View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by NASA Technical Reports Server

General Disclaimer

One or more of the Following Statements may affect this Document

e This document has been reproduced from the best copy furnished by the
organizational source. It is being released in the interest of making available as
much information as possible.

e This document may contain data, which exceeds the sheet parameters. It was
furnished in this condition by the organizational source and is the best copy
available.

e This document may contain tone-on-tone or color graphs, charts and/or pictures,
which have been reproduced in black and white.

e This document is paginated as submitted by the original source.

e Portions of this document are not fully legible due to the historical nature of some
of the material. However, it is the best reproduction available from the original
submission.

Produced by the NASA Center for Aerospace Information (CASI)


https://core.ac.uk/display/42885591?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

NASA TECHNICAL NASA TM X- 62,493

MEMORANDUM

62,493

X (NASA-TM-X-62493) AN EFFECTIVE SOLUTION TO
g THE NONLINEAR, NONSTATIONARY NAVIER-STOKES
< EQUATIONS FOR TWO DIMENSIONS (NASA) 10 p HC

2 $3.5¢C CSCL 20D
z G3/34

AN EFFECTIVE SOLUTION TO THE NONLINEAR, NON-
STATIONARY NAVIER-STOKES EQUATIONS FOR
TWO DIMENSIONS

Ralph E. Gabrielsen

N76-14414

Unclas
07361

Ames Research Center N,
and /o , ‘35 T
Y. S. Army Air Mobility R&D Laboratory LA P 44/7 o
Moffett Field, Califomia 94035 P M Pn,
Le s / - &k r i N
\{ A7 U/;% (‘0 & }!
o Ve, A
\Qf’ i%ibfu,fff
August 1975 R



1. Report No. 2. Government Accassion No.

™ X-62,493 .

. Recipient's Cotslog No.

4. Title and Subtitle

AN EFFECTIVE SOLUTION TO THE NONLINEAR, NONSTATION-
ARY NAVIER-STOKES EQUATIONS FOR TWU DIMENSIONS

Report Date

. Performing Orgenizetion Code

7. Authoris)
Ralph E. Gabrielsen

. Performing Organization Report No.
A-6294

9. Performing Orgenization Name and Address

Amcs Research Center and

U.S. Army Air Mobility R&D Laboratory
Moffett Field, Calif. 94035

10.

Work Unit No.
505-06-31

1.

Contract or Grant No.

12. Spomsoring Agency Name und Address

National Aeronautics and Space Admin”stration
Washington, D.C. 20546

13.

Type of Report and Period Covered
Technical Memorandum

14. Sponsoring Agency Code

15. Supplementary Notes

16. Abstract

A sequence of approximate solutions for the nonlinear, nonstationary
Navier-Stokes equations for a two-dimensional domain, from which explicit
error estimates and rates of convergence are obtained, is described. This
sequence of approximate solutions is based primarily on the Newton-

Kantorovich method.

17. Key Words {Sucgested by Author(s) }

Nonstationary Navier-Stokes equations

Navier-Stokes equations

Newton-Kantorovich solution of
Navier-Stokes equations

Unlimited

18. Distribution Statement

STAR Category - 02, 34

20. Security Clumif. (of this pege)
Unclassified

19. Security Clamif. {of this report)
Unclassified

21. No, of Pages 22. Price’

10 $3.25

*For sale by the National Technical information Service, Springfield, Virginis 22151




An Effective Solution to the Nonlinear, Nonstationary

Navier-Stokes Equations for Two Dimensions

By Ralph E. Gabrielsen, Ames Research Center and U.S. Army Air Mobility R&D

Laboratory, Moffett Field, California, USA

1. Introduction

Classical fluid flow problems of aerodynamics stem from the nonlinear,
nonstationary Navier-Stokes equations. When solving these problems for cases
in which simplification is unacceptable, the practice has been to proceed in
one of two ways: (1) the problem is considered within the framework ot the
Reynolds equations, or (2) the Navier-Stokes equations are dealt with numeri-
cally. There are, however, significant disadvantages to both the Reynolds
equations approach and to existing numerical solutions. Relative to (1),
recent experimental evidence indicates essential information about the flow
dynamics is lost in the process of generating the Reynolds equatioms
[1, p. 325], and relative to (2), existing numerical solutions of the Navier-
Stokes equations completely lack explicit error estimates.

Whereas the development of more effective techniques for solving such
fluid flow problems by means of the Reynolds equations is highly unlikely,
future progress seems to lie in the direction of improved methods of handling
such problems numerically.

Towards this end, a numerical solution with explicit error estimates is
presented for the Navier-Stokes equations in two dimensions with suitable

boundary conditions.



The solution, based on Newton's method as generalized by Kantorovich and
Akilov [2],{3], is the limit of a sequence of functions that are solutions to
a sequence of related linear partial differential equations.

Background material, preliminary results, principal development of

the solution, and conclusions are presented in the sections that follow.

2. Background
The nonlinear, nonstationary Navier-Stokes problem is mathematically

described by

My, = VABY = YoBby = bbby + fly - f2_ o
¥(S) = by, BU(IS) = b, , WS ., = &S,

where S 1is the interior of a compact two-dimensional region, and 935 its
boundary.

