View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by NASA Technical Reports Server

General Disclaimer

One or more of the Following Statements may affect this Document

e This document has been reproduced from the best copy furnished by the
organizational source. It is being released in the interest of making available as
much information as possible.

e This document may contain data, which exceeds the sheet parameters. It was
furnished in this condition by the organizational source and is the best copy
available.

e This document may contain tone-on-tone or color graphs, charts and/or pictures,
which have been reproduced in black and white.

e This document is paginated as submitted by the original source.

e Portions of this document are not fully legible due to the historical nature of some
of the material. However, it is the best reproduction available from the original
submission.

Produced by the NASA Center for Aerospace Information (CASI)


https://core.ac.uk/display/42886055?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

A WALL-WAKE VELOCITY PROFILE FOR TURBULENT COMPRESSIBLE
BOUNDARY LAYERS WITH HEAT TRANSFER

By

Chen-Chih Sun"
and

%k
Morris E. Childs

University of Washington

Seattle, Washington

Index Categories: Boundary Layers and Convective Heat Transfer--

Turbulent. Supersonic and Hypersonic Flow

(NASA-CE-1191231) A WR2LI-WAKE VEILCCITY N76-12318
ERCFILY FCE TUREULENT CCMERESSIELE BCUNLCARY
LAYEFS WITH HEAT TRANSFER (Washington Univ,)
20 p HC $3.5C CsCL 20C

*Research Assistant Professor, Department of Mechanical Engineering,
University of Washington, Seattle, Washington.

**Professor and Chairman, Department of Mechanical Engineering,
University of Washington, Seattle, Washington

This work was supported by NASA Grant NGR-48-002-047, under administration
of the Aerodynamics Branch, Ames Research Center.

CCS/mw



SYMBOLS

6*

A constant in the expression t = rw(I-ﬁa) (see Ref. 2)

(Uy-1)72) M 2/(T, /7,078
(Pry)® ([(y-1)721 M 2/(T /T )}

(L (v=1)721 M 2)/(T /T )31
L4(Pry)? [(v=1)72] M) /(T /T,)1-1

a constant in Law cf the Wall (usually 5.1)

Skin friction coefficient Tw/(1/2)pe ue2
5.1 - 0.614/aK + (1/K) 1n (GUT/vw)

Constant in mixing length (usually 0.4)
Mach number
Pressure

Turbulent Prandtl number

Temperature
Velocity in streamwise direction
(ug/R) arc sin {[(2A2u/u,) - B1/(B2+4A2)*%)
. i
(ue/AT) arc sin {[(2A]2u/ue) - B1]/(B]2+ 4A]2)’}

C . . L
Friction velocity (rw/ow)

ux + (ue/A) arc sin {B/(Bz+4A2)%}

Coles' universal wake function
Coordinate normal to wall
Ratic of specific heat
Boundary layer thickness

Displacement thickness




8*y = L: (1-u/ue)dy
8
A - L [(ug**-u**)/u_] dy
] = Momentum thickness
n- = y/é
v = Kinematic viscosity
I = Coefficient of Wake Function
p =  Density
1 = Shear stress

Subscripts

e = Conditions at the edge of the boundary layer
0 = Stagnation conditions

W = Conditions at the wall



A WALL-WAKE VELOCITY PROFILE FOR TURBULENT
COMPRESSIBLE BOUNDARY LAYERS WITH HEAT
TRANSFER

I. INTRODUCTION

The wall-wake velocity profile for isoenergetic compressible turbu-
lent boundary layer flow develop2d by Mathews et al., [1], and modified by
the present authors, [2], was based on the work of Maise and McDonald [3].
In their work, Maise and McDonald suggested that the defect of Van Driest's
[4] generalized velocity u* has the same form for compressible turbulent
boundary layer flow with zero pressure gradient as the velocity defect in
incompressible flow given by Coles [5]. Mathews et al., [1], went further
to suggest that a boundary layer profile similar in form to Coles' wall-
wake profile, but the velocity replaced by u*, might be applicable for com-
pressible flow with pressure gradient. The resulting profile and the sub-
sgquently modified form of it have indeed bzern [ound to provide a 500d vre-
nresentation of the mean veicuity distribution for adiabatic flows with
pressure gradient. ‘

