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ABSTRACT

The radial diffusion equation with synchrotron losses is

solved by the Laplace transform method for near-equatorially

mirroring relativistic electrons., The evolution of a power
law distribution function is found and the characteristics of

synchrotron burn-off are stated in terms of explicit parameters

for an arbitrary diffusion coefficient of the form DLL'zlﬂéua."'“

The pésking of the 10.4 cm volume emissivity from Jupiter at

. L=1.8 provides an estimate D°=_-9x 10 sec ' in the Padiation
belts; this value is suggested as the apprapfiaté'mcdification

" for an equatéria] field strengfh of 4,2 Géuss of Birmfﬁghéﬁm

et al.?'s (1974) result,. Non-synchrotron losses are included

phenomenologically and from the phase space densities reported

by Mcllwain and Fillius (1975) the particle lifetime is esti-

8 LZim

mated as v ~6x 10 sec, Asymptotic forms for the distri-

bution in the strong synchrotron loss regime are provided.

1'lEterbas'f.'rrje:'m:'oi’ Physics
» Ty
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| INTRODUCT(ON

Prior to the Pioneer 10 and 11 missions to Jupiter a con-
siderable effort was made to estimate the fluxes of energetic
particles in the radiation belts, The basic starting poinf
was the two-dimensional interferometer'maps of non-thermal syn-
chrotron radiation provided by Seéée (1966) and Branson (1968)
and deconvolved by Beard and Lutﬁey‘zfé53) into equatorf;1_emis-
"sivities., The radial diffusion equatioh with synchrotron losses
was then solved (Birmingham et al., 1974; Coroniti, 1974; Stansberry
and White, 1974) ahdrparaﬁeters varied uﬁtil é best fit with
the equatorial emissivity was found, This ﬁroeedurezgave a
determination of the radial diffusion coefficient which was
:in-reasonaple'agreement wi th théoreticalAdescfiptions of the
diffusion process based on athSpHerie neutral winaé driving
a fluctuating dynamo electric field (Briece and McDonough, 1973;

- Coroniti, 1974), | |

.The data provided by Pioneers 10 and 11 have been consis-
tent with the model of an intense core of electrons with pitch
angles near 90° confined to equatorial magnetic latitudes and
undergoing inward radial diffusfen. The pancaked nature of
the PftCH angle.diétriiutionrwas demonstrated by Van Allen et
ai,(1974), who modeled the distribution'as fcnsinMe and found
that:for'the 21, 31 MeV detectors M = 3.5, &4 gave good closure
" for thé_inbeund/aufbdund_Pioheer 10 data between helel2,

The signature.of inward radial“diffusien is manifest in all

flux diagrams, J(L), especially in the vicinity of the Jovian
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satellites; if measured phase space densities at constant first
invariant decrease towards the pianets, as in Fig. 1, an inward

diffusive current must result when the particles! third invariant

Is violated.,

The purpose of this paper is to re-examine the radial dif-
fusion prqb!ém in Tight of the measurements of Pioneers 10 and

11, Previous a2nalyses have used ‘models for the electron dis-

tribution which differed significantly in form from those measured,

and all conclusions heretofore have reljed on numerical computa-
tions, with underlying physical relationships not manifest (viz.,
how are Birﬁingham et al.fs'(197h) results modified by an improved
measurement of the magnetic field strength?). The mounting
evidence that radial diffusion is a fundamental magnetospheric
transport process warrants an analytic solution with conclusions
of ceneral apnlicability. | N |
" We solve the steady-state radial diffusion equation with
synchrotron losses for near—equatorially mirroring relativistic
electrons, dariven by a diffusion coefficient modeled_as Drg, = DoLa,

by the Laplace transform method previocusly utiiized‘by cOrbniti_
(}974). This procedure brihgs the analysis in close analogy

with the problem of heat echduction in solids (Carslaw and Jaegéf,
1959). Our seclution is similar to that of Birmingham et al.
(1974), whé used an eigenfunction expansion technique with a

delta function source of particles in the outer belt. We, how~

ever, concentrate on the evolution of a distribution function

of particles (a power law in momenta) whose properties are now

fairly well known. The solution is shown to vary as the loss-free

REPRODUCIBILITY CF THE
ORIGINAL PAGE IS POOR



'solution up to a point where synchrotron losses become domi-

nant. A precise statement of this synchsotron "burn-off" regime
.is found, where significant reduction of the phase space den-

sity occurs ‘due to rapid synchrotron degradation on a time scale
comparable to that of radial diffusion. The Laplace transform
technigue has the advantage of pgoviding an integral representa-
tion for the solution from which asymptotic forms for the dis-
tribution in the "burn-off" regime can be obtained. For application
to Jupiter, the peak of the 10.4 cm volume emissivity at L=1.8
(Birmingham et ai., 1974) provides a lower bound to the magni-
tude of the diffusion coefficient (i.e., diffusion is stsong
enough to t:ansport electsons into at 1east L= 1.8).‘ The decay
of the volume emissivity at smaller L values is presumed to

be due to synchrotron degradation of the d;str;butlon_wnlch
provides an dpper bound to the diffusion coefficient.

