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SUMMARY

Sound wave propagation in a soft~walled rectangular duct with steady uni-

form flow was investigated at exhaust conditioms.

An analysis was developed

incorporating the solution equations for sound wave propagation in a rectan-
gular duct with multiple longitudinal wall treatment segments and uniform

flow.

Modal analysis was employed to find the solution equations.

The

analysis was used to study the effectiveness of a uniform (one-segment) and of
two-sectional liner in attenuating sound power in a treated rectangular duct

without flow (M = 0) and with uniform flow of Mach 0.3.

The optimization

studies were made for a duct height-to-wave length ratio of 1,535 and wall

treatment length-to-duct height ratio of 3.43.

The optimum predicted sound

attenuation was compaved with measured laboratory results.

Several two-element treatment configurations were designed to reproduce

the optimization conditions and then tested.

Good correlation was obtained

between the measured and predicted suppressions when practical variations in

the modal content and impedance were taken into account.

Maximum suppression

was found to be very sensitive to the impedance components of the liners: a
variation of any one of the normalized resistance or reactance components by
+ 0.1 caen lower the predicted peak suppression of 35 d3 by 5 to 10 dB.

The analysis was then employed in a series of parametric optimization
studies, first, of the effect of the ratio of duct height~to-wavelength, n,
on the optimum sound suppression in an acoustically lined rectangular duct

and, second, of the effect of variation
sound suppression when the total length
constant, Two-segment optimized liners
the attenuation of sound as compared to
suppression increase depends upon the n
incident source mode distribution. The

of liner segment length ratio on optimum
of the two-element treatment is kept
were shown theoretically to increase

an optimized uniform liner. That

value, i.e., upon the frequency, and
most practical use of this enhancement

occurs over an approximate range of frequency parameter n (H/X) from 1 to 5.
Maximum sound attenuation due to a two-sepgment liner of a given length depends

upon the relative lenpgth of the liner segments.

Optimum suppression increases

with increase from zero to slightly over one in the ratio of the length of the

upstream liner segment to that of the downstream segment,

Maximum optimized

suppression is attained at, or slightly above, the segment length ratio of
1,0; i.e., when the two liner segments are approximately of the same length.




SECTION 1.0

INTRODUCTION

Substantial noise reductions for modern turbofan engines have been
accomplished with the use of acoustic treatment, or sound absorbent liners, on
the walls of the engine inlet and exhaust ducts. The state of tre art of
acoustic treatment design has developed to the point where, if further gains
are to be achieved, it is necessary to investigate detdiled flow duct acoustic
phenomena which cause one engine configuration te differ from another. These
effects include the nature of noise generation mechanisms, acoustic propa-
gation through flowing air, and the optimization of liner sections, among
others. Such phencmena are not susceptible to the emp1r1ca1 approaches which
have served to develop past designs., An excellent survey of current jet engine
acoustics is presented by Nayfeh, Kaiser, and Telionis (1), %

The basic theory of acoustic propagation in ducts with airflow has been
known for sometime, but the correlation of the theory with experiment has been
scarce, The emphasis of this study is on the application of modal analysis
of wave propagation in ducts, with uniform airflow, to design acoustic liners
which are optimized for maximum suppression under a given set of constraints.
A design method is developed and the theory is tested by comparing analyti-
cally predicted suppressions with measurements made in a laboratory duct.

The model for the theory and experiment was chosen to be a rectangular
duct, This simplifies the analysis and allows experimentation under control-.
led conditions. It is not without practical application, as well, since
propagation in a high radius ratio amnulus is approximated closely by propa-
gation in a rectangular duct (2}, A major objective of the investipation is to
determine how detailed the analysis must be to predict accurately the physical
phenomena. '

1.1 PROGRAM OBJECTIVES

The primary objective of the program was the analytical and experimental
evaluation of the multielement suppressor concept. The evaluations were
conducted at conditions of aeroacoustic flowfields representative of engine
fan exhaust ducts. The program was accomplished in two major Tasks, Task I
being an analytical study and Task II an experimental program.

* ——" -
Superscript numbers refer to references contained in Section 7.0.



__1,2 TASK 1 -OBJECTIVES AND SCOPE

The objective of the analytical study in Task [ was to develop a method
for finding the optimum design of a two-panel~element exhaust duct suppressor
employing step discontinuities in the wall impedance, given a set of specific,
but arbitrary, initial conditions. The method makes use of the theory of
modal propagation with airflow. in an acoustically treated rectangular duct;
specific conditions for the analytical method are: (1) the duct is twe-
dimensional, (2) sound propagates with airflow of uniform velocity across the
duct, and (”) the sound source consists of a discrete frequency, statistically
stationary vith time. A further objective was to use the resulting analysis
to determine «n optimum liner configuration under a specified set .f conditions,
to build and test the design'in a laboratory duct (under Task I1),” and to - ‘
compare predicted with the measured suppr3351on results. TFinally, the scope of
this task included u51ng the analysis in two parametric studies to determine
the amount of suppression that can be cbtained with two panels having optimized
1mpedance components, one to investigate the effe ts. of the ducL~he1ght/wave~ .
length ratio, =, and the other to determine the effect of Lhe railo of the
lengths of the two liner sections. v S o

1.3 TASK II OBJECTIVES AND SCOFPE

The objective of the experimental program in Task Il was tu demenstrate
experimentally the optimlzed treatment design determined in Task I and provide
data for correlation with the analysis, The test program was accomplished in
two main phases, with a short preliminary test preceding both of these.