Since Van Driest's generalized velocity u* can take into acccunt the
effect of heat transfer, it was reasonable to investigate the use of pro-
files expressed in terms of u* for non-adiebatic flows. !aise and !"cDonald
[31 attemptea a u*-defect correlation for such flows using the sere rela-
tionship they had used for adiabatic flat-plate flows. They exenined a
number of non-adiabatic velocity profiles but found an unacceptable level
of scatter in the data.

Lewis, Gran and Kuhota [67, working with Van Driest's transformed

velocity, U*, which differs from u* by a constant for a given profile,



were able to correlate low-speed and compressible turbulent boundary layer
data for adiabatic flow with p ‘2ssure gradients through the use of a pres-
sure gradient parameter g, = (G*K/rw)(dp/dx) suggested by Alber and Coats
[7]. Subsequently Gran et al., [8] used the wall-wake profile proposed in
Reference 6 to represent boundary layer profiles for cold-wall flows sub-
jected to pressure gradients. They found that the pressure gradient para-
meter correlated low-speed data with both adiabatic and cold-wall high-
speed data.

The velocity profile used in References 6 and 8 has a non-zero velo-
city gradient at the boundary layer edge. The purpose of this note is to
suggest a modified form of the wall-wake profile which is applicable to
flows with heat transfer, and for which su/3y = 0 at y = o. The modified
profile also takes into account the effect of turbulent Prandtl number. It
has ber found to provide 2 cood representation cf the experimental data

fror  everal sources and the Cf values which are determined by a least

measured by the floatina element technique.
IT. VELCCITY PROFILE

For incompressible flow the wall-weke velocity profile as proposed

bv Coles [5] may be written as,
w/u_ = (1K) In (yu_/v) + C+ 2(y/3)/% ()

Setting u = u_ and W(y/8) = 2 at y/6 = 1 in Eq. (1) and subtracting

e
the resulting equation from Eq. (1) leads to an expression for the velocity

defect,

(ug = w/u_ = = (1/K) In (y/8) + (a/x) 12 - V(y/2)] (2)



Maise and McDonald [3] suggested that for compressible flow the
generalized velocity defect also assumes a unique universal functional

relationship such as that given by Eq. (2), i.e.,
(u; - U*)/uT =« (1/K) In (y/8) + (n/K) [2 - W(y/®)] (3)

They found that this expression provided a gJod representation of adia-
batic, flat-plat:, boundary layer profi‘es with I/K set equal to 1.25.
Mathews et al., suggested for isoenergetic flow a profile similar

in form to that jiven by Eq. (1) but wity u replaced by u*, i.e.,

u*/uT = (1/K) In (yuT/vw) + C+ (u/K) W(y/s) (4)

This profile was found to be applicable to adiabatic flows with pressure
gradient for a range of Mach numbers and flow configurations. The value
of /K, which was determined through a least squares fit of the wall-wake
profile to experimental d:ta, was different for different values of pres-

sure gradient.

2-

ith both Ea. (1) and Eg. {4) the velocity gradient at the boundary
layer edge has a non-zero value. This shortcoming is avoided with the

modified profile proposed by Sun and Childs [2]:

o aas 2. Yo
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and
EE- -le ] arc sin [ZAZ-B ] ) | (7)
u, u R (B2+4A2) %

with the value of a taken to be 1.

Equation (5) has been tested against a large number of experimental
boundary layer profiles on adiabatic walls for a wide range of Mach
numbers and has been found to provide a good representation of the velo-
city profile. However, for flow on a non-adiabatic wall, the applicability
of Eq. (5) deteriorates as the ratio of the temperature on the wall to the
free stream total temperature decreases.

