueness  

of t h e   s o l u t i o n   o f  Eq. (3 .4)   would   be   h ighly   des i rab le .  

However, there a r e  s t i l l  two i m p o r t a n t   q u e s t i o n s   t o  be 

c o n s i d e r e d :   f i r s t ,   t h e   g e o m e t r y  of t h e  wake and  second,  the 

spec ia l   behaviour   o f  Eq. (3 .4)  when the   th ickness   o f   the   wing  

goes  to   zero.   These two q u e s t i o n s   a r e   d i s c u s s e d   i n   S u b s e c t i o n  

3 . 3  and 4 . 6 ,  r e s p e c t i v e l y .  

3.3 The Wake 

A s  mentioned i n   t h e   p r e c e d i n g   s u b s e c t i o n ,   t h e   s u r f a c e  

of t h e  wake i n  Eq. ( 3 . 4 )  i s  n o t  known. Thus, Eq. ( 3 . 4 ) ,  

which i s  s a t i s f i e d  on the  body,  must be completed  by  the 

equat ion  on  the  wake,   which  says  that   the   veloci ty   on  the 

wake i s  tangent  t o  t h e   s u r f a c e  of t h e  wake.  Thus,  one  ob- 

t a i n s  two coupled   in tegra l   equa t ions ,   one   on  t h e  body  and  one 

on t h e  wake, wi th  'p unknown on t h e  body  and y,., unknown on 
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t h e  wake,  whereas yn i s  known on t h e  body  and 47 = yu-yg 
i s  cons tan t   a long   the   x -d i rec t ion   on   the   wake ,   s ince   no  

p r e s s u r e   d i s c o n t i n u i t y   c a n   e x i s t  across t h e  wake: 

According t o  the  K u t t a   c o n d i t i o n ,   t h i s   c o n s t a n t   v a l u e  

i s  equa l  t o  the   va lue   o f  LlY a t  t h e   t r a i l i n g   e d g e .   G i v e n   t h e  

v e l o c i t y  on  the  wake,  the  geometry  of  the wake i s  ob ta ined  

by t h e   c o n d i t i o n   t h a t   t h e   v e l o c i t y  i s  t angen t  t o  t h e  wake. 

This   approach   has   been   successfu l ly   used   in   Ref .10  t o  s tudy  

the   t rans ien t   incompress ib le   f low  a round a wing a f t e r  a 

sudden s t a r t .  However,  from a p r a c t i c a l   p o i n t   o f   v i e w ,  t h i s  

approach i s  too   lengthy   and  a s impl i f i ed   t r ea tmen t   o f   t he  

con t r ibu t ion   o f   t he  wake i s  p r e s e n t e d   i n   t h e   f o l l o w i n g .  

Note f i r s t   t h a t  

where 

i s  t h e   p r o j e c t e d  area ( a l o n g   t h e   d i r e c t i o n  1 and 
+ 

d-n = d&l 
R2 

i s  t h e  so l id  angle  (see F ig .  3 )  . 
N e x t ,  c o n s i d e r   t h e  wake i n t e g r a l  as a sum of M s t r i p s  

in t h e  x d i r e c t i o n  (see Fig .  4 ) .  Applying  the mean va lue  



t heo rem,   one   ob ta ins   (no te   t ha t  A 'p i s  o n l y   t h e   f u n c t i o n  of 

y 1 ,  

where Ay(xn)  are t h e  mean va lues   o f  4y f o r  each s t r i p  

u", and f l ,are  t h e   s o l i d   a n g l e s  of t h e   s t r i p  u: . E q .  

(3.9) shows that   any  changes of t h e  wake s u c h   t h a t   s o l i d  

ang le s  a m a r e  no t   a l t e r ed ,   do   no t   have   any   i n f luence   on   t he  

value  of  the wake i n t e g r a l  1 w . 
T h i s   s u g g e s t s   t h a t  a "reasonable"  geometry for t h e  wake 

can   be   assumed,   p rovided   tha t   the   va lues  of t h e   a s s o c i a t e d  

s o l i d   a n g l e s  are n o t   e x c e s s i v e l y   d i f f e r e n t   f r o m   t h e   t r u e   o n e s .  

Hence, it i s  poss ib le   (and   convenient )  t o  approximate t he  wake 

by s t r a i g h t   v o r t e x - l i n e s ,   p a r a l l e l  t o  t h e   d i r e c t i o n  of the 

f low,   emana t ing   f rom  the   t r a i l i ng   edge  of the  wing.  For, 

geomet r i ca l   cons ide ra t ions  show t h a t   t h e   s o l i d   a n g l e s ,  n,, 
* 

are changed   on ly   s l i gh t ly .   Wi th   t h i s   a s sumpt ion ,   t he  wake 

i n t e g r a l   s i m p l i f i e s   c o n s i d e r a b l y   a n d  i t s  c o n t r i b u t i o n   r e d u c e s  

t o  a l i n e   i n t e g r a l .  For i f   t h e   t r a i l i n g   e d g e  i s  given by 

(3.10) 

t h e n   t h e   e q u a t i o n   o f   t h e   s u r f a c e   o f   t h e  wake i s  given  by 

(3.11) 

"TMs ' iS 'Cons i s t en t   w i th   t he   sma l l -pe r tu rba t ion   a s sumpt ion .  
The l imi t ing   behav iour  as t h e   t h i c k n e s s  of t h e  wing  approaches 
zero i s  d i s c u s s e d   i n  R e f .  6 ,  Appendix G (See a l s o   S u b s e c t i o n  
4.7 of t h i s   r e p o r t i .  
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and 

where b i s  the   span  of the  wing  and 

(3.12) 

(3.13) 

wi th  2, = Z h E (  x ) .  I n  p a r t i c u l a r ,  i f  t h e   t r a i l i n g   e d g e  i s  

i n   t h e   p l a n e  2, = 0 ( i . e . ,  z,ix)SO) , E q .  (3 .13 )  reduces  t o  

In   conclus ion ,   ,under   the   reasonable   assumpt ion   of   cy l indr ica l  

wake ( s t r a i g h t   v o r t e x - l i n e s )  t h e  e f f e c t  of t h e  wake s i m -  

p l i f i e s   c o n s i d e r a b l y   a n d  E q .  (3 .4)   reduces   to ,  

(3.15) 

w i t h  Jw given by E q .  (3 .13) .  

F ina l ly ,   an   impor t an t   r emark   abou t   bod ie s -wi thou t   sha rp  

t r a i l i ng   edges ,   mus t   be  made. I n  the d i s c u s s i o n   p r e s e n t e d   i n  

- 17 - 



t h i s   s u b s e c t i o n ,  i t  was.assumed  that   the   wing  had a sha rp  

t r a i l i n g   e d g e .  Note t h a t   t h e   r e s u l t s   c a n  be e a s i l y   g e n e r a -  

l i z e d   t o   t h e  case o f   g e n e r a l   b o d i e s   w i t h   s h a r p   t r a i l i n g   e d g e s .  

However, f o r   b o d i e s   w i t h o u t   s h a r p   t r a i l i n g   e d g e s ,   t h e   i n v i s c i d  

f low  theory i s  i n c a p a b l e ,   i n   g e n e r a l ,   o f   p r e d i c t i n g  t h e  lo-  

c a t i o n  of the   s t agna t ion   po in t   f rom  wh ich   t he  wake emanates. 

Th i s   can   be   ea s i ly  seen i n  t h e  case o f   r o t a t i n g   c y l i n d e r   o f  

f i n i t e   l e n g t h .  From the   exper iments  t h e  l o c a t i o n  of t h e  

s tagnat ion   po in t   depends   upon  the   angular   ve loc i ty ,  . On 

the   o the r   hand ,  t h e  equat ion   of  t h e  geometry of t h e   c y l i n d e r  

does  not  depend upon L3 and  thus bl does   no t   even   appea r   i n  

t h e   e q u a t i o n  of t h e   i n v i s c i d   f l o w .  

