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FOREWORD

The work reported herein was sponsored by the National Aeronautics
and Space Administration, Theoretical Studies Branch, Ames Research.
Center, Moffett Field, California, under Grant NGR-36-008-205. The
experimental work was performed by A. A. Emara in partial fulfillment
of the requirements for the degree of Doctor of Philosophy at The Ohio
State University. Experiments are continuing with the objective of
measuring temperatures within an internally heated horizontal fluid
layer in developing convection. Analytical work is also underway and
is aimed at a prediction of steady-state Nusselt numbers in the low-
Rayleigh-number regime of convection.
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ABSTRACT

Natural convection energy transport in a horizontal layer of
internally heated fluid has been measured for Rayleigh numbers from
1.89 x 103 to 2.17 x 1012 . The fluid layer is bounded below by a rigid
zero-heat-flux surface and above by a rigid constant-temperature surface.
Joule heating by an alternating current passing horizontally through the
layer provides the uniform volumetric energy source. The overall steady-
state heat transfer coefficient at the upper surface is determined by
measuring the temperature difference across the layer and power input to
the fluid.

The correlation between the Nusselt and Rayleigh numbers for the
data of the present study and the data of the Kulacki et al. 3 study is

Nut = 0.389 Ra0.228 f

where

1.89 x 103 < R a < 2.17 x 1012

2.75 < Pr < 6.85

0.025 < z/x < 0.50 .

By extrapolation to the conduction limit of Nul 2, this correlation
predicts a critical Rayleigh number of 1314, which is within -2.2% of
the value predicted by linear stability theory when the thermal coupling
between the layer and its boundaries are taken into account.
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NOMENCLATURE

A	 Area of heat transfer surface

C	 Constant of correlation for overall heat transfer

c 
p	

Specific heat at constant pressure of fluid

f	 Fractional experimental uncertainty

9	 Constant of gravitational acceleration corrected to latitude
1of The Ohio State University, 980-171 cm/s41

h	 Heat transfer coefficient, qwall/AT

H	 Volumetric rate of energy generation in fluid

k	 Thermal conductivity of fluid

L	 Height of fluid layer

m,n	 Constants of correlation for overall heat transfer

Nu	 Nusselt number, hL/k

Nuc	 conduction value of Nusselt number

Nu*	Nu/Nuc

P	 Power input to fluid

Ploss	 Power loss due to heat leaks through side walls

Pr	 Prandtl number, v/ce

qwall	 Heat flux at the wall

Ra	 Rayleigh number (golctv) L I (HL2/2k)

T	 Temperature

AT	 Maximum temperature difference, TO-T,

w	 Weight frac-'VA-on of silver nitrate per weight of water

X	 Characteristic horizontal dimension (smallest horizontal
dimension of test cell

Z	 Vertical coordinate, 0 < z < L

vi
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Greek Symbols

a Thermal diffusivity

8 Isobaric coefficient of thermal expansion

µ Dynsmic viscosity

V Kinematic viscosity

P Density

Subscripts

c Critical value or conduction value

0 Evaluated at lower wall

1 Evaluated at upper wall

wall Evaluated at wall

max Maximum value
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INTRODUCTION

Natural convection occurs frequently in fluid systems warmed
internally by a distributed volumetric energy source. Such an energy
source may be the absorption of incident radiation in a dense planetary
atmosphere or the release of energy in a confined fluid by an exothermic
chemical or nuclear reaction. Natural convection produced by distri-
buted volumetric energy sources is consequently of importance in a wide
range of scientific and engineering disciplines; e.g., geophysics,
planetary physics, meteorology, astrophysics, environmental engineering,
nuclear power technology, food processing, and chemical technology.

With regard to convection in planetary interiors, it should be
noted that laboratory study of steady and, unsteady natural ccnvection
with distributed energy sources provides particularly useful information
for developing planetary thermal history models. The moon provides an
interesting case study in this respect since pertinent geophysical data
are relatively abundant, and the constraints imposed by its topography
create a much less complex situation for analysis than those for the
earth. However, an incomplete knowledge of the convective processes
within the moon makes accurate thermal history analysis difficult.

In fluid layers with internally distributed energy sources, the
conduction regime is characterized by a nonlinear temperature distribu-
tion. The maximum temperature difference within the fluid is directly
and simply related to the strength of the energy source. When the
energy source strength is increased above a certain critical value
(i.e., above a "critical" value of Rayleigh number), destabilizing
buoyant forces overcome stabilizing viscous forces and convective motion
begins in that region of the fluid in which a negative mean temperature
gradient exists. As the strength of the energy source is increased
still further, the flow proceeds through a laminar (cellular) regime to
the chaotic turbulent regime in which nearly all of the fluid layer is
affected by the convective energy transport process.

Several problems for study can be identified in view of the above
sequence of physical processes as the Rayeeigh number is increased.
These are (1) prediction of the critical Rayleigh number at which con-
vection begins, (2) determination of steady temperature and velocity
fields for both the laminar and turbulent regimes of flow, (3) deter-
mination of heat transfer rates with the fluid for both the laminar and
turbulent regimes of flow, and (4) determination of developing tempera-
ture and velocity profiles for unsteady or developing convection. Past
analytical and experimental work has addressed these problems, but
understanding of heat-source-driven convection is not complete and not
nearly atthe same level as that of Benard convection, which has re-
ceived considerably more attention in the past 25 years. A review of
analytical and experimental work on heat source driven convection is
given by Peckover l and Peckover and Hutchinson. 2 Additional reviews of
recent work on heat source driven convection are given by Kulacki, Nagle
and Cassens and Kulacki and Emara.4
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The experimental work reported here is part of a continuing study
of heat-source-driven natural convection which is aimed at obtaining
fundamental information on the thermal processes occurring in horizontal
fluid layers with uniformly distributed energy sources. Overalll heat
transfer coefficients for steady convection in the turbulent and laminar
regimes of flow have been obtained for a layer of lot}' aspect ratio with
a rigid insulated lower boundary and a rigid con.sta--:,o,, temperature upper
boundary. Limited data on temperature within the layer for developing
convection at low Rayleigh number have also been obtained. It is be-
lieved that the results of this kind will permit verification of limit-
ing case models of unsteady convective processes occurring in planetary
interiors and in certain other technological heat transfer problems..

