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6 .  Abstract The g e n e r a t i o n   o f  sound i n   t u r b u l e n t   f l o w s   c a n n o t   b e   d e t e r m i n e d   w i t h o u t  a s o l u t i o n   o f   t h e  

p r o b l e m   o f   t u r b u l e n c e   i t s e l f   s i n c e   b o t h  sound   and   t u rbu lence   a re   man i fes ta t i ons   o f   t he  same phenomenon 

o f  random f l u i d   f l u c t u a t i o n s  and  because  sound  and  tu rbu lence  a re   s t rong ly   coup led .   In   p rac t ica l   app l  

c a t i o n s ,   o n e   i s   u s u a l l y   i n t e r e s t e d   e i t h e r   i n   t h e   f a r - f i e l d   n o i s e  away f r o m   t u r b u l e n t   f l o w   r e g i o n s   o r  

i n   t h e   t u r b u l e n t   n o i s e   t r a n s m i t t e d   t h r o u g h   s o l i d   b o u n d a r i e s   i n   c o n t a c t   w i t h   t u r b u l e n t   f l o w s .  In the  

f i r s t  case, i t  s u f f i c e s   t o   d e t e r m i n e   t h e   a c o u s t i c  mode o f   e n e r g y   p r o p a g a t i o n   a t   t h e  edge o f  the   t u rbu -  

l e n t   r e g i o n ,  and i n   t h e  second  case,  both  pressure  and momentum f l u c t u a t i o n s ,   w h e t h e r   r a d i a t i n g  

a c o u s t i c a l l y   o r   b e i n g   c o n v e c t e d   b y  a t u r b u l e n t   f l o w   p a s t  an e l a s t i c   s o l i d   d u r f a c e ,   a r e   o f   i n t e r e s t .  

Thus, a t h e o r y   o f   n o i s e   g e n e r a t i o n   i n   t u r b u l e n t   f l o w s   s h o u l d  b e   c a p a b l e   o f   p r e d i c t i n g   t h e   r a d i a t i n g  

and t h e   c o n v e c t e d   f l u i d   f l u c t u a t i o n s   a l i k e .   M o t i v a t e d   b y   t h e s e   r e q u i r e m e n t s   t h e   " a c o u s t i c a l   t h e o r y  

o f   t u r b u l e n c e "  was developed by t h e   a u t h o r .   T h e   r e s e a r c h   e f f o r t  was i n t e n s i f i e d   u n d e r  NASA Grant NGR 

15-005-174, c u l n i n a t i n g   i n   t h e   p r e s e n t   r e p o r t   w h i c h ' c o n t a i n s   b o t h   t h e   i n i t i a l   w o r k   a n d  new r e s u l t s .  

~- 

The s t a t i s t i c a l   f r a m e w o r k   a d o p t e d   i s  a quantum- l i ke  wave d y n a m i c a l   f o r m u l a t i o n   i n   t e r m s   o f   c o m p l e  

d i s t r i b u t i o n   f u n c t i o n s .   T h i s   f o r m u l a t i o n   r e s u l t s   i n   n o n l i n e a r   d i f f u s i o n - t y p e   t r a n s p o r t   e q u a t i o n s   f o r  

t h e   p r o b a b i l i t y   d e n s i t i e s   o f   t h e   f i v e  modes o f  wave p r o p a g a t i o n :   t w o   v o r t i c i t y  modes, one  ent ropy mode 

and  two  acoust ic  modes. This   system o f  non l inear   equat ions   i s   c losed  and  comple te .  The techn ique 

o f   a n a l y s i s   i n   t h i s   r e p o r t   i s   c h o s e n   s u c h   t h a t   d i r e c t   a p p l i c a t i o n s   t o   p r a c t i c a l   p r o b l e m s   c a n   b e  

o b t a i n e d   w t h   r e l a t i v e   e a s e .  
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" I t  seems t o  me that the test of 'm 
we or do we not  understand a p a r t i c u l a r  
s u b j e c t   i n   p h y s i c s ? '  i s  'Can we make  
a mechanical  model of it?' . . . . ' I  

L o r d   K e l v i n  

Quoted in P.  Duhem, "The Aim and 
S t r u c t u r e   o f   S c i e n t i f i c  Theory," 
Pr ince ton   Un ivers i ty   Press ,  p.  71, 
1954. 

I .  INTRODUCTION 

The genera t ion   o f  sound in   tu rbu len t   f lows  cannot  be  determined 

w i thout  a so lu t ion   o f   the   p rob lem of t u rbu lence   i t se l f   s i nce   bo th  sound 

and turbulence  are  manifestat ions o f  the  same phenomenon o f  random f l u i d  

f l u c t u a t i o n s  and because  sound and turbulence  are  strongly  coupled. As 

a m a t t e r   o f   f a c t ,   c a r e f u l l y  worded d e f i n i t i o n s   a r e  needed t o   d i s t i n g u i s h  

the  sound proper  (a  coherent  or   incoherent  acoust ic  radiat ion)  f rom a 

"pseudo-sound" o r   the   non- rad ia t ing   p ressure  and o the r   f l uc tua t i ons  

convected  by  the f l u i d  and d i f fus ing   th rough it. Solving  the  problem  of  

t u rbu len t   no i se   i n   t e rms   o f   t he   p roper t i es   o f   t u rbu len t   f l ows   ra the r   t han  

as a p a r t i c u l a r   a s p e c t   o f  such f l ows   en ta i l s   ano the r   d i f f i cu l t y .   Tu r -  

bulence i s  amendable o n l y   t o  a s t a t i s t i c a l   d e s c r i p t i o n .  Thus on ly  

s t a t i s t i c a l   p r o p e r t i e s   o f  sound generated  by  turbulence may be i n fe r red  
" 

- 

from i t s   s t a t i s t i c s .   C - n s e q u e n t l y ,  i t  may be concluded  that   real  

p r a c t i c a l  advantages i n   t h e   a n a l y s i s   o f   t u r b u l e n t   n o i s e   l i e   i n ,  l', a 

common theory  that   would  t reat  sound  and turbulence  simultaneously as two 

d i f f e r e n t   m a n i f e s t a t i o n s   o f   t h e  same random phenomenon, 2 9 ,  that   the  theory 



be  based  on t h e   s t a t i s t i c a l  methods i n   t he   f o rm commonly used i n   t h e   f i e l d s  

o f   a c o u s t i c s  and t u r b u l e n c e   a l i k e   p e r m i t t i n g  a convenien't   representation 

o f   t he   "acous t i ca l "  and " tu rbu len t "   func t ions ,  and, 3', tha t   the   theory  

be ab le   to   separa te   those  aspec ts   o f   the   p rob lem  tha t   a re   re fe r red   to  as 

"acous t ica l "   f rom  those  tha t   a re   t rad i t iona l l y   assoc ia ted   w i th   the   pure ly  

" turbulent"   mot ion,  even  though t h i s   d i s t i n c t i o n   i s   n o t   c l e a r  and  depends 

on t h e   p a r t i c u l a r   d e f i n i t i o n  employed. I n   p r a c t i c a l   a p p l i c a t i o n s  one i s  

u s u a l l y   i n t e r e s t e d   e i t h e r   i n   t h e   f a r   f i e l d   n o i s e  away f rom  turbulent   f low 

reg ions   o r   in   the   tu rbu len t   no ise   t ransmi t ted   th rough sol i d  boundaries 'in 

contac t   w i th   tu rbu len t   f lows.   In   the  f i r s t  case, i t  su f f i ces   to   de termine  

the  acoust ic  mode o f  propagation o f  energy a t   t h e  edge o f   t h e   t u r b u l e n t  

region, because on ly   the   acous t ic  mode i s  capable o f   r a d i a t i n g   f a r  away 

from i t s  source.  In  the second  case, both  pressure and momentum f l u c t u -  

a t ions,   whether   rad iat ing  acoust ica l ly   or   be ing  convected  by a tu rbu len t  

f low  pas t  an e l a s t i c   s o l i d   s u r f a c e ,   a r e   o f   i n t e r e s t  because  sound waves 

i n  a so l id   mater ia l   o f   the   boundary  may be exc i ted   by   bo th   the   rad ia t ing  

and the  convected  f ie lds.  Thus a theory   o f   no ise   genera t ion   in   tu rbu len t  

f lows  should  be  capable  o f   predic t ing  the  rad iat ing and the  convected 

f l u i d   f l u c t u a t i o n s ,   t h e   " a c o u s t i c a l "  and the   " tu rbu len t1 '   p roper t ies  a1 ike. 

Mot ivated  by  these  requirements  the  "acoust ical   theory  of   turbulence" was 

developed  by  the  author  (Kentzer, 1974a, b) ,  and t h i s   r e p o r t  addresses 

i t s e l f   t o   t h e   t a s k   o f  summarizing and extending  the  previously  achieved 

r e s u l t s   t o  a p o i n t  where the   theory   i s   c losed and complete and ready t o  

be tes ted  on some simple  cases. 

From i ts   ear ly   concept ion   the   theory  was based  on t h e   s t a t i s t i c s  

o f  wave motions i n  v iscous   compress ib le   f lu ids   in   o rder   to   take   advantage 

o f   t h e   F o u r i e r  mode o f   a n a l y s i s   w h i c h   i s   i n  common use  both i n   t h e  

2 



r 

s t a t i s t i c a l   t u r b u l e n c e  and i n   t h e   f i e l d  of acoustics. An added incen t i ve  

t o  pursue  the wave formulat ion  of   the  theory  of   turbulence was the  meeting 

and s t imulat ing  conversat ions with Academician A. A. Dorodnitsyn and 

Prof. M. Z .  E. KrzywobYocki  on the   occas ion   o f  a round-table  d iscussion 

of   the  numer ica l   computat ions  o f   turbulent   f lows,   he ld  dur ing  the  8 th 

Symposium on Advanced Methods and Problems i n   F l u i d  Dynamics, Tarda,  Poland, 

1967. It became apparent a t   t h a t   t i m e   t h a t  what  remained t o  be done was 

t o  choose a p r o p e r   s t a t i s t i c a l  framework i n   o r d e r   t o   o b t a i n   k i n e t i c  

equa t ions   f o r   t he   t ime   evo lu t i on   o f   t he  wave d i s t r i b u t i o n s ,  and t h a t  such 

d i s t r i b u t i o n s  would  determine a l l  s ta t i s t i ca l   p roper t i es   o f   t u rbu lence  

inc lud ing  i t s  acous t ic  modes. Since  the Symposium a t  Tarda  the  author 

continued  exchanging numerous communications, with  Prof.  Krzywobtocki 

and others,  on the   sub jec t   o f   ana log ies   ex is t ing  between the  wave dynamics 

o f   tu rbu lence and wave mechanics o f  quantum systems. The analogies 

suggested  the  quantum-like  framework for   the  theory  main ly  on the  bas is  

o f   t h e   a v a i l a b i l i t y   o f  proven  mathematical methods developed  over  the 

years   fo r   the   purpose  o f   t rea t ing  quantum problems. Thus the   su f f i c i ency  

o f   t h e  use o f  quantum  methods in   turbulence was recognized  ear ly.  A 

survey o f   l i t e r a t u r e   r e v e a l e d  many a p p l i c a t i o n s   o f  quantum  methods t o   t h e  

s tudy  o f   turbulence and many arguments fo r   the   necess i ty   o f   quantum- l i ke  

fo rmu la t i on   o f   t he   t heo ry .  A d iscuss ion   o f   these  sub jec ts  i s  included 

in   t h i s   repo r t ,   Chap te rs  I t  and 1 1 1 ,  i n   o r d e r  to  i l luminate  the  background 

o f  the  genesis  of   the  present  theory.  

The wavedynamical  formulation o f   t u rbu lence ,   w i th  i t s  orthogonal 

decomposition o f  t h e   f l u i d   f l u c t u a t i o n s   i n t o   t h e   v o r t i c i t y ,   e n t r o p y ,  and 

acous t ic  modes,  was found t o  be a na tu ra l   t oo l   f o r   t he   s tudy  o f  the   no ise  

generat ion  in   turbulent   f lows.   Wi th   the  ob ject ives  o f   der iv ing  express ions 
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f o r   t he  sound sources i n  turbulence,   ar is ing  f rom  in teract ions with the  

mean f low and with t h e   v o r t i c i t y  and ent ropy waves, and the  determinat ion 

o f  the  propagat ion  proper t ies o f  the   acous t ic  mode, t h e   r e s e a r c h   e f f o r t  

was i n t e n s i f i e d  under NASA Grant NGR 15-005-174, c u l m i n a t i n g   i n   t h e  

present  report   which  contains  both  the  previous  work and new resu l t s .  

The phi losophy  underlying  the  concepts  that  guided  the  development 

o f   . the   p resent   theory  will be d i scussed   b r i e f l y .  We observe f i r s t   t h a t  

laminar  f lows,  considered as so lut ions  o f   the  Navier -Stokes  equat ions,  

depend cont inuously  on  and are  determined  by  the  parameters  contained i n  

t h e   d i f f e r e n t i a l   e q u a t i o n s  and in   the  appropr ia te  boundary and i n i t i a l  

cond i t ions .  These parameters,  which  usually  are  grouped  into  nondimensional 

ra t ios,   are  macroscopic   in   nature.  Once laminar  f lows become unstable, 

the  in i t ia l -boundary  value  problems  for   the  Navier-Stokes  equat ions  are 

no t   p roper ly  posed because the   so lu t i ons  cease t o  depend cont inuously  on 

t h e   i n i t i a l  and/or  boundary  data. These d a t a   a r e   n o t   s u f f i c i e n t   f o r   t h e  

de te rm ina t ion   o f  a un ique  so lut ion.  As soon as  a d i s t u r b a n c e   i n  a laminar 

f l ow  becomes s u f f i c i e n t l y   i r r e g u l a r  so  t h a t  a l a rge  number o f  wave 

components  (eigenmodes) becomes exc i ted ,   there   a r ises   the  need for  t r e a t i n g  

a continuous medium as a system w i t h   i n f i n i t e l y  many degrees o f  freedom. 

To descr ibe  the  behavior   o f  such a system one  must  use an i n f i n i t e  number 

of   genera l ized  coord inates.  I t  was then  decided t o  choose the  wave 

so lu t i ons  o f  the  Navier-Stokes  equations,  l inearized  around  the  local mean 

f low,   to   serve as a complete  orthogonal  set  of  basis  vectors.  Consequently, 

the   coe f f i c ien ts   o f   the   expans ion   in   te rms  o f   such  o r thogona l  modes 

become the   coord ina tes   in   the  space  spanned by the  bas is   vectors .   Fur ther ,  

the  bas is   vectors   are  funct ions  o f   the  instantaneous  loca l  mean f low  which 
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plays  the  r$le of the  space-time-dependent  macroscopic  parameters. The 

analogy  to a system  of  harmonic  oscillators  becomes  apparent  and 

suggests  the use  of  traditional  statistical  methods  for  treating  such 

systems. In turn, the  arguments of Ehrenfest (1911) applied  to a system 

of oscillators in equilibrium  with an energy  reservoir  convinced  the 

author of the  necessity of considering  the  statistical  methods  of  quantum 

theory. 

We  will  not  review  here the  state  of  the  theoretical  knowledge of 

turbulent  phenomena. A brief  history  of  theories of turbulence and a 

description  of  modern  theories  are given in the  Introduction, pp. 5-19 

of  the  book by Monin and Yaglom (1971) to  which  the  reader  should  refer 

for an extensive  bibliography  of  the  subject.  Modern  approaches  to  the 

theory of turbulence apply statistical  methods to the  ensemble of 

turbulent  flows  satisfying  macroscopically  identical  external  conditions. 

Theories that are  rigorous and free  from any ad hoc  statistical  approxi- 

mations  have  their  origin in the work  of  Hopf  (1952)  who  derived a linear 

functional  differential  equation  for a characteristic  functional  of 

incompressible  turbulent  fields. Hopf's formulation is closed and 

complete, but leads  to considerable practical difficulties  of  solving 

equations in functional  derivatives. With numerical solutions  of  turbulent 

flow  problems in mind, the  present  theory  follows a more  tractable  space- 

time  formulation.  Admittedly,  the  mathematical  rigor is sacrificed in 

the  process and traded  for  the chance  to use more familiar mathematical 

techniques and for  the  relative ease  of  direct  applications to  practical 

prob 1 ems. 

The organization of the  material  presented  here is as  follows. In 
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Chapter 1 1  the  apparent  analogies between tu rbu lence  theor ies  and  quantum 

theor ies  are  d iscussed. The use o f  quantum concepts and known quantum- 

l i ke   f o rmu la t i ons   o f   t heo r ies   o f   t u rbu lence   a re   rev iewed   b r i e f l y .   Seve ra l  

arguments fo r   the   necess i ty   o f   a l low ing   fo r   the   d iscont inuous   ( "quant ized" )  

na ture   o f   tu rbu len t   energy  exchange processes  are  given i n  Chapter 1 1 1 .  

The present wavedynamical theory  is   developed  in  Chapter IV, i t s  

quantum- l ike  in terpretat ion  formal ized  in   Chapter  V .  The d e r i v a t i o n   o f  

t h e   p a r t i a l   d i f f e r e n t i a l   e q u a t i o n s   f o r   t h e   c h a r a c t e r i s t i c   f u n c t i o n s  and 

f o r   t h e   f i e l d   p r o b a b i l i t i e s   i s   c a r r i e d   o u t   i n  Chapter VI .  With  the  view 

toward  appl icat ions  to   pract ica l   problems,   Chapter  V I 1  gives  the 

genera l i za t i on   o f   t he   s ta t i s t i ca l   concep ts   requ i red   i n   t he   p resen t  

formulat ion,  and Chapter V I I I  gives some s imp le   resu l t s   i n   t he   f o rm  o f  

express ions  for   averages  o f   the  squares  o f   turbulent   f luc tuat ions  which 

show separa te   con t r i bu t i ons   o f   t he   vo r t i c i t y ,   en t ropy ,  and acous t ic  modes. 

Chapter V l l l  also  conta ins  suggest ions  for   the method o f   o b t a i n i n g   d i s -  

t r ibu t ion   func t ions   approx imate ly .  

Equat ions   in   th is   repor t   a re  numbered consecu t i ve l y   w i th in  each 

chapter ,   w i th   the number o f   the   chapter   fo l lowed by a per iod  and the  

number o f   the   equat ion   in   tha t   chapter .   References   a re   l i s ted   in  an 

a lphabet ica l   order   by  the surname o f   t h e  f i r s t  author and a r e   c i t e d   i n  

t h e   t e x t  by the  name(s) o f   t he   au tho r (s )   w i th   t he   yea r   o f  pub1 i c a t i o n  

g iven  in   parentheses.   Let ters   o f   the  a lphabet   are  fur ther  used t o  

d i s t i n g u i s h  works o f  a given  author  which  appeared i n   t h e  same year. 
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...[ a phys ica l   analogy may be  de f ined 
as] " t h a t  p a r t i a l   s i m i l a r i t y  between 
the l a w s  of one science and those of 
another which  makes each of them 
il lustrate  the other." 

James Clerk  Maxwell  

"On Faraday's  L ines  of  Force,"  Trans. 
Cambr. P h i l .  SOC. 10 (1855), Sci. 
Papers, I, p. 155. 

- 

II.RELATIONS BETWEEN  TURBULENCE  THEORY AND QUANTUM  THEORY 

In   p rev ious   pub l i ca t ions  by the  author (1974a,b,c), denoted 

he rea f te r  as I, I 1  and I l l ,  a mathematical  formalism o f  a theory   o f  

turbulence (TT) o f  compressible,  viscous,  heat  conducting  f luids was 

developed  from  the  Navier-Stokes  theory.  In I ,   I 1  and 1 1 1  the  

au tho r   a l l uded   t o   t he   assoc ia t i on   o f   t he   deve loped   theo ry   t o   t he  quantum 

mechanics o f   s i n g l e   p a r t i c l e s  (QM) and to   P lanck 's   theory  o f   thermal  

rad ia t i on .  These a l lus ions  ra ise  the  quest ion  whether   the  assoc iat ion 

(o r  more proper ly,   the  isomorphism  of   mathematical   structures)  of   the 

theory  proposed i n  I and I 1  w i t h  QM and, poss ib ly ,   w i th   o ther   phys ica l  

t heo r ies   i s   s t r i c t l y   co inc iden ta l ,   o r   phys i ca l l y   mean ing fu l ,   ma themat i -  

c a l l y   s i g n i f i c a n t ,  and, i n  general,   useful.  

Independently o f  each  other, many researchers  have  observed i n   t h e  

pas t   tha t   there   a re   ana log ies  between f l u i d  mechanics and phys ica l  

processes  studied  by quantum theory.  For  instance, Madelung  (1926) 

der ived   the   equat ions   fo r   i sen t rop ic   f lows  o f  an i n v i s c  

t i n g   r e a l  and  imaginary  parts o f  the  Schroedinger  equat 
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quantum  mechanics  and  thus  formulated  quantum mechan'ics i n   t h e  

hydrodynamic form. A comprehensive  discussion o f  the  hydrodynamic 

p i c t u r e  o f  quantum  mechanics i s   g iven   by   Wi lhe lm (1970a,b) who 

derives  quantum-hydrodynamic  uncertainty  relat ions and r e l a t e s   t h e  

minimum u n c e r t a i n t y   p r o d u c t s   t o   t h e   i n t e r i o r  quantum stresses.  In 

quantum-hydrodynamics the  quantum s t r e s s e s . a r e   q u a d r a t i c   i n   t h e   g r a d i e n t  

o f   t he   l oga r i t hm  o f   t he   pos i t i on   p robab i l i t y .   W i lhe lm  men t ions   t ha t  

" a  h i d d e n  t u r b u l e n c e  (excited b y  the presence  of a p a r t i c l e )   k i c k i n g  the 

p a r t i c l e  t o  and fro i n  a random  manner  could  lead t o  an   exp lana t ion  of 

the nonl inear   quantum force,. ..; the mechanism  g iv ing  rise to  the 

uncertainty   phenomenon i n  quantum  systems  would be s i m i l a r  t o  t h a t  i n  

c l a s s i c a l   s t o c h a s t i c  systems." Terms analogous t o  quantum stresses 

appear n a t u r a l l y   i n   t h e   p a r t i a l   d i f f e r e n t i a l   e q u a t i o n s   f o r   t h e   p r o b a b i l i t y  

dens i t y   o f   t u rbu lence   i n   t he   p resen t   f o rmu la t i on ,  Eq. (6.17). 

The inverse  problem, namely, t h e   a s s o c i a t i o n   o f   f l u i d  mechanics 

w i t h  quantum mechan ics ,   a l lows  fo r   the   t rans format ion   o f   the   f lu id - '  

mechanical  set o f   non l inear   conserva t ion   equat ions   in to  a complex sca la r  

wave equat ion  wi th   nonl inear i ty   appear ing  on ly   in   the  express ion  for   the 

potent ia l   of   the  pressure  forces.,   Krzywobtocki  (1958) used t h i s  approach 

to   s tudy   d iabat ic   f lows  w i th   heat   add i t ion  and   f o l l owed   l a te r   w i th  a 

wavemechanical f o rmu la t i on   o f   t he   t heo ry  o f  turbulence, (1971a,  1971b). 

Whilhelm (1971) i n   h i s   f o r m u l a t i o n  o f  the  wavemechanics o f  compressible 

f lu ids   po in ts   ou t   tha t   the   t rans formed complex scalar  equat ion  ( the 

Schroedinger  equation)  leads t o  a c o n s i d e r a b l e   s i m p l i f i c a t i o n   i n   t h e  

mathematical   descr ipt ion  of   compressible  f lu ids.  As an i l l u s t r a t i o n   o f  

a s o l u t i o n   o f  a f l u i d  problem  formulated  according t o   t h e  wavemechanical 
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theory  he  gives the example of the  propagation of sound  waves. 

'Green (1965) remarks  that fluid mechanics  has  only  statistical 

significance and that.predictions based on equations of fluid  mechanics 

are only confirmed  exactly in an  experimental  ensemble.  He  further 

draws the attention to the fact (p. 174) that "in the macroscopic context 

there a r e   u n c e r t a i n t i e s  which no amount of c a r e f u l   o b s e r v a t i o n  a n d .  

ca lcu la t ion   can   r emove .  T h i s  s i t u a t i o n  i s  not f u n d a h e n t a l l y  different 

from what i s  known t o  exist i n  quantum  mechanics,  where Heisenberg ' s  

u n c e r t a i n t y   p r i n c i p l e   f r u s t r a t e s  every a t t e m p t  t o  p r e d i c t  the r e s u l t  

a   s i n g l e   e x p e r i m e n t .  " 

of 

Spalding  (1972, 1974), in discussing  a  turbulent  transport of a 

scalar,  observes  that  the  gradient  approximation for the  turbulent 

flux  relates  the  turbulent  diffusion to local properties of the  flow. 

Such  an  approximation is inadequate  when  the  length  scale of turbulence 

is not small in comparison to the  distance  over  which  the  gradients of 

fluid properties  vary. In some  situations  the  coefficient  relating  the 

flux to the  gradient  may  even  change  signs.  Spalding (1974) remarks  that 

"the s i t u a t i o n  i s  s i m i l a r  i n  this regard t o  tha t   encoun tered  i n  r a d i a ' t i v e  

t r a n s f e r ;  for  often the 'mean free p a t h  o f  r a d i a t i o n '  i s  of the same 

order of magni tude   as  the dimensions of the apparatus." He then 

proceeds to model the  turbulent  transport after the  radiative  processes. 

