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TRANSIENT  EFFECT OF LUBRICANT ON 

ELASTOHYDRODYNAMIC  FILM  THICKNESS 

BY K. L.  WANG  and H. S. CHENG 

Department  of  Mechanical  Engineering 
and  Astronautical  Sciences 
Northwestern  University 
Evanston,  Illinois 

SUMMARY 

The  inlet  solution  of  Elastohydrodynamic  lubricated  rolling  contact  problem 

was  obtained  considering  lubricants  with  transient  viscosity.  The  effect  of 

the  viscoelastic  retardation  time  of  lubricant on the  center  film  thickness 

was  investigated. 

1. The  effect  of  transient  viscosity  in  response  to a sudden  pressure 

was  found  to  be  insignificant  in  determining  the  film  thickness  in  elastohydro- 

dynamic  contacts. 

2. For  the  transient  effects  to  become  important  in  film  thickness  cal- 

culation,  the  retardation  time  would  have  to  be  at  least  three  decades  higher 

than  those  suggested  by  Harrison  and  Trachman  in  reference 9 .  
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INTRODUCTION 

In   l ub r i ca t ion  of  concentrated  contacts  such as roll ing-element  bearings,  

gears ,  and cams, it  has  been  found by recent  work  on elastohydrodynamic (EHD) 

lub r i ca t ion   t ha t   t he   con tac t ing   su r f aces  are usual ly   separated by a con- 

t i nuous   o i l   f i lm .  The leve l   o f   th i s   f i lm  th ickness   in   e las tohydrodynamic   (Em)  

contacts  can be predicted by EHD Theories  developed by Grubin  (ref.  l), Dowson 

and Higginson  (ref.  Z), Archard  and Cowking ( r e f .  3 ) ,  Crook ( r e f .  4) and 

Cheng ( r e f .  5 ) .  S imi la r   to   the  hydrodynamic theor ies   in   journa l   bear ings ,  

t he  minimum f i lm   th i ckness   i n  EHD contacts  was found  not  only  to  decrease  with 

load and increase  with  speed  and  shear  viscosity  but  also  to be a f f e c t e d  

s t rongly by the  pressure-viscosi ty  dependence  of t he   l ub r i can t .   I n   f ac t ,  it 

i s  because of t h i s   d r a s t i c   i n c r e a s e   i n   v i s c o s i t y  a t  h igh   pressures ,   tha t  

contact ing  surfaces  are separated by t h e  hydrodynamic ac t ion   of   the   lubr icant .  

With regard  to   the  accuracy o f  predict ing  the  f i lm  thickness ,   the   present  

EHD theories  i s  only  l imited  to  moderately heavy  loads  and  moderately  high 

speeds.  Recent work ( r e f s .  6 and 8 ) ,  have shown t h a t   t h e r e  s t i l l  e x i s t   l a r g e  

discrepancies between the  isothermal EHD Theories and  X-ray experiments  for 

heavily  loaded  contacts. The inc lus ion   o f   hea t ing   e f f ec t s   i n   t he   i n l e t   o f  

EHD contac ts   ( re f .  7) accounts  for some of  the  discrepancies,   but  the  thermal 

theory  does  not  predict a load  dependence as s t rong as t h a t  measured  by  X-ray 

experiments. 

In   searching  for   other   possible   reasons  for   this   discrepancy,  Bell and 

Kannel ( r e f .  8) sugges ted   tha t   the   use   o f   p ressure-v iscos i ty   coef f ic ien ts   hased  

on s t a t i c  measurements i s  inva l id ,   because   the   increase   in   v i scos i ty  due t o  

pressure rise in  the  high  speed  and  heavily  loaded cases may not behave i n  

the same manner as measured i n   t h e  s t a t i c  experiment. They developed a 
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Grubin-type i n l e t  EHD theory  assuming a short   t ime-delay  in   the rise of v i s c o s i t y  

with  pressure.  However, i n   t he i r   t heo ry   t he   s e l ec t ion  of the  time-delay  con- 

s t a n t  i s  completely  arbi t rary,  and  what rheological  mechanism governing  the 

t ime-delay  constant  for a par t icular   lubricant   has   not   been  s tudied.  

More recent ly ,   Harr ison and  Trachman ( r e f .  9) proposed a Transient 

pressure-v iscos i ty  model which enables one to   p red ic t   t he   e f f ec t ive   v i scos i ty  

i n  the  contact  as a func t ion  of t i m e .  Using this   theory,   they have shown t h a t  

t he   ca l cu la t ed   e f f ec t ive   v i scos i ty  as a funct ion of ro l l ing   speed   cor re la tes  

very well wi th   tha t  measured by Johnson  and Cameron ( r e f .  10) i n   t h e   f r i c t i o n  

experiments. 

