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K1 

K2 

K 

M 

n 
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r 
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Mean energy  f low  per  unit  area 

J-i 
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Wave number = q q (  Cartesian coordinates) ; 

Wave number in   ax i a l   d i r ec t ion   ( cy l ind r i ca l   coo rd ina te s )  

Reduced wave number in   x -d i rec t ion  = k /o’ (Cartesian 
coordinates) 1 

Reduced wave number in   y -d i rec t ion  = k /o’ (Cartesian 
coordinates) 2 

Reduced wave number = k/o’ Cartesian  coordinates) ; 

Reduced wave number i n  axial d i r e c t i o n  = k/o’ (cy l indr ica l  
coordinates) 

Mach number 

an   in teger  

Pressure  increment  from  acoustic waves 

Mean-square pressure from acoust ic  waves 

Radial   cyl indrical   coordinate  

*The secondary symbols n o t   d e f i n e d   i n   t h i s  l ist  are defined 

where they are in t roduced   in   the   ana lys i s .  
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P 

pl 
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a* 

Radial displacement  of a f l u i d   p a r t i c l e  

Angular pos i t i on   i n  far f i e l d  measured  from  upstream 
j e t  a x i s  

Fluid  densi ty  

Veloci ty   potent ia l  

Angle about  x-axis  (cylindrical   coordinates) 

Generating  frequency 

o/c 

Observed  frequency 

Transient  source  frequency 
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Nomenclature,  continued 

Subscripts 

C refers t o   c r i t i c a l  

j r e f e r s   t o  j e t  

S refers to   source  

R r e f e r s   t o  real p a r t  

I r e f e r s   t o  imaginary  part 
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THEORETICAL STUDY OF REFRACTION EFFECTS 

ON NOISE  PRODUCED BY TURBUIZNT JETS 

E . W. Graham and B . B . Graham 

Graham Associates, Shaw Is land ,  Washington 

INTRODUCTION 

Objectives 

This   report  is an  extension  of  the work publ ished  in  NASA CR-2390'. 
None o f   t h i s  work is intended as a comprehensive  theory for   the   p red ic-  
tion  of  noise  produced by turbulence   in   j e t s .   Ins tead  we concentrate on 

one aspec t   o f   th i s  complex problem, the  transmission  of  acoustical   dis-  

turbances from t h e   i n t e r i o r   o f   t h e  j e t  i n to   t he  ambient air. These 

acoustical   disturbances are generated by mathematically  defined  point 
sou rces   d r i f t i ng   w i th   t he   l oca l   f l u id .  We neglect  temporarily  the more 

d i f f i c u l t  problem  of  identifying  these  mathematical  sources  with  the 

turbulence which they are intended  to  represent.  
Because  of  the  diversity  of  the material presented  here  ( the far 

f i e l d  of  supersonic jets as contrasted  with  the  near   f ie ld  of subsonic 

jets) t h i s   r e p o r t  is divided  into two par t s .  

I n   P a r t  1 w e  study  the  peaks which arise i n   p l o t s  of mean-square 
pressure  versus   angle   in   the far  f i e l d   f o r  some supersonic j e t  examples. 

Such peaks may occur even when the  basic  wavelength  produced by the  
pulsating  source is  several  times t h e  j e t  thickness.  These  peaks are so 

severe   in  some ins t ances   t ha t  a pressure change  of several   orders  of 
magnitude may appear  and  disappear  within a one  degree  change  of  angle 
i n   t h e  far  f i e l d .  

I n   P a r t  2 the   near   f ie ld   d i s turbances   c rea ted  by t rans ien t   sources  

in  a subsonic jet  are studied.  This is a pre l iminary   a t tempt   to   ge t  



t h e o r e t i c a l  data f o r  comparison  with the  experimental  in-house  research 

work of NASA TN D-7269 by Maestrello. It may a l s o  be   usefu l   for  check- 

i n g   t h e   a p p l i c a b i l i t y   o f   i n f i n i t e - j e t   a n a l y s i s   t o   r e a l i s t i c  expanding 

je t s  o f   f i n i t e   l eng th .  

2 

Related Work 

This   report  and the  preceding  one, NASA CR-2390, u t i l i z e   t h e  radia- 

t ion  f ie lds   of   sources   convected  with a moving f l u i d .   P r i o r  work of t h i s  

type was done by G o t t l i e b  , and by Moretti  and  Slutsky . More recent ly  

an ana lys i s  of t h i s   t y p e   h a s  been made by Mani . 
3 4 

5 

Work on diverging je t s  (which are of  course more r e a l i s t i c a l l y  

shaped  than the   cy l ind r i ca l  j e t s  of   the  above l i t e r a t u r e )   h a s  been  done 

by Schubert , by Liu  and  Maestrello , and by Padula  and  Liu . We hope 

such  analyses  can  be  extended to   cover   sources   convected  with  the moving 

f l u i d ,  

6 7 8 

Possibly we have  overlooked  other  closely  related work which should 

be ci ted  here ,  and c e r t a i n l y  we have f a i l e d   t o   r e f e r   t o  many j e t  noise 

s tud ies  which bear some r e l a t i o n   t o   o u r  own work. N o  disparagement  of 

such  omitted  references is intended. 

In   our   preceding  report  (NASA CR-2390) we should  also have c i t e d  

theore t ica l   ana lyses  by M a n i ’  and by Morfey and Tanna , and  experimental. 

work  by Ingard  and  Singhal , when mentioning t h e  existence  of more than 

one  type  of moving source. 

9 
10 

Description  of Model 

The noise  generator  chosen is a sequence of t rans ien t   sources  

dr i f t ing   wi th   the   loca l .   f lu id .  The j e t  ( e i t h e r  two-dimensional o r  

c i r cu la r   cy l ind r i ca l )   ex t ends   t o   i n f in i ty   ups t r eam and  downstream, with 

velocity  profile  independent  of streamwise posi t ion.  Thus the   l a rge  

ve loc i ty   g rad ien ts   across   the   j e t  are accounted  for,  and the  smaller  

g rad ien t s   i n   t he  streamwise d i rec t ion  are neglected. It seems reason- 

a b l e   t o  suppose t h a t   t h e  major r e f r a c t i o n   e f f e c t s  w i l l  be shown by such 

a model. However invest igat ion  of   the streamwise extent   of   near-f ie ld  

2 



disturbances may a l s o   c a s t   l i g h t  on t h e   s u i t a b i l i t y  of t h i s  model. 
I n  making t h i s   a n a l y s i s  we consider  that  turbulence  ("self-noise") 

i s  the  only  t rue  or iginator   of   noise ,   and  that   "shear   noise" ,   being 
composed of linear terms, is part   of  the  transmission  process.  

It must be  emphasized t h a t   t h i s  is not a s t a b i l i t y   a n a l y s i s .  We 

deal  with a d is t r ibu t ion   of   tu rbulence   in   the  j e t  which is  e s s e n t i a l l y  

independent of time. This   s teady-state   s i tuat ion is t h e  end r e su l t   o f  

t h e   a c t i o n   o f   i n s t a b i l i t i e s .  

We then   a t tempt   to   f ind   the  effect of   the  j e t  mean ve loc i ty   p ro f i l e  

on the  transmission of acoustic  disturbances from  one  element of turbu- 

lence  through  the j e t  and i n t o   t h e  ambient air. The s c a t t e r i n g   e f f e c t  

of  other  elements of turbulence is  neglected. 

Description  of Methods* 

Generality  of Methods** 

Nearly a l l  of t h e  work i n   t h i s   r e p o r t  and the  preceding  report ,  

NASA CR-2390, h a s   i n  common cer ta in   necessary   s teps  and concepts. The 
noise  may be  generated by sources  (i.e. monopole sources),   dipoles or 
quadrupoles. The noise  generators may be on center ,   off   center  i n  a 
uniform  velocity  region or, in some cases ,   in   the   shear   l ayer .  Temper- 

a t u r e s  may be  ambient or varying  across  the jet. The j e t  i t s e l f  may be 

two-dimensional or c i rcu lar .   S t i l l ,   wi th   on ly  minor modifications  cer- 

tain basic ideas apply,  and we review them br ie f ly .  

For convenience we w i l l  descr ibe   the  j e t  as being  two-dimensional. 

The ve loc i ty   p ro f i l e  must be  independent of streamwise and lateral 

posit ions.  Fo r  s implici ty  we w i l l  say  "source", and speak  of a s ingle  

(constant   veloci ty   gradient)   shear   layer  on each side of it, but   other  

s ingular i t ies   can  be  used,  and more complicated  shear  layers  can  be 
t rea ted .  

%uch of t h i s  is reproduced  from NASA CR-2390 f o r   t h e  reader's conven- 
ienc e. 

HSee references 11-15. 
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The Source i n  a Jet 
It is first assumed that   the   pulsat img  source is a t  rest i n  

a completely  stationary homogeneous f l u i d   o f   i n f i n i t e   e x t e n t .  The 

origin  of  coordinates is fixed  in  the  source,   and  the  conventional wave 

equation  applies. The ve loc i ty   po ten t i a l  produced by the  source is 

readily  expressed as the   double   in tegra l   o f   the   ve loc i ty   po ten t ia l s   for  

a l l  reduced wave numbers, X and K2 i n   t h e  s (streamwise) and y (lateral) 
directions.  This  corresponds  to  the  decomposition  of  the  source  poten- 

t i a l  in to   an   i n f in i t e   s e t   o f   p l ane  waves (and  exponential  disturbances). 

1 

The source  and some portion  of  the  surrounding  f luid at r e s t  must 

next be confined  within a j e t .  From coordinates   f ixed  in   the  source 

t h i s   j e t  is seen as shear   layers   f lowing  past  on  each side, and  outside 

the  shear   layers   the  ambient   f luid  f lowing by a t  a fixed  velocity.   (See 

Fig. 1.) To accomplish t h i s   i n s e r t i o n  of t he   sou rce   i n to   t he   j e t  one 

must add t o  i ts  o r ig ina l   ve loc i ty   po ten t i a l   t he   po ten t i a l s   fo r  upward- 

moving and downward-moving waves r e f l ec t ed   o f f   t he   shea r   l aye r s .  These 

two r e f l e c t e d  wave amplitudes are as y e t  unknown. 

The Shear  Layers  and Ambient Air 

In   the  shear   layers   the  convent ional  wave equation  does  not 

apply. The co r rec t   pa r t i a l   d i f f e ren t i a l   equa t ion  is  derived,  and by 

assuming periodic  solutions  in  the  streamwise  and lateral  d i rec t ions  

an ord inary   d i f fe ren t ia l   equa t ion  is obtained  in   the  coordinate  normal 

to   t he   shea r   l aye r s .  The ord inary   d i f fe ren t ia l   equa t ion  is solved by 

power series expansions  about  the  singular  point, or about  other  points,  

and two independent  solutions are obtained  (in  each  layer)  with  ampli- 

tudes as ye t  unknown. 

I n   t h e  ambient a i r  the  conventional wave equation  applies  again 

( for   coord ina tes   f ixed   in   the   ambient   f lu id)  Only  outward moving 

waves need  be  considered, so ( i n  each  ambient  region)  one  solution  of 

unknown amplitude  appears. 

There a r e  now e ight  unknown amplitudes t o  be  determined  and  four 

boundaries between fluid  layers.   Across  each  of  these  boundaries  pres- 

sure  and  displacement must be  continuous,  yielding  the  necessary  eight 

4 



f Velocity 
P r o f i l e  

I Shear  Layer 

X 

Fig. 1 COORDINATE SYSTEM FIXED I N  SOURCE 
AND CORRESPONDING VELOCITY PROFILE 
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equat ions   to  make t h e  system  determinate. A double integral (over K 1 
and K ) fo r   ve loc i ty   po ten t i a l   i n   t he   ambien t  air is then  obtained as 
a furiction  of  source  strength  and  frequency. 

2 

The F a r   F i e l d  
Only i n   t h e  far f i e l d  can t h i s  double  integral   be  evaluated 

easi ly .   There  the  integrand  general ly   consis ts   of  a slowly  varying  func- 

t ion  mult iplying a funct ion which osc i l la tes   rap id ly   about   zero .  Such 

func t ions   i n t e rac t  weakly,  and s igni f icant   cont r ibu t ions   to   the   in tegra l  

occur  only when (a) the  slowly  varying  function becomes rapidly  varying 

(i. e. in t h e  neighborhood  of  singular  points) o r  (b) when the   rap id ly  

osc i l l a t ing   func t ion   ceases   t o  be   r ap id ly   o sc i l l a t ing  (i.e. i n   t h e  neigh- 

borhood  of  stationary  phase  points).   Evaluation  of  the  integral   yields 

the   p re s su re   i n   t he  far f i e l d   f o r   c o o r d i n a t e s   f i x e d   i n   t h e   s o u r c e .  

Transient  Sources  and  Retarded  Coordinates  (the far f i e l d )  . 

A more u s e f u l   r e s u l t  would be t h e   f a r - f i e l d  mean-square pres- 

sure  produced by sources   in  a localized  region,  say  immediately  behind a 

j e t  nozzle. To o b t a i n   t h i s  we consider a sequence of t ransient   sources ,  

each  originating a t  t h e  same p o i n t   r e l a t i v e   t o   t h e  ambient air o r  nozzle. 

A s  one  source  disappears   af ter   dr i f t ing downstream wi th   the   f lu id ,  a new 

one  (with random phase r e l a t i v e   t o   t h e  first) appears at the  upstream 

point.  The mathematical   analysis  of  this  process (Ref. 13) is r a t h e r  

tedious. However the   p rac t i ca l   app l i ca t ion  conforms t o  a s imple  rule  if  

it is assumed (as in   t he   p re sen t   ana lys i s )   t ha t   t he   t r ans i en t   sou rces  

have a lifetime of many cycles. The r u l e  is t h a t   t h e  mean-square pressure 

in  source  coordinates  should first be  formally  transformed t o   r e t a r d e d  

coordinates ,   f ixed  in   the  nozzle .   (See  Fig.   2 . )  The r e s u l t  must then  be 

mult ipl ied by (1 + Mx2/R) , where M i s  the  source Mach number r e l a t i v e  

t o   t h e  ambient air, x i s  t h e  streamwise distance  and R t h e   r a d i u s   t o   t h e  

far-f ie ld   observat ion  point .*  (The rule holds   a l so   for   the   supersonic  

The f a c t o r  11 + Mx2/R I is often  wri t ten 1 1 + M cos0 I where 0 is  

the  angular   posi t ion of t h e   f a r - f i e l d   o b s e r v a t i o n   p o i n t   r e l a t i v e   t o   t h e  
j e t   a x i s ,  0 = 0 being  measured  upstream, 0 = n downstream. 

t h e  j e t  are of course  negl igible  compared t o  R. 