It will be assumed that f, € Co1 R £, € Co1 , Where
CTN(S) = {f(x,y,t)lN times continuously differentiable in (x,y) € S,T times
continuously differentiable in t,0 < t < « , inclusive of spatial derivatives
up through order [N/2]} . Note that [ ] denotes greatest integer part.
CTN(S) will be considered under the norm

: Bl .

‘p =
I ‘Ic N :E:: :E::::;es

ti
Ty

aclaxTay™ ™
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0<t<o
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n--gﬂ+1 m=0 O<t<w
Let

P(V) = Ay, - VA - boAU + Y MY+ £y - fly .



Equation (1) can be expressed in the equivalent form:

P(y) 0, () =by , BMY(dS) =b, , v ., = o) . (2)

t=0

P will be considered a mapping from C;*(S) into Co%(S).

3. Preliminary Results
Lemma 1. The Fréchet derivative of P exists, and is given by
] ] ] 9 3
P'(yy) = A == - VA - 2. 2 2 2
(W) = B 5g = vBA = Vo b 5o = By 3y woxA 5y * Moy 5

Proof. The Fréchet derivative is defined as follows:

[IP(v + a) - Pw) - Lal| o
lim 0
al |+ TalTg»

if [l = 0 for some linear operator L, then

P'(yy) =L . Hence it can be directly shown that for Wy, € CI“(S), P'(y,)

exists, and

2 5 2 3 3
P! -p 2 - 3 2 2 2
(bg) = 8 g¢ = vBA - Vo B 5p = Vo 3y * Vo 8 3y * oy 3x

(See ref. [4].)
Lemma 2. P"(y) exists for all ¢ € C,*(S), and
n = - - .
P" (y,) 60 ¢yA6x+9yA¢x exmpy °ery
In addition,
[Pl <1 .
Proof. By definition, if there exists a bilinear operator B such that
] ]
1n PG+ 9) - BT - Bellg o

R
0 ITeTTc &

-0’

then P"(wo) exists and P"(wo) = B, Hence it follows directly that

P"(¢0)¢B = ¢yA6x + 6yA¢x - exA¢y - ¢xA9y

and that ||P"|| s 1 [4].



In order to show that the "Newton-Kantorovich Algorithkm"
0= P(wm) + P'(wm)(¢m+1 - Wm)

Wm(as) = bl ’ A¢m(33) = b2 (3)

Ypl, =0(8), m=0,1,2, ...,

t=0
converges to a solution of Eq. (2), it is sufficient to show [2],[3] that

- 1
[P [ P w22 [P ] < 5 -
Since for a gi?en ¥y € Clu. IIP(¢0}|| is readily calculated and

[IP" () || < 1, it remains to calculate an upper estimate for |[P'(py)71]].

4. Main Development'
Since, for a given ¢0 € Cl“(s), the sequence of wn's arising from Eq. (3)
converges to y*, the solution of Eq. (1), providing
[Pl TP w212 [P el <5,
it remains to determine if and when l"(tpo)'1 exists, and estimate
HLARCIS RN
To this end, let m =0 in Eq. (3). Therefore,
0 =Py +P'(¥) (¥, =¥y 1in ;0 ;
¥,(38) =b, , ¥;(88) =b; , AY,(38) =b, , AY,;(38) =b, ,

= 4(s) , and Y| _ = o(S) .

Yo|e=0
Let @ = wl - wo; therefore, -P(wo) = P'(WO)E- If E exists, then
¥o= Pl OP () .

Hence, we seek a solution ¢ of the problem

0 =P(h) +P'(Y)¥ , (35) =0, DY@S) =0, and Y| _ =0. (4

Let

d
P'(wo) = A 3t vAsd + A,



where A 1s a linear operator mapping 003 into COG(S).

AGI® = =Vg B0, = Bg 0o + ¥ Ad + Mg o

Equation (4) can therefore be expressed by

8%, = vAAG = -P(hg) - A(g)¥ , V(3S) =0, AY(3S) =0, | o =0. (5

Let E be defined as follows:

= t -
q’(x’)’at) "‘I I I {[A(WO)UJ](X",Y"-T)
S ¥ S

+ P(wo)(x",y".T)}Gp(x,y,X',y',x",y",t - 1)dx" dy" dt dx' dy' ,
where
6" (x,y,%',y",x",y",t) = Glx,y,x',y IH (x',y",x",y",t) .
Lemma 3. If 3 of Eq. (6) exists, then E satisfies Eq. (4).
Proof. Since
Gv(x,y,x',y',x",y",t) = G(x,y,x',y')Hv(x',y',x",y",t)
where G 1is the Green's Function for La Place's enuation, and H® the
kernel functior. for the heat equation
¢p ~vA¢ =0, ¢(38) =0, ¢ _ =0,
it readily follows that