The objec t  of t h i s  work i s  to   incorporate   Harr ison and  Trachman's t r an -  

s i en t   p re s su re -v i scos i ty  model into  the  isothermal  EHD Theory  developed by 

Cheng ( r e f .  6 ) ,  and t o   a s c e r t a i n  whether t h i s   t r ans i en t   p re s su re -v i scos i ty  

e f f e c t  w i l l  have a s t rong  inf luence on the   f i lm  forming c a p a b i l i t y   i n   h e a v i l y  

loaded EHD contacts .  
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TRANSIENT VISCOSITY 

D o o l i t t l e ' s  E m p i r i c a l  Relat ion 

Viscosi ty  is a measure of f lu id   res i s tance   to   deformat ion  and it depends on 

t he   s t a t e   o f   f l u id .   Doo l i t t l e   ( r e f .  11) adopted   the   idea   tha t   shear   v i scos i ty  

depends on the   f r ee  volume  of t he   f l u id ,  which is  defined as the   f r ee  volume is 

the  space when the   l iqu id  is  expanded t o  a s ta te  from the  s ta te  of  absolute 

zero  temperature.   If  V is the   spec i f i c  volume  of l i qu id   a t   abso lu t e   ze ro  

temperature and V is  the   spec i f i c  volume a t  normal s ta te ,  then   the   re la t ive  

0 

f r e e  volume is defined  as 

v - v  
0 f E- 

V 
0 

By performing a series of  experiments,   Doolit t le found the  following 

empir ical   re la t ionship between v i s c o s i t y  and r e l a t i v e   f r e e  volume. 

Is = A Exp(B/f) 

or  

In 7 = B/f + In  A 
S 

where A and B a r e  material cons tan ts   d i f fe red   for   each   d i f fe ren t   l iqu id  and B 

i s  usua l ly   very   c lose   to   un i ty .  This simple  re la t ionship w i l l  be  used i n   l a t e r  

ana lys i s   t o   ca l cu la t e   t he   v i scos i ty   fo r  a g i v e n   s t a t e  of f r e e  volume. 

Free Volume Viscosi ty  and i t s  Relation  with  Shear  Viscosity 

The l i q u i d   s t r u c t u r e  can  be  interpreted by  assuming t h a t  it i s  composed by 

a la rge  number of c r y s t a l - l i k e  group of molecules.  These  groups  of  molecules 

undergo  continuous  breaking and reforming.  Also,  the atoms  which should  be  in 

the  neighborhood of some o ther  atoms  could  be  missing and thus  produce a hole  

i n   t h a t   p l a t e .  The presence of holes   adds  an  addi t ional   s t ructural   contr ibut ion 
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to  the  volume  response  of  liquid  when  pressure  or  temperature  is  changed  rapidly. 

If the  pressure  or  temperature  is  suddenly  changed,  the  liquid  volume  will  under- 

go  contraction  or  expansion  and  all  molecules  will  rearrange  themselves  and  pro- 

ducing  more  holes  or  filling  up  some  holes.  The  latter  process  takes  time  to 

reach  a  new  equilibrium  state.  By  means of this  structural  relaxation  process, 

the state of liquid  after  changes  can  be  determined  only  when  time  scale  is  given. 

In  order to describe  this  time-dependent  behavior of liquid  volume  change, 

the  following  two  simple  models  (Fig. 1) are used. 

Model A Model  B 

Fig. 1 Models  for  compressional  viscoelasticity 

Model A is a  generalized  Maxwell  element  with  one  relaxation  time  constant 

and  model B is a  special  Kelvin  element.  Model A is  convenient  to  correlate 

with  experimental  results  and  model  B is  good  for  later  mathematical  analysis. 

In model A ,  when  a  constant  deformation Y is  imposed,  the  stress p(t) 
0 

follows 
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r -.I 

5 
K2 

where T = - is  called  relaxation  time  and in.which 5 is  the volume  viscosity, 
K is  the  difference of instantaneous  bulk  modulus Km and  equilibrium  bulk 

modulus K . 
2 

0 

By  setting t = 0 in  the  time  dependent  modulus  in  equation ( 4 ) ,  one  can 

easily  get  the  instantaneous  bulk  modulus Km = K + K2. When  t = Q), this  time 

dependent  modulus  becomes  the  steady  bulk  modulus  K  as  can  be  seen  in  equation. 