2

i
i



#	 A	 ^

EXPERIMENTAL APPARATUS AND PROCEDURE

EXPERIMENTAL APPARATUS

The experimental apparatus comprised a horizontal fluid layer
bounded on the bottom by a rigid zero-heat-flux surface and on the top
by a constant.-temperature plate. For measurements at high Rayleigh
numbers, a test cell of horizontal dimensions 50.8 x 50.8 cm was used.
For very low Rayleigh number measurements, a test cell of horizi.,'ztal
dimensions 25.4 x 25.4 cm was used. In either cell, the layer depth
was varied using spacers of different lengths.

Two of the side walls of each cell. were 1.27 cm thick Plexiglas,
and the other two side walls were formed by silver-plated electrodes for
the passage of 60 Hz alternating current through an aqueous AgNO 3 solu-
tion. The bottom plate was 1.9 cm thick Plexiglas. A nickel-chromium
resistance heater was imbedded in this bottom plate to help maintain a
zero heat flux boundary condition. The top, bottom, and side walls of
the cell, were further nsul,ted by a 5.08 cm thick layer of Fiberglas
(see Fig. 1 for additional details).

The top plate for each cell was matih.ned from an aluminum plate
2.54 cm thick. The plate was cut square to the dimensions of the cell
minus 0.0762 cm on each side to allow room for the plate to slide into
the cell. Channels were machined into this plate in a double-pass
spiral pattern to allow cooling water to b, circulated through the
plate. The channels were 1.91 cm deep in the large cell and 2.22 cm
deep in the small cell. A 0 .635 cm plate was fixed to the backside of
each channeled plate to provide a seal for the cooling water. Silicone
rubber cement was used as a gasket material. The surface of each plate
was faced on a lathe to a flatness of less than +0.0025 cm and covered
with a 0.0051 cm thick sheet of pressure-sensitive Mylar. The Mylar
sheet provided electrical insulation between the top plate and the
fluid layer.

When the plate was placed into the test cell, it rested on four
spacers, each machined to -10.00127 cm of a specified length. For moder -

ate Rayleigh numbers the spacers were of 2.54 cm diameter Plexiglas
while for Rayleigh numbers greater than 10 11, the spacers were of 1.1ct
cm diameter glass.

-Thermocouple wells, each 0.32 cm in diameter, were drilled into the
top and bottom plates to 'within 0.128 cm from the surfaces in contact
with the fluid. The wells werespaced uniformly on the plate to obtain
spatially averaged measurement. All thermocouples were painted with
General Electric. No. 1202 insulating varnish. Thermocouples in the
bottom plate were secured in their wells with epoxy cement; thermo-
couples in the top plate were secured in their wells with Teledyne,
Technical "G 11 Copper Oxide Cement. The insulating varnish and copper
oxide cement produced a resistance of 107 n between the thermocouples
and the aluminum top plate.

3
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To measure the temperature difference across the layer, six copper-
constmitan thermocouples each in the top and bottom plates were connected
in parallel. The output of each parallel circuit was determined relative
to a reference thermocouple at 0°C. The difference in the two millivolt
outputs determined in this way gave a reliable measurement of the tem-
perature difference across the fluid layer.

The thermocouple arrangement for determining the heat flux through
the bottom plate was a differeneing thermopile using 20 thermocouples.
Ten thermocouples were spaced across the bottom plates at 0.128 cm from
the fluid surface and the other ten thermocouples were spaced across
the bottom plate at 1..398 cm from the fluid surface. Thus, the output
of the thermopile was interpreted as temperature difference across the
material. This thermopile arrangement served as an indicator to deter-
mine when heat was being conducted into or out of the fluid layer
through the lower surface.

A Leeds and Northrup Type K-3 universal potentiometer, in conjunc-
tion with a Leeds and Northrup 9834 Electronic do null detector, was
used to measure all thermocouple outputs. The total error of this
arrangement is 10.015% of reading +0.5 j;V. For measurements made in
this study, this would amount to ;!0.014°C.

For Rayleigh numbers less than 3 x 10 13 , a Sorenson Model.. 3000-S ac
voltage regulator c^^-;Fected to a 110 V laboratory supply line was used
to supply the pow&,	 in the fluid layer. The output of the
voltage regulator was passed through a Variac so that regulation of
power input to the test cell could be maintained.

An electrical schematic of the fluid layer would appear as a
capacitor-resistor-capacitor in series. Therefore, in calculating the
power input to the electrodes, the impedance angle might be signifi-
cantly greater than zero. For this reason, it was decided to use a
wattmeter transducer for measuring power input. The transducer chosen
was an F. W. Bell Model HX-2014W which uses a Hall element to take into
account. the impedance angle. The transducer was calibrated by the manu-
factur-er. A Fluke Model 8120-A digital multimeter was used to measure
the output from the wattmeter transducer. This meter had a 4.5 digit
display capacity and a published error of ±0.05% of input +20 µV. For
a 50 W input to the fluid layer, this would amount to !-0.028 W. The
instrument was certified by the manufacturer to be within published
specifications.

For Rayleigh numbers greater than 3 x 10 9 , large power inputs to
the fluid layer were required which exceeded the capacity of the watt-
meter transducer and the 110 V supply line. Therefore a 220 V supply
line in conjunction with two transformers was used to provide regulated
power. The 220 V line was connected to a step-down transformer (220
110 V). The output ofthis transformer was connected to the Sorenson
regulator; the output of the regulator was then connected to a step-up
transformer (110220 V). The output of this transformer was connected

5
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to a V'ariae to regulate the voltage applied to the fluid layer. A
calibrated wattmeter was used to measure the power consumed in the test
cell. Its reading was continually checked with independent voltmeter
and ammeter readings for each run. The voltmeter and ammeter readings
agreed with the wattmeter readings.