Van Driest [5] developed a compressible law-of-the-wall from the
concept of mixing length in a manner similar to that followed by Prandtl

for incompressible flow. It may be written as,

u yu
+ £ ]I arc sin ————B—, SULIE PR Ay (8)
Us (B2+ar2)? Ky

ol § =
*

-

A comparison of Eq. (8) with Eq. (1) sdggests that a boundary layer profile

for compressible flow with heat transfer should be written as,

[l | =
*
= I =
(1]

] - B 1, ey
x arc sin (BZ+4A2)% =z In > +C X U(G) (9)

-
-t

The left-hand side of this expression is the transfcrmed velocity, U*,
which is used in References 6 and 8.

In Van Driest's development of Eq. (8), he assumed a turbulent Prandtl
number of unity, which leads to the following temperature and density dis-

tributions across the boundary layer,




T u U 2
= 1 o+ BL a2 (LY 10
T g v, (0
and
£ - LI n
P 1eB()-pz () an
e e

In addition, he assumed a constant shear stress near the wall. Thus,

with Eq. (9) as written, the velocity gradient at the boundary layer edge
will have a non-zero value. If we assume, as in Reference 2, that t may be
expressed as t = T (1-n?), and if for Pry # 1, the temperature and density

distributions may be written as (cf. Schlichting [9] ),

T u u
1+By — =A% (=) (12)
Tu Vg ©1 T

and

- L (13)

7
W 148, (1) -a,2(1)
1 Ug 1 Ug

°

we may follow the same procedure as is used in Reference 2 to obtain a

boundary layer velocity profile of the following form,

u B
ur L e %— arc sin ! - = % {In n + % (1-n2)%
Ue Ut M (B]2+4A]2) *
- Zan (10?9 4+ R U(n) (14)
a K
or in defect form,
ugr - u** 1 2/, ayks 2 ais
-e—r——= - g (nn+ 2(0-0%)% = = 1n [1+(1-07) %))

T

+ ¥ [2-H(n)] (15)




For a + =, which corresponds to the assumption of a 1inear shear stress
distribution in the derivation of the compressible law-of-the-wall, and
for Prt + 1, u** -+ y* as in Eq. (9). Setting n =1 in Eq. (14) yields

the following expression for n/K,

ik *%
{ue ue ue B

n_1 1 1
= + — arc sin
K 2 o u UK (B 2+4A12)§

(16)

For mathematical convenience [1-3] we may replace [2-W(n)] in

Eq. (15) by [1 + cos nr] and write the wall-wake velocity profile as,

- (1+ cos n1)]) + 27‘\-]7 (17)

I =
®©

with /K given by Eq. (16). A least squares fit of the profile to experi-
mental data yields values of ¢ and u, or Cf. As Prt + 1, u** > u*, so
that Eq. (17) reduces to Eq. (5).

The value of T/K may be calculated from the conditions at the wall
and at the boundary layer edge by Eq. {16). However, it may also be
obtained from velocity profile data by 1ntegrat;ng Eq. (15) from n = 0 to

n=1. For a =1 the integration yields,




I ugt ur* 2
SR e

ITI.  DISCUSSION OF RESULTS

The method of leist squares has been used to fit the wall-wake pro-
file, Eq. (17), to experimental velocity profiles reported by Hopkins and
Keener [10], Voisinet et al., [11, 12], Horstman and Owen [13) ard Kilburg
[14] for zero pressure gradient flows with heat transfer. The wall-wake
velocities were osbtained under the assumption of Prt = 0.8 and'a=1.