0 

0 

In  model B, if  a  pressure p is  imposed  at  time  t = 0, the  volume  creep 
0 

Y(t) can  be  written  as 

m - ‘’E 
Kf  

T is  called  retardation  time,  defined  by 7 = - where % is  the  free-volume 
viscosity  and K is  the  free  volume  bulk  modulus. f 

The  instantaneous  bulk  compressibility - can  be  obtained  by  setting  t = 0 1 

Kc0 
in  time  dependent:  bulk  compressibility  of  equation (5). Also, the  reciprocal 

of  the  steady  bulk  modulus  is  equal  to - + - by  simply  inserting  t = m in 1 1  
Km Kf 

equation (5). 

A comparison  of  the  modulus  between two models  yields 

Km = KO + K2 

Apply  oscillatory  bulk  deformation  and  pressure  to  both  models,  one  can 

get  the  complex  bulk  modulus  as  a  function  of  frequency. 

For  model A 

K = K  +K(iu)=K + K  iWT 
0 2  o 2 1 + iwT 
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For  model B 

1 1 
K Q Kf (1 + iwy) - +  - =  

relate equat ion (6) and (7) 

relate equat ion (8) and (9) 

Thus , there  are two f ixed  equat ions  (equat ion (10) and (11)) governing 

the   r e l a t ionsh ips  between  the  parameters  of  these two models. 

By measuring  the  propagation  velocity and absorp t ion   coef f ic ien t   o f   u l t ra -  

sonic  waves propagated  through  l iquid,   Litovitz and  Davis ( r e f .  12)  obtained 

a method f o r   c a l c u l a t i n g  volume v i s c o s i t y  76. They found t h a t  volume v i s c o s i t y  

i s  d i r ec t   p ropor t iona l   t o   shea r   v i scos i ty  7l and i t  has  the same temperature 

and pressure  dependence as the  shear   viscosi ty .   Since  f ree  volume v i s c o s i t y  7 

i s  propor t iona l   to  volume v i s c o s i t y  7 fo r  a given s ta te  of l i qu id  by adapting 

equat ion (11) where  assuming t h e   r a t i o  - i s  known, it can be concluded  that 

t he   f r ee  volume v i s c o s i t y  7 i s  p ropor t iona l   t o   shea r   v i scos i ty  7 . 

S' 

f 

vKm 

K2 

f S 

Transient  Response of  Shear  Viscosity  to a Single   Pressure  Step 

A method or ig ina l ly   der ived  by Kovac ( re f .  13) for  solving  bulk creep 

behavior w i l l  be   used  here   to   calculate   the  t ransient   shear   viscosi ty   of   f luid 

a f t e r  a f i n i t e  imposed pressure s t e p .  Fol lowing  his   analysis ,   l iquid  having 

i n i t i a l   s p e c i f i c  volume v will change t o   f i n a l   e q u i l i b r i u m  volume v i f   t h e r e  

i s  enough  time f o r  change. With given  value  of  P,  the  governing  equation by 

using model B i s  

1 2 
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v1 - v2 = vlP/Ko ( 12) 

I f   the   instantaneous volume change is v - v which is equal   to  vlP/Km, equa- 

t i o n  (12)  can  be  written as 

1 i  

(vl - vi) + (vi - v2)  = vlP/Km + vlP/Kf 

it follows 

The t i m e  dependent p a r t  of  volume change i n  model B can  be  solved from 

the  different ia l   equat ion  consider ing 

dashpot  combination 

’f dv p = - -  i v - v  

v1 d t  + Kf v1 

subs t i tu te   the   va lue  of P in   equa t ion  

force   ba lance   in   para l le l   spr ing  and 

(14)  into  (15) 

V 

f o r  a f i n i t e  change  of pressure ,  rl, can’t   be  considered as a constant   s ince 

I+ is  a funct ion of dependent  variable V. The governing  equation becomes  non- 

l i n e a r  and it is  d i f f i c u l t   t o   s o l v e .  However, i t  w a s  assumed i n  a previous 

s e c t i o n   t h a t   f r e e  volume v i scos i ty  rl, is  p ropor t iona l   t o   shea r   v i scos i ty  \ 
and both depend on f r e e  volume in   the   Dool i t t l e ’s   empir ica l   equa t ion  

In  % = In  A’ + B/f 

where constant B remains  the same and close  to   uni ty .   Define a parameter s 

such  that  

‘LE 
s = I n  ($) = B( l / f2  - l / f )  
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where  f2 is  the  final  relative  free  volume  for  imposed  pressure P and 

the  final  equilibrium  free  volume  viscosity.  Equation (17) can  be  written in 

terms  of  parameter s. 

em(-s) 
S(1 - s f2/B) 

where T~ is a retardation  time  defined 

k 

and  it  will  be  evaluated  at  final  equilibrium  state.  The  term  sfZ/B  in  equation 

(19) is much  less  than  unity so that  (1 - sf2/B)  can  be  expanded  and  equation 
takes  the  form 

-1 

r 

ds + exp(-s) - ds = - L2 -dt 

T2 s B 

For a given  value  of P, this  equation  can  be  solved  numerically  for s and  by 

the  relationship 

thus 

1 = 7 exp(-s) 
s 2  

It will  give  the  time-dependent  transient  shear  viscosity  for  liquid  subject 

to a single  pressure  step. 