Mi 1 lsaps (1974) turns to the  fundamentals of the  quantum  theory 

to propose  the  extension of Poincare'ls (1912) proof of the  necessity 

of quantization to the case of hydrodynamical  turbulence.  Whitham (1965) 

in his  work on waves in inhomogeneous  media  discovered  the  prominent 

r81e  played by the adiabatic  invariants. The same  concepts of adiabatic 

invariants were used  by  Ehrenfest (1911) to provide  the  proof of the 
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necess i t y   o f   quan t i za t i on  o f  a sys tem  o f   osc i l la to rs .  

Huggins (1971) gave  an i n t e r e s t i n g   i n t e r p r e t a t i o n  o f  t h e   c l a s s i c a l  

v o r t i c i t y   f i e l d ,  such as the  one g iven  by  the  cur l  o f  the  incompressible 

t u r b u l e n t   v e l o c i t y   f i e l d .   F i r s t ,  he observes  that  one can represent 

the  dynamics o f   the   th ree-d imens iona l   so leno ida l   f ie ld  by a conserved 

two-dimensional v o r t i c i t y   c u r r e n t .   C l a s s i c a l l y ,  one  can  have a cont in -  

uous v o r t i c i t y   f i e l d   f l o w i n g   i n  space, w h i l e   f o r  a quantum f l u i d   a l l   v o r -  

t i c i t y  i s  loca l i zed   in   quant ized   cores .  Huggins,  then,  proposes t h a t   t h e  

cross  sect ion of the  quant ized  core be t rea ted  as a two-dimensional quantum 

e x c i t a t i o n   o f   t h e   c l a s s i c a l   v o r t i c i t y   f i e l d   i n  a way s i m i l a r   t o   t h e  

treatment o f  phonons considered as  quantum e x c i t a t i o n s   o f   t h e   c l a s s i c a l  

sound f i e l d .  To e s t a b l i s h   t h i s   p i c t u r e ,  Huggins  proposes  that  the 

c l a s s i c a l   v o r t i c i t y   f i e l d  be t rea ted  as t h e   i n t e n s i t y   o f   t h e   p r o b a b i l i t y  

f i e l d   f o r  a quan t i zed   vo r tex ,   t ha t   t he   vo r t i c i t y   cu r ren t  be t rea ted  as a 

p r o b a b i l i t y   c u r r e n t ,  and t h a t   t h e   c l a s s i c a l  hydrodynamic  equation  for 

v o r t i c i t y  be t rea ted  as a semiclassical   equat ion for  t h e   v o r t e x   p r o b a b i l i t y  

f i e ld .   W i th  w = c u r l   o f   v e l o c i t y ,  and I' = c i r c u l a t i o n  around a c i r c u i t  C, 

t h e   f l u x   o f  w/I' t h r o u g h   t h e   c i r c u i t  C i s  t h e   p r o b a b i l i t y   t h a t  a quantized 

v o r t e x   t h r e a d s   t h e   c i r c u i t .   T h i s   i n t e r p r e t a t i o n   a l l o w s  one t o   d e s c r i b e  

the  dynamical  behavior o f   t h e   v o r t i c i t y   f i e l d  and leads to  an e x p l i c i t  

hydrodynamic model f o r  how t h e   f l u i d   f l u c t u a t i o n s  can c rea te  a d i s t r i b u t i o n  

o f   v o r t e x   r i n g s .  

+ 

-k 

The most s t r i k i n g  example o f  a mathematical  analogy  between f l u i d  

mechanics and  quantum  mechanics i s   p rov ided  by the  normal modes o f   t h e  

ocean. Eckart (1961) showed tha t   t he   dep th   o f   t he  ocean, a t   which  the 

VSisi la-Brunt  f requency  r ises to a maximum, de f ines  a t h i n   l a y e r   i n  

which  the ocean  can sustain  t rapped waves with  f requencies  not  exceeding 

10 



the   loca l   cu t -o f f   f requency .  The waves are  governed  by an equation 

formal ly   ident ica l   to   the  Schroedinger   equat ion.  He f u r t h e r   p o i n t s  

o u t   t h a t   t h i s   s i t u a t i o n   d e f i n e s  a s e t   o f  normal  trapped wave  modes 

f o r   t h e  ocean mathematically  analogous t o   t h e   v i b r a t i o n a l  quantum s ta tes  

o f  the  diatomic  molecule.  Eckart 's  normal modes o f   t h e  ocean a re  a 

special  case o f  waveguide e f f e c t s   i n   s t r a t i f i e d   f l u i d s .  As Tols toy  

(1973), p. 124, observes,  the  general  form of  a cha rac te r i s t i c   equa t ion  

for an i n t e r n a l  waveguide i n  a s t r a t i f i e d  medium takes  the  form  of   the 

Bohr-Sommerfeld quant iza t ion   cond i t ion .  

Edwards and McComb (1969) s t u d i e d   t h e   s t a t i s t i c a l  mechanics o f  a 

system far   f rom  equi l ibr ium  in   which  the  dominant   process i s  a f l o w   o f  

energy  through  the  normal modes o f  the  system. They argued t h a t   i n   t h e  

case o f  a  randomly e x c i t e d   f l u i d   t u r b u l e n c e   t h e r e   i s  a strong  mathematical 

analogy  between  the  classical (i .e. t u rbu len t )  cascade o f  energy and the  

quantum f i e l d   o r   t h e  many-body problem. 

On page 4 o f   t h e i r  book  on the  mechanics o f  turbulence  Monin and 

Yaglom (1971) p o i n t   o u t   m a t h e m a t i c a l   s i m i l a r i t i e s   o f   s t a t i s t i c a l   t h e o r i e s  

of turbulence (TT) and  quantum f i e l d   t h e o r y  (QFT) s t a t i n g   t h a t  " a  f a r  more 

f r u i t f u l ,  perhaps, i s  the analogy  between the theory o f  turbulence and 

quantum field  theory, which i s  connected w i t h  the  fact t h a t  a system of  

interacting  fields i s  also a nonlinear  system w i t h  a theoretically  infinite 

number o f  degrees of  freedom. From this follows the s i m i l a r i t y  of  the 

mathematical techniques used i n  both  theories. T h i s  allows u s  t o  hope 

t h a t  the considerable advances in   the one w i l l  also have a decisive  effect 

on the development of  the other." In   par t i cu la r ,   they   observe ,  p. 19, 

that   Hopf 's  (1952) equation for t h e   c h a r a c t e r i s t i c   f u n c t i o n a l  o f  an 
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i ncompress ib le   t u rbu len t   f i e ld   i s   f o rma l l y   s im i l a r  to  the  Schwinger 

equations o f  quantum f i e l d  theory,  which  are  equations for  the  Green's 

func t i on  o f  i n t e r a c t i n g  quantum f i e l d s .  

Methods s i m i l a r   t o   t h o s e   o f   t h e  quantum f i e l d   t h e o r y  and the  
- 

quantum mechanical many-body problem  were used by Wyld (1961) t o   f o r m u l a t e  

the   theory   o f   tu rbu lence  in   incompress ib le   f lu ids .  A systemat ic   per tur -  

b a t i o n   s e r i e s   i s  shown by Wyld t o  be i n  one-to-one  correspondence wi th  

c e r t a i n  diagrams  analogous t o  Feynman diagrams. The ser ies   i s   a r ranged 

and p a r t i a l l y  summed i n  such a way as t o  reduce  the  problem t o   t h e  

s o l u t i o n  o f  three  s imul taneous  in tegra l   equat ions  in   three  funct ions,  one 

of which i s   t h e  second o r d e r   v e l o c i t y   c o r r e l a t i o n .   T r u n c a t i o n   o f   t h e  

in tegra l   equat ions  a t   the  lowest   nontr iv ia l   order   y ie lds  Chandrasekhar 's  

equation, and t runca t ion   a t   h ighe r   o rde r   y ie lds   t he   equa t ions  cfiscussed 

by Kra i chnan. 

Kawasaki (1974), i n   s t u d y i n g   t h e   s t a t i s t i c a l  mechanics o f  turbulence 

fa r   f rom  equ i l i b r i um,   po in ts   ou t   t ha t   t he   mer i t  o f  h i s  approach t o   t h e  

so lu t i on   o f   t he   s tochas t i c   equa t ions  o f  turbulence i s  t h a t  it i s  

formulated  in   the  language  o f  quantum f i e l d   t h e o r y  and many-body problems 

and, therefore,  various  techniques  developed  there  should be a l s o   a p p l i c -  

ab le  to   turbulence.  He exp lo res   th is   aspec t   o f   h is   approach by developing 

a non-per tu rba t ive   se l f -cons is ten t  scheme to   ob ta in   average  va lues   o f   the  

gross   var iab les ,   the   t ime-cor re la t ion   func t ions   o f   the   f luc tua t ions ,   the  

non-equ i l i b r i um  s teady   s ta te   d i s t r i bu t i on   f unc t i pn ,  and the  response 

f u n c t i o n   t o  a smal l   external   d isturbance. He f i n d s   p a r t i c u l a r l y   h e l p f u l  

the  analogy  to  the condensed Bose systems. S i m i l a r l y  Ross (1969) 

develops a quantum-mechanical p resc r ip t i on ,   t oge the r   w i th  Feynman diagrams, 

f o r   c a l c u l a t i n g  wave s p e c t r a ,   s t a t i s t i c a l  averages, and p a r t i c l e   d i f f u s i o n  
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in a turbulent  plasma.  He  concludes that " t h e  quantum method p r o v i d e s  

a r e l a t i v e l y   s i m p l e  way of d e r i v i n g  and in te rpre t ing   equa t ions  for t h e  

time development of t h e  wave  spectrum and p a r t i c l e   d i f f u s i o n . "  

Piest (1974) attempts  to  develop a theory of turbulent fluid 

motion by means of a classical  n-particle  molecular  statistical  mechanics 

(which is a classical limit of a quantum mechanics of .a system of 

particles), and derives  closed  system  of  equations  which  are  nonlinear 

and  nonlocal in space-time.  Quantities  are  defined  which  resemble  the 

mean  fields of density,  temperature, and ve1ocity.of turbulent  flow. The 

nonlocal  terms  contain  equilibrium  correlation  functions  which  are 

physical  properties  of  matter, i.e., space-time-dependent  counterparts 

of  viscosity and heat conduction  coefficients. 

In a recent  publication Gyarmati (1974) showed  that  the generalization 

of dissipative  fields to complex scalar  fields  leads  to a generalized 

variational principle for dissipative  processes in media  with  linear 

constitutive  equations, and that if and only if complex  state  vectors  are 

used the  variational  formulation is isomorphic  with (has the  same  mathe- 

matical structure as) the one-particle quantum mechanics.  Kentzer (1974~) 

showed  that  the  use  of  Fourier  modes  as  complex  state  vectors in the 

representation  of  statistical turbulence, combined  with  the  allowance for 

nondifferentiability of the  phase function, establishes  the  operator 

algebra,  the  uncertainty  principle, and the  complementarity  principle 

for the statistical  theory of turbulence, in analogy  to  the  similar 

corner-stones of the quantum theory. The classical limit in the quantum 

mechanical correspondence  principle has as its counterpart in turbulence 

the  case of low  intensity turbulence in a steady  homogeneous mean flow 

13 
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i n  which  case  turbulence may be desc r ibed   by   t he   s ta t i s t i cs  o f  

non - in te rac t i ng  wave packets   tha t   fo l low  c lass ica l   Hami l ton ian  

t r a j e c t o r i e s .  

Trea t ing  a general   stochast ic  process  in  the  mathematical  

framework o f   t h e  quantum theory  Santos (1974) shows t h a t ,  i f  non- 

commutative  complex  algebra i s  used,  an operator  equat ion can  be 

associated  wi th  every  stochast ic  equat ion.  The equat ions  of   mot ion 

derived  by  Santos  for  the  Brownian  motion and f o r  a s i n g l e   p a r t i c l e  

in   s tochas t ic   e lec t rodynamics   co inc ide   w i th   the   bas ic  ones o f  quantum 

mechanics. These  two  examples give  credence to  t h e   b e l i e f   t h a t  quantum- 

l i ke   f o rmu la t i on   o f   s tochas t i c   p rocesses ,   be ing  a more general  than  the 

c lass i ca l   f o rmu la t i on ,  may be  necessary f o r   t h e   d e s c r i p t i o n   o f  some 

random processes.  In  words o f  Santos, "the d i f f i cu l t y  might be t h a t  

the mathematical techniques developed t o  deal w i t h  stochastic  systems 

are not  suitable fo r  the  specific system ..." Turbulence  might  be  just 

such a system fo r   wh ich   t he   comb ina t ion   o f   c lass i ca l   f l u id  mechanics and 

s t a t i s t i c s   o f  real p r o b a b i l i t y   d i s t r i b u t i o n   f u n c t i o n s ,  as  opposed t o  

complex wave func t ions ,  may be inadequate. 

Conversely t o  Santos '   ob ject ives,  Han'Ekowiak (1975) adapts methods 

o f   c l a s s i c a l  random f i e l d s ,   i n   p a r t i c u l a r   t h a t  o f  Hopf  (1952)  and o f  Monin 

and  Yaglom (1971), t o   t h e  quantum f i e l d  theory .   Spec i f i ca l l y ,  he con- 

s t ruc ts   n -po in t   f unc t i ons  (moments) descr ib ing  quantum f i e l d s   w i t h   t h e  

a i d  of  so lu t ions   o f   the   c lass ica l   f ie ld   equat ions .   In   the   p resent   work ,  

and in   prev ious  publ icat ions,   the  author   independent ly   ar r ived  a t   the 

same conclusion,  namely,  that i f  a s t rong ly   i n te rac t i ng   t u rbu lence  

be t rea ted  by a quantum f i e l d   t h e o r y  of s t r o n g l y   i n t e r a c t i n g ,   i n f i n  

many bodies,  then  such a theory  should  be  formulated i n  terms o f  so 

i s   t o  

i t e  1 y- 

1 u t   i ons  
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o f   t h e   c l a s s i c a l   f i e l d   e q u a t i o n s .  Wave s o l u t i o n s   o f  a compressible 

viscous f l u i d   i n  a loca l ly -   s teady and homogeneous f low  p rov ide  a complete 

orthogonal   set   of   solut ions  which  serve as vec to r   bas i s   f o r  a formal 

expansion o f   t h e   f i e l d s .  

I n   t he   work   o f  Santos  and Han'Ekowiak we have  examples of  both  the 

c lass i ca l   s tochas t i c   p rocesses   pu t   i n   t he   f o rm  o f  quantum theory, and 

quantum f i e l d   t h e o r y   f o r m u l a t e d   i n   t e r m s   o f   s o l u t i o n s   o f   c l a s s i c a l  random 

f i e l d s .  Thus the two theor ies ,   the   c lass ica l  and quantum, have been 

used interchangeably  to  study  physical   processes  f rom  di f ferent  points  of  

view. 

The above d iscuss ion  o f   analog ies and. s i m i l a r i t i e s   t h a t   e x i s t  between 

the  theor ies  o f   turbulence (TT) and var ious  phys ica l   theor ies,  such as 

p a r t i c l e  quantum mechanics (QM), ,quantum f i e l d   t h e o r y  (QFT), o r   r a d i a t i v e  

t r a n s f e r  and k ine t i c   t heo ry ,   ra i ses  an important  question, namely, whether 

TT, in   the   fo rm  o f   compet ing   theor ies  (e.g.  those o f  Hopf (1952), Wyld 

(1961), Kawasaki (1974),  Piest (1974), Krzywobtocki (1971b)  and the  present 

theory),   are  isomorphic  to QM, QFT, t o  an extens ion  or   genera l   izat ion  o f  

these, o r   to   o ther   phys ica l   theor ies .   Th is   ques t ion  may be discussed i n  

the   l i gh t   o f   ma themat i ca l   l og i c  and foundat ions   o f   the  quantum theory as 

employed,  e.g., by  Strauss  (1972). 

As defined  by  Strauss, a phys ica l   theory   i s  "a union of mathematical 

structure and its physical interpretation." The equ iva lence   o f   d i f f e ren t  

theor ies  thus has dual  aspects,  viz.,  mathematical  equivalence  (isomorphism) 

and physical   equivalence.  In  the words of   Strauss, "mathematical 

isomorphism is not the  same as physical equivalence.. ." (p. 94) . . . 
"isomorphic formalisms can represent different physical theories, e.g., 

the well known isomorphism between geometrical optics and classical 
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mechanics which may both be deduced from the same variational  principle 

... The view t h a t  mathematical formalisms have t o  be isomorphic i f  

they are t o  represent  the same theory i s  untenable." (p. 94). (Yet). . . 
"different  interpretations  of  the same formalism  lead t o  inequivalent 

physical  theories." (p. 95). Consequently,  mathematical  isomorphism 

o f  TT and QM o r  QFT does no t   imp ly   tha t   they   a re   phys ica l l y   equ iva len t  

and  no such  claims will be made. On the   o the r  hand, various  competing 

theor ies  may be p h y s i c a l l y   e q u i v a l e n t   i n  some, bu t   no t   necessa r i l y   i n  

a l l   t he   aspec ts  as  they  are  not  mathematical ly  equivalent.  Depending 

on their   mathematical   structures,   the  var ious  compet ing  theor ies may be 

general izat ions  or  special   cases  (subsets)  of   each  other.  

I n   t h i s  work we a re   p r imar i l y   i n te res ted   i n   choos ing  a mathematical 

s t r u c t u r e   f o r   t h e   f o r m u l a t i o n   o f  TT t h a t  w i  1 1  be more general'  than a 

fo rmu la t i on   i n   t e rms   o f  a c l a s s i c a l   t h e o r y   o f   p r o b a b i l i t y  based  on 

s tochast ic   equat ions  in   rea l   var iab les.   Yet ,  we would l i k e   t o   a v o i d  

comp lex i t i es   o f   f unc t i ona l   ca l cu lus  as  used i n  QFT. Thus we search  for  

a convenient passage f rom  the  f ie ld   equat ions  o f   the  Navier -Stokes 

theo ry   t o  a s t a t i s t i c a l   t h e o r y   o f   f i e l d   p r o b a b i l i t i e s .  O f  great   he lp 

and insp i ra t i on   i n   t h i s   t ask   a re   t he   I n te r theo ry   Re la t i onsh ips   wh ich  

serve as  examples, gu ide l ines,  and storehouse o f  e x i s t i n g  knowledge. 

"Not a l l  w i l l  agree t h a t  Intertheory  Relations may become a heuristic 

instrument for finding new physical  theories. However, we can extend 

our studies t o  relations of second order, vii . ,   to  relations between 

relations. We may have ground for believing t h a t  the new theory ( T 4 )  

looked f o r  w i l l  stand i n  the same (or similar)  relations  to T3 a s  T 

stands t o  T 

2 

1: 
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In f a c t ,  this was p r e c i s e l y  the h e u r i s t i c   s c h e m e   b y  which Schroedinger 

obta ined  his wave  equation'  : 

wave mechanics : c l a s s i c a l   p a r t i c l e   m e c h a n i c s  

2 wave o p t i c s  : geometr ica l   op t ics ."  

(Strauss, 1972, p. 268). E s s e n t i a l l y ,   t h i s   t y p e  o f  reasoning  also 

i nsp i red  de Brog l ie   to   p ropose  h is  famous matter-wave  hypothesis  by 

observing  the  formal  analogy- between Fermat 's   .p r inc ip le   o f   op t ics  and 

Hami l t on ' s   p r i nc ip le .o f  dynamics  on  one  hand,  and the  wave-par t ic le  

n a t u r e   o f   l i g h t  on the  o ther .  

In   the   case  o f   f lu id   tu rbu lence,  we have the   f i e ld   equa t ions   ( t he  

Navier-Stokes  system)  that  determine a l l  geometrical  (causal) 

a t t r i b u t e s   o f  a s i n g l e   i n f i n i t e s i m a l  wave, the   types   o f  waves, t h e i r  

i n te rac t i ons ,  and we  may average  the  equations and t h u s   o b t a i n   p a r t i a l  

d i f f e r e n t i a l   e q u a t i o n s   f o r   t h e  average  (the mean or expectation)  values. 

Thus, we know, e s s e n t i a l l y ,   t h e   q u a s i - p a r t i c l e s  (wave packets) and 

the   f o rces   o f   i n te rac t i on ,  and we are  faced  wi th   the 

f o r   s t r o n g l y   i n t e r a c t i n g  random systems o f  such  quasi 

aware o f   s i m i l a r i t i e s  and ana log ies   to  many phys ica l  

e.g., the  many-body c l a s s i c a l  and  quantum mechanics, 

many-body problem 

- p a r t i c l e s .  We are  

theor ies,  such  as, 

the quantum f i e l d  

theory,   the  theory  o f  random systems,  etc. We are  thus  faced  wi th   the 

choice  o f   the  ln ter theory  Relat ions,  namely, which  theor ies  (and  at  

which  level  of a p p l i c a t i o n )   a r e   i n   t h e  T4 : T3 = T2 : T r e l a t i o n   w i t h  

the  theory  of   turbulence.  Since many such l e v e l s   o f   a p p l i c a t i o n  may 

be o f   i n t e r e s t ,  no s ing le   I n te r theo ry   Re la t i on   wou ld   su f f i ce  as a guide 
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f o r   t h e  development of  TT. Expecting many such r e l a t i o n s   t o   e x i s t ,  

one should, it appears,  not to  a t tempt   t o  enumerate a l l   o r  as many as 

poss ib le  o f  the   ln te r theory   Re la t ions   re levant  t o  turbulence,  but, 

instead, one should  proceed  formally  developing a TT guided  by  Inter-  

t heo ry   Re la t i ons   a t   wha teve r   s tep   o r   l eve l   o f   app l i ca t i on  such r e l a t i o n s  

become apparent and h e l p f u l .  

I t  i s  t he   i n ten t i on   o f   t he   au tho r   t o   men t ion  now and then  the 

particular  theory  from  which  he  borrows  the  mathematical  formalism i n  

the  hope that  the  readers will be a b l e   t o   f o l l o w   h i s   l i n e   o f   r e a s o n i n g ,  

extend it, or   genera l i ze  it so as t o   h e l p   i n   f u r t h e r  developments  and 

improvements. 

The steps t o  be  taken i n   g e n e r a l i z i n g   c l a s s i c a l  mechanics t o  

quantum mechanics,  namely, a replacement o f  commuting operators on an 

a lgeb ra   o f   rea l   f unc t i ons  by a non-commutative  operator  algebra and 

complex  functions, will be o u t l i n e d  below. These steps  appear t o  be 

su f f i c i en t ,   w i th   t he   he lp   o f   t he   co r respondence   p r i nc ip le ,   t o   pos tu la te  

a system o f   e q u a t i o n s   f o r   t h e   c h a r a c t e r i s t i c   f u n c t i o n s   t h a t   d e f i n e   t h e  

p r o b a b i l i t y   d i s t r i b u t i o n s   i n   t h e  wavenumber space fo r   t he   seve ra l  modes 

o f  wave propagat ion  inc lud ing  the  acoust ic  mode coupled t o   t h e   v o r t i c i t y  

and entropy modes. 
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... "we cannot a t  present compare the 
contents o f  a nonlinear classical  field 
theory with experience ... A t  the  present 
time the opinion p r e v a i l s  that a 
[classical] f i e ld  theory mus t  f i r s t .  b y  
"quantization" . be transformed into a 
s t a t i s t i c a l  theory of  field  probabilities 
according t o  more or less  established 
rules. I see i n  this method only an 
attempt t o  describe  relationships of an 
essentially nonlinear  character b y  linear 
methods. 

Albert  Einstein 

"The Meaning of Relativity,'' p. 165, 
Princeton University  Press, New Jersey, 
1966. 

1 1 1 .  NECESSITY OF QUANTIZATION OF TURBULENCE 

As is  well known,  see, e.g., p. 292, Morse E Feshbach (1953), 

in the limit of large  values  of  action and energy, the surfaces  of 

constant  phase  for  the  wave  function  become  the  surfaces  of  constant 

action  for  the  corresponding  classical  system. Thus wave  mechanics 

goes over to  geometrical  mechanics  just  as  wave  optics  goes  over  to 

geometrical  optics  for  vanishingly  small  wavelengths.  Bohm (1951, p. 264) 

shows that the  classical  (deterministic)  treatment is a valid approxi- 

mation if the spatial  gradient of the  wavelength X is negligible as 

compared  to unity, that is, if IVXI<<l. For one-dimensional  steady 

motion  and  for  the  entropy or vorticity  waves it may be shown  that  the 

condition  on  the  gradient of the wavelength  becomes 



A << 1, 

where = ve loc i ty   vec tor .   Th is   cond i t ion  will be s a t i s f i e d   f o r  

X -f 0 (short  wavelength 1 imit) o r   f o r  a uniform flow, V i  = 0. We 

should  observe  that   the  condi t ion  on  the  wavelength may be r e w r i t t e n  

as A W A x  << 1 ,  or Ax*Ak >> 2rr where k = 2r/X = wavenumber. I n   t h e  

l a t t e r   f o r m   o f   t h e   c o n d i t i o n  Ax i s   t he   sca le   o f   t he   i nhomogene i t i es   o f  

the  f lu id-mechanica l   (c lass ica l )   nature,  and we have here a statement  of 

t he   unce r ta in t y   i n  a simultaneous  determination  of  mechanical and wave 

a t t r i b u t e s   o f   m o t i o n .  Thus c l a s s i c a l   ( d e t e r m i n i s t i c )   t r e a t m e n t   i s   v a l i d  

o n l y   i n   t h e  limit as  one o f   t he   sca les  becomes i n f i n i t e ,   t h a t   i s ,  

Ax -f a o r  Ak + (Ax -+ 0 ) .  Turbulence, however, i s  a phenomenon 

which  the  energy-containing  wavelengths  are  of  the same o r d e r   o f  

tude as the   sca le   o f   the   inhomogene i t ies   o f   the   mater ia l   p roper t i  

as 

i n  

magn i - 
es o f  

turbulence,   e .g. ,   the  turbulent   ve loc i ty   f ie ld .  As a consequence, 

classical  continuum  mechanics must  be extended t o  cope w i t h  such a 

s i t u a t i o n .  The extens ion  should  account   for   the  fact   that   the wavenumber 

can  be determined  only  wi th in  the  uncertainty  range Ak = 2 ~ / A x ,  where 

Ax i s  a measure o f   t h e   s c a l e  of the   f lu id   inhomogene i t ies   ( leng th   sca le ) .  

