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The formalism for describing rotational excitation in cocllisions |
between symmetric top rigid rotors and spherical atoms is presented both
vithin the accurate quentum close coupling framework and also the coupled
states approximation of McGuire end Kouri and the effective potential -
approximation of Rabitz. Calewations are reported for thermal energy
NB3—He collisions, treating NH3 as a rigid rotor and employing & unifomm
electron gas (Gordon-Kim) approximation for the intermolecular potential.
Coupled states is found to be in nearly quantitative agreement with
close coupling results while the effective potential method is found V'bo
be at least qualitatively correct. Modifications necessary to treat

the inversion motion in NH3 are discussed briefly.
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I. Introfuction

' Recent advances in numerical techniques and computational capabili-

ties have made it possible to study energy transfer in molecular colli-
sions -~ at least for scme simple systems - by obtaiﬁing essentially exact
numerical solutions to the quantum close coupling (CC) scattering equa-
tions for molecules interacting via realistic, e.g., gb initio, inter-
molecular potentials., Unfortunately, the expense of CC calculations
- increases rapidly with the number of energetically accessibléﬁﬁoleculér
qnantum'levels, due, in large part, to the 2j+1 degenerate sublevels
which must be included for each rotational level, J. Therefore most
calculations to date have been limited to the simplest case, collisions
of linear molecules with atoms, and to enefgies where only a handful of
the lowest molecular rotational levels are accessible.l The hydrogen
molecule with its smell moment of inertia has only & few rotational
levels below the threshold for vibrétional excitation, and calculations
have been perfoimed fpr vibrational-rotational excitation of H2 by col-
lisions with atoms.2 bnly one calculation for rotational excitation of
a8 linear molecule by another 1inear molecule (Hz—HQ) has been reported;3
end there has also been one calculation for rotational excitation of an
asymmetric top rotor by an atom (HQCO-He).l‘l
Lzcause much of the conputational effort in CC calculations is due
to the degeﬁerate rotational sublevels and because'many collisional
vhenomena are sensitive only to the averape over these degeneracies, it
seems reasonable to sacrifice some information about these sublevels in

order to simplify the calculation. This netion is the basis for the

effcctive potential5 (P) approximation of Rabitz and the coupled states6




(09 epproximation of McGuire and Kouri. Both of these methods have now
been tested by comparison with available CC results for dsgeneracy-
averaged (i.e., state-to-state) integral cross sections, o(i-f), in
5-7

linear molecule collisions. The CS approximation appears to be quite
reliable except, perhaps, when there is strong, long-range anisotropy

in the potential. Accuracy of the EP approximation appears to be more
sensitive to the strength of the anisotropy in the potential, being

better for weaker angle-dependence; hovwever, considering that it is much
cheaper- than CS, it is probably still accurate enough to be useful for
m:ny molecular systems. If these approximations can be shown to remain
accurate, they will be invaluable for understanding energy transfer in
other, more complicated systems.where CC cslculations will not be possible.

In this paper we consider scattering of a rigid symmetric top rotor
by a closed-shell, 1s atom. As an example, collisions of NH3 with He
are considered, using a theorctical electron gas approximation to the
interaction potential, and treating collision dynamics within the accuratle
CC framework as well as the CS and TP approximations.

The ammonie molecule is & typical symmetric lop, having a three-
fold axis of syumetry through the nitrogen. It is not, however, an
ideul examuple of a rigid rolor because 1t undergoes rapid inversion -

a large amplitude vibration of the nitrogen through the plane of the
hydrogens. This inversion motion splits the normally degenerate sym-
metric top k-doublets. Transitions between the inversion doublels are
readily observed at microwave frequencies making NH3 amcnable to studies

of collisional energy transfer using the microwave double resonance

8 .
techniques of Oka, and a fair amount of rotational rclaxation datn is

l
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therefore available for this system.

For the purposes of this study the inversion doubling has been
ignored, and NH3 treated as a rigid symmetric top. Typical splittings
between inversion doublets are 20 - 25 GHz which corresponds, classically,
to a vibrational period of about 50 ns. Since the duration of a thermal
energy NK3-He collision is <"1 ns, the rigid rotor approximation may not
be unreasonable, Nonetheless, until this effect is considered in more
detail, results from these calculations should be viewed as modelistic,
and comparisons with the experimental data should be treated with caution.

‘Rather, this study was undertaken for the following reasons. There
has been no previous study of coilisions between symmetric tops and
"~ atoms, espccially those systems dominatled ﬁy short-range forces, wvhere
the accuracy of the intermolecular potential and scaltering approxima-
tions could be well docunented. Thué, despite a moderate amount of
double resonance data, energy transfer in such systems is still not well
understood, and "a quantitative theoretical trecatment of the transition
probability will be needed".8b For example, even the typical size and
shape of the short-range anisotropy are not known. (It should be recalled
in this context that the anisotropy in linear molecule-atom collisions
vas recently found to be much larger than anticlpatcd.lc) Also essen-
tially unknown are the }elutivo magnitudes of different AJj and Ak tran-
sitions, and the cause of the observed parity "selection rules". As
indicated above ;t is rapidly becoming possible to examine such questions
by accurate scattering calculations on &b initio intermolecular surfaces.

Because of its low moment of inertian and hencc widely spaced rolational

.
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levels, and also because of ortho-para separation, it is feasible to
treat collision dynamics for NHS’ at least for the lower rotational
levels and thermal collision energies, within the accurate CC framework.
These calculations can then be used to test the accﬁracy ol cheaper
approximations, such as CSand EP, which might then be used to study
collision dynamics for this and similar systems in more detail.

The CC, CS, and EP scattering formalisms for symmetric top-atom
collisions are reviewed in Section II since this does not appear to be
conveniéntly available in the literature. The numerical calculations
for NH3-He are presented in Section III. Section IV summarizes the

major conclusions of these calculations and indicales briefly the

modifications necessary to treal the inversion motion.

