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ent types of symmetry exhibited by laminatecd
ite plates are identified and contrasted w

d homogeneous crthotrcpic plates. The eff
fiter orientation and the stacking sequernce ¢
ries exhibited by composite plates are discussed.
gecmetrically nonlinear responses of the plates zre
rocedure is presented for exploiting the symmetries
nalysis. Examples are given of square, skew ani oclyg
ise of symmetry concepts can significantly recduce the s
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Introduction

o the analysis of isotropic and orthotropic plates, ccmputaticns can
Te substantially reduced in scope and cost if certain symme:ries exist in

an

W

-~ o TAae

ated composite zlates made of anisctropic materials s mmetry

£ a different nature exist and except for a recent dy by the

t . 1], these symmetries have not been utilized ir finite element

Tne present study focuses on this problem and Is an extension

e work reported in Ref. 1. More specifically, the ct!ectives cf this

er are: a, tc identify the different types of symmetry exhibited by
sommenly-used fibrous ccmposite plates in both the lirear and ncn-

regimes and b) to present a simple procedure for explciting these

ies in the finite element analysis.

iy . -

piete is assumed tc consist of a numper cf layers Londed tcgether.
er has arbitrary thickness, elastic properties and fiber orienta-
*h respect to the plate axes. The analytical formulaticn is tased
;ecmetrically nonlinear von-Karman type plate theory with the effects
uwnsverse shear deformation, anisotropic material tehavior and
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bending-extensional coupling included. A displacement finite element

formulation is assumed with the fundamental unknowns consisting of the
displacement and roteticn components of the middle plane of the plate
(“u- w and c;). For convenience, the nodal parameters are taken to be
the five generalized displacemenis at each node. The sign convention for
the different plate guantities is shown in Fig. 1. It shoulé be empha-
sized, however, that the procedure outlined herein for exploiting the
symmetries in the finite element analysis can be adapted for use with

g. mixed models).

other plate thecries and other finite element models (

Examples zre given of square, skew and polygonal compos

yoRs

where use c¢f symmetry conceptis can significently reduce the computational
cost of the anslysis.

Tvves of Symmetry in Composite Plates

finiticns of symmetry,

The fund
metry operatl eviewed in Ref. 2. The X
jntroduced in Bef. 2 when applied to composite plates reads: Given a
composite rlste exhibiting cerzain types of symmetry and a systen of loads
which exhibits ti e types of symmetry as those of the te, the
response ot exhibit the same types 5
inherent in the loading system. of the

ey

13 4

(o]

¢ O Un

symmethy group of

frequently
1) symmet

The characteris

PL = N
ight into an ejuivalent con i ty o
Obvicusly, the loading on the plate

mmetry with -3-
ymmetricall i
L and 5) often exhitii &
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reflection symmetry with reste
lane. The plate can thus
nrough a 180° rotation about

~ry, reflection in & plane
~alled reflection symmetries
The symmetiry relations fo
ements and stress resultants
n tables I and II. The first
is the better xnown one and
nhomogenecus orthotropic plat
~v relations for the ext
Py 5 in plane displ
are the same in ref

::etrv —elatlcns fnr the

ng €
isymmetry relati ions i

Composite plates can possess one or mcre planes (or lines) of reflec-
tion sy:met*y C‘rcular plates may be thought of as plates with infinite
rumber of planes of refl s ection symmetry. Examples of ccmposite plates

1 a0t 1I shown in

axnib ting reflaction symmetries of tne types I and Il =re shown in
a and 3b. >

Figures sa and 3b show contour plots {

ement components in twc-layered com;os te s

jianlien

displece

o uniform transverse loading. The plates o figures
e ’ +45/=45 and 0/ /90, respect

n figure 2a can be crcugut
in the plane of reflection

the contour plots for

and, th
idence with u, through 2

~ne line yume<ry (line %, = xp), which
airror reflect‘on in the plane Xj = Xp» followed by &
mirror reflection in plane X3 = X, Or a rotation thr
line x, = x, leaves tie contour plots for W, in figures
inchanged.

Fotational symmetry

te plate 1is sa‘d to exhibit rotational symmetry h respect
s pormal to ite plane if it can be brought int
nfiguration by rotation around that axis. The axis cf
1led an n-fold axis of symm etry if the smallest poss

)
. b
“ o

zall
takes the yte into an equivalent configuration is 27/n 5. A
{ Lry has n symmetry operations asscciated with it,
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S/
c 3 2

IRy aine
omponents, g
symmetry with
on is assumed

try relations

‘

1

rlateas

L~
for isotropic

nsee) . - i g
racteris ons ar
tial SC i
s > be ¢ T Lra=-
is orthotropic of dis-
la resultants (u, ¢,, R T
), though axisymmetric, ar 5 2
of the axisymmetri in Fig.
the
version rn hroust . 2
subjected e shear.
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1) Midplane symmetric laminates (cross-ply, angle-ply with B=4L5,
and angle-ply with S#ui5

ii) Midplane antisymmetric larinates (cross-ply, angle-ply

8=+L5 and angle-ply witn 39#LS).

w1
+
¥

iii) Quasi-isotropic, four-layered laminate with fiter crientetion
8=+45/0/90/=kLS.