2 

"""""""""""""~"""""""""~""""""""""""" 

* 

The t ravel   dis tance  of   each  t ransient   source  and  the  thickness  of 
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case if t h e  

signs. ) 
I I + MXJR 

Solutions 

I f a c t o r s  are enclosed by absolute  magnitude 

The methods just  described  have  been amply i l l u s t r a t e d  in  
previous  reports  ','"'4. Power s e r i e s   s o l u t i o n s   f o r   s o u r c e s   i n  two- 

dimensional  shea-layer j e t s  and in   c i rcu lar -cy l indr ica l   shear - layer  

je ts  are g iven   in  Ref. 1 and are not  repeated  here.  These  previously- 

der ived  solut ions were programmed f o r  machine computation  and are the  

bas i s   fo r   ca l cu la t ing  all shear-layer j e t  resu l t s   p resented  i n  t h e  

first sect ion of P a r t  1 of   the  present   report .  

The p a r t i a l   d i f f e r e n t i a l   e q u a t i o n  for t he   shea r   l aye r  is  

Eq, (37) of NASA CR-2390. This  should  provide a good first approx- 

imat ion   for   co ld  je ts  of  low  supersonic Mach number,  where temperature 

gradient  effects are considerably smaller than  veloci ty   gradient  

effects .  For  high  supersonic Mach numbers and  heated je t s  it may be 

necessary  to  use Eq. (107) of CR-2390 which includes  temperature 

gradients  . 

The Near F i e l d  

Near-f ie ld   calculat ions  are  much more d i f f i c u l t   t h a n  far- 

f i e l d  ca l cu la t ions   fo r  two reasons.  Stationary  phase  approximations 

cannot  be  used, and the  transient  sources  cannot  be assumed to   pas s  

through many cycles. To g e t  a r e a l i s t i c   p i c t u r e   o f   t h e   n e a r   f i e l d ,  

t rans ien t   sources  must generally be required  to  have  very  short  

l i fe t imes.   This  w i l l  be   d i scussed   fur ther   in  P a r t  2. 
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P a r t  1 PEAKS I N  THE F SUPERSONIC JETS 

Introduction  and Examples 

I n  one  of our first investigations  of  supersonic je ts  (see Ref. 14) 
t h e  example chosen was f o r  Mach number 3, t h e  j e t  was two-dimensional  and 

the  source was located a t  the   cen ter  of t h e  jet .  The ve loc i ty   p ro f i l e  

was a l i n e a r   v a r i a t i o n  from maximum veloci ty  a t  the   cen ter   to   zero   ve lo-  

c i t y  a t  t h e  edge. I n  t h i s  case t h e  mean-square pressure   p lo t ted   aga ins t  

ang le   i n   t he  far f i e l d  showed zero a t  t h e  Mach angle,  but showed a high 

f i n i t e  peak in  the  "subsonic  approach  region"  and a much lower  peak i n   t h e  

"supersonic  approach  region".  Both  of  these  peaks were near   the Mach 

angle. (The source Mach number of 3 projected  onto  any  angular  ray  gives 

an  "approach" Mach number of 3 or less for t ha t   r ay .  When t h e  approach 

Mach number is  l e s s   t han   un i ty  w e  say  the far f i e l d   p o i n t  is i n   t h e  
subsonic  approach  region. When the  approach Mach number is greater   than 

un i ty   t he  far f i e l d   p o i n t  is sa id   t o   be   i n   t he   supe r son ic  approach  range 

of angles.) 

Th i s   r e su l t  seemed reasonable. The cruder  representation  of  the 

j e t  by s t a t iona ry   f l u id   w i th  "moving sources"  passing  through it shows an 
i n f i n i t e  (and   unrea l i s t ic )  peak a t  t h e  Mach angle. The requirement  that  

j e t  f l u i d  must move with  the  sources (as in   the   p resent   ana lys i s )  ap- 

parently  produces a more r e a l i s t i c   r e s u l t .  

However the  considerat ion  of   an  off-center   source  in   the j e t  de- 

scr ibed above (a more d i f f i c u l t  problem)  produced  an  unexpected r e s u l t .  

Fig. 3 shows t h e   e f f e c t  of locating  the  source  one-quarter  of  the way 

from t h e   c e n t e r l i n e   t o   t h e  edge of t h e   j e t .  The source,   dr i f t ing  with  the 

l o c a l   f l u i d   i n   t h e   s h e a r   l a y e r ,  now t r a v e l s  a t  a Mach number of  2.25 . 
The expected  and  comparatively  broad  peaks in  the  subsonic  and  supersonic 

approach  regions are much lower  than  before  and now there  appears a 

"spike"  confined t o   l e s s   t h a n  one degree  of  angular  range  but  hundreds  of 

times higher   than  the  other   peaks.   In  an 0rdinm-y  survey  of  the far  
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f i e ld   w i th  a five-degree  angle  interval,  or even a one-degree in t e rva l ,  

such  an effect might  be  completely  overlooked. It is not   ye t  known 

whether t h e  area under  such a spike would con t r ibu te   s ign i f i can t ly   t o   t he  

f i n a l   i n t e g r a t e d   r e s u l t s .  

Studies  were a l s o  made of  two-dimensional je ts  a t  a Mach number of 

1.5 . In   F ig .  4 mean-square pressure is p lo t ted   aga ins t  far-field angle 

f o r  a j e t  whose v e l o c i t y   p r o f i l e  is l inear ,   g iv ing  M = 1.5 a t  the   cen te r  

and M = 0 a t  t h e  edge. The source is  a t  the  center .  A high  peak  appears 

in  the  subsonic  approach  region as i n   t h e  M = 3 case,  and  the  supersonic 

approach  peak is negl ig ib le  (see Fig. 5) . For a second  case we l e t   t h e  

j e t  have  uniform ve loc i ty   ove r   t he  central  half   of   the  j e t  thickness,   then 

ve loc i ty   decreas ing   l inear ly   to   zero  a t  the  edge, The source is  loca ted  

halfway  between the   cen te r  and t h e  edge,  and so  its Mach number i s  1.5 as 

in   t he   p reced ing  case. However the  subsonic  approach  peak is now g rea t ly  

reduced (see Fig. 4) and a supersonic  approach  peak  of similar magnitude 

appears  (see  Fig.  5). Such e f f e c t s  are not   easi ly   explained.   In  a t h i r d  

example the  source is  loca ted   in   the   shear   l ayer ,   th ree-quar te rs  of t h e  

way from t h e   c e n t e r l i n e   t o   t h e  edge. This   source,   dr i f t ing  with  the 

f l u i d ,   t r a v e l s  at M = 0.75 . There is of  course no supersonic  approach 

region  based on source Mach number, and t h e  mean-square pressure   p lo t  

somewhat resembles the  subsonic j e t  type as might  be  expected  (see  Fig. 6). 
We now tu rn   ou r   a t t en t ion   t o   c i r cu la r   cy l ind r i ca l   j e t s   w i th  M = 1.5 . 

I n  each  case  the j e t  has a cent ra l   core   t rave l ing  a t  uniform  velocity 

(corresponding t o  M = l.5), and  an  annular  region  in which the   ve loc i ty  

v a r i e s   l i n e a r l y  from the   cen t r a l   va lue   t o   ze ro  a t  the   ou te r  edge  of t h e  

jet .  The rad ius   o f   the   cen t ra l   reg ion  i s  ro , and the   r ad ius  a t  which 

the  source is  loca ted  is  F . The  mean-square pressure is an average 

value  obtained by in tegra t ing   a round  the  jet. In   F igs .  7 and 8 r e s u l t s  

are shown f o r  a var ie ty   of   values   of   core   radius ,   the   source  being  located 
e i t h e r  at the   cen te r  or at  t h e  edge of  the  core.  Thus the  source,  drift- 

ing   wi th   the   f lu id   a lways   t rave ls  a t  M = 1.5. In   F ig .  7 the  subsonic 

approach  region is shown.  The subsonic  approach  peak is h i g h e s t   f o r   t h e  

smallest central   core ,   and  decreases   rapidly as the   co re   s i ze  is increased. 
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I n  fig. 8 the  supersonic  approach  region is shown. It is necessary a t  

t h i s   p o i n t   t o   e x p l a i n   t h a t  a source a t  rad ius  rs and  angle ~r = 0 i n  

t h e  j e t  is constructed  by  the  Fourier series representation  of a de l ta -  

function. The first term i s  a uniform  distribution  of  source  strength 

on t h e   c i r c l e   o f   r a d i u s  r . The next term is a simple  cosine I# term, 

the   next  a cosine2I#term,   e tc . ,   each  with  the  appropriate   coeff ic ient  

t o   r ep resen t  a delta-function.  Since  the  wavelength  created by the  pul-  

sat ing  source is general ly  much grea te r   than  2rs we expected  the  zero 

harmonic t o  behave much l i k e  .a simple  source,  the first harmonic l i k e  a 
dipole ,   e tc .  Each higher harmonic would then  have a much smaller con- 

t r i b u t i o n   t o   t h e  mean-square pressure  than  the  preceding one. I n  many 
cases   t h i s   t u rned   ou t   t o   be   co r rec t ,  and  convergence was rapid.  However 

Fig. 8 shows f o r  ro = rs = 0.5 a very  high  peak  due  largely  to  the 

t h i r d  harmonic*. This i s  a ra the r   su rp r i s ing   r e su l t .  Presumably it is  

produced  by some s o r t  of  quasi-resonant  effects  associated  with commm- 

' icat ion  around  the  je t .  Such e f f e c t s  would not   appear   in   the two- 
dimensional  examples. However the  "spikes"  occurring  in  two-dimensional 

examples a l s o  occur f o r  the   c i rcu lar   j e t ,   though  perhaps  more rarelq. 
For r = r = 0.45 , ST =0.2 , M .  = 1.5 (see  Fig.  9) a spike was en- 

countered  in  the  supersonic  approach  region.  This  very  high  peak was 

contained  within an angular  range of  one degree  or   less .  

- 

S 

- 

- - 

- 
o s  J 

I n   t h e  examples just   considered  the  source was e i t h e r  a t  the   cen ter  
or a t  t h e  edge of  the   core ,   t rave l ing  a t  a Mach number of 1.5. In   F ig .  

10 w e  show fo r   s eve ra l   co re   r ad i i   t he   e f f ec t  of  loca t ing  a source   in   the  

shea r   l aye r   j u s t  far enough out so t h a t  it t r a v e l s  a t  M = 0.7. For 

je t s   wi th   l a rger   cores   the   sources  w i l l  then  be  nearer  the  outer edge 
of t h e  j e t ,  but  a l l  sources   t rave l  a t  t h e  same  Mach number. It is  i n t e r -  
es t ing  that   the   peaks  vary  widely  in   posi t ion  and  magni tude,  showing t h e  

extreme  importance  of j e t   v e l o c i t y   p r o f i l e   i n  modifying t h e   r a d i a t i o n  
pattern  of  sources  convected a t  a specif ied  veloci ty .  It is  also  of  

i n t e r e s t   t h a t   t h e  mean-square pressures  are nearly  zero a t  t h e  Mach angle 
.................................... 

*Where they are of interest dominant  harmonics are noted on the  curves  

by a 0, 1, 2, 3 etc .   enclosed  in  a c i r c l e .  
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corresponding t o   t h e  & Mach number even  though t h e s o u r c e   v e l o c i t y  

is subsonic. 

Figures il and 12 show t h e   r a d i a t i o n   p a t t e r n s  when the  sources  are 

so p l a c e d   i n   t h e   s h e a r   l a y e r   t h a t  Ms = 0.5 and 0.3 . The mean-square 

pressures  are much lower in   general ,   because of the  lower  convection 

speeds. The extreme e f f e c t s   o f   v e l o c i t y   p r o f i l e  are still apparent,  and 

some double  peaks now appear.  For  angles less  than i31.8O mean-square 

pressures  are not   negl igible ,   but  are not   of   special   in terest   here .  

I n  view  of the  unexpected  and  rather  perplexing  results  of  the 

supersonic   je t   analysis  it seemed d e s i r a b l e   t o   g e t  a check  on t h e  

correctness  of  the  basic  formulation  of  the  problem  and on t h e  computa- 

t ions .  The following two sec t ions  are devoted t o   t h e  independent  study 

of  simplified models of two-dimensional  and c i r c u l a r  jets. 

The Three Layer Model of   the  Two-Dimensional J e t  

This  case is par t icular ly   valuable   in   giving  an  understanding  of  

spikes  because it can   be   s tud ied   ana ly t ica l ly   to  a large  extent  and 

the  necessary  numerical  calculations  can  be made with a small computer 

(e. g. t h e  HP-35) 
The model i s  i l l u s t r a t e d   i n   F i g .  13 and  the  analysis   fol lows  the 

general   procedure  outl ined  in  the  introduction. The absence  of a shear 

l a y e r  of  course  simplifies  that  procedure. 

The v e l o c i t y   p o t e n t i a l   i n  any  region, @, @ or 0, satisfies 

the  simple wave equation 

v2pi = 4 pltt 
C 

for   coordinates  a t  rest  in   t he   f l u id   o f   t ha t   r eg ion .  Only outgoing 

waves need  be  considered i n   t h e  ambient a i r ,  and f o r   s i m p l i c i t y   t h e  

ana lys i s   g iven   here   t rea t s   on ly   o rd inary  waves (i. e. K M < 1, subsonic 

approach  angles),  though  note is made of the  changes  required  for   the 

reversed wave case (K M > 1, supersonic  approach  angles). For simplici ty ,  

1 1  

1 1  
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I M o t  =I z = O  

(a) Geometry and  Veloci ty   Prof i le  

A Image 

(b) Velocity  Profile  for  Coordinates  Fixed  in  the  Source 

Fig. 13 THE  THREE  LAYER  MODEL OF THE  TWO-DIMENSIONAL JET 



a lso ,  w e  consider a symmetric  problem  (source a t  z and image source a t  
-zs) and  an anti-symmetric problem  (source at zs and  "sink", i.e. 180' 
out-of  -phase  source, at -zs) and  wri te   equat ions  only  for  z > 0. The 

so lu t ion   fo r   t he   s ing le   sou rce  at z = z is then  the  superposi t ion of 
a symmetric solution  and an anti-symmetric  solution,  each of half-strength.  

