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I. Introduction

This program computes maximum-likelihood estimates for the general normal
mixture. That is, MLE estimates are found for ak, ﬁk' Ek, k=l,,.., in the

model

M
p(x) = 23 o py (x,1,5)

k=1
where {pk} are multivariate (N-dimensional) normal density functions with
means J, and covariance I, and '{uk} are the mixing proportions. The
algorithm used is described in detail in [1]. Simply stated, it consists of
solving the following fixed point equations. For €2 eu,-ez arbitrary
positive constraints less than two (called iteration weights), find at each
iteration new parameter values (indicated by primes) using preVious values
(without primes) from the following system of equations. For a sample of LTOT

observation vgctors Kyseoes¥aop the iteration equations are

' @ LTOT b, (x.)
o = (- o, + EafifaT EE: p(xjfi
j =
LTOT
1 1 pk(xj)
Mo = Qreiy + e ey = P(xj)}
LTOT
Yl 1 'd _ o 2T P (%))
Ek (1 EZ)zk + EZ{WLTDT Z; (x 5 llk) (xj l-lk) _B___,J_)_}
i=1 p(xj

for k =1,...,M.



The data vectors must be read onto a direct access device, prior to execution
of UHMLE. The data is storod sequentially by vector (pixel) in any format,
specified by the reader.

The number of data vectors In core is flexible., Hence only L (possibly
L = 1) vectors at a time may be read into core, in order to minimize the program
gize, or all data vectors may be stored in core, in order to eliminate I1/0
time, An intermediate choice is usually called for in large data sets.

The program allows the user to fix any subsets of the mixture parameters
(e.g. hold the I's constants while iterating on the a's and u's, etc),
This fixed set may be redefined at various times in the iteration proceés
(i.e. when the a's and WU's converge for fixed I, then fix u's and
iterate on o's and I's). The I's may be assumed to be diagonal or full
symmetric covariance matrices. There 1s considerable time saved in computing
the likelihoods if the diagonal form is specified. Hence in the early iterations
the diagonal assumption might be used,changing over to the full covariance mode
later in the iteration process for a more refiped solution. This flezability
allows the user to chose the sequence of parameter configuratlens in the iteration
process which he feels will optimize the computation time required as well as |
possibly avoid convergence to suboptimal local maxima of the likelihood function.

References |
[1] B. C. Peters and H. Walker - An Iterative Procedure for Obtaining Mazimum-

Likelihood Estimates of the Parameters for a Mixture of Normal
Distributions. July, )975 :

[2] B. C, Peters aud H. Walker - Addendum to "An Tterative Procsdure for
Obtaining Maximum-Likelihood Estimates of the Paramcters for a
Mixture of Notmal Distributiuns". September, 1975




I1. PROGRAM ELEMENTS

MLO2

SUPER

ITRAMS

ITRAM

ITRAS

ITRA

QUAD

PRINT

CHSLKY

GETONE

PUTPIX

GETPIX

DENSIT

&

Main driver. Reads job control parameters and sets up
data arrays.

Reads initial values for mixture parameters. Reads
successive sets of iteration control parameters and super=
vises the iteration method prescribed.

Computes updated values for a,u,I for each iteration.
(¢ may be fixed.)

Computes updated values for o,u, for each iteration with
L fixed. (0 may be fixed).

Computes updated values for ¢,Z, for each iteration with
u fixed. (o may be fixed).

Computes updated values for o for each iteration with
u,Z fixed. In this case the component likelihoods are
computed only once and stored on disk in & temporary
data set.

Compuces the quadratic forms for either full or diagonal

csvariances.

Prints appropriate results at each iteration.

[

Computes the inverse covariance matrix and determinani .-
the Cholesky decompositdon method.

Monitors transfer of data from disk to core. This activity
is transparent to the ITR prefixed routines.

Monitors storage of the component likelihoods onto disk.
Used by ITRA only.

Monitors retrieval of the component likelihoods from disk.
Used by IIRA only.

Computes the posterior probability for all classes for
each observation (pixel).
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111, VARIABLE DESCRIFTIONS

d 1. Job Control Parameters

N -
M -
i -
NZ -
NN -
NL -
ML -
LTOT -
RUNID %
F7 -
F10 -
‘ F20 -~
F30 -
ICORE ~
FMT(18)~-

Number of channels (dimension of measurement space}.
Number of classes

Number of observation vectors in core at one time.
N(N+1) /2

NZ

NXL

MXL

Total number observations vectors in the data set.
A four character run identification codé.