One  may argue  that  the  Navier-Stokes (NS) theory  o f   v iscous 

f l u i d   i s  a v a l i d   d e s c r i p t i o n   o f   a l l   f l u i d  phenomena on scales much 

larger  than  the  molecular mean f ree  path.  Thus, i n   t h e  continuum  range 

there  i s  no  need to   i n t roduce  wave representa t ion  and thus be r e s t r i c t e d  

by   the   l im i ta t ions  on the  wavelength. I t  may be argued  that   the  l imi ta-  

t i o n s  on the   wave length   a r ise   on ly   in   the  wave representat ion and  as a 

consequence o f   i n t r o d u c i n g   t h e  wave concepts. The pena l t y   f o r   no t   us ing  
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the wave representation is the impossibility, at  present and in the 

foreseeable  future, of obtaining global solutions of the NS system o f  

equations,  which  solutions would give  the  finest and minute  details  of 

turbulent  microstructure  together or simultaneously  with the  large scale 

features of fluid motion. Separation of the  mean or averaged  motion 

from  the  small  scale  turbulent  fluctuations  renders  the  solution  of 

the  average  motion  tractable  provided that certain  functions  (correla- 

tions or statistical  moments)  of  the  turbulent  fluctuations are known. 

Attempts at replacing  the NS description  of  the  details of  the 

turbulent  microstructure by an  averaged  flow  with  slowly varying 

statistical  properties as parameters  avoid  the  necessity  of  non- 

classical  treatment of the  averaged  flow  only.  The  statistics  of  the 

turbulent  microstructure, on  the other  hand, is characterized by two 

length, usually separated in magnitude, L = length scale  over  which 

statistical  properties vary,  and X = characteristic length  (e.g. 

correlation  length) of the  turbulent  structure. If L >> X, then the 

statistics may be determined  under  local conditions. If the  statistical 

behavior  of  the  turbulent  structure is to  be determined by the NS theory 

in regions  of  volume X 3 ,  then, again, we have  to  consider  the  motion  of 

eddies  of all sizes up to  the  dimension X moving  through a fluid with 

irregular  (fluctuating)  properties o f  all scales up to  the  dimension X. 

Analytical  solutions  of  the NS equations  describing  such  motions,  even 

in small  volumes of order X 3 ,  are not feasible.  Numerical  studies  of 

comparable  situations usually proceed  along  two  directions - computations 
in the  physical space  or in the  transformed  (Fourier)  space. We may 

argue that both formulations are equivalent  because  of a one-to-one 
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t ransformat ion of  the  two spaces. I n   t he   Four ie r  space,  however, t he  

l i m i t a t i o n s  on the   c lass ica l   t rea tment   app ly  and cannot  be  dispensed 

w i th .  Thus, it i s   b e l i e v e d   t h a t   s i m i l a r   l i m i t a t i o n s   a r e   p r e s e n t   i n  

f lu id -mechan ica l   ca lcu la t ions   in   the   phys ica l  space. It i s  premature 

and counter-productive t o  phi losophize on t h e   i m p o s s i b i l i t y  or 

uncer ta in ty   in   s imu l taneous  de terminat ion   o f   phys ica l   var iab les   wh ich  

are  conjugate  to  each  other.  I t  i s  much eas ie r   to   g ive   mathemat ica l  

arguments i n   F o u r i e r   r e p r e s e n t a t i o n   i n   t e r m s   o f  wave va r iab les  and then 

t rans la te   t he  arguments to   phys ica l   var iab les.   Th is   procedure  necess i -  

t a tes   t he   assoc ia t i on   o f ,  e.g., the  wavenumber and frequency  wi th 

mechanical   quant i t ies,   v iz. ,   the momentum and  energy,  respectively.  This 

i s   e s s e n t i a l l y   t h e  approach  used i n   t h e  quantum  mechanics. 

I n   o rde r   no t   t o   c rea te  an impression  that  quantum e f f e c t s  on the  

sca le   o f   t he  quantum o f   a c t i o n  h (Planck's  constant)  have necessar i l y  

any s ign i f i cance  in   tu rbu lence,  we observe  that   the quantum of  a c t i o n  h 

character izes  the  magnitudes  (scales)  of  phenomena on the  atomic 

p a r t i c l e   l e v e l .   I n   p a r t i c u l a r ,   t h e   E i n s t e i n - d e   B r o g l i e   r e l a t i o n s ,  

E = 4iw, 
- 
p = +x, 

estab l i sh   the   exac t  and un ive rsa l   re la t i ons  between t h e   s c a l e   o f  

mechanical  propert ies E (energy) and 'p (momentum) and the   sca le  o f  

wave p roper t i es  w (frequency)  and E (wavenumber) which  hold in  app l ica-  

t i ons   t o   a tomic  systems. Thus h p lays   the   r81e  o f  a convers ion  factor  

which changes mechan ica l   un i ts   to   those  appropr ia te   in  wave representat ion.  

Obviously,   the  scale  rat io,   which  would  p lay  the  r81e  of   the quantum o f  

act ion  in  turbulence,  cannot  be a un iversa l   constant   s ince  the  sca le 
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effects  in  turbulence  are  governed  by  the  non-dimensional  Reynolds 

number. As a consequence, r e l a t i o n s   e s t a b l i s h i n g   p r o p o r t i o n a l i t y  

between wave and p a r t i c l e   a t t r i b u t e s ,  such as those  o f   E inste in-de 

Brog l ie ,   a re   e i ther   nonex is ten t  or take a complicated  form o f  a 

func t i ona l  dependence on the  boundary condi t ions  o f   the  hydrodynamical  

f i e l d s .  

As a p o i n t  of i n t e r e s t  we  may add t h a t  many f a m i l i a r   f l u i d  dynamical 

concepts   cou ld   p lay   the   r81e  o f   the   un i t   o f   ac t ion   (o r   ra ther   the   un i t  

o f   a c t i o n   d e n s i t y )   f o r   t h e  purpose of   conver t ing  the  d imensions  f rom 

those o f  frequency and wavenumber t o  those  of  energy and momentum, and 

vice  versa. We observe  that   the  quant i t ies  pUL = the  numerator   o f   the 

Reynolds number, p = dynamic v i scos i t y   o r   t he   denomina to r   o f   t he  Reynolds 

number, p J i * d z  = dens i ty  x c i rcu la t ion ,   pJJ?xc*d i  = dens i ty  x v o r t i c i t y  x 

a rea ,   p jJJ i * (Vx i )dV/ / i *dz  = dens i ty  x he1 i c i t y  x vo lume/c i rcu lat ion,  

etc.,  a l l  have dimensions o f   a c t i o n   p e r   u n i t  volume. The v a r i e t y   o f  

such quan t i t i es ,   t he i r   va r ied   s ign i f i cance ,   t he   a rb i t ra r i ness   o f   t he  

cho ice   o f   l i ne ,   su r face   o r  volume i n t e g r a l s ,   a l l  seem t o  suggest  the 

l a c k   o f  any phys i ca l   bas i s   f o r   es tab l i sh ing  a phys i ca l   re la t i on  between 

frequency and wavenumber o f  waves and t h e i r  energy and momentum. The 

work o f   Ehrenfes t  (1916) suggests  that   the quantum o f   a c t i o n   i s   r e l a t e d  

to   t he   ad iaba t i c   i nva r ian ts   wh ich ,   i n   t he   case   o f   non l i nea r   d i spe rs i ve  

waves i n  inhomogeneous f l u ids ,   a re   g i ven  a prominent  r61e  by Whitham 

(1965) - 
Any physical   theory o f  turbulence  should  lead t o  an  agreement w i t h  

exper imental   facts.  A t  ea r l y   s tages   o f   t he  development o f  a theory it 

i s   h e l p f u l  t o  check f o r  agreement i n  some simple  or   ideal ized  cases. 

A s t a t e  o f  equ i l i b r i um  i n ,  say, homogeneous, i so t rop i c   t u rbu lence   i s  
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such a case. One would  expect  that  the  energy  spectrum  should  drop 

o f f  to  ze ro   a t   bo th   ze ro  and i n f i n i t e  frequency,  be  positive  everywhere, 

and  have a f i n i t e   i n t e g r a l   ( f i n i t e   s p a t i a l   d e n s i t y   o f   e n e r g y ) .  Thus 

the  spectrum must  have a maximum. A t  h igh  f requencies  (vanish ing ly  

smal l   wave lengths)   c lass ica l   s ta t i s t i ca l   behav io r   i s   expec ted ,  

equ ipa r t i t i on   shou ld   p reva i l ,  and the  energy  spectrum  should  drop o f f  

exponent ia l ly   wi th   f requency.  The presence o f   v i s c o u s   d i s s i p a t i o n   a t  

high  frequencies  would cause the  spectrum to  drop o f f  even fas te r .  

A t  t h i s   p o i n t  we no te   tha t ,  by consider ing  the  ent ropy  o f  a 

system o f  normal modes and by  imposing  the  condit ion  that  the  energy 

spectrum f a l l   o f f   f a s t e r   t h a n  any  power o f  frequency,  Ehrenfest (1911) 

has shown that  discreteness  of  energy  spectrum i s  a necessary consequence, 

whence f o l l o w s   t h e   n e c e s s i t y   o f   q u a n t i z a t i o n   o f  systems o f  normal modes. 

I t  i s  be l ieved  tha t   the  same argument would  ho ld  in   the  case  o f  weak 

turbulence  represented  by an i n f i n i t e  system o f  Four ie r  modes. However, 

Ehrenfes t ' s   p roo f   o f   the   necess i ty   o f   quant iza t ion   o f   the   energy   o f  a 

system o f   o s c i l l a t o r s  does not   g ive  the  magni tude  o f   the  spac ing  o f  

energy  levels.  Consequently,  the  spacing o f  energy  levels need not  be 

the  same in   t heo r ies   wh ich   a re   no t   phys i ca l l y   equ iva len t .  

We may t u r n  now t o   t h e  case o f  turbulence  expressed  in  terms  of  

Four ie r  modes. Examination o f   t h e  wave in teract ion  terms,  see,  e.g., 

Davidson  (1967) o r  Appendix C o f  Vedenov (1968),   reveals  the  fact   that  

the  Rayle igh-Jeans  d is t r ibut ion i s  s u f f i c i e n t   f o r   t h e   e x i s t e n c e   o f  an 

equ i l i b r i um.  Thus the   c lass ica l   Ray le igh-Jeans   d is t r ibu t ion  appears  as 

an e q u i l i b r i u m   s o l u t i o n   o f   t h e   t u r b u l e n t   f i e l d   a n a l y z e d   c l a s s i c a l l y .  

I t  was Ehrenfest (191 1)  who f i r s t  coined  the  term "u1 t rav io le t   ca tas t rophe"  

t o  descr ibe  the  behavior   o f   the  c lass ica l   energy  spect rum  at   h igh 
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frequencies.  Classical ly,  the  energy  increases as frequency  squared 

o r  as a nega t i ve   f ou r th  power o f  wavelength.  Since it i s  observed 

exper imen ta l l y   t ha t   t he   behav io r   occu rs   i n   t u rbu len t   spec t ra   a t  

large  wavelengths, and that  the  spectrum  drops  of f   approximately  (or  

almost)  exponentially  as  wavelength  approaches  zero,  the  question 

ar ises  whether  the  departure  f rom  the  c lassical   Rayleigh-Jeans 

d i s t r i b u t i o n  and the  approach to   the   P lanck 's  shape of  the  energy 

spectrum i s  brought  about  e i ther by, ( l ) ,  apprec iab le "quantum e f f e c t s "  

on  sca les  far  removed from  those  governed  by  the  universal  constant h, 

(2 ) ,  by the  presence o f   d i s s i p a t i o n  (an energy  sink)  at  small   wavelengths, 

o r ,  ( 3 ) ,  by the  absence o f   equ i l i b r i um.  The explanat ion (3)  was proposed 

i n   t h e  case o f   b l a c k  body r a d i a t i o n  by  Jeans and was vigorously  defended 

by  him u n t i l   t h e   p u b l i c a t i o n  o f  Poincare' ls  proof (1912) o f   t he   necess i t y  

of   d iscreteness  of   the  energy  t ransfer  process.  For  our  purposes we 

observe  that   the  nonl inear wave interact ion  processes so dominate  the 

f l o w   o f  energy  through  the  spectrum  that  the  approach  to  equi l ibr ium 

cannot  slow down t o  a s t a n d s t i l l  and  must  be s u f f i c i e n t l y   r a p i d ,   o r  

a t   l e a s t  non t r i v i a l ,  so as  to negate  Jean's  explanation. 

Should (2) be the  correct  explanation,  then  the  energy  would have 

t o  increase  monotonely as A" unt i l   the   v iscous   d iss ipa t ion   wou ld  become 

important. Thus one would  expect  the  energy  containing  scales t o  be 

c l o s e   t o  i f  no t   equa l   to   the   d iss ipa t ion   sca les .   Th is   i s   no t   the  

s i tuat ion  observed  in   genera l  where the  energy  containing  scales and 

the   d iss ipa t ion   sca les   a re   usua l ly  f a r  apar t .  The separat ion  o f   sca les 

i s   e s p e c i a l l y   d r a m a t i c   a t   h i g h  Reynolds numbers, e.g. i n  atmospheric 

turbulence.  This  leaves us w i t h   t h e   n e c e s s i t y   o f  a discrete  energy 
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exchange  process  (the "quantum" effect)  as  the  only  plausible  explanation. 

The similarity  of general features of the  turbulent  energy  spectrum 

and Planck's  distribution  permits one to assess  the  behavior  of turbulence 

spectrum in slowly  decaying  homogeneous  and  isotropic  turbulence. It is 

known  that during the decay  process  the  energy  distribution is slowly  and 

constantly  modified,  with  the maximum value of the  spectral  energy  decreas- 

ing and shifting  toward  longer  wavelengths. The same is true  for Planck's 

distribution, 

c 1  1 E(X) = - , c2% T" . x5 eC2/X-I 

The radiation  temperature T should be  replaced in case  of  turbulence by 

the  mean  square o f  the  turbulent  velocity  fluctuations.  The  maximum 

of E, Emax, occurs at  c2/X = 4.96 and is given by 

Thus, if a turbulent  spectrum is approximated by a Planck's  distribution, 

and if the  decaying  process is represented by decreasing  temperature, 

then,  since h % 1/T, h increases (maximum shifts toward  longer 

wavelengths) and Emax decreases during decay. The total  energy  density , 

E = lE(A)dh,  integrates  to  give  the  Stefan-Boltzmann  Law, E %T4 or  the 

Lighthill's ''eights  power o f  velocity law'' o f  acoustic  radiation in 

max  max 

turbulence. 

We  concl u 

obtain for  equ 

which  exchange 

. . .  
de  that  the  type of energy  spectrum one may expect  to 

i l  ibrium turbulence  (modeled in terms o f  normal  modes 

energy by a discrete  process)  possesses  correct  general 
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charac te r i s t i cs ,  a proper  behavior  at   zero and a t   i n f i n i t e  wavelengths, 

and a proper decay behavior. The classical  Rayleigh-Jeans  spectrum  leads 

to   t he   "u l t rav io le t   ca tas t rophe"  and cannot  represent  the  energy 

d i s t r i b u t i o n   e x c e p t   i n   t h e  limit o f   l ong  waves which i s  n o t   o f   i n t e r e s t  

in   turbulence.  

The most general  argument i n   f a v o r   o f  a d i s c r e t e  (as compared t o  a 

continuous)  energy exchange process was given  by  Poincark  (1912). 

M i l l saps  (1974) was the  f i r s t  t o  observe  that   Poincare' ls  proof  appl ies 

to   t u rbu len t   spec t ra  as w e l l  as to   e lect romagnet ic   rad iat ion.  The 

condi t ions,  as s ta ted  by Poincare' ,   are  sat isf ied by turbulent   spect ra:  

1. E(w) -f 0 as w -+ 0, 

2.  E(w) + 0 as w + 03, 

3 .  0 5 JmE(w)dw < f o r  all time, 0 5 t 5 

4. The F i r s t  and Second Laws of  thermodynamics 
0 

9 

hold. 

Poincare' has proved  that, i f  cond i t ions  1 - 4 hold,  then i t  i s  

necessary  that  the  energy exchange in   the  spect rum  occur   in  a d i s c r e t e  

or   d iscont inuous manner. Further,  he gave the  express ion  for   the  form 

o f   t he   d i s t r i bu t i on   a t   l a rge   t imes ,   wh ich   f o rm i s  a g e n e r a l i z a t i o n   o f  

t h e   P l a n c k ' s   d i s t r i b u t i o n   v a l i d   a t   e q u i l i b r i u m ,  t = a. Here  again,  the 

mathematical  argument does no t   y ie ld   the   numer ica l   va lue   o f   the  quantum 

o f  energy, it even does no t   requ i re   t ha t  such a measure o f   d i s c o n t i n u i t y  

o f  energy exchanges  be a constant. As a consequence,  one  would  expect 

t h a t   i n   t h e  case of  turbulence  the  energy  spectrum  would  approach  the 

Po inca re ' l s   genera l i zed   f o rm  su f f i c i en t l y   f a r  away from  boundaries and 

f a r  downstream f rom  the   t rans i t i on   po in t ,  and t h a t  such a d i s t r i b u t i o n  

would have to  be modif ied  to  account  fo ' r   lack  of   homogeneity and isot ropy.  
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Another  argument i n   f a v o r  of quant . i za t ion   o f   tu rbu len t   energy  

exchange p rocesses   f o l l ows   f rom  the   s ta t i s t i ca l  mechanics. We 

observe  that   the  d i f ference  between  the  c lass ica l   Bol tzmann  s ta t is t ics  

(BS) and e i ther   the  Bose-Einste in  (BES) o r  Fe rm i -D i rac   s ta t i s t i cs  (FDS) 

i s  dependent  on the  t reatment  of   the  e lements of t h e   s t a t i s t i c a l  system 

( p a r t i c l e s ,   o s c i l l a t o r s ,   o r  normal modes) as d i s t i ngu ishab le  or i n d i s -  

t i n g u i s h a b l e   e n t i t i e s .  Which s t a t i s t i c s   a p p l i e s  must  be  determined  by 

experiment.  In quantum  mechanics the  choice  between BES and FDS i s  

made on t h e   b a s i s   o f  symmetry or  ant isymmetry  of   the  wavefunct ion.  I f  . 

one assumes t h a t   s i m i l a r   p a r t i c l e s   a r e   d i s t i n g u i s h a b l e   ( o r   i n d i s t i n g u i s h -  

able),   then it fo l l ows  as a consequence o f  such an assumption  that BS 

( o r   e i t h e r  BES o r  FDS) must  be  used. I n   c lass i ca l   phys i cs   t he   i den t i f y i ng  

o r   " l a b e l i n g "   o f   p a r t i c l e s   i n  case o f   s i m i l a r   o r   e q u i v a l e n t   p a r t i c l e s  

depends c r i t i c a l l y  on t h e   c o n t i n u i t y   o f   t h e i r   t r a j e c t o r i e s .   I n   t h e  

Four ier   representat ion  there  ar ises a p o s s i b i l i t y   o f   i n d e t e r m i n a t e  

changes ( i n   m u l t i p l e s   o f  2 ~ )  o f  the  phase o f   t h e  wave.  The phase 

de termines   the   t ra jec to r ies   o f   the  wave packets. Thus t h e   d i f f e r e n t i a -  

b i l i t y   o f   t h e  phase i m p l i e s   c o n t i n u i t y   o f  wave packet   t ra jec to r ies .  

The assumption o f   d i f f e r e n t i a b i l i t y   i s   n o t  a necessary one. Thus, the  

d i s t i n c t i o n  between a c l a s s i c a l  and nonc lass i ca l   t r ea tmen t   l i es   i n   t he  

a r b i t r a r y   a s s u m p t i o n   o f   d i f f e r e n t i a b i l i t y   o f   t h e  phase. The c l a s s i c a l  

treatment may thus  be  readi ly  general ized by re lax ing   t he   cond i t i ons  

o f   d i f f e r e n t i a b i l i t y   o f   t h e  phase, i n t e g r a b i l i t y   o f   t h e   t r a j e c t o r i e s ,  

and d i s t i n g u i s h i a b i l i t y   o f   p a r t i c l e s .   T h i s  amounts t o  a genera l i za t i on  

of   the  geometr ical   mechanics  of  wave packet  motion  characterized  by 

con t inuous   t ra jec to r i es   t o  wave mechanics  which  admits  d iscont inui t ies 
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i n  ' t r a j e c t o r i e s ,   i n   . t h e  number o f  p a r t i c l e s ,   i n   t h e i r  energy,  etc. We 

have  mentioned ea r l i e r   t ha t   t he   c lass i ca l   (geomet r i c )  mechanics f a i l s  

to  descr ibe  the  system  accurately when the   sca le  o f  inhomogeneities of  

t h e  medium i s  comparable to  the  wavelength  considered,  as  is   the  case 

with  turbulence.  Consequently, It fo l l ows   t ha t  it i s  necessary i n  wave 

(o r   Four ie r )   descr ip t ion  o f  turbulence to  general ize  the  geometr ic 

(de te rm in i s t i c )   desc r ip t i on   t o   t he   nonc lass i ca l   (p robab f l   i s t i c )  mode 

of t reatment.   This  is   accompl ished  by  not   requir ing  that   the phase  be 

d i f fe ren t iab le .   Consequent ly ,   the   t ra jec to r ies   o f  wave packets (and 

t h e i r  numbers) become discontinuous and s i m i l a r  wave packets  cannot  be 

labeled and thus become ind is t ingu ishab le .  The s t a t i s t i c s   a p p r o p r i a t e  

t o   i n d i s t i n g u i s h a b l e  wave packets is   the  Bose-Einste in   or   Fermi-Di rac 

s t a t i s t i c s .  The nonl inear   in teract ion  terms,   der ivable  f rom  the  Navier -  

Stokes  theory, show t h a t  a t w o - p a r t i c l e   d i s t r i b u t i o n   f u n c t i o n  ("wave- 

funct ion")  i s  given by a p r o d u c t   o f   o n e - p a r t i c l e   d i s t r i b u t i o n s ,   a t   l e a s t  

a t   t h e   l e v e l  o f  the  Navier-Stokes  theory. Thus the  "wavefunctions"  are 

symmetric and we make the  choice,   subject   to  eventual   exper imental   ver i -  

f i c a t i o n ,   o f   t h e   B o s e - E i n s t e i n   s t a t i s t i c s .  

La ter  on, i n   d i s c u s s i n g   s t a t i s t i c a l  moments w i th   respec t   t o   t he  

p r o b a b i l i t y   d i s t r i b u t i o n   i n   t h e  phase  space, i t  i s  mentioned  (and may be 

r e a d i l y   v e r i f i e d )   t h a t   w i t h o u t  a1 lowance for the   unce r ta in t y   i n   t he  

phase ( d i s c o n t i n u i t y  or indeterminacy of phase) t h e   s t a t i s t i c s  reduces 

t o  a t r i v i a l  case  where a l l   t he   co r re la t i ons   a re   symmet r i c  and moments 

o f  var ious  orders may be pu t   i n   t he   f o rm  o f   p roduc ts   o f  moments o f   f i r s t  

order. Then a l l  moments would  reduce t o   z e r o   i n   t h e  case o f   i s o t r o p i c  

tu rbu lence   i n   con t rad i c t i on   w i th   exper imen ta l   f ac ts .  



In conclusion, it is not only s u f f i c i e n t ,  according  to Gyarmati's 

(1974) proof,  to  treat  turbulence  as a complex  field  with complex 

state  vectors  as a basis, but it is also necessary to allow for 

discontinuous ("quantized")  energy exchange  processes in turbulence. A 

formulation  of a statistical  theory  of turbulence based  on quantum 

mechanical  principles  generalizes  classical  statistics,  extends and 

uptates it to a higher  level. Thus, such an uplation  offers  hope  of 

the  eventual  solution  of  the  general  problem of turbulent motion. In 

this work we outline an approach to the quantum-like wave  dynamics  of 

turbulence,  which  approach  avoids  the  difficulties  of  solving  functional 

partial differential  equations. 
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"Seeing t h a t  I can find no subject 
specially  useful or pleasing - since  the men 
who have come before me have taken for their 
own every useful or necessary theme - I m u s t  
do l i ke  one  who, being  poor, comes l a s t  t o  
the f a i r ,  and can find no other way o f  pro- 
viding for  himself than by taking a l l  the 
things already  seen b y  other  buyers ..." 