K was taken as 0.4 and C as 5.1. Data in the sublayer were excluded. The
results shown here are from studies for which directly measured values of
wall shear stress were reported [10, 11, 13]. The data reported by
Voisinet et al., and Hopkins and Keener were obtained on wind tunnel walls.
The Horstman-Owen data are for flow along the cylindricai surface of a
cone-cylinder model whose axis was aligned with the primary wind tunnel
flow direction,

Comparisons of the experimental and wall-wake profiles are given in
Figure 1. Also shovn on the figures are values of ¢&*, o, Cf and /K,

The wall-wake profile is seen to provide a2 good representation of the
experimental velocity profiles. In addition, the Cf values determined by
the fit of the proposed profile agree reasonably well with the directly
measured values. For reasons which are not known at this tire the wall-
wake profile does not provide as good an overall fit to the data reported
by Voisinet et al., as it does to the data of Hopkins and Keener or Horst-

man and Owen, As Figure 1 shows, the viall-wake profile agrees quite well
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with the Voisinet data between the wall and the value of ¢ deten{ﬂ'ned

by the least squares fit. However, at the value of § detennine& by the
fit, u/ug = 0.965 rather than 0.995 which is sometimes taken to correspond
to the boundary layer edge in high speed flows. For the ML = 4,92 flow
examined by Voisinet, PO/Poe = 0.56 and T /T, = 0.938 at u/u, -‘d;96§.

e
On the other hand, for the Hopkins-Keener and the Horstman-Owen dat& the

values of u/u,, P /P TO/Toe are essentially unity at the value of &
determined by the fit. Values of & were also determined for a + = in
Eq. (17). As would be expected, they are lower than for a = 1 and u/ue.
Po/Poe and T°/T° at & are correspondingly lower,

The values of N/K shown in Figure 1 were determined from Eq. (16),
assuming Prt = 0.8 and 2 = 1 and with u_ and & determined from the wall-
wake fit. Although the pressure gradient was zero for the flows under con-
sideration, the value of n/K varies considerably from profile to profile
and is generally higher than for low-speed or compréssibIe adiabatic flows.
Néte that, for the modified profile used here, the expression for n/K
differs from that used in References 1, 3, 6 and 8 through the inclusion
of the Prandtl number effect, through the term 0.614/aK, and through the
differences in u and ¢ which are obtained with the modified profile.

Figure 2 shows a comparison of the experimental data from References
10, 11 and 13 with the u**-defect relationship given by Eq. (15) for
Pry = 0.8 and with the value of K taken as 0.4. The values of r/K which
are listed vere calculated from Eq. (18) using the measured values of
shear stress to evaluate u_. The experimental values of u** have been
calculated from the reported values of Mach number and tntal terperature.

As is shown, Eq. (15) provides a reasonably good representation of the

u**-defect for each profile.




The results may also be plotted in the form (ug* - u**)/u‘ vs.
y/4, where A is analogous to the defect thickness used ty Gran et al., [8)
in their comparison of cold-wall data with low-speed data [15]. Such a
plot 1s shown in Figure 3. It 1s seen th=t the data of Hopkiiis and Keener
agree quite closely with the low-speed results. The Horstman-Owen data,
for which n/K is about thirty percent higher than for the Hopkins Keener
profile, deviates from the low-speed results in the outer part of the
boundary layer. The Voisinet data, which n/K is considerably higher than
for either of the other two profiles, are quite different from the low-
speed data, even though the wall-wake profile fits tke experimentally de-
termined velocity distribution quite closely between the wall and the value
of & determined by the least squares fit.

The values of &* and & which were determined from the wall-wake pro-
file are 1isted on Figure 1, along with the experimental values reported
in the references. The results acree quite well for the Horstman-Owen pro-
file, but only moderately vell for the other two. In the case of the data
by Voisinet, the difference appears to result from the fact that the velo-
city, total temperature and total pressure continue to increase well beyond
the value of ¢ determined by the least socuares fit. For the data of
Hopkins and Keener on the other hand, the difference is due to differences
between the experimental density profile and the profile implied by Eq.
(13). Data reported by Schlichting [16] suagests that the turtulent Prandtl
number for high-speed flow on a flat plate is on the order of 0.9 and that
for flow on the vall of a plane channel is on the order of 0.8. Recent

work of Meier et al., [17] also suggests that Prt is near 0.8 for flow on
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the wall of a plane channel. The total temperature a.stribution reported
by Hopkins and Keener imply a considerably lower Prandtl number, and con-
sequently, a considerably different density distribution than is obtained
when Prt = 0.8 s assumed in Eq. (13). This in turn leads to differences