For t h i s  example the  source is s i t u a t e d  i n  the   ou te r   l aye r .  The 

S 

S 

p o t e n t i a l s   i n   t h e  three regions  (Fig.  13b) may then  be  expressed as 
r 

A$ 0 = Aw' R.P. - ( M o - M l ) ~ t l + K 2 y - ~ ~ + ~ ~ + ( M o - M i ) K l ] 2 - K 2 ) }  

2 exp{iw' (K 1 0  Lx -(MO-Ml)~t~K2y-ct-z~1+(Mo-Ml)Kl]2-K~ 
- 

A #  1 = Aw' R.P. lexp{io'[Kjx+K2y-ct+ l z - z p ] }  / 

iw'[Klx+K2y-ct+ 

A$, = Aw' R.P. e x p { i w ' [ K i ( x 2 + M l c t ) + K 2 y - c t + ( z - a 2 ) ~ ~ ] }  

where R.P. denotes "real p a r t  of" and t h e  complex notat ion i s  convenient, 
In   these   equat ions  A is  the   source   s t rength   coef f ic ien t  [A = (source 

s t rength) /h2,   the   source  s t rength  being  the maximum volume introduced 

p e r   u n i t  time]; E, 5, E, s are unknown complex ampli tude  coeff ic ients  

t o  be  determined. I n  Adl t h e  first term is t h e  component po ten t i a l  due 

t o  the   po in t   source ;   the   o ther  two terms are upward-moving and downward- 

moving r e f l ec t ed  waves. I n  A#o t he   uppe r   s ign   app l i e s   t o   t he  symmetric 

problem  described  above  and  the  lower  sign  applies  to  the anti-symmetric 
problem. Ago thus  is chosen t o   s a t i s f y   r e q u i r e d   c o n d i t i o n s  of  symmetry 

o r  anti-symmetry at z = o (zero normal ve loc i ty ,  A$oz , i n   t h e  

symmetric  case;  zero  pressure,  PA$^+ , in   the  ant i -symmetr ic   case)  . 
U 

K and K are reduced wave numbers (K = kl/w' , K2 = k2/w' , where 1 2 1 
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w '  = w/c). K = . A$,, a$,, A$2 are component po ten t ia l s ,   o f  
c o u r s e ,   t h e   t o t a l   p o t e n t i a l  i n  each  region  being  the  integral   over a l l  

pos i t i ve  K and K of   the  component p o t e n t i a l s  shown. ( In   the   reversed  
wave case ,   the  term involving  the  square-root   in   the  exponent ia l  of A$ 
changes  sign, so  t h e  exponent becomes 

I 2 

2 

{ i w '  ~ l ( x 2 + M l c t ) + K 2 y - c t - ( z - a 2 ) ~ ~ ]  } .) 
The boundary  conditions  require  matching at each   in te r face   the  

pressures   (on  the two s ides   o f   the   in te r face)  and the  displacements. 

These four   condi t ions  determine  the  four   ampli tude  coeff ic ients  E, 5, E, 
S. The last of   these is pa r t i cu la r ly   o f   i n t e re s t   i n   desc r ib ing   t he   d i s -  

turbance which is transmit ted.   outs ide  the jet:  

- 

where 

and where 

a = w ' a  1 ~I+[Mo-Ml]Ki)  2 2  -K 

- - S(l+[Mo-M1]K1) 2 2  -K 

' ( I+ [MO-M1] K1)2 f i2  



Again, the   upper   s ign   appl ies  t o  t h e  symmetric solution  and  the  lower 

s ign  to   the  ant i -symmetr ic   solut ion.   (For   the  reversed wave case t h e  

corresponding  solutions are obtained by subs t i t u t ing  -&qp2 
f o r  +,/( l-M1Kl)2-K2 wherever it occurs.) 

tionary  phase) is descr ibed   in   p rev ious   repor t s  . The c r i t i c a l  

K-values, which alone  determine S i n  t h e  far f i e l d ,  are, i n   r e t a r d e d  

coordinates,  

Application of t he   f a r - f i e ld   ana lys i s   (u s ing   t he   p r inc ip l e   o f  sta- 
1,12,16 

- 

where x 2 ,  y, z 

i n   t he   nozz le  

From t h e  

Y/R 
K2 - 

- 
I + M ~ X ~ / R  

(and R = ) are the   re ta rded   coord ina tes   f ixed  

(which i s  assumed t o  b e   s t a t i o n a r y   i n   t h e  ambient air)  . 
f a r - f i e l d   p o t e n t i a l   f o r  a permanent  source of  frequency w 

( the  case so far c o n s i d e r e d ) ,   t h e   f a r - f i e l d   p o t e n t i a l   f o r  a t r a n s i e n t  

source  follows by Four ie r   in tegra l   cons t ruc t ion .   For   the   t rans ien t  

source  sequence  described  in  the  Introduction  and  used  in  previous 

studies" '" t h e  mean-square 

t r ans i en t   sou rce   t o  go through 

- 2 2 2  2 22 

R2 R2  

2 Ap = 
2n A p wo - 

pres su re   i n   t he  far f i e l d ,  assuming  each 

many cyc les  of  frequency wo , i s  13 

where S = S' + is" . For convenience the   subsc r ip t  0 on the  gener- 

a t ing  f requency is dropped in   the   remainder   o f   th i s   ana lys i s .  

- 

Since  the mean-square p r e s s u r e   i n   t h e  far f i e l d  is propor t iona l   to  

the   square   o f   the   absolu te   va lue   o f   the   t ransmiss ion   fac tor  S , evalu- 

a t ed  a t  t h e   c r i t i c a l   v a l u e s  of X (Eqs, ( 9 ) ) ,  a t t e n t i o n  w i l l  be 

focused  primarily on I s l2 . Resul ts  were considered  only  in   the  plane 

- 

1 ' K2 

( 9 )  
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y = 0 where K2 = 0 and K = I Kll We define 8 = 0 in   the   ups t ream 

d i r ec t ion  so t h a t  8 = cos-l(x2/R) 
When Eqs. ( 5 )  and ( I O )  were invest igated  for   several   numerical  ex- 

amples,  spikes were found  only when K was l a r g e  (X > 1) and when 

(I+CMO"l$I ) 2 > K  ; t h a t  is, s p i k e s   o c c u r   i n   t h i s  example in   r eg ions  

of   the  far f ie ld  where t h e   c r i t i c a l  K-values  correspond to   exponent ia l  

components of   the   source   bu t   to  true wave d i s tu rbances   i n   t he   cen t r a l  

region of t h e  jet, For th i s   r eg ion ,  i f  we write t$ = it' , u =  id I 

P i  = -%I' ' p2 = -i%' (so t h a t  f ' Q' , pi' , p2 ' are real) then 

N = coshE' cosa - p2' sinhe'  sina 

Dl = sinhu' COSQ - p2' c o s h d   s i n a  

D2 = cosh d COSQ - p2 ' s inhu '   s in  a 

with 

u' = "'(a2 -a 

E '  = w'(  as-al)&Z-i 

I m n  

J( I-M,K,)~-K~ 

P2' = 

and, i n   t h e  anti-symmetric case, 



N = coshc' s i n a  + p ' sinht' cosa 

Dl = sinhu' s i n u  + p ' coshu' COS a 

2 

2 ( 14) 
D2 = coshc' sin a + p ' sinhu' COSQ 2 

I n   t h i s  form it w i l l  be   no t iced   tha t  when K is l a rge ,  ' is small. 

Thus, f o r   l a r g e  K ,  Dl2 i s  normally  the dominant term of  the  denominator. 

However it is  o s c i l l a t o r y  and  zeros  of D can  occur i n   t h e  symmetric 

case when 

P l  

1 

and in  the  anti-symmetric  case when 

It is  when the  dominant  term  of  the  denominator  drops t o   z e r o   t h a t   s h a q  

peaks  occur i n   t h e   f a r - f i e l d  mean-square pressure   d i s t r ibu t ion ,  For  very 

l a r g e  K (which  according t o  Eq. (9) occur f o r  supersonic  values of  M 

near  the  corresponding Mach cone, i.e. near 8 = cos-l( - i /Ml )  ) t he re  can 

be  multiple  solutions of  Eqs.( is), and the  pressure  peaks are very  abrupt 

i n  0, becoming spikes. The magnitudes of the   sp ikes  are, f o r  , 

1 

- s = f /s in@ 

and for   the  corresponding mean-square pressure 

where, i n   t h e  symmetric  problem, 
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and in  the  anti-symmetric  problem 

cosht '   s ina  + p2' sinhe' cosa  

coshu' s i n a  + p ' sinhu'  cosa 
f = f a =  

2 

Two source  locat ions are espec ia l ly   o f   in te res t .  If the  source is 

at  t h e   o u t e r  edge of   the   ou ter   l ayer ,   then  ' = u' and f s  = f = I . 
Note that Ap2 then  corresponds  to   that   of   the   modif ied moving source . 15 

If the   source  is at  t h e  inner edge of the   ou ter   l ayer ,   then  E' = 0 and 

(using Eqs. (15)) f s  = fa = coshu' . The mean-square p r e s s u r e   i n   t h i s  

case is much l a rge r   t han   t ha t   fo r   t he   mod i f i ed  moving source  (and  ap- 

proaches infinite value at t h e  Mach cone for   supersonic  M ). 

- a 

1 
Note a l so ,  however, t h a t   t h e r e  are z e r o s   i n   t h e  symmetric  problem 

con t r ibu t ion   t o   t he   f a r - f i e ld   p re s su re   d i s t r ibu t ion  when 

tanhe '   tan a = l / p 2 '  

For  very  large K these   zeros   a re   no t  far  removed ( i n  0) from the   sp ikes  

located  according t o  Eqs. ( l5a ,b)  . 
Further  examination of Eq. (5) reveals   addi t ional   information for 

o t h e r   p a r t s  of  t h e  far f i e ld  where spikes  were not  found. 

(a) When K 2 > 1 and K 2 > ( I+~o-M1-JKi)2 , then   ne i ther  

term of t h e  denominator of I SI2 i s  o s c i l l a t o r y  and no spikes  Can Occur. 

(b) When K2 < 1 and K2 $ ( 1+[Mo-M11K1)2 , both  terms  of  the 

denominator are osc i l l a to ry   bu t   ne i the r  is dominant (i. e. lpll = O( 1) ) . 
Hence, although  pressure  peaks may occur,  their  magnitude is more l imited.  

Also, s ince   t he   va r i a t ion   o f   t he   c r i t i ca l  K-value with 0 ( l o c a t i o n   i n   t h e  
far f ie ld)  is no t   r ap id   fo r   t hose  8 where K < 1 , t he re  are no real 



spikes.   Pressure  peaks  occur  singly and with  moderate  slope  ( in  plots 

of Ap  vs. e) .  2 

This  example i l lustrates   the  type  of   problem  encountered when t h e  

supersonic  shear-layer jets were invest igated.  For the  shear- layer  je ts  
abrupt  spikes  sometimes  occurred  in  the  numerical   solution, as i l l u s -  

t r a t e d   e a r l i e r .  For a l l  cases  checked,  the  spikes were associated  with 

t h e  sudden  vanishing of  one  term  of  the  denominator, a term which dom- 

inated  the  denominator at nearby 0 ' s .  These  spikes  existed  over  less 

than a degree   in  0 ,  s o  tha t   they   could   eas i ly   be   over looked   in   any   bu t  

an extremely  fine  survey of t he   f a r - f i e ld .  The question  then arises 

whether it is  p o s s i b l e   t o   p r e d i c t   t h a t   s e c t i o n  (or sec t ions)  of t h e  fa r  

f i e l d  where spikes  might  be  expected  and  whether  one  can know  when a l l  

of the  spikes   have  been  located  for  a given  problem. The very  simple 

example being  considered  here, where t h e   j e t   s h e a r   l a y e r s  are replaced 

by two constant-veloci ty   layers  on e i the r   s ide   o f  a c e n t r a l   l a y e r  of  
higher   constant   veloci ty ,  shows some o f   t h e   d i f f i c u l t i e s  o f  answering 

th i s   ques t ion .  

For  t h i s  example, the   th ree- layer  model o f  t h e  two-dimensional je t ,  

the  fol lowing  general i t ies   probably  can  be made: 

(a) Spikes  occur  only when > 1 . (This  appears  to  be 

t rue   a l so   fo r   shea r - l aye r  jets.) Now, in   gene ra l ,  

K =  cos0 
1 l+MlcosO 

so t h a t  i f  M is subsonic (M < 1) 1 1 

n 2 €3 2 0 corresponds  to  - - 1 1 
I-M1 < K1 ' 

and i f  M I  > 1 

n 2 0 > cos-l(-l/M,)  corresponds t o  - I 
M l + i  

>,K, > - CX) 



(See  Fig. 14-a. ) 
(b) The poss ib i l i ty   o f   sp ikes   requi res   tha t   ~+[M~-M~-&)  -K 

2 2  

be real. If (Mo-Ml) < 1 t h i s  happens f o r  

-I+oCKi 1 1 

and i f  (Mo-Ml) > 1 it requi res  

- w < K 1 < -  1 1 

(See  Fig. 14-b. ) 
Thus, i f  (Mo-M1) is  subsonic  and M1 i s  subsonic,  there is no 

overlapping of t h e  K,-ranges  of Eq. (21a)  and Eq. (22a)  such t h a t  K > 1, 1 I 

and no spikes  can  occur. 