6
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IXI. Scattering Formalism
The total Hamiltonian for collisions of a rigid rotor and an atom,
in space-fixed coordinates located at the center of mass of the system
can be written as
A A
B=u () +2(B) + v(Q,R) (1e)
vhere the kinetic energy of collision,
2
4 2 _ 2 d 2
B = -(n/2m) Jg = -(47/20) (e - £ > (1)
can be separated into radial and orbital aingular momentum contributions
s indicated, The rotor orientation is specified by ﬁ=(a3y), the

Euler ang1e39

that rotate space-fixed axes into the body-fixed, princi-
pal moment of inertia axes of the molecule; the collision coordinate

from rotor center of mass to the atom is conveniently expressed in polar
coordinates as B=(R,®,§); 1 is the reduced mass for the collision; and

f is Planck's constant divided by 2. The scatlering wavefunclion is
obtained by expanding in the rotor eigenfunctions, which are complete

in ﬁ; spherical harmonics (partial waves) complete in §=(®,¢); and radial
functions u(R). Substituting this expansion into the Schrodinger equa-
tion leads to coupled second-order differential equations for u(R). The
usual CC method is obtained by transforming these cquations to a total
engular momentun reprecentation in the space-fixed coordinates; the CS
and LP approximations are obtained by ignoring or averaging over some of
the coupling temms. Details of ihese scattering formalisms will be
presented after discussing the rotor functions and the form of the inter-

molecular polential.

REPRODUCIBILITY OF THE



A. Rotor wavefunctions. '

The general rigid rotor Hamiltonian can be written
-1, 2 vk 2 S
B¢ = (21))7°9,,% + (21)779, % + (21) ™7, , (2)
p» Is and I3 are mements of inertia about the (molecule-fixed)
principal axes of inertia x', y', and z', respeclively. (Primes will

vhere I

be used to denote rotating, body-fixed coordinates.)
For a symmetric top molecule, two of the moments of inertia are

equal - I =12, i.e., z' is chosen as the symmetry axis - so that Eg. (2)

1

becomes’
_ -1 -1 -l., 2
H, = (21)) 78 + [(21) 7 -(21)) "3, , (3)
vhere 92 = 99'2+?y'2+?z'2 is the total angular momentum of the rotor.
Eigenfunctions of Hst can be labeled by j, k, and m, the total rotor

momentum and its projection on the rody-Tixed z'-axis and on the space-

fixed z-cxis, respectively, Theu

F | s = 30398 | s (4)

Jyr | Jkw> = k| gm> (5)
and 7, | Jkm> = nh | Jm> . (6)
Comparing with Eq. (3) one finds that

H, |Jko> =F Jk| Jkame> (N
with

2 el 1 -1, 2

Eg = ((21,) "7 (G+2) 4 [(21) 7" -(21,) " ). (8)

The symmetric top eigenfunctions can be identified with matrix elements
of the rotation operator,
2y &
| dm> = [(2541)/(8r°) 3 £,_(agy) (9)

- " . 0
where, for historical reasons, we follow the convention of Thauduunl

by !



5, Sagy) = ™ ™Y a I(p) (20)
with dkmg as defined by Edmonds.9 “The total angular mumentum quantum
number J may take any non-negative integer velue; k and m, being projec-
tions of J, are restricted to positive or negative integers whose ahso-
lute value is less than or equal to J.

For future reference, the only non-zero matrix elements of the
general (asymmetric top) rigid rotor Hamiltonian, Eq. (2), in this basis
are

< | M, | Skm> = #P(0(21)) Me(2n,) " I0a094) K7 /o4 (21) ) (110)
and .
<j k+2 ml Hrotl Jkm> = <ka| Hrotl J k2 m> =
(2 (21, ™+ (22,) "I L3340 -k (ke2) L3C3+0)- (1) (i) T2 . (1)

For the symmeiric top, it can be scen from Eq. (8) that | jku> and
| J-km> are degenerate so that any linear combination will also be a
valid eigenfunction with the same energy. Proper symmetlric top wave-
functions must also be.eigenfunctions of the inversion operator, and the
correct linear combinations are

| Jrme> = [2(14 6k0)]'% (| S + ¢ | §-tm>) (12)
vhere now k20, and e€=41 except for k=0 when only e=+1 ié allowed.

Because thel Jkm> are a complete set in the angles of orientation,

fL wavefunctions for the general, asymmetric top can also be expunded

in this set, It is found, c.f. Eq. (11), that the asymietric top
Hamiltonian will not mix states with different J,m but only different
valucs of k., Thus, asymmetric.top wavefunctions can be written as

| gne> = ?i uqkl Jhm> . (13)



It is convenient to develop the scatlering formalism for "primitive"
symnetriz top mnctions;l Jkm>, Because k plays the role of a "specta-
tor" in the angular momentum coupling, and because the Schrolinger equa-
tion is linear, it will then be straightforward to take the appropriate
combinations, Eq. (12) or Eq. (13), to obtain the correct formulation
for symmetric top or asymmetric top rotors. €CC, CS, and EP scatlering
formalisms will be developed in Sections IIC, IID, and ITE, respeclively.
Correct symmetrization for symmetiric tops will be considered in more
det ‘1 in Section IIF. Extension to asymmetric tops is straightforward

and ! as been discussed by Garrison.

B. Intermolecular potential.

The interactlion potential, V('(\),g) in Bq. (1) is a function only of
the relative orientation of the projectile with respect to the rotor.
Thus, V(f?,B) = V(B‘) = V(R',0',%') where '13" is the position of the pro-
jectile with respect to (body-Tixed) axes along the principal moments
of inertia of the rotor. It is convenient to expand the angular depen-
dence here in sphericel harmonics,

v(r',0',8') = ZM V)JJ(R‘) Ym(@',é') . (ah)
One can then use the transfoimation properties of the spherical harmonics
to relate body-fixed and space-Tixed coordinutcs.9
V(1) = 57HE) vz . (15)
R s i My, B

A By x A
E)uv qu(R) ‘Duv (o) qu(n) ’

where the foet that R=R' has been used.