S Since MeIlwain and Fillius (1975) have found.signifieant
decreases in the phase space density inside of Io which are
non-synchrotron assoclated, we have included a phenomenologlcal
loss termi and and resolved the radial diffusion.equation excluding
synchrotron iosses. It is argued that for a partlcle llfetlme

2= a,‘the solution is a power ldv 13 the

which varies as 1 = 1 ol
loss region, cons;stent w1th ohservatlon. From the slope of
measured phase space densltles, the magnitude of particle 1ife*'

‘.time, Ty is‘estimated. 7
?inally, if the particle lifetime persists as .t = TOLZ—u
into the synchrotren emissien region (Lv2), a oomplete‘solution
which includes both phenomenologioal and synchrotron losses

-is provided..
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i SOLUTION OF THE RADIAL DIFFUSION EQUATION WITH SYNCHROTRON
LOSSES

The basic equation governing the steady-state radial dif-

fusion with synchrotron losses is (Schulz and Lanzerotti, 1974)

o

Lf(x, p, t) = L2 ;"IE{ 0, g—f] - TR 1 - FLF =
e - : . N € B
f(i, E, t) is the phase space distribution function averaged
over phase éngles conjugate to M, J, ¢ and n(x, t) = Sdpf is
the 1oqal density. M = %ﬁ%%%;ﬂ is the first ad;abatic invariant,
6 is the equatorial pitch-angle, J = dp”ds is the second invariant,

and L = r/RJ is the magnetic shell parameter for a dipcle field

B(L) = BOL-3. The quantities <M> and <J> are the bounce-averaged

rates of change of M ana J due to synchrotron energy 1lOSS. )
Throughout this paper we make the assumptions that most of the
electrons mirror near the equator (eﬁin/z) aﬁd have ultrarelativistic
energies y = (l-Vi/EZ)'%'>> 1. For this case, the synchrotron
degradation of the second invariant is small since (J)<xcosue.

and b/bJ(J)<xcosze (Coroniti, 1974); hence the iast term in

(1) will be dropped compared to (M), which is finite at 8 = n/2.

We approximate M as E%_ §%—7.

The rate at which M changes due to synchrotron emission

is, to lowsst order,

Y 4 e -~ - —__0 M
My = -3 =35> T3 g et (2

-
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10, = ool."‘, equation (1) is of the form

" D,
f a- 2 3/2 " ey
bt = Lz[b_l.' Dot ]*an[ o7z f] (3

a)  Initial Value Problem

The consequences of the synchrotron term can be understood
if we drop the diffusion term in equation (3) and solve an initial
value problem with £(t = 0) = £_(M) = AMf%(N+2)B(M°-M). 8(x)
is th? Heaviside step function which introduces an arbitrary
cutoff, Mb' at. large values of the first znvarlant. N is the.
spectral lndex of the distribution and A is a normallzatlon.

Two cases are of interest for comparison with the diffusion

problem developed in the next section: if N = 2 the solution

is
£(M, N=2, t) = S l-—=t|0(M -M) (4)
! ' M2 2L15/2 o
where
) M ﬁr ' (5)
o - (l+—%€’—t) R -
If t>¢-t = S= 5 (the synchrotron energy half—llfe of the
oS

' cutoff) a. 51gn1f1cant burn-off of partlcles occurs at M even
" though an;Mo. The  second term in equation {4) 1s-a-synchro—

tron correction to the N = 2.spectrum. For N = 1 the sélution

is

LN
e EE
Ay et e
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- = _& = o
f(M, N=1, t) = ;37-2-9(M° M) (6)

with EB the same as (5). The synchrotron correction is absent

-3/2

since £ <=M is a "stationary" solution.

b) Diffusive Boundary Problem

The diffusive boundary value problem has much the same
effect, |If the diffusion process cannot transport part:cles
in faster than their synchrotron degradation, burn-off should

occur, - |I'f we estimate characteristic times from equation (3)

sz
T r "Th -~ —————
syne ~ 57 M TR.D. o152

then
TR 0. D Jr_ . Jﬁq = 1 ' (7)
“where |
. | 5 D m-l/2 6
| b= m _""'4 '57‘2‘ (8)

roughly marks the transition from the synchrotron burn-off regime

- to the pure radial diffusion regime (weak synchrotron losses).

'In the steady-state equation (3) becomes

s dx 3.