In   t he   fo l lowing ,  it i s  assumed t h a t   t h e  body  under 

cons ide ra t ion   has  a s h a r p   t r a i l i n g   e d g e .  However, a v i scous  

theory   which   pred ic t s   the   loca t ion   of   the   s tagnat ion   po in t  

from  which  the wake e m a n a t e s , i s   n e c e s s a r y   i n   o r d e r   t o   e x t e n d  

t h i s  method t o   b o d i e s   w i t h o u t   s h a r p   t r a i l i n g   e d g e s .  Similar 

c o n s i d e r a t i o n   h o l d s   f o r  t h e  case of   detached  f low (when t h i s  

can  be  approximated  by a wake emanating  from a p o i n t   d i f f e r e n t  

from t h e   s h a r p   t r a i l i n g   e d g e ) .  
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SECTION 4 

NUMERICAL PROCEDURE 

4.1 Discrete Element  Formulation 

The governing  equat ion for t h e   v e l o c i t y   p o t e n t i a l ,  a f t e r  

P rand t l -Glaue r t   t r ans fo rma t ion ,   fo r   s t eady   subson ic   f l ow,  i s  

shown i n  Eq. ( 2 . 1 9 )  and i s  r e w r i t t e n   h e r e ,  

where  on  the l e f t  hand s i d e ,   r e p r e s e n t s   t h e   v e l o c i t y  

p o t e n t i a l  a t  a f i e l d   p o i n t  P and (" on t h e   r i g h t  hand s i d e  

r e p r e s e n t s  t h e  p o t e n t i a l   a t  a p o i n t  P on  the  boundaries  

(body sur faces   and  wake) .  E i s  de f ined  a s ,  

1 

E = O  i f  P i s  i n s i d e  t h e  body 

= 1 / 2  i f  P i s  on t h e  s u r f a c e  ( 4 . 2 )  

= 1  i f  P i s  ou t s ide   o f  t he  body 

From Eq. (4.1), it  can   be   seen   tha t  i f  (f on  the  boundaries  

i s  known, t h e   v e l o c i t y   p o t e n t i a l  a t  any f i e l d   p o i n t   c a n   b e  

obtained  immediately.  So t h e   f i r s t   s t e p  i s  t o   f i n d  y on 

the  boundaries.   With E = 1/2, Eq. ( 4 . 1 )  becomes, 

where i s  t h e  s u r f a c e   o f   t h e   l i f t i n g   b o d y ,  uw i s  the 

upper   sur face   o f   the  wake and,  

- 19 - 
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( 4 . 4 )  

on  the  wake. Eq. (4.3) cannot  be s o l v e d   a n a l y t i c a l l y   e x c e p t  

for some s p e c i a l  cases. Hence,  numerical  scheme has t o  be 

employed. The p r o c e d u r e   u s e d   i n   t h i s   s t u d y  i s  as fo l lows .  

As mentioned i n   S e c t i o n  3 ,  t h e  wake i s  approximated  by a 

p l a n e   p a r a l l e l  t o  the   d i r ec t ion   o f   f l ow,   and  h y  on the 

wake i s  equa l  t o  ACp a t  t h e  t r a i l i n g   e d g e  and i n t e g r a t i o n  

i n   t h e   x - d i r e c t i o n   f r o m  x = xT .~ t o  x-7- i s  c a r r i e d   o u t  as 

o u t l i n e d   i n   S e c t i o n  3 . 3 .  Secondly, t h e  s u r f a c e   o f   t h e  body 

i s  d i v i d e d   i n t o   d i s c r e t e   s u r f a c e   e l e m e n t s  (see F ig .  4 ) .  I n  

each  e lement ,  i s  approximated by i t s  va lue  a t  t h e   c e n t r o i d  

of the   e lement ,   then  t h e  i n t e g r a t i o n  i s  c a r r i e d   o u t   w i t h i n  

each  element.  The r e s u l t i n g   e q u a t i o n   c a n   b e   w r i t t e n  as 

N N 

L =I  

w i t h  

- 
where 

i s  the  dis tance  between t h e  dummy p o i n t  of i n t e g r a t i o n  Pi 

the c e n t e r   p o i n t  P (k) of the e l e m e n t  k ,  and 

(4 .5 )  

( 4 . 8 )  

t o  
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f o r   t h e   b o x e s   i n   c o n t a c t   w i t h   t h e   t r a i l i n g   e d g e   a n d  

o therwise .  Eq. (4 .5)   can   be   rewr i t ten  as 

N 

wi th  

( 4 . 1 0 )  

( 4 . 1 1 )  

( 4 . 1 2 )  

where ski i s  the   Kronecker   de l ta .   Solv ing  Eq. ( 4 . 1 1 1 ,  one 

ob ta ins   t he   so lu t ion   o f   t he   p rob lem.  So the   ques t ion   which  

remains now i s  how t o  eva lua te   bk ,  cki, and wki. 

For a wing  symmetric  about  the  plane 'f = 0 ,  Eq. ( 4 . 1 0 )  

can   be   r ewr i t t en  as 

(4.13) 

where 2 = N/2 i s  t h e  t o t a l  number of   e lements   on   the   r igh t  

hand pa r t   o f   t he   w ing   and  c i s  t h e   i n f l u e n c e   o f  two elements  

( i n   s y m m e t r i c   p o s i t i o n   w i t h   r e s p e c t   t o   t h e   p l a n e  y = 0 )  on 

an element on t h e   r i g h t  hand p a r t  of the  wing,  

k i  

w i t h  
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where 

Similar  expression  holds  for  w ki 
Evaluation  of cki, w and bk is  shown  as  follows. ki 

4.2 The  Geometry  of  the  Wing 

The  planform  of  the  wing is  defined as 

(4.16) 

(4.17) 

(4.18) 

where b is  the  span of the  wing.  The  chord  of  the  wing at 

any  point  is  then  defined as 

This  planform  can  be  transformed  into  a  rectangular  one by 

the  following  transformation 

z - %.E. l =  

- I  I 7‘1 

(4.20) 

(4.21) 
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The th ickness ,   h ,   o f   the   wing  i s  de f ined  as 

where cmax i s  t h e  maximum chord  length  and i s  t h e   t h i c k n e s s  

r a t i o  of the  wing,  i . e . ,  

m w .  

Summing up, the  geometry of the  wing i s  rep resen ted  by 

I f   t h e   a n g l e  of a t t a c k  a( i s  d i f f e r e n t  from  zero,   then 

( 4 . 2 3 )  

( 4 . 2 4 )  

( 4 . 2 5 )  

For small 2 and o( , E q .  ( 4 . 2 5 )  can  be  approximated by 

% = Z  
!f= $ ( 4 . 2 6 )  

3"- 3 - x 4  
As ment ioned   be fo re ,   i n   t he   p rocess  of s o l v i n g  Eq. ( 4 . 4 ) ,  

the   wing i s  d i v i d e d   i n t o  e l e m e n t s  and  the mean va lue  of 'p i n -  

s ide   each   e lement  i s  approximated  by t h a t  a t  t h e   c e n t r o i d   o f  

the element .   Because  and  the  s lopes of t h e  wing  vary more 
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r ap id ly   nea r   t he   l ead ing   edge   and   t he   t i p s ,  smaller e lements  

are r e q u i r e d  a t  t hese   r eg ions .   Us ing   t he   fo l lowing   t r ans -  

format ion ,  

( 4 . 2 7 )  

t hen ,   d iv id ing   t he   t r ans fo rmed   p l an fo rm  in to   even  mesh ( i .e. ,  

t h e  mesh s i z e  i s  

(4.28) 

where  NXand N Y a r e  the  numbers of e s l emen t s   i n   t he  x and y 

d i r ec t ions ,   r e spec t ive ly ) ,   t he   boundary   o f   t he   e l emen t   on  

t h e  nx row and n column i s  
Y 

( n , - l ) A x  <z S R x A X  

The c e n t r o i d   o f   t h i s   e l e m e n t  i s  de f ined  as 

(4.29) 

(4.30) 

Note t h a t  Eqs. (4.28) and (4.29) y i e l d  smaller e lements   near  

t he   l ead ing   edge   and   t i p s .  