The loading on the plate and the boundary conditions are assumed toc be
symmetric. For <ke purpcse of ccmparison, the cize ¢f <he -x“~~~"cu-

model required fcr the aneglysis as well as the syTmetr; trencfcr
for isotropic and hcmogenecus or<hctropic square plates are niﬂf ;iven in
table III. The symmetry relaticns for the generalized displacements and

stress resultants, implied by the symmetry transformeticns cf table III,
are given in tatle II.

Figures 5 thrsugh 7 show ¢
generalized disrlacements in cc
P

antisymmetric and quasi-isotropic laminations.
edges and are sublected to unifcrm S
relaticns listed table II are clearly obvicus
Tigs T) there are s r lir .3

that for quaei <ropic plates
N

’
+re symre*

refle:t:cn symmes< Sy cup of the
threugh 90° °) abeut the is. If the
utilized, only crne quadrant of the p e needs %o

Some of *he
square plates :‘t
Examples ot suc!

The fi

n t!

siven

slate for D
piatc 101 P
tatle III a

reflecticn
response of
response.
rotational

1 ]
ié chosen musl exhibi: =rne same tjypes cf

In order <2 exploit the sy
analysis, the { 3 ¥

s . oo ety . __ I S VPR e e 1Y S z S bt
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symmetry das those the plate. This means that the 2 ught
b selfero i each of the symmetry transfirma
the plate ( > axis of revolution; mirror ref ch of
=nhe planes eflection symmetry and inversiszn of
~se centers
~~ienendent nodes anc elements

grid is selected, th is ¢ on-

with the independent
henceforth be referred
plate will be called depe
ignated by the symbols, R
ined from independent nod
on through center of sy

a line, respectively.

The minim

e o

set ,-4»d‘Lcndcnz c&cmcnxa. Other
ed dependent elements. Acccrding t:
cannot be obtained from cther ind

O CTier 4nccEl

rmations (e.g. rotation about axis of

multiplicity of an element is definedi as the number of ti

~he i
e--*ent can appear in the plate by symmetry transfotmati:ns. It is equal
=- one plus the number of dependent elements that carn be obtained from
=za% independent element by symmetry transformations. The size of the
finitve element model and* .he number of simultaneous a.gebraic e;;a ions
required in the analysis are governed by the number c¢f indepeniernt ele-
nodes, ru'Le-,L?ely. Figures 9 and 1C show ! dent
element" for plates with reflecticn and inversion symzeiries
tangular and parallelogram element . the

i elezents are not uniquely givern

ways (see Fig. 10).

rocedure for exploiting the symmetry

A simple procedure for explcitzng the symmetry ir. <he finite element
ite plates is outlined in Fig. 1ll. elezents in
discussed subsequently.

nrut data
Shipit _SNES

The following modifications are made to the irput 2ata:

l. The tctal number of nodes and elemeats are set equal to the
number of independent nodes and elements, respectively. As

S ————— e = ———— e ———
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a consequence of this, the coordinates of the independent
nodes only are input. Alsc, the connectivity lists of the
independent elements only are prescribed.

The multiplicity of each element must be prescridbed. This
can be input as an additional entry in the element cone
nectivity table.

Iro

3. If any of the independent elements has ncdes of the type R,
I, Porl , they must be {dentified, in the element con-
nectivity list (see Ref, 1).

Element modu.es

The elemental matrices for the independent elements conly are gen-
eratedi. For elements with nodes lying ¢r an axis of reflection symmet.y
ax, *+bx, (a, b are nonzero constanty) or wjth dependent nodes of the
type R, 15, P or | , the stiffness, mans ard load matrices are modified
by simple transformations of the form:

[R] = [T]°[x] [T]

¢

-
s MASE i load
r zatrix den
s WNE Y parareters are listed node by node, the matrix (T will

onal structure, i.e,
m i

— —
vhere = is <ke number =f nodes in the elexment. For shear-flexitle
ramete Ay ¢ =
= - e submat P X
b Feand des are give Tpe ¥
exernzal matrices (stiffness,
€ s L - pendent o.¢ o detoPesd O tipdicit :
that element. his step ca € 1 C 1 s ex
~ ———
- ’ —_— —— — —— S—
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oo K I P apd:-1) Ltni. the

SR ] . -
ding ind ependent nodes. This can be a
of the dependent nodes equnl to th

*he usual nanner.

symmetry ccnditions

rnditions along t¢he edges cf independent elemen:t are

In addition, the symmet:ry and skeve-symmet

each of the centers of ‘nversion symmetry and
reflection symmetry. The symmetry ani skev=
"or shear flexible elements are listed in table IV,

set of algebraic equations is sclved for the inde-

‘reedon -

ed a

yrocedure for exploiting the symmetry in the finite
' ite plates has been implemented in a sm
clement system and was found

compute time required for the analysis. The
y due t0: a) the generaticn end assembly of the

of independent elements only and ©) the reduction in
sulting system of simultanecus algebraic equations
possibly, their bandwidth). The savings can be

icant for eigenvalue and nonlinear problems.