LCo B
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Lett-ng G =m3/2, y -?ﬁ. then if G(s) = _[ SYG(y)dy,

2 g__ G = : ._ -

where we require

lim e sVcs(:. v) = lim, efMyzf(L M) =0 (11)

' B ' ' Y-OD 1 LX)
3 s : 'y - 4
| .  The solution of.equ'avtioh“{-lo)' 'subjﬂectwto 'the”!'a'our{&'ary conditions -
o 6(L = L;) = 0 at the surface, L; = 1, and 6(L =1,) = 6,(y)

LT .l
b . =48

! , L\%(B'“) 1 1 ,:m-&-e.
4 flL, M) = \T,/ W2 2T apet® |
. Vo (xr) 1 (xb) -1 {(xb) Lol
s .
. € YG (Y {l xaJ T (xb)- T (xb) l_ifxé)} (12)

where the contour lies to the right of all poles of the inte-

grand, | +y

(xr} is the modified Bessel function and

) 1. I2s _3-a .
* = Ta+ 1'1/'z|"~,[:- Ve g FI1/2 r,

Sl +11/2) L c3e+11/2) L -3 (e +11/2)
R ' o ' o i

(13)
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;3ﬁ2
" At L, we assume that the distribution can be represented by

a power law fo = ;IT%:ET; Equation (12) then becomes
2

T e R s SSRGS T T

¥ - $(3-2) il
F(k, M) = A(——) Wﬁ%(rﬁll te

~jet€ ¢

{’: (r) 1 (b) - 1 (b) | L) o
11 ua) T BT 6] . (xa)} (14) .

t R

-y -

\ lrh

with

l
2 ____2/Mt _ |
T e+i1/2) O @+ 11/2 (15)

. If v Is an integer the bracket is replaced by-its.limiting.valan

: | While I (lr) has a branch point at the orlgln, the com-

Y bi;atuon in the denominator of the bracket is a singie-valued
even. function of A; as a function of t, all of ‘the poles of
the_bracket llgﬂon the negat|ve_;;;;”;;T;—EGray and Ma;;;Qs,”“
1922)., If N is:an integer the contour can be closed by a semi-
circle to the left and the integral is evaluated by the theory

«of re5|dues in Appendix A,

- P - R P -

The case of N = 1 is relevant For synchrotron emitting
particles at JUpiter since the time-averaged power spectrum
of non-thermal emissions is flat between 200 MHz < f < 3000 MHz
(Carr and Gulkis, 1969); if the E-M Spectrﬁm varies as f'ﬁir
6 is related to the spectral index by § = $(N-'1) (see equation
%- : (36)). Figure 1.is a élot of phase-space densities reported
: -by Mcllwain and Fillius (1975) from Pioneer 10 measurements

of energetic electrons, For L> 10 the particles have a spectrum
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which has N© 3.5. Inside Eurbpa and Io, the spectrum of low
energy particles {y~2- 16) hardens considerably ant at L = 3
has settled into a profile of N>~1; the corresponding range
of M is 6.4 - 360 MeV/G.

From Appendix A ws have for N = 2

f(L M N = 2) ( )2(3 0’.) —{A + __.ZA

- 2
cemee Yy on

_—zi v

n=1 Y\;,n

™9 (v n2) 3%y o)
Frgre®) )

-D\,(a-,.nba' ¥ (vy07) - (r=0)]}

| (16)
and for.N =1, neg1ect|ng edge efrects at Mo (M << M ) )
3(3-2) - i—’f'i'n
fum = 1) = AE)T A e T e B
° M n=1
"J_v \;’.ﬂa);J (Yv',nb>

(17)
, A1 are functions 6f L defined

where ')-;2 = ———Qﬁ-—— and A

(¢ + 11/2)%0
in Appendix A; Yy,n are defined such that

—

REPRODUCEP[LF‘V OF THE
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oo

10

Jv(vv,nb) Yv(vv.na) -Jv(y“’na) Yv(yv.nb) = 0, These solutions
can be compared with Birmingham's (1974) equation (11) for the
invariant-space distributidn function, The similarity with

the initial value problem is clear. When 12-0 only the A,

term survives to reproduce the loss-free solution to equation
(9). The term %XzAl is the synchfotron correction to the N = 2
spectrum. The series of Bessel functions contributes when Iz-vw
and strong synchrotron degradation occurs. In fact, if-%ié 0,

- the series in equation (17} is a representation of =R, of'the

type described by Erdélyi et al. (1953). Weak synchrotron losses

can be expected when the argument of the exponential is not

2
v,1°

lated by Jahnke and Emde (1945). In particnlar, if v = 1/2

small and-iefby A few of the values of v, . have been tabu-
r

and b = 1, Yeon = I%;3==nw for a = L;%(°+ll/2)~¢<1. For other

values wf v, Y is close to 1. We conclude that prcovided

2 = —'—“aﬂi“ﬁrﬂﬁém
{a+11/2)°D

2 (18)

weak synchrotron losses prevail throughout tﬂe diffusion to
the surface.