4 . 3  C a l c u l a t i o n  of cki 

'The e v a l u a t i o n  of cki c o n s i s t s   o f  two p a r t s .  The f i r s t  

p a r t  i s  to   approximate  t h e  wing  by r ep lac ing   each   e l emen t  by 

a p l ane   t angen t   t o   t he   w ing  a t  the   cen t ro id   o f   the   e lement  

d e f i n e d   i n  Eq. (4.30). The boundary  of   the  tangent   plane i s  
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def ined   by  Eq. ( 4 . 2 9 ) .  The equa t ion   o f   t he   t angen t   p l ane   can  

b e   w r i t t e n  as 

(4.31) 

where   t he   subsc r ip t  ' I C "  i n d i c a t e s   t h e   v a l u e  a t  t h e   c e n t r o i d  

mentioned  before.  

The i n t e g r a t i o n   o f  Eq. (4.14) on these t angen t   p l anes  

c a n   b e   c a r r i e d   o u t   a n a l y t i c a l l y  as shown i n  Appendix B. 

Th i s   t angen t   p l ane   approx ima t ion   y i e lds  good r e s u l t s   f o r  

t h i n   w i n g   ( t h i c k n e s s   r a t i o   v a r y i n g   f r o m  .l% t o  1.%). The 

computer t i m e  r e q u i r e d   f o r   t h i s   t a n g e n t   p l a n e   a p p r o x i m a t i o n  

ranges  from 1 3  sec. f o r  NX = NY = 4 t o  128 sec. f o r  NX = 

NY = 7, on t h e  IBM 360/50 of   the  Boston  Universi ty   computing 

c e n t e r .  

For a thick  wing,   the   tangent   plane  approximation may 

n o t   y i e l d  good r e s u l t s .  Then the  solut ion  can  be  improved i n  

the  fol lowing  manner .  The most s eve re  error comes  from t w o  

sou rces .  F i r s t ,  t h e  curva ture   o f   the   sur face   changes   very  

r ap id ly   nea r   t he   l ead ing   edge   and  the t i p s .  So, t h e   t a n g e n t  

p l ane  i s  n o t  a good r e p r e s e n t a t i o n   o f   t h e   t r u e   s u r f a c e .  Se- 

condly,  as can  be  seen  from E q .  ( 4 . 1 6 )  , R L R )  0 when k = 

i (i .e. ,  f i e l d   p o i n t   c o i n c i d e s   w i t h   s o u r c e   p o i n t ) ,  so  l/Rk 

i n  Eq. (4.14) var i e s   r ap id ly ,   hence   aga in   mak ing   t he   t angen t  

p lane  a poor  approximation.  Thus,  it i s  necessary  t o  i n t e -  

g r a t e   n u m e r i c a l l y   t h e   d i f f e r e n c e   b e t w e e n   t h e   a c t u a l   s u r f a c e  

of the   e lement   and   the   t angent   p lane ;   and   add   th i s   cor rec t ion  

va lue  to t ha t   o f   t he   t angen t   p l ane   approx ima t ion .  
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The numer i ca l   i n t eg ra t ion  scheme  used  here i s  the   Gauss ian  

quadra tu re .   Fo r   i n t eg ra t ion   ove r   t he   l ead ing   edge   and   t he  

t i p s   ( b u t  i # j), a fou r   po in t   Gauss i an   quadra tu re  i s  used. 

For i = j ,  a polar   Guass ian   quadra ture  (see Appendix C) i s  

used. The r e s u l t s   o b t a i n e d  i n  Ref. 7 i n d i c a t e   t h a t  no   co r rec t ion  

i s  needed f o r  the   e lements   which   a re   no t   on   the   l ead ing   edge   nor  

on   t ips   and  are such  tha.t  i if j .  

4 . 4  Calcula t ion   of  wki 

A s  ment ioned   before ,   the   sur face  of t h e  wake i s  approxi-  

mated  by a s u r f a c e   p a r a l l e l   t o   t h e   d i r e c t i o n   o f   t h e   f l o w ,  

emanat ing   f rom  the   t ra i l ing   edge   of   the   wing .   Based   on   th i s  

assumption, i t  i s  shown t h a t  Eq. ( 3 . 1 2 1 ,  

( 4 . 3 2 )  

with  

( 4 . 3 3 )  

and = ( ( P T . E ) ~ - (  x.~,b . Then, i n t e g r a t e  Eq. ( 4 . 3 2 )  and 

lump dX. , , t o   t he   l a s t  row  of  elements i n   c o n t a c t   w i t h   t h e  

t r a i l i n g   e d g e .  I t  should be n o t e d   t h a t   i f  dZ/dY ZO, or  i f  

t h i s  term i s  negl igible   compared t o  t h e  o t h e r  term i n   t h e  

same b r a c k e t ,  Eq. ( 4 . 3 2 )  can be i n t e g r a t e d   e x a c t l y .  
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4 . 5  Calcu la t ion   o f  bk 

The p rocess   o f   eva lua t ing   bk ,  i . e . ,  Eq. (4.6), i s  similar 

to t h a t   f o r   e v a l u a t i n g  cki. For   th in   and   modera te ly   th in   wing ,  

bk i s  e v a l u a t e d   a n a l y t i c a l l y  on the   t angent   p lane   approximat ion .  

I n t e g r a t i o n   f o r  bk on  these   p lanes  i s  shown i n  Appendix B. For 

a th i ck   w ing ,   t he   so lu t ion  i s  improved, as f o r  cki, by  numeri- 

c a l l y   i n t e g r a t i n g   t h e   d i f f e r e n c e   b e t w e e n   t h e  real  s u r f a c e   a n d .  

t h e   t a n g e n t   p l a n e   a n d   a d d i n g   t h i s   d i f f e r e n c e   t o   t h e   v a l u e  ob- 

t a i n e d  by the   t angent   p lane   approximat ion .  

I t  is worth   no t ing  t h a t ,  f o r  a wing  with a p lane  mid- 

surface  (symmetr ic   about  t h i s  p l a n e ) ,  yn c o n s i s t s   o f  t h e  

symmetr ic   par t   (value  on  upper   surface i s  same as t h a t  on 

lower   su r f ace )   and   t he   an t i symmet r i c   pa r t .  The symmetr ic   par t  

i s ,  

(4.34) 
(SI az az 

!fn = i(x)= ,,,I 
and t h e  an t i symmet r i c   pa r t  y:' i s ,  

(4) ym =to( ( 4 . 3 5 )  

where   the   upper   s ign   s tands   for   upper   sur face   and   the   lower  

s i g n   f o r   l o w e r   s u r f a c e .   S i n c e  bk i s  l i n e a r l y   p r o p o r t i o n a l  t o  

y,, , bk can   be   separa ted   in to   symmetr ic   par t   and   an t i symmetr ic  

p a r t .  Eq .  ( 4 . 1 1 )  c a n   b e   r e w r i t t e n   i n  two equa t ions ,  

(4.36) 

(4.37) 
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(3 (Q ) 
where )"; s t a n d s  f o r  t h e  symmetric s o l u t i o n   a n d  y; f o r  a n t i -  

symmetric s o l u t i o n .   S e p a r a t i o n  of yL* i n t o  these t w o  p a r t s  

a v o i d s   e l i m i n a t i o n   o f   s i g n i f i c a n t   f i g u r e   d u e  t o  the presence  

of the   o the r ,   hence   g rea t ly   improves  t h e  accuracy of t h e  so- 

l u t i o n .  

