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Abstract

,Results are presented from detailed analytical studies made to define methods for obtaining improved: multtsegmen’c lining

performance by taking advantage of relative placement of each lining segment. Properly phased liner segments reflect and

spatially redistribute the incident acoustic energy.-and thus provide additional attenuation.’ A mathematical. mode! was
- developed - for- rectangular ducts with ‘uniform mean flow. Segmented acoustic fields were represented by duct
~-gigenfunction expansmns, and mode-matching was used to ensure continuity of the total field, Parametric studies were -
‘performed to identify attenuation mechanisms and define preliminary liner configurations. An optimization procedure was

- used to determine optimum liner impedance values for a given total lining length, Mach number, and incident modal

dlstrtbutlon. ‘Optimal segmented liners are presented and it is shown that, provided the sound source is well-defined and

flow environment is known, conventional infinite duct optimum attenuation rates can be improved. To confirm these

results, an experimental program was conducted in a laboratory test facility. The measured data are presented in the form

of analytical-experimental correlations, Excellent agreement between theory and expertment vetifies and stbstantiates the

“analytical prediction technigues The results of this study indicate that phased liners may we of imimediate beneflt inthe

. devalopment of lmproved aircraft exhaust duct noise suppressors.
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SUMMARY

More stringent noise regulations for commetcial jet aircraft have prompted continuing research into
methods for the design of improved engine noise suppression systems. This report presents the
results of a research program that was undertaken to analytically and experimentally evaluate the
use of phased multisegment linings to provide more efficient attenuation than that provided by
current generation liners. Analytical methods were developed to take advantage of relative
placement of lining segments so as to reflect and spatially redistribute the acoustic energy incident
on the lining. These multisegment linings were shown to outperform single-segment optimum liners.
The resuits of this investigation are immediately applicable to the design of improved aircraft
exhaust duct noise suppressors. Further investigations appear to be necessary before phased liner
technigques can definitely be shown to be adaptable to inlet liner design. The overall investigation
involved analytical studies conducted to identify the principal mechanisms by which phased linings
achieve improved attenuations, and the development of methods to utilize these mechanisms in the
design of improved liners which were built and then tested in a laboratory facility. The test data
were subsequently analyzed both to substantiate and to augment the analytical techniques,

The analyses were based on a mathematical model for rectangular ducts with uniform mean fiow.
Segmented acoustic fields were represented by duct eigenfunction expansions and mode-matching
was used to ensure continuity of the total field. Parametric studies were performed to identify
attenuation mechanisms and define preliminary liner configurations. An optimization procedure
was used to determine optimum liner impedance values for a given total lining length, Mach
number, and incident modal distribution. Optimal segmented liners were developed and it was
shown that, provided the sound source is we!l-defined and fiow environment is known, conventional
infinite duct optimum attenuation rates can be exceeded. The primary suppression mechanism of
the multisegment liners was found to be “madal conditioning.” {The incident sound is redistributed
by the front liners into modes that are more readily absorbed by the remaining lining segments.}

An experimental program was conducted in a laboratory test Tacility to confirm the analysis results.
The measured data are presented in the form of analytical-experimental correlations. Six lining
configurations of one, two and three segments were designed and tested for two flow conditions,
M= 0.0 and M = 0.4, The two- and three-segment liners designed for M = 0 rroduced 4.6 and 6.4 dB
more PWL attenuation respectively than the single-segment liner for the design frequency. For the
M = 0.4 tests, the two- and three-segment liners produced 6.0 and 10.0 dB more attenuation than
the single-segment liner. Results of this research demonstrate that acoustic linings with improved
suppression effectiveness can be designed for application to future quiet propulsien systems which
meet more stringent noise goals.
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INTRODUCTION
Background

Current and proposed noise regulations for commercial aircraft have prompted continuing research
and development of improved suppression systems for turbofan engines. Although some reduction
in turbofan noise has been achieved by suitable engine cycle selection and component design
acoustic treatment is still required to suppress the internally generated noise. The imposition of
increasingly stringent noise reduction goals, which must be met with minimum impact on airplane
performance, requires that acoustic lining design techniques must be continually tefined and
upated.

Standard uniform infinite duct theories (ref. 1} are based on the assumption that the duct acoustic
field includes only modes moving away from the source. The acoustic energy in the duet may then
be uniquely associated with the cut-on or propagating modes. Cremer’s theory (ref. 2), which
involves choosing a liner for which the attenuation rate for the least attenuated mode is optimized,
has been reinvestigated in detail by Tester {ref. 3) and Zorumski and Mason (ref. 4).

Rice (ref. 5} has shown that, for an initially plane pressure distribution in an infinite uniform lined
duct, the optimum liner would produce much less attenuation than that predicted by the Cremer
theory. This is due to the presence of other modes which are required to produce the initial plane
pressure wave. The sound power level attenuation rate for the complicated wave system is quite
different from that of any single mode. The total sound power includes not only direct
contributions from each mode, but also cross terms contributed by modal interaction. For very long
ducts tne plane wave attenuation per unit length will approach the Cremer value; however, the total
attenuation over a given length will be different.

Obvious:y, this method of approach (See also Snow, ref. 6, who investigated other pressure
distributions in additioh to the plane wave)} should yield more meaningful results than the Cremer
theory for the lining lengths typically used in practical applications, However, regardless of which of
the infinite theories is used, there are still factors related to finite liner length and the impedance
discontinuity at the boundary between liners which have not been taken into account.
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Method of Approach
™
L, To evaluate finite liner length effects on attenuation performance, acoustic wave reflection from
duct nonuniformities should be considered. The computatiponal method generally used for this
= purpose is the mode matching technique, in which the acoustic field is represented by eigenfunction
b expansions in terms of incident and reflected duct modes. The undetermined modal coefficients for
the field description in any uniform section are determined by requiring continuity of the fields at
) segment junctions. This method has only recently begun to be applied to acoustic investigations
L‘ (refs. 7-12) although it has been often used in electromagnetic applications {refs. 13-15).
o Lansing and Zorumski (ref. 7} were the first to use this theory to investigate the advantages
1 &h afforded by the inclusion of impedance discontinuity effects in the evaluation of liner performance.
; Their preliminary study provided [imited insight into the mechanisms responsible for the behavior
| o of the linings. Among the limitations of their study were the facts that liner admittance was
Ll assumed constant with frequency, and purely reactive liners were allowed; realistic liners have
i characteristics which vary with frequency and have finite resistance values.
1
The present investigation was conceived as an extension of the work of Lansing and Zorumski (ref,

; 7}, zimed at accounting for some of the limitations of their investigation. ldentification of the
; segmented duct mechanisms and experimental verification of predicted performance were primary
goals. Realistic liner impedance models were used and very practical constraints on liner design were
imposed so that the test panels could be canstructed using conventional materials.

To identify mechanisms and develop liner designs, detailed analytical studies were made. These
studies involved both extensive parameter variations and numerical optimization runs. Liners chosen
for testing were built and installed in a grazing flow duct facility. Performance comparisons and
analytical-experimental cortelations were based on comparisons of measured and. analytical axial
distributions of pressure magnitude and phase. The philosophy of the bench-test program was to
compare optimum single-segment performance with that of the best muitisegment liner which could
be built subject to the constraints of material availability and uncertainty regarding details of sound
source modal structure,

The multiparameter optimization technique used in the analytical studies to be reported here was
the conjugate gradient method. Similar steepest descent algorithms have been used in liner
investigations by Martenson and Liu (ref. 16) and Wilkinson (ref. 17} and in expansion chamber
studies by Kessler and Puri (ref. 18). However, the present investigation and concurrent work by H,
C. Lester and J. W, Posey (private communication) of NASA Lanyley Research Center appear to be
the first in which highly accurate mathematical models and large numbers of parameters (lengths
and impedances of multiple segments) have been considered.
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NOMENCLATURE
Complex modal coefficient for nth right moving mode in jth segment
Liner specific admittance
Value of definite integral defined in Appendix E and G
Complex modai ¢.. icient for nth left moving mode in_ ith segment
Value of definite integral defined in Appendix E
Speed of sound
Value of definite integral defined in Appendix G
Denotes differential
Eigenvalue equation defined iﬁ Appendix B
Denotes base of natural legrithms
Residual error in pressure as defined in Appendix J
Stands for general acoustic scalar field variable
Duct height
One of the two imaginary square rocts of —1.0
Unitvector in duct axial direction
Number of duct segment&
Unit vector in duct transverse direction
Wavenumber k= w/c
Total liner length
Mach number of mean flow

Number of modes in eigenfunction expansion of acoustic field in jth
duct segment

Acoustic pressure

Time
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NOMENCLATURE (CONT'D)
v Axial acoustic velocity component
v Vector acoustic velocity
w Transverse acoﬁstic velocity component
y Transverse duct coordinate
z Axial duct coordinate
Z Liner specific impedance
o Real part of modal eigenvalue
B Imaginary part of modal eigenvaiue
1?: | Constant defined in Appendix G |
| C Transverse bomponent of acoustic particle displacemen®
,:. ¢ n Axial velocity component contributed to right moving wave sysiem
3 by nth eigenfunction {Appendix F) '
3 y Ratio of duct height to wavelength of sound, 77= H/A
5 A Wavelength of sound, A=21 c] W
| U Eigenvalue
v Dimensionless propagation constant, ¥= A /k
£ Quantity defined in Appendix A
En Axial velocity component contributed to left moving wave systemby
nth eigenfunction {Appendix F}
T Ratio of the length of the circumference of a circle to the diameter
T Axial acoustic energy flux
P Mass density of fliud
0':, Constant defined in Appendix G
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! NOMENCLATURE (CONT'D)
o ¢ Phase angle in radians
¢n Pressure component contributed to right moving wave system by nth
eigenfunction {Appendix F)
(,Dn Pressure component contributed to left moving wave system by
nth eigenfunction {Appendix F) '
W Frequency (radians/second)
SUPERSCRIPTS
{prime) Denotes acoustic field scalar function of time and of the axial and
transverse coordinates
* Denotes complex conjugate
i Denotes jth segment
-— Denotes right moving wave
— Denotes left moving wave
i SUBSCRIPTS
o n Denotes nth mode
Yo S
i Denotes jth segment
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THEORETICAL DEVELOPMENT
Problem Formulation

An analytical 1=chnique has been developed for studying the propagation of sound waves in flow
ducts with segmented liners. The configuration investigated consists of a uniform geometry
two-dimensicnal duct containing uniform mean flow with the duct linings and the acoustic
excitation symmetric about the duct centerline. The acaustically lined segments were placed in an
infinite hard-walled duct and the reflection and transmission characteristics resulting from incidence
of a specified combination of duct modes were investigated. Acoustic fields for ducts with
nonuniform boundary conditions have been described by eigenfunction expansions (refs, 7-9},
perturbation techniques (refs, 19-21), finite difference formulations (refs. 22-23), and variational
and weighted-residual approaches {refs. 10, 11, 24, 25). The geometry of the present problem
makes it amenable to efficient solution by the mode matching or eigenfunction expansion method.
The problem was, therefore, formulated as a multiregion coupled boundary value problem, Since
the boundaries of the duct correspond to coaordinate surfaces of a rectangular coordinate system for
each region, the acoustic fields may be expressed in terms of eigenfunctions which explicitly satisfy
the Helmholtz equation and the wall boundary conditions. In addition, to ensure continuity of the
field, solutions in each region must have coinciding boundary data at the junction between regions.

Acoustic Field in Duct Segment
Duct Eigenmodes

The acoustic field in a two-dimensional flow duct is governed by the convected wave equation and
by the axiai and transverse components of the momentum equation:

8%, -wy 8% _ 1. 8% _am 2% _, (1

3y2 3z2  ¢? @2 c Bz ot

P aw 4 peMaw _ ap’ , and {2)
at Oz Jz

v . peM 3v _ op° {3)

P ot oz oy

The primed symbols used to denote the physical quantities in these equations are functions of v, z
and t. The perturbation velocity V’, avector field, is defined in terms of its axial and tranverse com-
ponents.