L The more interesting case involves particles which experience
weak losses at Lo but undergo strong degradation'at I.. Inspection
of the bracket of eqﬁation (14) reveals that the criterion for

- weak (strong) losses at L depends on whether Iiv(Ar) is in the
'small argument (asymptotic form) for most of that part of the

integration up to where the exponential cuts off at t = -1.

In this case an asymptotic expression for the distribution function.



1l

in the burnéoff regime can be obtained by expanding the rele-
vant Bessel functiocus in equatisn. 14) and then inverting the

transform. - This procedure is carried out in Appendix B. Thus,
2—2 1.2

the appropriate modification of (18) is X iﬂ and provided
that
2/M | 1 ] <l 2 é
SFI/ZiZ T (19)

(a+HJH DL

weak synchrotron losses will prevail from L to Lo.. This result

is similar to the estimate given by equation (7) but differs

significantly by the factor of (a+11/2) 2. We have arbitrarily

- chosen the transition crlterlon at A‘r2‘=} 2, but inspection

of the argument of the uxponential in equations (B.6) 6r-(B.8)
suggests an alternative Tzrz_gé which modifies the result only
slightly. Although the solution (a.14) and“in.particular equa-
tions (16) and (17) are valid for integer values of N, the bura-

off criterion.(195 and the asymptotic forms are valid generaily.

¢) The Diffusion Coefficient

The synchrotron emissions (which peaP at L=1, 8 for 10.4 em

raduatlon) span the frequencses Af 200 3000+ MHz If the - - b

electrons emit predomlnantly at the charactersstnc Frequengy

fé = %fofg'é‘ﬁ% eimf“ 2, then for a surface magnetlc field strength
‘of 4,2 Gauss, Ay = 8- 32 at L =1, 8, corresponding to
AM = 22 - 352 MeV/G. Equation (19} can be expressed as

REPRODUCIBILITY OF THE
ORIGINAL PAGE IS POOR
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(3 1x 10 9)55’ T—_TMeV/G
O (0‘-"'1‘/2)2 LU.""“/Z

77x10 ‘083’2} 1 S -1
(a+11/z) L°+5/2 {se<™)

_. -The Pioneer 10 data (Mcllwain and Fillius, 1975) indicate that

for AM = 6.1 - 360 MeV/G the spectral index N~1 at L = 3, The

flat synchrotron spectrum is consistent with N = 1 throughout

the strong synchrotron radiation region, which extends to at

least L = 1.8. The flat synchrotron spestrum suggests that
the radiating electrons diffuse to L = 1.8 without a signifi-

dant synéhrotron'degradation of the ¥ = 1 spectrum, we use (20)

"wWith the upper value o‘ M= 352 MeV/G (f 3ooobMHz) to arrive

.at an estimate cf the mjnimum diffusion coefficient Do which
is consistent with the pfeservation\of the N = 1 spectrum,

We find that the minimum value Dg_min><101° = 0.88, 2.0, 4,6,

11 sec'l fora =14, 3, 2, 1, Note that-for the 3000 MHz emitting

particles to diffuse to the qurface with weak iosses requ;res

D x 1010 = uo, 50, 64, 86.

. {20)
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Pl NON SYNCHROTRON LOSSES

a) Gen#fal Scaling Laws

" For weak synchrotron losses we need retain only the A,

term in the distribution function, and since Ao(L, v) = AO(L, -y)

rL'l'(B-a.) -l.--’z-.l'B-_o. b, «t3
F(LY~4 (21)
Tint : o= 3 |

b -

o Mcllwain and Fillius (1975) have pointed out that FIQ- [

shows f(L)~ L9 where q=4&, which is possible in the absence

of any losses only if & is negative. Since sefious synchrotron

losses yield exponential dependences on M and L, and since the
weak synchrotron loss criterion is satisfied oy these particies

within the l1imits of experimental measurements of the diffusion

_COeffiéient, another® loss mechanism must be active. |f we drop

the synchrotrdn term in equation (1) and replace it by a pheno-

" menological loss term, then

pf .12 2 fL |
bt = b DLE_ B ] T—(L—T«r‘ (22)

where T(L M) |s the particie lifetime,
i. The lnclusaon of energy dependences is stra:ghtforward
oL“ﬁmlz andl¢(L) = TEQBMGI- where M is

the first invariant arbitrarily normalfzed;;

EEESTUT

Axa

“ -

aE

‘.‘
TR 4



2 -l(m+6) 2-0-8
2 f LF !:1—2—-—-—-- v -
L :Eiua 2) 2 - 0o L F(L; M) =0 (23)

Using the boundary conditions f(L = Li) = 0 and F(L = Ld)'= fé(M)
" the solution of (23) is

,(3-«) .IA,(xr)l (xb) - 1__ (xr) | (xb)
f(L, ”)""("') Tlv(xa)n (xb)-l (xa) Txb)

o (2w
and :
|
_ 3-& = 2 ~ -»4ww)
VT a+B-2 la+p - 21IV0 -r
cromUElese2) L heee2) thlee2) (o

For weak losses, the solution (24) behaves like eguation (21).