10



The phase convention for spherical harmonics,

= ()M -
Y, R =GRy (R, (16)
38 the fact that the interaction potential is real imply that
= ()¢ .
"x,-u(R) (-) vm(n) - an

For most systems it will also be possible to choose the principal moment
of inertia axes so that the vlu(R) are real., This requires only that
the x'z'-plane be & (reflection) plane of cymmetry so that

v(r',0',8') = V(R',0',-2') (18)
vhich will always be possible for moleculcs that are symmetric tops due
to an n-fold axis of symmelry along z'. The interaction potential can
then be written as

v(R',0',§') = (19)

320 Au(R") [YM(R')+(_)uY’-:"u(R')]
. (1+6uo)'l

ol u(F) (2'6p0) PAu(cos@') cospd' »

\220

with P, an associated Iegendre polynomial.

A
It is important to emphasize that the body-fixed coordinate syslem
used to expand the potential must correspond to the principal moment of

inertia axes (x',y',z') used 1o define the rotor wavefunctions.

€. Close Coupling.

The development of the close coupling equations for symmetric {icp-
atom collisions follows the development for linear molecule-atoms of
Arthurs and Dulcurnoll very closely, so that 1t will only be outlined

below. One can form coupled, total angular momentwn functions
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| MIk2> = zm thmd aM> | Jkm> | > (20)
vhere | Jkm> are given by Eq. (9), the "partial wave" functions are
> = _
| om) Y""c(@’ ?) (21)
and <J1m1.12m2| J3m3> is a Clebsch-Gordan vector-coupling coefficient.g
The scaltering wavefunction with tolal momentum J and wrojection M
on the space-fixed z-axis, ond appropriate to the entrance channel Jjki
satisfies a Sclrodinger equation
2 2 JM
[, - (+°/20 Jp *V-B-By) ¥y,

where E 15 the reclative kinetic energy and Eak is given by Eq. (8).

JM
Expanding Y ki, 9

Y

=0 (22)

4 - JM
e " By B g R [amgeats (23)

and substituting into the Scnrodingzr cquation gives the usual coupled

equations for the radial funcltions:
@@ 2(u41)

2
L™ 2 TMwa Dy R -

oo LR (2l)

2 " _mn,n LR
(2u/2°) Z,u wpn <TUYE"L" | V] IMIKTL'> Wy

Jk

where the wavenunber is given by
2 * T :
nJ'k'Jk = (a‘/" ) (L+ij-h1'k') 3 (2'))
and the coupling matrix element is

: ry (R it M3'k'L'> = X | Y AN S A
<Mk | Zku\ w(n ) Yw(n ) | 9MI KL B v)‘u(]{ 3 (<} (26)

[(?J*J)(ﬂ '+l)(7‘Ld)(?&'ﬂ)(m.l)-\ X
I .

m

A l\(J 3 X] {J' L'J'&
00 Of\k-k'"pul 12 3 A)°

with (:::) & 3-J symbol and [23¢] 6-) :'.)'lfxln;fl.g There i no coupling

between different JIM, and the matrix elanenl is independent of M which

12
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will subsequently be dropped from the notlation. It is readily shown
that

TIeL| Y| TR = <TEL O NN (27)
which, together with Eq. (17) ecnsures that tke coupling matrix is
Hermitean., Note that different values of k are connceled only by terms
in the potential such that p=k'-k. Tbe following propertly of the
coupling malrix elemenls will also be useful:

334N

.<JJ-kL| qu! Tyt gts = (=) Tkt | YA:-u‘ TIK'g'>. (28)

Comparing the asynptotic form of u(R) with the interactionless
solutions defincs the scattering S-matrix in the usual way:

.

IR~ byy0808, 0 expl-1(ny, o R01/2)] (29)

1 s , .
'("ka};/ni'h'.]k)hqk{’l 5 | Jlk'4'> exp[l(nd.k.‘j:,_lf—{,'n,-' ')].

3L

State-to-slute inlegral cross sections, swmed over final and averapged

over initicl degenerucies, cun dbe oblained from the S-matrle an
-k

Sk gk (2,j+])’1 r (2741) (30)

o(dx=3'k"') = 1ix Jue!

J 2
= S 1"t pt -
|6JJ‘6“'6M" <J‘{l,| b |J}. L>| .

It should be noted that the k quantum number playr a "spectator”
role in the angular momentum coupling. Therefore, one van immcdiately
wite dovn fomulas, in temis of S-matrix elemenis, for differcntivl cross

1) L - 1a o ; . =
sections, pressurc broadening, etc., by merely edding a k lubel Lo
the fornulas for linear molecules. Furthermore, If the rotor wavefunc-
tions are lincar combinations wmong k values, as is the carc for symmetric
top functions of proper symmelry and also for asymncirle tops, i1 io
necessury only to transfomn the coupling malriy, Iq. (.'.'(), into this new
basis and repluce the k 1ubel with the appropriste new label (t.c. ke for

symmetric tops, c.f. Eq. (12); or v for asymctric tops, c.f. Eq. (13)),

13



D. Coupled States.

It is possible to write the CC scattering equations in a body-fixed,
i.e., rotating, coordinate system rather than in the space-fixed system
of Arthurs and Dalgarno. (See, e.g., the helicily forwulation of Jacob
and Wick.lz) The CS api:roximation is derived in the "R-helicity"
coordinates in which the z'-axis lies along the collision coordinate 5
Then EL’ the projection of the orbital angular momentum on B, is ZETO
by definition so that the total angular momentum expansion basis, analo-
gous to Eq. (20). can be labeled by | JMJkEn_> vhere m is the projeccion

of j on R. This basis is related to the space-fixed basis, Eq. (20), by
v

a unitary transformation, as discussed, e.g., by Child.13 and Walker and
Light.]‘}4 In the body-Tixed system, the interaction potential matrix is

diagonal in m end independent of 4. Howevef, .{,2 is no longer diagonal
as it is in the space-fixed system, bul connects states with different
m, corresponding to "Coriolis forces" in the rotating frame.
The coupled states approximation introduced by McGuire and Kouri6a
consists of neglecting the off-diagonal matrix elements of {,2 in the
body-fixed frame and further approximating the disgonal ones by
v | 42 | Myt = ﬁ?J(J+1)5n-m.ajj,6m:, \ (31)
This approxiuation and some related variants have been extensively dis-
cussed by McGuire and Kouri and co—\yvv;u'kers..6 Therefore, only the modi-
Tications to the potential malrix elements necessary for symmetric tops

will be presen'ed here. The potentiaol matrix in the body-fixed frame

is given by

1k



<IMJkm | B (R ¥, (R')|JMka>= A () (I ()