If M < 1 and (Mo-M1) > 1 t h e r e  will be  an  overlapping of t h e  1 
K -ranges  of Eq. (21a)  and  (22b) i n  a region where 1 K~~ > 1 i f  

This   requires  
Mo > 2 

( M ~  is t h e  j e t  center-region Mach number.) Note tha t   the   over lapping  

K -range i s  f i n i t e ,  so  t h e r e  can  be  re la t ively few peaks, if any. Also,  

a1 though K~~ > 1 , it is not  excessively  large  and  the magnitude of t h e  
peaks is therefore  limited.  Since  the  phase  change of a (Eq. ( 8 ) )  is 

l imi ted   in   the   over lapping  K -range, it is n o t   d i f f i c u l t   t o  IlUmericallY 

l o c a t e  a l l  of   the   peaks   in   th i s   case ,   us ing  Eqs. (15) . 

1 

1 

If M > 1 and (Mo-M1) < 1 t h e r e  w i l l  again  be  overlapping of 

1 1 
1 

the   pe r t inen t  K -ranges (Eq. (21b)  and Eq. (22a)) when K > 1 if  



( I - K ~ M ~ )  = K 2 2  

( 1-KIMI) 2 = K 2l 

Fig.  14-a R E G I O N S  OF THE K-PLANE  CORRESPONDING TO 2n > 8 > 0 AND K2 > I 



I 

! 

[l+(MO-M1)K1] = K 2 2  

7 

K1 

\r, 
\r, 

Fig. 14-b R E G I O N S  OF THE K-PLANE CORRESPONDING TO a REAL AND K > 1 
2 



Again th i s   l eads   t o   t he   r equ i r emen t  Mo > 2 . Again the  peaks are 

l i m i t e d   i n  number and somewhat l i m i t e d   i n  magnitude. 

Final ly ,  if both Mi > 1 and (MO-Ml) > 1 t h e r e  is overlapping  of 

t h e  K1-ranges of Eq. (2lb) and Eq. (22b) f o r  

K1 < - 1 and 1 Kl > - 
(Mo-M1) -1 M1-1 

( O f  course, i f  (Mo-M1) > 2 , we are in t e re s t ed   on ly   i n  K < -1 on t h e  1 
negative  side,  and if  M > 2 we are in t e re s t ed   on ly   i n  K > 1 on t h e  

pos i t ive   s ide ,   in   o rder   to   s tay   wi th in   the  K~~ > 1 cr i te r ion .   S ince  

IKII  i s  un l imi t ed   i n   t h i s   ca se ,   t he  number of  possible  peaks i s  i n f i n i t e  

and t h e  magnitude  of the  spikes   can  get   very  large when I K I - 06 ( t h a t  

is, when 0 -c cos I( -1/M ) , t h e  Mach angle  corresponding  to  the  source 

veloci ty) .  Note a l s o   t h a t   t h e   s p a c i n g   ( i n  0) between the  spikes  dimin- 

ishes   cont inual ly  as I K I -c 00 . 

1 1 

1 - 
1 

1 
We repea t   tha t  a l l  of ou r  ca lcu la t ions  have  been made for the   plane 

y = 0 i n   t h i s  two-dimensional  problem, so t h a t  IC2 = 0 , K = l K 2  

(from Eqs. (9)) .  If K2 is not   zero,   that  i s  y # 0 , the  foregoing 

conclusions  probably  can  be  extended to   the  appropriate   overlapping  re-  

gions  of  the K plane  (see  Fig. Irk). The c r i t e r i a   f o r   l o c a t i n g  

sp ikes   a re  less s imply  wri t ten  in   such  cases ,   but   appear   to   be  s t ra ight-  

forward enough. However, i f  the   shear   l ayer   o f   the  j e t  were t o  be 

approximated by multiple  layers,  each  introducing  phase-changing quan- 

t i t i e s  similar t o  a , u  used .above, it will b e   f o r e s e e n   t h a t   t h e   c r i t e r i a  

for   the   poss ib le   ex is tence   o f   sp ikes  become very  complicated  indeed. 

1 ’ K2 

Analysis similar to   the   p receding   has   been   car r ied   ou t   for   the  

three-layer  two-dimensional j e t  when the  source is  located i n  t h e   c e n t r a l  

h i g h - v e l o c i t y   l a y e r   o f   t h e   j e t ,   I n   t h i s   c a s e  no spikes  were found i n   t h e  

f a r - f i e ld   p re s su re   d i s t r ibu t ions   o f  any of  t h e  examples investigated.  

This   resu l t   appears   to   fo l low from the   f ac t   t ha t ,   a l t hough   t he  denominator 

of   the  t ransmission  factor  ISl2 is t h e  sum of two o s c i l l a t o r y  terms, 

ne i ther  one is t r u l y  dominant i n  any K -range ( t h a t  is, i n  any  0-range) . 1 
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The. Ci rcu lar -Cyl lndr ica l  Jet  Having Two ~ Constant-Velocity  Layers 

This  model consis ts   of  a cyl indrical   central   region  having  constant  

high  velocity,  surrounded by an annular  layer  having smaller constant 

veloci ty .  Viewed i n  any   sec t ion   conta in ing   the   ax is   o f   the   j e t ,   the   ve l -  
oc i ty   d i s t r ibu t ion   appea r s   t he  same as previously  sketched  for   the  corres-  

ponding  two-dimensional model. Fig. 15 shows the   ve loc i ty   d i s t r ibu t ion  

and the  parameters   used  to   descr ibe  the  two-layered  c i rcular   cyl indrical  

jet. 
This  model, l i ke   t he   p rev ious  one,  has a l s o  the  advantage  that  an 

a n d y t i c a l   s o l u t i o n  can be obtained.  Because  of  the  cylindrical  func- 

t ions  involved,  however,  and  because an off-center  source is represented 

mathematically as a series of  such  functions,   numerical   calculations  for 

spec i f i c  examples are considerably  lengthier  than  for  the  two-dimensional 

case. A survey   of   the   fa r - f ie ld   p ressure   d i s t r ibu t ion   for   any  example 

would be  formidable  without  the aid of a programmed computer. 

In   cy l indr ica l   coord ina tes   the   ve loc i ty   po ten t ia l   for  a source 
which is  a t  rest with  respect  to  the  immediately  surrounding  f luid and 

which i s  loca ted  a t  rs, \Ls may be  writ ten 

o r  

( A  is  the  source  s t rength  factor   previously  def ined;  w ' = w/c where c 

is the  speed  of sound; K = k/w.' where  k is wave number i n   t h e  x- 
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P r o f i l e  I 

I 
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Fig-. 15 THE CIRCULAR CYLINDRICAL JET HAVING TWO CONSTANT-VELOCITY  LAYERS 



. .. .. . 

di rec t ion ;  eo  = 1, 8 = 2 f o r  n = 1 , 2 , 3 , * * *  i Jn( 1, H(')( are 

cy l ind r i cd   func t ions ,   bas i c   so lu t ions   o f   t he  Bessel equation.)  For 

convenience we wr i te . the   source   po ten t ia l  as 

n 

where $sn(K) is t h e  component source   po ten t ia l   for  one wave number p a i r  

(K,n) . ( I n  what fol lows we w i l l  write  only component p o t e n t i a l s   f o r   t h e  

various  regions,  it be ing   unders tood   tha t   the   to ta l   po ten t ia l  is obtained 
from t h e  component  by in tegra t ing   over  a l l  K (pos i t i ve  and  negative)  and 

summing over n (zero   p lus  a l l  pos i t ive   in tegers )  .) 
I n  each  of  the three regions shown in   F ig .  15 t h e  ve loc i ty   po ten t i a l  

satisfies t h e  wave equat ion  ( in   cyl indrical   coordinates)  f o r  coordinates 
a t  rest i n  t h e   f l u i d  of  t h a t  region. With the   source   loca ted   in   the  

outer  annulus  of  the j e t  we can write 

(a) for region @ ( 0  < r < ro> (See  Fig. 15) : 

$on = nAw' an  COS[^($-$'^)] R .P. [ En exp(iw'[K  {xO-(MO-M1)ctl -ct] 1 0 

Jn ( rw ' J (  l+[MO-M1jK) 2 2  -K ) ] 

(b) fo r   r eg ion  @ (ro < r < r ): 1 

Idln = pj + ~ A w '  c o s [ n ( ~ - ~ ~ ) ]  R.P. [exp(ir '(Kx-ct)\ 
Sn n 

P " 
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replaced by H F ) ( r w ' d w )  ; t h i s  is the  "reversed wave" re- 
&oni2, and t h e  change t o  Hankel functions  of  the  second  kind  preserves 

out-going waves as r equ i r ed   fo r   t he   so lu t ion   ou t s ide  the  j e t . )  

Satisfaction  of  boundary  conditions  of  equal  pressure  and  equal 

displacement on e i t h e r   s i d e  of the  boundaries a t  r = r and at r = r 
permits   evaluat ion  of   the complex ampli tude  coeff ic ients  Rn, 

0 1 
"" 

En' Gn, sn. 
Using the  following  convenient,   definit ions 

- 
- 

( l-M1K,"&? 



the   t ransmission  coeff ic ient  sn fo r   t he   cy l ind r i ca l   l aye red  j e t  is 

(Note  again  that ,   in   the  reversed wave region Hi1) (7) and Its deriv- 

a t i v e  Hii)'(q) are replaced by Hi2)(q) , HL2)'(1) .) 

The fa r - f ie ld   ana lys i s ,   the  change t o  a transient  source  sequence 
( instead  of  a permanent  source)  and to   re tarded  coordinates   then  fol low 
i n   t h e  manner indicated  in   previous A s  shown i n  Ref. 1 
(Eq. (95) ) , the  average mean-square p re s su re   i n   t he  far f i e l d  due t o  a 
r ing  of  random-phase t ransient   sources   (of  many cycles  duration)  located 
a t  r = r is 

S 
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where Snl, Sn" are evaluated a t  t h e   c r i t i c a l   v a l u e  of K which for a 

point  x2,R i n  the  far f i e l d  is 

To discover  peaks we would examine I Snl = Sn + Sn9I2 . For  the - 2  ' 2  

region K2 > 1 , (l+[Mo-Ml]K)2 > K2 , for example, Eq. (30) leads  t o  
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with Q = i u  ', u1 = i u l l ,  u = i u '  , p = -ipl', p2 = - ip2 '  so  

t h a t  uo', u1', us1, pl', p2' a r e  real. (Primes on the   Besse l  

funct ions I: Jn'( ), Yn'( ), In'( ) , Kn'( )] i nd ica t e  a der iva t ive  

0 0 S 

with  respect  to  the  argument;   i .e.  In'(ul') = [s In(u') ] , e tc .  ) d 
c'=q 1 

1 
Although D and D both are osc i l l a to ry ,  it i s  not  obvious  that  

In 2n 
e i t h e r  one is  dominant i n  some K-range (no r   t ha t  it a t  t h e  same time 
has one or more zeros   wi th in   tha t  K-range}. Such a s i t u a t i o n  may occur, 
but  it is probably much less   f requent   than  in   the  corresponding two- 

dimensional  case  studied  previously. 

I n   t h e  limited number of numerical  examples  investigated, no spikes  
i n   t h e  mean-square p re s su re   d i s t r ibu t ions  were found. Even f o r  these  

examples,  however, it is" no t   c l ea r   t ha t   sp ikes  do not  occur a t  al l .  The 

fa r - f ie ld   survey  may simply  have  over-looked them by using  too-large 8- 

increments.  (Preliminary  inspection  of computed r e s u l t s   i n d i c a t e s   t h a t  

t h i s  is probably  the  case,   the   calculat ions showing  denominator f a c t o r s  

t ha t   o sc i l l a t e   ve ry   r ap id ly  and  with wide ampli tude  var ia t ion as 8 

changes, i n  some instances.)  These  examples  did show important  harmonic 

effects.   That is, f o r  &values where K is large,   the   pr imary  contr i -  

bu t ion   t o  mean-square pressure,  from Eq. (3l), did not come from the  

n = 0 source-strength  harmonic  alone;  contributions  of  approximately 

equal  magnitude  often were made by t h e  first several  harmonics. 

General  Discussion  of  Peaks 

The preceding  sect ions  indicate   that   the   peaks or "spikes"  appearing 
i n   p l o t s  of mean-square pressure  versus   angle   for   supersonic  je ts  a re   no t  

the   resu l t   o f   numer ica l   e r rors  or computat ional   di f f icul t ies ,   nor   are  

t h e y   t h e   r e s u l t  of convergence  problems i n  series so lu t ions   for   the   shear  

layer .   Ins tead   they   cons t i tu te  a real  p& of the   t heo re t i ca l   r e su l t s .  

(Also,  the  lower  and  broader  double  peaks  produced by harmonic effects 
i n  t h e   c i r c u l a r  je t  appear t o  be real. ) 

It has  a l ready  been  suggested  that   the   spikes  are quasi-resonant 
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effects ,   and  in  Appendix A a d ras t i ca l ly   s imp l i f i ed  model is shown t o  

exhibit both  resonant  and  quasi-resonant effects. ( A  denominator  passing 

through  zero t o   g i v e  an i n f i n i t e  peak  corresponds t o  resonance. The 

dominant p a r t  of a denominator  passing  through  zero t o   g i v e  a f i n i t e  peak 

corresponds t o  quasi-resonance. ) 
The two-dimensional l a y e r  model,  which can  be  studied  analytically,  

o f f e r s  a much b e t t e r  method for   inves t iga t ing   peaks  (see earlier sub- 

sec t ion) .   For   th i s  model only  sources   in   the  outer   layers   create   peaks,  

and  these  occur  only when t h e r e  are exponential-type  disturbances  in 

t he   ou te r   l aye r s  and true waves in the  inner  layer  (exponential-wave) . 
The three  other   cases  (wave-wave, exponential-exponential  and wave- 

exponential) do not  produce  peaks. (The dis turbances  outs ide  the j e t  

must of  course  always  be true waves i f  they are t o   p e r s i s t   i n t o   t h e  far 

f i e l d .  ) 
The peaks  occur  near  the Mach angle   for   the   source  Mach number, 

and i n  some cases   there  may be i n f i n i t e l y  many peaks. The observed 

frequencies are generally  high,  approaching  infinity a t  the  source Mach 

angle. The peaks  themselves  are  f inite  (except  precisely a t  the  source 

Mach angle in t h e   l a y e r  model case)  and  always  occur when t h e  dominant 

one  of two denominator terms passes  through  zero. 