A constant-temperature bath was used to supply cooling water to
the constant-temperature top plate in the test cell. Supply water
temperature to the top plate did not vary from the desired setting by
mo- than 0.1°C. In the high Rayleigh numberPiper merits of this study,
it was necessary to provide additional external cooling water to the
constant temperature bath. This cooling water was supplied from the
building supply and circulated through cooling_ coils c4ntain^d in the
bath.

Figure 2 is a schematic d agrwn of the experimental apparatus and
instrumentation. Additional details on the ;est set-up are given by
Kulacki, Nagle, and Cassen.3

EXPERIMENTAL PROCEDURE

Prior to each run, all reference thermocouples were placed in a
0°'C ice bath and the interior portions of the test cell were cleaned
with demineralized water. The electrode surfaces were polished with
silver polish and were then wiped clean with acetone to remove any
residue.

The initial horizontal alignment of the convc-,c.tion cell was
accenplished by adjusting the legs on the triangular stand on which the
cell rested. Fine horizontal alignment was accomplished with the Fell
precision level placed on top of the bottom plate. The sensitivity of
this level was 0.00416 cm/m.

The four spacers were spared around the cell at the corners to
support the top plate. The corArection cell was then filled at a very
slow rate with demineralized water to a level even with the top of the
spacers. A conductivity meter attached to the top of the demineralizer
indicated thy^ specific resistance of the demineralized water was greater
than 106 a. The desired quantity of reagent grade silver nitrate
crystals was measured out with an analytical balance to !-0.001 g and
then dissolved in the demineralized water. Because of the large quantity
of water in the fluid layer, the convection cell was used as a mixing
chamber for forming the silver nitrate solution. Since Rayleigh numbers
in this study Sere greatly in excess of the critical value and most of
the mean heat transfer measurements were in the turbulent regime, any
nonuniformities in the concentration of silver nitrate would be minimized
by convective mixing within the layer. In addition, the long flow
development time needed for mean heat transfer measurements with large
plate spacings wouldact in favor of reducing nonuniformities in silver
nitrate concentration.
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The top plate was brushed with melted paraffin at its corners and
at any other apparent breaks in the Mylar film to ensu e that no fluid
would come in contact with the aluminum top plate. The top plate was
then eased very carefully into the convection cell. When the plate
came into contact with the top surface of the fluid it was tilted
slightly at an angle and then allowed tc settle down flat on top of the
spacers. It was necessary to tilt the plate in this manner to allow
trapped air bubbles to escape.

The insulation was then placed on the side walls of the test cell,
and the fluid layer was allowed to reach thermal, equilibrium with the
top plate. The power was then applied to the cell and adjusted to the
required level for the Rayleigh number desired. A period of time much
greater than that required by heat conduction theory to establish a con-
duction temperature profile was then allowed to elapse before recording
data. Typically a period of five to eight hours was required to estab-
lish steady state for the highest Rayleigh number runs of this study.
At least four readings of temperate:-re of both upper and lower boundaries
were taken and averaged. ,Another set of four readings was taken and
averaged one-half hour later in order to ensure that steady state had
been obtained. When good agreement was reached, the data were recorded.

The high Rayleigh number runs of this study required constant
monitoring of boundary temperatures since with the high power dissipa-
tion in the fluid (up to 2.5 kW in some cases), the mean temperature of
the test cell and insulation did not reach a constant value until near
the end of the flow development time allowed. Thus, the high Rayleigh
number runs were characterized by a continuous drift in mean temperature
of the system; the top plate temperature and the guard heater in the
bottom plate had to be adjusted during the flow development period so
that the desired thermal boundary conditions could be maintained. Near
the end of the flow development period, small adjustments in the top
plate temperature were found to produce no noticeable effects on the
total temperature difference across the fluid layer.
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'	 RESULTS

The Nusselt number at the upper surface of the fluid layer was
defined using the thickness of the layer, L. as the characteristic
length scale and the temperature difference between the lower and uppe
surfaces as the characteristic temperature difference. In terms o° the
power dissipated within the layer,

(P - Ploss)L
Nut = kA(To - TI) (l )

i'
Heat transfer results were first correlated in the form

Nu, C Ram .	 (2)

The thermophysical properties of the fluid were in all cases
evali ,ated at the top plate temperature. Appendix A presents a summary 	 3

of t,',e thermophysical property values for dilute aqueous silver nitrate
solutions. The experimental data are presented in Appendix B.

a

A linear regression of k(Nu1 ) on gn(Ra) gave the following correla-
tions over the indicated range of Rayleigh numbers for the data of this
study:

Nut = o.403  Rao .228

1.05 x 104 < Ra < 2.17 x 1012

2.75 < Pr < 6.85

0.025 < L/X < 0.50

Nul	 0.383 Rao .230

1.89 x 103 < Ra < 105

6.18 < Pr < 6.75

0.025 < L/X < 0.0375

Nul = 0.396 Rao •227

1.89 x 103 < Ra < 2.17 x 1012

2.75 < Pr < 6.85

0.025 < L/X < 0.50

_9
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Additional correlations of the data are presented in Appendix G.
The experimental data and the correlations for the laminar and turbulent
regimes of flow, Eq. (3), are presented graphically in Fig. 3. It may
be noted from Fig. 3 that the scatter in the data increases significantly
for Ra < 104 . This is due to external, effects (e.g., room temperature

{	 changes) which could not be completely damped out by the small test cell
and its insulation. Convection at Ra < 10 Rac is quite feeble, and any
externally imposed disturbance can be expected to influence the flow and
energy transport rate. Kulacki and Goldstein 5 also observed an increase
in scatter at low Rayleigh number in their study of a layer with two
constant temperature boundaries. It appears that in the present study
the trend in the Nusselt-versus-Rayleigh number curve is well established
for Ra > 104 sin4e the data for 103 < Ra < 104 have but little effect on
the constants of correlation [compare Eq.^(3) with Eq. (5)].

Assuming that a correlation of the form of Eq. (2) holds in the
vicinity of the critical Rayleigh number, it can be used to estimate
Rac Ly extrapolation to the conduction value of Nu l = 2. Equation (3)
in this way gives a critical Rayleigh number of 1161; Eq. (5) predicts
a critical Rayleigh number of 1254. Equation (4) is not used as a
predictor of Rac because of the large amount of scatter in the data for
Ra < 104 (see Fig. 12).