For strcng losses, the solution behaves asymptotically as

L, %(3-¢) . [Z sinh[x(b-nr)7] .
£(L, M)m'(ﬁ;) foj; Sth[g(b-afj (26)

Arbitrary values of 8 yieid‘éxponential dependences on L, But,
for the speclal case B = 2-a it can be shown that (24) reduces
to

L %(3--0?) oL (3~a)C

£ Mgy £ ()

o) o]

r_ (L; /L) (3- “’c—l

a [1_(1‘/1.)(3"?]‘

(27)

' where - e e
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1974). Figure 1 demonstrates a weak dependence on M inside

-5
4 ﬁ--!s’{ms)

(3-a)2D T

e=|1+ (28)

then outside of the surface absorptlon raygion [}L /L)I3 “'c <<{J

the solution scales 1ike

£(L, W = ()% | 29
b Y he .
wherz
|
= L3-a)+|3~alc - © (30)

Solving for the magnitude of the_particle lifetime

_J..ﬁ-%(m+5)

which is, of course, what will result if we assumeia power law

'for £f a p:iori and insert it into'(22). If m}fa = 0 and if

we choose o = 4, 3, 2, then estimating the slope from Fig. 1

- N : cor I =2+ 1 1
es g=4, we have ae an estimate for DOTO = 55’ 16’ i3°

The fecf that the observed distribution behaves like a

power law in the loss region, L-<10, supports the argument that
2-a

(L) VL . This situation, as stated above, is only the require-

ment that anomalous losses just balance the diffusion source

and that f behave as a power law in L..

If the corotation drift dominates over the curvature-gradient

drift at Jupiter for these particles, we expect m=0 (Coroniti,

-

REPRANTICIELITY OF THE

ORIGETAT, P37 IS PO0R

= g{g+a-3) ' . (31)_

.
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the loss region (i.e., g#q(M)) which supports ‘.th:e_; ar,.},_ra_:c;_;ma-—

tion § = 0.
Although the loss mechanism has not been confirmed, loss
cone precipitation is the leading candidate. For a dipole field

the minimum precipitation. llfet:l.me on 4strong pitch-angle dif-
2L R.y
J
fusion is (Coroniti, 1974) Tmi ———-E which is independent
c(‘Y - 1)
of energy for relat:.v:.stlc electrons. For the size of the dlf-
-1

fusion coeff:.c:.ent suggested in sectlon II {D ~n 10 -10 sec ),

" we find that for DoTc = '2—16, T>>T . and that if pltch-angle |

min

"diffusion is the loss mechanism, the weak pitch~angle diffusion

regime prevails.
We note that if the particle lifetime presists as Tt = T, L

into the synchrotron emission region .and that no other, dif-

2-a

ferent meche-nism takes over at small L< 2 values, then if m=6= 0,

'_ synchrotron losses can be included and all .of the formulas of

section IX still hold with the only substitution
]
4 . .. .
—ﬁ— R « The conclusions reached from equa-
a+1l (3-a) 2y ¢ : .

tion .(19) ave, of course? st::.ll wvalid. ..

b)  Volume Emissivity

iOn the;assumptien that weak synchrotron losses persist

up t.o the surface of Jupiter (i.e., D. > 40 % 10‘105 '1) and

that the lifetime 7 = 161.'2"“ st:.ll appl:.es for L< 3, we ask

"how does the equatorial emis_s:wlty vary with L. If the decay

in the emissivity for L<1.t is due not to 1) s_y-nchrotron

degradation or 2) a diffe-ren-t,'ire.:y' 'in-te_nse_ loss mechanism

R L

i M e AT
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ﬁﬁiéh commences  just inside of L <2, then the decay is due to

_ . i
surface absorption, 1f m+d = 0 and ¢ = |1+ 42' ', equa-
(3-a) De'ro

tioﬁ'(27) becomes

13- )+—|3 1C-2(N+2). 1
20 "alibT2 [, _(I/L)IB-aIC];ﬁ:E

f(L p) = ‘
E g(u;,.-';z-- o - (32)

The monochromatic emissivity is defined as

ne(n) = [dp Pelp, n) Flx, p) . | - (33)

- -

whére Pf(p, n) is the power radiated at the frequency f in the

-

direction n by an electron with momentum p, For simplicity

scsumz the clectvons radiaie al only the characteristic frequency _

. - | Pf(;i ;)ngZIBz-(L) G(f- fc) ‘ - (3h)

For relat|V|st|c partucles where y=~i%, equat:on (33) scales AT

as

%(N+l)
"~ g (L)L

and we have

-  ngln)~ |
. | - o (26)

L%(s—a)*%13fd16—3(N+3/2)E -k‘/L)ls-afc] gy (N-1)

ST REN DT
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The emissivity maximizes due to surface abosrption (no

synchrotron losses) at L = L’ where . - :
' 13-alC
N+3/2)-2(3-0)-+13- ICJ
- 2g+a-3 '
2g +a -

*
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IV DISCUSSION

The electrons measured by Pioneers 10 and 1l were in the

weak synchrotron loss regzme and equatlon (32) is relevant for

them, The uni-directional flux J(x p) = p f(x p) and the

omni-directional integral flux is- then approximately

;(3 a‘+—l3 c.lci(N-e-Z) *
J(Y>I‘)=L ' (38) .

