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/ : TRONNIC AT, MEMORANDUM X-64034

3 AN ANALYS|S OF THE DAHL FRICTION MODEL
A | AND TS EFFECT ON A CMG GIMBAL
. RATE CONTROLLER

R I. INTRODUCTION

Recent design work on the fine pointing control system for the Large 3
Space Telescope (1.ST) has generated a keen interest in the low level torquing
characteristics of momentum exchange devices, particularly medium size con-
trol moment gyros (CMGs). This nitention to CMG actuators stems from the

desire to find a single actuator that is adequate for all pointing and mancuver i
modes of the T.8T, The definition of low level torquing for the purposes herein
is that level of torque resolution required to point the T.ST to ~ 0,001 are sce, E

or approximately 0,01 N-m for a control system natural frequency of 1 Iz, 'The ,
difficulty in achicving this torque resolution becomes apparent when one caleu- ‘
lates the associated gimbal rates, For a 200 N-m-s CMG, as an exa mple, the ‘
gimbal must be accurately precessed at a rate of 5 X 107" pad/s, an angular rate
nearly an order of magnitude lower than that of the hour hand of a2 cloek, The
problems in building a CMG and its gimbal control system [or gooil low signal
performance are primarily caused by frictional torques in the gimbal pivots,
Frictional torques in bearings and brushes generally exhibit a nonlincar charac-
tertstic at small angular velocitics and, consequently, complicate gimbal rate
control for small rates about zero.

The precise nature of the frictional mechanism is the subjeet of some
controversy. Sinee applications that required such extremely low torque lovels
, were nonexistont until recently, only a small amount of information on the
subjeet, either theoretical or experimental, has been published,  Consequently,
the clagsienl stiction characteristic wias used in the initial modeling work,  ‘This
characteristic, ol course, made the medium size CMG undesirable s an
actuator for a [ine pointing system, and it was not tong hefore the validity of the
stiction model began to be questioned,  Based on fnvestigntions by Dah!* and
gonte recent oxperimental work at Sperry 1Hpht Svstems in Phoohix, Arizonn,

‘ *Dahl, P, Rt A Solid Friction Madel,  Acrospace Report No, TOR-O1HK
(3107-18) =1, NMay 1968,
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it 18 now genorally folt that the frietional torque in a gimbal pivot is not at all
charneterized by tho classienl stietion maodel but 18 more closoly represonted
by a nonlinoar spring, with torque holng a function of the gimhal displacement,
In his roport Dahl discusses the various mochanisms for frictional forces
arising from various surfaco conditions {n both rolling and rubbing contact.
Speeial emphasts s givon to tho model for friction In ball bearings, including
exporimental data which show close agroement with the analytical modes,
Whilo this agreemont in itsolf lends strong support to the validity of the model,
Dahl' s representation also scems to incorporate all the phenomena that one
might intuitively consider essential to the friction mechanism,

The objective of this document is to extend the interpretation of what the

Dahl model docs; nothing new is added to the basic thecory, There {s a scetion
that describes the model and another one, entitled Analytical Results, wherein
some interesting dynamical characteristics hecome apparent as the vesult of
equation manipulations. Another section gives the results of a digital stmula-~
tion of the cquations of motion for rotating mass supported by a roller bearing
pivot and influenced only by frictional torque. The last scction indicates how
frictional torques affect the design of a gimbal rate control system.

[1. DESCRIPTION OF THE SQUARE LAW FRICTION MODEL

If Tf(()) is defined as the frictional torque, its time derivative can he

written as

dt do dt i

where 0 is the shaft angular displacement. I, then, one can define the function
(I'I‘f/dn for a given hearing pivot, the frictional torque ean be computed, It is

apparent, then, that the cholce of d'I‘(,/cm determines the model,  Dahl hag

postulated the following form for this function:

dT .
f . 0 S ‘
an " (11” 171 -'Ifn) ’ (2)
)
+

L.




tho reascnabloness of which s supported hy experimental datn, A bloek diagram

reprosonting oquations (1) and (2) {8 shown in Figure 1, 'I‘m is the maximum

fefetionnl torque that ean eccur and {8 equivalent to what 18 commonly termed
Crumning frietion,

1 I S
—
——— 1
\de 2
d04."Tfo
S~ o
Tto
Ty
0 T
— o 1 f
$

Figure 1. Dahl friction model for ball bearvings,

To show the operation of the mo.dol, one shot.d determine what happens
within the block diagram as the input, 0, is varied. It is importiant to note,

first of all, that de/do the output of tho square law block, is always positive.