To compare existing theoretical predictions of Rac to the above
measured values, it is necessary to take into account -the thermal
coupling between the fluid layer and its environment. This coupling is
expressed theoretically by the Biot number, Bi = hexternalLlkf. For
the test cells constructed for this study, an equivalent Biot number,
Bi+ , is defined as the ratio of the thermal conductance of the bounding
wall to that of the fluid layer; Bi+ = (kw/LW)/(kf/L), where the con-
ductance of the wall is obtained from the additive thermal resistance
concept for a composite slab. For both the large and small cells,
L = 1.27 cm at the lowest Ra measured. Using nominal literature values
for the material properties of the layer boundaries, Bi+ - 64.0 for the
large cell and Bi+ w 67.1 for the small cell. At a Biot number of 65,
the linear theory stability limit is Ra c = 1344.5 Thus, the values of
critical Rayleigh number given by Eq. (3) is within -13.5% of the
theoretically determined value while that of Eq. (5) is within -6.7%.
This agreement between the measured and theoretical critical Rayleigh
numbers is particularly good since the thermal boundary conditions of
the experimental apparatus do not exactly match the idealized thermal
boundary conditions of the theory.

By combining the data of the present study with the data of
Kulacki et al., 3 a linear regression of gn(NuL ) on On(Ra) gives

-10
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Aul 0.389 Rao . 228

1.89 ^j, 1a3 <Ra<2.17x101`'

2.75 < Pr < 6.85

0.025 < L/x < n.50

Equation (6) gives a measured value of the critical Rayleigh number
of 1314. This estimate is within -2.2% of the theoretical value of
linear stability theory.

The steady-state heat transfer data were analyzed for the existence
of the so-called "discrete transitions" in heat flux. Such transitions
are known to exist for convecting layers which are heated from below and
from within. Rayleigh nurrh ,rs at which transitions in heat flux occur
are found by plotting the neat transfer data in the form Ra•Nu l versus
Ra over a limited range of Ra on Cartesian coordinates. It is the
nature of such a plot to smooth the data in away that accentuates
changes in the slopes of straight lines fit to the data. The Rayleigh
numbers at which discrete changes in slope occur are termed the "tran-
sition" Rayleigh numbers. Kulacki et al . 3 reported the existence of
five transitions in heat flux for ^72 7 -105 < Ra < 1.4 x 103 . The
transition Rayleigh numbers of the present study are listed in Table 1
along with those of Kulacki and Nagle. Figures 4-11 graphically depict
these transition Ra.

Table 1. Transition Rayleigh Numbers

This Study	 Kulacki et al.3

	

j	 4.2 x 105 	4.2 x 105

6.1 x lob 	4.9 x lot

2.0 x 107 	3.0 x 107

	

i	
3.3 x 108 	4.0 x l08

1.5 x 109	1.4 x log

1.5 x 1010

6.5 n 1010

	

I ;	 3.6 x loa f

	

j !	 The agreement between the transition Rayleigh numbers of the
present and. Kulacki, Nagle and Cassen studies is quite good; and the

'	 results of the present study essentially confirm the transition Rayleigh
numbers of Kulacki et al.

,i	
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DISCUSSION

The present study essentially extends the heat transfer results of
Kulacki et al. 3 to near the conduction regime and to Rayleigh numbers
which are. l07 times the critical values of Linear stability theory. At
these Rayleigh numbers, turbulent convection can be considered Rally
developed. The high Rayleigh number data of the present study appear
to be the first obtained in controlled laboratory experiments.

The correlation for heat transfer, including the data of the
present study and that of Kulacki et al.,-9 is

Nul = 0.389 Ra°-223

1.89 x10°3 <_Ra<_2.17 x 1012

2.75 < Pr < 6.85

0.025 < L/x < 0.50

This correlation, when extrapolated to the conduction limit of
Nul 2, gives a critical Rayleigh number of 1314; this value is within
-2;2^f of the critical Rayleigh number predicted by linear stability
theory6 when the thermal coupling between the fluid layer and its
boundaries is taken into account. This agreement between the theoreti-
cal and measured critical Rayleigh numbers is particularly good since
the thermal boundary conditions in the experiments do not exactly match
those of the theory. Furthermore, the agreement between the theoretical
and experimental critical Rayleigh numbers of our study and of the
Kulacki and Goldstein study-c' (i.e., the internally heated layer with
two equal temperature boundaries) tend to confirm the linear stability
theory as being sufficient fo • giving limits of instability in inter-
nally heated fluid layers.

The discrete transitions in heat flux found in this study essen-
tially confirm those of Kulacki et al. 3 Three additional transition
Rayleigh numbers (i.e.., 1.5 x 10=,7.5 x 1010 , and 3.6 x 1011 ) are
also found in the present study. The transition at Ra = 3.6 x 1011 is,
however, op3n to question as considerable scatter exists in the data
(see Fig. 12). Additional experimental work is needed to confirm the
exis'kence of a transition 1,n heat flux at this Rayleigh number.

The heat trt,msfer results of the present study can be used, as
were the results of Kulacki et al . 3 to estimate Nusselt numbers at the
upper boundary of a layer with two equal temperature boundaries. Con-
ceptually, the layer with two equal temperature surfaces is divided
into two sub-layers separated by a plane of zero average heat flux.
The heat transfer procens in the upper sub-layer corresponds to that
of the present study, with the exception that the lower hydrodynamic
boundary condition is not that of a rigid surface. The lower sub-layer

21



can be assumed to be strongly dominated by conduction, but this is not
essential to our development here. Baker, Faw, and Kulacki 7 have, how-
ever, used the assumption of lower sub-layer conduction to estimate both
upward and downward heat transfer in layers with equal and unequal tem-
perature boundaries. Their approach was to use results of the present
study to compute the heat transfer in the up^,;,er sub-layer and to assume
the downward heat transfer is by conduction unly.