For L>8, where losses are not apparent at high energies, if

L'3/2(N+2). in this region N= 3.5 for electrons

L'B.?.

of energies E>35 MeV and J(y>70)=~

If we suppose that the diffusion ...oeff:.c:.ent is large enough
to transport the significant synchrotron emitting electrons
to the surface, and alse that the characteristies of the anoma=-
léus loss mechanism d'c.n.not suddenly change for L< 2, then the
electron flux should drop because of absorptioﬂ at the surface
and the emissivity should peak at L” given by (37). For reason-

able values of parameters L” is insensitive to q and o: if

‘we choose o« =4 and N =1, L” = 1.13~1.17 for g = 0.5, 1If

the resolution of the volume emissivity is high enough to pre-
c¢lude these values, the particles must undergo serious synchro-
tron losses before reaching the surface. This conclusion puts
an upper bound on the magnitude of the difﬁusion ccéfficient.
With the assumption that the 3000 MHz emitting parﬁicles dif-
fuse to L = 1.8 without serious synchrotron degradation, wé

obtained an estimate for the minimum diffusion coefficient of

REPRODUCIRILITY OF THE
ORIGINAL PAGE T8 POOR

i

. consustent wnth observation.

e
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-for'nd-é'h 3.6: We note that in (3§)nfhe-aetuai_valﬁeﬂsf Do

TSN | ¥

N
o

i .
0.88, 2.0, 4.6, 11<p . %1010 for a = 4, 3, 2, 1. Ssince
the 10.4 cm emissivity decreases significantly by L = 1.4, we
can estimate an upper limit on D, by assuming that the synchro- _
tron loss criterion (20) is not satisfied at L = 1.4. Substi- 3
tuting £, = 3000 MHz and L = 1.4 in (20), the range of D, values

-~

is bounded by S ' “

0.88, 2.0, 4.6, 11<0_x10'0<L.5, 7.9, 14, 26 (sec”!) |
(35)

-for a = l} 3, 2, 1. The ‘eriteria of minimum synchroi.ron degrada-

tion at L = 1,8 and serious losses at L = 1.4 limits the range

of D to less than a factor of L,

Mogro-Campero has reported (see F:Iluus et a!., 1975) a

R ]

n.
d
measurement of the diffusion coeffucuent at lo of D(L) = D (5—"9-)

where 1 Sx 10” 8 |-°<3.lx 10”7 sec” and 3.6<nd<1+.0_. Usmg
the extreme values of Ny gives ‘0,12, 0.25-&Dox 1010-:2.6‘, 5.2

i

is likely to be closer to D , since the upper value of M. . R

o min
(352 MeV/G) which we have used corresponds to the 3000 MHz (- 10.4 cm)
emitting particles, and the 10.4 cm emussuvuty peaks near L = 1,8,
Thus, if we estimate Do min as a probable value for Do' this

value agrees well with Mogro-Camperos' measurement. Simpson
et al. (1974) have reported a measurement of the diffusion coef-
Ficier;t 2 x 10'7<DI . <1E)"6 sec", assummg a =bh, 1,5<D, x 1010 7.7,
which is also consistent with equation (39 ). |

Birm__ingham et al. (1974), using a p-re-Pioneer._TO‘value.

of 10 Gauss for the magnetic ?ield, concluded that a diffusion -

———————— e - p——— o m eoam - ———————— — T e o e ———————- —

La
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=9 L 1-95 1 gave the best fit to the

coefficient of 1.7 x10 sec

10.4 cm emissivity. We note that equatiom (20) gives for B, = 10 Gauss

=1 yhen £, = 3000 MHz

_ _ -9
and a = 2 tge value Dy min = 1.7x10 sec
and L = 1.8, '
Our conclusions can be ordered in decreasing L value:
.1) The fact that the phase_space density obeys a power

law reasonably well in the loss region 3<L< 10 of Fig. 1 sug-

Lz-a

o and that the

gests the electron lifetime varies as Tt = T
relétiOn_(3l) holds in this region. |

2) The inclusion of synchrotron losses which are charac-
terized'by exponential dependences in both the particle energy
spectrum and pafticle flux, J(L), in the strong synchrotron
loss regime demonstrates that strong synchrotron losses do not
© occur for 3000 MHz emitting electrons for L<1l.8., This pro-
vides a lower.bound for the magnitude of the diffusion coef-
ficient gi§en by (39). ”