V= v +w'/k\

, (4)
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where the axial component is expressed in terms of axial particle displacement { !

The axial wave propagation and exponential time dependence are characterized by:
g ly,z) = g (ylg' @t 1A - o B

where g’ stands for fields p’, v/, W', or £ : and unprimed quantities are functions of y alone.

Use of equation (5} in {1) to (3) yields the following set of reduced governing equations:

8% . K2[(1—vM2 — v p=0
ay2

=
|

Ap/Tpck (1 — v M)] (6)

v= i8R /[pck(1— vM)]
Oy

—iv [Tk (1 — vM)]

e
[l

The boundary condition at a normally-reacting acoustically lined wall is derived by imposing
continuity of acoustic particle displacement normal to the wall {ref. 26). This assumption results in
the expression:

o _ —ikA{1 — vM)2 atwali (7)

Jy

where A is the specific acoustic admittance of the wall. For the symmetric duct configuration the
transverse variation of the pressure field is given by the symmetric eigenmodes which are expressed
in terms of eigenvalues M.

Pp = cos ( iyl
The eigenvalues X . satisfy:
potan{ zoy) — KA — v M2 =0 (8)
at the wall, and are related to the modal propagation constants ¥,:

p 2 = K21 -y M2 — 2]
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For the hard-wall duct (A = 0.0} the asigenvalues are

Hn = 2nn/H

_{H being the duct height}.

Table 1 contains a summary of the eigenvalue equations and definition of the propagation constants
An = Vnk for the hard-walled and soft-walled ducts with and without mean flow. Rationale for
these definitions is given in Appendix A.

Solutions to the duct eigenvalue equation (8) have been obtained by three different numerical
techniques:

e Newton-Raphson iteration {refs. 27-28)

e  Numerical integration of a differential equaﬁbn which has eigenvalue equation as a
solution (refs. 4-5) {see Appendix B)

e Rayleigh-Ritz technique (Appendix C}

Multiple eigenvalues associated with the Cremer optirmum impedance values were determined using
the method of Tester (ref. 3) (see Appendix D}. Zorumski and Mascn (ref. 4) have shown that the
conventional duct eigenfunction expansions are no longer valid at tht Cremer optimum. To avoid
having to alter the form of the eigenfunction expansions used in these algorithms, exact Cremer
impedance values were never used in computing segmented liner performance. It was found that by
choosing an impedance several percent off the exact Cremer value, adequate eigenvalue separation
could be obtained to ensure validity of the conventional expansion with little loss in accuracy of the
performance predictions.

Eigenfunction Expansions

The acoustic fields in each of the duct segments are represented by eigenfunctior expansions in
terms of right moving {incident) and left maving (reflected) modes. The axial variation of these
modes is defined so that they are phased with respect to the point of generation; right moving
modes have zero phase at the left end, and left moving or reflected modes have zero phase at the
right-hand end of the segment.

Modal expansions for the incident hard-wall, a typical soft-wall, and the transmitting {semi-infinite}
hard-walled segments, respectively (Figure 1), are given by:

No"1 --i-o N ~ -‘7—&:02
po=ﬁ§403g cos{2nmy/H)E D +E b° cos(2n7r/H)8 n )
FN Ak, (L)
= i i oyva i ngg i ~iAp(z-L (10)
P; l%_;‘l) an(-:os(,uny)e 1+'§0 b cos {2z, y)e !
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SUMMARY OF EIGENVALUE EQUATIONS AND PROPAGATION CONSTANTS, SYMMETRIC DUCT MODES
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Figure 1. Notation for Segmented Duct Vodel
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and

N, -1 , |
J=1 o J-1
_J=1 e (11)
Plg=22, 3 n cos(2nmy/H)E Xn 2y

The a% are the known modal coefficients of the incident sound field. Expressions for the axial
acoustic particle velocity in each region are:

NgT O-X-o l , b -gxo
kpew, “E _0—_‘005(2"7TV/H)8' r?_‘.__ao“Ton——~m:>s(2n7ry/i—{)e—.i n* (12)
n=0 {1-x M/k) ©(1-A M/k)

N1 i N i

3 7‘ > Iz & k ( -L.
kpGW- L ey, cos(,u y)é '7"n |+E CUS(FHY}el 2 1) (13)

=0 (1A ,M7k) -0(1—1 M/k)

N T g > -1

J_1 a K .
kpew, — cos(;;‘]]qy)el n 21— (14)

~1h=0 /)

Matching of Segment Acoustic Fields

Continuity to first order of mass and momentum between adjacent duct segments can be ensured
by :mposmg continuity of acoustir presstre and ax:al acoustic particle velocity, respectively. The
errors in pressure, p! —pl 71 and velocity, w) — wi T 1, at the duct cross section between segments
jand j + 1 are minimized by use of the method of wetghted residuals. By multiplying the pressure
residual by the left moving modes in segment j and the velocity resiclual by the right moving modes
in segment j+ 1, and requiring that the errors be orthogonal to each mode of the expansion, the
following matching equations are obtained:

w2

S {pj—p!.H) COS(;:iY)dY':.U, m=0, (1), Nj_1"1: and {18)
~H/2
Hfz = i
i ity _ _
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This matching procedure involves the tacit assumption that the eigenifunctions form a complete set.
Although completeness can be proved for the no-mean flow modal functions and for the mean flow
hard-wall duct functions, proof of the completeness of the mean-flow soft-wall eigenfunctions is not
available. (If they are not complete, the whole concept of eigenfunction expansions becomes
invalid; thus, they are assumed to be complete.)

Closed form expressions for the duct matching equations {15) and (16} are given in Appendix E for
various interfaces in a two-dimensional symmetric duct. These equations are summarized in matrix
form on Figures 2 and 3 for the case of a semi-infinite hard-wall termination and for an arbitrary
nonuniform termination, respectively. Development of the arbitrary termination equations is given
in Appendix F. It was necessary to allow for this case in order to model the termination
characteristics of the test flow duct facility. The duct termination was designed to minimize
acoustic reflections for a lower frequency regime, but it was not anechoic at the frequencies used in
the present investigation.

Energy Flux Expressions

Several energy flux expressions are available in the literature for describing acoustic energy
transmission in ducts with parallel mean flow fields. As noted by Goldstein (ref. 29), the acoustic
energy flux and acoustic intensity cannot be uniquely defined. There are thus several expressions
available. Two expressions were selected for use in this study: a) the form presented by Morfey (ref.
30), and b} that suggested by Ryshov and Shefter {ref. 31). In terms of the problem variables, these
are:

H/2
Ha'::%-REALiS [(1+M2) pw*+ !—)Mc—pp*-i-MpCWw*]dy{
-H/2
{17)
H/2 Mpc "
1 s MOC (M
Hb_zﬂEAL)SHﬂ[pw + - vy rww o pp]dvf

where [T is the axial acoustic energy flux and the asterisk denotes the complex conjugate.

A measure of the accuracy of acoustic field matching may be obtained by computing the axial
energy flux on either side of a junction between duct segments. Both flux expressions have been
found to provide an accurate measure of field matching, although generally the values computed
using the Morfey expression match more closely. Unless otherwise noted, all liner performance
values (sound power attenuations) quoted in this report are based on the Morfey expressions for
energy flux.

Appendix G contains energy flux expressions for hard-wall incident, hard-wall transmnitting, and
soft-wall segments. The incident energy flux contains cross product terms due to interactior of
incident and reflected modes. These terms can contribute to incident energy even if all modes are
cut off. It is also significant that, in general, the energy dissipation in a soft-walled segment cannot
be inferred from modal attenuation rates.
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Semi-Infinite arxt nfinite Duct Liners

Two additional duct lining models were developed to provide comparisons with published data for
checkout of the mode matching equations and for comparison of finite and infinite duct theories.
The first involves the junction between a semi-infinite hard-walled and a semi-infinite soft-walled

duct. This case, which allows the estimation of single interface effects and for frequencies below sec-

ond mode cut-on, provides a comparison with closed form solutionsavai ilable in the literature (ref. 32).

The matching equations for the semi-infinite case are:

for

for

The second model is for an infinite soft-wall {Rice's model, ref. 33) in which the attenuation

N-~1 N 6'1

i 1

o "2 H2(~1)msin(2-'-,;£1/H) Hi2
a
fro 21020 | 207X M, ~tnm TAy 2
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characteristics of specified initial transverse pressure distributions are investigated. For an infinite
soft-walled duct with an initial pressure distribution defined by:

N0-1 _
0
- — 19
p—nz=:0 ancos(2n Ty/H) at z=0 (19}
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the Fourier decompésition of the soft-wall pressure field is:
' NAT |

IR 3 I |
p:.nz_oancos.(-; yle o h ' {20}
Where
L TR sin(Gmiz) ‘
a = ! —~ y ) {21)
" iZ0 AL 2l - ()] 14 sin (e Geg i)
In elther case, the axial energy flux. in the soft-wall duet is:
NT N oy
1 q o, 0w ~ilAp-{A )z
T, =5 REAL };):G_réuan(am)_ g "t m?
o (1 W | 2008 (1 H/2) cosl(Zpi*H/2) | o
Q[M+(1+M)(I"m)+Mrn(Fm)] . 1.9 112
[+1 (-»-1 T ¥ T
o |z tan(z Hi2) - (g )V tan((z )*H/2) (22}

The reference energy flux is given by equatfon {G1) of Appendix G (with the b?n = ) for the
semi-infinite case, but by equation {22} with z= 0 for the infinite duct case.

Analytical Results

Computational investigawions were performed to identify attenuation mechanisms and define
optimum segmented liner configurations. Because of the large number of parameters involved, a
rultivariable optimization technique was used to determine segmented configurations that
produced maximum attenuation for specified modal Inputs. The corjugate gradient optimization
technique was used, with the total sound power attenuation as a cost function, and various
constrained segment lengths and resistive and reactive impedances as independent variahles.
Excellent results were obtained, but it should be pointed out that the optimum liners referred to
here are generally local optimums but not necessarily giobal optimums. Also, the local optimum
obtained in any given solution may vary depending on the starting vaiues and the optimization
variable step sizes.
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In all of these studies the acoustic source was specified by a set of incident modal presscre

amplitudes in the left-hand hard-walled segment. To ensure adequate representation of acoustic -

fields, ten terms were used in the eigenfunction expansions [eguations (9} through (14}]. Pressure

and particle velocity profiles were calculated on both sides of each interface to verify that the total -

acoustic fields were continuous. Sound power levels were also calculated for both sides of each

interface and found to match to within a few percent for small to moderate values of attenuation.

Soft-wall eigenvalues, modal expansion coefficients, and sound power levels for single and multiple
segment liners were checked and found to agree with corresponding results obtained by J. F. Unruh,

”4)
Smg[P segment optimum Imers were used as baseling conflguratlons agamst whlch to measure the

performance - Gf . the .multisegmertt configurations. - For the -lengths -and “frequencies under
consideration, the optimum single-segment liners were identical to those which would be obtairied

using the infinite lined duct theory of Rice {ref. 5}, as pointed out in Appendix H. The finiteand
-infinite .theories produce conflicting results for optimum single-segment liners only for cases in

which the excitation frequency is quite close to a cut-on frequency for a low order mode or when
the segment Iength Is very small compared with the wavelength of the incident sound. For the latter
cases more sound can be reflected by low resistance liners using length resonance effects than can be

- attenuated by high resistarice dissipative liners.