4 . 6  Calcu la t ion   o f  t h e  P r e s s u r e   C o e f f i c i e n t  CD 

As Shown i n  Eq. (1.121, t h e  p r e s s u r e   c o e f f i c i e n t   c a n  be 

w r i t t e n   a s  

( 4 . 3 8 )  

a f i r s t  approximation, C i s  eva lua ted  by f i n i t e   d i f f e r e n c e  
P 

method, i . e .  , 

= -2 x+, - yi ) - 2 yi+r - 'Pi I (4,391 
" 

AX; AR 2 ?,.c 
where (C ) i s  t h e  C a t  t h e  r e a r  end  of t h e  element  on t h e  

i t h  row, y ) ~  i s  t h e  va lue  of y a t  the c e n t r o i d  of t h e  element  

on   t he  i t h  row and A x i  i s  t h e  d i s t a n c e ,   i n  t h e  x -d i r ec t ion ,  

P i  P 

between t h e  cent ro ids   o f  t h e  i t h  and i + 1st rows of elements .  

A better approximation f o r  C i s  t o  combine Eqs. ( 4 . 1 )  P 
and ( 4 . 3  8 )  and   ca l cu la t e  C b y  i n t e g r a t i o n .  For t h e  p r e s e n t  

P 

4 . 7  Limit ing  Behavior   for  Zero Thickness 

As mentioned  above, t h e  formula t ion  described t h u s   f a r  

b e c o m e s . s i n g u l a r   i n  t h e  c a s e  of z e r o  t h i c k n e s s .  Th i s  i s  
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shown c l e a r l y  by t h e   f a c t  that ,  f o r   l i f t i n g   s u r f a c e   ( i n   t h e  

p lane  z1 = 0), Eq. ( 4 . 1 )  reduces t o  

and 

C4.401 

C4.41)  

lu) 
where 2 i s  t h e   p o r t i o n   o f   t h e   p l a n e  zl = 0 (upper   s ide)   which 

conta ins   the   wing   and   the  wake. By adding  and  subtract ing Eqs. 

( 4 . 4 0 )  and ( 4 . 4 1 1 ,  one   ob ta ins  

'py + ya = 0 
and 

(-4.421 

C 4 . 4 3 )  

T h i s   i m p l i e s   t h a t   ( s i n c e ,  as w e l l  known, t h e r e   e x i s t s  a non- 

t r i v i a l   s o l u t i o n  A ( p f 0 )  t h e  o p e r a t o r  shown i n  Eq. ( 4 . 4 3 )  is 

s i n g u l a r .  

Hence ,   one   can   expec t   tha t   the   numer ica l   p rocedure   a l so  

has  a s i n g u l a r   b e h a v i o r .   I n  order t o  show t h a t   t h i s  i s  indeed 

t h e  case, cons ide r  a symmetric  wing  with  angle  of  at tack OC 

and  th ickness  r a t i o  T , and l e t  'il go t o  z e r o .   I n   t h i s  case, 

Eq.  ( 4 . 6 )  shows t h a t  

( 4 . 4 4 )  

s i n c e  =-( 'p ) I n  order t o   s i m p l i f y   t h e   d i s c u s s i o n ,  
n4-  
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the  numbering of the   e lements  i s  assumed t o   b e   s u c h   t h a t   t h e  

odd (even)  numbers  correspond t o  e l emen t s   i n   t he   uppe r  (lower) 

s u r f a c e   a n d   t h a t   t h e   e l e m e n t   i n   o p p o s i t e   p o s i t i o n  t o  t h e  

upper  element i ,  h a s   t h e  number i + 1 (see F ig .  4 ) .  As 

before,   upper   e lement  i and lower element  i + 1 w i l l  be 

ca l l ed   "oppos i t e   e l emen t s " .  

With th i s   number ing ,  i t  i s  easy  t o  show t h a t ,  accord ing  6 

link CCkJ = 
2-0 

In   o ther   words ,  

- 
0 

- t  

0 

0 

" 

" 

" 

0 

0 
i 

( 4 . 4 5 )  

a l l   t h e   c o e f f i c i e n t s  cik are e q u a l   t o   z e r o  

except   for   the   ones   re la t ing   oppos i te   e lements ,   which   assume 

the   va lue  -1. Furthermore,  t h e  c o e f f i c i e n t s  wki are equa l  

t o  zero.  Hence,  Eq. ( 4 . 1 1 )  i n  t h e  l i m i t ,  as 2 g o e s   t o  zero,  

r e d u c e s   t o  

1 0 0  

l o o  

1 0 0  
"" 

I 

I O 0  
1- - -  

{ % ) =  O 
( 4 . 4 6 )  

I 



This   equat ion  can  have a n o n t r i v i a l   s o l u t i o n   s i n c e   t h e   d e t e r -  

minant i s  e q u a l  t o  zero.  

Note t h a t   t h i s   r e s u l t   i m p l i e s   t h a t   z e r o   t h i c k n e s s   w i n g s  

( l i f t i n g   s u r f a c e   t h e o r y )  are more d i f f i c u l t  t o  d e a l   w i t h  

t h a n   f i n i t e   t h i c k n e s s   w i n g s .  

However, t h i s  shows a l s o  t h a t ,  by using  the  method  pro- 

posed  here,   one may encounter   numerical   complicat ion  due t o  

t h e   f a c t   t h a t ,   f o r   v e r y   t h i n   w i n g s ,   t h e   d e t e r m i n a n t  i s  close 

t o   z e r o  and  hence,  one may encoun te r   s t rong   e l imina t ion   o f  

s i g n i f i c a n t   f i g u r e s .  T h i s  i m p l i e s   t h a t   o n e   h a s   t o  be very 

c a r e f u l   i n   t h e   e v a l u a t i o n  of t h e   c o e f f i c i e n t s  cki and bk. 

I n  o r d e r   t o   e s t a b l i s h   t h e   p r a c t i c a l  limits of t h e  

a p p l i c a b i l i t y  of the  method,  E q .  (4.11) has been  solved 

n u m e r i c a l l y   f o r   v e r y  small values   of  2 . The r e s u l t s  are 

p r e s e n t e d   i n   S e c t i o n  5 .  
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SECTION 5 LI 

NUMERICAL RESULTS 

5 .1   In t roduc t ion  

Some n u m e r i c a l   r e s u l t s   s h o w i n g   t h e   v a l i d i t y   a n d   f l e x i b i l i t y  

o f   t h e   p r e s e n t  method are shown i n   t h i s   s e c t i o n .  The con- 

vergence  of   the  present   method i s  ana lyzed   in   Subsec t ion   5 .2 .1 .  

The e f f e c t  of the numer i ca l   co r rec t ion  f o r  a thick  wing (as 

d i s c u s s e d   i n   S u b s e c t i o n s  4 . 2  and 4 . 4 )  i s  d i s c u s s e d   i n   S u b s e c t i o n  

5.2.2. The e f f e c t   o f   t h i c k n e s s  i s  d e s c r i b e d   i n   S u b s e c t i o n  

5 .2 .3 .   F ina l ly ,   compar i son   w i th   ex i s t ing   r e su l t s  i s  given 

in   Subsec t ion  5.3. 