3) If the charaéteristics of the losg mechanism do not
alter and intensify at L. <1.8 then the decay of the 10.4 cm -
volume emissivity is concomifant with strong synchrotron losses
and the diffusion coefficient is brécketed by equation (392).

o and thé

4) The scaling of the particle lifetime as 12"
magnitude, which is estimated as 6><10§.sec from equations (39) | t
and (31) for o = 4, indicate that ig pitch-angle diffusion of | l
the electrons is the culprit, the:weak_pifch&angle diffusion

regime prevails. o : o

5) In the strong synchrotron loss limit the power law

o
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dependenge in cnergy of the distribution should collapse and
behave exponentially as equation (B.8). An.in situ measure-
ment of the distribution (> 352 Mev/G) inside L < 1.8 would test
the hypothesis that serious synchrotron losses are present.

We note also-that for a = 4 and D = 8.8 x 10 11sec™d, equation

(20) requires the 200 MHz (150 cm) volume emissivity to peak
at L=1.5. |
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Figure 1. Phase space densities reported hy Mcllwain and Fillius
(1974) from Pioneer 10 data, evaluated at constant

first invariant M,
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— IV
A-1
APPENDIX A
We must evéluate
- r;N!‘i°+e dt et .
b= i-i e N otE (A.1)
where
(zr) I_ (xb)-! Ab) 1 (xr) . '

) n (A.2)

Q(t) = .I::(Ka) i (\br. (}.b) I_v_()m

if N is an integer, the integrand is single-valued and
analytic excépt for simpie‘poleé of o(t) on the negative real

axis and the pole at the origin. Also, if N = 1 we must intro-

- duce an uppe} limit cutoff for fo(M) to'satggfy equation (11),

If we close the contour by a semicircle to the left, which gives
no contribution, since at best q:(t)—-_—ec“ft compared to et (a
rigorous treatment can be foqnd in Carslaw and Jaeger, 1959),

then by .residue theory

N-1 - . .t 'V ; '
(@) [e]_ern T Shhestete1 k3
: t=0,_ r:s t

Note that the anti-symmetric combination w{%) can be written

| _ Irv(xr) K, (Ap) -1 (kb) K,(ar) |
®(t) = T T K (BT T (BT K (a) (A.4)




' The first term in (A.3) is due to the pole at the origin and

. A-2
dm 2
J (z) cos ym-J_ (2) 4
lfxaeTz andY (z) =T on —
then _. :
J: (zr) Y (zb)- g, (zb) Y (zr) |
(t) = Y. (AOS)
J (za) Y (zb) —J (zb) Y (za) ;
— v (B -3 (oD e 0 ire denat
{f the roots of -.J“(x) Y (x2) ~J (x2) ¥ (x) 0 are aeno‘teg_ ;
Y, n the poles lie ?n the t plane at t = -t =_-§§yv1n.
~ The second term in (A.3) can be expressed as
ot (xr) I (xb)- | (xb) i (xr)
) F(N)z G 1 L(x) [ ,(ab) 3 (Aa)] 4.6
n=1 t"—[ Aa A by t ]
. | e .
Using the property that_the Wronskian u[lv, _v] = -;sln r, ]
it is straightforward to show that _ .
d | ) . | | - 'E
| oy - . H
g 1 (@) 1 () -1 0w) 1 (e - -
o U TR R A, S _
= sin _\)TT JVCVU.H) J Jt_YQ ﬂa) . (A.?) .
m 0\3 s 1 ) v\Yv,nb)
and the second term of (A.3) is.evaluatea as ;
e _ Y e e e e e e ‘%
1 = mron(-52)" Z —1‘\—7 - 3 ]
9 (v a) J ( SR
JENS.VA N N LM/ VLn - t—
el ) o))
w\Yy,n®/ " Yy,n (A.8) !
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N-t .
}: (" ; I)q) W e = 0 (A.9)
2=0 B

D{r, b, ¢t

- Now (L) = e b t7* and utilizing the series expansion of
' L » p - -

ISP . PP el - - f L Tm mi—r emr - -

we have =TT ' TR

oy

© n
O(r, b, t) = ) Y BT ¢"
o n=0 k=0

T (n-k)! T{y+K+1) !"('v-!-n-k-l-l)
MJO)

{ (r,b)Zk'l'\;bzn Mr)2k+v n 1
k

-

from which we must evaluate w(z)(t = 0). The general result
L]

is cumbersome, so we shall glve only the leadlng and first order

terms. Define

. - -
A (L) = (a/r)v' 1- "”bm " (A.11)
l -(a/b) J |

MO <a,b)zqz{w%<,—wm£ (e ]
. - (/0201 - (ar0) )

tA.lz) a

Then
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A-4
| = A°+(N; 1)1‘;{2#\] +(N-2) O(Kh) +nr‘(N)( -KZ)N“I
2
n

Y
S e"‘“‘"‘;z J”( a/J(ygn)
2 ( Yy,.n b) - 93y na)

n=1 Yv n

vy,
[*' (v,, b) o(t.n )-(r--b)] )
and
CE(L, M) = A(-LL;)%“'“’;m‘,,—Z,I I (A.14)
Special cases'a_re | | |
A “-’)_3 i 25%- | | - (A.ls).