Two-Segment Optimum Liners

Figure 4 shows the resulis of a two-segment plane wave constrained optimization run. For this case
the total lining length and the second segment impedance were held constant while the first
segment length and impedance were allowed to vary. The resistance of the first segment was
constrained so as to maintain a reactive front liner. Total attenuation for the single-segment
optimum for this case was 17.9 dB; the attenuation provided by the two-segment liner was 28.9 dB,
obviously a substantial improvement. One of the most significant discoveries made during the
multisegment studies is well illustrated by this case. Gn Figure 4 the attenuation contributions due
to reflection from the first interface, absorption in the first segment, and absorption in the second
segment, respectively, have been plotted separately versus iterations in the optimization procedure.
As shown, there is effectively no reflection taking place. Increased attenuation for the final
configuration is due solely to the fact that the first liner has varied the modal content {aor,
equivalently, the transverse pressure distribution) of the sound inciderit on the second segment. This
made the second segment maore effective. Figures 5 through 10 show the results of an investigation
into the nature of the modal redlstrlbutton caused by the front liner of thls two-segment
configuration. :

Detailed pressure and velocity data at the inlet side of the dissipative liner were computed for hoth
the Initial “a" and final "b" two-segment configurations defined on Figure 5. Here “a” refers to the
conﬁgurat:on chosen ss the initial guess to the optimum liner and "H'" to the configuration
identified by the optimization algorithm as the best liner for attenuation of ine incident plane wave.
In addition, the dissipative liner was placed as a single-segment into a hard-walled duct (Figure 5}

-and subjected to various incident modal combinations to determine the source configuration for

which the liner produced maximum attenuation. Figures 6 and 7 illustrate the results obtained, and
show that optimum atienuation was obtained for the case with-the first and second modes incident
with 48 percent of the incident energy in the first mode, 52 percent in the second, and with the
second mode phased 100 degrees with respect to the first mode. - : - S

12

who-used: the mode matchmg method to study . smgie segment Imers at very Iow frequencies (ref o
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TWO SEGMENT CONSTRAINED OPTIMIZATION LTOTAL ———
PLANE WAVE INPUT, kH = 10.0 Jy J—_|—Ll S 1 o e i
ﬁ » -
i INDEPENDENT VARIABLES: L4, Z4 4
CONSTRAINTS:  .16H &Ly £1.5H
REAL (Z4) £0.1 30p

FIXED PARAMETERS: Ly + Lo = 3.0H
Z5 = 1.581 — 1.340i

20
o STARTING VALUES: Zy = 0.05 — 1.0i (REACTIVE LINER)
' Ly = 0.5H
AdB A: 10logyg ( ITg/ IT)!
FINALVALUES: Z. = .079 — 1.401i
i 1 .
{ L1 = .526H 104- B: 10]09—]0 ( HT']/HI) - 10!0910( HR/ Hl}

C: 10logqg (HTQ/HI) — 101logqq UT1/H|)

TOTAL ATTENUATIONindB = A + B + C

é NUMBER OF ITERATIONS

Figure 4. Determination of Constrained Optimum Two-Segment Plane Wave Liner Using Conjugate
Gradient Optimization Technique, M = 0.0.
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Figures 8, 9 and 10 show the transverse pressure, axial velocity, and product of the pressur: and the
conjugate of the axial velocity, respectively, at the incident plane of the dissipative liner. These
quantities, normalized with respect to their centerline values, are plotted in each figure for cases a, b
and c. In going from configuration a to b, the optimization algorithm forced the acoustic field
incident on the liner into a close approximation of the modal content for which the dissipative liner
performs best.

Thus, the improved performance is seen to be due to redistribution of the modal content of the
sound incident on the dissipative liner and not the result of reflection of acoustic energy. (It should
be pointed out, however, that the method of operation of the low resistance front liner appears to
be through interaction of right and left moving wave systems; thus, modal reflection in the reactive
liner is a key to the phenomenon but energy reflection from the reactive liner is not.} The modal
redistribution mechanism has also been identified by Baumeister (ref. 35).

Table 2 contains optimum two-segment plane wave liners found by taking various initial guesses and
constraining only the minimum resistance of the front liner and total length. in each case, the final
local optimum configuration obtained had a low front liner resistance, even though the initial
iteration was bagun with substantial resistance values. Similar trends have been found by Baumeister
{ref. 36) and by Quinn {ref. 36) in their investigations. This is gratifying in view of the significant
differences between their finite difference models and this modal expansion model. (The finite
difference model involves a finite segmented liner bounded on the incident side by a semi-infinite
continuation of the initial liner, and on the transmitting side by a pc termination, while the present
elgenfunction expansion model uses hard-wall terminating duets on both sides of the lined
segments.) However, it is important to note that, because of the model difference, these optimum
configurations will have different impedances and different attenuations for the liner configurations
in which reactive elements are found. (These configurations include not only the two-segment liner,
but also the single-segment liners for those cases for which reactive effects are important.} The most
significant effect of the difference in models will be that, for example, an initial plane wave input
may be distorted by higher order mode reflection in the mode!l of this report, while the distribution

will remain plane in the finite difference models since they do not account for the impedance
discontinuity. '

ligure 11 depicts the variation with frequency of aptimum segment impedances and lengths for a
two-segment plane wave liner, with L/H = 3.0 and zero Mach number. Specific acoustic resistance
values were constrained to he greater than 0.048, but the variables were otherwise not restricted.
The frequency range 6.0 < kH <10.4 is covered. For frequencies greater than kH = 9.6, the
aptimum front liner goes to minimum resistance. Maximum attainable sound power level
attenuations decrease with increasing frequency. {Although not shown, they are well over 100 dB
for frequencies below 3.0; they drop to 30 to 50 dB in the frequency region investigated.) These are
definite improvements to be gained in the frequency range studied; by superimposing the single
segment attenuations on the figure, it is seen that 10 to 15 dB may be achieved by using a
two-segmant configuration.

Also shown on Figure 11 is a curve of Cremer optimum impedance for the {0, 1} mode pair plotted
versus reduced frequency. For a reduced frequency of kH near 10, the impedance of the dissipative
liner, Zo approaches that of a Cremer liner. For this case, the front liner apparently converted the
transverse acoustic field incident on the dissipative liner into a shape similar to the least attenuated
mode. This behavior does not ocecur for reduced frequencies kH< 10, and an examination of Table
2 reveals that local two-segment optimums can be found for kH = 10 that do not approach a Cremer
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TABLE 2
OPTIMUM TWO-SEGMENT LINING CONFIGURATIONS FOR PLANE WAVE, L/H=3.0, n=1.6,M=0.
RUN iNITIAL CONFIGURATION FINAL CONFIGURATION
IDENTIFICATION IMPEDANCE |LENGTH | ATTENUATION | IMPEDANCE |LENGTH |ATTENUATION
L/H L/H
Liner 1 .079 - 1.40i 526 048 - 1.75i 740
A Liner 2 1.681-1.34i | 2474 28.9 1.424-1.19i | 2.260 34.5
B Liner 1 1.0 -1.40i 526 .048 - 1.70i 841 -
- Liner 2 1.581-1.34i | 2474 15.5 1.440- .84i | 2.159 40.8
@
Liner 1 2.0 -1.40i 526 048 - 1.77i 719
¢ Liner 2 1.681-1.34j | 2.474 13.3 1.400 - 1.21i 2.281 33.9
Liner 1 079 - 1.40i 526 048 - 1,52i .829
D Liner2 | 1.581- .Ti 2.474 11.8 1.753 - .50i 2171 35.2
Liner 1 1.0 -1.40i 526 048 - 1.67i .800
E Liner 2 1.581- .1i 2.474 8.4 1.500 - .930i | 2.200 38.1
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value for the dissipative liner impedance. Furthermore, variation of front liner reastance was found
to be contrary to the results of Baumeister (ref. 36) which show that the reactance of the front liner
should also approach the Cremer or least attenuated mode value,

Three-Segment Optimum Liners

The analytical studies which were conducted to select lining configurations for the experimental
tests revealed that the attenuation perfsrmance of optimum two-segment lining configurations is
sensitive to the modal content of the incident wave. Three-segment configurations were studied to
determine whether an additional segment could reduce this sensitivity to modal content and also
provide more attenuation than a single segment liner. In conducting the optimization studies,
optimum single segment plane wave liners for the lengths L-I/ H= L3/ H=.5anc L2/ H = 2.0 were
used as initial values. Final configurations obtained by using these single segment optimums as
initial values are shown in Table 3. Also shown are configurations that were obtained from other
arbitrary starting values of liner impedance for a plane wave input. The optimization program
located many local attenuation peaks that have nearly identical attenuations. Note that for the final
configurations for cases A-E, the front liner has a high resistance. Only one case could be found for
the three-segment optimization search which tended toward a low resistance front liner
configuration, This is different from the trend observed in the case of the two-segment liners.
However, the three-segment liner also appears to have “modal conditioning’ as its operative
mechanism for improved attenuation. Quinn (ref. 22} has obtained similar results; i.e., for his
three-segment liners, there is no general tendency for the front liner to have low resistance. An
exception is the case far kH/2 7w = 77 = 1.0 which is the cut-on frequency for the second mode.
Baumeister {ref. 35) has found that for short liners (low L/H values) the front liner for both two-
and three-segment optimum liners tend toward low resistance; his data, however, is for 17 = 1.0. As
noted previously, the single segment liner also tends toward low resistance at 77 = 1.0. This repeated
tendency is apparently due to the ease with which energy is transferred from the plane wave to the
second mode. It thus appears that near 77 = 1.0 there is some reflection taking place in addition to
modal redistribution.}

The final canfiguration of Case A in Table 3 was used as a starting point in a second optimization
run. This run was made with different step sizes to determine whether the final configuration of
Case A could be improved upon. As shown in Table 4, a new three-segment plane wave liner was
found which out performed the Case A liner. Optimum configurations for other modal input values
are also shown.

Table 3 shows that when segment lengths were allowed to vary, several {ocal optimums were found.
The specific optimized liner parameters, liner lengths and impedances, depended on starting values
and step sizes used in the search. A distinct global optimum configuration could be found only
when the segment lengths were held constant. While these local optimum configurations have nearly
identical total attenuation at the design frequency, they have different sensitivities to incident
modal content and different frequency bandwidth characteristics. Because of these properties, it
may be possible to design a multisegment optimum lining to be relative insensitive to both the
modal structure of the acoustic field and the tolerances of panel materials.

20

f——
g

rtime —y
[ S

[P

&)
[

SR [

O



e

£ St ot SR e S SR ' AU e S ont S ivcsons JRNE 60 D vt R oot S sl Y oot
TABLE 3
LOCAL OPTIMUM THREE-SEGMENT LINING CONFIGURATIONS FOR PLANE WAVE, M = 0.
RUN INITIAL CONFIGURATION FINAL CONFIGURATION
- LENGTH ENGTH
IDENTIFICATION IMPEDANCE | 1y = |ATTENUATION| IMPEDANCE | " iy | ATTENUATION
Liner 1 35- .85i 0.5 917 - .981i 470
A Liner 2 87 - 1.77i 2.0 1.579 - 2.205i 1.959
Liner 3 35- .85 0.5 9.97 601 - .497i 571 50.4
Liner1 | 20 - .85i 0.5 1.957 - .911i 516
B Liner 2 87 -1.77 2.0 1.371-2.265i | 1.954
Liner 3 .35 - .85j 0.5 12.4 594 - 514i 530 50.9
Liner 1 .35- .85 0.5 A06 - .893i 479
c Liner2 | 2.0 -1.77i 2.0 1.764 - 1.588i | 2.941
Liner 3 35- .85i 0.5 21.5 534 . .559i 580 52.5
Liner 1 .35 .85i 0.5 804 - 1.228i .368
D Liner 2 87 - 1.77i 2.0 1.492 -2.110i | 1.940
Liner 3 05- .85 0.5 8.8 703- 534 692 52.6
Liner 1 35- .1 0.5 571- 513 503
E Liner 2 .87 - 1.77i 2.0 1.787-2.467i | 1.946
Liner 3 .35- .85 0.5 9.4 635- .514i 551 50.9
Liner 1 .35- .85i 0.5 048 - 1.419i 728
F Liner 2 87- .1 2.0 1.869- .744i | 1.980
Liner 3 35- .85i 0.5 7.0 501- .852i 292 36.6
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TABLE 4
OPTIMUM THREE-SEGMENT LINING CONFIGURATIONS, M = 0
AMPLITUDE OF | AMPLITUDE OF SEGMENT TOTAL
FIRST MODE SECOND MODE | SPECIFIC IMPEDANCE LEL'\)STH ATTENUATION
PLANE WAVE 1.0 + 0.0i 0.0 +0.0i 982. .977i 465
1571 - 2.203i 1.951
613- 503 584 52.7
“
EQUAL AMPLITUDE 1.0 + 0.0 1.0  +0.0i 997 - .932i 463
1.833 - 2.278i 1.944
. 641- .520i 504 53.1
6]
LARGE SECOND MODE CONTENT 1.0 + 0.0i 5.0  +0.0i 866 - .730i 536
1.986 - 2.375i 1.969
588- 522 495 56.2
) EQUAL ENERGY 1.0+ 0.0 1.6024 + 0.0 .70 - .895i A84
1.907 - 2.316i 1.943
643 - 493 573 52.8
EQUAL ENERGY 90° OUT 1.0 + 0,01 0.0 +1.6034i 1.407 - 2.265i 491
OF PHASE 1.471- .981i 1.972
981 - .630i 537 52.0
[
r‘f'“;
v HOSCOI SO d N £ GRS SPUls S .
T - o - . i - ) o

L TP

e
L




R S | Mt 1 4 o, A S S — s T T o e o e k8 2L A = e T

R S

o

ey

I

_,
e |

EXPERIMENTAL PROGRAM
Description of Test Facilities

in the design and subsequent testing of the single and muitiple segment lining configurations two
separate facilities of the acoustic laboratory were utilized. The flow resistance properties of facing
sheet material were determined in the flow resistance test facility. From the results of these tests,
facing sheet material was selected for fabrication of the six test panel configurations. The panels
were then tested in the grazing flow duct facility which provides acoustic data for lining
configurations in cantrolled acoustic and flow environmental conditions.