I_(23+1)(2.1 +1)(2x+JJ (i ﬁ g) (_-,,-, e J!

which is readily derived using the fact that
Y, (BY) = {)(2042) /() T 5o Masy). (33)
Note that Lq. (32) implies no coupling unless m=m" , and also that dif-
ferent values of k are coupled only by temms in the potential such that
p=k-k'. Again, matrix elements are independent of M . ich is subsequently
dropped from the notation.
As in the CC method, the potential matrix is Hermitean since,

c.f. Eq. {27),

<gkm | Y, | J3R'E'S> = <J3kw | (MY > . Y
Jim | Y, | 93K Jrmwt | (| g (34)
The Tollowing properties of the potential matrix elements will also be
useful:

<J k- | Y, | Jik'-m'> = (-)J+3'*"‘<Jgkﬁ| Ym| Ji'k'm'> , (35)
and s

km i, ey T (o J+J A e : 111
<J,1km|ym|JJ k'm'> = (-) djlan]Yx’_u|Jka>. (36)

The coupled differential equations for the CS approximation are
identical in form to those for CC (c.f. Eq. (24)) except that 1=J and
the channels are labeled by Jjkm rather than Jjk{. There is no coupling
between channels with different m, and separate sels of equations must
be solved for E;O,il,i2,...,ij*, where j¥ is the maximum rotor j-value
of interest. The asymptotic form of the rﬁdiul Tunctions defines a
scattering natrix <Jkﬁ| SJl J'k'm'> exactly as in the CC method (ec.f.

q. (29)) from which the degeneracy averaged cross sections are obtained

15
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(c:f. Eq. (30)) as
' Blegn)™ £ (2041) (37)

| 633.61&. - <,Jkﬁ| sJ| J'k'x_n>| :

olJk=g'k') = Mgy o

E. Effective potential.

The effective potential approximation was obtained by Rabitz58 by
taking a particular average of the potential matrix elements over degen-
erate rotational sublevels in an uncoupled, space-fixed representation.
This approach can alternatively be considered to be an expansion of the
total scattering wavefunction with "effective rotational states" which
are non-degenerate and which do not couple to the (partial wave) orbital
angular momentwn. This leads fo coupled equations identical in form to
cC (c.f. Bq. (24)) except that, since J and 4 are now identical, the
channels can be labeled by Jjk rather than Jjk4.

The EP matrix elements for symmetric top systems have been derived

5

by Tarr and Rabitz.'d For a symmetric top-atom collision the potential

matrix is given by

1 1 1 et w 5= . -u-k >
T | E N (R 1 (R | 350K> ZM wllm(R ) () n (38)
exp[in( | §'-J | +3'+3) /2] (k) 72 [(25+1) (25" +1) *

3 &5
(-k - k'> 5
The potential matrix is seen to be independent of J. Coupling between
k levels is due to terms in the potential such that p=k'-k. Hermiticity

of the coupling matrix is ensured since, as in CC and CS,

TP Y | I = <k | (-)“YA,_ul IPx'> . (39)

16
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The following property will also be useful:
- ()R
<JJ-k | qul J3t-x'> = (-) <J3k | Yi,_u| Ji'k'>, (40)
The asymptotic form of the radial equations defines a scattering
matrix <jk | sJ| J'k'> exactly as in CC (c.f. Eq. (29)) from which degen-
eracy-averaged cross sections are obtained as (c.f. Eq. (30))
et Y -2 !
o(gx=") = Mgy o " /e(3:8") Ty (2041) (42)
: J 2
| 6351br = <IK| 87| 3%">| % .

The "counting-of-states" correction, g(Jj,J'), was introduced by Zarur

p)

and Rabitz = to ensure proper detailed balance,
' 2 ! 2
(2542) #;" 0(4=g") = (25'41) ny," (') (42)
which doesn't arise naturally in EP due to the use of "effective rota-

tional states" that lack the normal 2j+1 degeneracy. Zarur and Rabitz

suggested for linear molecule-atom collisions the most symmetlricel form,

1 :
g(d,3") = [(2j+1) /(25'+1) 7 . (43)
However, it appears that a better choice might be7
1, J<i’
g(d,3') = (4h)
(2541) /(23'+1), 353" .

In either case, the counting-of-states factor is the same for symmetric

tops and linear molecules,

F. Symmetric top functions of proper parity.

As indicated in Section IIA, symmetric top eigenfunctions with
proper parity are, Eq. {12),
1
| Jkme> = [2(248, )77 (] Jkm> +¢ | J-kn> )

vhere k>0 and e=+1 except that only e=4l 1s alloved for k=0, By consi-
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dering this linear combination along with the symmetry properties of the
interaction potential, Eq. (19), the final working equations are derived
for CC, CS, and EP scaltering of a symmetric top molecule by an atom.
In the CC method, one must consider matrix elements of the inter-

aclion potential of the form
<Igket 0¥, 4, 1/ o) | 33'Kteta'> (45)

vy, (20046 017148, ) (146, 1))
[0t | ¥, +(MY | 33t gt rety-ke | Y, #MY | 93tk

"\

1
e

. +e'<I gk | qu+(’)‘1Yx-u | 73" k' g'>+ee ' <TJkL | Ym{r(f)uy}\_d Jjt-k'4'>] .
Note that p, k, and k' are non-negative here. Recalling that a matrix
element vanishes unless p=k'-k and using Eq. (28) to reverse the sign.of
k and k' in the third and fourth lerms, one obtains