Leonard0 da Vinc i ,   Codice  At lant ico,  folio 117v 

Iv .  WAVE REPRESENTATION OF TURBULENT  MICRO-STRUCTURE 

We shal l   cons ider  a system of   equat ions  govern ing  the  f low  o f  a 

viscous,  heat-conducting  compressible  f luid, 

+ ('U*V)p + PV-G = 0, 

a i  RT p1 - - + ( i i * V ) i  + - Vp + RVT - - [V*V; + (V-l)VV.U] = 0, a t  P P 

where p = mass densi ty ,  ti = ve loc i t y   vec to r ,  T = temperature, 9 = 

d iss ipa t ion   func t ion   ( ra te   o f   d iss ipa t ion   o f   mechan ica l   energy) ,  y = r a t i o  

o f  spec i f i c   heats  = c /c = speci f ic   heat   a t   constant   pressure,  

c = spec i f i c   heat   a t   cons tan t  volume, P r  = Prandt l  number = c /IC, 

K = heat   conduct iv i t y ,  V = v i s c o s i t y  number = 2 + p /p and 

p2 = f i r s t  and  second c o e f f i c i e n t s  o f  v i scos i t y   ( t hen   t he   bu l k   v i scos i t y  

i s  7 p1 + p2 = p1 (V - -) 2 0 ) ,  R = gas constant = c - cv. 

P v '  cP 

V P 1  - 
2 1 '  9 

2 - 4  
3 P 



We s h a l l   f i r s t   s e p a r a t e   t h e   f l o w   v a r i a b l e s   i n t o . t h e  mean and 

f l u c t u a t i n g  components, 

The d e f i n i t i o n  o f  

l a t e r .  A t  t h i s   p o i n t  

the  averaging  process will be made s p e c i f i c  

it su f f i ces   t o  say that  the  averages o f  the  f 

a t ions   van ish  by d e f i n i t i o n ,  < p ' >  = <i'> = < T I >  = 0. Subs t i t u t i on  

o f  the sums (4.2) i n t o  Eqs.  (4.1) gives 



+ {;'=VT' + (y-1)T'V-Li' + 2p1 ( e f j -  7 1 A ' 6 i j ) 2 }  
<P> (4.5) 

When t h i s  system i s  averaged, we ob ta in   the  Reynolds  equations f o r  

the mean (averaged) f l u i d   f l o w :  - + v- (<p><U>) + <v- ( p ' i j ' ) >  = 0 a t  
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where v = pl/<p> = kinematic  viscosity of the  mean  flow. 

When Eqs. ( 4 . 6 )  - ( 4 . 8 )  are  subtracted  from ( 4 . 3 ) - ( 4 . 5 ) ,  we  have 

the  system  for  the  determination  of  the  fluctuations: 

(4.10) 
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I 

The cur ly   brackets   are used t o   c o l l e c t  terms i n   t h e   f o l l o w i n g  

order :  f i r s t ,  te rms  conta in ing   on ly   l inear   te rms  in   the   f luc tua t ions  

tha t   a re   independent   o f   the   der iva t ives   o f   the  mean f low,  then  products 

of  t h e   f l u c t u a t i o n s  and t h e   d e r i v a t i v e s   o f   t h e  mean f low,   te rms  b i l inear  

i n   t he   f l uc tua t i ons ,  and l a s t l y   t h e  terms t r i l i n e a r   i n   t h e   f l u c t u a t i o n s .  

Equations (4.9)-(4.11) will now be w r i t t e n  as a l i n e a r  system i n  

the   f l uc tua t i ons   sub jec t   t o   t h ree   k inds   o f   f o rc ing   f unc t i ons   ( sou rces ) ,  

t hose   t ha t   a re   l i nea r   i n   t he   f l uc tua t i ons  and vanish when a l l   d e r i v a t i v e s  

o f  the  mean f l o w   v a n i s h   ( r e p r e s e n t i n g   f i r s t   o r d e r   i n t e r a c t i o n   w i t h   t h e  

mean flow), and those   t ha t   a re   b i l i nea r  and t r i l i n e a r   i n   t h e   f l u c t u a t i o n s  

(representing  three-wave and  four-wave in te rac t ions ,   respec t ive ly ) .   Th is  
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amounts t o  t a k i n g   a l l   b u t   t h e   f i r s t   c u r l y   b r a c k e t s   t o   t h e   r i g h t - h a n d - s i d e :  

where c = (RT)' = isothermal speed o f  sound. The symbols m f 1, and 

q. denote  mass- l ike,   force- l ike,  and heat- l ike  sources o f  i - t h   o r d e r  

i n   t h e   f l u c t u a t i o n s .  The various  sources  as  defined above  have a n i t s  

o f  frequency,  sec-l .  The expressions  for   the  sources may be obtained 

by r e f e r r i n g   t o  Eqs. (4 .9) - (4 .11) ,   for   ins tance,   for   the  mass- l ike 

a -  

i '  . 
I 

sources we have  from Eq. (4.9) : 

ml 
= - [ij '*V<p> + p'V*<U>]/<p> 

m2 
= [<G'*Vp'> - u ' *Vp '  + <p'V- 

- 

i 3 = o .  

ij'> - p ' v ' i  

The form  of  the  system  (4.12)-(4.14) i s   r a t h e r   a r b i t r a r y  inasmuch  as 
- 

the   p r im i t i ve   phys i ca l   va r iab les  p ,  u, T could  be  replaced  by any o ther  

s e t   o f  unknowns, e.g., p ,  p i ,  p,  where p = pRT, etc .   Wi th   the wave 

rep resen ta t i on   i n  mind, we observe  that ,   in   genera l ,  any i n i t i a l   d i s t u r -  

bance i n  any  one o r   a l l   o f   t h e   p r i m i t i v e   v a r i a b l e s  will be s p l i t   i n t o  

several waves, each wave ca r ry ing   pe r tu rba t i ons   i n   t he   seve ra l   o f   t he  



pr im i t i ve   va r iab les .  Thus the  ampl i tudes  o f   the waves, and t h e   r a t i o s  

o f  the  ampl i tudes of t h e   p e r t u r b a t i o n s   i n   t h e   p r i m i t i v e   v a r i a b l e s  

c a r r i e d  by a given wave, become n a t u r a l   v a r i a b l e s   i n   t h e  wave representa- 

t i o n ,  and not   the  pr imi t ive  var iab les  themselves.  

I n   o r d e r   t o   s i m p l i f y   t h e   n o t a t i o n ,  we s h a l l  use  from now on the  

fo l l ow ing :  

- 
<p> = c ,  <T> = T, <'r> = U, 

- 
0 '  = u = cu,  v, w } ,  

- 

and, dropping  the  primes on t h e   f l u c t u a t i o n s ,  we s h a l l   i n t r o d u c e  a 

non-d imensional ized  vector   o f   the unknown f l uc tua t i ons ,  

This  choice  of  the  nondimensional ization  symmetrizes  the  system 

(4.12)-(4.14) i f  the   loca l   re fe rence  quant i t ies ,  p ,  c, im, are 

regarded as constant and taken  inside  the  der ivat ives,   e.g. ,  

- %I- a t  - at(- a e' = * . This w i  1 1  f a c i l i t a t e   t h e   t r e a t m e n t   o f   t h e  
P P 

a t  

l i n e a r   p a r t   o f   t h e  system o f  equations  under  the  assumption  that 

t he   f l ow   i s   s teady  and homogeneous and the   re fe rence  quant i t ies   a re  

constant. 

The symmetrized  system becomes: 

+ c W V T  + cVp - v(V2'r + 5;JV-U) 1 = T1 + F 2  + F 3  
D t  
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~a where - = "+U*V Is t he   subs tan t i a l   de r i va t i ve .  Symbol i c a l   l y ,  we  may 

w r i t e  

D t  a t  

where L (u.) i s  a l i n e a r   d i f f e r e n t i a l   o p e r a t o r   r e p r e s e n t e d  by a 

symmetric  matrix, and li, Bi,  Ti a re   vec to rs   l i nea r ,   b i l i nea r ,  and 

t r i l i n e a r   i n   t h e   f l u c t u a t i o n s  u respec t ive ly .  

i j  J 

j '  
We now expand t h e   v e c t o r   o f   t h e   f l u c t u a t i o n s  u i n  terms o f  

j 
complex  exponentials: 

(4.16) 

where t h e   i n t e g r a t i o n   w i t h   r e s p e c t   t o   t h e  volume i n   t h e  wavenumber 

space  (dc = dkldk2dk3) i s  ex tended   e i t he r   t o   t he   cu t -o f f  = kmax 

o r   t o   i n f i n i t y  i f  $, = 0 f o r  = k > k Eq. (4.16) de f ines  u as 

- 

max' j 
a Four ie r   t rans form,   a t  t = 0, o f  $aPuj, lPaj I = 1. T h i s   i s  a l oca l  

representat ion for, i f  $, and P depend on  space  and  time,  then (4. 

can no  longer be inver ted  by t a k i n g  a Four ier   t ransform. The subscr 

a denotes a c o n t r i b u t i o n   o f   t h e  a-mode o f  wave propagation and 

u = Cu i s   t h e  sum o f   c o n t r i b u t i o n s  to t h e   f l u c t u a t i o n s  o f  t h e  

j - t h   q u a n t i t y   f r o m   a l l  wave modes. 

aj 

j a aj 

16) 

i p t  

I f  $a, Paj Y r a y  and w a are  taken as local  values  (independent o f  

and t) then we  may impose the   cond i t i on   t ha t   t he  form (4.16) solves 

the 1 i nea r   pa r t  of Eq. (4.15) , t h a t   i s ,  
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which i s   l i n e a r  and homogeneous i n  u.. As t h e   c o n d i t i o n   o f   t h e  

existence of n o n - t r i v i a l   s o l u t i o n s   o f   t h e   l i n e a r  system (4.17), see 

Kentzer (1974a,b) ,. we ob ta in   t he   cha rac te r i s t i c   equa t ion  

J 

where X = -r + i ( 6 - i  - w). Under the  assumpt ion  that   the  v iscos i ty  

number G, which must  be  no smaller  than 4/3 i n   o rde r   t ha t   t he   bu l k  

v i s c o s i t y  be non-negative, i s  equal t o  P r  , t h a t  i s  P r  = V = 3/4, 

the  above express ion  factors   out   in to   the  product  

-1 “1 < 

(X + vk‘)‘ (X + vk2/Pr) [X(X + yvk‘/Pr) + a2k2]  = 0. (4.18) 

By analogy to   t he   cha rac te r i s t i c   de te rm inan t   o f   t he   t heo ry   o f  

c h a r a c t e r i s t i c s   i n   t h e   i n v i s c i d  case, the  f i r s t  double  root will be 

i d e n t i f i e d   w i t h   t h e   v o r t i c i t y  mode, the  second l i n e a r   f a c t o r   w i t h   t h e  

entropy mode, and t h e   q u a d r a t i c   f a c t o r   g i v e s   r i s e   t o   t h e   a c o u s t i c  

mode o f  wave propagation. 

Se t t i ng  each f a c t o r   i n  Eq. (4.18)  separately  equal  to  zero we impose 

the  necessary and s u f f i c i e n t   c o n d i t i o n s   f o r   t h e   e x i s t e n c e   o f   i n f i n i t e s i m a l  

wave-type so lu t i ons   f o r   t he   l oca l l y   s teady  and homogeneous mean f low.  

For  these  solut ions we have 

a = 1,2 Ta = vk2, wa = i-i;, 

a = 3  V P r ’  - Vk2 ” 

war = U*k, 

a = 4,s = ‘yvk2 ra 2 ~ r  wa = fi-c 2 ak(  1-K2)* 

( v o r t  i c i t y  modes) 

(entropy mode) (4.19) 

(acoust ic  modes) 
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where K = yvW(2aPr) = Knudsen number based  on the  man  wavelength,  

27r/k, and a = (yRT)’ = ad iaba t i c  speed of sound. We observe  here 

t h a t   a l l  modes have t h e  same frequency i * L  when K = 1. Th i s   cond i t i on  

corresponds t o  k = 2aPr/(yv) = l o 5  cm”, or t o  wavelengths  approaching 

the  molecular mean f ree   pa th .   Th is   va lue   o f  k will be taken as the  

cut -of f   va lue,  kma,, beyond wh ich   the   con t inuum  f lu id  mechanics does no t  

apply and  any resu l t s   p red ic ted  by the  Navier-Stokes  theory will loose 

t h e i r   p h y s i c a l  meaning. 

The v o r t i c i t y  and entropy modes  may be i n te rp re ted  as standing waves 

convected  by  the mean mot ion,   their   f requencies  having  the  standard 

fo rm  fo r  a Doppler s h i f t ,  io’;. The acous t ic  modes  may be  viewed  as  plane 

waves t rave l ing   th rough a moving medium a t  a reduced speed o f  sound, 

a* = a(1-K2)’, i n   t h e   d i r e c t i o n s  + ’; and - i .  Th is   a l so   imp l i es   t ha t  an 

acoust ic  wave i s  a quadrat ic   sur face,  a convected  expanding  sphere. 

Using  re la t ions (4.19), one may r e t u r n   t o   t h e  1 inear  system (4.17) 

to determine  the  eigenvectors 4aPcrj. This i s  poss ib le   on l y  i f  K < 1 .  

Due t o  homogeneity o f  (4.17), the  components o f   the   e igenvec tors  may be 

determined  only up t o  a common fac to r .  We may f i nd ,   t he re fo re ,   t he  

p a r t i c i p a t i o n   c o e f f i c i e n t s ,  P under   the   cond i t ion   tha t   they   be   o f   un i t  

magnitude, 

aj 

c P .P* = 1 
J aJ a j  

where the  aster isk   denotes a complex  conjugate.. 

Further,   s ince  the P correspond t o   d i s t i n c t   e i g e n v a l u e s  o f  the 
aj 

system (4.17), they   a re   a lso   o r thogona l ,   tha t   i s ,  

Jc ’ajPBj = 0 f o r  a # 13. (4.20) 
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I 

The vectors P a re   g iven  by  Kentzer (1974a,b) i n   t h e  form 
a j  

‘(4.21) 

where m = 1,2,3, g =  -ak{.’K+i (l-K2)’}, k = lE l .  
The vectors  P and P a re   un i t   po la r i za t i on   vec to rs   pe rpend icu la r  

1 j  2 j  
t o   t h e  wave vector  i .  T h i s   i n d i c a t e s   t h a t   t h e   v o r t i c i t y  mode i s  

If f o r   p r a c t i c a l  purposes and  ease o f   c a l c u l a t i o n s  P3j, Pbj, and P 

are  approximated by t h e i r   i n v i s c i d  l i m i t s :  
5 j  

P = {l, 0, 0, o , - l / m / { y / ( y - l ) I *  
33 

P = {ak,  -yckm, a k m } / { 2 y a 2 k 2 } ‘  

P = {ak, +yckm,  ak-/{2ya 2 2 %  k 

4 j  

5j 

(4.22) 

then a l l  P a re   rea l  and orthonormal, 1 i f  cx=B 
0 i f  cx#B 0r.j 
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We may  now observe  that   in  the  expansion (4.16) t he  amp1 i tudes  

9, a r e   t h e   F o u r i e r   c o e f f i c i e n t s   o f  u. wi th   respec t  t o  t h e   s t a t e  

vectors  

. J  

as basis. The f i v e - f o l d   i n f i n i t e  system o f   s t a t e   v e c t o r s  (4.23) i s  

complete and may be  used to   represent  any piecewise  continuous,  square- 

i n t e g r a b l e   f u n c t i o n   o f  x,t. 
Since, i n  a general   non-stat ionary inhomogeneous case, 4 ra, and w a 

a r e   f u n c t i o n s   o f  i; and o f  x and t, the  expansion  (4.16),  while s t i l l  

v a l i d ,  i s  not  a Four ier   t ransform and i s   n o t  

we genera l i ze   the   resu l ts  and proceed as f o l  

in tegrand  in   the  express ion (4.16) as 

a s o l u t i o n   o f  Eq. (4.15), 

ows. We f i r s t   w r i ' t e   t h e  

where ra,  and wa are   loca l   va lues ,   func t ions   o f   on ly ,  and 
0 0  0 

(4.24) 

The space-time dependence o f  $Ja, ra, and wa i s  i m p l i c i t   t h r o u g h   t h e i r  

dependence on t h e   f u n c t i o n s   o f   t h e  mean f low. We t r y   t o   a v o i d   i n t r o d u c i n g  

f u n c t i o n a l   d i f f e r e n t i a t i o n  as  done,  e.g., by  Hopf  (1952)  and  avoid 

rep lac ing   t he   re la t i on  (4.16) by a funct ional   analog o f  a Four ie r   t rans-  

form. It should  be  observed  that ,   t reat ing  the  integrand (4.24)  above 

as a p roduc t ,   the   l inear   opera tor  L.. opera t ing  on u will g ive  a zero 

c o n t r i b u t i o n  when opera t ing  on t he   s ta te   vec to rs  (4.23) whi le  keeping 

' J  j 
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(la constant, and a non-zero  cont r ibut ion will come only  f rom L opera t ing  

on QCr whi le   keep ing   the   s ta te   vec tors   cons tan t .   Bu t   th is   con t r ibu t ion  

must equal  the  source  terms on the  r ight -hand-s ide  o f  Eq. (4.15). Let  

i j 

L~~ (QJ = - rw; 

where the random func t i on  ui = ui(i,i,t) i s ,  i n  general, complex. Then 

= r i  + gi + T~ . 

The new v a r i a b l e  u* i s  intended t o  accoun t   i nd i rec t l y   f o r   t he  a 
inhomogeneity and unsteadiness o f   t h e  mean f low  ( for   the  "s low" 

v a r i a t i o n   o f  $a, ra, and ua w i t h  2< and t )   w h i l e ,   a t   t h e  same time, 0: i s  

t o  be  chosen so as t o   s a t i s f y  Eq. (4.15). This means t h a t   t h e  "slow" 

changes in   the   ampl i tude $ and in  the  parameters To! and wa are due t o  

the  source  terms  only.  For  convenience we sha l l   mod i fy   the   s ta te   vec tors  

(4.23) by adding u; to  the  f requency ua, 

a 

0 

and, instead o f  Eq. (4.151, we ob ta in  

because the   t ime-der iva t ives  of u. appear on ly   a long  the  d iagonal   o f  
J 

the  symnetr ic  operator L. .. 
' J  
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Omit t ing  the  superscr ip t  ( ) O ,  we mu l t i p l y   bo th   s ides  of Eq. (4.26) 

and we  sum over  j and in teg ra te   w i th   respec t   t o  E l .  The resul t ,   under 

the   cond i t i on   t ha t  4 a ( 0 ) ,  $,(O) = 0, i s  

I f we de f ine   the  "1 oca l "  mean Val  ue o f  any f u n c t i o n   o f  by 

then 

Equation  (4.27) i s  an i n t e g r a l   e q u a t i o n   f o r  w* because w* appears B B 
on bo th   s ides   o f   the   equat ion .   In   par t i cu la r ,  w* appears i n   t h e  

arguments o f   the   exponent ia ls  and i n  8 ( t h e   b i l i n e a r   i n t e r a c t i o n  

terms T2 and 4 con ta in   t he   t ime   de r i va t i ves   o f  and T).  O f  g rea ter  

importance i s  the   in f luence of w on the  resonance  condit ions. We note 

t h a t  a subs t i t u t i on   o f   t he   expans ion   f o r   t he   pe r tu rba t i ons   i n to  7 j' Bj' 

and T. w i  1 1  r e s u l t   i n   t h e  appearance in  the  numerator of Eq. (4.27) of 

terms of   the  general   form 

B 

j 

2 

B 

, J  
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For  the  acoust ic modes, besides  the  Doppler  term i - i ,  we have the  

i n t r i ns i c   f requency ,  +ak(l-K2)’ tak .   Acous t ic  waves w i t h   t h e   l i k e  

s ign  (waves o f  mode a=4 o r  a=5) would   con t r ibu te   on ly  if a l l   t h e  

vectors  ii, E l ,  i l l ,  i l l 1  are   para l le l .   On ly   acous t ic  waves o f   o p p o s i t e  

s ign  (e.g. a=4 i n t e r a c t i n g   w i t h  a=5) could  resonate. The a d d i t i o n   o f  

the  modifying  term u* and presence o f   v o r t i c i t y  and ent ropy waves, 

en la rge   the   resonance  poss ib i l i t i es .   Th is   observa t ion   i s   impor tan t   in  

c a l c u l a t i n g  sound generat ion  in  turbulence.  Only  numerical   calculat ions 

would  assess t h e   e f f e c t s   o f   n e g l e c t i n g  u: i n   t h e   i n t e r a c t i o n  terms. 

a’ 

S i m i l a r   c o n s i d e r a t i o n s   a r i s e   i n   t h e   c a l c u l a t i o n s   o f   t h e   v a r i o u s  

mean (average or   expec ta t ion   va lues)   te rms  tha t   en ter   in to   the  

Reynolds  equations (4.6) - (4 .8) .  The number o f  terms  that  need 

eva lua t ion  i s  very   large due t o  double and t r i p l e  summation over  the 

f i v e  modes. In   model ing  o f   turbulence i t  will be necessary t o  reduce 

the  number o f  such  terms. I t  i s  be l ieved,   for   ins tance,   that   the 

e f fec t   o f   t he   acous t i c  wave f i e l d  on t h e   v o r t i c i t y  mode i s   n e g l i g i b l e .  

S i m i l a r l y ,   a t  low Mach numbers, entropy mode will have n e g l i g i b l e   e f f e c t  

on v o r t i c i t y .  However, t h e   a c o u s t i c   f i e l d  will be determined  pr imar i ly  

by t h e   v o r t i c i t y  mode and, t o  a lesser   ex ten t ,  by the  entropy mode. 

In  conclusion we s h o u l d   s t a t e   t h a t   t h e   p a r t i a l   d i f f e r e n t i a l  

equat ions  for   the mean f low  should be solved  s imultaneously  wi th  the 

equat ions   fo r   the   f luc tua t ions .  The la t te r   a re   d i sposed  o f f  by 

i n t r o d u c t i o n   o f   t h e  random va r iab le  u*, and the   p rob lem  o f   the   f luc tu -  

a t i ons  reduces to   t he   so lu t i on   f o r   t he   amp l i t ude   f unc t i on  @ ( G , E , i ) .  

The square  of i t s  m a g n i t u d e   p l a y s   t h e   r 6 l e   o f   t h e   p r o b a b i l i t y   d i s t r i -  

b u t i o n   f u n c t i o n   i n   t h e  wavenumber space, which will be  determined i n  
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terms o f   t he   cha rac te . r i s t i c   f unc t i on ,  a p r o b a b i l i t y   d e n s i t y   i n   t h e  

phys ica l  space. 

F i n a l l y ,  we no te   t ha t  Eq. (4.26) may be i n te rp re ted  as 

C ‘<L.. [In$ ]P .> = . I .  
+ 8. + Tj 1J a aJ J J 

i s  the   average,   w i th   respec t   to   the   d is t r ibu t ion  $a, o f   t h e   d i f f e r -  

en t i a l   ope ra to r  $a L . .  (Ga)Paj. All at tempts  a t   separat ing  or  

f ac to r i ng   ou t   t h i s   ope ra to r   f a i l ed .  I t  was then  decided t o  use a 

h e u r i s t i c  approach, t o   d e r i v e  a system o f   n o n l i n e a r   p a r t i a l   d i f f e r e n t i a l  

equat ions   fo r   the   charac ter is t i c   func t ions  

- 1  
‘ J  

under  the  assumption  that $a and w are  independent o f  X and t, and 

then  postulate  that   such a system, su i tab ly   modi f ied,  i s  v a l i d   a l s o  

when the  dependence on and t i s  a1 lowed f o r .  The next  chapters 

develop  this  approach. 
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"We have  done considerable mountain climbing. 
Now  we are i n  the  rarefied atmosphere of 
theories  of  excessive  beauty and  we are  nearing 
a high plateau on  which geometry, optics, 
mechanics, and wave mechanics  meet on  common 
ground. O n l y  concentrated  thinking, and a 
considerable amount of  re-creation, w i l l  
reveal  the f u l l  beauty o f  our subject i n  which 
the l a s t  word has not  yet been  spoken." 

[Cornel ius  Lanczos] 

"The V a r i a t i o n a l   P r i n c i p l e s  of Mechanics," 
p. 228, U n i v e r s i t y  of Toronto  Press,  Toronto, 
1949. 

V . WAVE-PART I CLE  DUAL I TY 

Wave Packets as Quasi   -Par t ic les 

The complex  exponentials, e , ( the  phase fac to rs )  
i ( i * i i - w t )  

t h e   f o l l o w i n g   i n t e r p r e t a t i o n ,  see, e.g., L i g h t h i l l  (1965), p. 

Assume tha t   t he  phase s = G*K-wt  i s  d i f f e r e n t i a b l e   a t   l e a s t  t w  

a f f o r d  

15. 

ice.  Then, 

regarding  t ime as a fourth  coordinate,   x4,  and frequency as minus the  

f o u r t h  wavenumber component, w = -k4, we w r i t e  s = xmkm,  m=1,2,3,4, and 

we have  km = 'Waxm. From the  assumption o f   d i f f e r e n t i a b i l i t y  it fo l l ows  

t h a t  

t h a t  i s ,  the wavenumber v e c t o r   i s   i r r o t a t i o n a l .  If we de f ine   t he  

frequency as a g iven  funct ion  o f  i ,  t, and  by 
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F(x rn’ k rn ) w(xi.,ki,t) + k4 0, i = 1,2,3, 

then 

I f  we  now in t roduce a parameter T such t h a t  

then 

With ~ 4 ,  Eq. (5.1) 

w r i t e  Eq. (5.1) and 

dx 

d t  
i= 

4 akn  dxm  dkn aF 
“ ”” 

axm d.r  d-r lTFl axn ’ 

gives  dt/d-r = 1,  o r  -r = t+const., and we  may 

(5.2)  as 

aw 

j 

dk 

ax ’ d t  
- i=”, aw 

axJ 
j = 1,2,3 . (5.3) 

T h i s   i s  a Hami l ton ian  canonica l   form  of   the  equat ions  o f   mot ion 

o f  a wave packet  having a wavenumber k and frequency w and loca ted   a t  

x a t   t ime  t. This   set  o f  canonical  equations  forms  the  basis o f  geometri- 

c a l  mechanics. L i g h t h i l l  (1965) observes  that J .  L. Synge pointed  out  a 

more general   pr inciple  f rom  which Eqs. (5.3) fo l low,  namely, t ha t   t he  

mot ion   o f  a wave packet i s  such as t o  make the   i n teg ra l  

j 

j 

stat ionary  a long  the  path  in   space- t ime between  two f i xed   po in ts .  
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The connect ion between  geometrical  mechanics'  and  wave  mot ion  is a 

subject of an inspiring book by Synge (1954). To display this 

connection in the  present case, we need only to  introduce a conversion 

factor, h = energy x time = action, and write for  the  phase  factor 

-[x*-  2l~i - h i  - hw 2l~i - - 
h 2 l ~  - tl 21T T(X*P - Ht) e = e  

where, using the  Einstein-de  Broglie  relations, we  have  set 

- h i  
p = z =  momentum, H = - = 21T hw the Hami 1 tonian  (energy). 