Flow Resistance Test Facility

The specific flow resistance test bench, shown on Figure 12, was designed to provide a reliable
method of determining the steady-state flow resistance of acoustic panel facing sheet materials. The
components of the specific flow resistance test bench include a device for control of airflow, an
instrument for measurement of airflow rate, a sealed air duct of known area capable of forcing the
air through the area of material tested, and an instrument for determining the difference in air
pressure bhetween the upstream and downstream sides of the material. Output from this
instrumentation is input to the VARIAN 620L computer which determines values of flow resistance
in cgs Rayls and calculated values of particle velocity for specified flow rates.

The accuracy of measurements is estirnated to be 5 percent of the measured value in cgs Rayls. This
estimate is based on the summation of inaccuracies of measuring instrumentation and of effective
cross-sectional area of tha specimen tested. Repeatability is within 2 per~ent of the determined cgs
Rayl value.

Grazing Flow Duct Test Facility

The grazing flow acoustic impedance test device, schematically shown on Figure 13, consists af an
air plenum, a cnund source, test section, and an aeradynamic/acoustic diffuser. With this device,
acoustic sound pressure level {SPL} and phase data are measured as a function of distance along the
test section lining length for a selected combination of excitation SPL and frequency and air flow
rate,

The air plenum consists of a 121.9-cm {48-inch) diameter cylindrical steel shell lined with acoustic
insulation to minimize airflow noise. The sound source is provided by an electropneumatic sound
generator {Figure 14). This generator is coupled to the test section by a fiberglass exponential horn
{Figure 15) that provides a transition from the circular cross-sectional geometry of the driver to the
square test section. Sinusoidal noise levels were measured in the test section for frequencies up to
6000 Hz. These measurements indicate that the sound generator is capable of producing 130 dB for
Mach numbers up to 0.4. The test section has a 5-cm (2-inch) square cross section with a belimouth
input from the plenum (Figure 15). The top of the test section (Figure 16) can accommodate either a
hard-walled plate or an acoustic liner. The oppaosite wall has two flush mounted microphones, ane
fixed at the start of the test section and the other an a traversing device (see Figure 17) that moves
along the 40.6-cm (16-inch) iength of the test section. The bottom and side walls of the test section
are rigid and acoustically hard. Consequently, the test configuration may be modeled as a
symmetric duct with total height, H = 10.2-cm (4-inch). Axial flush mounted microphone
measurements thus correspond to analytical predictions of symmetric duct centerline pressures.
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An aerodynamic/acoustic diffuser (Figure 18) is attached to the end of the test section. This
diffuser with a 3.5-degree diverging angle is designed to allow expansion of the flow field without
separation. Geometrically, the 5- by 5-cm (2- by 2-inch) cross section expands to a 5- x 34.9-cm (2-
x 13.75-inch) cross section. The sidewalls are lined with a 50 percent open area perfcrated sheet.
The backing space which varies linearly from 0 to 15.2 cm (6 inches) is filled with a bulk material
acoustic absorber to minimize reflections from the diffuser and provide an anechoic termination.

A picture of the test operation console is shown on Figure 19. From this console, the acoustic and
flow environment of the test section are controlled and acoustic and bcundary layer data are
acquired and displayed. The spectral definition, power level, and excitation frequency of the
excitation system output are controlled by the monitor and control network. The Mach number of
the test section is regulated by controlling the static pressure of the plenum.

Design of Test Panel Configurations
Lining Configurations

In defining the test panel configurations, it was necessary to design multisegment lining
configurations which would out-perform single segment linings both for the plane wave and for
other modal combinations. This behavior was important to the demonstration of the phased lining
concept since the modal content of the acoustic environment in the grazing flow duct cannot be
controlled.

The six test panel configurations are identified and their design conditions specified in Table 5.
Configurations 1-3 and configurations 4-6 are designed for flow velocities of M = 0.0 and M = 0.4,
respectively. Configuration 1, a uniform liner, is the single-segment optimum for L/H = 3, and a
plane wave input for a reduced frequency of kH = 10. For this frequency, (approximately 5K Hz in
the test section of the grazing flow duct), it is shown on Figure 4 that a low resistance liner placed
in front of a dissipative liner altered the modal content of sound incident on the dissipative liner,
thereby making the dissipative liner more effective. This two-segment liner, configuration 3, alse
was selected for the test program. As previously shown, this configuration was a constrained
optimum; relaxation of the constraints allowed more attenuation to be obtained by subsequent
two-segment designs. This liner was chosen over the others since a very detailed study of its
performance had been made. Design parameters for this configuration were determined for M = 0
by solving equation (23) for facing sheet resistance and backing depth. These parameters are also
given in Table 5.

Since the modal content of the grazing flow duct acoustic field was not known at the design
frequency, the performance of this two-segment liner was calculated for various combinations of
the first and second modes. The variation with frequency of the attenuation performance of this
lining configuration was calculated for M = 0.0 by the multisegment duct analysis program.

Figure 20 depicts the attenuation performance of the two-segment liner. Attenuations for four
modal combinations are plotted versus excitation reduced frequency, kH. The two-segment liner is
quite sensitive to the modal content of the sound. The attenuation performances of the
single-segment optimum lining for a length of 30.5 cm (12 inches) (L/H = 3) are also plotted on tnis
figure for the same modal combinations. The two-segment liner yields more attenuation than the
uniform liner only for the case when the plane wave is the only mode present. If there is any
significant second mode component present in the source field, configuration 3 will not generally
outperform the single segment liner.
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TABLE 5
TEST PANEL CONFIGURATIONS
FACING SHEET
CONFIG- DESIGN PANEL FLOW RESISTANCE BACKING
URATION CONDITION PANEL PANEL LENGTH SPECIFIC RESISTANCE* SHEET SAMPLE Fie*¥ DEPTI’!
LD. kH M 1.D. cm in IMPEDANCE Re PANELS 1.D. NO. RAYLS | cm in
1 10.0 0.0 FO-1 30.5 12.0 1.30 - 1.85i 46 8 1&3 45 0.41 0.16
DF-1 4.8 1.88 977 - .981i 35 7 486 41 0.66 ¢ 0.26
2 10.0 0.0 DF-2 19.9 7.84 1.58 -~ 2.21 56 g 336 55 036 | 0.14
DF-3 5.8 228 601 - .497i 21 5 182 22 097 | 0.38
L]
- RF-1 5.3 2.10 079 - 1.40i 3 1 6 2 0.61 | 0.24
3 10.0 0.0
DF-4 25.1 9.90 1.581 - 1.34i 56 9 4%6 55 048 | 6.19
4 10.0 0.4 FO-1F 30.5 12.0 663 ~ .094i 24 6 5&6 23 071 | 0.28
RF-1F 5.6 222 048 - .674i 2 1 5 2 099 | 0.39
5 10.0 04
DF-4F 24.8 9.78 852 - .763i 30 6 2 30 076 | 0.30
DF-1F 5.3 2,07 619 -~ 0.454i 22 5 6 23 0.99 | 0.37
6 10.0 0.4 DF-2F 20.3 7.99 809 - 1.12i 29 ] 1 27 664 | 025
DF-3F 5.0 1.94 433~ .202 15 4 2 22 1.27 | 050

*RESISTANCE VALUES BASED ON pc = 39.5 cgs RAYLS AND REDUCED BY 10 PERCENT TO ACCOUNT FOR CORE AND ADHESIVE BLOCKAGE
**ESTIMATED VALUES BASED ON FLOW RESISTANCE DATA
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DESIGN FREQUENCY
kH=10, L/H=3,M=0.
LINER IMPEDANCES DEFINED IN TABLE 5

ATTENUATION - dB

MODAL COMBINATIONS UNIFORM 2-SEGMENT
PLANE WAVE O @
EQUAL AMP 0O [
EQUAL ENERGY O ¢
EQUAL ENERGY O o)
(90° OUT OF PHASE)
0 U T 1 1 | 1 | T T
9.2 9.6 10.0 10.4 10.8

REDUCED DUCT FREQUENCY - kH

Figure 20. Sound Power Level Attenuation Performance of Configuration 1 and Three
Liners as Function of Modal Input and Frequency for M = 0.
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Obviously, there was a risk of not demonstrating the phased lining concept if the modally sensitive
two-segment liner were to fail to outperform the single-segment iiner due to the presence of the
second mode in the grazing flow duct. Consequently, the search was continued for a multisegment
liner that would meet the test objective and would be less sensitive to modal content. A
three-segment configuration was studied to determine whether the additional segment could reduce
this sensitivity. In conducting the optimization studies, optimum single-segment liners for the
lengths L1/H = L3/H =.band Lz/H = 2.0, and M =0 were used as initial values.

Figure 21 summarizes the attenuation performance of a three-segment configuration as compared
with the single-segment optimum. A detailed investigation was conducted to determine the
mechanism by which the three-segment liner was able to outperform the uniform liner for all four
modal combinations over the entire freguency range under study. Attenuations for each liner
segment were calculated for each incident modal combination. For a plane wave input, the
attenuations of liners 1 and 2 were nearly the same as their optimum single segment attenuation
values. The attenuation of the third liner is nearly ten times the single segment value of 2.2 dB,
Thus, in this case, the first two liners accounted for only 5 percent and 29 percent of the total
attenuation, respectively, but they apparently altered the modal content such that the third
dissipative liner performed more efficiently {66 percent). Similar behavior can be noted for the case
with both the first two modes incident at equal pressure amplitudes and equal energies, respectively.
For these cases, liner 3 accounted for at Jeast 60 percent of the total attenuation. For the case with
the second mode 90 degrees out of phase with the first (equal energy in both modes), the secand
liner accounted for 53 percent of the total attenuation. It appears that the reason this liner
performs so well for the various modal inputs is that the function each segment performs, either
conditioning the modal content or attenuating the principal portion of the sound, depends on
modal content; the segments change roles for different moda! inputs. This three-segment iiner which
was found te perform better than the optimum single-segment liner for the plane wave and for
other selecied combinations of duct modes was chasen to be the last M = 0 fest configuration.