To g i v e   a n   i d e a   a b o u t   t h e   f u n c t i o n a l   t y p e  of t h e   s o l u t i o n ,  

the   va lue   o f  'p and C are shown in   th ree-d imens iona l   forms  

i n   F i g s .  5 and 6 ,  where 
4 

= - 4  cp - - c?l - e  
is t h e   l i f t   c o e f f i c i e n t .  The t h i c k n e s s   r a t i o  i s  'E = .001, 

ang le  of a t t a c k  a( = 5O, a s p e c t  r a t i o  b/c = 3 and  the mesh 

NX = N Y  = 7 ( t h a t  i s  N = 9 8 ) .  It may be   no ted   t ha t  the diagram 

of CA i s  f l a t   i n   t h e  neighborhood  of  the roo t  (more p r e c i s e l y  

ac, /a# = O  a t  r o o t ) .  Hence, i n  t h e  fo l lowing   d i scuss ion  

of   convergence,   the   value  of  CA a t  t h e  c e n t r o i d  of the elements  

i n   c o n t a c t   w i t h   t h e  root  ( roo t   e l emen t s )  i s  used. 

5.2  General Characterist ics of t h e  Method 

A s  mentioned  above, i n   t h i s   s u b s e c t i o n   t h e   c o n v e r g e n c e ,  
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t h e   e f f e c t s   o f   t h e   n u m e r i c a l  correction and   of   the   th ickness  

are analyzed.  

5.2.1  Convergence . 

I n  order t o  s tudy   the   convergence  of t h e   s o l u t i o n s ,   t h e  

case e = .001 w a s  s o l v e d   f o r  NX = NY = 4 ,  5 ,  6 and 7, res- 

p e c t i v e l y .  The v a l u e s   o f   t h e   l i f t   d i s t r i b u t i o n  C t  = - * c 
a t  t h e   r o o t   e l e m e n t s  are shown i n   F i g .  7 .  

P 

The r e s u l t s  show t h a t   t h e   s o l u t i o n  i s  convergent   very  

f a s t  and t h a t   t h e  case 4 x 4 i s  s u f f i c i e n t   f o r   a n   a c c u r a t e  

a n a l y s i s .  The computer time employed  on  the IBM 360/50, 

a v a i l a b l e  a t  the  Boston  Universi ty   Computing  Center ,  i s  

g iven   in   Table   5 .1 .  * 

TABLE 5 .1  

Number of -~ Elements ~ Computing T i m e  (Sec. ) 

4 X 4 X 2  

5 X 5 X 2  

13  

30 

" 5.2.2 . . Effect   of   Numerical   Correct ion  on  Thick Wing 

Table   5 .2   shows  the  comparison  between  the  resul ts   of  

the   t angent   p lane   approximat ion   and   tha t   wi th   numer ica l  

c o r r e c t i o n   f o r  a w i n g   w i t h   t h i c k n e s s   r a t i o  2 =' .2. The o t h e r  

data are t h e  same as t h o s e   f o r   F i g .  5.  The computer t i m e  

* . .  

Advantage  of  symmetry  with  respect t o  Z was taken .  
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r e q u i r e d   f o r   b o t h   s o l u t i o n s  are a l so  shown. It  i s  s e e n   t h a t  

even   fo r   t h i s   t h i ck   w ing ,   t he   t angen t   p l ane   approx ima t ion  

y i e l d s  good resu l t s   and   cons iderable   computer  time i s  saved. 

So a l l  t he   d i scuss ion   g iven  i n  t he   fo l lowing   subsec t ions  i s  

based  on r e s u l t s   f r o m   t h i s   t a n g e n t   p l a n e   a p p r o x i m a t i o n .  

TABLE 5.2 
"_ ~ . - 

T.P'.A. T . P . A .  + N . I .  

C 

a t  
r o o t  

2, 

Computer 
T i m e  

(set) 
* - 

8 .09  

2 .6,0 

.975  

7 . 9 1  

2 . 5 9  

. g o o  

2 2  136 

5 .2 .3   Thickness   Ef fec t  

I n   o r d e r   t o   a n a l y z e   t h e   t h i c k n e s s   e f f e c t ,   t h e   p r o b l e m  

has   been   so lved   fo r   fou r   va lues   o f   t he   t h i ckness   r a t io ,  

2 = . l ,  .01, .001 and . 0001 ,  r e s p e c t i v e l y .   I n   a l l   t h e s e  

c a s e s ,   t h e  number of elements i n   b o t h  x and y d i r e c t i o n s  i s  

NX = NY = 4 .  Hence, t h e  t o t a l  number of   e lements   ( for   upper  

and   l ower   s ide   o f   t he   r i gh t   ha l f  of the  wing)  i s  N = 32 

( i . e . ,  Eq. 4.13 i s  a system of 32 equat ions  and 32 unknowns). 
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For t h e   v a l u e  2 = .001, no  message   ind ica t ing   s t rong  

e l i m i n a t i o n   o f   f i g u r e s  w a s  g iven ,   whereas ,   for   the   va lue  

2 = .0001, a message   i nd ica t ing   an   e l imina t ion  of s i g n i -  

f i c a n t   f i g u r e s   h i g h e r   t h a n   t h e   p r e s c r i b e d   t o l e r a n c e  a t  t h e  

1 9 t h   s t e p  was obta ined .*  

Hence,  only  the cases 2 = .l, .01, and .001 are pre-  

s en ted   he re .  The l i f t   d i s t r i b u t i o n  c4 = - AC a t  t h e   r o o t  

elements, i s  shown i n   F i g .  8 .  The r e s u l t s   i n d i c a t e   t h a t   t h e  

so lu t ion   converges  t o  a ze ro - th i ckness   so lu t ion  and t h a t   t h e  

s o l u t i o n   f o r  z = .001 i s  a good approximat ion   for   the   zero  

t h i c k n e s s   s o l u t i o n .  I t  may b e   n o t e d   t h a t   t h e   r e s u l t s  here 

showed t h a t  a t h inne r   w ing   y i e lds  a h i g h e r   l i f t .  

P 

Note t h a t ,   a c c o r d i n g   t o  Eq .  (3.61, 

s i n c e  t h e  point  from  which t h e  s o l i d   a n g l e  i s  eva lua ted  i s  

- on t h e   s u r f a c e  c . T h i s  equat ion  i s  p o o r l y   s a t i s f i e d  on 

the  leading  edge  and t h e  t i p  where t h e  approximation of 

the   su r f ace   e l emen t   w i th  i t s  tangent   p lane  i s  poorer .  The 

.~ ~ 

* 
For   t he   so lu t ion   o f  E q .  ( 4 . 1 3 )  , t he   s t anda rd  IBM SUBROUTINE 

GELG has  been  used. The va lue   o f   the   to le rance   (which  i s  

compared t o   t h e   r a t i o   b e t w e e n   t h e   p i v o t   a t   t h e   n t h   s t e p  and 

t h e   i n i t i a l   s t e p )  was chosen t o  be TOL = .001. 
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N 

c-l 
p o o r e s t   v a l u e s  of cki a t  t i p  or  leading-edge  e lements" ,  

are g i v e n   i n   T a b l e  5.3, column 1, whereas   the   poorer   va lue  

fo r  t h e   " i n t e r n a l   e l e m e n t "   ( n o t  a t  the   l ead ing   edge   nor  a t  

t h e   t i p )  are g i v e n   i n  column 2. 