Transient  Response  of  Shear  Viscosity to a Continuous  Pressure  Change 

In EHD problems,  the  lubricant  moving  through  the  gap  between  two  rollers 

will  experience a continuous  pressure  change  from  atmospheric  pressure  up t o  

4 x 10 psi  within a very  short  time.  Since  this  externally  applied  pressure 5 
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is  a continuous one instead of a instantaneous  pressure jump, the  analysis  used 

in   the  previous  sect ion  cannot   be  used  here   direct ly .  However,  by approximating 

the  continuous  pressure  input as a series of pressure   s teps  as shown i n  Fig. 2, 

the  previous method for   so lv ing   the   t rans ien t   shear   v i scos i ty   can   be   used  re- 

peatedly and successively  within  each  s ingle   s tep.   In   this   case,   equat ion (21) 

can  be wr i t ten   as  

and 

TI = 'tls exp(-s . )  
S 
j j 2  J 

where var iables   with  subscr ipt  j means it belonging  to  the j th   pressure  s tep.  

'j+l 
P 

P 
j 
j-1 

Fig. 2 

P 

j-1 j j+l X 

Approximating the  Pressure  Distr ibut ion by Pressure  Steps 
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s for   p ressure   s tep  j v a r i e s  from i n i t i a l   v a l u e  s t o   f i n a l   v a l u e  s From 

re l a t ionsh ip  
j j l  j f  

TS TS .2  nS 
s = I n  (Ts*2) 3 = In  (,,.,s~ , 
j l  IS "l 2, 

j l  j - 1 , Z  j l  

s i n c e   v i s c o s i t y  is continuous  between  each  adjointing steps 

Ts = 
j l  j - 1 , f  

Equation  (25) becomes 

nS ns 
s = In ( T s ~  ) + I n  '2 

j - 1 , 2  j -1 , f  
j l  

t h u s ,   i n i t i a l   v a l u e  of s f o r   j t h   s t e p  can be  derived from equation (27) once 
j 

S j -1 , f  is  found in   the  previous  s tage.   Referr ing  to   Harr ison and Trachman ( r e f .  9) 

r e t a rda t ion  t i m e  f o r  most o i l s  can  be  expressed  as a funct ion of the  equilibrium 

shea r   v i scos i ty  T and the  pressure  as  follows 
s 2  

L 
C 7, = 

3 . 5  x 10' + 9P 

f o r   t h e   j t h   p r e s s u r e   s t e p ,  i t  becomes 

50 To exp(a=P.)  
7 =  5 (29) j2 3.5  x 10 + 9P 

j 
f ina l ly ,   a f t e r   subs t i t u t ing   equa t ion   (27 ) ,   (29 )   i n to   equa t ion   (23 )  and approxi- 

mating  ds by 
j 

ds = S  - S  j j f  j l  

one  obtains,  

11 



I- 1 

T .  (3 .5  x 10 5 + 9P.) 
50 exp(a P.) (Sjf - Sjl) = - 

J 

Equation (31) is solved  for s by using Newton's method. 
jf 
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I 
. . . . . . . . . . . . . . . . . .. . . . . . . . . . . .. . 

GOVERNING EQUATIONS FOR FILM THICKNESS 

In formulating  the  elastohydrodynamic  equations,  the  following  assumptions 

are  used: 

1. The  rollers, as shown  in  Fig. 3 ,  are  subject  to  pure  rolling. 

2 .  The  deformation is  purely  elastic. 

3 .  The  Hertzian  width  is  much  smaller  than  the  width  of  the  disks  and 

the  side  leakage  is  neglected.  Also,  the  Hertzian  width  is  small  in 

comparison  with  the  disk  radius so that  the  deformation  can  be  cal- 

culated  by  the  half-plane  solution. 

4. The  lubricant  is  isothermal  and  the  inertia  of  lubricant  is  negligible. 

Equations  governing  deformation  and  pressure  are 

2 *2 X 
* x - x  4 - - r In P(<)d5 

f 
h = h  + R ITE' ra, 15 -x*\ 

In  non-dimensional form, above  two  equations  become 

The  dependence  of  the  equilibrium  viscosity  on  pressure is assumed  to  be 

of  the  Barus  form 

it  follows  from  Equation ( 2 4 )  that  transient  viscosity TIs becomes 

13 



TlS = TIo exp(c? - s) 

Density  change as a func t ion  of pressure  i s  assumed as follows: 

(37) 

where po i s  the  ambient  density,  c and d are constants from ASME Report   (ref.  14). 