Configurations 4 through 6 were designed by using the optimization program in conjunction with
the umiform mean flow theory. Plane wave optimum multisegment lining configurations were
determined by using optimum single-segment liners for M = 0.4 as initial values. Final parameter
values are presented in Table 8. Some of these impedance values are closely approximated by

applying the T M)? factor {ref. 33) to the impedance values of configuratians 1 through 3.

The total length of each panel configuration was 30.48 ¢m {12.0 inches}). Since the moving
microphone traverses 40.0 cm (15.75 inches), the pressure field can be measured beyond the
boundaries of the acoustic liners. Configurations 1 through 3 were fabricated with a hard-wall
section, 10.16 cm {4 inches) in length, in front of the linings to provide measured data across the
initial hard-wall/soft-wall interface. This arrangement was madified for configurations 4 through 6.
Hard-walled sections, 5.08 cm 2.0 inches} long, were piaced n 7out of and Banind the linings to
provide measured data across both the initial and final hard-wail/saft-wall interfaces. Schematic
diagrams illustrating the location of the lining configurations and giving the identification number
for each liner are shown on Figures 22 and 23. Liner segment lengths are presented in Table b.

Panel Construction
The test panels are of conventional sandwich type construction. Arrays of normally reacting
Helmholtz resonators are provided by small cavities sandwiched between a porous face sheet and

impervious backing.
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CONFIGURATION 1
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Ny CONFIGURATION 2
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oo Figure 22. Schematic Diagram of Test Panel Configurations Defined in Table 5for M= 0,
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A filer metal type of facing sheet was chosen because its flow resistance properties are relatively
independent of frequency and induced particle velocity., The material used, Brunscoustic plate,
consists of a stainless steel Brunsmet web that is sinter bonded to a .0561-cm (.020-inch) thick
stainless steel perforated sheet with a 32 percent open area. All test panels were fabricated from
existing stock of 2b.4-cm {10-inch} by 6%-cm {24-inch} Brunscoustic plate. The resonator cavities
were fabricated from phenolic honeycomb with a .953-cm (3/8-inch) cell size. This core material
was bonded to the facing sheet with a nonflowing roll-on adhesive to minimize adhesive fillet
blockage of the Brunscoustic plate.

Selection of Panel Facing Sheets

To obtain the required flow resistance characteristics, the specific resistance of each pane{ had to be
converted Into a criterion for the selection of facing sheet material. Panel resistance was calculated
by multiplying the specific resistance by the value of charveteristic impedance of air {39.5 cgs
Rayls}. This value was adjusted to account for the blockage {estimated to be 10 percent) of the core
and bonding adhesive. This value was used to select the facing sheet material for panel fabrication.

Figure 24 depicts steady-state flow resistance data for a typical facing sheet material. Steady-state
flow resistance values in cgs Rayls are plotted against calculated values of particle velocity. This data
illustrates the linear behavior of the fiber metal. The small slope of the flow resistance versus
particle velocity curve allows grazing flow effects to be neglected. Liner impedances are assumed to
be independent of Mach number. The approximate location of the test areas and the approximate
locations of the areas that were used for panel fabrication are shown. Each of the other six sheets
was tested to provide an estimate of its flow resistance properties. Required values of flow
resistance and the corresponding measured values for the panel liners are given in Table 5. Figures
25 and 26 are photographs of the fabricated lining configurations.

Calculation of Panel Backing Depth

The backing depth of the resonator cores were explicitly determined from the crossover frequency
impedance model

Re(kH)
pc FCH

- icot [{kHMd/H] {23)

in terms of the face sheet resistance, R, characteristic impedance of air £¢ and crossover frequency
{frequency at which the face sheet reactance equals its resistance) of F, = 27f /c. Unpublished
itmpedance tube test dota for fiber metal facing sheet materials showed that the reactance of the
facing sheet varies linzarly with frequency. This behavior validates the use of the crossover
frequency model. Based on these data, a value of crossover frequency fo = 15,000 Hz was used in
this investigation as a representative value for the Brunscoustic face sheet.

Analysis of Test Data

The objective of the test program was to experimentally verify the analytical techniques developed
to predict liner perfarmance. Duct centerline rms pressure magnitude and phase were calculated
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using the mathematital model with either a hard-walled or soft-walled panel configuration, and
these predictions were correlated with test results, Attenuation performance of each test
configuration was determined by comparing energy flux before and after the lining. Although
generally good correlation between theory and experiment was obtained, some portions of the test
data were not accurately represented by the predictions. To assess the relative level of errors in the
analytical model and test data, a series of parameter variations and curve fit studies were made for
the measured data.

Data Acquisition

Space correlated raeasurements of acoustic pressure were made in the grazing flow duct facility for
each of the single and multisegment lining configurations and a hard-walled test section. These data
consisted of measuring the amplitude and phase of a moving microphone, relative to a fixed
microphone, along the test section centerline in one of two test procedures:

e Frequency Scan

The separation distance between microphones is fixed and frequency is varied
e Microphone Traverse

The separation distance s varied for a constant discrete frequency

An extensive test program was conducted and all frequency scan and axial traverse data are
presented in ref. 37.

A complete set of acoustic and flow environmenial parameters was measured and recorded for
each test condition. The temperature of the air supply for the flow duct test section varied with
ambient conditions. To establish the desired value of reduced frequency, kH, excitation frequency
was adjusted for each test condition to compensate for temperature changes, To estimate the modal
content of the acoustic field in the test section for the lining configurations, traverse data was
measured for a hard-walled test section prior to each of the panel ‘a5t conditians.

Frequency scans were made for each panel configuration to experimentally determine the
frequency of maximum attenuation. Although the panels were designed for a reduced frequency of
kH = 10 tolerances of the facing sheet material caused some detuning of the liners. To ensure that
the test panels were tested over a range of frequencies that included their peak attenuations, the
limits of this range were determined by examination of the fraquency scan data. These limits, kH =
9.6 and 10.16, were then established as the two test frequencies for all panel configurations.

Determination of Modal Content

The incident modal content of the duct acoustic field for each test condition was determined by
analyzing the fraverse data for a hard-walled test section. |t was assurned that this modal content of
the incident sound field would not be significantly altered by the presence of the liners. The validity
of this assumption will be discussed later. The interactions of incident and reflected modes was
interpreted with the aid of an analytical expression for the quantity pp* which is a measure of the
rms pressure. From the expansion for pressure given by equation (9), pp* is:
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This expression shows that the rms pressure is a combination of terms which are grouped as either
interactions of incident modes with themselves and reflected modes with themselves, or interactions
between incident and reflected modes. The axial variation of pp* is dependent upon differences of
propagation constants for the terms that contain the interactions of incident modes with themselves
or the interaction of reflected modes with themselves, The terms that contain the contributions of

the ir ‘ans between incident and reflected modes are a function of the sum of the modal
n . constatits, An effective wave[engtﬂjor each of these two typeg_g_f interaction terms can
L " 1 by dividing 2 7 by either Real (A, — e } or Real ().. + A¥ ). This indicates that

the axial variation for self-interaction has a long wavelength whlle the axial variation for
cross-interaction has a short wavelength.

To illustrate the use of equation (24) it is applied to the case of two propagating modes in a
hard-walled infinite length duct with M = 0 where reflections are neglected.

- —_n - _ ¥
.12 e 1(7&07\1)2 + a1aae l(?»1?~.0)z

+a
1

1

Calculated axial distributions of rms pressure magnitude are shown on Figures 27 through 29 for
various combinations of fundamental and second incident modes. The axial variation of pressure
magnitude is quite sensitive to differences in magnitude and phase of the modal content. Recalling
that «, = 2n7r/H for a duct with hard-walls, for a frequency parameter of kH = 10,16 and H =
10.16 cm {4 inches}, the propagation constants become

?\.0 = 1.000/cm {2.54/inch)

Ay

n

.786/cm (2.00/inch)

The effective wavelength for the interaction of the first and second incident modes is 28.5 em {11.6
inches) which correlates well with the oscillations in the rms pressure evident in these plots.
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Similar reasoning was used to study the interaction between the first and second modes which is
evident in the measured hard-wall traverses, Measured pressure magnitude {rms)} and phase (with
respect to the fixed microphone) for two typical hard-walled test conditions are plotted versus
microphone separation on Figures 30 and 31 for frequency parameters of kH = 9.6 and 10.16
respectively. In addition to the interaction of the first and second incident modes, interaction
between incident and reflected modes can be seen to be present for kH = 8.6 as indicated by the
small amplitude, short wavelength variations superimposed on the larger amplitude [ong wavelength
variations. The wavelength of the shortwave is approximately 3.56/cm (1.4/inch), The effective
wavelength for the three possible incident and reflected modal combinations are:

Modal [nteraction Effective Wavelength
agbg 3.15/cm (1.24/inch)
a; by 3.99/cm (1.57/inch}
agby 3.51/cm {1.38/inch)

These wavelengths indicate that the most probable interaction is between the fundamental incident
mode and the second reflected mode. Modal reflection is from the impedance discontinuity at the
junction of the test section and the flow diffuser.

Modal ceefficients for the first and second modes were determined by fitting the traverse data with
centerline pressure calculated by the multisegment analysis. The analytical predictions are shown on
Figures 30 and 31 by broken lines. Since the multiple segment analysis does not account for
reflections at the end of the hard-wall portion of the test section, the analytical predictions do not
have the small amplitude, shart wavelength variation seen in the test data, but overall correlation is
good.

The set of modal coefficients determined from the six sets of measured hard-wall data is given in
Table 6. The magnitudes of these coefficients are nearly the same, while the phase was changed to
fit the traverse data for the individual tests.

Figure 32 depicts a typical traverse measurement for a hard-walled test section with uniform flow,
M = 0.4. Analyses similar to those performed for the M = 0 case were also conducted for uniform
flow. Very little second mode content was found to be present in the sound field. Therefoie, all M=
0.4 test data were evaluated on the assumption that only the plane wave was incident.

Analytical/Experimental Correlations

Measured liner traverse data were correlated with corresponding analytical predictions to validate
the improved suppression performance of phased liners. Modal coefficients determined by the hard-
wall traverse data analyses and liner impedance values based on measurea flow resistance data were
input to the multisegment duct analysis to predict the pressure magnitude and phase along the duct
centerline for configurations 1 through 6. The use of hard-walied modal coefficients is based an the
assumption that the presence of a liner does not alter the modal structure of the test section. Liner
impedances (Tables 7 and 8) for the test frequencies at kH values of 9.6 and 10.16 were calculated
from measured flow resistance data and the values of characteristic impedance of air, pc, which are
given for each test condition in Table 9.
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TABLE &
MODAL COEFFICIENTS FOR HARD-WALLED TEST SECTION, M = 0.

¥ REDUCED COEFFICIEMTS
PANEL FREQUENCY

1.D. (KH} MODE 1 MODE 2

1 9.6 1.0 + 0.0 0.30 - 0.25i

——— g

2 9.6 1.0 + 0.0i 0.35 - 0.15i
3 9.6 1.0 + 0.0i 0.35 - 0.15i
1 10.16 1.6 + 0.0i 0.10 + 0.30i
2 10.16 1.0 + 0.0i .00 + 0.35i

3 10.16 1.0 + 0.0i 0.20 + .025i
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TABLE 7

SOUND POWER LEVEL (PWL) ATTENUATIONS FOR ANALYTICAL/EXPERIMENTAL CORRELATIONS OF
TEST PANEL CONFIGURATIONS 1 THROUGH 3, M = 0.0.