Fortran unit number for output signatures.

Fortran unit number for input of LTOT.

Fortran unit number for direct access file containing date
vectors. :

Fortran unit number for direct access temporary file con-
taining component likelihoods,

Upper limit for the dimension (single precision words) of
the blank common work data array.

Format for the input data vectors rzad by GETONE.

The values of F7, F10, F20, F30 are presently set to 11,

12, 13, 14 respectively. In order to alter these, change
cards UHML1480-510,

Presently N must be 30 or less and M must be 20 or less.
L 4is limited by ICORE. To change these limitations, the
Common/ITRWRK/ must be altered in each routine.

Presently ICORE < 16000, To change this, alter cards
UHML1450-60 and UHML2010.

ICORE = M{6+4N + 3N2 +.1) + N(6N+L)
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2, lteration Control Parameters

IFLAGA - | meons to iterate on alpha .
0  means to hold alpha fixea,

IFLAGM .- | means to iterate on meons,

0  means to hold the means fixed,
JFLAGS - | means to iterate on the sigmas.
" 0 meens to hald the sigmas fixed,
MODES "'~ 1 general symmetric covariance,
. 2 diagonal covarionce.
M - maximum number of iterations allowed for this

iteration phase.
TOLA e convergence toleronce for ALPHA
JOLM - convergence tolerance fo MU
TOLS - convergence tolerance for SIGMA
EPSA - iteration weight for ALPHA
EPSM - iteration weight for MU
EPSS =" fiteration wieght for SIG (M A

ITRENT = - 1 means to print results at each step of
_ the iteration.
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IV, FILE DESCRIPTIONS

1. F10 ~ LTOT Unit, fortran unit 12.

This file contains only one Qata field, LTOT the number of observation
vectors in the intermediate image data set residing on unit F20. This is a
one record file with format (18,723)1 LTOT 1s usually computed from tape to

disk in a prior job step. If fortran unit 5 is assigned to F10 then this

must be the first cerd in the data input stream.

2. F20 - Intermediate image data set, fortran unit 13.

This file contains the observation vectors (pixels) formatted according to
FMT., This data set should reside on a direct access device (disk) since this
file 1s rewound at each iteration (except when iterating on o only in ITRA).
The data set may contain any number of chammels. A subset may be selected by
specifying the format FMI. The file is accessed in the GET¢NE routine. Each

logical record 18 an N-dimensional vector or pixel

Rec ' Pixel
1 Channel 1, Channel 2;..., Channel N
2 Channel 1, Channel 2,..., Channel N
LTOT Channel 1, Channel 2,..., Channel N
~EOF~ |

3. F30 - Temporary likelihoods data sot, fortran unit number 14.
This unit is accensed only in_ ITRA, i.e., when IFLAGM = IFLACGS = 0. ‘T

likelihoods for each class are computed and stored For each pixel on the lst

iteration of ITRA through the PUTP1X routine. The logical recovd format is




20A4. (This way be changed to binary). This file is accessed by GETPIX on
subsequent iterations of ITRA,

4, F7 - Output signature data set, fortran unit 11,

This file contains the UHMLE signatures. They may be punched on cards or
stored on disk for latter access.

V. Input Data Streams,

The input data stream, typically the card reader (fortran unit 5), consists
of the following card images. All input parameter cards ignore the first 10
colunns (except FMI). This allows comments or labels to be used, The deck

setup 1s as follows:

1. Job control parameters.

Parameter Format
RUNID (10x,A4)
M (10x,110)
N "

L | "
FMT . (18A4)

2. Initial values of the mixture parameters

ALPHA (10x,7F10.4)
*
[ MU@ (10x,7710.4)
lst Class J
_SIG "
( Mug (10x,7F10. 4)
Mth Class 4
| 516 "

*
each mean vector or covariance matrix must begin on a new card.

/4
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*
3. Iteration Control Parameters

IFLAGA (10x,110)
TFLAGM "
IFLAGS ' "
MPDES "
ITLIM "
TYLA (10x,F10.0)
TPLM | "
TPLS "
EPSA "
EPSM "
EPSS "
ITRENT (10x,110)

*
The iteration control block may be repeated as pften as desired.

v, Sample Deck Setup

The following is a sample job deck designed for use on the IBM 0S/360 system.
The first iteration phase iterates on the mean vectors only, assuring a fixed
diagonal covariance and fixed equal proportions. This iteration configuration
is used until the TOLM tolerance or ITLIM requirement is met. Then the
second set of iteration parameters are read in and all mixture parameters
(full covariance) are estimated. In the third iteration phase the M's and I's

are held fixed and only the o's are varied.