Equations ( 3 4 ) ,   ( 3 5 ) ,   ( 3 6 )  and ( 3 8 )  coupled  with  equation ( 3 1 )  can  be  solved 

by numerical method ou t l ined   i n  Appendix B and C. 
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RESULTS AND DISCUSSION 

Typical   numerical   resul ts  were obtained  for  a run  with a load  parameter 

PHz e q u a l s   t o  0.012 and  non-dimensional  center  film  thickness H e q u a l s   t o  10 . 
A typical   value  of  G(G = 3000) i s  chosen t o   i l l u s t r a t e   t h e   t r a n s i e n t   e f f e c t  

of the   lubr icant .  The resul t ing  speed parameter 5 f o r   t h i s  case i s  e q u a l   t o  

1.0307 x which i s  very  c lose  to   the  value  obtained by  Cheng (ref .  6 )  

without   consider ing  the  t ransient   viscosi ty .  The r e su l t s   o f   i n l e t   f i lm   t h i ck -  

ness and p r e s s u r e   d i s t r i b u t i o n   f o r   t h i s   r u n  are p lo t ted  i n  Fig. 4 .  The r a t i o  

of   z rans ien t   v i scos i ty   to   equi l ibr ium  v iscos i ty   as  a func t ion   of   the   in le t  

p o s i t i o n  i s  p l o t t e d   i n   F i g .  5. As can be s e e n   i n   t h i s   f i g u r e ,   t h e   v i s c o s i t y  

r a t i o  remains  very  c lose  to   uni ty   over  most  of the   in le t   reg ion .   This  shows 

- -5 
C 

that   for   typical   condi t ions  encountered  in   an  e las tohydrodynamic  contact   the  

response   o f   lubr icant   v i scos i ty   to   p ressure  i s  almost  immediate i n   t h e   i n l e t  

region.  Since  the  film  formation  of  an  elastohydrodynamic  contact  takes 

p l ace   a lmos t   en t i r e ly   i n   t he   i n l e t   r eg ion ,   t he   t r ans i en t   cha rac t e r i s t i c s  of 

viscosi ty   produce l i t t l e  e f f e c t  on f i lm  thickness .  However, i n   t he   cen te r  

region, where the  pressure i s  high,  the  lubricant  viscosity  does  not  respond 

to   t he   p re s su re  r i se  immediately.   Since  the  f r ic t ional   force  in   an EHD 

contact  i s  largely  governed by the   v i scos i ty   in   the   cen ter   reg ion ,   the   t rans ien t  

e f f e c t s  become s i g n i f i c a n t  i n  the EHD t r a c t i o n   c a l c u l a t i o n ,  as shown  by Harrison 

and Trachman ( r e f .  9 ) .  

I n   o rde r   t o   de t e rmine  a t  what leve l   o f   re ta rda t ion   t ime 7 the   lubricant  2 

v i s c o s i t y   e f f e c t s  w i l l  become s i g n i f i c a n t ,  a set  of a rb i t r a ry   mu l t ip l i ca t ion  

f a c t o r s  M = 10 , 10 , 10 and 10 i s  introduced  for  T Results  for  load 

parameter P from 0.003 t o  0.012 and normalized  center  f i lm  thickness H 

from 10 t o   a r e  shown i n  Table 1 and a l s o  are p lo t t ed   i n   F igs .   5 (a )  

t o  6(d) as a function  of  the  roll ing  speed i. It i s  found t h a t   f o r  M = 10 

2 3 4  5 
2' 

- 
HZ ' C 

-6  

2 
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Tab le 1.  OBTAINED NUMERICAL DATA 

rT- H = h /R PHz = phz/E ' 

0.003 

0.00001 0.006 

0.012 

I 0.003 

0.000005 

0.012 m 

0.006 
P 

0,003 

0.000002  0.006 

0,012 

0.003 

0.000001 0.006 

P 0.012 

Values of Multiplication  Factor M 

102 lo3 lo4 lo5 

1.860423~10 - 12 1.867464~10-l2 2.011805~10-~~  3.098025~10-~~ 

- 3.956260~10-~~  4.078289~10-~~  5,167988~10-~~  1.183219~10-~~ 
U =  

4.991350~10-~~  4,983464~10-~~  5.1O4673~10-~~ 6.361610~10 
- 13 

7.454592~10-~~ 7 .487535x1O-l3 7 .915690X10-13 1.167S18~10-~~ 



8 

Figure 3 - Geometry of lubricated  rollers. 