TABLE 5.3 

~~~ 

7: 1 2 

.1 . 76946   .98986  

.01 . 96247   .99899  

.001 . 99625   .99990  

.OOOl . 99960   ,99999  

Table 5.3 i n d i c a t e s   t h a t ,   f o r   t h e   c a s e  = . l ,  the  approxi-  

mat ion   of   the   sur face   e lements   wi th  i t s  t angen t   p l ane  i s  n o t  

s a t i s f a c t o r y   f o r   t h e   " n o n - i n t e r n a l   e l e m e n t s ' ' .  

h 

5.3 Compar ison   wi th   Exis t ing   Resul t s  ~ 

I n   o r d e r   t o   e v a l u a t e   t h e   a c c u r a c y ,   c o m p a r i s o n s   w i t h  

e x i s t i n g   r e s u l t s  are g i v e n   i n   F i g s .  9 t o  1 4 .  D i f f e r e n t  

va lues   o f  Mach number ,   a spec t   r a t io  and d i f f e r e n t   p l a n f o r m s  

are t e s t e d   t o  show t h e   f l e x i b i l i t y   o f   t h e   p r o g r a m .   T h i c k n e s s  
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r a t i o  shown i n   t h e   f i g u r e s  are c h o s e n   a r b i t r a r i l y .  5 and 2 
are de f ined  as 

- 

- 5 -  - / c l d  
- 

Figure  9 shows the   compar ison   of   the   va lue  C between  the I 
p r e s e n t   s o l u t i o n  and  Cunningham's Theory'' and  experiment 12 

on t h r e e  cross s e c t i o n s  of a rec tangular   wing .  A s  can   be   seen ,  

agreement  between  the t w o  t h e o r i e s  i s  ve ry  good  and  agreement 

between  theory  and  experiment i s  ve ry  good e x c e p t  when n e a r   t h e  

lead ing   edge .   F igure  1 0  compares   t he   r e su l t s   ob ta ined   w i th   t he  

p r e s e n t  method  and those   ob ta ined  by Hsu (Ref. 131, Kulakowski 

and  Haskell   (Ref.  1 4 )  and  Cunningham  (Ref. ll), f o r  a r e c t a n g u l a r  

w i n g   o f   a s p e c t   r a t i o  Ai = 1, t h i c k n e s s   r a t i o  T =  .001 and Mach 

number M = . 2 .  I t  may be   no ted   the   exce l len t   agreement   be tween 

t h e   p r e s e n t  method  and  the  ones  of  Refs. 11 and 14, which are 

g e n e r a l l y   c o n s i d e r e d  t o  be   ve ry   accu ra t e .  

The r e s u l t s   f o r  a de l t a  winq ( = 2.5,  T =  .005  and 

M = 0 )  a r e  compared i n   F i g u r e  11 w i t h  t h e   W i d n a l l   r e s u l t s  (see 

Fig .  7 . 7  i n  Ref. 1 5 ) .  The r e s u l t s   f o r  a tapered  swept  wing 

( /.a= 3 . 0 ,  t a p e r   r a t i o  = .5, A L  = 45O, M = 0.8,  and d =  

4.13') are compared i n   F i g .  1 2  wi th   Cunningham's   resu l t s  ( R e f .  

4 

11). 

F i n a l l y ,  it should   be   no ted   tha t   the   compar ison   of   the  

i n t e g r a t e d   v a l u e s   o f   t h e   p r e s s u r e  i s  g e n e r a l l y  more s i g n i f i -  

can t   than   the   compar ison  of t h e   p r e s s u r e   d i s t r i b u t i o n   b e c a u s e  

small ( re la t ive)  errors o n   t h e   p r e s s u r e   d i s t r i b u t i o n   n e a r  

the l e a d i n g   e d g e   c a n   y i e l d   l a r g e   e r r o r s  on t h e   i n t e g r a t e d  
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va lues .  Hence, t h e  values o f   t h e   s e c t i o n   l i f t   c o e f f i c i e n t s  

are compared i n   F i g s .  1 3 ,  14 and  15 t o  the   ones   ob ta ined  by 

Yates (Ref. 1 6 )  f o r  a rec tangular   wing  w i t h  a s p e c t  r a t i o  

= 4 , 4 , 8 ,   t h i c k n e s s   r a t i o  ?- = .001 and Mach number 

M = 0 ,  .507,  0 ,  r e s p e c t i v e l y .  I t  may be noted t h a t  t h e  

F i g s .  13 and 1 4  ( incompressible  and  compressible  f low, res- 

p e c t i v e l y )  show an   exce l l en t   ag reemen t ,   whereas   i n   F ig .  15 ,  

the  agreement  i s  less s a t i s f a c t o r y .  

In   conclus ion ,   the   agreement  i s  e x c e l l e n t   f o r   t h e  cases 

p r e s e n t e d   i n   F i g s .  9 ,  1 0 ,  13,  and 1 4 ,  bu t  less s a t i s f a c t o r y  

i n   F i g s .  11, 1 2  and 15. The r e a s o n s   f o r   t h e  small d i sag ree -  

ments shown i n  Figs .  11, 1 2  and 1 5  are  now being  analyzed.  
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SECTION 6 

CONCLUDING REMARKS 

A gene ra l   me thod   fo r   ana lyz ing   s t eady   subson ic   f l ow 

a r o u n d   l i f t i n g   b o d i e s   o f   a r b i t r a r y   c o n f i g u r a t i o n  i s  presented  

i n   t h e   p r e c e e d i n g   S e c t i o n s .  The  method i s  t h e n   a p p l i e d  t o  t h i n  

wings in   s t eady   compress ib l e  f l o w ,  which i s  t h e  most cha l l eng ing  

p rob lem  fo r   t h i s   me thod .  The resul ts  i n d i c a t e   t h a t   t h e  method 

i s  accura t e   and   does   no t   r equ i r e   excess ive   compute r  t i m e .  The 

ra te  of  convergence i s  s u r p r i s i n g l y   h i g h .  Similar r e s u l t s  

were o b t a i n e d   f o r   o s c i l l a t i n g   w i n g s   i n   s u b s o n i c   f l o w   ( R e f .  1 8 ) .  

Since  the  problem of e l i m i n a t i o n   o f   s i g n i f i c a n t   f i g u r e s  

i s  no t   encoun te red   even   fo r   ve ry   t h in   w ings   ( t h i ckness   r a t io  

T = .l%) it i s  expected  that   no  such  problems w i l l  be 

encountered   in   apply ing   the   method t o  r ea l i s t i c  complex 

conf igu ra t ions .   Ex tens ions   o f   t he  method t o  complex  configura- 

t i o n s  are  now under   cons ide ra t ion .  
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APPENDIX A 

THE  VALUE  OF  THE  FUNCTION E  ON THE SURFACE 

A.l In t roduc t ion  

Equation ( 2 . 1 9 )  g i v e s  a r e p r e s e n t a t i o n   o f   t h e   p o t e n t i a l  

anywhere i n   t h e  volume, i n  terms of   the   va lues   o f  ay/& and 

on   the   sur face   o f   the   body.  The va lues   o f  a 'p / a &  on t h e  

sur face   o f  t h e  body are given by the   boundary   cond i t ions ,   bu t  

t he   va lues   o f   a r e   no t  known. I n  order to  s o l v e  t h e  pro- 

blem, i t  i s  thus   necessary  t o  o b t a i n   f i r s t   t h e   v a l u e s  of 'p 
on   t he   su r f ace .   Th i s   can   be   done   by   l e t t i ng   t he   po in t  P of 

t h e  volume V approach a p o i n t  P, o f   t h e   s u r f a c e .  

I n   t h i s   A p p e n d i x ,  i t  i s  shown t h a t ,   i n   t h e  l i m i t ,  Eq. 

U.19) i s  s t i l l  v a l i d   i f   t h e   d e f i n i t i o n   o f   t h e   f u n c t i o n  E i s  