The thickness of the upper sub-layer, L*, is given by the fraction
of total heat generated that is transferred upward; thus

L*	 Nul	
(8)L u Nul + Nuo

where Nul and Nuo are taken from the Kulacki-Goldstein correlations
Equation (8) can be written

L*	 0.3879 Rao -236	
(9)L	 0-3b79 Ra	 + 1.524 Ra	 '

When a value of the whole-layer Rayleigh number, Ra, is specified,
Eq. (9) gives the length scale to be used in the Rayleigh number of
Eq. (7). Thus the upper sub-layer heat transfer rate is given by

Nu, = 0.389 Rao•22s(L

	

0. 130 	
(10)

where Nul is now based on L*

In Table 2, the Nusselt number at the upper surface, normalized
by conduction values determined by the Kulacki-Goldstein correlation
and Eq. (10), are compared.

Table 2 shows that the Nusselt numbers given by Eq. (10) are in
fair agreement with those of the Kulacki-Goldstein correlation. The
results of the present study (Eq. (7)] provide an ad hoc basis for the
extension of the Kulacki-Goldstein correlation to higher Rayleigh
numbers, especially when thermophysical data do not permit computation
of exact values of Ra (e.g., in geophysical and nuclear technology
applications). Backer, Faw, and Kulacki7 have obibained similar results
with essentially the same approach, although here we make no assumptions
on the mechanism of energy transport in the lower sub-layer. The re-
sults of Table 2 are thus deductions based on whole-layrir convection
data applied to the layer with an insulated lower boundary.

The use of both the present correlation and the Kulacki-Goldstein
correlation to develop simple models of the whole-layer problem call
for further scrutiny and work, especially since the whole-layer con-
vection correlations are valid for Rayleigh numbers up to just 675 times
the critical values of linear stability theory. It would be desirable
to obtain additional experimental data on the whole-layer problem for
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Table 2.	 Upper Sub-layer Nusselt Number.	 Nu, =
Nuc = 2 for the Present Study and Nuc
Kulacki-Goldstein Correlation

Nu1 /Nuc , where
4 for the

Kulacki-Goldstein Present Study
Ra Nu1 Nuo L L Ra• Z	 L Nul

105 1.46 1.12 0.566 5.82 x 10^3 1.38

log 2.52 1.39 o.645 1.11 x lo5 2.69

107 4.35 1.73 0.715 1.87 x 10" 5.09

los 7.49 2.15 0.769 2.69 x lo' 9.29

109 12.90 2.67 o.828 3.89 x lob 16.99

1010 22.22 3.32 0.870 4.98 x log 30.23

loll 38.25 4.12 0.903 6.00 x lo10 53.06

1012 65.86 5.12 0.928 6.88 x 1011 92.09

Rayleigh numbers of the order of 105 times the critical values to check
the validity of Eq. (8).

The present study also presents new heat transfer data for what is
generally regarded as the laminar regime of motion ( see Tritton and
Zarraga$ and Schwab and Schwiderski 9) and it is worthwhile to compare
these results to the theoretical results of Roberts lo and Thirlby.11

Thirlbyxl used a parameter defined as

M = mean temperature difference across layer, no motion 	 (11)
mean temperature difference across layer, motion

to characterize the energy transport within the layer. Roberts lo used
the reciprocal of this quantity. Our results can be directly related
to M since, in terms of the physical parameters of the present study,

	

M = HL2/2k	 (12)
AT

Since Nui = HL2/k6T

	M = Nul* .	 (13)

Values of Nul* (or M) versus Ra obtained by Roberts using the
shape assumption and by Thirlby are plotted along with experimental
data; the agreement between the experimental data and Roberts'
results is fair over the entire Rayleigh number range of Figure 12,
which includes that for feeble convection and fully developed
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laminar convection. The data and results of Roberts and Thirlby are in
relatively good agreement for Ra S 4000; in this range of Ra, the mean
temperature profile is still very nearly parabolic, and any persistance
of a preferred stable plan form of motion is quite likely. For this
very limited range of Rayleigh numbers, the experiments seem to support
the assumptions and hypotheses of both theoretical works. At higher
Rayleigh numbers, agreement between experiment and theory is less per-
fect, even taking into account the scatter of the data. However, it is
somewhat surprising that Roberts' result, which employed the shape
assumption, lies closer to the experimental data than Thirlby's result,
which is a steady-state limit of the unsteady convection problem using
the method of artificial compressibility (see Chorin I3). More precise
experiments and a reexamination of the theory are needed to resolve
these differences. it may be noted that each of the theoretical curves
and the experimental data correspond to slightly different Prandtl
numbers, but these differences are not considered significant here.
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APPENDIX A

THERMOPHYSICAL PROPERTY VALUES

All of the thermophysical properties of the materials used in the
design of the convection cell were taken either from suppliers' litera-
ture or from standard tabulated values.

The common thermophysical properties of the silver nitrate solution
which served as the heat transfer medium in the convection cell were
necessary for calculation of both the Rayleigh and Nusselt numbers.
Since no attempts were made to precisely control the concentration of
silver nitrate from run to run, it was necessary to evaluate these
properties for concentration as well as temperature dependence. Com-
puter subroutines used to calculate property values of the aqueous silver
nitrate solution were adapted for use in this study from Kulacki. 4 These
subroutines used least squares polynomial curve fits when sufficient
single parameter data was available; otherwise, linear interpolation
was used.

Least squares polynomial fits were developed for both concentration
and temperature dependence for density and dynamic viscosity. Values
of specific heat and thermal conductivity for pure water were used as
functions of temperature alone since sufficient data for concentration
dependence do not exist. Use of pure water values for specific heat
and thermal conductivity results in errors of the order of 0.5% in
these values.