When the  sources  are a t  the   ou ter   edges   o f   the   ou ter   l ayers   the  

peak  values  of mean-square pressure are t h e  same as those  produced  by 

"modified moving sources"i5,  designated  "point volume displacement 

sources by Mani' and  by Morfey and Tanna . 9 

Experimental   observations  in  the far f i e l d  of  a supersonic   je t  

would probably  never  reveal  "spikes". Such observat ions  include  the 

e f f e c t s  of many sources   having  different   posi t ions,   veloci t ies  and 

frequencies,  and  the  smoothing  produced by th i s   inevi tab le   " in tegra t ion"  

should  conceal  any  spikes.  For  the same reason a mathematical  integration 

over  frequency (e. g. t ha t   r equ i r ed   t o   r ep resen t  a t ransient   source  of  

sho r t   l i f e t ime)   shou ld   e l imina te   sp ikes   i n   t he   f i na l   t heo re t i ca l   r e su l t s .  

However t h i s  does  not  remove t h e   n u m e r i c a l   d i f f i c u l t i e s   i n   p r e c i s e l y  

def in ing   the   shapes   o f   sp ikes   cont r ibu t ing   to   the   f ina l  smoothed r e s u l t .  
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Only i f  t h e  areas under  the  spikes were negl ig ib le  (compared t o   t h e  area 

under  the  remainder  of  the mean-square pressure VS. 8 curve) would t h e  

d i f f i cu l t i e s   van i sh ,  and t h i s   h a s   n o t  been  investigated. 

It has  been  noted  that   the   spikes  seem to  occur  a t  high  observed 
frequencies. For example, i n  Figs. 3 and 9 the  observed  frequencies are 

8.5, 6.7, and  12.7 times the  generating  frequency*. The simplest  way t o  

avoid  numerical   d i f f icul t ies   created by spikes  is t o  exclude  the  higher 

ranges  of  observed  frequency.  This is not  inconsistent  with  experimental 

approaches  s ince  the  radiated  energy  in   the far  f i e l d  is  often  recorded 

for  several   observed  frequency bands. 

To pu r sue   t h i s   i dea   fu r the r  one  might  attempt t o   p l o t   f a r - f i e l d  

mean-square pressure  versus  angle  for  prescribed  observed  frequencies 

(or observed  frequency  bands). However this   requires   the  assumption of 

source   in tens i ty  as a function of  generating  frequency. ( A  fixed  observed 

frequency is  produced by one generating  frequency a t  one angle  and by a 

different  generating  frequency a t  another  angle.) Such an  assumption 
might require   extensive  invest igat ion.  

Heating  the j e t  can  have t h e   e f f e c t  of  reducing  the  probabili ty of 
encounter ing   sp ikes   in   the   p ressure   d i s t r ibu t ion   s ince   for   f ixed   ve loc i ty  

t h e   l o c a l  Mach number (based on local  temperature) is  then  reduced.  This 

is  i l l u s t r a t e d   i n  Appendix B for  the  simplified  three-layer  two-dimensional 

j e t  model when each  layer  has a constant  temperature  higher  than  ambient. 

""""""~""""~""""""""""""~""""""""""""- 
* The Strouhal number is 0.2 based on generat ing  f requency,   local   je t  

ve loc i ty  (at  j e t   c e n t e r )  and l o c a l  j e t  diameter. The Strouhal numbers 

based on observed  frequencies are then 1.7, 1.34 and 2 . 9 .  
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CONCLUSIONS - P a r t  1 

1. Two unexpected  features   appear   in   plots   of  mean-square 
pressure VS. ang le   i n   t he  far f i e ld  for   supersonic  j e t s  when 

sources are moved off  center.   First ,   "spikes"  (very  high,  very 

narrow  peaks)  are  found  near  the Mach ang le   fo r   t he   sou rce   fo r  

two-dimensional je ts  and, t o  a l e s s e r   e x t e n t ,   f o r   c i r c u l a r   j e t s .  

Second, f o r   c i r c u l a r   j e t s ,   l o w e r  and  broader  multiple  peaks 

appear.  These  are  associated  with harmonic e f f e c t s  (communi- 

cation  around t h e  j e t ) .  

2 .  Neither of t hese   f ea tu re s  is the   resu l t   o f   numer ica l   e r rors  

o r  computing d i f f i c u l t i e s ,   n o r   a r e   t h e y   t h e   r e s u l t   o f  convergence 

problems i n   s e r i e s   s o l u t i o n s   f o r   t h e   s h e a r   l a y e r .   I n s t e a d   t h e y  

appear t o   c o n s t i t u t e  a r e a l   p a r t   o f   t h e   t h e o r e t i c a l   r e s u l t s   f o r  

cold,  low supersonic Mach number jets. However fu r the r   i nves t i -  

gat ion is  cer ta in ly   des i rab le   to   de te rmine  if t h e  areas under  the 

sp ikes   a re   l a rge  enough to   p rov ide   s ign i f i can t   con t r ibu t ions   t o  

i n t eg ra t ed   r e su l t s ,  and to   consider   the  effect   of   temperature  and 

temperature  gradients  (see Eq. (107) of NASA CR-2390 ) fo r   h igh  

supersonic Mach numbers and  heated jets. 

1 

3. Examination of  a simplified  (two-dimensional,  three-layer) 
model ind ica tes   tha t   h igh   tempera tures   in   the   j e t   can   mater ia l ly  

reduce  the  probabili ty  of  encountering  spikes.   This i s  associated 

wi th   the   decrease   in   loca l  Mach number for   g iven  j e t  velocity  and 

increased  speed  of  sound, 

4. Investigation  of  simplified models a l so   sugges ts   tha t   the  
unexpected  features  are  quasi-resonant  effects (where t h e  dominant 

par t   o f  a denominator  passes  through  zero),  and  that  spikes  appear 

on ly   fo r  non-uniform ve loc i ty   p rof i les .  
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5. Integration  over  source  posit ion,   velocity and  frequency 
(which  occurs  automatically i n  experimental  observations)  should 

smooth these  peaks. However the  "spikes",  because  they may appear 

and disappear  within a one-degree (or  less) angular range i n   t h e  
far f ie ld ,   present   computat ional   di f f icul t ies .  

6. The"spikes" are  apparently  associated  with  very  high ob- 
served  frequencies, and at present it may be  necessary to   i gnore  
th i s   h igh   f requency   range   in   o rder   to   avoid  computing  problems i n  
some examples. 

7. Although some o f   t he   r e su l t s   o f   Pa r t  1 are  both  unexpected 
and imperfectly  understood  they  cannot  safely be ignored.  Further 

study is necessary t o  show the i r   t rue   s ign i f i cance .  
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P a r t  " 2 NEAR-FIELD  DISTURBANCES FROM TRANSIENT  SOURCES I N  SUBSONIC JETS 

Introduction 

Two f a c t o r s  make the   near - f ie ld   inves t iga t ion  much more d i f f i c u l t  

than  the  s tudy  of   the far  f i e l d .   F i r s t ,  it i s  not   possible   to   choose a 
c r i t i c a l  (or dominant) K f o r  each   po in t   i n   t he   nea r   f i e ld .  The at- 

tempt t o  do so leads  to   non-local ized  and  hence  unreal is t ic   near   f ie lds .  

The disturbance  produced by any  one  source  should  tend to   decrease  as 

the  observation  point is  moved  away from the  source  (upstream or down- 

stream), and this   decrease  does  not   appear   for  a s i n g l e  X. The second 

f a c t o r  i s  tha t   t r ans i en t   sou rces  which pass  through many cycles  (a  simple 

case which avoids a frequency  integration)  cannot  be  used  because  they 

a l s o  l e a d   t o  a non-local ized  near   f ie ld .   Instead  the  sources  must be 

r e s t r i c t e d   t o  lifetimes of   the  ord,er of  one  cycle  and an in tegra t ion  

over  frequency is  required. A new assumption must be made here ,   the  

length  of time t h e  source  exists.  

Another  complication  associated  with  the  near  f ield is tha t   r eg ions  

of e q o n e n t i a l  decay  cannot  be  immediately  discarded as i n   t h e  far  f ie ld .  

One of  these  regions  (Region F , with   t rue  waves i n   t h e  j e t  and expo- 

n e n t i a l  decay  outside;  see  Fig. 18) may contain  resonant  points ( s i n s -  
l a r i t i e s )  which o f f e r  some d i f f icu l t ies   in   numer ica l   ca lcu la t ions .  

In   the  fol lowing  analyses  we consider   several   cases   in   order   of  

t he i r   d i f f i cu l ty .   F i r s t ,   t he   s t a t iona ry   pu l sa t ing   sou rce  i n  a homogeneous 

f l u i d  of i n f i n i t e   e x t e n t  is studied, Next, w e  examine t h e  harmonic source 

i n  a uniform j e t  and ,   f i na l ly ,   t he  sequence  of t r ans i en t   sou rces   i n  a 

uniform j e t .  

In   genera l  we look a t  mean-square radial  displacement  and mem 

energy  flow. However the  energy  f low  for   the harmonic  source i n   t h e  j e t  

is omitted  because th i s   i nvo lves  a very  tedious hand calculat ion.  (Pro- 
gramming f o r  machine computation seemed inadvisable a t  t h i s  time.) For 

the  t ransient   source  space- t ime  correlat ions are considered  also. Numer- 

ica l   resu l t s   for   the   t rans ien t   source   case   a re   l imi ted ,   p r imar i ly   because  
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experienced programming ass i s tance  was n o t   a v a i l a b l e   t o   t h i s   p r o j e c t .  

The Near F i e l d  -of apS-t.a&ionary  Source i n  a Homogeneous F lu id  
- of   Inf in i te   Exten t  

This   solut ion is a lmost   t r iv ia l ,   involv ing   the  well-known spher ica l ly  

symmetrical pulsating  source.  However we choose t o   d i s c u s s  it i n   t h e   c y l -  

i nd r i ca l   coo rd ina te s   app ropr i a t e   fo r  a jet .  

I n  spherical   coordinates 

8 = T  2nA s i n  [w' (R-ct)] 

where $ i s  ve loc i ty   po ten t i a l ,  A is  an arbitrary  amplitude,  R is  

spher ica l   rad ius ,  w = frequency, w ' = w/c, c = speed of  sound  and 

t = time. 

R = J 2 7 7  x +y +z 

where x,y, z are   Cartesian  coordinates ,  or 

R = Jx- 

where r is the   cy l ind r i ca l   r ad ius  and x the   ax ia l   d i rec t ion .  

In   cy l indr ica l   coord ina tes  

(37) 

To study  instantaneous  local  energy  f low, E , across   the   cy l inder  

walls w e  need Ap p', , where Ap is the  per turbat ion  pressure,  

Ap = - p o  $t , with p o  = mass dens i ty   o f   the   f lu id .  
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To study  the  radial   displacement,  7 , we use 

9 = s Idr d t  

The time mean o f  the  energy  flow, E, is  

2 2 ,2 
- Po 2 T A W  c r  
E =  312 

( x2+r2) 

- 
The time mean of the  radial   displacement  squared, 7 , is  2 

L e t  X = wavelength = 2n/w' , w' = w/c . Then 

A&!? 
2 2  

8(1 + %) 
r 

+ 
1 + 2  X 

r 

(43) 

I n  Fig. (16) we normalize t o   u n i t y  at x/r = 0 , and show  how t h e  

mean-square radial   displacement,  Eq. (43), falls o f f  for poin ts  "up- 

stream" o r  "downstream" on t h e   f i c t i t i o u s   c y l i n d e r  walls. This is done 

f o r  X / r  - * and f o r  X/r - 0 . Also we show from Eq. (4.1) how t h e  

normalized  energy flow varies  with  x/r  . The curves are symmetrical 

a.bout x/r = 0 . 
These  curves show s o u r c e   e f f e c t s   t o  be f a i r l y  well l o c a l i z e d   i n  

t h i s  simple  case,  and  can  be  used as a b a s i s   f o r  comparison i n  l a t e r  

cases. 
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Fig. 16 SOURCE EFFECTS AT FICTITIOUS CYLINDER WALL FOR A 
STATIONARY  SOURCE I N  A FLUID OF INFINITE EXTENT 



The Near F i e l d  of a Permanent Pulsating  Source a t  t h e  

Center of a Uniform Ci rcu la r  Jet 

Introduct ion 

Here we consider a permanent  pulsating  source (a harmonic 

source), on t h e   c e n t e r l i n e  of  a c i r c u l a r   c y l i n d r i c a l  jet. The j e t  vel-  

o c i t y  i s  uniform  throughout,  and  the  source drifts wi th   t he   f l u id   pe r -  

petual ly .  The o r ig in  of  coordinates is f ixed   i n   t he   sou rce ,  and we 

examine disturbances on t h e  j e t  boundary  upstream  and  downstream  from 

the  source.  Mean-square radial   displacements are compared with  those 

for   the   p rev ious ly   s tud ied   s ta t ionary   source   in  a homogeneous f l u i d   o f  

i n f i n i t e   e x t e n t  (a zero-velocity j e t  case).  

This  problem requ i r e s   f a i r ly   ex t ens ive   ca l cu la t ions ,   bu t  i s  still 

much simpler  than  the  transient  source  problem  treated later. Resul t s  

are given  for  one  example,  obtained by hand-calculation  using an HP-35 
computer. 

Development 

The origin  of  coordinates is f ixed   i n   t he   sou rce  (see Fig. 17) 
with x t h e  streamwise distance  from  the  source  and r t h e  radial d is -  

tance. I n  this   coordinate   system a l l  t h e   f l u i d   w i t h i n   t h e  j e t  i s  a t  

rest and the  acoust ic   equat ion i s  

2 V # = -  9 2 tt 
C 

where # is the   ve loc i ty   po ten t i a l ,  V2 is  the  Laplacian,  c is t h e  

speed  of  sound  and t is  time. 