. 

G = 3000 

Fm= 0.012 

Hc = 10 -5 

-1.5 -1.0 -0.5 

- 
Distance  f rom  Center   of   Contact ,  x 

1.0 

R e l a t i v e  
Hertz  
P res   su re  
and 
Film 
Thickness 

F igu re  4 TYPICAL INLET FIIM THICKNESS Ah9 PRESSURE DISTRIBUTION 

18 
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0.5 

-5 -4 -3 -2  -1 0 
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- 

FIGURE 5 VARIATION OF R E L A T I V E   V I S C O S I T Y  ALONG THE ROLLER 
CONTACT 

19 



F i l m  
T h i c k n e s s ,  

H 
C 

0.003 \ 

G = 3000 

10 
' -13 10- l2 10- I1 

Veloc i ty ,  U 
- 

(a) M u l t i p l i c a t i o n   F a c t o r  M = 10 
2 

FIGURE 6 FILM THICKNESS AS A FUNCTION  OF  VELOCITY  FOR VARYING 
VALUES OF CONTACT STRESS AND MULTIPLICATION FACTOR M 
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Figure 6 (cont ' a )  
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the  film  thickness H is  not  reduced  significantly  comparing  to  that  without 

considering  the  effect  of  transient  viscosity.  Significant  reductions  occur 

as M increases  beyond  two  decades. 

C 

The  ratio  of  center  film  thickness  calculated  with  the  transient  effect 

to  that  without  this  effect:  are  plotted  as  a  function  of  multiplication  factor 

M in Fig. 7. It  can  be  seen  that  significant  reduction  of  film  thickness 

begin  to  occur  when  the  multiplication  factor M approaches 10 . It is  somewhat 

unlikely  that  the  level of retardation  time  of  the  lubricants  under  typical 

EHD condition  can  reach  values  several  decades  higher  than  those  predicted 

by  Harrison  and  Trachman  (ref. 9 ) .  

3 
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FIGURE 7 RELATIVE FILM THICKNESS AS  A  FUNCTION-OF MULTIPLICATION FACTOR FOR 
VARYING VALUES OF CONTACT STRESS AND U 
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I " 

SUMMARY OF RESULTS 

The i n l e t   s o l u t i o n  of Elastohydrodynamic  lubricated  roll ing  contact problem 

w a s  ob ta ined   cons ider ing   lubr icants   wi th   t rans ien t   v i scos i ty .  The e f f e c t  of 

t he   v i scoe la s t i c   r e t a rda t ion  t i m e  of l ub r i can t  on the  center   f i lm  thickness  

w a s  invest igated.  

1. The e f f e c t   o f   t r a n s i e n t   v i s c o s i t y   i n   r e s p o n s e   t o  a sudden pressure 

was found t o  be ins igni f icant   in   de te rmining   the   f i lm  th ickness   in   e las tohydro-  

dynamic contacts .  

2. Fo r   t he   t r ans i en t   e f f ec t s   t o  become important   in   f i lm  thickness   cal-  

cu la t ion ,   the   re ta rda t ion  t i m e  would have t o  be a t  least three  decades  higher 

than  those  suggested by Harrison  and Trachman i n   r e f e r e n c e  9. 
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APPENDIX A 

NOMENCLATURE 

a  semi-major  axis  of  an  elliptical  contact 

A constant  in  Doolittle's  relation 

A' constant  used  in  relation  for  free  volume  viscosity 

b semi-minor  axis  of  an  elliptical  contact 

B constant  in  Doolittle's  relation 

C coefficient  in  density  function 

d  coefficient  in  density  function 

C 
-2 * 

1 16  PHZ/H 

1 

ElYE2 Young's  Modulus  fqr  rollers 1 and 2 

f  fractional  free  volume 

f2 equilibrium  state  fractional  free  volume 

f equilibrium  state  fractional  free  volume  for  pressure  step j 
j2 

G CUE' 

h  film  thickness 

hO 
inlet  film  thickness  at x = -b 

h*  reference  film  thickness  at 2 = 0 h = h 
* 

C 

hC 

hmin 

H h &h* 

H* h*/R 

HC hc/R 

center  film  thickness  at x = 0 

(hc>s center  film  thickness  for  the  case  without  transient  viscosity  effects 
minimum  film  thickness 
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I- 

k,j . grid  point  numbers  for  the  x  coordinate 

ka 
n iteration  number 

grid  point  numbers  at x = x a 

K complex  bulk  modulus 

K1'K2, 

KO 

Ka, high  frequency  modulus 

Kf 

K3 used  in  Eq. (h),  (i)  and (j) 