(2s) =0, A}(S) =0, and ¥|,_ = 0.
Also,

- t =
A&(x.y,w--_“ J' [A TGy, 1) + P () G,y D T Gy, 2,37, - Ddx” ay” dr
0 S
= t = v
Awt(x,)!.t)=" [A('JJO)UJ(X",Y",T)+|’(¢0)]Ht (x,}"x"-)’"-t-T)dX" d)’" dt
0 S
-_" [AG,)F G, y"e) +P (1) (3", ) THY (i, 3", 0) A ay™
S

-~ t =
AAﬁ(x.y.t)--f J. [AG VX", y", 1) +P (bg) (x",y", 1) JAH (x,y,x",y", £ = . )dx" dy" dr .
0 *S



Therefore,

= - t
8y, - vAAw--;/. ./'[A(wo)-+P(¢0)][Htv(x,y,x",y",t-T)-vAHv]dx" dy" drt
0 s

'f [A(Wo)i + P(y) 0 (x,y,x",y",0)dx" dy
S

=AWV - P(y,) .
Suff ~ient conditions under which ; of Eq. (6) exists will row be

developed. Define the linear mapping B:

t
Bq"‘ff fq(x",y",‘r)Gv(x,y,x' o ¥'Lx",y",t - 1)dx' dy' dt dx" dy" .
S ¥ *S

Therefore, Eq. (6) ¢.n be expressed in the form
¥ - BAY = BP(y,) ,
(1 - BA)) = BP(3p) .
Let 803(9) 2 the completion of C 3(S) under the norm

Hwll = max |v| + max |y | + max le

X,YES x,y€S x,yE€S
Ost<= Ost<= 0gt <>
+ max |¢ ] + max Iw yl + max |wyy|
X, yES X,y€S X, yES
O<t < 0<t <o O<t<e

+ maxlAw|+ max|A‘P|
x,y€S x,YES
Ogt<= O<t <
If (BA) is considered a mapping from 003(8) into ‘603(8), and
||BA[| < 1, then (I - BA)~! exists, and % = (I - BA)“IBP(y,). Therefore,
in order to show that i exi~ 3, it is sufficient to show that

|IB|| ||A]] < 1. To this end consider A as a mapping from an into 0.

For ¢ € ¢,?, ||w||coo - maxslwl
X
Ost<e



for WECO. Hw”cg- max |¢|+ max |¢|+ max |W|

x,YES x,yES x,YES

O<t <= 05t<ee 0st <=

+max||p|+maxl¢|+max|w|
x,y€8 77 x,y€S x,yés *¥
Ost<e= Ost<w Osc<w

+ max |A1p]+ max |Aw|

x,yE€S x,y€S
O<t<w Ost<w
Since ||A|| = | IsuT ||A¢|| by definition,
¢

| AWg)e = =¥y Boy = Bug b, + ¥y Boy + B b »
and

IIA¢|Ic o= max |A¢| = max |-y, 80, - Buy o + ¥, Bo + Bhoyb, |
x,yES
Ogt <o
it follows that ||A]| < M, » where
0
M = max ( A A ) .
by " |voy s Iwoxl,l wox|.| voy |
0<t <o

Consider B as a mapping from Coo into 803. |IB]| = suT (| IBZH‘E 3),
c 0 0

by definition. Therefore, since

||Bz||'Eo3 = max |Bz| + max |(Bz)x‘+max |(Bz)y| + max |(Bz)xx| + max ‘(Bz)xy|

+ max |(Bz) | + max |(ABz) | + max |(ABz) |

HBH S max II j H (x' vy :x 9y 1t'T)[G(x’Yo Y ') + |G ! + lGx|
x,yES

0st<e

+ [Gyxl + [Gyyl + |Gyyllax" dy" dv dx' dy"

t
+ maxJ‘ j. [IHxv(x,y,x",y",t-'r)l + IHy\)(x,y,x",y",t-t)l]dx" dy" dt .
0 S



I J' j HY(x',y',x",y",t - 1) (G + |G, | + IGyl + |Gyx| + |ny|
x,yfs

Ost<w
+ ]nyl)dx" dy" dt ,
and

my, = maxClvg 1o 1, [ lowg . IAwoyl) -

Therefore, for H@ NB <1, E exists, and 5 = (I - BA)~! BP(wo). Hence, from
0
Lemma 3, it foliows directly that -I"(npo)‘l = (I -~ BA)"! B and that

|I8]] Ng

< .
= 1 - NgM
1= |IB]] [laf] B v,

P )=t s

5. Conclusicn

From the preceding sections it directly follows that if y,, the initial
educated guess, is judiciously chosen, a sequence of functions
wn(n =1, 2, . . .) can be directly constructed that converge to the exact
solution of the nonlinear, nonstgtionary Navier-Stokes problem as expressed
by Eq. (1). In addition, an explicit error estimate can be directly deter-
mined for each approximate solution .

Explicitly then, for

1 - N M

B wo
P[] < A——
2N
with MW Ng < 1, the sequence of y,'s determined by Eq. (3) exists and
0

converges to the exact solution y* of Eq. (1).
Moreover, under these conditions, tue method yields the explicit error

estimate
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