Y <Jjkel | [qu+(-)“YA_u1/(l+6upz| Ji'k'e'L!> = (46)
vy @ [(18,0) (148,,) 3=
(w<T x4 | Y)@| TJ'k' L >+e<TJ-k | YM| J3'k'L'>)
vhere
6 = [1+ee ()3 WMy 0, (47)
There will be a contribution from the Tirst temm in Eq. (46) only if
Hu=k'-k, and it will enter with parity
) 1, k'-k=0 (L8)
v { (M, Kxo .
There will be a contribution from the second term only if p=k'+k. Only
one of these terms will conlribute unless k=0 and/or k'=0.
It can be verified that the potential matrix clemenis vonish iden-

tically unless

18
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i (49)

The CC equations can therefore be split into two non-interacting parity

TR L P PU S Lot

blocks for each J, leading to a reduction in computational effort.
The analysis for the EP approximation follows identically that for
CC. The final equation is
vy, ke | [Ym+(")uyh-u)/(l'+6u°3 | 33'k'e"> = (50)
Y @ [(1+6ko)(1+6k,0)]_§
(W< gk | YJ@' JJ'k'>te<T)-k | le Ji'k'>)
vith @ and w as defined by Egs. (47) ana (48).
- The analysis for the CS approximation is similar excepl that the
role of k and k' is intérchangéd:

v, <JJKie | [YAH+(')MY>\-HJ.'/(1+6 ) | Ji'k'm'e'> = (51)

AL u?
Yy, 0 [+, (138, o)1
(w<g gk | Y, i“'| J3 'K " Te ' <T K | Y)\u| Jj'-k'm) .
vhere
3 ;8 k-k'=0 (52)
; g (-  kx'<

and @ is given by Eq. (47).
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III. Calculations for NH3-He

A. Intermolecular potential.

The intermolecular potentiul was obtained as a function of the
position of He relative to the ammonia center of mass, (R',@',@'), in
body-fixed, principal moment of inertia corrdinates (c.f. Eq. (14)).
The geometry of the ammonia molecule can be described by the (carte-
gian) coordinates of the nuclei in {his same system - N(O., O 0.127),
B, (1.771, 0., -0.5928), m,(-0.8855, 1.5337, -0.5928), H,(-0.8855,
8

-1.5337, -0.5928) with all distences in bohr (1 8y = 0.52918x10 cm) -
wh:{ch is close to the equilibrium structure inferred from wmlerowave
spectra. The interaction potential was computed via the electron gaé
model of G;rﬂun and Kim,15 using tre compuler progrem of Green and
Gordon.16 From comparisbns with more rigorous quantum calculations Tor
other systems it appears that this method provides a semi-quantitative
estimate of the distance and angle decpendence of the shori-range repul-

AT

sive interaction. It also appears to give a reasonable estimate of
the position of the van der Waals minimum. It does not, however, cor-
rectly reproduce the long-range induction and dispersion energies, but
falls to zero too rapidly. In previous work we have supplemented the
electron gas approximation by smoothly joining it to the esymptolically
correct long-range elecctrostatic interaction. Because the cross sec-
tions here are nol expected to be very sensitive to the long-range
interaction, and because this study is designed more as a model calcu-

lation thon an attempt to obtain detailed cross sections for this

system, the electron gas interaction has been vsed without further
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modification.

The electron charge densities necessary for the Gordon-Kim method
wvere obtained from Hurtree-Fock functions. The NH3 function was obtained
using a Gaussian basis of approximately "triple zeta" quality plus p
Beilelcatton fuictions on the hydrogens. > Foi Uk, the asourate Slater
basis Tunction of Clc:ment,:ll9 was used. The interaction potential was
computed for R'/ay = 3.0 (0.5) 9.5, @' = 0 (30) 180°, and &' =0 (15) 60°.
For each R' value, the angular dependence was expanded in spherical
haxmonics, Ig. (19) ,» by minimizing the root-mean-square average error.
Because of the three-fold axis of symmelry, only YM with 4=3n are
~allowed in the expansion. A twelve term fit, which reproduced all
computed points to a i‘ew percent, was adopted for the scattering cal-
culations; this is presented in table 1. Smooth radial functions and
derivatives vere obtained from the tabulated points by fifth-order
Lagrange interpolation plus .cxponential extrapolation at short-range
and inverse power extrapolation at long-rarigc.lc

By examining semi-logarithmic plots of the VM(R') for the short-
range repulsive interaction, i.e. R'SSaO, one finds approximate expo-

nential behavior

v exp( -b)\uR') ' (53)

™
Furthermore, the slopes of the dominant temms are quite similar so that

: & 1
The strength of the anisotropy is then reflected in the size of the
various axu, from which it is seen that the interaction here is only

weakly anisotropic, i.e., a)‘u-:«-;l.



B, Scattering calculations.

Uainé the intermolecular potential described in the previous sec-
tion CC, CS, and EP calculations have been performed. The coupled
differeniial equations were solved using the piecewice analytic algo-
rithm of Gordon20 as implemented in the DriOISCA‘l‘21 compuler programs.
Tolerances were set to obtain 2-3 significant figure accuracy in the
final eross sections.

Becauce of permutational symmetry among the identical hydrogen
nuclei in ammonia, the rotational levels can be divided into two sets
vhich are essociated with different nuclear spin states and which inter-
convert at a negligible rate in thermal energy collisions. Ievels with

k=3n are designated ortho-NH, and levels with k=3n+l are designated

3

para-NH3. That the scattering calculations prediet no inlerconversion

of ortho- and para-NH, can be secn as follows: Molecular symmetry ensures

3
that the expansion of the 1n£ermoleculur potential, Eq. (19),w111 con-
tain only terms with p=3n. The coupling matrix elements in the scatltering
formalism vanish unless Ak=y. Therefore, there will never be coupling
between ortho- and para-levels and hence zero probability for collisional
interconversion. Since oitho- and par: --NII3 arc totally decoupled, scul-
tering calculations can be done separately for the two species. (This
pituation is entirely analogous tothe more familiar ortho-para distinc-
tion in H,.)