Asqumo that initially all variables are zero, then 0 goes positive. Since, for

Tf— 0, d'l‘f/(lO y'l‘;o , ‘1. will have a finite positive value and 'I‘1 will begin

to incrense. Becausc  is positive the switeh is in the positive position; and
as 'I‘f increases, T [/(10 becomes smaller, This process continues until

Tl: T, when (l'l‘r/dn~ 0 and '1‘* 0 so that ‘T, can no longer increasce, If

1o f
0 becomes negative, the fnput to the square law block clmngeq sign and, at the

instant 0 goes negative, dT /dn jumps from zero lo l'y'l‘” Thus, 'l“. ts

negative and the integrator l)o;,ims integrating down from '1‘m o It is interoesting

to note at this point that the frietional torque is in o direetion to inerease the
angular velocetity in the negative direetions or colloquially, the friction torque
i adding the motion, This kind of phenontenom is generally not assoctated with
frictional torquess and, if one defines friction as an energy loss mee hanism,
then 1t s obvious that the Dahl model incorporates more than energy loss in the

pivot. The integrator then continues to integrate from 'I‘m to -1 0




';{;' f In his roport Dahl indieates that '1‘f has aome randomness assoeinted

with it due to the nonuniformity of the two contacting surfaces and he hns shown
I how this might he incorporatod into the model,  This part of the model, how-
cver, {8 not conafdorad In this report,

I11. ANALYTICAL CONSIDERATIONS

In the case of a mass {ree to turn in a plvet and influenced by frietional
torquos, the ecquations defining its motion ares

0= -T, (3)
and
. 0 2.,
T, = YT, r.-l- - Te) ¢ (1)
0

where 1 {s thc moment of inertia of the rotating mass about the pivot axis,’

Now, consider small motions about the cquilibrium point, T =0 = 0, xo
that the cquations can be linearized about this point. If the square function on
the right-hand side of cquation (4) is expanded in a Taylor series, all terms
excopt the first are either zero or sccond ovder, and equation (1) reduces o

lf = yl‘i‘nn ’

which s directly integrable.  Thus, cquation (38) becomes

n
o

0+ y1g, 0=0 (h)

o e
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tho oquntion for n linenr nsefllator with yT?  holng the apring rato and natural

froquency w glven ns o
lea?.
0
wt o =2, (o)

Hence, to first ovder, the frietion model behaves as an oscillatory sceecond order
system with no damping, The absence of a damping term in the linearizod
equations does not, however, preclude the possibility of asymptotic stability.

It is also of interest to compute ’l‘r as a function of 7 and 0 where

0= Asinw,t, Bquation (4) can then bo integrated in the form

'ij (l'l‘[. rt
5 = Asinw_ tdt (7)
T =Tl 0

-T
fi

for 0 =w t=m. Integration of cquation (7) gives

T,
N
T
; {0
Teo? 5 (1 - cos ,oot) - T
0 f
T '-l.‘_ + 1
f {0
T A ‘ (#)
fo = + Ty o (1 - cos wnt)
i‘i 0
—_— 1
fo

The proper value of 'l‘f for o glven A and w, can be found from equation (%)
{
from the condition that 'l‘f= 'I‘[ for wel=m, and the ratio 'l'r / 'l‘m has the
i i




form

Ty | | q \/y
-,f,-i o - — ¢ 1 . (9)
‘ —— DU ————
o Ty % ] 2To0? % )

Beuation (8) has hoou plottod as a function of 7 and 0 in Tigures 2 and 4,
The angular veloelty, 0, {8 a sinusoidal function with a constant amplitude
A= 0,002 rad/s and w, {s varied as a parametor,

These curves, plotted from simulation results, appear in Dahl's report,
and he makes the observation that as w, decreases, the shapes of the 'l‘l.
.
versus 0 curves approach the form of the classteal stietion characteristic,
This can be seen from equation (8), since as wy - 0, Tf/Tfo — 1 for an

arbitrary value of t. On the other hand, as wg increases, the curves become
more elliptical in shape. This ts indicative of the faet, for 'I‘f <z 1, '1‘{. ts a

lincar function of 0 as shown in cquations (4) and (5) which will produce an
cllipse. Likewise the curves of Tf versus 0 aporoach a straight line through
the origin,

The quantity, l/y'l‘m, has the unit of rad and can be interpreted as a

characteristic angle for the friction model, The relative size of A/wg, the
amplitude of the angular motion, with respect to the characteristic angle deter-
mines the shape of the curves in Figures 2 and 3, It can be shown, for tnstance,
that the two inflection points in the graphs for smail wy's disappear for

Tfoy (A/wy) = 2. lence, the shapes of the curves change most significantly

for amplitudes that are approximately twice the characteristic angle,

IV. SIMULATION RESULTS

In order to verily the analytieal results of the previous secetion, o digital
simulation was developed for the gimbal control system depleted in FPigure .
The cquations of motion for this system are the following:
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Figure 4, Gimbal rate controller.
4 . ‘i
s . . i
B 0 = K -0)+. K -0} - ) "
B .10 ‘\,,(01 0) I\I(o1 ) 'I‘f , (10) |
!
A - . () - . ’
Koy = Ko, =00 (1 |
and |
o
A i (1) o
T, =y{T, =—=— - T, | 0 R (B
f f 10 fo 1
where T is glw effective tnertin of the ghmbal, K and KI are control system ‘
gaing, and 0 ! s the commanded gimbal rate,
Since inittally interest lies in the dynamies due to frictional torgues
alone, Kp and KI are set equal to zero. 1, then, the rotor i given an initial
veloeity, it should come to rest under the influence of the frictional torque, ‘
0
’ H