The p o t e n t i a l   f o r  a source a t  t h e   o r i g i n  is 

(44) 

where A = (source  strength)/8n2 , source  strength  being  defined as 



I' 
r 

Velocity = U2 = Mc- 

X = X-MCt 2 

Velocity = 0 

r = r  1 

- - 1\ - r = O  X -  

Source 

Fig.  I 7  CIRCULAR  CYLINDRICAL JET AND COORDINATE  SYSTEM 

Kc C 1 
K2 > ( 1-KM)2 

Fig. 18 R E G I O N S  OF THE K-LINE 
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maximum volume p e r   u n i t  time, w is the  source  frequency, UI ' = w/c , 
k is wave number i n  the  x-direct ion,  K = k/w ' , €I;')( a )  is t h e  Hankel 

funct ion  of   the first kind of order  zero  and  argument Q ,  and R.P. 

denotes "real p a r t  of". 

Allowing f o r  r e f l e c t e d  waves t h e  component p o t e n t i a l  $(K) ins ide  

t h e  j e t  is 

where R = R ' + i R "  , a complex r e f l e c t i o n   c o e f f i c i e n t  and Jo is a zero 

order Bessel function. 

- 

Outside  the  je t   the   s imple wave equation (Eq. (44) )  must be satis- 

f i e d  for coordinates  f ixed  in  the  ambient air ,  x and r . The com- 

ponent  potential ,  a(2(K),  allowing  for  outgoing waves only, is then 
2 

i w '  [K( x2+Mct)-ct] 
$ Z ( ~ )  = TYAJ R.P. (47) 

where S = S '+is** , and S' and S" are in-phase  and  out-of-phase 

t ransmission  coeff ic ients .  

- 

The t o t a l   p o t e n t i a l   o u t s i d e   t h e  j e t  i s  

To determine 6, we must f i n d  S' and S" . This is done by 

matching a t  t h e  j e t  boundary t h e   i n s i d e  and outside  values  of  pressure 

and  of radial displacement. The pressure is  AF = - po  $dt inside  and 

Ap = - po $2t outside. The radial   displacement i s  p', d t   i n s i d e  and 

J #2r d t  outs ide,  x being  held  constant  in  the  former  case and x 2 

c o n s t a n t   i n   t h e   l a t t e r .  We omit t h e   d e t a i l s  and  record  the  resul t   of  

applying  the boundary conditions,  



where 

[ 1 = [rlW' J X j  2 2  
._ 

( ) = (rl u'&-K') 

If w e  l e t  9 = 1 $2r d t  with x2 constant,   then 

2A R.P/ 71=- 
r c  

co 
eiw'(Kx-ct) (1) ' ( r , , f d x )  a 

HO 

I -00 kK"1)2 6 Ho ('I[ ] J o t (  ) - d- H i l ) ' [ J  Jo( )] 

(49) 
The calculat ion  of  7 from Eq. (49) is time consuming. F i r s t ,   t h e  

real p a r t  of the  integrand must be  found f o r   f o u r   d i f f e r e n t  K regions 

(see Fig. 18) . Fairly  extensive  numerical  computations must be made t o  

obtain  the  integrand  in   each  of   the  four   regions,  and  then  the  numerical 

in tegra t ion  must be  performed.  For  each  value  of  x/rl  investigated  the 

integrand must be a l t e r e d  and a new integration  performed.  Since  sin(wt) 

and cos(wt) terms can be removed from  under  the  integral  sign it is  con- 

ven ien t   t o   ca l cu la t e  q2 , t h e  time mean of 9 . 2 

We do not   include  these  tedious  s teps ,   but   s imply  plot   the   f inal  
r e s u l t s   f o r  mean-square radial displacement a t  the  edge of t he   j e t   ve r sus  

streamwise  position  (see  Fig. 19) . I n   t h e  example  chosen the  Mach number 

( M )  is 0.5, the  Strouhal  number (ST) is 0.2 and t h e   r a t i o   o f  wavelength 
t o  j e t  rad ius  (X/ri) is 20 . 

Discussion 

From Fig. 19 it is c l e a r   t h a t   t h e  mean-square radial   d isplace-  

ments at t h e  j e t  edge fall o f f   f a i r ly   r ap id ly   w i th   d i s t ance  from t h e  
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Fig. 19 COMPARISON OF  MEAN-SQUARE RADIAL  DISPLACEMENTS AT 
JET EDGE FOR JET MACK NUMBERS OF ZERO AND 0.5 
(HARMONIC SOURCES DRIFTING IN JET ; x /rl = 20)  



source  (upstream or downstream). However t h e  rate of  decrease is consid- 

erably less  f o r  M = 0.5 than   for   the   s ta t ionary   source  (or zero  veloci ty  

jet) .  One might   speculate   that   ref lect ions from t h e  edge  of t h e  j e t  tend 

to   p reven t   t he   sou rce   e f f ec t s  from leaving   the  j e t  cylinder. 
It would be   in te res t ing   to   s tudy   the   energy   f low  here ,   bu t   th i s  i s  

a more d i f f icu l t   numer ica l  problem and time does  not  permit. The energy 

flow  should show greater asymmetry  between the  upstream  and downstream 

direct ions.  ( A n  almost  imperceptible asymmetry exists i n  Fig. 19 for t h e  

harmonic sou rce   i n   t he  jet. ) 
It would \a l so  be in t e re s t ing   t o   s tudy  a shear   l ayer   case   to  compare 

with  the  uniform  veloci ty   je t .  
It must be remembered t h a t   t h e   s o u r c e   i n   t h e  j e t  i s  a continuously 

operating  source (a  harmonic source),   not a t ransient   source.  The t ran-  

s ient   source (or sequence  of t rans ien t   sources)  w i l l  be  considered  next. 

The coordinate  system  can  then  be  f ixed  in  the j e t  nozzle  instead  of 

traveling  with  the  source.  

The Near F ie ld   o f  a Sequence  of  Transient  Sources 

a t  the  Center  of a Uniform Ci rcu la r   J e t  

Mean-Square Radial Displacement 

For  a permanent  (harmonic)  source  of  generating  frequency w , 
l e t   t h e  radial displacement  of a f l u i d   p a r t i c l e   i n   t h e  ambient a i r  be 

r ) ( w , t )  . Then f o r  a transient  source  of  frequency w o  exis t ing  from 

t = -2m/w0 t o  t = + ~ 7 - m / ~ ~  (2n  cycles) : 

This   cor responds   to   the   Four ie r   in tegra l   cons t ruc t ion   of  a t r a n s i e n t  
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process  from a l l  frequencies  of a permanent  one . 13 

q2(wo,t)  can  then  be  written as a double   integral   us ing s1 as a 

dummy var iab le  f o r  one integrat ion:  

q(w,t)  and  q(lL,t) are given by Eq. (49) of  the  preceding  section. 

($2 and K '  a r e   s u b s t i t u t e d   f o r  w and K i n   t h e  second  case.)  For 

brev i ty  we write them as 

Subs t i tu t ing  Eq. (52)   into Eq. (51) gives  a quadruple 

q2( o0, t) . To get t h e  mean-square value of 7 I 7 , 2 

i n t e g r a l   f o r  

f o r  a sequence  of 

t rans ien t   sources  we must in tegra te   over  a s u f f i c i e n t l y   l a r g e  time (T)  
and  divide by h / u 0  , t he   t ime   i n t e rva l  between t h e   a r r i v a l  ( a t  a 

f ixed   po in t   i n   t he  ambient air) of t h e   i n i t i a l  impulse  from  one tran- 
s ien t   source   and   the   in i t ia l   impulse  from the  next   t ransient   source.  

00 0 3 0 3  

L 

FR(K,w,t)  FR(K',Sl,t) d t  dK' dK d a b  (53) 
T - -  
2 



where t h e   i n t e g r a t i o n   i n  t is performed  with x2 constant.  (Note 

t h a t  x = x - Mct . ) 2 
It is now convenient   to  make t h e  time dependence  of F e x p l i c i t  

so t h a t   t h e  time integration  can  be  performed. 

F(K,w,t) = f(K,u) e iwt(m-1) (54-1 

f ( K , w )  i s  def ined  through  reference  to  Eq. (49) . F(K',Q,t)  and f (K',Ci) 

are obtained from F(K,w,t)  and f ( K , w )  simply by subs t i t u t ing  X'  f o r  

K and f o r  w . 

(Note t h a t   t h e  argument  of t h e  Hankel function  in  the  numerator  contains 
r instead  of r .) Now, denoting F = F + iFI , e tc . ,  we have 1 R 
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Here the   i n t eg ra l s   i nvo lv ing   s in (  ) COS( ) products have  been  omitted 

s ince  the  integrands are anti-symmetrical  over  the  range -T/2 t o  
+T/2 and contribute  nothing. 

The time in tegra t ion  is readi ly   per formed  to   g ive  terms of t h e  

t n e  

sin/[W(KM-l) - n(K'M-l)]$/ 

We next  consider the i n t e g r a t i o n   i n  K '  and f o r  convenience l e t  

T become large.  The integrands aSe then  slowly  varying  functions  of 

K '  multiplied by funct ions  of   the  above type which o s c i l l a t e   r a p i d l y  

about  zero as K '  var ies .  Such func t ions   i n t e rac t  weakly,  and  sub- 

s t an t i a l   con t r ibu t ions   t o   t he   i n t eg ra l   occu r  (a) when the   r ap id ly  

varying  function  ceases  to  be  rapidly  varying  (e.g.  a t  s ta t ionary  

phase  points),  or (b) when the  slowly  varying  function becomes rap id ly  

varying (i. e. a t  s ingular   points) .   This   case is of the  l a t t e r   t y p e ,  

and so w e  inves t iga te   the   s ingular   po in ts   def ined  by 

( y ( ~ - ~ )  n ( ~ ~ ~ - i )  = o 

o r  

and 

I n   t h e  neighborhood of a s i n g u l a r   p o i n t   l e t  K' = K: + 8 ,  Then 

in t eg ra t ing   ove r   t h i s  neighborhood  produces  integrals of the  type 



I =  1' sin(it:8) T d8 

-E 

- 
In   Figs .  20 and 21 the   p re l iminary   resu l t s   o f   ca lcu la t ions   for  7 2 

- 
from Eq. (61) are presented.  Fig. 20 shows a decrease   in  .r2 with  in- 

creasing  distance  radially  outward from t h e  jet .  This would of  course 

be  expected.  Fig.  21 shows t h a t ,   f o r  r/r, = 1 and r/r, = 3 most of  

t h e  mean-square radial   displacement (9  ) is  conf ined   to   the  streamwise 

stat ions  through which the   t rans ien t   source   passes  (a dis tance of t e n  
jet  diameters i n   t h i s   c a s e )  . - 

2 

- 
2 

For r/r, = I and r/r, = 3 there  are l a r g e   f l u c t u a t i o n s   i n  9 . 
It is n o t   d e f i n i t e l y  known what causes  this.  These  'observation  positions 

are ve ry   c lose   t o   t he   sou rce   pa th   i n  terms of  the  path  length  (20 r ) . 
One might specula te   tha t  most of   the   cont r ibu t ion   to  q2 occurs when 

1 - 
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Fig, 20 VARIATION OF MEAN-SQUARE RADIAL  DISPLACEMENT WITH RADIUS 
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Fig. 21 VAFCCATION OF MEAN-SQUARE RADIAL DISPLACEMENT WITH DISTANCE FROM SOURCE PATH 



the  source  passes  beneath  the  observation  point.   Since  the  phase  of 

t he   sowce   has   no t   ye t  been made random wi th   respec t   to   source 'pos i t ion  

on t h e   p t h ,  some f l u c t u a t i o n s   i n   s o u r c e  effect with  observation  point 

might   poss ib ly   be   a t t r ibu ted   to   th i s .  These f l u c t u a t i o n s  seem to   d i sap-  

pear   (or   be  great ly   reduced)   for  r/rl = 10. 

Fig.   21  also shows t h a t   t h e  downstream disturbances  exceed  the up- 

s t ream  dis turbances  for  r/r = 10. Such a t rend  is very  pronounced i n  

t h e  far f i e l d ,  and it is q u i t e   i n t e r e s t i n g   t h a t  it shows so c l e a r l y   i n  

the   near  f ie ld  (assuming  these  preliminary  calculations  to be s u f f i c i e n t l y  

accurate).  

1 

The r a t h e r   l a r g e  streamwise extent  of  substant ia l   d is turbances  ( ten 

d iameters )   ind ica tes   the   necess i ty   for   us ing   t rans ien t   sources   o f   very  

s h o r t   l i f e t i m e   t o   o b t a i n   r e a l i s t i c   r e s u l t s   i n   t h e   n e a r   f i e l d .  The source 

o f   t h i s  example has a lifetime of two cycles ,  It might  be d e s i r a b l e   t o  

reduce t h i s   t o  one cycle o r  even one-half  cycle  (though some modifica- 

t i o n  of  the  equations is  necessary). 

Note t h a t  a similar problem a r i s e s   i n   t h e  more r e a l i s t i c  expanding 

j e t .  If such a model i s  t o  provide  the  correct  f a - f i e l d  pressures   the  

sources  should move with  the j e t  fluid.   Therefore  the  sources  should 

be t r a n s i e n t  and  have  very  short   effective  l ifetimes.  

For e i t h e r   t h e   c y l i n d r i c a l  o r  t h e  expanding j e t  it may be  possible 

t h a t  some simulation  of  convective  effects  can  be  achieved  using  sources 

stationary  with  respect  to  the  ambient air. Such sources are i n  motion 

with  respect  to  the  immediately  surrounding  f luid (i.e. t h e   j e t )  and 

so are of  many types . Each.ty-pe  has a d i f f e r e n t   r e l a t i o n  between 

downstream and  upstream  radiation. It i s  poss ib l e   t ha t  some type might 

give  usable  pseudo-convective  effects,  but t h i s  is  only a conjecture a t  

present,  and  thorough  investigation would be required. 

15 

An a l t e r n a t i v e  form of  Eq. (61) which is  possibly more convenient 

is  obtained by introducing  the  observed  frequency, w , f o r  an  observer 

a t  r e s t   i n   t h e  ambient air. ( w  is the  generating  frequency.)  