/4
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: INSERT THE UHMLE SUUHCE DECR RHERE D
. . 3
A

IIGU.FTIIFOQt DO  SYS)UT=B e
//60,FTI2F001 DU DSNZEEF10,UNIT*SYSUA,DISP2(OLD,PASS),SPACESC(TRR L),
// DCHa(RECFMEF ,LRECLEBO)

'IIGD.FTIS?OOl Lo DSN-&&F?O UNETESYSDA,01SP=(0LP,PASS),SPACEZ(CYL,S),

/7 DCus (RECFMSFB, LRECL=E80, BLKSIZt-?dUQJ
/GO FTIUFO001 VO DSNSAKFA0,UNITSSYSUA,ULISP(NEW,PASS), SPACE=(LYL,5),
w7 DLCLE(RECPMEFB, LRECLS booBLKallt=laOOJ
. //G0,SYSIN DD w
: JOb CONTROL PARAMETEK CAKDS rOLLUW D
>
RUNID TEST o N
M 5
N 4
at 1000 o e )
(46X )uFa,0) '
| < _ >
: INITIAL VALUES OF MIXTURe PAKAMETERS FOLLOW
: b
ALPHU .2 .2 .2 .2 .oc
MU Wl 19,27 17411 29,24 34,39 o
16 2448 3,27 5,40 0468 1,02 1454 “ls11
’1'55 1.02 5.3‘ ' '
My0 F) 23,55 28,51 26,41 27,48 L
SIG F1 1,04 s 94 2,02 ol 004 l.?? W 17
SZG .28 |bu '95 ' o
LJBul0 By euyel . 2ly T3 32,57 . 34,45 e
816 u! 5,93 10,61 20,94 e 99 1,68 LeHd LIPS
§16 5,83 ' 85 4,62 c
. MUGa 81 22,08 2,56 e, 35 £3,61 L
§IG 51 s 76 37 1¢25 R o843 131@ 020
S16 154 1,02 159
$16 G2 -1 .36‘ 1.05 |°“ ! .22 |.js |0‘
516 129 49 111
ORIGINAL PAGE IS
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N S N R T,
: ITERATION CONTROL PANAMETER SEI | FOLLOwS ;

+
" —————————

- _JFLAGA 0 —— —

IFLAGM 1

IFLAGS 0

_MODES .. . ... @_.. . _

ITLIM 10

TOLA 0,0

S0, 5 s — , . e e
'OLS Io -

EPSA ‘ .

CEPSM . R e e et e+ e e e ar e
EPSS .

1TRPNY

°

——r = —— -

. T . Cy T LT
ITERATION CONTROL PAXAMETER SET 2 FOLLOWS D
y b
JIFLAGA Y, : e i et e et i s
IFLAGH ) B
1FLAGS 3 ‘e
“r _MODES A . S S e e e i e -
R A 1Y L 10
TOLA 005
J10LM L e et £ e . —_— — e maem = = e
T0LS L] '
EPSA iy
_EPSH le . .