gene ra l i zed   a s   fo l lows  

E = l  o u t s i d e  2 
E = 1/2 on C 

E = O  i n s i d e  

By l e t t i n g  P + P,, t he   i n t eg rands  become s i n g u l a r   i n   t h e  

neighborhood  of P,. Thus, i t  i s  convenient  t o  s e p a r a t e   t h e  

c o n t r i b u t i o n   o f  a small  neighborhood,  of P,, which w i l l  be 

i n d i c a t e d  as Zc . 
For s teady   compress ib le   f low,  E q .  ( 2 . 1 9 )  can   be   r ewr i t t en  

* 
The neighborhood r e  i s  a s m a l l   c i r c u l a r   s u r f a c e   e l e m e n t ,  

with c e n t e r  P, and   rad ius  E . 
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as 

where $ E  i s  t h e   c o n t r i b u t i o n  of the  neighborhood of P,, given  

b.Y 

The a n a l y s i s   o f  be i s  h i g h l y   s i m p l i f i e d  by us ing  local 

coord ina te  X ,  Y ,  Z, wi th  2 normal t o   t h e   t a n g e n t   p l a n e  
A 4 f i  4 

(directed  f rom E = 0 t o  E = 1). Then,   separa t ing  terms of 

o r d e r  e , E q .  (A. 3 )  reduces   to*  

where   t he   subsc r ip t  * i n d i c a t e s   e v a l u a t i o n   a t  P,. By us ing  

po la r   coo rd ina te  

; =Jm 
e" = jtan' ? / -  I 

one   ob ta ins  

* A A  4 
Note t h a t  X = Y = 0, Z1 = 0 and 3/a91 I;,=, 
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Noting that 

Eq. b . 6 )  becomes 

A 
F i n a l l y ,  by l e t t i n g  P go t o  P,, ( t h a t  is, 2 3  0) , one   ob ta ins  
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? 

where  the  upper (lower) s i g n   h o l d s   f o r  Z >  0 ( Z  < 0 ) ,  t h a t  i s ,  

when P o r i g i n a t e s   o u t s i d e   ( i n s i d e )   t h e   s u r f a c e  , cor re s -  

pond ing ly ,   t he   func t ion  E assumes  the  value E = 1 (E = 0). 

F i n a l l y ,   u s i n g   t h i s   r e s u l t   i n  Eq. (A.4), one   ob ta ins  

Note t h a t ,  i n  bo th  cases (P i n s i d e   o r   o u t s i d e  1 ,  

( A .  11) 

Furthermore,  R, i s  the   d i s tance   be tween  the  dummy p o i n t ,  

P1, and t h e   c o n t r o l   p o i n t   ( o n   t h e   s u r f a c e  c , P, Hence, by 

l e t t i n g  e go t o   z e r o ,  Eq. (A.10) y i e l d s  

I t  should be emphas ized   tha t  t h e  l i m i t  0 i s  now per -  

formed wi th  P on t h e   s u r f a c e  C . T h i s   i m p l i e s   t h a t  the con- 

t r i b u t i o n   o f  z c  i s  now of order € . I n  order t o  c l a r i f y  

t h i s   p o i n t ,   c o n s i d e r   t h e   q u a n t i t y  

= I  2 7 € z 
h A 

Z 

(A. 13) 
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and no te  t ha t  

whereas 
c 

(A. 15) 

The difference between these two limits i s  d u e   t o  t h e  f a c t  

t h a t ,   i n   t h e  l i m i t  (as Z + 0 )  , t h e  in tegrand   of   Ic0behaves  

l i k e  a Dirac de l t a  funct ion  and  hence,  i t s  c o n t r i b u t i o n   f o r  

a domain which exc ludes  the  s i n g u l a r   p o i n t  i s  zero.  

e 

I t  may be worth  not ing t h a t ,  i n  Eq. ( A . 9 ) ,  t he  sequence 

of limits i n d i c a t e d   i n  Eq. (A.14) must be performed,  whereas 

i n  Eq. (.A.12), t h e  o n e   i n d i c a t e d   i n  Eq. (A.15) must be used. 

F i n a l l y ,  i t  i s  shown t h a t  t he  r e s u l t s   o b t a i n e d  here are 

e q u i v a l e n t  t o  t h e  d e f i n i t i o n   o f  E given by Eq. (A.1). 

Note t h a t  Eq. (2.19) must be used i f  P i s  o u t s i d e   o r  

i n s i d e   t h e  surface, whereas Eq. (A.12) must be used i f  P i s  

on t h e   s u r f a c e .  However,  by  comparing Eqs. (A. 12) and (2.191, 

it i s  e a s i l y   s e e n   t h a t  Eq. ( 2 . 1 9 )  i s  va l id   everywhere   (ou ts ide ,  

i n s ide   and  on t h e  s u r f a c e  1 ,  i f  t h e  convent ion i s  made 

t h a t  E i s  given by Eq. ( A . l ) .  
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APPENDIX B 

SOURCES AND DOUBLETS ON A TRAPEZOIDAL ELEMENT 

-. B.  1. Trapezoidal  Element 

I n  t h i s  Appendix ,   the   e f fec t   o f   the   sources   and   double ts  

d i s t r i b u t e d   o n  a t r apezo ida l   p l ana r   e l emen t ,  are o b t a i n e d   i n  

ana ly t i c   fo rm.  As mentioned i n   S e c t i o n  4 ,  it i s  o f   i n t e r e s t  

t o  cons ider   p lanar   e lements   descr ibed  by t h e   e q u a t i o n  

where   t he   subsc r ip t  c s t a n d s   f o r   c e n t r o i d  of t h e  element, 

d e f i n e d   i n  Eq. ( 4 . 3 0 ) .  The boundary  of   the  project ion  of  

t h i s  element on t h e   p l a n e  Z = 0 i s  given by 

Equation ( B . 2 )  r e p r e s e n t s  a t r apezo id  and the   e lement   def ined  

by  Eqs. ( B . 1 )  and ( B . 2 )  i s  ca l l ed   t r apezo ida l   p l ana r   e l emen t  

(see F i g .  B . l ) .  

B.2 Double t   D i s t r ibu t ion  

C o n s i d e r   f i r s t   t h e   i n t e g r a l   o f  a d o u b l e t   d i s t r i b u t i o n  

of u n i t   d e n s i t y   o v e r  a t r apezo ida l   p l ana r   e l emen t ,   g iven  

by 
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where 

o n   u p p e r   s u r f a c e  
(B.4) 

on lower s u r f a c e  

and use   has   been  made of t h e   f a c t   t h a t ,   a c c o r d i n g  t o  Eq. (€3.11, 

Thus E q .  (B. 3 )  r e d u c e s  t o  
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w i t h  

where 

I n t e g r a t i n g  Eq. (B. 7 )  I one   ob ta ins  

where 

and 

4 

= 3*m+ 3,,7 
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w i t h  

A 
S u b s t i t u t i n g  E q s .  (B.11) and ( B . 1 2 )  i n t o  ( B . l O )  f o r  5, and 
A 

I 

z m  and  changing t h e  v a r i a b l e  of i n t eg ra t ion   f rom y, 
to 1 

one o b t a i n s  

where 

- 66 - 

(B. 16) 



I -  

This   can   be   i n t eg ra t ed  by standard  methods of i n t e g r a t i o n ;  

u s ing   t he   t r ans fo rma t ion  

f* 

3 ,  z + l  

z - 
.- (B.17) 
n 

a n d   i n t e g r a t i n g ,   y i e l d s  

a n d ,   r e t u r n i n g  to t h e   o r i g i n a l   v a r i a b l e ,  11 

F i n a l l y ,  by us ing  E q .  

w i t h  

(B.19), E q .  ( ~ - 1 4 )  r e d u c e s   t o  

I31 
A 

(B. 19) 

(B.20) 

(B.21) 
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where 

I I .  

wi th  

B . 3  Source   D i s t r ibu t ion  

(B.22) 

(B.23) 

(B.24) 

where R i s  a s  shown i n  Eq. (B.8). I n t e g r a t i n g  Eq .  ( B ' . 2 4 )  y i e l d s ,  