SPECIEIC
IMPEDANCE OF ATTENUATION
MODAL CONTENT* EACH PANEL SOUND POWER
LINER CONFIGURATION kH SECOND MODE SEGMENT LEVEL AdB
- 9.5 .30 — .25i 1.30 — 2.03i 17.9
— UNIFORM B
CONEIGURATION 1
10.16 10 + .30i 1.30 — 1.85i 17.0
1.20 - 0.97i
9.6 35 — .15i 1.57 — 2.32i 1.0
THREE-SEGMENT 0.63 — 0.56i
CONFIGURATION 2 10.16 0.0 + .35i 1.32 — 0.93i 23.4
1.73 — 2.27i
0.69 — 0.54i
9.6 35— 15i ?'gg - :l"igf 19.0
TWO-SEGMENT <06 — 145
CONFIGURATION 3 + an 0.05 — 1.41i o
10.16 0.0 + .35i 0.05— 141 21.6
*FUNDAMENTAL MODE AMPLITUDE = 1.0 + 0.0i
e e




[AL]

TABLE 8

SOUND POWER LEVEL (PWL) ATTENUATIONS FOR ANALYTICAL/EXPERIMENTAL CORRELATIONS OF
TEST PANEL CONFIGURATIONS 4 THROUGH 6, M = 0.4,

SPECIFIC
IMPEDANCE OF ATTENUATION
MODEL CONTENT* EACH PANEL SOUND POWER
LINER CONFIGURATION kH SECOND {10DE SEGMENT LEVEL AdB
9.6 0.0 + 0.0i 640 — 1.036i 15.1
UNIFORM
CONFIGURATICN 4
10.16 0.0 + 0.0i 640 ~ .927i 16.5
9.6 0.0 + 0.0i 046 — .721i 21.3
815 — .858i
TWO-SEGMENT
CONFIGURATION 5
10.16 0.0 + 0.0i 046 — .639i 22.5
815 — .750i
9.6 0.0 + 0.0i 595 — .b31i 20.4
778 — 1.193i
THREE-SEGMENT 416 — .245i
CONFIGURATION 6 —
10.16 0.0 + 0.0i 595 — .438i 26.5
778 — 1.072i
416 — .1b8i

*FUNDAMENTAL MODE AMPLITUDE = 1.0 + 0.0
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TABLE 9
ENVIRONMENTAL AND PANEL CHARACTERISTICS
FOR EXPERIMENTAL/ANALYTICAL CORRELATIONS

CHARACTERISTIC PANEL
CONFIGURATION IMPEDANCE OF AIR* FLOW RESISTANCE** BACKING DEPTH

1.D. NO. egs RAYLS .D. NO. cgs RAYLS cm in
1 38.5 FO-1 50.0 .41 0.16
DF-1 48,5 0.66 0.26

2 38.8 DF-2 61.0 0.36 0.14
DF-3 24.4 0.97 .38

3 38.6 RF-1 1.8 0.61 0.24
DF-4 6.0 0.48 0.19

4 36.9 FO-1F 23.6 0.71 0.28

5 37.2 RF-1F 1.7 0.99 0.39
DF-4F 30.3 0.76 0.30

DF-1F 22.0 0.99 0.39

6 37.0 DF-2F 28,8 0.64 0.25
DF-3F 15.4 1.27 0.50

*BASED ON MEASURED TEMPERATURE AND PRESSURE

**BASED ON NOMINAL VALUES OF TEST DATA AND INCREASED 10 PERCENT TO ACCOUNT FOR CORE AND

ADHESIVE BLOCKAGE
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Measured traverse data for configurations 1 and 4 and the corresponding analytical predictions are
shown on Figures 33 and 34 for a reduced frequency kH = 9.6 and Figures 35 and 36 for kH =
10.16. The correlation of pressure magnitude is very good for the kH = 10.16 case. A slight
difference in phase exists between measured and predicted values near the end of the traverse. The
measured interactions between incident and refiected waves in the bounding hard-wall sections were
accurately predicted by the analysis. The correlation for the 8.6 value of kH is generally poor,
although the incident/reflected standing wave patterns for the hard-wall sections in front of both
configurations were accurately predicted. Configuration 4 analytical pressure distributions do not
agree well with measured data but do exhibit trends similiar to the measured data. The magnitude
and phase of the predicted axial pressure distribution agree with measured data for configuration 1
for the first 25.4 cm (10 inches} of traverse distance. However, the measured and analytically
predicted pressure variations are in poor agreement faor the last 12.7 cm {5 inches) of lining length.
An investigation of possible reasons for this poor agreement is presented later in an evaluation of
the analytical modsl.

Figures 37 through 40 present comparisons of analytical predictions and measured traverse data for
configurations 3 and &. The large pressure excursions in the 12.2-cm (4-inch) hard-wall section fer
configuration 3 were accurately predicted for both test frequencies. These excursions are due to
interaction of the right moving fundamental mode and the left moving fundamental made that is
refiected from the low resistance liner. While the amplitude fluctuations are large, little energy was
reflected from the interface. Analytical predictions for configuration b with an incident plane wave
do not correlate well with measured data, which would indicate that some second mode is present
in this test data. In a study to be discussed later, better agreement with the test data was obtained
by including the second mode in the analyiical prediciions.

Experimental/analytical correlations for configurations 2 and 6 are shown on Figures 41 and 42,
for kH = 9.6 and 43 and 44 for kH = 10.16. These correlations are quite good considering the com-
plex structure of standing waves in the three dissipative panels. Reflected wave patterns established
in the hard-wall sections in front of the lining configurations are predicted very wel! for each
corresponding set of hard-wall coefficier.ts. These data illustrate modal conditioning in the first two
liners and attenuation in the last liner, as was predicted during design of the three-segment
configuration. The poorest agreement exists for configuration 2 for kH = 9.6. For this case, the
analysis poorly predicts the behavior of both the phase and magnitude of the measured data in the
last 12.2 cm (4 inches) of the liner.

Evaluation of Liner Performance

While it may be overly optimistic to say that excellent correlation is obtained, it is noted that the
essential features of the measured data are predicted. This good agreement between theory and
experimental data indicates that the crossover frequency model is a realistic mathematical model for
the impedance properties of the test panels and that the modal coefficients determined by analyzing
traverse data for a hard-walled test section usually provide a reasonable estimate of the modal
content of the acoustic field for the test section with a soft-wall. [n addition, these correlations
validate the analysis technique and verify that the previously identified physical mechanisms do
enable phased linings to provide impraoved attenuation performance.

1t must be emphasized that the measured axial centerline pressure distribution is not a measure of

suppression performance of the lining. Sound pressure level attenuation measured for an axial
traverse indicates duct sound power attenuation only when there is but one soft-wall mode
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propagating. More than one mode can propagate for the test frequencies; consequently, the axial
standing wave pattern provides a means of correlating analysis and experiment. However, the
attenuation performance of the lining configurations must be determined by comparing axial energy
flux before and after the lining. Figure 45 depicts the axial variation of sound power attenuation for
configuration 4 at a kH = 10.16. A comparison of this distribution of PWL with Figure 36 shows
that the standing waves present in the SPL distribution would cause attenuation estimates based on
SPL rather than on PWL to be in error.

Since limitations of the test facility did not allow measurement of transverse distributions of sound
pressure level, sound power attenuations were computed for the test conditions. Modal coefficients
which were determined from the hard-wall data were input to the segmented duct program to
compute the energy flux values far the liner. If the capability to measure transverse profiles had
existed, the energy flux could have been estimated by measuring transverse pressure magnitude and
phase before and after the liner.* The profile data could have been used to determine modal
coefficients for the hard-waiied sections or to compute the integral of the rms pressure across the
duct cross section. {Attenuation perforraance predicted by this quantity has been found to correlate
well with the attenuations predicted by the energy flux expression.}

The sound power attenuations computed for each of the test conditions are presented in Tables 7
and 8. These calculated values are based on modal coefficients and impedance values obtained from
test data. Comparisons of the sound power level attenuations of configurations 2 and 3 with
configuration 1 are shown on Figures 46 and 47. Sound power level attenuations calculated for
both test conditions are plotted versus reduced frequency, kH. Differences between configuration 1
{open symbols) and configurations 2 or 3 {closed symbols) illustrate the attenuation improvement
of phased linings. These plots also show that these attenuations fall near to or within the
attenuation envelope for the modal camhinations used in the design studies {Figures 20 and 21),

For the zero Mach number tests at kH = 10.186, the two- and three-segment liners produced 4.6 and
6.4 dB more sound power attenuation respectively than the single-segment liner. The two- and
three-segment liners produced 6.0 and 10.0 dB more attenuation than the single-segment optimum
for M = 0.4 and kH = 10.16. These attenuation improvements are significant in view of the design
constraints of the liners.

Evaluation of Theoretical and Experimental Methods

Although generally quite good correlation was obtained between theory and experiment, there were
some portions of the test data which were not accurately represented by predictions. Some of the
factors which may have contributed to this lack of carrelation include the following:

e The analysis was based on a two-dimensional model while the experimental configuration
involved a square duct.

*Several measurements of transverse SPL distribution for hard-wall conditions were made in the
final phases of the program in an attempt to further substantiate the modal identification
procedure. Unfortunately, this limited capability was obtained too late in the program to allow
application to PWL. determination.
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e Incident madal content varied between tests and with the presence or absence of liners.

¢ It was not possible to determine exact valuus of liner impedance due to nonuniformity in
facing sheet resistance, blociage effects, and uncertainty regarding the value of crossover
frequency.

e The flow duct termination was not anechoic in the frequency regime of the tests.

Impedance effects were studied by arbitrarily changing the resistance by +10 percent for the M= 0
configurations. T...se results indicate that while agreement is improved by changes in resistance, in
some instances initial estimates of resistance were adequate.

Another trend study shown on previeus comparisons was the variation of modal content. This was
accomplished by trial and error in the early staues of the program and indicated that modal content
was variant not only from test to test but in the presence of the liner. Insight was gained into the
actual model content in the presence of the liner as well as into test duct termination effects and
actual liner impedance values by adjusting these parameters so a5 to provide a better fif fo the
measured data. Several analytical techniques were developed to automatically and aceurately curve
fit the data. Of those considered, the conjugate gradient optimization method was the most
successful and will be the only one presenied.

The cost function for application of the conjugate gradient technique is the mean square difference
between the measured and predicted axial variation of duct centerline pressure (see Appendix J).
Initial values of incident modal coefficients, and soft-wall segment impedances were input to the
program, which systematically varied these ipput parameters to minimize the cost function.
Modeling of the duct tcrminating diffuser was accomplished by placing a soft-wall segment of
uniform impedance between the semi-infinite hard-wall termination and the test section. Wall
impedance for this duct segment was also used as an inpuc parameter to the gradient search curve fit
program,

Results of this optimum analysis for hard-wall data are shown on Figures 48 and 49. The variables
for this optimization study were second mode content and termination impedance. Since the
termination wall impedance did not change from the stariing value of Z = p ¢, it was felt that this
impedance was adequate and it was thus fixed during subsequent analyses. “The
experimental/analytical correlation obtained for the hard-wall data are well within measurement
accuracies and clearly show the termination impedance trends discussed in previous sections.

The optimization techniyue was also applied to configurations 1, 3 and 5 to identify possible causes
for the poor correlation in some portions of the test data. Application of this technique to the data
for configuration 1 (Figure 33) was accomplished in two steps. First the data were evaluated by
varying incident modal content. Little improvement was noted {Figure 50} so next the impedance
was allowed to vary as well, Rasults are presented on Figure 51, Here excellent correlation has been
obtained for both amplitude and phase. Wwnile modal content changed only slightly, a relatively
large increase in impedance was required to vield the improved correlation. These changes in
impedance are not within the variations of the facing sheet flow resistance data. Whan attempts
were made to cut samples from the panel for standing wave impedance tube checks, the face sheet
separated from the panel, indicating poor bonding of facing to core. Unfortunately, this separation
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precluded running the impedance tube tests, but the improper bonding could allow face sheet
motion, which would likely cause an increase in both resistance and reactance. This might explain
the iarger impedance value required for correlation.

Configuration 3 was also studied by this technique for the kH = 9.6 case (Figure 37). To allow for
the nonuniformity in flow resistance measured for the dissipative segment (Figure 24}, the
two-segment liner was modeled by a three-segment configuration. The resulting correlation is
presented in Figure 52 and again is quite good. The impedance values and incident modal content
are very reasonable and are well within feasible tolerances. Also, the sound power attenuation of
21.0 dB is the same as that calculated for configuration 3 in Table 7.