between the experimental and the wall-wake values of &* and 6.
Iv. CONCLUSION

An extension of the wall-wake velocity profile of Reference 2 to
compressible turbulent boundary layer flow on non-adiabatic walls has been
tested against experimental data covering a wide range of Mach number and
heat trarsi:r and has bee~ found to provide a good representation of experi-
mental velocity profiles. The profile considers the effect ¢r turbulent
Prandt] number and allows for variation of the shear stress near the wall,
Values of Cf determined by a least squares fit of the .211-wake profile to
experimental data agree reasonab}y well with directly measurcd values.

The values of & determined by the fit are closer to those based on u/ue =
0.995 than are found with earlier veréions of the wall-wake profile which
were developed under the assumption of a constant shear stress near the
wall. The values of the integral properties &* and 6 2s determined with
the wall-weke profile ceviate more, in some instances,from experimentally
determined values than was found to be the case for adiabatic flows. This
occurs beczuse the density prcfiles given by Eq. (12) end those computed
from the experimental total temperature and Mach number profiles differ

considerably.




n “

The wake function coefficient n/K, varies considerably more than
has been reported for zero-pressure-gradient non-adiabatic flows in
earlier references, and, for most of the data examined, is higher than

has been reported for adiabatic flows.
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Fig. 1

Fig. 2

Fig. 3

Velocity distributions in boundary layer with heat
transfer.

Defect of generalized velocity profiles.

Comparison of generalized velocity defect for low-
speed flow and compressible flcw with heat transfer.




99°2 = /I

wd 6/0°0 W 80°0 ©
WO G2'L WO pZ°L w9
££000°0 §8000°0 *3
— 0

X

Ll "u3 viva

LOL X LE°L = 9y
9p°0 = 21/M
WO 9/l = X “2°L = M

¢ INIMO ONV NVWLSUUH

L1y = A/u

WO pz'Q WO 92°0 0

wo gz°L ud 92°L «¢

£1160°0 0L100°0 72
— o

JANNVE! Vivd

Ul X 0£°¢ =3¢
1eco="1/1

wd gLl =X “06°% = W

11337 Gl 13ISTUA

¢"0

y3°L = U/u qv°C
uy G9TQ W L0 0
Wy GHTQ WO LT ¥

2000570 YoU0076 227970

O -
It Ul VLG
oL X g2l ey | Y 0
o0 N
LE1E°0 = oL/ L
s}
viesSa] o
) = U
oTuAIEIA diY SHIaul

¢/

ERECEDING PAGF. BLANK NOT FILMED




n)

x¥

(44D -

!
7

11337 ANV L3NISIOA 2% — — O /
N “ut

g INIHO ANV NVWLS4OH 09°¢ ——— \v //l
ord3NIIA OGNV SNINdOH 06"l —— @) .
AU Gl Cud vivd




‘02 ‘02 ¢°o
S 4 Y U0
Lo
a
Y7 0O
0
@.__._N.c
N v/R
11337 ANV 1INISIOA ‘viva 1014 JINOSUIINS O
¢ {NIMO NV NVWLSHOH V1ivd HOT14 JILOSY3dAH \V4 "0

01333 GNV SNIALOH ‘yYLva NO14 21L0Sd3dAH O
grLSYIH GNV S310D ‘VIVQ Gi3dS HOT W @




	GeneralDisclaimer.pdf
	0002A02.pdf
	0002A03.pdf
	0002A04.pdf
	0002A05.pdf
	0002A06.pdf
	0002A07.pdf
	0002A08.pdf
	0002A09.pdf
	0002A10.pdf
	0002A11.pdf
	0002A12.pdf
	0002A13.pdf
	0002A14.pdf
	0002B01.pdf
	0002B02.pdf
	0002B03.pdf
	0002B04.pdf
	0002B05.pdf
	0002B06.pdf
	0002B07.pdf