For pura-NH, the scatlering equations are invariant to simultancous

3
change of parity in the incoming and outgoing channels. Thus o( jke-3'k"¢")
15 equal to o( KT~1'k'E') where € denotes the opposite parity from ¢,

end only onc of these cross sections will be reported subscquently. lote,

22
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nonetheless, that both parities must be included in the scattering
calculations. This symmetry does not obtain for ortho-NH3 because the
k=0 levels exist in only one parity. Alsc, any energy splitting of
the k-doublets, such as that caused by inversion motion, would destroy
the perfect symmetry found here for para-NHS. '

The major approximation in the CC method is retention of only a
finite subeet of the molecular rotational levels in the expansion of
the total wavelunction. Thercfore, a nunber of calculations have been
done to examine convergence of the croses sections as the expansion basis
is increased. Results of such tests are presented in table 3 for ortho-
and in table 4 for para-NI

NI The difficulty in using larger basis

3 3°
sets can be appreciated by noting thal the Bl5 celowlation for ortho-
NH, required solving 61 and 68 coupled equations for the two parities

3

at each J, and lhe P20 calculalion for para-NH, required solving two

3
sets of 70 coupled equations for ecach J, It is apparcnt that converged
eross scclions are obtained by including all open (i.c. cnergetically
accessible) channels plus, perhaps, a few of the lowest closed channels.
This rapid convergence can be altributed in part to the small anisotropy
and widely-spaccd energy levels in this system which minimize the cffect
of indirect (highvr ordcr) coupling., If the interactlion were more aniso-
iropic, or if the potlentlial well were deeper comparcd to lhe energy
splittings (leudinu to chhﬁach rcsouunces), one might expect poorer

basis set convergence., The basis set convergence in CS and FP calcu-

lations was found to be similar to that presented for the CC calcuwlations.
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An examination of the CC cross cec;tiono begins to revenl interesting
"propensity" rules for different AjJ, Ak, and parity transitions, the
existence of which had been previously inferred from double resonance
data. To systematically study these, however, requires cross sections
among more levels than have been included here, so that apparent trends
have some statistical validity. ©Since it is nol currently feasible to
extend the CC calculations to many more levels, it is important to
document the validity of cheaper approximations. Toward this end, CS
end EP cross sections are compared with CC values in tables 5 and 6.
The EP cross sections are given both with (Eq. (43)) and without (Bq.
(44)) the "counting-of-states" correction suggested by Zarur and

Rabitz,”C

he CS approximation is seen to give integral cross sections
in semi-quantitative agrecaent witl CC, Although significant differcnces
exist for a few isolated iransitions, CS eppears to be generally quite
reliable for predicting the magnitude and relative size of differcnt
cross sections for this system. The cheaper EP approximation is in
somevhat poorer quantitative agreement with CC but is still generally
reliable for estimating the magnitude and relative size of cross sections.
Experience with linear molecule-atom collisions would lead one to attri-
bute the accuracy of IP here to the small anisolropy in this system.
Also, following previous experience, for most transitions IEP without
the "counting-of-states" correction gives better agreement with CC,

The integrel cross rectlons considered above are only one measure

of the overall collision dynamics - albeit a very important one since

they determine the rate of collislonal encrgy iransfer - and 11 is
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important to determinc whether C5 and EP provide a reliable description

of other details of the collision dynamics as well.u”a2

In this paper
only the partial opacities - the contribution to the cross section from
different total J or partial waves - will be considered. .t is found
that the CS partial opacities agree very well with CC values for inelas-
lic processes, the largest discrepancies, if any, being in the lowest
Tew partial waves, For elastic cross sectione, however, the agreement

is not so good, with the exception of oJ(00+4OO+); for other elastic
transitions CS values lend to oscillate sbout the CC results. Fig. 1
shows typical examples of both cases. The behavior of EP partial
opacities was found to be quite similar to that of CS. Although detailed
calculations have not yet been bcri‘ormed, one can anticjpnte‘??‘ Trom the
behavior of the C5 and EP elastic pariial opucities that these approx-
imations maoy not be adequate to deseribe oflier colliciznc) phenomena,

in particular, differential cross sec! ' ons and collision induced spectral

pressure broadening, for this system.



IV, Conclusions
The fommalism for describing collisions of a symmetric top rotor
with a spherical atom has been presented both within the accurate close
coupling framework and also the coupled states and effective potenlial
approximations, Calculations have been performed f~ & model of the
N

3
of the lowest rotational levels are of intercst. These begin {o show

~He system which demonstrate the feasibility of CC when only a few

interesting "propensity rules" for parity chunges, the existence of
vhich had been previously infer 'ed from microwave double resonance
eo:peﬁments.e Unfortunately, a.proper study to compare with available
data requires more rotational levels than can be handled by CC with
present computational techniques,

On the other hand, 1;1; was founc} that the CS approximation pave
results in nearly quantitative agreement with CC and that the FP approx-

ation vas at least qualitalively correct. These methods are also
cheap enough to allow e proper study of collisional energy iransfer in
ammonia. To compare with experimental data, however, such a study mst
also account for the inversion mot’on which has been ignored here., To
conclude this papcs e briefl discuseion will be given of the necessary
modifications, .