Configuration 5 was studied only for a kM of 10.16. Both incident mode content and segment
impedance were allowed to vary. The resulting madal content and segment impedance {Table 10}
are within reasonable sstimates of experimental variations. Comparison with traverse data (Figure
53} shows excellent agreement when the second hard-wall mode is present in the analytical
predictions. The change in modal amplitude from that measured in the hard-wall case can be
explained by assuming that the presence of the liner in the test section reflects pressure waves
toward the source. These waves interact witli the source pressure wave patterns causing a change in
incident mode content,

In light of excellent results obtained from the optimized modal contents and impedances and the
ather previously discussed correlations, it is felt that the two-dimensional duct analyses presented
herein for the square grazing flow duct are appreoriate.

TABLE 10
MODAL COEFFICIENTS AND LINER IMPEDANCES FROM AN OPTIMIZATION
CURVE FIT OF CONFIGURATION 5, kH = 10,16 TRANSVERSE DATA, FIGURE 53

FUNDAMENTAL MODE ALMPLITUDE 1.+ Qi
SECOND MODE AMPLITUDE -18 - .11
IMPEDANCE FOR LINER NO. 1 209 - .822i
IMPEDANCE FOR LINER NOI 2 713 - 5611
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CONCLUDING REMARKS

It has been shown that multisegment linings can be designed to yield substantially greater
cttenuation than is provided by single-segment liners of the same length. Also, although optimal
lining configurations vary with the modal content of the incident sound, thus generally requiring
accurate specification of the sound source, it was found possible to design a three-segment liner for
a specific set of conditions which appeared relatively insensitive to modal content.

It has been found that multisegment liners have “‘modal conditioning” as their primary mechanism
for increased attenuation; the incident sound is redistributed by the front liners into modes which
are more readily absorbed by the remaining lining segments. These studies have not shown any
significant reflection nf sound energy from the multisegment liners (except at a frequency of kH/2
= 7, which corresponds to the second hard-wall mode cut-on), even though the semi-infinite
hard-walled duct on the input side of the segmented liner would readily allow such reflections.
Other investigators [Baumeister (ref. 35), Quinn (ref. 36}, Lester and Posey (ref.38}] are in
agreement with the major conclusion regarding the mechanism by which the multisegment liner
performance is obtained, even though some of the mathematical mocdels used were quite different
from those used in this study.

In addition, a method has been demonstrated for determining duct modai con:ent for cases with
only a few modes present. The technique involves varying incident and reflected modal coefficients
to fit measured axial pressure phase and magnitude information. The use of axial trave:se data for
modal identification in a uniform flow avoids the problems associated with the flow and acoustic
interference of a transverse probe extended into the duct.

Of particular importance is the fact that it was possible to dssign, build, and demonstrate
muitisegment liners in the presence of such practical constraints as uncertainty regarding the details
of the sound source modal structure and the requirement that liners be built up from materials in
stock. (Note that these liners are thus constrained optimums and do not necessarily represent the
overall optimum liner which might be produced if these constraints could be relaxed.)

The results of this investigation indicate that the present phased liner theary could be of immediate
benefit in aircraft applications, particularly to problems of exhaust duct noise suppression.
However, adaptation to the design of inlet liners will require that several remaining questions be
answered. These include the following:

& Can practical phased liners be developed for cases in which large number of modes,
including spinning modes, are present?

e How would the presence of sheared mean flow, which affects upstream and downstream
moving modes differently, change the effectiveness and behavior of multisegment liners?

s  Could the optimization procedure be improved by considering only right moving modes
in longer, highly dissipative segments, and retaining both right and left moving systems in
the short and low resistance segments?

e How well can broadband noise be attenuated? That is, can performance be optimized
over a finite width frequency band, as well as over model content, liner length, etc.?
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APPENDIX A

DEFINITION OF PROPAGATION CONSTANTS

]

The propagation constant is defined as

: i
owa

PR )

= kM1 — M2 2k [1— (2/K)2(1 = M2 ] 21 — M2) (A1)

f'., i The appropriate sign on the square root term must be chosen to designate right and left moving
' maodes.

L Soft-Walled Duct { # Complex)

For this case, since ¢ is complex, define

[ — (/211 -MA)] %= a+ 18, g>0 (A2)

Then the axial dependence is obtained by use of (A1), {A2), and equation (5}:

exp [IKM/A(T — MATFiak/(1 ~ MA £ Bk/(1 — M4 (A3)

To ensure attenuation of the soft-wall modes, take the minus sign for right moving modes and the
plus sign Tor left moving rmodes.

Hard-Walled Duct { z Real)

1
Suppose first that { « Kz > — . Then (A1) becomes

1—M
= kM1 — M 2ik [u/k2 (1 - M) - 1) % (Ad)
and the axial dependence is
exp {iIkM/(1 —M2) 2k [{ /K2 (1 - M) 11 2/(1-M2) } (AB)

Thus, for right and left moving waves, we choaose the minus arid plus signs, respectively, in order to
obtain attenuation of the mode as it propagates away from the source.

For { z«/k)? <1.0, A is real and the direction of propagation cannot be determined by
attenuation direction. Far this case,

LR
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A= —kM{—M = & }/(1 — M2 (AB)

where  &=[t—(u/k2(1-MA1% >M

lwt-i/\zzeiw (t-z/vphase)

Now e and for wavelike behavior

(1—M?) c/( &--M)
= {2 A. =
VPhase / —(1 =M?) e/ £ +m) {A7)

Thus the plus sign corresponds to right moving and the minus sign to left moving propagation.

Finally, consider 1.0 < ( ﬁl/k)25_1 1_ w2 For this case 0< £2 < M 2 thus

A=k(-M+ E){1—-M?)  where 0< €< M (AB)
This yields two negative phase speeds for M > 0

A=- kIMF & 11 -M?) (AQ)

and two positive phase speeds for M <0
= 2
)\.—k(lM(iﬁ)/(TwM) (A0}
Eversman (Reference 39) has shown by energy considerations that the smallast absolute value
of A corresponds to downsiream propagation and the largest to upstream transmission.

The resuliing definitions of flow duct modal propagation constants are summarized in Table 2.
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APPENDIX B

NUMERICAL INTEGRATION TECHNIQUE FOR EIGENVALUE COMPUTATION

This method or similar methods have been used by Rice (ref. 5) and Zorumski and Mason (ref. 4).

The eigenvalue equation for symmetric flow duct modes may be written

D = UHsin{ ZH/2)/2 —ikHA cos( £ H/2)/2 = 0 (B1)

The total differential of D is

dD = [ OD/BH) du + (BD/O A dA=0 (B2)

The total differential vanishes because D is identically zero. This equation may be solved for
d &4 /dA:

dH/dA {8D/ & R/(BD/IBM) = F(U,A)

(B3)

ikH/[ (1 + ikHA) tan { L H/2) + & H]

This equation may be integratad from A = 0 to the true softwall value of A using, for example, the
Runge-Kutta integration procedure

HA + §R) = H(A) + [Ky+2(Ky+Kg) + Kgl/6

Ky = 8AT(H,A)

Ko = GAFH+K/2, A+ A/2) (B4)
Kg = SAHH+Ky/2,A+d A/2)

Kg = SAf(H+Kg A+ GA)

Note that for A=0, “=2n7 /H, n isan integer. For n = 0, the differential equation is singular.
Thus, for the plane wave made, the integration must be bequn at # { § A}, which may be obtained
by an asymptotic expansion of (B1)} for small admittance or by Newton-Raphson iteration on (B1}).
It should also be noted that, at an optimum Cremer impedance, the quantity & D/OH# vanishes
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{see Appendix D). This method would thus fail if the integration path was to pass through one of = :
these singular points. This possibility could be taken into account in the computational algorithm, -
but would involve considerable program complexity. In experienice to date with this program, it has F !

been found that the chance of passing through a singular point is rather remote and so the program =

has not been modified. o
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APPENDIX C

RAYLEIGH-RITZ TECHNIQUE FOR EIGENVALUE COMPUTATION
The functional
R
2 29 2 . 2 2
I=S{(py2-[(1-7\Mo) =A% p }dy+1A(1-AM0) p-{y=H/2) (1)
0
has stationary conditions

B 2_ 321 po
pW+[(1 AMO) Al pP=0
Py ly=H/2) + A1 ~AM)2P{y=H/2) = 0 (c2)
Py {y=0}) =0
By expanding p in terms of functions which have the capability of satisfying (C2}, and requiring

that I be stationary with respect to the undetermined expansion coefficients, a linear algebraic
efgenvalue problem in A2 can be obtained:

811 a1 - A2 11| fap}= fo} (63)
N-1

For an expansion p = 2 a, ©os {n 7T y/H), for example, the requirement that &I/ 3 ay = 0
m=0

for ,Z =0, {1), N - 1 leads to the following definitions for the matrices in (C3}:

[A]

R
l:j {nm 7t 2/142) sin {n 7 y/H} sin (mar y/H) dy
0

cos (n 7ry/H} cos (m 7 y/H)dy + iA cos (n 77/2) cos {m n/Z{I (C4)

]

[-B] [— cos (n7r y/H) cos {m mry/H} dy]

R
J
0
R
|
0
Equation {C3) can be solved by any standard eigenvalue package.
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APPENDIX D

MULTIPLE EIGENVALUES AND CREMER OPTIMUM ADMITTANCES

Tester {ref. 3) and Zorumski and Mason {ref. 4) have presented extensive studies of the Cremer
optimum liner and have shown that the optimum admittance for a given mode pair is that which
causes the modes to coalesce. The conditions for multiplicity of the eigenvalues are:

D = HHsin {#H/2) —ikHA cos (#H/2} = 0
(D1)
AD/GH = (1+ikHA/2) sin ( #H/2) + HHocos {#H/2)/2 = O
or
sin{UH)+HUH=0 {D2}

Suppose 4 = o +if, then {D2) becomes
Lo aH+sin{aH)cosh{ BH)=0
oy (D3)
BH+cos(aH)sinh{ BH}=0

Tester (ref. 3} has shown that for sufficiently high eigenvalues 8/a—»- 0. Thus, for S>> «

Bla =-cot( aH) tanh{ BH} —0 (D4)

But since tanh ( SH)~»1.0 for B large, {D4) becomes - cot ( aH) -0 or

aaH = mam+ /2, m large integer {D5)
= Note that sin {m 7 + 7r /2) ==1" and thus {D3) becomes
w ma + w/2+1)Teosh ( SHY=0 (DB}

But cosh > 0 for all { 8H) thus

mr + /2=~ -1)"cosh  BHI| (b7)
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which implies that m must be ndd, or m = 2,£+ 1, thus

aH= 2,@71' +3m/2
and

BH = cosh~! (2fm+ 3 m/2)

= Log, [2bm+ 32+ ~fi2hr —3 w22 il
~ Log, [(2[111'-1~ 3w/ + (Zgn' + 3 m/2}]

for large ,{
sonii2 = (fne3 /4 + i Log (46 3m 1] /2
The optimum admittance is thus
A = 2i{n7F[s-(#4w22]%} kn

Where T is chosen by the condition that Re (A} > 0.
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APPENDIX E

INTERFACE MATCHING EQUATIONS

Equations for the first interface:

Equal pressure

0 N4-1 . 12 )
Ambm -3, al (27 W2 (-0TsinZ n2)]/ [(Z 1% - (ma)” ]

ny-1 -<--

—Zob;, [t/2y2! W2 (-1 sin (] H/21] e /[{*" 2 (mmPl=-Anad,
N=
m=0, (1), Ng -

Equal Velocity

NU—1
0
Zob oo L2 2 W2 -0 sin(Z w2l A0 M- (o2}

=3 2 K Bryn/(1- R MK)

N1

I?L
-nZ b;-i—: g " 1[2cos(an/2)cos(,amH/2)][p ltanf,an M/2)
o tan Z A2 1A M [ED 2 =220}

=22 al% S L2y 2 W (-1) “sin(Z H2 {0 RS Mk [ 2 -tna)?]),

m=0,(1),N;-1
Where
H, m=0
A r
n H/2, m>0
Zcos(,unH/2)cos(p. 1H/2)[#ntanr’- HI2)- 2 Ttan( 1H/2):l
B (G2 - 2]
mn =
e >
H/2 +sin{ze, H/ (22 0) , m=n
89
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Equations for intermediate interface:

Equal Pressure

N;-1 .
] . . . H » o H H =] 2
-1 j - -1 et ]2 -

P an] [Zcos(-;-rf H/2 )cos(?t_gn H/2)][—;n tan(#r], Hfz)‘?‘?, tan{ze H/zﬂ/[(l-‘n) (g V]
n=0

Nj-'l Raal "

i‘; . [An L' H . "-I .