-Y 

Y 

- = ( M " )  6J" 

W 
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i 

where M~ i s  the  source Mach number. Here the   subscr ip t  s m Y  be 
bopped  s ince   the  j e t  has a uniform Mach number and the   sou rce   t r ave l s  

with it. (Note t h a t   f o r  K = Kc = cosO/(l+MscosO) w* = w/( l+MscosO) 

which checks  the  expression  for  w* p rev ious ly   used   in   the  far f i e l d .  ) 
From Eq. (62) 

K = (w-w*)/MLu and dK =. -  dw*/Mw ( 6 3 )  

Eliminating K from Eq. (61) gives  

r 

1 

A t r ip le   numer ica l   in tegra t ion  is  still requ i r ed   t o   ob ta in   t he  mean- 

square  radial   displacement a t  any poin t   ou ts ide   the  jet. However it is  

possible   that   the   response i n  a narrow  band  of  observed  frequencies  in 
t h e  neighborhood of w* might be obtained by a double  integration. 

(Note t h a t   t h e  7)‘ for - w* must be added t o   t h a t   f o r  + w* i n  

such  cases. ) 

- 



Mean Energy Flow 

The rate  of  energy  f low (E) across  a u n i t  area of a c i r c u l a r  

cyl inder  i s  the  product of the   per turba t ion   pressure  times t h e   r a d i a l  

ve loc i ty ,  or 

It is E and E which we want t o   f i n d  now instead  of  q2 and 

q . (7 = $ d t   w i th  x constant.)  
2 

2, 2 
Since  the  analysis  proceeds  almost  exactly as before we merely 

no te   t ha t   i n s t ead  of f ( X , w )  and  f(K',Q) we  now have g l ( K , w ) ,  g2(K',SL), 
where 

iw'Kx 
2A w' 

2 

(Note t h a t  51' = Jz/c j u s t  as w' = w/c  . [ ] and ( ) i n  Eq. (66) 
are de f ined   i n  Eq. (56). The same de f in i t i ons   app ly   i n  Eq. (67) if K' 
i s  subs t i t u t ed  f o r  K and 51' for w' .) 
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( 6 8 )  
- 
E(wo) i s  the  t ime mean of  the  energy  f low  across  the  cylinder wall per  

u n i t  area and  per  unit   t ime. wo is  the  f requency  for   each  t ransient  

source, which e x i s t s  f o r  j u s t  2n cycles.  Formally n should  be  an 

integer ,   but   actual ly   correct   answers   are   obtained f o r  one cycle  when 

n = 1/2 . u* is the  frequency  recorded by an  observer a t  r e s t   i n   t h e  
ambient air. 

Space-Time Cor re l a t ions   i n   t he  Near F ie ld  

Introduct ion 

One p a r t   o f   t h i s  work was directed  towards  the  determination 

of   space- t ime  correlat ions  of   the   pressure  gradient   in   the  near   f ie ld  

f o r  comparison  with  in-house  research at Langley  Research  Center. 

The mathematical   formulation  of  this is not   bas ica l ly  more diffi- 

cult   than  the  treatment  of  energy  f low  just   considered. However  two 
problems arise. F i rs t ,   the   in t roduct ion   of   p ressure   g rad ien ts   (h igher  



der iva t ives)   g ives  r ise  t o  a convergence  problem.  This can be  handled 

without much d i f f i c u l t y .  Second, the   in t roduct ion  of two new parameters, 

a space interval and a time in t e rva l ,   t ends   t o   g rea t ly   i nc rease   t he   vo l -  

ume of data t o  be  obtained. 

Again w e  consider first the  simple case of a pulsat ing  source a t  
rest  i n  a homogeneous f l u i d .  Then t rans ien t   sources  at rest  i n  a 
homogeneous f lu id   a re   inves t iga ted .   F ina l ly ,   the   sequence   of   t rans ien t  

sources a t  the   cen ter   o f  a uniform-veloci ty   c i rculas   je t  is studied. 

The Stat ionary  Source  in  a Homogeneous F lu id  

The ve loc i ty   po ten t i a l  for t h i s   sou rce   i n   cy l ind r i ca l   coo r -  

d ina t e s  (see Eq. (38)) is 

The p res su re   g rad ien t   i n   t he   r ad ia l  (r) d i r ec t ion  i s  Ap, = - po pit, 
and i f  we re ta in   on ly   the   por t ion   assoc ia ted   wi th   t rue  sound Apr is  

If we l e t  6 be a space   i n t e rva l   i n   t he   ax i a l  (x) di rec t ion ,  and 
t a t ime  in te rva l ,   then  
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and us ing   t he  two preceding  equations  ne get 

This   correlat ion  funct ion  does  not   die   out   with  increasing time 
i n t e r v a l  (T), and so is unrealistic fo r   t he   t u rbu len t  j e t  problem. We 

next examine the   t r ans i en t   sou rce  which is more r e a l i s t i c .  

If w e  assume t h a t   t h e  transient source  behavior is represented by 

i s  set equal   to  1) the  

in tegra l   representa t ion  

a port ion  of  a s i n e  wave (see Fig.  22a, where n 

radial pressure  gradient  Ap is  (using  Fourier 

as i n  Eq. ( 50)) 
r 

2u0 ( -2nAp0)r w2 s i n  [ w ' ( = & V  - ct)] s i n ( 2 ~ w / w o )  d w  
Apr(x , t )  = - 

n ( x  +r ) c  2 2  J ( w2-wo2) 

(74) 

A t  l a rge  w the   integrand  contains   only  per iodic   funct ions  (note  

w 2  in numerator  and  denominator) and appears  to  present  convergence 

problems. TO a v o i d   t h i s  w e  choose a smoother  function  (see  Fig.  22b). 

S ince   t h i s   func t ion   ( cos  (wet) between -7/2w0 and +n/2w0 , and  zero 

elsewhere) is symmetrical  about t = 0 ins tead  of anti-symmetrical, a 

cos ine   ins tead   of   s ine  is needed in   t he   bas i c   sou rce   po ten t i a l .  I n  
cy l indr ica l   coord ina tes   th i s  is  

2 

2nA 

The Four ie r   in tegra l   representa t ion   of   the  radial pressure  gradient  now 

becomes ( f o r   t h e   t r u e  sound) 

67 



68 

5 -Tf/2w0 4 0 Tl/2w0 t- 

Fig. 22 TRANSIENT SOURCE TIME HISTORIES 

a) F ( t )  = sin(wot) f o r  t < (2rr/w0) ; F ( t )  = 0 elsewhere 

b) F ( t )  = cos (wet) f o r  t < ( ~ f / Z w ~ ) ~ ;  F( t) = 0 elsewhere 

2 2 

2 2 



Smoothing the  ends  of   the  source time history  produces w/w2 i n  t h e  

in tegrand   for   l azge  w and  improves t h e  convergence. 

For a sequence  of  transient  sources  the  correlation  function i s  

where n/w0 i s  t h e  time i n t e r v a l  between t h e   a r r i v a l  a t  a f ixed  point  

of  t h e   i n i t i a l  impulse  from  one t r ans i en t   sou rce   and   t he   a r r iva l   o f   t he  
i n i t i a l  impulse  from the  next   t ransient   source.  

The time integration  can  be made immediately. As T c 00 t h e  51 

integrat ion  involves  a func t ion   osc i l la t ing   rap id ly   about   zero ,  and t h e  

i n t e g r a l  is evaluated  from  contributions  near  the  singular  point = w  . 
The r e s u l t  is 

The i n t e g r a l  can  be  evaluated (see Gradshteyn  and  Ryshik, Ref. 17r 



#3.728, 7., p. 410, and l e t  t h e i r  c = b + C , E - 0 )  . For 0 < y < 
w e  g e t  

For y > n the   cor re la t ion   func t ion  i s  ident ical ly   zero,   and  the 

correlat ion  funct ion is symmetrical about = 0 . Fig. 23 (from Eq. 

(81)) shows t h e   e f f e c t  of y on the   cor re la t ion   func t ion .  

A t rans ien t   source  a t  rest i n  a homogeneous f luid  produces  dis-  

turbances which are  confined  completely  to  an  expanding  spherical   shell .  

The th ickness   o f   the   she l l  is  c times t h e  lifetime of  the  source. If 

the  t ime  interval ,  T , is zero  the  space  interval ,  E , can  be  chosen so  

t h a t  two points  separated by a d is tance   in   the   x -d i rec t ion  are never 

i n   t h e  expanding s h e l l  a t  t h e  same time. The cor re la t ion  is  then  iden- 

t i c a l l y  zero.   Similar  si tuations  can arise of  course when T is  not 

zero. 

It must be remembered t h a t   i n  a sequence  of t rans ien t   sources   the  

phase  of  any  one  source i s  assumed random re l a t ive   t o   t he   o the r   sou rces ,  

The correlat ion  funct ion i s  then  not   affected by i n t e r a c t i o n s  between 

pairs  of  sources.  

Pressure  Gradient  Correlation  Functions  for a Sequence of Transient 

Sources a t  the  Center  of a Uniform Ci rcu la r   J e t  

In  order  to  avoid  convergence  problems, we adopt a smoothed time 
h i s to ry   fo r   t he   t r ans i en t   sou rces   ( s ee   F ig .   22b) .   S ince   t h i s  i s  sym- 

metrical  (instead  of  anti-symmetrical)  about t = 0 it is necessary 

t o  modify the  source  potent ia l  by taking  the  imaginary  rather  than 

t h e  real p a r t  o f  t h e  complex po ten t i a l   ( s ee  Eq. ( 4 8 ) ) .  $, is  then 



5 

1 I n/2 \ 
I 

n 

I t 
r 

Transient 

. I 

Fig. 23 PRESSURE GRADIENT  CORRELATION  FUNCTION v s  FOR  TRANSIENT 
SOURCES  AT  REST I N  A F L U I D   O F   I N F I N I T E   E X T E N T  

( is a function  of f and r ,  the   space and t ime  intervals .  
See Eqs.  (80) and (81) .) 
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The radial pressure  gradient  is - p $ 
O 2 r t  

For   the   t rans ien t   source  we need !d ( w o ,  t) . The Four i e r   i n t eg ra l  
'rt 

representa t ion   of   th i s  i s  

To s implify  this   expression l e t  

The space-time  correlation  function  for  the two p o i n t s   ( x  ,r) ,. ( x2+<,r) 

is 
2 



1 GI(K',fi,t+r,x2+E)  GI(K,w,t,x2) dt  dK' dK dA2 dw (88 )  

T 
2 

- -  

In   order   to   perform  the  t ime  integrat ion  the  term  containing t 
is  factored  out ,   g iving 

The imaginary parts of G requi red   in   the   in tegrand  are then 

GI(K,w,t,x 2 ) = g I (K,w,x2) c o s L t ( K " l ) ]  + +(K,w,x2) sin[&(KM-l)] 

(90 )  

GI(K',SZ,t+r,x2+E) = gI(K',Q,x2)  cosbt(K'M-i)]  cos~(rK'M-~+K'E/c)] 

- gI(K',a,x2) sinbt(K'M-lfl  sink(rK'M-r+K'€/cfl 

+ gR(K',a,x2)  sin@t(K'M-l)]  cos~(rK'M-~+K'€/c)] 

+ g,(K',A2,x2) cosbt(K'M-l)]  sin~(rK'M-+K'E/c)] 

73 



In   t he   i n t eg ra t ion   r ange  from -T/2 t o  Ur/Z the  anti-symmetric 

parts of  the  integrand can be  omitted. Then 

f GI(K',n,t+T,x2+E) GI(K,o,t,x ) d t  = 
T 2 
" 

2 

. J cos[wt(K"I)I  cospt(X'M-lfl  dt 
T 
" 

3 

T - 

. { s i n E t ( K " I ) ]  sin[&(K'M-l)] d t  
T 
2 

- -  

The time in tegra t ion  is simple  and f o r  T+ co t h e   i n t e g r a t i o n   i n  

K' is obtained (as previously  discussed)  from  the  neighborhood of  t h e  

s ingular   po in ts .  A t r i p l e   i n t e g r a l   ( i n  K,l ' ,w ) remains t o  be  deter- 

mined in   the   express ion  f o r  the   cor re la t ion   func t ion .  A s  before,  we 

choose t o  r e w r i t e   t h i s   i n  terms of  observed  frequency, w*, not ing   tha t  

K = (o-u*)/Mw . 
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where 

$/(I?-l) + 2(w*/w) - (w* 2 2  / w  ) 

- w * / w  

75 



CONCLUSIONS - Part 2 

1. A r e a l i s t i c   p i c t u r e   o f   t h e   n e a r  f ie ld  must show disturbances 
dying  out as the  distance  from a small region  occupied by t r a n s i e n t  

sources  increases.  The lifetime of  each  transient  source must then 

be   very   b r ie f   (no t   mere ly   f in i te ) ,   and   th i s ,   p lus   the   l ack  of a 

stationary  phase  approximation,  requires  integration  over  both fre- 

quency  and wave number. These two in tegra t ions  make near-f ie ld  

ana lys i s  much more d i f f i c u l t   t h a n   f a r - f i e l d   a n a l y s i s .  

2. A prel iminary  near-f ie ld   analysis  is made using  coordinates 

f i x e d   i n  a permanent pulsating  source (a harmonic  source) . This 

source drifts wi th   t he   f l u id  at the   cen ter   o f  a uniform  c i rcular  

cy l ind r i ca l   j e t .  For  a Mach number of 0.5 and a Strouhal number of 

0.2 the  streamwise  extent of substant ia l   d is turbances is  appreciably 

g r e a t e r   t h a n   f o r  a Mach number of  zero. 

3 .  The near f ie ld  is  s t u d i e d   f o r  a sequence of t rans ien t   sources  
a t  the  center   of  a uniform  c i rcular  je t ,  Resul ts   here  must be con- 

sidered  preliminary  since a t r i p l e   i n t e g r a t i o n  i s  performed numer- 

i c a l l y .  The in tegra t ion  seems feasible ,   but   the   accuracy  of   the 

methods has  not  yet  been  completely  explored, The preliminary 

r e s u l t s  are reasonable. Most i n t e r e s t i n g  is the   appearance  in   the 

n e a r   f i e l d  of t he   t r end  toward  increased downstream disturbances 

which is so cha rac t e r i s t i c   o f   t he  far f i e l d .  