A1(L)—ﬁ+
Sv=0 | |  Lin b/a}? (A.16)

A (L) z(a/r)
v - +1 1- 2/b212

1 - ‘*/b -urz/b In b/r]rl -az/b2]

-'(r--;an} (A.17) -
As mentioned previously if N = 1 we should introduce a cutoff
. . 1 __A__ . . . L e
at high momenta fO(M) = MB/ZB(MO"M)' The modification alters
the previous calculations on]y slightly and the result is, for

N = 1

I THE
\FPRODUCIBILITY 0
| %R]LGINAL PAGE IS POOR
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tn b/r{1- (2/6)2[1+1n b/a]}- In b/a{1 - (r/b) L1410 b/} =

S s e e e T
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F(L, M, N = 1) = A(-&:)%(B—a) Eg‘ﬁe(mo - M)

- 2. .
) ® -Y '_ M |
foo 5 o R mlo ) 00, 00
o

ns=1 . J\Z;(Yv,nb) - Ji(yv,na)

'[Jv(yv.nb) ;v(?v,nr) ) _(r ""bii} (Ao"la)
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B-1
APPENDIX B
[l
- a) If the arguments of all the Bessel functions in equationsf"‘
(14) and (A.1) are large, the asymptotic expansion of'l_‘_v
produces |
§(t)~/alr e%(a-r)
0 "
b?. 171 2 gﬁzd)(@z—e)rl 1 by2.1 2
tetg—(r-5) 2 \GZ¥ 72, Z_ 470/ T
i 12825 b r° W,4-9 '
,-'-" (B.I) -.L
in which we have retained the dominant ékponentials of bétﬁ
numerator and denominator. Inverting the denominator yields
o(t)~/arr eMr-2)
. r1+£L2,-;l(_1.- ) (lhl z 1)(“\1 '9>f...1_...._1. +£_m_)2( 1)
1. B, \r. a 12832 T\, 2 2 6l 2 ? j r/
. | B.2 -

Using the inverse transform

g T
£ [S e ] _'zuf';yl-’-"'"‘i‘ 2u\v' 2y

where Dzu(z) is the parabolic cylinder function‘(sée Abramowitz;

\ and Stegun (1970) for definitions of all functions in this paper)

'
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we héve for the distribution function

with

Oiilu.gum FLE 83 POOR

. z(3-a)
£(L, M)-.A(ﬁ)2 * E’ﬁ’%’)ﬂﬁ

-&-zr (1 -a/r)

e— — o (W)

i
B-2

TI‘(‘ ;_a/Ll

If N is 2 positive integer (B.4) reduces to

. $(3-a) o f. N-].ZN-Z. —_
F(L, M)-A(t—)z M—i%[i:u i 2N 2eRFC(w//2)

b2 . 4 i2N-lepee (w//7)
.{l T—‘v '(1 a/l") ZN ZERFC( /fZ)

2
+-(-l—’;‘4’g——l—(l a/r) -"——2(1+a/rzl
_ %%a |

k .___.ZNERFC(WIIZ }
i e |2N ERFC (w//2)

(B.5)

A3 sk
&

“d .
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For large w>> 1

9 e-%-fzr?(1 -a/r)?

2N 2
ERFC{ WIIZ)--\/“ [-fr(l‘-a/rW (B.6)

which demonstrates the exponential dependence on M and r = L (“Hl/?) )

for strong synchrotron losses, Equation (B.4) is useful when

A3z 1,. for which values the series in equation (A.18) converges
very slowly, |

1

b) The intermediate case of weak losses at L = Lo is obtained
by treating A\a<< 1, Ab>>1 and Ar>>1, Expand IN(La) in small
érgument form and keep only the leading term, If v#0,

Kv_(xa)ﬂ- r(v)(xa) V'dominates, We have then

A ma— g

A= : . _ - \(L 2 3 B
OBV ﬂi:ﬂ%m"e "’[H-""au”( Sy 2 -o) ] (8.7,
which gives
122
2(3'01.) I(N) 1 2 -X r
—— 1y -5£9"Hy ©
F(L, M)-A( 0 B (o B ey (GERMY Dy, (W)

-

| 2° /20, (W) ) D, . (w)
[ Bracate, Ll o) gl

where
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for large values of w

- X r
Dzu(w)-w -8- E+ +0( 5 2)] (B.9) |

and £ kL) exhibits the same exponential dependence as equation

(8, u) when X2r2 > b,
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