!‘ “Z br{ e j|:2~::0's(_,2-,.]l H/Z)Ct:)s(Z;!1 1H:’Q)] [P‘n tan(;—r{ H/2

; =0 (E3)

o1

i _->j ~—j-12
et ean (e W2l (e o=t ) 120, m=0, (1), N;_ -1

Equal Velocity

~ =1

N. -1 . .
i e L e R I E NI e —> -1
; 2 an Ap € [2coslug H/2)costee s Hi2llLprny tantpeg H/2=gerptan(pe W21 /412 M7K)
? =
N7
— : =1 -1 -1 > ~=j-1 et i
[T P b o 8 TacosTial Hrzicostue /2l tanize, Hi2)peptan( Wiz} /
: N]-1 .
e “<j-12 >j2 i9i e -
o " mallee, 1=(agy) ]}-’goanxn TR MUK
i N.-1 . (E4)
R S TS e =
nz—ubn ne n 1[2cos{,unH/2)cos(,umH/2)][.“n tan(,unHIZ)",umtan(,umH/2)]/
-+ ~=j2 =2y _
(=2 oMK e Y= (e 1P 1F=0,  m=0, (1), Nj=1
Where
-1 e = e | ~j-1 i
2cos(ﬂ:1 H/ZZ)cos{,urJn H/2) [,url‘ tanl g, H/2)-4 tan{ g, H/2)], m#n
~j-12  <j-12
Bmn = (g ¥~ lem nT
] <~ o
H/2 + sin (,u.m H/2)/(2;¢m ), m=n __
. 90 5
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Equations for final interface:
Equal Pressure
—)-1_1

N -
J-2 J=2 iAp L,-z d e
Eﬂ e [2cos(,un H/2)cos(,um H/% _][‘un tan{z, H/2) ,umtan(,u.m H/2)]/

=0 n
42,2 L, Ni:? M, 25 0 2 (ES)
e L by By~ 2 @y L2y W E sinlu ")l

[Z3-22-(nr1?]=0, m=0, (1), Ny_,~1

Equal Velocity

a2
NJ..2 J-2-J-2 Iln LJ...2

28, A, e [(1/2ie M2 sin{aen B2/ fs Ml m ]
NJ 51
=2 J-2 “*-J—Q
¥ by A (/20 e H2E-0sin (e H/2)]/ {0 i) G 1 (mar?]
(E6)
J=-1>J-1 >J-1

~ap Ap Ag/U1-Ap M/K=0, m=o, (1), Nj_ -1

Where

H, m=0

H/2, m>0
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APPENDIX F

TERMINATION EQUATIONS

it
L
-
i
i
A
if
i
H
i
it

™
1‘; Suppose the duct termination to contain an arbitrary nonuniformity between the last soft-walled
segment and the final semi-infinite hard-walled duct. Then the acoustic field in the last hard-walled §
nn uniform segment can be written in terms of the “reflection coefficient” matrix for the !
g nonuniformity. Begin, for example, by writing the acoustic field in the nonuniform section in terms i
- of right moving and left maving wave systems

b P*=20 ah & (V.2)+ b, ¥ (:2)
- i " (F1) !
* :n
m wh=32an £ (V.2)+ 2 b6 (v.2) |
:.ln n n ;3
. where the asterisk denotes the nonuniformity. By equating pressure and velocities on the outlet side é
’ of the nonuniformity equations for the unknown coefficients can be written as: i
e i

[A] {ah} + [8] {bR} = [c]{ap 41} (F2)
(O] {ah} + [E]{bp} = [F1{a, "}

-k where the 'a,1‘J"I are the coefficients of the transmitted hardwall modes. The Eln‘l"I may be
eliminated from eguation {F2):

[[AT- [e1 (7 [odan + 181 - 1 (P e {o = {0}
Cmm (F3}

or [@l{an}+BI{v}}=1o}

I}

Next, equate pressures and velocities on the inlet side to obtain:

O O R [ M e

= (F4)
T [wl{and-2}+ [X{b, -2 = [¥]{ap }+[Z] {5}
L_s Using {F3):
- [0]{an""2}+[ﬁ]{bn~‘-2}=[[T]—[s][a,]‘1[:3]]{b;} ;i

{FB) i

s =[] {50}
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] {a 2} + K] o2} = (2] V1 i ' [e) {o}
=[7]{bn}

(F6)

from which the b;f. can be eliminated:

[w)-E B "l {22 + DX~ ) " R {23 = o} (F7)
{bn "= -5 Wl{an 2= K] {2}
Rl {an” 2} -[11{n""2}= {0}

(F8)

where [R] is the reflection coefficient matrix, which can be derived separately from the segmented
duct analysis and input directly. Typical methods for obtaining [£] may be found in refs. 7-12 and
24-25,
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APPENDIX H

COMPARISON OF INFINITE AND FINITE DUCT THEORIES
FOR SINGLE-SEGMENT CPTIMUM LINERS

Although E. J. Rice of NASA Lewis (personal communication} has carried out extensive
investigations of uniform liners optimized for specified input pressure distribution and lirer lengths,
his studies have been based on infinite duct theory. That is, spurious mode generation due to the
step-function transitions in wall impedance from soft walls to hard walls at the segment ends was
neglected, and only right-moving waves were considered. As part of the present segmented duct
study, an investigation was made of single-segment optimum liners including wave reflections from
the wall impedance discontinuities.

it was discovered during preliminary data comparisons that excellent correlation existed between
the finite length single-segment optimums and Rice’s plane wave infinite soft-wall duct optimums,
The data of Figure H1 show that the infinite and finite duct results are in good agreement. These
results raised the question of whether complete modal expansions, including reflected waves, are
even necessary for dissipative liner combinations which do not include low resistance segments.

To answer this question, a program was developed to compute attenuations in infinite soft-wall
ducts for initial pressure patterns corresponding to various combinations of hard-wall duct modes.
Runs were made with this program and with the semi-infinite hard-wall to soft-wall mode matching
program to check out the single-segment optimums. Figure H2 shows attenuation contours in the
impedance plane for the single-segment plane wave optimum as determined using the finite duct
theory at kH/2m = 17 = 1.6 and L/H = 3.0. In addition, points corresponding to values obtained
using the infinite duct theory have been Identified. These points may be seen to agree quite well
with the finite theory values, Similar data are shown on Figure H3 which depicts the attenuation
contours for the case with both the first two modes incident, at equal energy, and in phase. Thus,
the infinite and finite theories are in good agreement for other modal inputs, as well as for plane
wave incidence.

Since these data were all run for kH/2 71 = 1.6, a frequency condition midway between two modal
cut-on values, it was decided that further runs should be made at kH/2 7 = 1.0 and kH/27= 2.0.
At these frequencies, which cotrespond to modal cut-on values, the amplitudes of the spuriously
generated second and third modes at the hard-wall to soft-wall interface should reach their largest
values. Figure H4 contains tabulations of attenuation valuss obtained using the finite, infinite, and
semi-infinite theeries at kH/2 7r = 7 = 1.0 and L/H = 0.5, Quite poor agreement is evident between
the semi-infinite and infinite results, and even poorer agreement between the finite and infinite
cases, indicating that the incident pressure distribution was distorted by spurious generation of the
second mode at the hard-wall to soft-wall junctions. it should be noted that the finite length
attenuations indicate that the optimum impedance is tending toward a low resistance {reactive)
liner, a trend also seen near kH/277 = 1.0 in the single-segment optimizations. This appears to he due
to the fact that 7= 1.0 corresponds to cut-on of the second mode; at this frequency, it is apparently
more efficient to reflect energy in the second mode than to dissipate it in the plane wave. For plane
wave incidence at kH/2 7= 2,0 on a liner of length L/H = 3,0 (Figure H5), there was no essential
difference betwaen infinite and hard-wall to soft-wall theory predictions. Consequently, it appears
that there is little tendency for the third mode to be spuriously generated by the lining impedance
discontinuities.
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In summary, it appears that infinite or semi-infinite theories may be used for single-segment lining
design provided that:

e The liner is highly dissipative {no jow resistance segment to cause reflections or standing
wave patterns)

e The complex pressure distribution at the entrance to the segment is accurately
representer]

e The excitation frequency does not lie near the cut-on frequencies for the low order
modes

e The duct length is not extremely small compared with the wavelength of the incident
sound
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APPENDIX J

DETERMINATION OF MODEL COEFFICIENTS
FROM
GRAZING FLOW DUCT HARDWALL AXIAL PRESSURE TRAVERSE DATA

For the hardwall duct configuration, the pressure may be expressed in terms of the following
expansion:

——

N-1 —i)\nz N_1
p=2ancos{2nﬂv/H)e + zeb" cos{2n7ry/H)€
n=0 N=

S (z-1)
- L
¥on (1)

Where z = 0 at the beginning {reference microphone} measuring point, and z = L is the location of
the end of the uniform cross section portion of the duct (i.e., the beginning of the duct terminating
horn). The measured data are comprised of the quantities dB (z) and degree (z) on y = O {Figure
J1):

* L
dB (z) = 10 '0910(”WALL(Z) PwarL (2)/ Pre pREF)

(J2}

degree {z} = 180 ( ¢REF -~¢WALL (zW/

where the traveling probe measures
=i ¢WALL(Z)
Z) -

pWALL( ) - I pWALL(Z)l e (J3)

and the reference probe measures
- -i @R

Prer = | Prer| € 77 P REF (J4)

Note that {J3) can be written
i mdeg (2)/180 - Ppepl
PyaLL (2) = 109B(2)/20 I pREF‘ -
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y DUCT TERMINATION
A MAX. EXTENSION OF
AXIAL TRAVERSE PROBE
REFERENCE N
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ST 7777777770707 777 2 A

— L -

Figure J1. Geometry for Modal Identification

To determine the modal coefficients a, and by, we require that

p(\j =0,z) = PWALL (Z) on OS ZS LREF UG)

where Lgep is the total traverse length. We have chosen to impose {J6) by defining an integral
squared error:

LREF

o

and requiring that the error be minimized with respect to the coefficients:

OE%/8a, =0, BE?/ &b, = 0,m=0, (1), N-1 (J8)
Alternatively, one could impose
dE4/8a " =0, EZ/ b,y = 0, m=0, (1), N-1 (19)
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Equations (J8) and (J9) are equivalent, producing complex conjugate equation sets for a,*, b,*,
and an, bn, respectively. We choose to solve the set for ay, bp:

Lp — L. <
N R‘.)\ Z -+ *z N~1 R _: - +-—’"u
> a j. iAp lxm gz & 3 j‘ |)\.n(z L) 'Amzdz .
0

R piz)/20 i3tz & i .
_ lpn U‘de z 2061)\,.“2. + imdeg(z)/180 - I¢"3fdz‘
EF dz
0 .
m=0, {1}, N~-1
N7 LR--if'z &N Mze N tr Tl + T 20
Z an 5' e n m dz + p n j e n m dz
" 0 B 0 (J11)

y : s
=|p [jmda zoel mi{Z-Li+ i deg(z)/ 19{’refd.?:
REF
0
m=0, {1}, N~-1

The integrals on the right-hand sides of {410} and {J11) must be evaluated numericaily. Since the
test data are digitized at equal sampling intervals, the numerical integration was performed using an
equal interval {Simpson) method.
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