The value of the thermal expansion coefficient was estimated from
information available on the temperature and concentration dependence
of solution density. Since the solution density is a smooth function

of temperature and concentration, values of - 11 P were estimated by

linear interpolation between the value for pure water and the value at

1% dissolved silver nitrate. The value of the derivative I^I was
evaluated over a temperature interval of 0.10°C at the temperature of
the upper surface. Using the value of the coefficient of thermal expan-
sion of pure water would have resulted in at least a 1% error. The
accuracy of the value used in this study was estimated to be of the
order of 0.5-40.._

Table A-I gives a summary of temperature and concentration depend-
ence of the thermophysical properties of aqueous silver nitrate solution.
It may be noted that Table A-I presents the thermophysical property data
in the temperature range 20-25°C. Since no reliable body of data is
available at present for temperatures much in excess of 25°C, the com-
puter programs which computed the data of Table A-I were used to obtain	 «g
thermophysical property data at temperatures of interest in the present
study for Ra > 101 0. This procedure is estimated to have introduced an
additional lV0 error in Rayleigh and Nusselt numbers for Ra > 10 10 .	 x
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EXPERIMENTAL HEAT TRANSFER DATA
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Table B-I - Experimental Heat Transfer Data

Run Pr L P w 6T AT Ra Nun,
(cm) (W) (°G) (HL	 2k)

161 6.59 1.270 0.336 0.0037 o.o41 0.749 1.896xlo3 2.578
184 6.56 o.635 5.636 0.0041 o.469 1.011 2.009 1.980
185 6.56 0.635 6.245 0.0041 0.508 0.989 2.228 2.023
162 6.59 1.270 o.455 0.0037 o.o68 o.914 2.565 2.131
186 6.56 o.635 7.091 0.0041 0.513 0.879 2.527 2.271
187 6.56 0.635 8.500 o.0041 0.535 0.765 3.031 2.613
188 6.56 o.635 9.818 o.0041 0.587 0.726 3.514 2.755
163 6.59 1.270 0.636 0.0037 0.097 0.932 3.588 2.100
189 6.55 o.635 10.26 o.0041 0.631 0.746 3.674 2.679
190 6.60 0.635 10.75 0.0041 0.619 0.698 3.775 2.863
191 6.6o 0.635 11.45 o.0041 0.621 0.658 4.019 3.036
192 6.60 0.635 12.16 o.0041 0.661 0.659 4.271 3.036
164 6.59 1.270 0.791 0.0037 0.122 0.937 4.460 2.095
193 6.59 0.635 12.93 0.0041 0.687 0.645 4.545 3.099
194 6.69 o.635 13.66 o.0041 0.721 o.639 4.655 3.128
159 6.63 1.905 0.173 0.0050 0.013 0.858 4.867 1.960
195 6.69 0.635 14.55 o.0041 0.744 0.619 4.956 3.231
165 6.64 1.270 0.909 0.0037 0.122 0.815 5.035 2.422
16o 6.63 1.905 0.191 0.0055 o.o41 o.88o 5.379 2.o89
196 6.58 o.635 17.15 o.0041 0.844 0.597 6.065 3.348
166 6.59 1.270 1.127 0.0037 0.171 0.921 6.372 2.132
197 6.58 0.635 18.34 0.0041 0.895 0.592 6.495 3.376

170 6.57 1.270 1.856 0.0037 0.185 0.611 1.o47xlo4 3.254
171 6.76 1.270 2.273 0.0037 0.210 0.559 1.207 3.567
172 6.75 1.270 2.718 0.0037 0.245 0.544 1.449 3.677
1?3 6.75 1.270 3.654 0.0037 0.281 o.466 1.948 4.299
115 6.28 1.270 12.73 o.0045 0.310 0.594 1.997 3.2877
116 6.45 1.270 14.84 o.0045 0.402 0.658 2.20 3.010
174 6.61 1.270 4.473 0.0037 0.349 o.474 2.507 4.217
175 6.61 1.270 5.200 0.0037 0.367 o.428 2.915 4.677
148 6.71 1.270 5.618 0.0055 0.428 0.461 3.045 4.346
176 6.73 1.270 6.400 0.0037 o.482 0.456 3.433 4.392
149 6.71 1.2.7o 6.964 0.0055 0.519 o.451 3.779 4.433
177 6.73 1.270 7.300 0.0037 0.548 0.454 3.916 4.405
o63 6.28 1.905 5.550 0.0044 0.152 0.446 4.420 4.470
178 6.73 1.270 8.745 0.0037 0.582 0.403 4.699 4.969
15o 6.71 1.270 9.236 0.0055 0.641 0.420 5.013 4.777
179 6.63 1.270 9.882 0.0037 0.658 0.403 5.494 4.955
o64 6.30 1.905 7.410 0.0044 0.196 0.429 5.84o- 4.670
18o 6.65 1.270 11.17 0.0037 o.004 0.709 6.179 5.205
028 6.50 2.540 2.750 o.0042 0.117 0.516 6.44o 5.270
181 6.65 1.270 12.82 0.0037 0.832 0.393 7.089 5.092
o65 6.30 1.905 9.890 o.0044 0.239 0.393 7.860 5.050
182 6.65 1.270 14.67 0.0037 o.893 0.369 8.1-17 5.4L,6
o90 6.25 1.905 10.29 o.0044 0.285 0.450 8.,,'6O )1.350
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Run Pr L P w pT AT Ra Nul
(cm) (W) (°C) (HL	 2k)

093 6.25 1.905 12.58 0.0044 0.347 0.448 1.00x105 4.4o
o66 6.30 1.905 13.27 o.0044 0.245 0.300 1.o6 6.650
155 6.69 1.905 3.855 0.0055 0 .355 0.371 1.o6a 5.30
029 6.68 2.540 5.00 o.0042 0.20', 0.502 1.210 4.690
o94 6.26 1.905 15.45 o.0044 0.384 o.4o4 1.230 4.930
o67 6.29 1.905 15.91 o.0044 0.348 0.355 1.26o 5.810
o68 6.36 1.905 19.98 o.0044 0.374 0.320 1.470 6.150
156 6.69 1.905 5.6o 0.0055 0.391 0.282 1.546 7.o66
07o 6.27 1.905 22.90 0,0044 0.332 0.236 1.830 8.4io
o68 6.23 1.905 23.27 o.0044 0.438 0.306 1.880 6.350
071 6.85 1.905 26.85 0.0044 o.474 0.287 2.20 6.840
157 6.27 1.905 7.855 0.0055 0 .599 0.310 2.5o8 6.414
158 6.6o 1.905 10.13 0.0055 o.697 0.278 2.884 7.213
23o 6.56 2.54 18.67 0.0034 o.433 0.281 4.256 7.142
231 6.56 2.540 25.32 0.0034 0.502 0.240 5.777 8.410
232 6.54 2.540 39.76 0.0034 0.666 0.203 9.117 9.911