low  frequency  bulk  modulus 

bulk  modulus  associated  with  molecular  rearrangement of free  volume 

Kf K for  jth  pressure  step 
j 

f 

Kr complex  relaxational  modulus 

K2 

P 

'HZ 
- 

P 

Q 

R 

R1 YR2 

S 

high  frequency  value  of K r 

pressure 

radius  of  roller 1 and 2 

initial  value  of s in  pressure  step j 
j 

sjf 
final  value of s in  pressure  step j 

j 
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T time required  for   lubricant   pass   through  j th   divided  region 
j 

u1,u2 ve loc i ty  of r o l l e r s  1 and 2 

V s p e c i f i c  volume 

V s p e c i f i c  volume a t  zero  absolute  temperature 
0 

v1 i n i t i a l   s p e c i f i c  volume 

v2 f ina l   equ i l ib r ium  spec i f i c  volume 

V instantaneous volume response 

X coordinate   a long  the  f i lm 

i 

* 
X re ference   coord ina te   a t  * = 0 dx 

X coord ina te   separa t ing   the   in le t   reg ion   in to  two subregions a 

"b coord ina te   separa t ing   the   ou t le t   reg ion   in to  two subregions 

xf coordinate a t  the  termination of the   f i lm 

*HZ 

CY p ressure-v iscos i ty   coef f ic ien t  

nS 
shea r   v i scos i ty  of t he   l ub r i can t  

l-k f r e e  volume v i s c o s i t y  

9, e q u i l i b r i u m   s t a t e   f r e e  volume v i scos i ty  

% 

7 s  

equ i l ib r ium  s t a t e   f r ee  volume v i s c o s i t y   f o r   j t h   p r e s s u r e  s t e p  
j 2  

j 
shea r   v i scos i ty   fo r   j t h   p re s su re   s t ep  
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9 2  

5 
P 

P 
* 

7 

7 2 

equ i l ib r ium  s t a t e   shea r   v i scos i ty  

equilibrium state s h e a r   v i s c o s i t y   f o r   j t h   p r e s s u r e   s t e p  

i n l e t   v i s c o s i t y  

volume v i s c o s i t y  

dens i ty  of the   lubr icant  

ambient  density 

dens i ty  a t  x = x 
* 

P/ Po 

relaxation  t ime - nv 
K2 
I-, 

r e t a rda t ion  t i m e  2 
Kf 

n 

Poi s son ' s   r a t io  of r o l l e r s  1 and 2 

dummy v a r i a b l e   f o r  x 
see  Eq. ( f )  
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APPENDIX B 

NLTMERICAL ANALYSIS 

The reg ion   in te res ted  is  t h e   i n l e t   h a l f  of the  contact  zone, which  can  be 

fu r the r   d iv ided   i n to  two sub-regions as shown in   F ig .  8. I n   t h e   f i r s t  sub- 

reg ion ,   p ressure   d i s t r ibu t ion  is  obtained  by  direct   in tegrat ion of the  Reynold's 

Equation  with  introduced  dimensionless  function q where 

q = I - -  1 - 

equation  (29)  can  be  written  as 

it can  be  integrated 

For a given  viscosi ty   as  a funct ion of pressure ,   the   p ressure   d i s t r ibu t ion  can 

be  obtained by solving  the  equat ion 

In  the  second  subregion,  the  pressure  distribution  can  be  obtained by 

solving  the combined equations  (29) and (30). - 

- 2 *  
where C = 16 PHz /H and 

VI = 0. 

1 

k 

C5 = 48E/H *2 . In   t he   d i sc re t i zed  form, it becomes 
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Distance from Center of Contact 

FIGURE 8 DIVISION OF PRESSURE I N  THE INLET  REGION 
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kc- 2 

These  are  a  set of n  equations  to  be  solved 

Where Q(K- 7 ,  j) are  the  quadrature  formulae 

(ref. 6). 

1 

3 

by Newton-Raphson  Method  for P 

for the  singular  logarithmic  Kernel 
K’ 

2 2F 

j 

K2(k,jj) = (V. + Vj+2) + ”$ J 
j 38 

also 

1 
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along  with  above  equations, a s e t  of n equations  based  on n gr id   po in ts  between 

-m 6 (0 can  be  rewritten  again 

and 

The following are the  out l ines  of numerical  procedures  for  solving  the 

governing 

1. 

2. 

3. 

4 .  

5. 

6. 

7. 

8 .  

9. 

equations: 

Given a s e t  of H, 5 G values  

Assume a p res su re   p ro f i l e   fo r  -m  6 (0 

Calculate  H(X) f o r  -Q) (5; ( 0  

Calcula te   dens i ty ,   v i scos i ty   for  - m  6 (0 

In t eg ra t e   t he   fo l lowing   i n t eg ra l   i n   t he   f i r s t   i n l e t   r eg ion  

HZ ' 

- 

Solve  equations  (f) ,   (1) by Newton-Raphson method. 