AAN. meneaDa

EPSS ey T oo
JIRPNT 0
— ...k - } e

_JFLAGA 1
JFLAGM 0
IFLAGS 0
i

0

- MODES

ITLIM |

T0LA 10005

YoM 0 040 - —_ - e
TOLS 0,0

EPSA 1y

_EPSM N R . - e e

EPSS 1y

JTRPNT }
il '
4/




ar—-

VH. SAMPLE RUN QUTPUT

B R 4 6 R e p PR A, —— A A & m m e e &

" RUNID t1TEST!
N & 5
N ]
il TR ,oo‘; e mm s = e =3 JOB-CONTROL-PARAMETERS == v~ oo
LT0Y = 000
_ FMT = (4BX,4Fu,0) o o
1CORE 18§ 9507
lllﬁtﬁ*tl*ﬁi*ttQ**tﬂ*t*lﬁttlttit*i*t!lititt*tttttttltttttitﬂtt**lititﬁi'-
“"ITERATION NUMBER 0 RUN 1D 'TEST! .
ALPHA . 92000 22000 2 R000 42000 L2000
my- 19,2700 17,1100 29,2400 34,3900
86 244800 , e e e
816 31,2700 5,4000
816. 16800 1,0200 1,5400
- 816 C ®w1,1100  w1,85%00 1,0200 343100
MU 25,5300 28,5100 28,4100 27,4800
“ el LS16 . Y,0u00 e e
2 816 s 9400 2,0200
k= $16 ¢1300 ¢ 0400 1,0700
2 B . 35:6 _ . o .’.700 ‘aaou .6‘]00 . ) .950?
é MU 24,2300 24,7300 32,5700 34,4500
wolde_. 816 . 5,9300 e e
& 816 10,6100 20,9400 T
E $16 29900 1,6800 1,4800
=l 816 e2,6900 *5,8400 18500 04,6200
‘ .
5 MU 22,6800 24,5600 24,3500 23,6100
bl 816 e g 1000 B )
i S16G 05700 1,2600
2 816 WH600 4300 1,1800
§‘___._s-sx§._ . __sS5000 5400 31,0200  1,5900
ot
< My 21,9400 20,3500 25.°300 26,1800
= I 2 4 1. 1 11 e
Z 816 03600 1,0800
$16 40600 02200 46300
A s16 40100 ¢2500 24900  1,1t00
DELA = 200000000 00
DELM = 200000060 00
DELS = ,0000000D0 00
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FIRST ITERATION FHASE

C ORERRARNAA AR A AR TR RARK - R R AR R AR A R A

BESSETtnsniRursz2zs. 32
IFLAGA = 0
YFLAGHY = 1
IFLAGS = 0
MODES = 2
ITLIM = 10

TOLA = 0000
T0L8 = ¢ 5000
“TOLS = L0001
EPSA = 1,0000
ERFSM = 1.,5000
EPSS s 1.,9%000
ITRPNT = ¢

S o - e e pe

ITERATION NUMBER

!
MU

MU
My

5 W N

My

S
1Y
DELM =

IETTITYT B Ak Ak Rk AR U A A AR R R R R R A A AR AN RS A AR S ARAAR NN E YR RA AR R R Ak A A md? ~

033356190 01

ITERATION NUMBER

H
MU

MU

o o™

MU
. .5

MU

MU

DELM =

5

,4B255680 00

RUN ID

17,803}
23,7707
22,6907
21,0216
19,2749

RUN 10

16,6778
22,5021
21,3214
19,6027
19,1461

BNy — -4

VIS8T’

16,5129
27,0716
24,6613
23,3UKA

18,2692

ITEsT!

14,8320
£542806
22,2943
21,859
18,0818

27,1694
28,6525
30,0646
23,3769
27,8665

2642050
25,3615
29,1891
21,8481
22,5252

31,3981
26,1058
31,1144
22,8112
23,8401

3i,1280
24,7750
30,9607
2142645

23, uu09

L= =

-
»or

SEERAANEERAA LR AR RASC LA b 2d s b
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S e e e L A e e e R e P P
IFLAG;-;-----;J-R=-===== -::22::33::-=========================;:;;;;“
1FLAGM = e - e

1FLAGS = {

MQODES = 1

1TLIM = 10 )

‘OLﬁ H 0500

ToLe = 41000

T0L8 = ¢5009 . e

Epsa = 1,0000

EPSM = 140000

EPSS = 1,0000 -- -

!TRPNT 2 0

* LB **‘** ~ e

ALPHA

R
S16
S16
816
$16

MUy
- §16
516
$16
$16

Ry
S$16
516
$16
S16

MU

§16
51G
S1¢

my
§16
S16
S1G
S16
DEL A
DELM
DELS

nw

816

e 11360480 m0
s140%06ED 20
2 TUDEBATOD G

RUN 1D

012108

16,6639
2,149

22,5256
1570686
e.bOOﬂ

22, u559
87148
0 7195
01527

01525

21,3160
4,0012
6.65”3

|5239

-2.0998

19,7042
05325
137914
3202
s 4302

19,1452
5610
2345
10632
00203

1757
2002
14,6111
44,3368
16716
=]1,3074
£h,e242
1:5809
10281
164y
€2.2876
13,5315
« 7899
'“c3533
2is7195
1410463
¢ 3385
03633
18,0087
29248

p 1602
1529

18886
26,2000

1,579¢
29739

29,2934

1,0042
6034

29,1754

141029
61806

21,7747

, 9569
48357

22,5618

1575%
Lap28

2012
31,1372

FER LT
24.7135

19720

30,9450

31,4737
2141698

1,4568
23.,%31¢

« 9017

|19Q1
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THIRD ITERATION PHASE

Lo .