With these  substitutions, the  variational  principle  of  Synge  becomes 

- " 21T 6/ L dt = 0 h 

dx 
where 4j = -& = velocity, L = the  Lagrangian  function. 

As a consequence 

may look at integrals 

of the  various  interpretations  given above, one 

of the  form 

is 
as a sum of  contributions  to  the  average  value of  e due  to 

infinitely many plane  waves  with  number  density in wavenumber space aa, 
or due  to a system of wave packets that, in absence of interactions, 

follow  Hamiltonian  trajectories, or as a sum of contributions o f  a 

system of quasi-particles that obey  Hamiltonian  equations o f  motion. 

a 
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This   wave-par t i c le   dua l i t y   permi ts  one t o   l o o k   a t   t h e  waves as p a r t i c l e s ,  

and vice  versa. 

Since k = spat ia l   f requency (number o f  waves pe r   un i t   d i s tance  
j 

along  the x -coord inate) ,  and w = temporal  frequency (number o f  waves 

per   un i t   t ime) ,   then  the  Synge p r i n c i p l e   i s   t h e   p r i n c i p l e   o f   c o n s e r v a t i o n  

o f   t h e  number o f  waves o r  of the  number of wave packets. 

j 

In   presence  o f  wave in te rac t i ons ,   no t   on l y   t he  wave amplitude 

changes ( t h i s  may be i n te rp re ted  as a change i n   t h e  number d e n s i t y   o f  

wave packets),   but   a lso waves are   c rea ted   (exc i ted)   o r   ann ih i la ted  

(de-exci  ted) so t h a t   t h e  number of waves a t  a g iven  loca t ion  and a t  a 

given  t ime  having  frequency w and wavenumber may change due t o  wave 

resonances i n  which  the  frequency and wavenumber (but   not   the number o f  

wave packets)  are  preserved, i .e., 

These r e l a t i o n s ,   m u l t i p l i e d  by h/27r, represent  conservat ion  of  

momentum and energy o f   t he   quas i -pa r t i c l es .  

The group  ve loc i t ies  U and the  general ized  forces F act ing  on 
a j  a j  

the  wave packets  are  given by the  Hamiltonian  equations (5.3). Using 

Eqs. (5.3) we ob ta in  

dx 
i= d t  U = U j  + caa(k./k)(l-2K2)(1-K2)-+ 

aj J 
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where cCY = 0 f o r  CY = 1,2,3, and c4 = 1, c5 = -1, and U = v e l o c i t y  

o f   t h e  mean flow. 
j 

The g roup   ve loc i t i es   o f   t he   acous t i c  waves, CY = 4,5, change 

d iscont inuously   dur ing  an  in teract ion,   whi le   those o f  t h e   v o r t i c i t y  and 

entropy waves do not. A modi f i ca t ion   o f   the   express ions   fo r   the   f re -  

quencies, t o  be in t roduced  la ter ,  will add a random component t o   a l l  

group  ve loc i t ies.  I t  will be the  random component t h a t  will change 

dur ing  resonant   in teract ions.  

The Uncer ta in t y   P r inc ip le  

I n   o r d e r   t o   a l l o w   f o r  wave in te rac t i ons  we must re lax   t he   cond i t i on  

o f   conse rva t i on   o f   t he  number o f   quas i -pa r t i c l es .   Th i s  will requ i re  

tha t   t he  phase func t i on  change d iscont inuous ly   a long  quas i -par t i c le  

t ra jec to ry .   Fur ther ,   the   observab le   phys ica l   quant i t ies ,   wh ich   a re  

f u n c t i o n s   o f   t h e  phase fac to r  (and  of  the  state  vectors),  should  remain 

cont inuous,  that  i s ,  remain  independent o f   t h e  random d i s c o n t i n u i t i e s  

i n   t h e  phase. Thus we genera l ize  prev ious  resul ts   to   the  d iscont inuous 

phase, 

" 

s = x - k  - ut + 2 m ,  n = 21, 2 2 ,  2 3 , .  . . 

Conversely, i f  the  phase s i s  allowed t o  change discont inuously  by 

a r b i t r a r y   i n t e g r a l   m u l t i p l e s   o f  2 ~ ,  t hen   t he   i n teg ra l s   o f   t he   s ta te  

vectors, e.g.,  /$e (s+2an)di, w i  1 1  remain  unaffected and  no amount o f  

experimental measurement o f   t h e   f u n c t i o n s   o f  such i n t e g r a l s  will 

determine  the  actual   value  of   the phase. Thus the  phase will remain 

indeterminate and unce r ta in ,   w i th   t he   unce r ta in t y   i n   t he   de te rm ina t ion  

o f  phase being As L - 2 ~ .  
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1 Correspondingly, due to  t h e   f a c t   t h a t  now the  phase s i s   n o t  
8' 

d i f f e r e n t i a b l e ,   t h e  phase func t i on   i s   no t   s ing le -va lued   f unc t i on  o f  

space-time,  and 

#k.dx. > 27r , $wdt 2  IT. 
J J =  (5 4) 

The  wave number i s  no   longer   i r ro ta t iona l  and the  ph,ase-space 

i n t e g r a l s   s a t i s f y   t h e   i n e q u a l i t y  

//dk.dx. >   IT. 
J J =  

From Eqs. (5.4) and (5.5) i t  fo l l ows   t ha t  

Ak  Ax L - 2 ~ ,  Aw A t  1. - 27r. 

Mul t i p l y ing   bo th   s ides  by h / 2 ~  we ob ta in   the  Bohr-Sommerfeld 

quan t i za t i on   o f   ac t i on   cond i t i ons   f am i l i a r   f rom quantum mechanics: 

$pjdxj = //dp.dx. > h. 
J J =  

Equation (5.6) corresponds to  the  Heisenberg's  form  of   the  uncertaint .y 

p r i n c i p l e ,  ApAq 2 - h, and AEAt  2 - h. We note  that  the  mechanical 

p i c tu re   requ i res   i n t roduc t i on  o f  the  convers ion  factor  h (Planck's 

constant) and t h a t  such a cons tan t   f ac to r   p lays   on l y   t he   r6 le   o f  a sca le 

factor  which  assigns a par t i cu la r   numer ica l   va lue   o f  momentum and 

energy t o  a wave packet o f  a given wavenumber and frequency. We 

introduced  here  the  Planck's  constant  only  to show t h e   c o m n  mathematical 

s t ructure  ( isomorphism)  o f  wave and pa r t i c l e   mo t ions .  We only   ass ign 

a pa r t i cu la r   numer i ca l   va lue   t o   t he   unce r ta in t y   o f  phase, viz.,  As 1 2 1 ~ .  - 

Thus, we "quantize"  the phase on ly ,  and  do not   in t roduce any scale 
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fac to rs ,   wh ich   fac to rs  must depend on the  boundary  condi t ions  in   the 

case o f   t u r b u l e n t   f l o w .  

The uncer ta in ty   o f   phase, .be ing a p roper ty   o f   the   Four ie r   t rans form,  

must  be carr ied  through  the  development  of  the  theory. Thus, we adopt 

t h e   u n c e r t a i n t y   o f  phase  as the  uncertainty  principle t o  be  incorporated 

in to  the  mathemat ica l   s t ructure of the  theory  o f   turbulence.  

The Complementari ty  Principle 

We note  that   us ing  the  Four ier   t ransform one introduces  the  products 

xmkm and w t  i n t o   t h e  phase func t i on  s .  Thus xm  and km, o r  w and t, 

become con jugate   to  each other   forming "complementary p a i r s  o f  variables 

each o f  which  can  be better  defined only a t  the expense o f  a correspond- 

ing loss i n  the degree of  definition  of  the other." These  words are  

used  by Bohm (1951), p. 160, t o   d e f i n e   t h e  quantum  mechanical p r i n c i p l e  

of complementar i ty  which  carr ies  over  into  the  turbulence  theory  in wave 

( tha t   i s ,   i n   Fou r ie r )   rep resen ta t i on .  

The Correspondence P r i n c i p l e  

As the  ampli tudes @a of   the waves d imin ish   to   zero ,  one may neglect  

the  h igher   order   terms  ( the  b i  1 inear  and tr i 1 inear   in teract ion  terms) ,  

and i f  the  mean f l ow  becomes  homogeneous and steady,  then  the  p la in 

wave s o l u t i o n s   s a t i s f y   t h e  1 i m i t i n g  (1  i near )   fo rm  o f   the   equat ions   fo r  

t he   f l uc tua t i ons .   I n   t ha t  case  the wave amplitudes 9, remain  r igorously 

constant  in  space-t ime and the wave resonances may be neglected. We 

will refer   to   the  smal l   ampl i tude  s teady homogeneous case as the  

"c lass i ca l  1 imit!' t o  which a tu rbu lence  theory   in  wave representat ion 

must reduce. As a g u i d e   l i n e   i n   t h e  development o f   t h e   t h e o r y  we s h a l l  