n 
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(B.13)  and ( B . 9 ) .  Cons ide r   t he   i nde f in i t e   i n t eg ra l  

( B . 2 6 )  

A b  
with  3 5 tot J , ?  . I n t e g r a t i n g  by p a r t s   y i e l d s   ( n o t e   t h a t  

A 

Note t h a t  

5 
A 

(7 - 4 )  e 
(B. 2 8 )  

Note t h a t  

(B. 30) 
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Fig. B . l  The projection of the  trapezoidal  element  in the 
plane X1, y1 
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APPENDIX C 

GAUSSIAN QUADRATURE  AROUND A  SINGULAR POINT 

C,.1 I n t r o d u c t i o n  

A s  mentioned i n   S u b s e c t i o n  4 . 3 ,  the c o e f f i c i e n t s  

i t s  t angen t   p l ane  a t  t h e   c e n t r o i d   o f  t h e  e lement .   This   va lue  

can   even tua l ly  be corrected b y   a d d i n g   t h e   i n t e g r a l  of d i f f e r e n c e  

be tween  the   o r ig ina l   in tegrand   and   the   ( tangent -e lement )  

approximated  integrand. T h i s  i n t e g r a t i o n   c a n  be eva lua ted  

numer ica l ly  by us ing   s tandard   Gauss ian   quadra ture   formulas .  

However, i n  the case of k = i ( e f f e c t  of t he  element  on i t s e l f ) ,  

t h e   t a n g e n t   p l a n e   c o n t r i b u t i o n  i s  e q u a l  t o  zero.   Furthermore,  

the in t eg rand  becomes i n f i n i t e  when Rk = 0 .  Hence, a s p e c i a l  

i n t e g r a t i o n  scheme  must be used .   In  t h i s  Appendix ,   an   ana lys i s  

of t h e   t y p e   o f   s i n g u l a r i t y  of t h e  in t eg rand   o f  Eq. C.1 (when 

k = i) i s  given  (Subsect ion C.2).  Then a t r ans fo rma t ion  t h a t  

e l i m i n a t e s  t h e  s i n g u l a r i t y  i s  presented   (Subsec t ion  C . 3 ) .  

c.2 Behavior  of  Doublets i n   t he   Ne ighborhood  of S i n g u l a r i t y  

For s i m p l i c i t y ,   t h e   a n a l y s i s   o f  t h e  behavior  of t h e  

d o u b l e t   i n  t h e  neighborhood R = 0 i s  performed w i t h  a frame 

of r e f e r e n c e   s u c h   t h a t  t h e  o r i g i n  i s  a t  t h e   c e n t r o i d  of t he  

element  and t h e  Z-axis i s  directed as the normal  n. "* 
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Then, t h e  equa t ion  of t h e  element   can be w r i t t e n  as 

Z - F(X,Y) = O  c.2 

w i t h  Z = 0 f o r  X = Y = 0 (Fig.  C . l )  and Eq. c.1 f o r  K = i, 

reduces  t o  

where 

c .3  

c .  4 

is t he  d i s t a n c e   a l o n g  t h e  normal N of t h e  o r ig in   f rom the  

p o i n t  X1, Y1, Z1 Fig- .  C . 2 ) .  If R goes t o  zero,  the d i s t a n c e  

h goes a l so  t o  zero.  

1 

h e  t.R2 c.5 

where C = l/pc i s  t h e  c u r v a t u r e  of t h e  cross s e c t i o n   i n d i -  

cated i n  t h e  f i g u r e  ( PC i s  t h e  r a d i u s  of cu rva tu re ) .   Thus ,  

i n  a neighborhood of R = 0,  Eq. C .  3 r e d u c e s   t o  

It should be noted t ha t  C i s  the  c u r v a t u r e  of the cross sect ion 

and  thus C depends  upon t h e  ang le  v/ of t h e  cross sec t ion .   Thus ,  

i n  order t o  e v a l u a t e  E q .  C.3, it  i s  convenient  t o  u s e   p o l a r  

c o o r d i n a t e s   s i n c e  t h i s  e l i m i n a t e s  t he  s i n g u l a r i t y  1/R as w e l l  

as t h e  s h a r p   v a r i a t i o n s   ( i n  t h e  p l ane  X1, Y1) of the i n t e g r a n d ,  

due t o  the  dependence of C upon y/ . 
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2;. 3 I n t e g r a t i o n  Scheme 

A s  shown above ,   t he   i n t eg ra t ion   o f  Eq. '2.1 (wi th  k = i) 

in   the   ne ighborhood of t h e   c e n t r o i d  of the  e lement   can  be 

per formed  us ing   s tandard   quadra ture   t echniques   (Gauss ian   qua-  

d r a t u r e   i n   p a r t i c u l a r )   i n   p o l a r   c o o r d i n a t e s .  However, w i t h  

t h e s e   v a r i a b l e s ,   t h e   d e f i n i t i o n  of   domain  of   integrat ion i s  

no t   g iven  by coord ina te   l i nes .   Hence ,  a more s u i t a b l e   t e c h -  

n ique   ( fu l ly   cor respondent  t o  i n t e g r a t i o n   i n   p o l a r   c o o r d i n a t e )  

i s  desc r ibed   he re .  

A s  shown i n  Eqs. 4 . 2 9  and 4 . 3 0 ,  the   boundary  of   the 

e l emen t   i n   t he   p l ane  are given by 

Note t h a t   t h e   u s e   o f  

has  the  advantage of e l i m i n a t i n g   t h e   s q u a r e   r o o t   s i n g u l a r i t y  

at the   l ead ing   edge   and   the   t ip .*  On the   o the r   hand ,  a 

s i n g u l a r i t y  of the   type  R - l  i n   t h e   p l a n e  X1, Y1 y i e l d s  a 

s ingu la r i ty   o f   t he   t ype  , i n   t h e   p l a n e  2, E .  Thus,   the  

i n t e g r a l  t o  be   eva lua ted  i s  of t h e   t y p e  

c. 7 

C .  8 

* V S  
This s i n g u l a r i t y  i s  due t o   t h e   f a c t o r  ]vsl i n  '=/-z 
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c.9 

where f (k, y )  is  a  finite  but  discontinuous  function  of X, Y 
" 

(the discontinuity  being  due  to  the  "cross-section-curvature 

effect")  although  continuous  in  polar  coordinate.  In  order to 

analyze Eq. C.7 it 

of Dl + D3 and D2 + 
is convenient to separate  the  contributions 

D4 (see  Fig. C .3) as 

t $4 

Using  the  transformation 

Equation C. 11 reduces  to 

c .  10 

c. 11 

c.12 

C.13 

Note  that F ( u ,  v) is a  regular  function of u and v since  the 

factor IuI compensates for the (z2 + F2)-'I2 singularity  and 
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the  "cross-section-curvature  effect"  disappears in the u, v 

plane  (which  is  similar  to  polar-coordinate  .plane).  Hence, 

Eq. C.14 can be  evaluated  by  the  Gaussian:.quadrature..  Similar 

transformation  can  be  used  in  Eq. 'C.12. 

. ,  " 

~, . ... 

. .  
:.-, -. 

This  procedure  was  used to .evaluate  not only the  effect 
. .  

=kk of the  element  on  itself,  but  also  for  effect  of  an  ele- 
ment on the  opposite  element.  Similar  technique  is  used  also 

for  the  evaluatlon  of 

C.15 
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J 
x -  

Fig. C . l  Surface in neighborhood of R = 0 
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Fig. C.2 Curvature of cross  section 
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Fig.  C. 3 Domain of In t eg ra t ion  