233 6.56 3.810 so. 0.0034 0.269 0.210 1.195xlOP 9.779
234 6.56 3.810 13.60 0.0034 0.318 0.189 1.568 10.789
271 6.56 3.810 23.51 0.0034 0.494 0.171 2.718 11.725
274 6.53 5.08 9.110 0.0037 0.291 0.195 3.358 10.377
275 6.52 3.810 35.25 0.0034 0.794 o.184 4.122 11.668
235 5.29 5.081 14.56 0.0034 0.416 0.173 5.296 11.319
ool 6.48 5.031 17.54 0.0034 0.523 0.181 6.590 11.120
236 6.69 3.810 57.24 0.0034 1.125 0.159 6.698 12.482
002 6.47 5.o81 22.36 0.0034 0.636 0.169 8.400 11.830
237 6.57 5.081 24.76 0.0034 0.589 0.145 9.012 13.768

003 6.46 5.081 27.55 0.0034 0.678 0.149 1.o47x1o7 13.420
238 6.56 5.081 38.02 0.0034 0.817 0.130 1.388 14.694
239 6.57 5.081 56.36 0.0034 1.096 0.118 2.047 17.109
240 6.55 5.081 76.00 0.0034 1.319 0.105 2.785 19.051
241 6.53 5.o81 92.80 0.0034 1.505 o.o98 3.421 20.329
242 6.50 5.081 131.63 0.0034 1.916 0.088 4.900 22.630
243 6.61 7.620 35.73 0.0034 0.648 0.073 6.483 27.263
244 6.63 7.620 49.27 0.0034 0.834 o.o68 8.888 29.230

119 6.46 10.16 23.42 o.0045 0.603 0.078 1.410x108 25.628
2.45 6.24 7.620 69.51 0.0034 1.108 o.o65 1.435 31.086
12o 6.46 lo .16 4o .36 0.0045 0.877 0.066 2.438 31.016
246 6.63 10.16 48.73 0.0034 1.052 0.065 2.781 30.288
122 6.44 lo.16 59.16 o.004o 1.224 o.o63 3.6o 31.$90
247 6.61 10.16 73.54 0.0034 1.311 0.054 4.215 36.762
123 6.44 10,16 93.82 0.0040 1.496 o.o48 5.718 41.270
124 6.414 10.16 127.05 o.004o 1.941 0.046 7.804 43.247
125 6.41 lo.16 146.47 o.0040 2.107 0.044 9.013 45.783

126 6.4o io.16 186.55 o.0040 2.447 0.039 1.150x109 50.186
127 6.36 10.16 235.64 o. 0040 2.957 0.038 1.475 50.904
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Run Pr

6.32
6.33
6.56
6.32
6.30
6.21
6.56
5.82
6.34
6.35
6.28
6.30
6.51
6.22

6.47
5.69
6.45
5.67
5.13
5.6i
6.43
6.47
6.39
6.34
6.16
6.40
5.82
6.36

6.29
6.1.7
6.25
6.20
5.93
5.07
5.50
4.73
4.99
4.96
4.31
4.43
4.28
4.23
4.o8
3.92
3.77
3.74

L P AT
(cm) (w) (oc)

lo.16 298.8o o.0040 3.395
lo.16 310.00 0.0040 3.544
17.78 40.30 o.004o 0.783
10.16 385.0 0.0040 4.197
lo.16 47o.o o.004o 4.826
lo.16 544.0 o .0040 5.751
17.78 72.00 o.004c 1.321
1o.16 680.o o.004o 6.459
12.70 325.0 o.0099 4.15E3
12.70 36o.o o.0051 4.110
12.7o 445.0 0.0099 5.012
12.70 500.0 0.0051 5.549
17.8o 141.o o.0040 2.389
12.7o 600.o 0.0099 6.367

25.4o 45.00 0.0028 0.881
12.70 640.0 0.0051 7.213
17.78 257.0 o.0040 3.813
12.70 772.0 0.0051 7.981
12.70 772.5 0.0099 7.323
12.70 940.0 0.0051 9.231
17.78 356.0 o.004o 4.479
P-5.4o 93.00 0.0028 1.541
= y ,78 458.0 o.0040 5.390
,r.°;'^: 548.o o.004o 6.281
1:7.78 620.0 o.0040 7.010
25.40 175.0 0.0028 2.611
17.78 752.0 o.004o 8.480
25.40 278.0 0.0028 3.751

25.40 405.0 0.0028 4.928
25.4o 44o.o 0.0028 5.432
25.40 524.0 0.0028 5.953
25.4o 600.0 0.0028 6.847
25.4o 69o.o 0.0028 7.811
25.40 702.0 0.0028 6.134
25.40 912.0 0.0028 9.o62
25.4o 895.o 0.0024 8.306
25.40 1092.0 0.0028 lo.47
25.40 1100.0 0.0028 11.54
25.40 1020.0 0.0028 8.074
25.40 1050.0 0.0024 9.994
25.40 1180.0 0.0024 10.78
25.40 1220.0 0.0024 10.84
25.40 1334.0 0.0024 11.11
25.4o 1434.0 0.0024 11.87
25.4o 1548.0 0.0024 12.97
25.44 1616.0 0.0024 13.17

	

AT	 Ra	 Nul
(HL k)

	0.035	 1.893x109 57.750
0.035 1.958 57.375
0.034 2.209 58.949
0.033 2.440 60. 1J9
0.031 2.998 63.860
0.032 3.578 61.910
0.032 3.948 62.857
0.029 5.114 68.390
0.031 5.010 64.o10
0.028 5.515 71.754
0.028 7.004 72.636
0.027 7.799 73.780
0.029 7.874 68.049
0.026 9.647 77.031