54 



~~~ " 

adopt  the correspondence principle, namely,  the. p r i n c i p l e   t h a t   t h e  

resu l t s   o f   t he   t heo ry   shou ld   reduce   t o   t he   c lass i ca l  form of t he   l i nea r ,  

small   ampli tude wave mechanics o f  steady homogeneous media. 

i 

. .  

Operator Formal i sm 

I n   t h e   F o u r i e r   a n a l y s i s   o f   f u n c t i o n s   o f   t h e  phase f a c t o r s  , 

we have e 

. -  - 
- =  - iwF,  VF = iEF,  F = Foe aF i (x-k-ut )  
a t  ¶ 

f rom  which  fo l lows  the  equivalence  of   operators 

We may in t roduce now a c h a r a c t e r i s t i c   f u n c t i o n  $, which i n   t h e   " c l a s s i c a l "  

limit i s  def ined as 

Here we omi t   the   subscr ip t  a and a l l ow  w t o  be  complex in   genera l .  We 

observe   t he   f o l l ow ing   p roper t i es   o f  $: 

$*c$ = J$*c$di = cJ1$1 2 d i ,  c = constant, 
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We see, there fore ,   tha t  t o  any d i s p e r s i o n   r e l a t i o n  o'= H(G, i , t )  there  

will correspond an operator   equat ion  or  a d i f f e ren t i a l   equa t ion  of the  

form 

which  equation has a formal   so lu t ion 

$ = e  i H t  

As long as the   d i spe rs ion   re la t i on  i s  a polynomial i n  i ,  the   opera tor  

H will be a p roper   spa t i a l   d i f f e ren t i a l   ope ra to r .  The i n t r o d u c t i o n   o f  

t h e   c h a r a c t e r i s t i c   f u n c t i o n  has two  important  advantages.  First,  a 

d i s p e r s i o n   r e l a t i o n   f o r  a given mode o f  wave propagation  determines a 

p a r t i a l   d i f f e r e n t i a ?   e q u a t i o n   f o r   t h e   c o r r e s p o n d i n g   c h a r a c t e r i s t i c   f u n c t i o n .  

Second, the   de r i va t i ves   o f   t he   cha rac te r i s t i c   f unc t i on   de te rm ine   t he  

averages o r  moments o f   f u n c t i o n s   o f  wavenumber w i t h   r e s p e c t   t o   t h e   d i s t r i -  

bu t i on   f unc t i on  $I*(i)$I(i) E f (E) 2 - 0. In   t u rn ,   t he  moments o f   t h e  

d is t r ibu t ion   de termine   the   d is t r ibu t ion ,   thus  we have here a method o f  

compu t ing   t he   d i s t r i bu t i on   f unc t i on  f (k )  and o f   c a l c u l a t i n g   a l l   t h e  

r e q u i r e d   f u n c t i o n s   o f   t h e   d i s t r i b u t i o n ,   i n   p a r t i c u l a r ,   t h e   i n t e r a c t i o n  

i n t e g r a l s  and the  source  functions. The c h a r a c t e r i s t i c   f u n c t i o n   i n   t h e  

general, inhomogeneous, nonsteady,  large  amplitude  case will be  obtained 

by genera l i za t i on   o f   t he  above resu l t s   f o r   t he .  1 im i t i ng ,   " c lass i ca l "  

case. 



Modi ~ -~ f i ca t   i on   o f  Wave Frequency 

We s h a l l  now i n t e r p r e t   t h e  wave packet  motion i n  terms  of  the 

p a r t i c l e  mechanics i n   o r d e r   t o  adopt  a  form  of  the  frequency  modif icat ion 

te rm  tha t   i s   cons i s ten t   w i th   t he   wave-pa r t i c l e   dua l i t y .  

Consider  a pa r t i c l e   mo t ion   i n   wh ich   t he  momentum i = hc /21~   i s  

reckoned r e l a t i v e   t o   t h e  moving medium. Then = hc/21~+mi i s   t h e  

momentum r e l a t i v e   t o   t h e   c o o r d i n a t e  frame i n  wh ich   t he   f l u id   ca r ry ing   t he  

waves has v e l o c i t y  i. The p a r t i c l e  mass i s  m. The energy o f   t h e   p a r t i c l e  

i s  then 

H = & + mV = -mu2 + - U-k + -(-)2k2 + mV 1 h - -  1 h  
2 21T 2m  IT 

where V i s  the  potent ia l   energy  per   un i t  mass. Since H = hw/21~, we have 

for  the  f requency 

w = U*k + k2 + - (9' + V ) .  
- -  h 21~m 1 

h 

The f i r s t  con t r ibu t ion   to   the   f requency  i s  the  Doppler  term. The 

second term i s  t h e   k i n e t i c  energy o f   t h e   p a r t i c l e   m o t i o n   r e l a t i v e   t o  

the  moving medium.  The last   term i s  the sum o f   t h e   k i n e t i c  energy o f  

t h e   p a r t i c l e  as i f  it were  moving w i t h   t h e   v e l o c i t y   o f   t h e  medium p lus  

the  potent ia l   energy.  

I n  quantum  mechanics the   c lass ica l  limit is   ob ta ined  by a l low ing  

the quantum o f   a c t i o n  h t o  tend t o  zero. I f  we use the  same argument 

here and requ i re   t ha t  w remain f i n i t e ,  then we must se t  V = - - U 2 .  

Thus, we a r e   l e f t   w i t h  

1 
2 
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The te rm  p ropor t i ona l   t o "k2   l eads   i n  qua'ntum mechanics t o  a h i g h l y  

d ispers ive  wave mot ion.   In t.he case of tu rbu lence   t h i s   t e rm  o f fe rs  means 

o.f in t roduc ing   . tu rbu len t   d iss ipa t i -on  and. d ispers ion  due t o  a random , 

motion o f   t h e  wave p a c k e t s   r e l a t i v e   t o   t h e  mean flow, 

The frequencies o f   v o r t , i c i t y  and entropy modes, Eqs. (4.19)., have 

on ly  one con t r i bu t i on ,  namely the  Doppler  term, and thus  represent a 

convected  pattern  of   standing waves. A mod i f i ca t i on   o f   f requency   f o r  

the  purpose o f   a c c o u n t i n g   f o r   t h e  wave in te rac t i ons ,  see p. 4 3 ,  

al lows one t o  model the  wave motion because the   f o rm  o f   t he  random 

func t i on  w*(E)  introduced  there i s  arb i t rary .   Consider  a series  expansion 

f o r  w * ( i i ) ,  

= w + w.k + w..k.k. + wijkkikjkk +... 
0 ~i I J  I J 

The constant a. could  be  absorbed  into  the  potent ia l  V and, by  the 

previous  argument,  terms  independent o f   should  vanish  be ing  inverse ly  

p r o p o r t i o n a l   t o  h. The w.k. term  would  introduce a d r i f t   v e l o c i t y  

r e l a t i v e   t o   t h e  mean v e l o c i t y   o f   t h e   f l u i d .  Thus the  f i r s t  meaningful 

term i s  w k.k.. I f  w i s  t o  be regarded as analogous to   the   energy   o f  

quas i -par t i c les ,  a funct ion  quadrat ic   in   mmenta,   then such an analogy 

would  requi re   that  we use only   the  d iagonal   terms  o f  wi,j. Fur ther ,   the 

s implest   express ion  o f  second o rde r   i n   k i   con ta in ing  one parametric 

constant i s  w* = (<w*>/<k2>)k2  where <w*> i s   g i v e n  by Eq. (4.27). 

Admittedly, such a d ras t i c   app rox ima t ion   t o   t he  wave in teract ion  terms,  

which  puts a l l   the  in format ion  about   the  compl icated  in teract ion  processes 

i n t o  one parametric  constant,  leaves a l o t  to  be desired. However, even 

such a simple  approximation has some redeeming  features,  namely: 

I I  

i j  I J 
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1. the  wave-part ic le  analogy  is  preserved; 

2. w i t h  <a*> determined  from Eq. (4.27), the  in teract ion  terms 

are  accounted for approximately even i n  a non-steady, 

inhomogeneous fl.ow w i t h   l a r g e   f l u c t u a t i o n s ,  and <u*> vanishes 

fo r   smal l   f luc tua t ions   in   s teady  homogeneous f low; 

3. t he   d i f f e ren t i a l   equa t ion   co r respond ing   t o   t he   cho ice   o f  u* 

i s  the  Schroedinger  equation 

which i s  a wave equat ion  wi th   s t rong  d ispers ion.  Thus the  

var ious  types  of  waves, i n   p a r t i c u l a r   t h e   v o r t i c i t y  and entropy 

waves, will no t   on l y  be convected by t h e   f l u i d   b u t  will a lso  be 

dispersed and spread  ou t   re la t i ve   to   the  moving f l u i d .  The 

d i s p e r s i o n   i s  governed by wave in te rac t ions .   Bo th   the   in te rac t ion  

o f  waves w i t h   t h e  mean f l ow  and wave resonances  (higher  order 

e f f e c t s   o r  wave "co l l i s i ons " )   con t r i bu te   t o   t he   d i spe rs ion .  

With ~9 complex,  there will a lso  be a t t e n u a t i o n   o r   a m p l i f i c a t i o n  

due to   i n te rac t   i ons .  

In   conc lus ion,   us ing  the  wave-par t ic le   dual i ty  we  mode1 the   t u rbu len t  

motion by a l low ing   the  wave packets t o  have frequency  modified  by a term 

tha t   rep resen ts   k ine t i c   ene rgy   o f   t he   mo t ion   re la t i ve   t o   t he  mean flow. 

The added term has the   des i red   p roper t ies  and i t  depends on the wave i n t e r -  

act   ions.  



"Shall  I r e f u s e  my. dinner  because 
I do   no t   fu l l y   unders tand   the   p rocess  
of  digest ion?" 

0. Heaviside 

quoted by T. V. and M. A. Biot, 
~tIiematica1' Methods'in Engineering, 
McGraw-Hill Book Co., New York, 1940. 

vl.TURBULENT  TRANSPORT  EQUATIONS 

Di f fe ren t ia l   Equat ions  for the  Character is t ic   Funct ions 

For a given 1 inear  system I! (I$a) = 0 we have the  plane wave 
" 

solut ions  $or = (x*k - wat) w i t h  @or and wa independent o f  space-time. 

Because the  system i s   l i n e a r ,  a weighted sum o r  an i n teg ra l   ove r   t he  

i-space 

i s   a l s o  a s o l u t i o n   o f  L ( $ J a )  = 0 f o r  any d i s t r i b u t i o n  @a(i) independent 

o f  and t. 

An equat ion   fo r  $J may be  obta ined  wi th   loca l  mean va lues   o f   the   f low 
" 

proper t ies ,  e.g., t he  mean ve loc i t y   U (x , t ) ,  as parameters, by s u b s t i t u t i n g  

t h e   d i f f e r e n t i a l   o p e r a t o r s  i- and - i V  f o r  w and i ,  r e s p e c t i v e l y ,   i n t o  

the   d i spe rs ion   re la t i on  w = w[k;U(x, t ) ] ,   that  i s ,  t h e   d i f f e r e n t i a l  

equat ion   fo r  I$ takes  the  symbolic  form 

a 
a t  - "  
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I n   o rde r  to  genera l ize  these  resul ts   to   unsteady inhomogeneous 

f lows we s h a l l   w r i t e   t h e   c h a r a c t e r i s t i c   f u n c t i o n  J, as 

where we omi t   the  subscr ip t  a. By w r i t i n g  + and w as  functions  of 

z ,  L, and t, rather   than as f u n c t i o n s   o f  and o f   f u n c t i o n s   o f   a n d . t ,  

we avo id   t rea t i ng  J, as a f u n c t i o n a l   o f   t h e  mean f low  p roper t ies .  A 

func t iona l   equat ion   fo r  such a func t iona l   cou ld  be derived  by  Hopf's 

(1952) fo rmal ism  fo r  any case 4f f l u i d  flow. In   avo id ing   the  use o f  

f unc t i ona l   ca l cu lus  we have  no  formal way o f   de r i v ing  an equat ion   fo r   the  

c h a r a c t e r i s t i c   f u n c t i o n  (6.2) in   the   genera l  case.  Observing,  however, 

t h a t  I) and 9 may be viewed as wave f u n c t i o n s   i n  space  and momentum 

representations, and t h a t   i n   t h e  quantum mechanics  the  Schroedinger 

equation may be de r i ved   f o rma l l y   f o r   t he   non in te rac t i ng   ( f ree   pa r t i c l e )  

case as done here  in   s teps 1 eadi ng towards Eq. (6.1 ) , and tha t   the  

Schroed inger   equat ion   fo r   the   in te rac t ing   par t i c le  case i s  postu la ted 

t o  be the same equat ion  wi th  a proper  space-time  dependent  interaction 

term, we proceed  l ikewise and postulate t h a t  I) i n  i t s  generalized  form, 

Eq. (6.2) c o n t i n u e s   t o   s a t i s f y  Eq. (6.1). An a d d i t i o n a l   h e u r i s t i c  

argument  behind t h i s   p o s t u l a t e  i s  the   observa t ion   tha t ,   fo l low ing  

Madelung's  (1926)  steps, we 

o f   o u r  system o f  waves i n t o  

o f   t he   p robab i  1 i t y   d e n s i t y  

may change the  wave- funct ion-descr ip t ion 

a hydrodynamic  descr ipt ion  of  a t ranspor t  

$ I 2  i n  a medium o f   c o n s t a n t   t r a n s l a t i o n a l  I 
v e l o c i t y  and constant  densi ty and pressure. A g e n e r a l i z a t i o n   o f  such 

a t ranspor t   equa t ion   t o  a t r a n s p o r t   o f   t h e   p r o b a b i l i t y   d e n s i t y   i n  

nonuniform medium i s  a natura l   s tep i f  t h e   e f f e c t s   o f  wave in te rac t i ons  
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are  taken  care  o f  even approximately. 

Real iz ing  that   the  s implest   express ion for the  term u* modify ing 

the  frequency t o  account f o r  wave interactions,  which  expression  would 

lead t o   d i s p e r s i v e  wave motion, i s  u* = (<- ic )k2 ,  we  may w r i t e   t h e  

d i s p e r s i o n   r e l a t i o n   f o r   t h e   v o r t i c i t y  waves, a = 1,2, as 

w = [ i* i  + <,k2 - i (v+S,)k2], a = 1,2 

where v = molecular   k inemat ic   v iscos i ty ,  5, = v o r t i c i t y   d i f f u s i o n  

c o e f f i c i e n t ,  ca = v o r t i c i t y   d i s p e r s i o n   c o e f f i c i e n t .  

Be fo re   w r i t i ng   t he   co r respond ing   d i f f e ren t i a l   ope ra to r ,  we 

observe  that i, <,, v, and 5, are ,   i n   genera l ,   f unc t i ons   o f  and, 

therefore,   the  order   in   which  the  funct ions  o f  x and the  operator  

kt .  - i V  appear will a f f e c t   t h e   r e s u l t ;   f o l l o w i n g   t h e   p r a c t i c e  o f  

quantum  mechanics, we s h a l l  assume, sub jec t   t o   exper imen ta l   ve r i f i ca -  

t i o n ,   t h a t   t h e   d i s p e r s i o n   r e l a t i o n  must  be f i r s t  symnetrized and 

only  then  should be replaced by the  operator  - i V .  The operator 

corresponding  to w = [T(U*k+k*U)+io.r,k-ik.(v+S,)k] i s  
1 " "  

Div id ing  v by  the  Prandtl  number we have the  corresponding  operator 

fo r   the   en t ropy  mode, a = 3: 

In   the  case o f   t he   acous t i c  waves the   d i spe rs ion   re la t i on   con ta ins  
2 

the  term  ak[l-(%) ' 3 %  which  leads t o  an improper  operator. Even 

with  the  term  approximated by the   b inomia l   expans ion   o r   in   the   inv isc id  
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@, 

i 
~~ 

- .4 
limit we would need the  operator   corresponding  to   lk l  =-[kt+kq+kG] . 
Since  the  acoust ic waves g i v e   r i s e   t o  a quadra t ic  wave surface, we 

r e t u r n   f o r   t h e  moment t o   t h e   q u a d r a t i c   t e r m   o f   t h e   c h a r a c t e r i s t i c  

equation (4.18) which must vanish as a c o n d i t i o n   f o r   t h e   e x i s t e n c e   o f  

acoust ic  waves. With X = - i [w - i=k - (s - i c )k2J ,   t he   quadra t i c   d i spe rs ion  

r e  1 a t  i on becomes 

1 

~ ~ - 2 i = k ~ 2 ( < - i c ) k ~ ~ + ( U , k ) ~ + 2 i = E ( < - i c ) k ~ + [  (< - ic )k2 ]2+ i$2~ 

- i i * i $ k 2 - i 3 2 ( < - i c ) k 2 - ( E ) 2 k 4 - a 2 k 2  = 0 . 

We choose to  syrnrnet'rize t h e   d i s p e r s i o n - r e l a t i o n  (6.5) as fo l lows:  

- a2k2 = 0 .  ( 6 . 6 )  

The d i f f e r e n t i a l   e q u a t i o n s   f o r   t h e   c h a r a c t e r i s t i c   f u n c t i o n s  

a re   ob ta ined   by   subs t i t u t i on   o f   t he   ope ra to rs  i- and - i V  f o r  w and E, 

respec t ive ly .  From Eqs. ( 6 . 3 ) ,  (6.4) and (6.6) we have 

a = 1,2 ( v o r t i c i t y  mode) : 

a 
a t  

aJ, 
-,= a t  - $i*~$ a +v= (UJI,) I+~V*C~,V~,]+V*C(~+S,)VJ,,J, 
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inviscid  medium at rest, and with 5, = 0 and constant 

.7) - (6.9) reduce to 

Equations (6.10) and (6.1 1 )  formally  resemble  the  free-particle 

Schroedinger equation, 

and the  relativistic  Klein-Gordon  equation  (often referred  to as the 
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(6.11) 



" 

"relat iv is t ic   Schroedinger   equat ion") ,  

+ - 4a2- {e2  (#2-h2) - (moc2) 2)J ,  , 
h 

where c = speed o f  l i g h t ,  e = e l e c t r i c  charge, mo = r e s t  mass, # and 

A = sca la r  and vec to r   po ten t i a l s .  We may observe a t ' t h i s   p o i n t   t h a t  

f o r   v o r t i c i t y  and entropy waves 5, p l a y s   t h e   r 6 l e   o f   t h e  reduced  Planck's 

constant h/2a. Th i s i s  a consequence o f  choosing UI;= (Ca- i 5,) k2. 

- 

I n  absence o f   e l e c t r o m a g n e t i c   f i e l d s   t h e   n o n - r e l a t i v i s t i c   H a m i l -  

ton ian  i s  H = .p2/2m, and i n   t h e   r e l a t i v i s t i c  case we have H = c (p  2 +moc 2 2)4. 

Ev ident ly ,   the   acous t ic  mode leads t o   t h e   a n a l o g y   w i t h   t h e   r e l a t i v i s t i c  

Klein-Gordon  equat ion  because  the  real   part   of   the  intr insic  f requency, 

contains  the  square  root  term  in  which -(&)2 replaces m2c2. 

Thus the  analogy  would  ca l l   for  an imaginary  rest  mass tha t   va r ies  

inverse ly   wi th   the  square o f  the  wavelength. The m o d i f i c a t i o n   o f   t h e  

frequency,  the  term  ck2, behaves n o n - r e l a t i v i s t i c a l l y .   I n  absence o f  

i n te rac t i ons ,  5 = 0, and Eq. (6.1 1) reduces t o   t h e  wave equation  which 

i s   a l s o  a limit o f   t h e  Kle in-Gordon  equat ion  for   vanish ing  e lect ro-  

magnet ic   f ie ld .  

0 

The Klein-Gordon  equation i s  general ly  accepted as v a l i d   f o r  

s p i n l e s s   p a r t i c l e s .  The ma in   ob jec t i on   t o   i t s   use  i s  t h e   f a c t   t h a t  

t h e   e q u a t i o n   i s   o f  second order   in   t ime and tha t ,  as a consequence,it 

r e q u i r e s   s p e c i f i c a t i o n   o f  two  in i . t ia1  condi t ions.   But   th is  was to  be 

expected because, instead  of  two  equations for the  separate  acoust ic  
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modes, we obta ined a s ing le   equa t ion   f o r   t he   f unc t i on   wh ich   i s   i n  an 

unknown r e l a t i o n   t o  Q4 and J, i n t roduced  ear l ie r .  I f we consider J, t o  

be a two-component vec tor  wave func t i on  and fo l low  Paul i 's   procedure,  

see,  e.g., pp. 388-398 o f  Bohm (1951), we c o u l d ,   i n   p r i n c i p l e   a t   l e a s t ,  

reduce  the  problem t o  two f i r s t  order  equat ions  for   the  two components 

5 

o f  an acous t ic   vec tor  wave function.  There  would  always  remain, o f  

c o u r s e ,   t h e   d i f f i c u l t y   o f   i n t e r p r e t i n g   t h e  meaning o f   t h e  components 

o f  such a vec tor  wave func t i on  and t h e i r   r e l a t i o n   t o   t h e   c h a r a c t e r i s t i c  

func t ions  Q4 and $ We propose  there fore   to   der ive  an approximate 

s e t   o f   f i r s t   o r d e r   e q u a t i o n s   f o r  $4 and $ which  equat ions  retain some 

o f   t he   a rb i t ra r i ness   expec ted  for a two-component t reatment   by  Paul i 's  

procedure,  but do not  present any d i f f i c u l t y   i n   i n t e r p r e t i n g   t h e i r  

5' 

5' 

mean i ng . - 
I f  we in t roduce a u n i t  normal n' so t h a t  I El  = k - n  i f  n - " - k  

"lip 
and neg lec t  K2 as compared t o   u n i t y ,   t h e n  we have f rom Eq. (4.19) f o r  

the  two acous t ic  modes 

w4 = U * k  + ak*n4, w5 = Umk - ak*n  5' 

so t h a t  

independent  equations f o r  Q4 and J, Such equations may be  obtained 5 '  
f o r  any  two d i s t i n c t   v e c t o r s  i4 and i n   p a r t i c u l a r ,  two  vectors   wi th  

oppos i te   d i rec t i ons .  

- 
5 = -"4' We need on ly  two orthogonal modes and two l i n e a r l y  

5' 

In   the   p resent   no ta t   ion   the   opera tor   cor respond ing   to   a i * ;   i s  
- 

- ian=V. I f  the  speed o f  sound, a = a (i ,  t) , is   not   constant ,   then we 

should  symmetrize th i s   ope ra to r   t o   -$ * [aV(  )+V(a )]'. The equations 

f o r  $ J ~  and Q w i  1 1  then  correspond t o  i4 = n,  and = -n. The 
- 

5 .  5 
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d i s p e r s i o n   r e l a t i o n  for  the   acous t ic  modes a = 4,5 i s  

w = f i - E  + g k2 - i(& + 5 )k + c a ( i * n ) a  
2 

a a 

where c = 1 f o r  a = 4 and  ca = -1  f o r  a = 5. We symmetrize t h i s  

r e l a t i o n  as fo l l ows  

a 

The co r respond ing   d i f f e ren t i a l   equa t ion   f o r  $a . is  

-- c n * [ v ( a ~ ~ ~ ) + a ~ $ ~ ] ,  a = 4,5. i -  
2 a  

In   o rde r   t o   d i sp lay   t he   p roper t i es  o f  th i s   equa t ion  we r e w r i t e  it 

as fo l lows,  

- 2 - [ v - C  1 + C ~ ; - V ~ ] $ ~ .  (6.12) 

The le f t -hand-s ide o f  Eq. (6.12) i s  a t o t a l   ( d i r e c t i o n a l )   d e r i v a t i v e  

along a c h a r a c t e r i s t i c  cone o f  an i n v i s c i d  mean f low  taken  in   the  

d i r e c t i o n   o f  - =  U+c,an. Th is   d i rec t i on ,  i f  i s  arbi t rary,   corresponds 

t o   t h e   d i r e c t i o n  of the   g roup  ve loc i ty   fo r  an acous t ic  wave w i t h  

wavenumber i; p a r a l l e l   t o  n'. The g roup   ve loc i t y   i s  

ax - 
d t  

The f i r s t  term  on  the  r ight-hand-side o f  Eq. (6.12) represents 

d i s s i p a t i o n  due to   mo lecu la r  and tu rbu len t  random motions. The second 

term,  as i n   t h e  case of the  Schroedinger  equation,  gives a tu rbu len t  
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dispersion,  =const.   being  the  analog  of   the  Planck's  constant h/2a for  

the   acous t ic  case. The 1-ast  term  takes  the  form o f  the   f o rc ing   f unc t i on  

w i t h   t h e   f o r c e   p o t e n t i a l  

Go! 

V(;;,t) = - 5 1 

Note t h a t   t h e   p o t e n t i a l  V and, therefore,   a lso  the  force,  -VU depend  on 

t h e   d i r e c t i o n   o f   t h e   u n i t  normal n'. Such a fo rce  has, there fore ,  two 

components, - V V * c  and paV(G*Va), an i s o t r o p i c  and an iso t rop i c  components; 

respec t ive ly .  Thus the   acous t ic  modes a r e   s u b j e c t   t o  a d i spe rs i ve  

f o r c e   i n  presence o f   g r a d i e n t s   o f   t h e   " i n d e x   o f   r e f r a c t i o n "  a/ao  where 

a. i s  a reference  value. 

1 1 
2 

The dependence o f   t he   equa t ion  (6.12) on t h e   c h o i c e   o f   t h c   d i r e c t i o n  

o f   t h e  normal n' should have  no e f f e c t  on t h e   s t a t i s t i c a l   p r o p e r t i e s   o f  

sound in   tu rbu lence,   par t l y ,  because i n  computing s t a t i s t i c a l   f u n c t i o n s  

(moments o f   t h e   d i s t r i b u t i o n )  we must sum over  the  two  acoust ic modes, 

and p a r t l y  because, w i t h   d i f f e r e n t   d i r e c t i o n s   o f   t h e   n o r m a l ,   t h e  

equat ions  for  I/.J4 and I/.J are   l i nea r l y   i ndependen t .   S im i la r   s i t ua t i on  

a r i s e s   i n   t h e   t h e o r y   o f   c h a r a c t e r i s t i c s   o f   i n v i s c i d  gas dynamics  where 

the   pa r t i cu la r   cho ice   o f   t he   cha rac te r i s t i c   no rma l   i s   immate r ia l  as 

long as the  chosen d i r e c t i o n s   a r e   n o t   p a r a l l e l   t o   a s s u r e   l i n e a r  

independence  of  the  result ing  equations. 

5 

Some comments, r e g a r d i n g   j u s t i f i c a t i o n   o f . t h e  manner i n  which Eq. 

(6.12) was der ived ,   a re   in   o rder .  We n o t e   t h a t   t h e   d e r i v a t i o n   s t a r t s  

wi th   the  assumpt ion  that  n' i s  p a r a l l e l   t o  E. Only a f t e r   i s   r e p l a c e d  

by i t s  associated  operator, - i o ,  t h e   d i r e c t i o n   o f  n' becomes a r b i t r a r y  

because any connect ion  wi th a p a r t i c u l a r   d i r e c t i o n   o f   t h e  wavenumber 



I!! 
It 

vector  disappears. We could  de.r ive (6.12) under  the  assumption  that n' 

i s   a n t i p a r a l l e l   t o   ( i n   t h e   d i r e c t i o n   o p p o s i t e   t o  c )  and would  obtain, 

f o r   t h e  same g iven  acoust ic  mode, the  equat ion (6.12) w i th   t he   s ign  o f  

n' reversed. Thus each mode, a = 4 and a = 5, has t o   s a t i s f y  Eq. (6.12) 

wi th  s igns  reversed, and on ly  when the  equations for $4 and $ a r e   t o  be 

solved  s imultaneously,   the  opposi te  s igns  have  to  be used. We conclude 

t h a t  each mode s a t i s f i e s  Eq. (6.12) w i t h   e i t h e r  (+) o r  (-) s i g n   i n   f r o n t  

o f  n'. As a consequence, we  may a p p l y   t o  $ successively  the  operator 

corresponding  to Eq. (6.12) twice, f i r s t  w i t h  (+) and then  wi th  (-) s ign  

i n   o r d e r   t o   e l   i r n i n a t e   t h e  normal n'. The r e s u l t  w i  1 1  be a second order  

equation  of  Klein-Gordon  type  for 1 4 ~  and an iden t i ca l   equa t ion   f o r  $ 5 '  
which  equation may not  agree  wi th Eq. (6.9) due t o   d i f f e r e n t  symmetri- 

5 

za t i on  used. With  constant U, a, 5, and 5 i den t ica l   resu l ts   wou ld  be 

obtained as the  product  of   the  operators  corresponding  to (+) and (-) 

signs i s  iden t ica l   to   the   opera tor   der ived   f rom  the   p roduc t   o f   the  

d i spe rs ion   re la t i ons   ( t he   quadra t i c   d i spe rs ion   re la t i on ) ,  i .e., 

This  should be compared w i t h  Eq. (6.5). I t  i s   f e l t   t h a t  Eq. (6.12) i s  

no t   on l y   co r rec t ,   bu t   t ha t  i t  could be ob ta ined  by   fo l low ing   Pau l i ' s  

procedure o f   i n t r o d u c i n g  a two-component wave func t i on  and reducing  the 

Klein-Gordon-type  equation  to two equat ions  for   the two  "components" o f  
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the   acous t ic  wave func t ion ,  namely $4 and $ 5' 
It remains t o   i n t e r p r e t   t h e  two acous t ic  wave modes. F i r s t ,  we 

observe  that   the  d i rect ions  o f   propagat ion o f  the  two waves for a given 

wavenumber are  equal and opposi te .   Phys ica l ly ,   the two waves represent, 

r e l a t i v e   t o  a plane  normal t o  E, an inc iden t  and a r e f l e c t e d  wave,  The 

two t ypes   o f   acous t i c  waves (o r  wave packets )   a re   d is t ingu ishab le  by the  

p r o p e r t y   o f   t h e i r   " p a r i t y " ,  and the  "conservation o f   p a r i t y ' '  would  imply 

t h a t  a given wave cannot  reverse i t s  d i rec t i on   o f   p ropaga t ion   excep t  

upon c o l l i s i o n   ( i n t e r a c t i o n )   w i t h   o t h e r  waves or  wi th  boundar ies.   Using 

two  separate  acoustic modes i n   c a l c u l a t i o n s  may be  viewed as equ iva len t  

to  the   impos i t i on   o f   t he   rad ia t i on   cond i t i on  on the  wave packet  micromotion. 

Fur ther ,  it may be  concluded  that a Klein-Gordon-type  equation  cannot 

descr ibe  the  propagat ion  o f  sound cor rec t ly   in   p resence  o f   tu rbu lence  w i th  

the  turbulent   sca le  comparable  to   the  wavelength  o f  sound. 

D i f f us ion   Equa t ions   f o r   t he   F ie ld   P robab i l i t i es  

Fol lowing Madelung  (1926) we will now p u t   t h e   p a r t i a l   d i f f e r e n t i a l  

equa t ions   f o r   t he   cha rac te r i s t i c   f unc t i on  $ (which  equations  are l i n e a r  

i n  $) i n t o  a nonlinear hydrodynamic form. 

We observe  that  Eqs. (6.7), (6.8) and  (6.12) a r e   i n  a common form 

corresponding  to Eq. (6.12) : 

= 1 ,..., 5 



where c = 0 f o r  a = 1,2,3, c4= l ,  c -1, v =v 2= v = k inemat ic   v iscos i ty  a 5 

v3 = v/Pr, v -v - y v / ( 2 ~ r ) .  4- 5- 
If t h e   c o e f f i c i e n t s   o f   t h e  above equation  are  constant,  then  the 

s o l u t i o n  i s  of t h e  form $ = +(~)exp€-rt+i[x-~-w(k)tl). In  the  general  

case,  however, we sha l l   a l l ow  tj t o  have the  most general  form o f  a 

complex func t ion ,  namely 

(6.14) 

where R and S are   a rb i t ra ry   rea l   func t ions   o f   space- t ime  to   be   de termined 