%o result i con-

4
"

Concluding Remarks

Nt types ¢ synnezry commonly exnhibited by
i nd boundary :cn:i:;:ns. are id
s of isotropic and orel -

30 “-ineur rcs;cn:e_ -f

the nna‘V"ﬂu; f:r:ulu:;<m
late theory with the e’fec::
ional coupling and transve

iffness) finive c.ccr:’
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Tadle ?
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Table 111

transformations for o ceite plates®®
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R n about x, !
n type L =l it
l ={inversion sym-
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. “im 4
] | 176 b o4
L 3 111
i IVa
! i/8 v
Y i'= la
|
. . 1/« | Iv
) PR | 1
. 1 | IV
i ires er zion in a piane and open circles for reflection in a line

Symmetry and antisymmetry

ty open circles do not apply to nonlinear problecs

Table IV

r skew-symmetry) conditions for shear-flexible
displacement finite element models.

of reflection

symmetry® symmetry

Plane of reflection®

etry conditions

u =0 u =0
w=20 $ =0

n
el s

= 0 u =0
& s
;':r‘ ve [
§ =
| "5
= 4

the tangential and normal ccmpenen

ry respectivel;
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ey oo dne @ ot &
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Yy 7 N - 2
E=—— ({ N”. M

/ 22

== -
M2

Figure 1 : Sign convention for stress resultants and generalized displacements.

-

Figure 2 : Symmetric and antisymmetric loadings on axisymmetric plates.
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‘1 a) Fiber orientation + 45/-45 b) Fiber orientation 0/90 %
8
3
‘; Figure 3. Contour plots for displacements. Two-layered composite plate
1 with one plane (or line) of reflection symmetry subjected to
;i uniform transverse loading
:
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a)Fiber orientation 45/-45/45 b) Fiber orientation 15/-15/1%

Figure 5. Contour plots for displacements Three - layered symmetrically =

laminated clarped square plate subjected touniform transverse
loading
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|\ /

-/|

"maxl
o) Cross ply 0/90 b) Angle ply 45/-45
Figure 6 . Contour plots for displacements. Two-layered entisymmetricaily -

lominated clamped square plate subjected to uniform
transverse loading.
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Fiber orientotion 45/0/90/-45

T T e TN . 111
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3
;
1
i
; i ]
3 _ i
- — '_./oo 1 El
E ! || ke =08 ] \
\ — Y 7. ettt ;'_._.' l
A o7 {
Mos/|M
22/ |22, 3
Figure 7 Contour plots for displacements and stress resultants. Four -
layered quasi -isotropic square piate with fiber orientation g
45/0/90/-45 subjected to uniform transverse loading. 3
!




REPRODUCIBILITY OF THE
ORIGINAL PAGE IS POOR

- ——Xl

i

|

1 Plates with two planes (or lines) of reflection symmetry X = 0, X, = 0. Symmetry types | and la.

k
I

) Plates with two planes (or lines) of reflection symmetry X = t Xy Symmetry type 11,

I
v

|
|

1

¢) Plates with four planes (or lines) of reflection symmetrv x,

= 0 \7:()3"0 X, =
Symmetry types IV and IVa, . : '

Figure 8 . Examples of plates with two and four planes (or lines) of reflection symmetry and
their possible symmetry types (see table 11 1).
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ndependent n
& | ndependent nodes - 28 ) Total 49 In quarter |
. H

Dependent nodes - 21 | of the piate !

vdependent elements with multip

ndependent elements with multiy

Figure 9 Indepencent nodes and elements for composite piates with two planes of reflection
symmetry and two Lines of reflection symmetry

@ Independent nodes L&

Dependent nodes 17 ———— —7&—7
@ Center of symmetry / / /

) 5/ 6
ndependent eleme: s ———

15 10r LOMPOtite Suew lates with one center of 1y mretry
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Input data
Modify inp ut data to account for

*Dependent nodes and elements |
*Symmetries in the model |

Elemental y routines )
e Generate elemental matrices for independent |
elements only

|
|
o Modify elemental matrices to account for ;

symmetries |

—~

Assembly y routines

o Assemble elemental matrices for independenf
elements only

o Dependent nodes in independent elements
are treated as independent nodes

___ Boundary and yconstraint conditions
e Apply symmetry conditions at

*Centers of symmetry
*Nodes lying on axes of reflection symmetry

Solutionymoduie

Solve reduced se

Figure 11 : Flow chart of the procedure for exp/oi
finite element analysis.
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