1

ITERATION NUMBER 4 RUM IV MTEST!
_ ALPHA 42061 02010 11931 (19982 0200
$ .
MU 16,7034 14,944} 26,1353 31,0450
... 816G 2,3907 ]
. 816 2,9303 4,8791
816 6370 9129 1,4492
sls ".7009 {43608 '5310_ ?.71‘1‘5 )
g e : stV
MU 22,4071 25,2265 25,2863 24,6933
8§36 5040
$16 « 7286 1455714
S16 1751 20284 1,131
$I6 ~ 11915 e2184 .6583 ’[0322.
3
My 21,1581 21,9598 29,1732 31,0526
516 4,5683
§16 68,1097 16,0964
816 6068 1 980914 1,0574¢
$16 ) w2, 0166  =4,994} (U798 3,487¢
[}
MU - 19,7528 21,7273 21,7716 21,1802
816 6253 7
8§16 03892 1.012%
S16 23259 03293 09537
%16 8392 phady 8080 144083
g N
My 1941637 18,0153 22,5616 23,5597
816 06039
S16 12613 19172
816 s 0578 11689 45651
S16 10143 11745 4705 19680
DELA = e1020178Dw02
DELN = 155156450«01
DELS = ¢ 31506450 00
IFLAGA = K ) h o
IFLAGM = 0
IFLAGS = ]
_ MODES = { S
ITLIN = 10
10LA = (0005
CtoLM s 10000 _ R . ; o .
T0LS s 40000
EPSA x 1,0000
JEPSM = 1,0000 o
EPSS = 1,0000
1TRPNT = {

EE R Ak AR A RA R A AN AR A DA AR RN AN A SRR R AN A A RA R AR R AR RS R ARG AR AR R E RS R R AR B L 4 £ 2

ITERAYION NUMAER 1 RUN 10 'TEST!
ALPHA 2053 012012 1936 1 1990 2008
DELA o +78677050R03
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ITERAYION NUMBER 2 RUN 10 tTESTH
ALPHﬁ .2052 |3012 ’1939 .1990 ,Pﬂ3t
DELA = W 11540140003
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FINAL ESTIMATES PRINTED

ALPHA
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S16
$16
§16
$16

Y
$16
$§16
$16
816

MU
816
$16
$16
516

MU

816
816
816
81G

'
$§16
8§16

16
8§16

DELA =
_DELM =
DELS ®

0

11151414D=03
155156450=0}
13150645D 00

RUN 10

02052

16,7034

2.3507
2,9303

16370
v, 7009

. p2,u4Ty

19040
17286
1 1751
11915

21,1581
4,5883
8,1097

6068
w2,4166

19,7524
46253
(3892
;3259
L0392

19,1637

6039
2613
, 0578
(0143

FINAL ESTIMATES PUNCHED (unit 11)

ATESTH

ALPH
My
816
516
MU

s16

S16
MU

S1G
§I6
ML

516
S1G
MU

$16G
816

MLE OUTPUY SIGNATURES

(2052
16,7034
2,3907
©l,34608

R2,u47y

090490
12184
21,1581
4,5683
-G, 9961
19,7524
18253
02314
19,1617
(60639
« 1745

12012
14,944}
2,.9303%
8310
25,226%
e 72680
6583
24,9598
Ba1097
L4798
ci,7e7}
3892
5480
18,0153
2613

2 U705

p 1939
26,1343
4,8791
24,7193
25,2865
1,557
1,0322
29,1732
16400985
3.“670
2ie7716
1,6121
22:5061h
9172
19680

tfesy!
12012
14,9001
4,8791¢
+9129
wf, 3604
25,2265
1:5%7§
90284
12184
el ,9598
16,0966
e 9891
=l ,9901
21,7273

1,0121
e 3293
ed23t

18,0153

9172
1 1689
+1715

11990
31,0456
+ 6370

20,6933
V1751

31,0528
(5068

21,1802
,3259

23,5197
(0578

41939
26,1358
1,4492
18310
25,2865
1,1312
16583
29,1732
1,0574
Q4798
21,7716
19537
, 8460
22,5616

L5651
L 4705

w2006

29129

0284

09891
03293

qlbaq

#1990
31,0450

27193
2l 86933

1.0322
31,0520

3,870

21,1802

146683
23,5397

19680

1,0492
141312
1,0574

49537

5851

I
1

g
f

02006

«, 70079

1 1615

281!

2
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