from Eq. (6.13), and S may be mul t ip le -va lued.   In   par t i cu la r ,   depar t ing  

from  Madelung's  formalism we s h a l l   w r i t e   t h e  phase S as  an i n teg ra l  

We s h a l l  keep i n  mind t h a t  VS has  an i r r o t a t i o n a l   p a r t ,  VA, and a 

r o t a t i o n a l  component Vxi. T h i s   i s  a na tura l   genera l i za t ion   o f   Made lung 's  

fo rma l i sm  tha t   i s   cons i s ten t   w i th   t he   f ac t   t ha t   t he  phase of  t h e   s t a t e  

vectors, s = i-i-wt has  as i t s   g r a d i e n t  Vs = E which i s  assumed t o  be i n  

general a ro ta t i ona l   vec to r ,  $ E-dG # 0. Consequently, S i s  a m u l t i p l e -  

valued  funct ion  but i t s  g r a d i e n t   i s   n o t .  

D i f f e r e n t i a t i n g  Eq. (6.14) we have 



[E+ iR-] as eiS = [T+ alnR i-& as , 
at  at  at  at 

VJ, =[VlnR + ii]$. 

Substituting  into Eq. (6.13), dividing  by $, and  separating  real  and 

imaginary  parts, we obtain  dropping  the  subscript a 

+ [6+can+2<ii] OVlnR at 

= V*[ ( u + S ) ~ ] + V*[~V~~R]+~[~ (VlnR) 2-V2]. 1 (6.16) 

Multiplying Eq. (6.15) by 2R2 and  introducing  the  probability 

density,  or  "turbulent  intensity", P a' 

we have  omitting  the  subscript a :  

- [ V - ~ + C ~ - V ~ ] P .  

The above  equation  may  be  put in the  form of a conservation  law 



for  the  probability  density P: . 

- ap + v-j = ~ P { v =  ( ~ i )  - ( v + ~ )  [i; (vI~P)~+ v21} - 1 
at 

where  the  probability  current in Eq. (6.17) is 

j = [i + cai + 23i - (v+c)VlnP]P. - 

Equation (6.17) is of  the  form  similar  to a conservation  of  chemical 

species  equation,, 

- + v*[pa(cI + 9 = r; a t  a’ 

where = species  diffusion  velocity, and fi = net rate of production 

of  species a. Consequently,  we may use  the  following  terminology 
a a 

- 
v = c an + 2cV -(va+Sa)VlnP = probability  diffusion  velocity, 
a a a 

(6.18) 

= net  rate of probability  production  of  species a. 

An alternate form of Eq. (6.17) is 



Since we are   no t   in te res ted ,   per  se, i n   t h e   m u l t i p l e - v a l u e d  phase 

func t i on  S and s i n c e   o n l y   i t s   d e r i v a t i v e s  have  physical   s igni f icance, we 

take   the   g rad ien t   o f  Eq. (6.16) w i th   the   unders tand ing   tha t  VS = i may 

have a r o t a t i o n a l  component. The r e s u l t   i s  

+ v * {v [  (u+s) i ]  + ;v[SvlnPlI 

- ( i .v ) i j  - i j x (vx i )  - ix (vx i j ) .  (6.20) 

For  the  purposes o f   i n t e r p r e t a t i o n  we s h a l l  add t o   b o t h   s i d e s   o f  

Eq. (6.20) the  term - + V[s(U2+V2)] t o   o b t a i n  ai 1 
a t  

This may be compared t o   t h e  momentum equat ion   fo r  a compressible gas i n  

a moving  frame o f   re fe rence  wh ich ,   a t  a g i v e n   i n s t a n t ,   i s   r o t a t i n g   w i t h  

angu lar   ve loc i ty  5 = - -Vx(i+i) and  has  an acce le ra t i on  7 = -{E 
+V[p(U2+V2)]} r e l a t i v e   t o  a Newtonian  ( inert ia1)frame. Such a 

f i c t i t i o u s ,   f l o w i n g  medium, a " p r o b a b i l i t y  gas", i s   s u b j e c t   t o   t h e  

pressure   fo rce   per   un i t  mass, - VTI, 

1 aCI 
2 

1 
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and a viscous force per unit mass V-u, where the  viscous  stress  tensor is 
- - 

- - 
u = V[ (v+s)~] + ~v[~vz~P]. 1 

We conclude that the "probabi 1 i ty gas" flows  relative to and is convected 

by an accelerating and rotating  medium and, as a consequence,  there 

appear  additional  fictitious  forces  acting  on  the  "probability gas".  We 

also  note that the  pressure and viscous  forces are solely  due  to  the 

micromotion  (wave  motion  relative  to  the mean  flow), and that  the 

coupling  between  the several  modes, a = 1 ,  ...,5, is implicit  through 

the  dependence  of  the  diffusion and dispersion  coefficients, 5, and 3,, 

on the  interactions  among  the  several  modes. The probability  density 

of  each  mode, P is not conserved but is diffused and dissipated by the 

velocity ? by the  random  micromotion, and by the molecular  viscosity. 

The probability  density  field P and the  probability  velocity 5 are 

strongly  coupled. 

a' 

a' 

a a 

At this point  we may add that nonlinear,  diffusion-type  equations 

were  proposed  for  the  study  of  turbulence by many authors.  These 

phenomenological  theories  postulate an equation  of  the  general  form 

- + (ij + i)-VP = V e  (EVP) + AP, ap 
at (6.21) 

where P = "turbulent  intensity", v = self-diffusion  velocity, E = "eddy" 

viscosity, A = turbulent  source  function, a function  of 6 and P. 
Equations  of  type (6.21) were  proposed by, e.g., Kolmogorov  (1942), 

Prandtl (1945), Nee & Koviszniy (1969) and are discussed in great  detai 1 

by Saffman (1970). The present  theory derives  equations of the  form 

(6.21) with explicit  expressions for  the  functions G, E, and A. Further, 

- 
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the  present  theory  couples  the  probabi 1 i t y   t ranspor t   e ’qua t ion  to  the  

e q u a t i o n   f o r   t h e   p r o b a b i l   i t y   v e l o c i t y  ii wh ich   ve loc i t y   con t r i bu tes   t o  

t h e   p r o b a b i l i t y   t r a n s p o r t   i n  a subs tan t ia l  way. Further,   the  present 

theory  is   developed  for   the  compressible case so as t o   i s o l a t e , t h e  

acoust ic  mode o f   p r o p a g a t i o n   e x p l i c i t l y .  The theory may be e a s i l y  

extended to   chemica l l y   reac t i ng  gases  and t o  ion ized gases  (plasmas). 



... "the l o g i c a l   o p e r a t i o n s  of the 
c a l c u l u s  of p r o b a b i l i t y   c a n n o t  be 
i m i t a t e d  b y  the averaging   operat ions .  
The r e l a t i o n  between the c a l c u l u s  of 
p r o b a b i l i t y  and the c a l c u l u s  o f  mean 
v a l u e s  i s  not one-one; o n l y  the former 
determines the l a t t e r . "  

M. Strauss 

Modern Physics  and its Phi l isophy,  
D. Reidel   Publ .  Co., Dordrecht,  Holland, 
1972, p.  188. 

VII. AVERAGES, MOMENTS, AND CUMULANTS 

Genera l i za t i on   o f   De f in i t i ons  

Given  the   charac ter is t i c   func t ion  

$(x , t )  = I $(x ,k , t )exp{ i [x *k  - w(x,k , t ) t ]>   dc 

w i t h  w complex in   genera l ,  we seek various  expressions  in  which 1 $ % $ = 1 $ 1 ~  
p lays   t he   r6 le  o f  a p r o b a b i l i t y   d i s t r i b u t i o n   f u n c t i o n   i n   t h e  phase 

space (;,E). I t  i s  assumed tha t   t he   f unc t i on  I/J i s  known as a s o l u t i o n  

o f  a p a r t i a l   d i f f e r e n t i a l   e q u a t i o n ,  and t h a t  $ may be speci f ied  in   terms 

o f  i t s  own moments. 

We de f ine   t he  moments o f  powers o f   t h e  components o f   t h e  wavenumber 

vec tor  = {k ,k ,k 1 as 
1 2 3  

M mi".mN = I k6..knN ml f ( i , k , t )  dE 
"1 ' * "  N 1 N  
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where m +m +...+ mN 1 2  
= K = o r d e r   o f   t h e  moment, nl...n ind ica tes   the  

sequence in   wh ich . the  components kn , N 5 K, are  arranged, and 

N 

j 
f(i,ii,t) = $*(i , i i , t)$(i , i i , t) .  

The averages or   expec ta t ions   a re   de f ined as 

ml N ml . . .m 
<k n...kn > = M / $f( i ,k, t )  de 

1 N "1" ' "  N 

where $f de = J,*(i,t)J,(G,t). I f  t h e   d i s t r i b u t i o n   f u n c t i o n  i s  normalized, 

e.g. f '  = ($*J,)-'f, then  the  averages and moments are  equal t o  each 

other .  

I f  a l l   t h e  moments o f   a r b i t r a r y   o r d e r   a r e  known, t h e n   t h e   d i s t r i b u t i o n  

func t i on  f(G,c,t) may be  considered  also known and g i v e n   i n   t e r m s   o f   i t s  

moments. The d i s t r i b u t i o n   f u n c t i o n  f may be ca l l ed   accu ra te   t o   o rde r  K 

i f  t h e   d i s t r i b u t i o n   g i v e s   c o r r e c t l y   a l l  moments up t o  and inc lud ing  

those o f   o r d e r  K. It will be necessary now t o  express  the moments and 

averages i n  terms o f   t h e   c h a r a c t e r i s t i c   f u n c t i o n  J, which i s  assumed  known. 

The numerical  values o f   t h e  moments i n   t h e  steady homogeneous case 

are  g iven  in   terms of  t h e   s p a t i a l   d e r i v a t i v e s   o f  J,(i,t), the   Four ie r  

t r a n s f o r m   o f  $(E,w). For, a t  t = 0 and w i t h  s = - w(L )  t 
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I 
We observe  that  for Vln$ t o  be equal t o  a pure  imaginary number we 

must  have I$ I = constant. 

Since ii coresponds t o   t h e   v e c t o r   o p e r a t o r  V, higher  order  products 

o f  components o f  k are  g iven  by  corresponding  der ivat ives  o f  $. Thus 

We then  mul t ip ly   both  s ides  by $* t o   g e t  

K "1 m 

n 
= ( i )  $knl ... k N @*@ dk = (ilK M ml".m N 

N " 1 " ' "  N 

N 

Div id ing  by (i) $*$ we have K 

I n  t he   p robab i l i t y   t heo ry  one usua l ly   dea ls   w i th  a c h a r a c t e r i s t i c  

f unc t i on  F which i s  a Four ie r   t rans form  o f  a rea l  d i s t r i b u t i o n   f u n c t i o n  

f (k)  - > 0, t h a t   i s  - 

and the  expectat ions and moments o f   va r ious   o rde rs   a re   g i ven  by 
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One also  considers  cumulants C r e l a t e d  to  the  moments and def ined  as 
Pqr 

K a 1nF K 

P q r  
c = (-i) 

P9 r ax ax ax 

The cumulants  are  polynomials  of  order K i n   t h e   v a r i o u s  moments o f   a l l  

orders up t o  and i n c l  ud ing  K. 

In   the  present   case  these  def in i t ions  must   be  genera l ized  to  

r e f l e c t   t h e   f a c t   t h a t  @ and i t s   F o u r i e r   t r a n s f o r m  $J a re  complex func t ions  

the  squares o f  whose abso lu te   va lues   p lay   the   r61e  o f   p robab i l i t y  

dens i t i es ,  and t h e   f a c t   t h a t ,   ' i n   t h e  most general  case, I/J i s   n o t  a s ing le -  

va lued  func t ion   o f  space coordinates. Thus t h e   o r d e r   o f   d i f f e r e n t i a t i o n  

cannot be  changed w i thou t   a f fec t i ng   t he   resu l t ' s .  

A genera l i za t i on   t o   t he  inhomogeneous time-dependent case f o l l ows  

t h e   p r a c t i c e   o f  a fo rmal   genera l i za t ion   o f   the   opera tor   re la t ionsh ips .  

Observe t h a t  i f  @ = @ ( i , i , t )  and w = w ( i , K , t ) ,  then,  evaluat ing  the 

d e r i v a t i v e s   a t  t = 0 (a t   the   loca l   t ime) ,  we have 

= i/[i + Varg@- iVZnl@l]$(X,L,t)eiSdi. 

According t o   t h e  correspondence p r inc ip le ,   t h i s   exp ress ion  must 

reduce t o   t h e   " c l a s s i c a l "  one, t h a t   i s ,  we must recover  the  case  of   the 

steady homogeneous wave mot ion   in   the  1 imit as @(G,E,t) + $ ( i )  , 
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Lim 
vl$+ 0 VJ, = i&(E)eiSdk. 

Thus we p o s t u l a t e   t h a t ,   i n   t h e  inhomogeneous  case, t h e   r o l e   o f   t h e  

wavenumber vec tor   (wh ich   i s   p ropor t iona l   to   the  momentum o f   t he   quas i -  

pa r t i c l es )   i s   t aken   ove r   by   t he   e f fec t i ve  wavenumber vec tor  

(E + Vargcj - ivlnlcjl) where Vargcj i s  a random f u n c t i o n   a r i s i n g   f r o m ' t h e  

unce r ta in t y   i n   t he  phase s = - W(i,E,t)t k 2 m ,  n = 1,2,3 ,... The 

imaqinary component, -iVlnlcjl, represents   the  a t tenuat ion  or  amp1 i f i c a t i o n  

o f   t h e  momentum o f   t h e   q u a s i - p a r t i c l e s   i n  wave in te rac t ions   wh ich   resu l t  

i n   t h e  change i n   t h e  number dens i t y   o f   t he   quas i -pa r t i c l es .  The sum 

(E + Vargcj - iV ln l c j l )   g i ves   t h ree   con t r i bu t i ons   t o  VI) due to ,   respec t ive ly ,  

the changes a long  the   Hami l ton ian   t ra jec to r ies   o f   the   quas i -par t i c les ,  

changes due t o   t h e   u n c e r t a i n t y   o f  phase (unce r ta in t y   i n   t he  number o f  

p a r t i c l e s ) ,  and changes due to  i n te rac t i ons  among the  waves. With  the 

unders tand ing   t ha t   i n   eva lua t i ng   va r ious   i n teg ra l s   o f   f unc t i ons   o f  k i n  

the inhomogeneous case we will express them i n  terms o f   t h e   d e r i v a t i v e s  

o f  9 ,  then, because and t h e   e f f e c t i v e  wavenumber vec tor   a re   in   the  

same r e l a t i o n s h i p   t o   t h e   d e r i v a t i v e s   o f  I), t h e   d i s t i n c t i o n  between the 

two wavenumbers is   immater ia l .  As a consequence, we p o s t u l a t e   t h a t  (7.1) 

ho lds   a l so   i n   t he  inhomogeneous  case and, due t o   t h e   f a c t   t h a t  may 

lex   i n   genera l .  va ry   i n  space, the r 

Thus we shou ld   wr i te  

igh thand  s ide   o f  Eq. (7.1) 

as a g e n e r a l i z a t i o n   o f  Eq. 

ml m 

n 
N K 1 aK$ e i t h e r  <k nl...k > = Re (-i) 
N [ 5 axnl.. m1 .axn 

N 

i s  comp 

(7.1) : 

t = O  
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m 1 
m 

N 1 a 
N 

K 
o r  <knl. ..kn > = ” 

m N $* m1 } t = O  
N 

N N 

(7.3) 

Both o f   t h e  above equat ions  g ive a rea l   va lue   f o r   t he   ave rage   o f  a rea l  

quant i t y .  However, Eq. (7.2) leads t o  symmetric  tensors, e.g. 

<k k > E <k k >, and i s ,  therefore,   not   genera l  enough. Thus we s h a l l  
9 P   P 9  

adopt Eq. (7.3) as the  correct   genera l  

average.  Further, i f  the  asymmetry o f  

a l lowed  for ,  we should  in t roduce  addi t  

form o f  $, 9 = Re . i s  

i z a t i o n  o f  t h e   d e f i n i t i o n   o f   t h e  

tensors  such  as <k k > i s  to  be 
9 P  

iona l   genera l i t y   i n   t he   pe rm iss ib le  

The wave func t i on  $ by i t s e l f  has  no phys ica l  meaning  and o n l y   i t s  

amp1 i tude  squared, R2 = P, has a s i g n i f i c a n c e  when in te rp re ted  as a 

p robab i l i t y   in tens i ty .   Consequent ly ,   the   genera l i za t ion   shou ld   leave R 

una l te red  so as t o  rendered P single-valued.  This  leaves us w i t h  a 

m o d i f i c a t i o n   o f   t h e  phase S as the   on l y   a l t e rna t i ve .   Bu t   t he  phase may 

be l e f t   a r b i t r a r y  up t o  any i n t e g r a l   m u l t i p l e  o f  27r, or   in   genera l ,   cou ld  

be  represented  by any mul t ip le -va lued  rea l   func t ion   o f  i and t. That i s  

why  we  made t h e   c h o i c e   o f   w r i t i n g  S as a path-dependent  (mult iple-valued) 

f u n c t i o n   o f  G, t h a t   i s ,  

so tha t ,   in   genera l ,  

i s   d i f f e r e n t   f r o m   z e r o  and t h e   s p a t i a l   d e r i v a t i v e  o f  S (g rad ien t  o f  S )  
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From t h e   d e f i n i t i o n   o f   t h e  average, Eq. (7.3), 
- 

<k> = V, 
- 

and we  may i n t e r p r e t   t h e  phase S as t h e   l i n e   i n t e g r a l   o f   t h e  average 

wave vector:  

X 
- 

S = I <C>-dG. 

D i f f e r e n t i a t i n g   f i r s t   w i t h   r e s p e c t   t o  x  and then  w i th   respec t   to  
P 

x p,q = 1,2,3, we ob ta in  
q y  

I t  should be o b s e r v e d   t h a t   t h e   d i f f e r e n t i a t i o n   o f  JI i s  noncommutative, f o r  

i s   d i f f e r e n t   f r o m   z e r o  i f  Vxi  # 0 .  

Applying  formula (7.3) and adopt ing  the  convent ion  that   the  order  

o f   d i f f e r e n t i a t i o n   i s   i n d i c a t e d  by the   o rder ing   o f   the   subscr ip ts  when 

r e a d   f r o m   r i g h t   t o   l e f t ,  we ob ta in  



The skew-symmetric p a r t  o f  t h i s   t e n s o r   i s  

The three  non-zero components o f   t h e  skew-symmetric par t   a re   g iven  by t h e  

th ree  components of   the  vector  fi = 5 Ox?.  The vec tor  fi has u n i t s  o f  the  1 

inverse  square o f   l e n g t h  (cm ).. I f  we m u l t i p l y   t h e  phase S by., an 

appropr ia te   sca l ing   fac to r  h with  dimensions o f  act ion  (energy x t ime), 

then h i  = momentum, and hfi = angular momentum. 

-2  

The tensor   invar iant ,  <k2>, i s  obtained  by  contract ion and i s  

equal t o  

A general   expression  for  an average o f  a t h i rd   o rde r   p roduc t  

i s  
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Note  that  i f  S were  single-valued (E = 01, then  the above t h i r d  

order  tensor  would  be  symmetric  with  respect t o  any p a i r  o f  ind ices and 

could  be  expressed i n  terms o f  products o f  lower  order  averages. Thus 

it i s  due to  the  non-single-valuedness  of S = a r g  J, t h a t   t h e . d i f f e r e n t i a t i o n  

o f  J, i s  noncommutative, and t h e   d i f f e r e n t i a l   o p e r a t o r s   f o l l o w   t h e   r u l e s  

o f   t h e  complex  noncommutative  algebra. Such an a lgebra was proposed  as 

a mathematical  structure  which  permits a rep resen ta t i on   o f  any s tochas t ic  

process i n  a quantum-mechanical  framework and p e r m i t s   i n t e r p r e t a t i o n   o f  

quantum mechanics  as a st0chas.t i c  process, see Santos  (1974) who 

developed a quantum-like  formalism to  deal with general  stochastic  systems. 

The cen t ra l  moments o f   var ious   o rders ,   de f ined as moments o f   v a r i o u s  

powers o f   d e v i a t i o n s   o f  components o f  wavenumber vec tor  k f rom  the i r  

mean va lues  ck >, 
P 

P 

m . . .m 1 N ml m 
N =J[kn - <kn >] .. .[knN - <kn >] f(x,E,t)dc , 

“1 N 1 1 N 

may be expressed i n  terms o f  ord inary  (non-centra l )  moments. For  example, 

we have 

N3 = M3 - 3M2M’ + 2(M1)3,  etc. 
P P  P P  P 



. . .. . . .. 

The cumulants will be  defined  as  successive space de r i va t i ves   o f   t he  

1 owest o rder  aver.age, 

1 
P P 

For  example, C = <k >, 

- <kr>[a' InR - - a l n R  -1 a l n R  -<k >[ -" 
ax ax  ax ax q axrax axr ax 1 

q P  q P P P 

A m b i g u i t y   i n   t h e   D e f i n i t i o n s   o f  Moments, Averages and  Cumulants 

Some general  remarks,  concerning  the  practical use o f  moments, 

averages and cumulan ts ,   a re   in   o rder .   F i rs t ,  we shal l   d iscuss  the 

amb igu i t y   t ha t   a r i ses   i n   t he   de f i n i t i ons  o f  h i g h e r   t h a n   t h e   f i r s t   o r d e r  

c o r r e l a t i o n s  and the  reasons  for   making  tentat ive ly   the  choices of  t he  

d e f i n i t i o n s  as given on preceding pages. 
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i 

We will appeal to the  mathematical  principles  as used in quantum 

mechanics. The basic  principle is the fact  that the  average  or  moment 

of a real quantity should  be  real, and the  mathematical  method  of 

calculation  (the  definition) must  be  such as  to assure the  reality.  We 

shall  start  with the  simplest  case and return  to  the  earlier  observation 

that 

in the  steady  homogeneous case, and that = constant in order that 

< k . >  be  real.  We may remove  this  restriction by a symmetrization of the 

integrand @*k.@ and writing 
J 

J 

The above implies that, while <k.> is real, it depends  only on  the 

imaginary part of aln$/ax and, therefore, I $ ]  need  not  be constant. 

We see-here the  importance  of  symmetrization of expressions such  as 

$*k.$ in view of the fact that e is a function of 2 and is therefore 

canonically  conjugate to c .  The difficulty arises, however,  due to  the 

J 

j' 

ii-E 
J 

ambiguity in the  particular  choice of symnetrization of higher  order 

powers of k The list below  gives partial results  for  second order 

averages. 
j' 
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SYMMETR I C FORM I EXPRESSION, FOR <k k > 
q P  

Obviously, any combination  of  the  symmetrized  forms may be  used t o   d e f i n e  

the  average  value. 

Another p o s s i b i l i t y   e x i s t s   i n  an ant i -symmetr ic   order ing  o f   terms 

fol lowed  by a m u l t i p l i c a t i o n  by the  imaginary  un i t  i. This  corresponds 

t o  a genera t ion   o f  a Hermitean  operator  by f i r s t   o b t a i n i n g  a Hermitean 

conjugate  operator and then   mu l t i p l y ing  it by i, which i s   a l s o  a 

Hermitean  conjugate  operator. The r e s u l t   i s  a Hermitean  operator and 

o n l y  such will g ive  a rea l   func t ion .  Thus we  may w r i t e  

The last   expression  corresponds  to E q .  (7.3). We a l s o   n o t i c e   t h a t  

integrand  or  whether we take  an ant i -symmetr ic   in tegrand  mul t ip l   ied  by i. 

Since k i s   t h e   d e r i v a t i v e   o f   t h e  phase s = i-i; under  the  integral   s ign,  
j 



and arg @ i s   t h e  phase o f  @, the  choice  here is obvious.   Fo l lowing  th is  

1 i ne  o f  thought, we sha l l   assoc ia te   p roduc ts   o f  components o f  w i t h  

d e r i v a t i v e s   o f   t h e  argument o f  @, and we s h a l l  use  symmetric  ordering 

f o r  odd powers o f  and an t  i-symmetr i c   o r d e r i n g   f o r  even  powers. Then 

Eq. (7.3) may be  used f o r  a1 1 orders  o f   the  averages.   Th is   choice  is  

somewhat h e u r i s t i c  and requ i res   ve r i f i ca t i on   by  a re fe rence  to   exper i -  

ment. Admi t ted ly ,   an t i -symmet r ic   o rder ing   i s   no t   in  a common use and i s  

introduced  here t o  achieve a des i red   resu l t .  

A l l  the  express ions  for  moments, averages and cumulants  are  under- 

stood t o  be  evaluated  at  a g iven   ins tan t   o f   t ime (t = 0) .  The time- 

evo lu t i on   o f   t he   va r ious   co r re la t i ons   shou ld   no t  be s tud ied   in   te rms  o f  

the  t ime-dependence o f   t h e   s t a t e   v e c t o r s  $exp { i ( x - k  - w t )  1 ,  because 

such a representat ion o f  quantum f i e l d s   i n  terms of   the  act ive  Schroedinger  

p i c t u r e  i s  known t o  be  unstable  in  t ime, see, e.g. p. 5 of  Dirac  (1966).  

However, t h e   t i m e - h i s t o r y   o f   t h e   c o r r e l a t i o n s   i s  known i f  .the space d i s -  

t r i b u t i o n   o f   t h e  wave func t i on  $ i s  known a t  every   ins tan t   o f   t ime.  Thus 

the   co r re la t i ons  become imp l i c i t   f unc t i ons   o f   t ime   th rough   the   t ime-  

dependence o f  @ governed  by   the   pos tu la ted   non- l inear   par t ia l   d i f fe ren t ia l  

equations. The s ta te   vec to rs   a re  used here   on ly   fo r   man ipu la t i ve  

purposes t o   p r o v i d e  an instantaneous  coordinate  basis  for   the  representat ion 

o f   f u n c t i o n s   o f   t i m e   a t  a g iven  instant .  

The averages o r   e x p e c t a t i o n s   o f   a r b i t r a r y   f u n c t i o n s   o f  L a re  

F(E) = J@*e-isF(L)$eis dE /J@*$di 

I f  F(E) i s  a po lynomia l   in  k,  then  the  expectat ion  va lue  o f  F ( i )  

may be  expressed i n  terms o f  a corresponding  polynomial o f  averages o f  E. 
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If the  coefficients of the  polynomial  depend  on ;, then  each  term of the 

polynomial should.be symmetrized  first  before the wavenumber  vector is 

replaced by a corresponding  differential  operator. 

If F(C)  is not a polynomial, one is faced  with  the  use of improper 

operators (e.g., with  derivatives of fractional  order, etc.). Expressions 

of  the  type (7.6) arise in wave  interaction  terms. An evaluation of 

such  terms, in cases  where F(C)  is  not a polynomial, may be carried  out 

approximately by a suitable choice of an approximation  to  the  probability 

distribution  function f = $*@. If the  approximate  distribution f(G,c,t) 
contains a number of arbitrary  functions of G and t, such functions may 
be determined by the  requirement  that f generates  correct  values of  an 

equal  number of moments. Thus, in principle, all interaction  integrals 

of  the  form (7.6) may be determined  with arbitrary, but finite accuracy. 
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"Neither  seeking  nor  avoiding 
mathemat i ca l   Gerc i ta t ions  we e n t e r  
i n t o   p r o b l e m s   s o l e l y   w i t h  a v i e w   t o  
p o s s i b l e   u s e f u l n e s s  for phys ica l  
s c i e n c e .  

Lord Kelvin and Peter  Guthrie  Tait, 

"Treatise on Natural Philosophy," 
Part 11. Cambridge University  Press, 
1895. 

VIII. ENERGIES AND DISTRIBUTIONS 

Moda 1 Energ i es 

We  are now able to write the expressions for  the squares o f  the 

fluctuations.  From Eq. (4.16) we  have 

Due  to the fact  that ua contain  the  term (--)ak , the  two  delta  functions 
will vanish simultaneously  only if a = B or at E = 0. Assuming that 

Cp(0) = 0,-we obtain 

h 2  

where  the  participation  coefficients P are  given by Eq. (4.21) or, 
aj 
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obtain  the  squares o f   t h e   f l u c t u a t i o n s   b y   a p p l y i n g  Eq. (8.1) for a 

p a r t i c u l a r   v a l u e  of the  index j. Thus, with / f  (k)dk =JIawa= Pa, where 

P i s   t h e   p r o b a b i l i t y   d e n s i t y  assumed  known as a s o l u t i o n  o f  t h e   p a r t i a l  

d i f f e r e n t i a l   e q u a t i o n  (6.19). we have  using Eq. (4.22) 

a 

a 

I p l  I = p 2 1  u i  I 2= p 2 p -  P3 + +p4+p5)], 1 
Y 

k2+k2 k2 
I w ' 1 2 '  c2 P <=>+ -P < 3 > +  

{ 2  k 2 2   2 4 k 2 4  

where the  symbol < (  )>  ind ica tes   the   average  w i th   respec t   to   the   a - th  

d i s t r i b u t i o n   f u n c t i o n ,  and where c2 = R i  = i/i. The expressions l u l l  

are,   actua l ly ,  sums o f  moments o f  I P  . I 2  w i t h   r e s p e c t   t o   t h e   d i s t r i b u t i o n s  
a J  

f (E) t h a t   i n c l u d e   a l l   n o n - t r i v i a l   c o n t r i b u t i o n s   o f  a1 1 f i v e  modes, 

a 
2 

J 

a 
a = 1 ,  ..., 5 .  

Summing up the  squares o f   t h e   v e l o c i t y  components we ob ta in   f o r   t he  

tu rbu len t   k ine t i c   ene rgy  

Here, i t  i s  

I V ' I  +1w'  
2 

expected t h a t   t h e   c o n t r i b u t i o n   o f   t h e   v o r t  i c i   t y  modes 
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w i l - ?  be dominant, so that the  turbulent  energy,  neglecting  acoustic 

contributions,  would  become ( ; /P I  (P1+P2). 
Fluctuations of other physical variables may be expressed in terms 

of the u' For example,  using  the  perfect  gas  law, p = pRT, we have 
j' 

and 

= y-l, + 1 ( P  +P )+ [P3+ i(P4+P5)], 
y 3 2 y 4 5  Y 

The above  expression for  the  expectation  value  of  the  square  of 

pressure  fluctuations  illustrates the  fact that contributions  of  the 

several  modes  of  wave  propagation  are  separated  out and are given in 

terms of the  probability  densities P . For instance,  the  expectation 

of  the  square  of  the  pressure  carried by the acoustic  modes is 

a 

21- P (p4+p5) 
2y-1 -2 Obviously, this quantity is radiating acoustically, 

while  the  contribution of the  entropy  mode, -. 3(y-1 k2P3, represents  the 

effects  of the  "pseudo-sound" that is convected by the  turbulent  medium. 

Thus  the  separation into r a d i a t e d  and convected contributions  amounts  to 

separation of the contributions  of the acoustic and non-acoustic modes. 

Finally, we observe that linear combinations  of  the  diffusion 

Y 

equations for  the  field probabilities P Eq. (6.19), would serve  as a' 