Check the  convergence  for  pressure.   If   not,   repeat  calculating  pro- 

cedure from s t ep  number 3. 

Fina l   so lu t ions  are in   t he  forms of E, P, and H. 
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APPENDIX C 

NUMERICAL PROGRAM 

The complete computer  program  coded in  FORTRAN IV i s  l i s ted   in   th is  

Appendix for solving the  Transient Viscosity EHD problem. 
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NS 1 

NS 
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NS3 

NS6 
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i NS 5 

c NS 7 

41 

I 



42 



43 



44 



45 

I 



46 



47 



48 



REFERENCES 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 

13. 

14. 

Grubin, A.  N.,  and  Vinogradova, I. E.,  Central  Scientific  Research 
Institute  for  Technology  and  Mechanical  Engineering,  Book  No. 30 (Eloscow). 

Dowson, D., and G. R. Higginson,  "A  Numerical  Solution to the  Elasto- 
Hydrodynamic  Program",  JournaJ  of-  Mechan.ica1  Engineering  Science,  Vol. 1 , 
No.  1,  1959. 

Archard, J. F.,  and  Cowking,  E. W. , "A  Simplified  Treatment  of  ,Elastohydro- 
dynamic  Lubrication  Theory  for  a  Point  Contact,"  Lubrication  and  Wear  Group 
Symposium  on  Elastohydrodynamic  Lubrication,  Paper  3  (Instu.  Mech.  Engrs., 
London) . 
Crook, A. W., "The  Lubrication  of  Rollers - 11. Film  Thickness  with  Relation 
to Viscosity  and  Speed,"  Phil.  Trans.  Series  A254,  223. 

Cheng, H. S . ,  and  Sternlicht,  E.,  (1965), "A Numerical  Solution  for  Pressure, 
Temperature,  and  Film  Thickness  Between Two Infinitely  Long  Rolling  and 
Sliding  Cylinders  Under  Heavy  Load,"  Journal  of  Basic  Engineering,  Trans. 
of ASME, Series D, Vol. 87, No. 3, 1965, pp. 695-707. 

Cheng,  H. S . ,  "Isothermal  Elastohydrodynamic  Theory  for  the  Full  Range  of 
Pressure-Viscosity  Coefficient,"  NASA  Contractor  Report,  NASA  CR-1929, 
September  1971. 

Cheng, H. S . ,  "A  Refined  Solution  to  the  Thermal-Elastohydrodynamic  Lubrica- 
tion  of  Rolling  and  Sliding  Cylinders," ASLE Trans., 8, 1965, pp.  397-410. 

Bell, J.  C.,  and  Kannel, J. W., (1971),  "Interpretations  of  the  Thickness 
of  Lubricant  Films  in  Rolling  Contact  I1 - Influence  of  Possible  Rheological 
Factors,"  ASME  Paper  No.  71-Lub-T,  1971. 

Harrison,  G.,  and  Trachman, E. G.,  (1971),  "The  Role of Compressional  Visco- 
elasticity  in  the  Lubrication  of  Rolling  Contacts,"  Journal of Lubrication 
Technology,  Trans.  of  ASME,  Series F, Vol. 94, No. 4, Oct.  1972, pp. 306-313. 

Johnson, K. L., and  Cameron,  R.,  (1967-1968),  "Shear  Behavior  of  Elasto- 
hydrodynamic  Oil  Films  at  High  Rolling  Contact  Pressure,"  Proceedings  of 
the  Institution . of . . Mechanical  Engineers,  Vol.  182,  Part 1, pp. 307-319. 

Doolittle, A. K. , (1951) , "Studies  in  Newtonian  Flow - 11. The  Dependence 

Litovitz,  T. A . ,  and  Davis,  C.  M.,  (1965),  "Structural  and  Shear  Relaxation 
in  Liquids,"  Physical  Acoustics , ed. , W. P.  Mason,  New  York,  Academic  Press , 
Vol.  IIA,  Chap.  5. 

Kovacs, A. J. , (1961) , "Bulk  Creep  and  Recovery  in  Systems  with  Viscosity 

"Viscosity  and  Density  of  Over 40 Lubrication  Fluids  of  Known  Composition  at 
Pressures  to  150,000  psi  and  Temperatures  to  425°F," A Report  of  the  American 
Society  of  Mechanical  Engineers  Research  Comnittee  on  Lubrication,  American 
Society  of  Mechanical  Engineers,  New.York,  Vol.  11,  1953,  Appendix  VI. 