0.024 1.057X101' 83.897
0.028 1.224 71.948
0.026 1.460 ?7.336
0.026 1.498 78.370
0.024 1.789 84.370
o.o24 1.850 82.442
0.022 2.038 91.295
0.020 2.209 99.224
0.020 2.661 97.486
0.019 3.236 100.01
0.019 3.890 101. 19
o.ol8 4.214 109.91
0.019 5.303 100.89
0.016 6.788 X21.69

0.015 1.012X1011 134.53
0.015 1.146 132.97
0.014 1.331 143.90
0.014 1.546 143.27
o.ol4 1.951 143.74
0.011 2.652 184.54
0.012 2.981 162.64
0.012 3.796 171.40
0.011 4.239 167.01
0.013 4.313 152.57
0.010 4.987 200.45
0.011 4.936 270,12
0.011 5.845 172.83
0.011 6.146 177..53
0.010 7.049 189.33
0.010 8:016 189.72
0.010 9.121 186.76
0.010 9.639 191.81

128
129
253
130
131
132
254
133

248
138
249
255
139

262
250
256
251
14o
252
257
263
258
259
26o
264
261
265

266
208
267
268
269
209
270
215
271
272
210
216
217
218
219
220
221
222
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S 1^

Run Pr L P w QT AT Ra Nui
(cm) (W) (D0) (HL	 7 2k)

223 3.59 25.40 174o.o 0.0024 13.62 0.010 1.092x1012 198.82
224 3.50 25.40 1810.0 0.0024 12.11 0.009 1.232 230.25
225 3.23 25.40 2000.0 0.0024 14.30 0.009 1.418 214.63
226 3.09 25.40 2120.0 0.0024 15.73 0.009 1.573 205.93
227 2.98 25.40 2272.0 0.0024 16.81 0.009 1.754 205.91
228 2.88 25.40 236o.o 0.0024 17.55 0.009 1,.884 2o4.29
229 2.75 25.40 2468.0 0.0024 17.68 0.009 2.165 222.50
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AFFENAIX C

ADDITIONAL HEAT TRANSFER CORRELATIONS

I
The heat transfer data of the present study may also be represented

by the following correlations;

Nul = 0.221 Ral /4 ,	 (C-1)

for the same range of Ra, Pr, and layer aspect ratio, L/X, in Eq. (3),

In the runs at the highest Rayleigh numbers, the mean temperature
of the fluid layer often reached values of the order of 50-70°C.
Prandtl number variations were then somewhat significant. Thus a cor-
relation of the form

Nul C RamPrn	(C-2)

was also computed. The regression analysis gave for the range of data
of Eq. (3) the following;

	

Nul = 0.233 Rao.23%0.239	 (C-3)

Equation (C-3) represents another correlation of the experimental
data which may prove useful at high Rayleigh numbers with Prandtl
number variations in the range of the present study. However, Eq. (3)
should be used if heat transfer is needed over a wide range of Rayleigh
numbers. Most of the data of the present study were obtained with	 7
Pr - 6.5, and Eq. (3) is heavily weighted to this Frandtl number value
as a result. The correlations given by Eqs. (3) and (C-3) were obtained
with a weight of unity assigned to each data point.

Finally a correlation of the form

(Nul - 2)	 C (Ra Rac )m	 (c-4)

was made for the data of the present study and the data of the Kulacki,
et al. 3 By using Rac = 1314, which is obtained from Eq. (6), this
correlation is

(Nul - 2) = 0.0787(Ra - 1314)o .208	 ( C-5)
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APPENDIX D

ANALYSIS OF EXPERIMENTAL ERRORS

Because of uncertainties in the parameters used to calculate the
Rayleigh number and Nusselt number these dimensionless quantities are
subject to a certain amount of error. Both accidental. and systematic
errors are present.

The accidental error was eliminated in the experiments by taking
those measurements which were repeatable several times and taking
arithmetic mean values for those readings. Assuming that this method
is sufficient to eliminate the accidental error it was assumed that all
error resulted from systematic error.

The systematic errors include uncertainties in the thermophysical
properties of the electrolyte solution, measurement of power input to
the layer, convection cell geometrical dimensions, temperature measure-
ments and the power lost through the bottom plate and sidewalls. Each
form of error will be considered in turn. It will be assumed that no
error results from concentration gradients of the salt. It is also
assumed that the convection cell is perfectly aligned with the horizon.

Applying the law of summation of fractional errors the fractional
error in the Rayleigh number is

fRa = fproperties + fgeometric + fpower

and the fractional error in the Nusselt number is

fNu ^ fproperties + fgeometric + fpower + feemperature

The estimated uncertainties in the thermophysical property values
are given in Appendix A.

The Mylar covering of the aluminum top plate had an uncertainty of
0.00127 cm which, when added to the 0.00127 cm uncertainty of the
Plexiglas plate spacers, resulted in an uncertainty of 0.0025+ cm in the
fluid layer depth, L. The horizontal dimension of the convection cell
is known to within 0.0127 cm. An error of 0.5% was used for all
geometrical measurements,

The combined uncertainties in the thermophysical properties and
geometrical factors produced an uncertainty of 4 to 6% in the experi-
mental Rayleigh number and 1 to 3% in the experimental Nusselt number.

The accuracy of the wattmeter transducer was rated at 0.25% of
reading. Allowing for error of reading the millivolt output of the
transCacer with the multimeter, the estimated uncertainty in power

r
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consumption was 0.5% for the low Rayleigh number data. For the high
Rayleigh number data, the uncertainty in power consumption was estimated
to be 1%.

$'

	

	 The calculated value of the energy tran,. ported through the bottom
plate and sidewalls was less than 1% of the measured power input for
each run. It is not possible to systematically determine the amount
of error in this calculated energy loss because nominal property values
supplied by the manufacturer were used in the calculation. Thus, the
actual value of energy transported through the top plate was taken to
be within 1°f of the calculated value.

The uncertainties in the thermocouple output, potentiometer reading,
and conversion from emf to degrees Celsius resulted in the error of the

I	 measured temperature to be 1%. This gives the most probably error in

4	

the temperature difference of 1.5%.

I	 r	 Summing all fractional errors, the error in the Rayleigh number is
5 to 7% and the error in the Nusselt number is 3.5 to 5.5%.

i
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i
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