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transport equations for the turbulent  kinetic  energies.  Such a turbulent 

energy  transport  equation  was  proposed by Nee and Kova’szna’y (1969). In 

the present  theory  the  transport  equations for Pa are coupled with the 

equations  for  the  probability  density  velocity field due to the  use 

of a complex wave function  (the characteristic function $). The use of 

a complex wave function and the allowance for multiple-valuedness of 

the  argument  of  the wave functions,  make  present  results  more general. 

Of special  interest are the spectral distributions of  the  fluctu- 

ations.  We turn now  to  the  problem of an approximate determination of 

the  wavenumber  distribution  functions. With the help o f  the  distribution 

functions one may evaluate  expressions  such  as <,r> which  cannot be 

given in terms of derivatives of the characteristic function 
kl +k% 

a’ 

Approximate Distribution  Functions 

The knowledge of the  distributions is required  for  evaluation of 

various  statistical correlations which  enter into the equations  for the 

mean flow, Eqs. (4.6)-(4.8), and for the  evaluation of the  random  func- 

tions u* which are given in terms of the  interaction  integrals, Eq.(4.27). 

We observe that the mean flow  depends on the correlations of second and 

third order. As a consequence, a distribution  function  which is fitted 

to give  correctly all first,  second, third, ... order  moments of the  wave- 
number  vector,  would  be  expected also to predict  accurately  various  cor- 

relations up to and including  those of the first,  second, third, ... order. 
The procedure  for fitting an approximate form of the  distribution  func- 

tion f(i,L,t) will be  illustrated  below. 

a 

At a given instant (t=const.) the wavenumber distribution  function 
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= f,(i,c,t) is a f unc t i on   o f   s i x   va r iab les .  Ue know t h a t ,   i n   t h e  

case o f   n o n i n t e r a c t i n g   l i n e a r   o s c i l l a t o r s   i n   t h e r m a l   c o n t a c t   w i t h  a 

rese rvo i r   o f   cons tan t   ene rgy ,   t he   p r i nc ip le   o f   s ta t i ona ry   va lue   o f   en t ropy  

l eads   t o   t he   P lanck ' s   d i s t r i bu t i on   o f   ene rgy   (Bose-E ins te in   s ta t i s t i cs )  

which  gives  the  energy  spectrum  in  terms o f   t h e  wavenumber o r  frequency. 

By the   cor respondence  p r inc ip le ,   in f in i tes ima l   f luc tua t ions   in  a steady 

homogeneous mean f low  should  approach  Planck's  d istr ibut ion.  Thus t h e ,  

l i m i t i n g   f o r m   o f  f (L)  i s  known and we  may simply  general ize it t o   t h e  

nonsteady inhomogeneous case  re ta in ing  the  genera l   features  o f   the k- 

dependence o f  f ( i ,k,t)  and al lowing  for   space-t ime dependence  and f o r  

anisotropy. 

By arguments  leading t o   t h e   d e r i v a t i o n   o f   P l a n c k ' s   d i s t r i b u t i o n ,  

e.g., see Bohm (1951)  p. 19, one may show that   the  energy dE i n   t h e  

phys ica l  volume V conta ined  in  waves o f   i n t r i n s i c   f r e q u e n c y  

w ' =  w-U.k = a'  (k) i n   t h e  wavenumber range dE centered  a t  k i s  a t  a 

thermodynamic e q u i l i b r i u m  

" L 

where is   the   average  energy   per   par t i c le   o f   the   background  w i th   wh ich  

the  wave  modes a re   i n   t he rma l   equ i l i b r i um.   Th is   d i s t r i bu t i on   g i ves   t he  

P lanck 's   func t ion  for the   acous t i c  waves, w'zak, when w '  i s   l i n e a r   i n  k, 

and a general ized  Planck's  form  for  w '  quadra t ic   in   k ,  w'=yk , f o r  

v o r t i c i t y  and entropy waves. 

2 

The phase  space densi ty   o f   energy,  u = - - dE , i s  
dc 
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and the  phase  space d e n s i t y   o f   t h e   a d i a b a t i c   i n v a r i a n t   i s  

where n = phase  space number d e n s i t y   o f   t h e   e x c i t e d   s t a t e s .  Thus the  

ad iaba t i c   i nva r ian t  U/w'  i s   p r o p o r t i o n a l  t o  the  quantum o f   a c t i o n  h. 

If we in t roduce a wavenumber d i s t r i b u t i o n   f u n c t i o n  f 4 * 6  such t h a t  

U/W' = h * f ( i )   w i t h  a new constant h*, then a t   e q u i l i b r i u m  we  may w r i t e  

For v o r t i c i t y  and entropy waves we  may w r i t e   i n   g e n e r a l  

h*w'/E = f3y(kl-cl) 2 2  + f32(k2-c2)2+  B2(k 3 3 3  -c ) 2  

w i t h  h*, Bi, c i   be ing   func t ions   o f  space  and t i m e   t o  be  chosen so 

as t o   s a t i s f y   t h e   f o l l o w i n g  seven moment cond i t ions :  

2 

P = JfdE, P<ki> = /k i fd i ,  P<ki> = /kifdk. 2 2 

Car ry ing   ou t   the   in tegra t ions   w i th   the   approx imate   fo rm (8.3) used i n  

equation (8.21, we have 
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2 sin P 

i 

av 
P<ki> = P ( V i r  + - I 8X 

from (8.5) , 

Subst 

where 

itution in Eq. (8.6) gives a quadratic in B i  with  two  roots 

Real solutions  are  possible for b - 4ac 2 0. This  places an upper 2 

bound  on  the  second moments, 

This  example  illustrates the  following  facts. 

1. An approximate  distribution  function may be expressed in terms of 

moments such  as P, <ki>,  <ki>, etc., which  are  known  functions of 2 
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t he   p robab i l i t y   dens i t y   f unc t i on  P and t h e   p r o b a b i l i t y   v e l o c i t y  

Vi, and o f   t he i r   g rad ien ts .  The funct ions P and Vi a r e   s o l u t i o n s   o f  

the  t ransport   equat ions  d iscussed  in  the  preceding , .  sect ions. 

F i t t i n g   o f   t h e   g e n e r a l i z e d   P l a n c k ' s   t y p e   d i s t r i b u t i o n   f u n c t i o n s  

requ i res  a s o l u t i o n   o f  a simultaneous  set o f  nonl inear  a lgebra' ic 

equations  leading  to  nonunique and, f o r   c e r t a i n   v a l u e s   o f   t h e  moments, 

t o   nonex is ten t   so lu t i ons .  

The ra le   p layed  by  the quantum o f  a c t i o n  h i s  taken  over  by 

h* = f3 f3 f3 P / [ ~ I T < ( ~ ) ]  i n   the   p resent  example. 

Poss ib le   a l t e rna t i ves  to  the  use o f   P l a n c k ' s   t y p e   d i s t r i b u t i o n s   a r e  

1 2 3  

suggested  by  the  fol lowing  observation, 

Thus a P l a n c k ' s   t y p e   d i s t r i b u t i o n   i s  a p a r t i c u l a r  power s e r i e s   i n   t h e  

Gaussian d i s t r i b u t i o n  e . Frank ie l  and Klebanoff (1973) have shown 

tha t   f ou r th -  and s ix-order   Gram-Char l ier   d is t r ibut ions  g ive  excel lent  

approximations to   care fu l l y   de termined  exper imenta l   da ta   in   tu rbu len t  

boundary  layers. The Gram-Char l ier   d is t r ibut ions o f  j - t h   o r d e r  (one- 

dimensional)  are  defined  as 

2 -ck 

where 

Hj  (k) = (-1)  j e tk2  -(e d j  -&k2) 

d kJ 
9 

and i . ( k )   i s   t h e  averaged  value o f  H.(k). The Grarn-Char1 i e r   d i s t r i b u t i o n s  
J J 
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are  o f   the form of a sum of  products of Herrnite  polynomials fi. Ck)H. (k) 

t imes the Gaussian term. The advantage of Grarn-Charlier d i s t r i b u t i o n   i s  

that   the  po lynomia ls  i . ( k )  a r e   g i v e n   e x p l i c i t l y   i n  terms o f   t h e  averages 

of var ious powers of k and the   t ed ious   a lgeb ra   i nvo l ved   i n   f i t t i ng  a 

g i ven   d i s t r i bu t i on   i s   t hus   avo ided .  

. J  J 

J 

It i s   i n t e r e s t i n g  t o  note  that  Hermite  expansions  in  terms o f  

Gaussian var iab les  were  in terpreted  by Wiener  as  expansions  around the  

s ta te   o f   per fec t   d isorder   ( "wh i te   no ise" ) ,  see,  e.g., the  d iscussions 

o f  Wiener-Hermite  expans  ions i n  Canavan (1970), Crow and Canavan (1970), 

and Meecham (1970). It appears on the  bas is   o f   the  exper imenta l   data 

o f   F r a n k i e l  and Klebanof f   that  some almost-Gaussian  distr ibut ions may 

serve as good approx ima t ions   f o r   t he   vo r t i c i t y  modes which  contain most 

o f   t h e   t u r b u l e n t  energy. 

It i s  f u r t h e r  suggested t h a t   f o r   t h e   a c o u s t i c  modes, i n  absence o f  

exper imenta l   data,   the  P lanck 's   type  d is t r ibut ions be  used  even  though 

t h e   s t a t e   o f   e q u i l i b r i u m   i s   n o t   l i k e l y   t o  be approached  unless  the 

tu rbu len t   f l ow   i s   enc losed   by   t he   wa l l s   o f  a duc t   in   in te rna l   f lows.   In  

external   f lows  the  acoust ic   energy will be rad iated  outwards  in to   the 

i n f i n i t e  space lead ing   t o   l a rge   f l uxes   o f   acous t i c   ene rgy  and t o   t h e  

absence o f  equ i l ib r ium.  
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"For w i t h  slight efforts, how should 
one obtain great results? It is 
foolish even to desire it." 

Thomas J e f f e r s o n ' s   f a v o r i t e  
quota t ion   f rom EURIPIDES. 

. 

IX. SUMMARY 

The  wave theory  o f   turbulence  formulated  here  leads  to  a closed 

system o f   n o n l i n e a r   d i f f u s i o n - t y p e   e q u a t i o n s   f o r   t h e   p r o b a b i l i t y   d e n s i t i e s  

o f  each 

probab i 

will be 

separate mode o f  wave propagation and fo r   the   assoc ia ted  

l i t y   v e l o c i t y   f i e l d s .  The steps i n   t h e   d e r  

summarized b r i e f l y .  

Separa t ing   the   p r im i t i ve  phys 

respec t   t o  a p r o b a b i l i t y   d i s t r i b u t  

the  Navier-Stokes  equations  for a 

i va t ion   o f   these  equat  ions 

ica l   var iab les  in to   the  averages  wi th  

ion and i n t o   t h e   t u r b u l e n t   f l u c t u a t i o n s ,  

v i scous   compress ib le   f l u id   a re   sp l i t  

i n t o  two coupled  systems of   equat ions  for   the  averaged  values, Eqs. (4.6)- 

(4.8), and for   the  f luc tuat ions,   Eqs. (4.9) - (4 .11) .  The l a t t e r  system i s  

pu t   in   the   fo rm (4.15) in   wh ich   the  1 i nea r   pa r t   o f   t he   equa t ions   f o r   t he  

f l u c t u a t i o n s  i s  equated t o  terms  which  are  interpreted as sources f o r   t h e  

f l uc tua t i ons   (o r   f o rc ing   f unc t i ons )   a r i s ing   f rom  the   i n te rac t i ons   w i th  

the  mean f l ow  and in te rac t i ons  among the   f l uc tua t i ons .  

The l i n e a r   p a r t   o f   t h e  system f o r   t h e   f l u c t u a t i o n s   i s   t h e n   F o u r i e r -  

ana lysed  resu l t ing   in  a f i v e - f o l d   i n f i n i t e   s e t   o f   e i g e n - s o l u t i o n s  

corresponding  to   f ive  or thogonal  modes o f   f l u i d   o s c i l l a t i o n s   i d e n t i f i e d  

as:  two v o r t i c i t y  modes, an entropy mode, and two acous t ic  modes.  The 
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eigensolutions, which represent.  infinitesimal waves in a steady  homogeneous 

mean flow at instantaneous, local conditions, are then  employed  as a 

complete vector  basis  for  the  purpose of forming  an  integral  representation 

of the  solutions. The absolute  values of the  Fourier  amplitudes  squared 

are interpreted as the  probability  densities in the  wavenumber space. 

The wavenumber  vector and the  frequency of the  Fourier  modes are 

associated  with  momentum and energy of quasi-particles  (wave packets). 

This  association is  used to  model  the wave interaction  terms  as a 

stochastic  function, u* = (c-ic)k2, quadratic in the  wavenumber  (momentum) 

to  be  added  to  the expression for the frequency  (energy)  of  non-inter- 

acting  wave  packets.  Conditions  imposed  on  the  stochastic  function 

ug, Eq. (4.27), are that the  average  of u* satisfies  the  averaged inter- 

action  terms so that each  orthogonal  mode a is coupled  through  the 

interaction  terms  with  the  remaining  four  modes, a = 1 ,  ...,5. Thus ut 

models  the  interactions of the  fluctuations  with the  mean  flow and the 

c1 

interactions of the  wave-wave  type  through the wave resonance. It is then 

observed that the  interaction  terms may be determined if the  probability 

distributions of the  orthogonal  modes in the  wavenumber  space  are known. 

Thus  the central  problem in the  development  of  the  theory is the determin- 

ation  of  the  distributions. 

An operator  formalism is introduced in Chapter V so as to associate 

differential  operators  with  dispersion  relations  for  each  orthogonal  mode. 

A characteristic  function, that reduces  to a Fourier  transform  of  the  Fourier 

amplitudes in the  steady  homogeneous  mean  flow, is then  sought as a 

solution  of  the  Schroedinger-type  differential  equation  determined by the 

operator  formalism  from  the  dispersion relations. The solution,  analogous 



t o  a wave funct ion  o f   the quantum theory, i s  t a k e n . t o  have a general  form 

of a complex funct ion  wi th .  a mu l t ip le -va lued phase. Separation o f  rea l  and 

imaginary  parts, and d i f f e r e n t i a t i o n  o f  the  imaginary  par t   w i th   respect  t o  

space, r e s u l t   i n   t r a n s p o r t   e q u a t i o n s  for  t h e   s p a t i a l   p r o b a b i l i t y   d e n s i t y  

(for  the  squares o f  the   abso lu te   va lues   o f   t he  amp1 i tudes o f   t h e  

c h a r a c t e r i s t i c   f u n c t i o n ) ,  Eq. (6.17), and vec tor   equat ions   fo r   the  

"p robab i l i t y   ve loc i t i es , "  Eq. (6.20), wh ich   ve loc i t i es   a re  shown t o  equal 

the  averages o f   t h e  wavenumber v e c t o r   w i t h   r e s p e c t   t o   t h e   p r o b a b i l i t y  

d i s t r i b u t i o n   i n   t h e  wavenumber space. The p robab i l i t y   t ranspor t   equa t ions  

are   non l inear  and o f  t h e   d i f f u s i o n   t y p e ,   s i m i l a r   t o   c o n s e r v a t i o n   o f  

chemical  species  equations i n   r e a c t i v e   f l o w s ,  and a l s o   s i m i l a r   t o   t h e  

equat ions  o f   the quantum theory  in  the  hydrodynamical  form. The l a t t e r  

s i m i l a r i t y   i s   c l e a r l y   a p p a r e n t  because of   the  presence  of   terms  analogous 

t o  quantum stresses  of   the  hydrodynamical   form  of   the quantum theory. 

The t ranspor t   equa t ions   a re   non l i nea r   even   i n   t he   l im i t i ng   case   o f  

i n f i n i t e s i m a l   f l u c t u a t i o n s   i n  a steady homogeneous mean f low,   the  

' ' c lass ica l "  limit of the  present  theory.  It i s  then  postulated  that   these 

transport   equat ions may be   genera l i zed   to   the   non l inear  wave motion 

encountered in   s t rong  tu rbu lence  in   p resence of non-steady inhomogeneous 

mean f low.   Fur ther ,   the  t ranspor t   equat ions for  t h e   p r o b a b i l i t y   d e n s i t y  

a re  o f  the  same form  as  the  nonl inear   equat ions  for   the  t ranspor t  of 

tu rbu len t   in tens i t ies   p roposed  in . the   pas t   by  many researchers. The 

novel   feature of the  present  theory  absent  in  phenomenological  theories 

i s   t h e   s t r o n g   c o u p l i n g   o f   t h e   p r o b a b i l i t y   d e n s i t y   t r a n s p o r t   e q u a t i o n s   t o  

t h e   e q u a t i o n s   f o r   t h e   p r o b a b i l i t y   v e l o c i t y   f i e l d s ,   w h i c h   f i e l d s   a r e ,   i n  

genera l ,   ro tat ional .  The l a t t e r   f a c t   i s  a genera l i za t i on   o f   t he   hyd rody -  

namical  form o f  the  quantum t h e o r y   i n   w h i c h   t h e .   v e l o c i t y   f i e l d   i s  
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irrotational having been obtained by taking a gradient of a single-valued 

function. 

Because  the  spatial  probability  distribution is obtained by squaring 

the  absolute  value of the  characteristic  function,  the  standard  definitions 

of  moments,  averages, and cumulants  of the  theory  of  probability had to 

be generalized'  to  the  present  case of complex characteristic  functions. 

In Chapter VI1 these  definitions  are  carefully  developed  with  due regard 

for  the  uncertainty  principle.  The  microscopic  uncertainty  principle 

arising  from  the  Fourier  representation  carries  over  into  the  macroscopic 

uncertainty in the  form of the  multiple-valuedness of the  phase  of  the 

characteristic  function and rotationality  of  the  probability  velocity  field. 

Thus the circulation  of  the  probability  velocity  becomes a macroscopic 

analog (an expectation  value)  of  the  phase integrals  of  the quantum theory, 

= <4 i * d i >  . 
C 

Many important averages  (expectation  values  of  the  squares  of  the 

fluctuations)  are expressible directly in terms of the  probability 

densities o f  the  various  orthogonal modes. Thus,  conveniently,  the 

contributions of the  vorticity,  entropy, and acoustic modes  are  given 

separately and explicitly in terms of the  solutions of the  probability 

density  transport  equations.  Likewise,  various  moments  of  arbitrary 

powers o f  the  wavenumber  vector are expressible in terms of the  probab 

densities and probability  velocities. In turn, the moments of a distr 

i l  ity 
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determine  the   d is t r ibu t ion   func t ion ,  and the central   problem of t h e  

proposed  theory is solved.  For  practical  purposes it s u f f i c e s  t o  determine 

the   d is t r ibu t ions   on ly   approx imate ly .  Thus the  model ing o f  turbulence and 

sound generated  by i t  would  involve  the  use o f  assumed forms o f  t h e   d i s -  

t r ibut ion  funct ions  which  forms  should  contain enough a r b i t r a r y   f u n c t i o n s  

t o  meet a f i n i t e  number o f  moment condi t ions.  Two such  forms are  discussed 

i n  Chapter V I I I ,  the  P lanck 's   type  d is t r ibut ions  that   maximized  the 

en t ropy   o f  a system o f  waves a t   e q u i l i b r i u m ,  and Gram-Charlier d i s t r i -  

butions  which  were  found  successful and accura te   in   represent ing   ex tens ive  

experimental  data. 

B e f o r e   t h e   p a r t i a l   d i f f e r e n t i a l   e q u a t i o n s   o f   t h e   p r e s e n t   t h e o r y   c o u l d  

be a p p l i e d   t o   t e s t  cases, one  has to  cons ider   in   de ta i l   the   boundary  

c o n d i t i o n s   t o  be imposed on t h e   p r o b a b i l i t y   d e n s i t i e s  and p r o b a b i l i t y  

v e l o c i t i e s .   N u m e r i c a l   i n t e g r a t i o n   o f   t h e   p a r t i a l   d i f f e r e n t i a l   e q u a t i o n s  

would  involve a s imultaneous  solut ion  of   the  Reynolds  system  for   the 

averaged mean flow, Eqs. (4.6)-(4.8), t he   p robab i l i t y   dens i t y   t ranspor t  

equations, Eq. (6.17), and the   equa t ions   f o r   t he   p robab i l i t y   ve loc i t i es ,  

Eq. (6.20), a l t o g e t h e r   t w e n t y - f i v e   n o n l   i n e a r   p a r t i a l   d i f f e r e n t i a l  

equat ions  which  rep lace  the  or ig ina l   Navier -Stokes  system  of   f ive  equat ions 

f o r   d e n s i t y ,   v e l o c i t y  components, and temperature.  This  large number of 

equations may be  reduced t o   o n l y   f i v e   i n   t h e  case o f  a one-dimensional 

incompressible  turbulent  f low, e.g., i n   p ipes  and channels.  Extensive 

numer ica l   tes t ing   o f   var ious   s imp l i f ied   tu rbu lence models  based  on the  

equations  presented  here will be necessary  before  the  present  theory  could 

be  accepted as descr ib ing  the  phys ica l   processes  in   turbulent   f lows.  

Ex tens ions   o f   the   theory   to   chemica l l y   reac t ing   f lows,   to   rad ia t i ve  gas- 

dynamics,  and t o  magnetogasdynamics would  be  straightforward as it would 
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su f f i ce  to  introduce  addit i .ona1  orthogonal modes. Likewise,  the  present. 

theory   cou ld  he e a s i l y  reduced to .a   quan tum- l i ke   s ta t i s t i ca l   t heo ry  o f  

sound i n  inhomogeneous media i n   w h i c h   t h e   r a t i o  o f  the   l eng th   sca le   o f  

the  inhomogeneities t o  the  wavelength o f  sound i s   a r b i t r a r y .  

I n   a p p l i c a t i o n s  to  the   acous t ics   o f   tu rbu len t   no ise   the   p resent   theory  

o f f e r s  means of   determin ing,  (l), the   i n tens i t y   o f   p ressu re   f l uc tua t i ons  

i n   t h e   a c o u s t i c  modes and, approximately, i t s   s p e c t r a l  and d i r e c t i o n a l  

d i s t r i b u t i o n s ,  and, (2), t h e   i n t e n s i t i e s   o f   f l u c t u a t i o n s  o f  a r b i t r a r y  

f u n c t i o n s   i n  any o f   t h e  modes o f  wave propagation  present. We observe 

h e r e   t h a t   t h e   f a r   f i e l d   n o i s e   o u t s i d e   o f  a tu rbu len t   reg ion  may be ca l -  

cu la ted  i f  t h e   a c o u s t i c   f i e l d   a t   t h e  edge o f  a t u r b u l e n t   r e g i o n   i s  known. 

The present  theory i s  capable o f   p r o v i d i n g  such information.  Secondly, 

the  problem of   determin ing  the  no ise  t ransmi t ted  f rom  the  turbulent  

boundary  layer  through  the  wal ls  constructed  f rom a so l id   mater ia l   requ 

the   de ta i l ed  knowledge o f   t u r b u l e n t   f l u c t u a t i o n s   n o t   o n l y   i n   t h e   a c o u s t  

mode, bu t   a l so   i n   t he   rema in ing  modes convected  along  the  wall .  The 

i res 

i c  

i n t e r a c t i o n   o f   t u r b u l e n c e   w i t h  a s o l i d  boundary may be v i sua l i zed  as  the 

e x c i t a t i o n   o f  sound waves in   t he   so l i d   ma te r ia l   by   t he  momentum and energy 

exchange w i t h   t h e   t u r b u l e n t  flow. Thus a l s o   t h e   f l u c t u a t i o n s   i n   t h e  

v o r t i c i t y  mode, and t o  a lesser  degree, i n   t he   en t ropy  mode would be 

capable o f  e x c i t i n g   t h e  sound f i e l d   i n   t h e   s o l i d   w a l l .  The present  theory 

provides means o f   t r e a t i n g  such  problems. 



X .  CONCLUD I NG REMARKS 

It should  be  observed that the  theory of sound in turbulent  flows 

proposed  here is a necessary consequence of the  adopted  point of view. 

The point of view held was that sound is just one of the  several  aspects 

of wave propagation in turbulence and that  the  wave  representation is 

therefore both necessary and convenient. The Fourier  decomposition into 

interacting wave fields lead naturally to a quantum-like  formulation 

in terms  of complex distribution  functions. The formulation  imposes  the 

conditions  of  reality of the expectation values of the  fluctuating 

physical observables and does not require that the  turbulent fluctuations 

tBemselves.be real quantities. Thus the  theory  was  formulated  from  the 

start as a statistical  theory and the  analogy  to wave mechanics  was 

exploited  for  the  purpose of using a well established  mathematical 

framework as an analytical  tool. 

On the  other hand, it becomes  clear in retrospect that the  question 

of 'how  to  transform the deterministic Navier-Stokes fluid dynamics 

formally into a statistical fluid mechanics'  was  answered  already in 

1926 by Madelung. All that  remained  to  be done  was to obtain his 

hydrodynamical  form of quantum  mechanics  from  the  equations  of  the 

Navier-Stokes  theory. This was  accomplished here  rigorously  only  for 

the limiting case of infinitesimal fluctuat 

mean  flow. The derivation of the  nonlinear 

the hydrodynamic.transport of field  probabi 

ions in steady homogeneous' 

Madelung's  equations for 

lities in the limiting case 
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f r o m   t h e   n o n l i n e a r   f i e l d   e q u a t i o n s   o f   f l u i d  mechanics  provided  the 

in fo rmat ion  on how t o  decompose t h e   p h y s i c a l   v a r i a b l e s   i n t o   i n t e r a c t i n g  

waves and also  provided  the  form  to  which  the  postulated  equat ions  must 

reduce i n   t h e   l i m i t i n g  case. 

S t a t i s t i c a l   t h e o r i e s  o f  turbulence  are  p lagued  by  the so c a l l e d  

c losure  problem  which  ar ises  f rom  the  fact   that   the  equat ions for the  

lower  order moments ( s t a t i s t i c a l   c o r r e l a t i o n s )   c o n t a i n   h i g h e r   o r d e r  

moments as unknowns. It i s  necessary t o  comment on how the   c losure  

problem i s  avoided in   the   p resent   fo rmula t ion .  

I n   o rde r   t o   avo id   t he   c losu re   p rob lem one shou ld   no t   t rea t   the  

i n f i n i t e l y  many moments as unknowns. The vmen ts   de te rm ine   t he   d i s t r i -  

but ions,  and vice  versa. I f  t h e   p r o b a b i l i t y   d e n s i t i e s  P and t h e i r  

v e l o c i t i e s   a r e   t r e a t e d  as the  dependent var iables,   then  the moments 

become known f u n c t i o n s   o f   t h e  dependent va r iab les  and o f   t h e i r   d e r i v -  

a t i ves ,  and o n l y  a f i n i t e  number o f  dependent va r iab les  has t o  be 

determined  from a closed  system of   equat ions.  

a 

a 

Solut ions o f  the  turbulent   t ranspor t   equat ions must s a t i s f y  appro- 

p r i a t e  boundary cond i t ions .  A d iscuss ion   o f   boundary   cond i t ions   fo r  

tu rbu len t   t ranspor t   equat ions  and the   cond i t i ons   f o r   t he   occu r rence   o f  

sharp  turbulent -nonturbulent   in ter faces may be found i n   t h e  paper  by 

Saf fman (1 970) . 
Because the   govern ing   equat ions   o f   the   theory   a re   o f   the   fami l ia r  

d i f fus ion  type,   ex is t ing  numer ica l   in tegrat ion  techniques  could  be used 

wi th  the   cos t  o f  comput ing  increas ing  on ly   f ive- fo ld   as compared t o   t h e  

laminar  case.  Standard  laminar  boundary  layer  computer  programs  could 

be  adapted t o   t u r b u l e n t   f l o w   c a l c u l a t i o n s   w i t h o u t   t h e   n e e d . f o r  an 
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extens ive  research  in to   computat ional  methods. 

The theory  as  proposed  here  remains  unproven u n t i l   i t s   p r e d i c t i v e  

capab i l i t ies   a re   demonst ra ted  on the   bas is  o f  some computed  examples. 

The tu rbu len t   t ranspor t   equat ions  may be r e a d i l y   s i m p l i f i e d   b y   a p p l i -  

c a t i o n   o f  boundary  layer  concepts or by  reduct ion  to   spec ia l   cases.  

For  instance,  disregarding a l l   b u t   t h e  t w o  v o r t i c i t y  modes g ives   the  

theory  o f   incompress ib le   turbulent   f lows,   whi le   the  re tent ion o f  o n l y  

the  two acous t ic  modes r e s u l t s   i n  a s t a t i s t i c a l   t h e o r y  o f  sound o f  

inhomogeneous i r r o t a t i o n a l   ( p o t e n t i a l )   f l o w s  o f  importance i n  cases 

where apprec iab le changes i n  wavelengths of sound occur  over  distances 

o f  one wavelength. 
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