To a first approximation, inversion can be d(:scribud?3 as one-
dimensional motion of the nitrogen nueleus nlong the z'-oxis (with
coryoa  nding motion of the hydrogens in the opposite direction 1o
preserve the center of mass at the orjp,in). If this coordinate is

labeled h, then the rigid rotor configuration deseribed in Section ITILA

-
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correasponds o h-he, the equilibrium position. From symmetry, the

vibrational potential energy is unchanged on taking h - -h so that

there is a corresponding minimum at h--he, anl a potential barrier petween

these with maximum at h=0, The lowest vibrational mode in this polen-

" tial is symmetric with respect 1o h = -h, and the Tirst exc.ted mode

is anti-gymmetric. To achicve proper symmelry of the total wavefunc-
tions for wumonia (electronic-vibrational-rotations)-nuclear gpin) 1he
symmetric (anti-synmctric) inversion function can combine only with one
of the two | Jktem> synmetric top functions; the lower (upper) inversion
doublet then corresponils to the lowest (first excited) vibrutional mode
plus the appropriatle rotutional parity function. For k=0 only one of
the rotational parity st-les exists and only the corrcsponding ewven or
odd vibrational state is then allowved. (Sc-e Ref. 23 for a more delailed
discussion.) It is 1hus seen tnat each of the parily rolor basis func-
tionec used in this study corresponds 1o & specific upper or lower member
of a doublel,

It is nlso nceessury to consider ine effort of the inversion motion
on the inleraction potential and its matrix elements. For the projeclile
at (R',@',G'") in the molecule-fixed axes it is opparent thal the inter-
actlion depends parametrically on ihe inversion coordinate, h, the polen-
tial given in Section 1II.A corresponding to L'hc. From simple geometry
conslderalions one has the useful facl thal the coordinate chunge h - =h
is equivnlent to @' - n-p'. The potenlinl matrix elanents must be :vere-
aged over the inversion motion. 1In principle, the interaction muslh be
oftained es o fuuction of R', @', 4'y, and h and evernrcd over the vibra-

tional functions which depend on h. 11 can ve noted, hovever, that e

-~
-
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lowes” and first excited vibrational functions for ammonia peak rather
sharply near the two equilibrium positions hﬁihe. To a good approxi-
mation then, it is seen that vibrational matrix elements between levels
with the same parity are given by

<+|V]+>a 3v(r'@'#;n ) +v(R" ©'#';-hn )] (55)

~ 3[V(R'0'8" ;0 ) +V(R',m-043" 50 ) ] 5

and between levels of different parity by

<F| V| >~ 3V(RO'E ;0 )-V(R,1-0",8";0 )] . (56)

Thus, the cemputational techniques now appear to be in hand for

studying energy transfer in amnonia-rare gas collisions. The experi-
mental results of 0ka8 will then provide a stringent test of these
theoretical methods. Besiaes tﬁe double resonance data, collisional

excitation of ammonia is also of current astrophysical interest for

2l
3.
For these reasons we hope 1o undertake a more complete study of this

interpreting the observed non-thermal excitation of interstellar NH

syslem in the near future.
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Table 2
Rotational levels of ortho- and para-ammonia included in the

scattering calculations.

ortho para

Eyes O level jke  Eypom.
0. 1 11+ 16.2446
19.8805 2 11 - 16,2446
50,641k 3 21 + 56,0055
119.2828 I 21 - 56,0055
86.5601 5 22 + 15,0980
86.5601 6 22 - 15,0980
198,8046 7 31+ 115.6Mh69
166,0819 8 31- 115.6469
166,0819 9 32 + 10h.7393
298,2068 . 10 32 - 104.7393
265 1841 11 b1+ 195.1687
265,484 12 [ 195.1687
h17. 4895 13 b2+ 184 2612
38, 7668 1k L2 - 184.2612
384, 7668 15 L4 o+ 140.6310
286.5989 16 | P T 140.6310
286.,5989 1T 51 <+ 29457038
18 51 - 2915708

19 52 + 283.6631

20 52 - 283.6631



Table 3

Basis set convergence of cross sections for collisions of

1

ortho-NH., with He at a total energy of 100. ecm ~. Basis designated

3

Bn includes the first n levels of ortho-NII3 listed in table 2.

olJke-d'k'e’), A°

Nk pi'x c3'k'e! 6 B9 B12 R15
00 + 00 + 156. 156. 156, 156.
10 + 1.22 1.18 1.18 1.18
20 + 0.4 0,57 0.61 0.67
33+ 0.067 0.092 0.11 0.12
33 - 0.91 0.90 0.94 0.93
10 + 10 + 162, 162, 162, 162,
20 + 0.99 0.99 1.02 1.03
33+ 0.95 0.95 0.93 0.94
33 - 0.041 0.0l5 0.047 0.049
20 + 20 + 158. | 158. 158. 158,
33+ 0.27 0.31 0.33 0.36
33 - 0.75 0.77 0.80 0.81
33+ 33 85.5 85.2 8h.8 85.1
R 0.l 0.4 0.43 0.43
33- 33 - 86.0 85.6 85.h 85.6




Table U

Basis set convergence of cross sections for collisions of

para-NH3 with He at a total'energy of 100 cm-l. Basis designated -

Bn includes the first n levels of para-NH, listed in table 2.

3
ol Jke=3'k'e"), A2

Jke J'k'e! B6 B10 B16 BP0
11+ 11+ 161. 161. 161.. 161.
11 - 0.72 0.67 0.60 0.60
21 + 0,67 0.66 0.61 0.61
21 - 0.16 0.16 0.16 0.17
22+ 0.0035 0.012 0.011 0.011
29« 1.07 1.01 1.03 1.03
21 + 21+ 163. 162, 161. 161..
2 0.49 0.46 0,38 0.37
22 4 0.61 0.7k 0.7h4 0.74
89 .- 0.11 0.13 0.12 0.12
22+ 22+ 165, 165. 165. 165.
29 - 0.'7h 0.7h 0.72 0.71

-
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Table 5
Comparison of close coupling, coupled states, and effective poten-

tial cross sections for excitation of ortho-NH3.

ol ke 3'k'e"), 1°

a
CC/B15 CS/B1Y EP/B15 (corrected)

EneggyLAcm-l Jk e s
100, 00 + 00 + 156. 156, 157. 1973

10 + 1.18 1.05 0.97 1.68
20 + 0.67 0.29 0.12 0.27
33 + 0.12 0.0 0,029 0.076
3% - 0.93 1.13 0.52 v