The motion during this time will indieate the gonornl ehovenetortstion of the
feietton madol,  Tguro 5 shows vesults for an inflind 0 = 0, 002 rad/ s, and

'l‘m 70,0424 N-m, anel g 0, RH 101 (N~ 1‘ml)"‘; these valuos of 'l‘m and
Y were measured experimentally by Dahl,  The fnertfa, I, was chosen ns §
slug [t which 18 typieal of the effeetive gtmbal iertdn of o medium size CMG,

Flgure 5 shows that for the flrst quarter of a second, wuntil 0 changes sign,
'l‘r b 'l‘m « The motion thereafter ts similar to that of an underdampoed second

order system,  The periad of the osceillatory motion taken from Flgure 6 i«

3. 6 seconds while that computed from equation (6) 18 8,65 seconds, Thus, the
spring mechantsam s evident, It is also noteworthy that as the amplitudes
become smaller, the damping deerenses, as was found above.

Figure 6 shows similar results for a case with T, = 0, 27 Nem and

fo
y= 1,48 % 10% (Nem rad)™', These values ave the result of fitting some
experimental data taken on a CMG pivot,  These numboers have increasaed the
nutural frequency considerably with the measured period equal to 0. 188 second
and that caleulated from equation (4) 0,185 second. If one compares the plots
ol 0 and 'I‘f in Figures 5 and 6, it appears that the two variables are in phase

and that T, is sinusoidal in naturc. However, a closer look at T, subscquent
f { |

to the times when 0 s changing sign indicates that 'I‘f decroases more rapidly

than it would if it were a true sine wave. This is due to the switching from a
low to a higher gain in the friction model and has the effect of producing damp-
ing. As the amplitude decreases, this offcet is scen to diminish, since the
change in gain at the switching instant becomes loss and less.

The chm‘nctoristics. shown in Figures 2 and 3 were verified by command-

ing a sinusoidal input for ()c through the control system with KI = 10! and

I\'p = 280, The results compare well with those caleulned in the previous

scetion,

V. THE EFFECT OF THE FRICTION MODEL ON THE
GIMBAL RATE CONTROL SYSTEM

Il glmbal pivet Mriction is neglected, the gimbal rate controller §s given
by equations (10) and (11) with 'l‘l,r 0. The natural frequeney, » , and damp-
(l

ing actor, ¢, for the controller are given by
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and

While the design natural frequency of the control loop depends on the particular
application, generally it is above 5 1z, In Section I it was shown that there

was a natural frequency associated with the pivot friction loop given by the
cquation

For the values of y and Tfo in Dahl's report, w £ 0. 28 Hz as shown in

Figure 5. Figure 6, on the other hand, shows that, for the values obtained _
from a curve fit to CMG data, w ¢ 7.4 Hz., Hence, it is concetvable that w ¢
could be similar in magnitude to w, . To what extent, then, is such a situation

detrimental to the system' s performance?

Figures 7 through 10 show the step responsc for the system defined by
equations (10), (11), qnd (12) for various parameter valuos, The step com-
manded gimbal rates, oc, of 5% 10~* rad/s or 5% 10~% rad/s are used to show

the cffect-of commanded magnitude on the system response, Figure 11 shows

that, for the values of y and Tfo in Dahl' s report, the natural frequency of

the friction loop, wc, and the frictional torque are so small that even for the

low level command the friction has very little cffect; the response with and
without fricticn are very nearly identical, Figures 8 and 9 show that for
Tf() = 0,27 Nem y= 1,48 X 10° [ Nem rad] = the response {8 affected signiffcantly

[
by the magnitude of 0  in the range of interest, In the responses of Figures 10
C

and 11 the control system natural frequency has been inereased by a factor of

2, and sl there is sericues deviation from the desired response,
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Figure 11, Gimbul rate controller step response,
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In Figures 12 through 14 ﬁc ta n slnusotdal funetion with n frequency of

2r rad/a, The loss in gain a8 apparvent as the amplitude {8 deeronsod,

VI, SUMMARY AND CONCLUSIONS

The basic characteristies of the Dahl friction model have been shown by
moeans of analytical and simulation methods. The effects of fyiction, repre-
sented by the Dahl model, on a CMG gimbul rate control systom wus investigated
by digital simulation, The conclusion from these simulation results is that
gimbal pivot frictlon can have a significant effect on the gimbal rate control
system, The magnitude of the problem this presents depends on the choructer-
istics of the actual pivot. It would appear from this preliminary look that one
solution is to insure that the control system natural frequency is higher by some
prescribed amount than the natural frequency of the friction loop.
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Pigure 12, Gimbal rate controller sinusoldal response,
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Figure 11, Gimbal rate controller sinusoidal response,
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