Appendix A 

Introduction  and  Discussion 

It is convenient t o   r e p r e s e n t  a pulsa t ing   source   in  a j e t  as t h e  

sum of components having a l l  possible  wavelengths i n   t h e  streamwise 
direct ion.  Some of   these components are true waves, and some decay  ex- 

ponent ia l ly   in   the   e -d i rec t ion ,  normal t o   t h e  flow. Each of  these  har- 

monic wave forms ( i n f i n i t e l y   l o n g  i n  the  f low  direct ion)  moves at its 
own ve loc i ty   r e l a t ive   t o   t he   sou rce .  The source i tself  moves with  the 

l o c a l   f l u i d ,  so the   ve loc i ty   o f   the  waveform with r e s p e c t   t o   t h e   f l u i d  
i n  any p a r t  of t he   i dea l i zed  j e t  can  be  determined.  Conversely, t h e  

v e l o c i t y   o f   t h e   f l u i d   r e l a t i v e   t o  t h e  waveform is known. 

If we then  approximate  the  f luid motion i n  some p a r t   o f   t h e   j e t  
by a uniform  velocity  f low it is tempting to   s tudy  for   the  purpose  of  

i l l u s t r a t i o n  a conventional  channel  flow where one side of t h e  channel 

cons is t s   o f  a prescribed wavy wall. Some boundary  condition must now 

be   p rescr ibed   for   the   o ther  wall of the  channel. It i s  not   possible  

t o  say  precisely what t h i s  condition  should  be. However a generalized 

boundary condition  of  the form a a X ( x ,  zl) + b aZ( f i r ,  zl) = 0 may be 

used. If a = 0 a f la t  r i g i d  w a l l  exists a t  z = z If b = O  

a constant   pressure  surface  exis ts  a t  e = e Other  combinations 

of a, b and y should  correspond t o   t h e   c o n d i t i o n s   e x i s t i n g   i n  a j e t  
though  these  combinations are no t   ea s i ly  found. 

1 '  
1 '  

The energy  f low  across  the  outer boundary  of the  channel i s  ex- 

amined as a function  of a non-dimensionalized  wavelength in   t he   f l ow 

direction.  Various  outer boundary conditions are considered. I n  some 
cases true resonant  peaks  appear ( t he  e n t i r e  denominator  passing  through 

zero)   In   o ther  cases quasi-resonant  peaks are evident   ( the dominant 
p a r t   o f   t h e  denominator  passing  through  zero).  This  highly  simplified 

model therefore   does show features  resembling  those  appearing  in  the 
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complete  shear  layer jet ,  although  the  peaks  appear  in a p l o t  of energy 

flow VS. wavelength r a t h e r   t h a n   i n  mean-square pressure VS. f a r - f i e l d  

angle 8. 

The above r e s u l t s  are i n t e r e s t i n g  and  perhaps  useful. However it 
must be  emphasized t h a t  some very  important features of t h e  j e t ,  such 

as t h e  j e t  v e l o c i t y   r e l a t i v e   t o   t h e  ambient air and the   ve loc i ty  of 
the  acoust ical   source,  are concealed in   t he   gene ra l i zed  boundary con- 

d i t ion .   This   p rocedure   could   no t   read i ly   be   used   for   any   quant i ta t ive  

prediction  of  the  appearance of peaks   in   the   idea l ized   shear - layer  

j e t s  which we are studying,  but is possibly of value as a q u a l i t a t i v e  

i l l u s t r a t i o n .  

Development 

The development i s  here   ou t l ined   very   b r ie f ly   s ince   the  problem 

is  comparatively  simple. Only supersonic  flow i s  considered,  this  being 

the   case   o f   p r imary   in te res t .  

The or igin  of   the   x ,z   coordinate   system is  f i x e d   i n   t h e  mean plane 

of  the  channel's  prescribed wavy wall (see  Fig. IA). The f low  direct ion 

is  x, the  normal d i rec t ion  Z. The flow  obeys  the  equation 

where M is the  undisturbed  constant Mach number ( M  > 1) and $ is  

the   ve loc i ty   po ten t ia l .  The prescribed wavy wall is at  z = 0,  t h e  

outer  boundary  of the  channel i s  a t  = = zle Let 

gz = A sin(klx) a t  z = O  (A-2) 

and l e t  

a 8x(x9zl> + b ~Z(x+Y,zl) = 0 at  z = z  1 ( A - 3 )  

where A prescribes  the  amplitude  and kl t h e  wave number of t h e  wavy 
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t Z 

Outer Boundary z = z  1 

Prescribed Wavy Wall 

Fig. IA THE TWO-DIMENSIONAL CHANNEL 

79 



wall, a and b are a rb i t r a ry   cons t an t s  and y permits an a r b i t r a r y  

phase  displacement  between $x and Idz a t  
e = 

The following  expression for jd satisfies t h e   p a r t i a l  differential  
equation (A-1)  and t h e  boundary  conditions (A-2) and (A-3) : 

abkl + -  cos(k 7) cos(klx)  cos(k2e) 
1 

k2 

where 

k22 = kl ( M  -1) 2 2  

i 1 = [ ] + b2 cos2(kly)  sin 2 (k2zl) 1 1 

[ 1, = b k i / k 2 )  cos(k2zl) - b s i n ( k  1 y )  sin(k2zl)]l 

(A-4) 

It i s  convenient t o  examine the  energy  f low  ( re la t ive t o  coordin- 

ates f ixed   i n   t he   f l u id ) .   Th i s  is independent  of z and is given by 

(- Mc gZ)  , p being  the mass dens i ty   o f   t he   f l u id  and c the  speed 

of  sound.  This is  the  local  value,   and  any  convenient e (e.g. z = 0) 

may be  used. If we define by E t h e  mean energy  f low  per  unit  area, 
then 

- 
- 

A ab k, cos(k, 7) p Mc 2 - 
E =  L A 

where 1 1 is defined i n  Eq. (A-5)  and b may be set  equa l   t o   un i ty  

80 



without l o s s  of  generali ty.  

For a s p e c i f i c  example 

and 

l e t  M = fl and (klr)  = 0. Then k2 = kl 2 2 

E+=-- 2E - a 

A 2 p Mc a2 cos2(klzl) + s i n  2 ( klzl) 
(A-7) 

For a = 1 the   f low  pa t te rn  i s  p r e c i s e l y   t h a t  which occurs f o r  an 

i n f i n i t e   f l u i d   f l o w i n g   p a s t  a w a v y  wall, and e = 1. If a is l a r g e  

(e. g. a = I O )  then a' cos  (k z ) is general ly   the dominant term i n  

the  denominator,  but  passes  through  zero  for  (k z ) = etc. 

Thus quasi-resonant  peaks  appear  near  these  (k z ) values. If a is 

small (e.g. a = 0.1) t hen   s in  (klzi) is general ly  dominant but  quasi- 

resonant  peaks  appear near (klzl) = 0, w, 27, etc .  

2 
1 1  

1 1  2' 2 '  

1 1  
2 

A s  ado0 the   ou te r  boundary of the  channel  approaches a constant 

pressure  surface  and  true  resonances a t  (k1z1) = 29 2 2 ? etc., are 

approached. A s  a " 0  the   ou ter  boundary becomes a p lane   r i g id  wall, 

and true  resonances a t  (k  z ) = 0 ,  w, 2n, e tc . ,  are approached. 1 1  
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Appendix B 

THE HEATED THREE-LAYER  TWO-DIMENSIONAL JET 

The problem  considered is tha t   ske tched  i n  Fig. 13, but t h e  three 

l a y e r s  shown now have different   temperatures  and dens i t ies .   Outs ide   the  

j e t  (Region a), t h e  ambient air has  temperature T , corresponding 

densi ty  pa, and  speed  of  sound c , I n   t h e   o u t e r   l a y e r  o f  t h e  j e t  (Region 

0) t hese   quan t i t i e s  are Ti, p i ,  c1 , and in   t he   cen t r a l   h igh   ve loc i ty  

l aye r  (Region @) they are To, p o ,  co. 

a 

a 

If the   ve loc i ty   o f   t he   j e t   i n  Region @ is U1 and the   ve loc i ty  i n  
Region @ is Uo, then  the  corresponding Mach numbers ind ica ted   in   F ig .  

I 3  are   def ined  with  respect  t o  ambient  temperature: 

M = Ul]c 1 a 

Mo = UO/Ca 

Standard thermodynamic re la t ionships   g ive   a l so  

T c  2 

2 
Pi a a 

P a  1 

- = - -  " 

C 

We fu r the r   de f ine  

u' = u/ca 

K = kl/u' , K = IC2/"' 1 2 

If the   ana lys i s   desc r ibed   ea r l i e r  i n  t he   r epor t  is 

for the   d i f fe ren t   t empera tures   o f   the  three layers ,  Eq. 
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modified to   a l low 

(11) becomes 



where the  previous  def ini t ions  of  N ,  Dl,  D2 given by Eq. ( 12) f o r   t h e  

symmetric case  and Eq. (14) f o r   t h e  anti-symmetric  case  retain  their  

previous  forms  but  the  parameters  therein  defined by Eq. (13) f o r   t h e  

unheated j e t  now become 

and a ,   def ined   for   the   unhea ted   je t   in  Eq. ( 8 ) ,  becomes 

a = w'~~,/(c~/c~)~[~+K~(M~-M~)] 2 2  -K 

Comparison ind ica tes   tha t   the   s ta tements  made for   the  unheated j e t  

a r e  still applicable.  That is, for   very   l a rge  K ,  ' is small, Dl 2 

then is normally  the  dominant term of  the  denominator f o r   l a r g e  K , and 
sp ikes   i n   t he   f a r - f i e ld   p re s su re   d i s t r ibu t ion  w i l l  be  found a t  the  zeros  

of Dl . These  occur f o r   t h e  symmetric case when 

P I  

tanhu' = p2' kana -7 1 



r 

which is i d e n t i c a l   i n  form t o  Eq. (l5a), but cr' , pz' , Q are now 

defined as i n  Eqs. (B-5),  (B-6); the  anti-symmetric case leads  again 

t o  Eq. ( l 5 b )   i n  form but  with  the  modified  parameters above. 

Analyt ical ly ,   then,   the   heated j e t  case  appears l i t t l e  d i f f e r e n t  

from the  unheated  case, The magnitude  of I s I is decreased by t h e  

numerator  factor (Ta/T1)2. The loca t ion   of   the   sp ikes  ( i n  0) and t h e  

range  of  values  of Kl where spikes  may be expected  has  changed (i. e. 

Fig. 14b must 'be modified t o  accomodate t h e  new def in i t ion   o f  a and 

K > ( c  /c ) ) , but  otherwise  the  problem is qua l i t a t ive ly  similar t o  a 1  
the  unheated  case. 

2 2 

When one considers  an  actual  numerical  example, however, t h e   s h i f t  

in t h e  K -range where spikes  are possible  can  be  of  major  significance. 

The occurrence  of   spikes   for   this   configurat ion  requires ,  as pointed 

o u t   e a r l i e r   i n   t h e   r e p o r t ,   t h a t  Q be real   (corresponding  to  a wave- 

type  solut ion  in   the  central   h igh-veloci ty   par t   of   the  j e t )  when IK I 1 
is large*  (exponent ia l - type  solut ions  in   the  outer   layer   of   the  j e t ) ,  

Heating  the j e t  can  have the   e f f ec t   o f   sh i f t i ng   t he  K -range where a 

is  real away from the  very  high  values of  I K I . Fewer spikes  may then 

be encountered, o r  possibly  only  pressure  peaks  of  moderate  magnitude. 

1 

1 
1 

An example may se rve   t o   c l a r i fy   t hese   po in t s ,   Cons ide r  a j e t  with 

M1 = 1.5 ST = 0.2 

For   the  unheated  je t  ( T  =T =T ) Q is real f o r  180' > 0 > 1 ~ 1 . 7 6 ~  (and 

a l s o  f o r  104.86' > 8 > 0 ,  but   this   par t   of   the   @-range  produces no spikes  

and so  i s  not   o f   in te res t   here) .   Wi th in   the   range   of   in te res t  a in- 
creases  with  increasing 0 from a = 0 a t  0 = 121.76O t o  a = 00 at  

0 = 131 .81° ( t h e  Mach angle  corresponding  to M = 1.5 ) ; a then 

decreases   with  fur ther  0 i nc rease   t o  a = 228.61 a t  0 = 180' . Within 

th i s   a -va r i a t ion ,   an   i n f in i t e  number of   solut ions  of  Eq. (B-7) is possible .  

O l a  

10 

..................................... 

* As before,  numerical  solutions are considered  only  for   the  plane y = 0, 

where K = 0 and K = I Kl I .  2 

84 



However, i f  t h e  j e t  is heated so t h a t  To = 3Ta , T = 2Ta , t h e  

veloci t ies   remaining as above, it is found t h a t  Q is r e a l  f o r  180' > 
8 > 148.89' (and f o r  102.47' > 0 > 0,  which is less o f   i n t e re s t ) .  I n  
t h i s  range 2 < KI < 3.01 *. That is, K takes  on only  moderate  values, 

and  only  moderate  pressure  peaks are encountered. Also, a increases  

with  increasing e from (I = 0 at e = 148.89' t o  a = 63.60' at 
8 = 180'. With th i s   l imi t ed   r ange  of a -variation  permitted,   not more 

than  one  solution ( if  any)  of Eq. (B-7) is probable. 

1 

l 

Thus a v e l o c i t y   d i s t r i b u t i o n  which r e s u l t e d   i n  an i n f i n i t e  number of 

spikes  i n  the   f a r - f i e ld   p re s su re   d i s t r ibu t ion   fo r   t he   sou rce   i n   t he  - un- 
heated j e t  has at most one somewhat moderate  pressure peak when t h e  je t  

is  heated  with  the  temperature  ratios  indicated.   This change is  probably 

r e l a t e d   t o   t h e   f a c t   t h a t   t h e   a c t u a l   ( l o c a l )  Mach number of t h e   j e t ,  

based on local  temperature,  is greatly  reduced. (Of course,  one  can 

f i n d  examples  where t h e  Mach number and  temperature r a t i o s  a re   such   tha t  
multiple  spikes w i l l  occur for t he   hea t ed   j e t   a l so  .) 

"_"""""""""""""""""""""~""""" 
* Reca l l   t ha t  K1 = cos@/( l+Mi cos@) . 
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