10 + 10 4 162. 163. 158, 158,
20 + 1.03 1.15 2.23 .89
33+ 0.94 0.94 0.7k 1.4
33 - 0.049 0.036 0.20 0.30

20 + 20 + 158. 156. 146, 146,
33 0.36 0.29 1.04 1.24
33 0.81 0.81 1.38 1.63

33+ 33 + 85. 86, T1s 1.
33- 0.43 0.45 0.43 0.43

33 - 33 - 86. 86. s Bs

190, 00 + 00 + 124, 125, 125, 125,

10 + 1.k2 1.38 1.2k 2.16
20 + 0.25 0.1k 0.24 0.54
30 4 0.45 0.6 0.30 0.80
33+ 0.0017 0.0 0,022 0.058
33 - 2.65 2.71 . 1.63 4,32
L 3 4 0.0003 0.0 0.0025 0.0075
4 3 - 0.18 0.17 0.14 0.43

10 4 10 + 130, 130, 123. 123,
20 + 1.30 1.30 2.90 3.79
30 + 0.12 0.15 0.21 0.32
33+ 2.24 2.30 2.07 3.16
33 - 0.10 0,11 0.h7 0.71
L 3 4 0.10 0.1] 0.15 0.27
3 - 0.35 0.33 0.20 0.36
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Table 5, continued

Brergy, en”: jke  A'k'e’ CC/Bm5  C8/B5  EP/BI5  (corrected)
190, 20 + 20 + 143, 143, 13k, 134,
30 4 0.89 0.90 2.17 2.57
33+ 0.22 0.2h 0.80 0.95
33- 1.49 1.56 1.76 2.08
L 3+ 0.84 0.84 0.64 0.86
43 - 0.018 0,028 0.077 0.095
30+ 30 + 162, 162, 155 155
33+ 0.77 0.80 1.10 1.10
33- 0.27 0.30 0.47 0.h7
43+ 0.051 0.06k4 0.2k 0.27
b2 0.97 1.01 0.82 0.93
33+ 33 + 153. 193 153. 153.
33 - 1.13 1.19 0.52 0.52
L 3+ 0.48 0.49 0.0073  0.0083
b 3 0.096 0.11 0.081 0.091
BuiSu= 33 - 153, 153 153 153.
43+ 0.11 0.12 0.032 0.036
h 3. 0.h7 0.48 0.0095 0.011
b3+ b3+ 150, we. D1k, 149.
L3 - 0.38 1.37 1.05 1.05
B 2 b3 - 150. 6. ° 150, 150.
8 v.iues corrected for "eounting of states" obtained via Eq. (43);

uncorrected values oblained via Eq, (Wh).

b .
From a CS/B17 calculation.
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Table 6
cbmpnrison of close coupling, couplec. states, and effective poten-
tiel cross sections for excitation of para-NH3 at a total energy of 250 cm-l.

ol Jke-y'k'c"), A

a
Jke J'k'e’ cC/Br0 €S /120 EP/B20  (corrected)
11+ 11 4 113. 113. 110. 110,
r O AR 0.81 0.89 0. 0.h1
21 + 1.00 1.00 0.28 0.36
21 - 0.21 0.15 )..00 1.29
22+ 0.0006 0.0005 0.11 0.1k
22 - 1.56 1.47 5.88 7.59
. i 0.069 0.1h 0.052 0.080
3) - 0.36 0.36 0.68 1.04
32+ 0.l 0.h2 1.20 1.83
32 - 0.22 0.49 0.69 1.05
L1+ 0.12 0.15 0.049 0.085
b - 0.0076 0.0050 0.2 0.21
42 4+ 0.053 0.053 0.13 0.22
42 - 0.033 0.018 0.11 0.19
L4 + 0.04Y 0.045 0.015 0.026
Ly . 1.2k 1.15 0.94 1.63
21+ 21 + 122, 122, 16, 116,
21 - 0.62 0.65 1.2 1.22
22+ 0.87 0.89 2.5h 2.54
22 - 0.16 0.23 0.57 0.57
31+ 0.85 0,94 1.15 1.36
. 5 0.070 0.053 0.058 0.069
32+ 0.018 0.019 0.033 0.039
32 - 0.81 0.85 1.61 1.90
L1+ 0.019 0.05% 0.026 0.035
b1 0.085 0.089 0.16 0.21
2+ 0.20 0.20 0.38 0.51
4P - 0.0 0.13 0,14 0.19
i T 0.91 0.94 1.08 145
by - 0.4 0.13 0,13 0.18



Table 6, conlinued

1ke  J'k'e' cc/Beo 8 /820 EP/B20__ (corrected)®

22+ 22+ 120, 119. Y. 117.
22 - 1.33 1.35 0.69 0.69
31+ 0.15 0.15 0.2h 0.28
31- 0.29 0.28 0.69 0.82
32+ 0.91 0.82 0.1h 0.16
32 - 0.12 0.054 0.48 0.57
L1+ 0.038 0,038 0.067 0.090
[ 0.239 0,070 0.13 0.17
b 24 0.015 0.13 0.022 0.030
h2 - 0,21 0,22 0.22 0.30
Ly 4 0,068 0,066 0.048 0.064
54 . 0.0006 0,0007 0.0039 0.0052

31+ 31+ ., 1 134, 13h,
31 = 0.30 0.34 b 0.76 0.76
32+ D TT 0,82 b 1.24 1.2k
32 - 0.041 o.oh'(b 0.16 0.16
L1+ 0.72 0.73 0.97 1.10
h- 0.023 0.030 0.043 0.049
b2+ 0.018 0.0227 0.023  0.026
b2 - 0.48 o:leg 0.56 0.63
| P 0.17 0.19 0.24 0.27
by - 0.51 0.52 0.68 0.7

® Values corrected for "counting of states" obtained via g. (43);
uncorrected values obtained via Eq. (L4),.

b
From & CS/B16 calculation.
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