Prior to the initiatlon of the parametr1c de51gn optlmlzatlon in lask I,
it was necessdry to measure the modal source characteristics of the duct
under the optimization conditions. This was dccompllshed in a preliminary
duct test in a hardw=11 configuration.. - “ :

Upon completion of the design optimizationm in Task I, the Phase 1 test
program was initiated. Six treatment panel hardware designs were determined
which would "bracket".the desired impedance components.. . These configurations.. -
were then tested in the duct for third octave transmission loss over a wide
range of frequencies and for narrowband transmission loss at the design fre-
quency. The treatment configuration show1ng the best suppression was then
- subjected to detailed modal measurements. . . : : oL

The objective of the Phase Il test program was to improve wupon the results
of the Phase 1 testlng, based on evaluation of the Phase I test results. This
ied to an<analytical reoptimization based on revised source modal character= -
istics and test of the revised design. In addition, such effects as sen51t1—
vity to source modal characteristics and wall impedance were investigated in
detail as part of Phase II.

ORIGINAL PAG 1 | o o
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SECTION 2,0

- ANALYSIS

Starting with the wave equation in Cartesian coordinates, modal analysis
-is employed.to find the solution for the wave propagatlon in a soft—walled
multisectlonal rectangular duect with flow. :

© 2.1 BASTG BQUATIONS -

The sound field in a horogeneous medium with unlform steady flow is
descrlbed by the follow1ng linearized wave equation(3).

- ) | ) S E
25 = 1 3%  Ma% ,03% o ()
[T T awmer T o
where
Vz = the Laplacian operator -
p(x,2,t} = the acoustic pressure
c = the speed of sound v
M = unlform steady flow Mach number in the" 9051t1ve axial

dlrectlon, z

; Two-dimensional. duct geometry is assumed, i,e,, the re:tangular duct is
modelled in two dimensions ‘as shown in’ Flgures 1 and 2 for a single acoustic .

l_.traatment segment.~ The sound pressure waves enter the treated portion of the

duct at z = 0 and propagate in the positive z-direction., A positive flow
Mach number indicates’ steady uniform flow in the positive.z-direction and S
thus simulates exhaust conditions. A negative Mach number-indicates flow =
opposite to that of the propagation of sound, ‘i.e,, simulates inlet condltlons.

. The. elxm1nat10n of: tlme dependence, which is-assumed -to be. of the form

Ve ~iue , yields. the tWo—dlmenelonal time—independent wave equatlon.-“”'
ey 22y (2kM)——E-4 e R S
. 3z? 3z - 9x

. where -

 x,and z are Cartesian ceordinates (See Figure 1)
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It = %—is the wave number in free space
w = 2nf is the angular frequency
f = frequency, Hz.

The solution of Equation 2 for the m~th mode of the acoustic pressure in
a single uniform duct section is given by the sum of the incident and reflec-
ted waves for that mode, i.e.,

e dK (z-z ) B . iR (z-z, ) -~
(x,2) = |od & N AV G k2 ™ hE2 SR (3
Pn(¥,2) _ﬁn ﬂJ( m i’ Tm € S;n(fm i )

The first term in the brackets represents the forward traveling (incident)
wave, while the second one is the backward traveling (reflected) wave. The
+ sign on the superscripts refers to the former, the - sign is associated
with the latter.

The spatial part of the complete solution for the acoustic pressure is
the sum of the characteristic solutions

B .k+ - iK (2~
plx,z) = Z_ [A;j ej m(z zj) qu(Y; %)_,_ Ai;(j+l) el"{m(z 2j+l)¢m("(; %):' (4)
m=1
where

X = the transverse distance

Yp = transverse mode eigenvalue

m = transverse mode number

NM = number of transverse modes in the expansion

i, j¥L = axial station indices

H = duct height

A, = modal expansion coefficient

ém = eigenfunction for the m-th mode

* = guperscipt signs denoting the direction of wave propagation

e
The axial propagation constants k~ for the forward and backward propa-
gating mode m are related to the flow Mach number M and transverse eigenvalues

YE by

-]
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The normalized symmetric modes are given by

x x
{(1+cos ym) cos(}’m i Y + sin }’m sin()’m )

H
sinym
H(l-i-cosym) (l+ 7 -

m

¢m(x) =

(6)

and the normalized antisymmetric modes are given by

% ) . X
b ()= ~(1 -cos Ym) cos (Ym I } + sin Y 51n(}’m H)
m

siny_ 7
\/Hi(l—cosym) (l— __Y_ga_>

Yl'll

The expressions in the denominators of Equation 6 and 7 are the normal-
ization factors obtained from the integral

H

- 2
CNORM, = ofpm (x) dx

(8)

For symmetric modes, it yields

CNORM,, = \ﬁl + cosP) (1 + sin¥y/ ) 9



—

and for antisymmetric modes

CNORM_ = /H(1 = cos¥y) (1 - sin¥p/Py) (10)

Th2 eigenvalues yp and the eigenvectors are determined from the wall
boundary conditions which can be expressed in terms of impedance ratios or
admittance ratios.

The boundary condition to be satisfied by the symmetric modes is

¥ ¥
iﬁm 1 - cos}h
BiH = Y, (11)
(1—M 'f_@)“ sin ¥i
k
and by the antisymmetric modes is
¥ i
. -iym 1+ cosyY (12)
Bidi = + +
(1-—1-1 "__m)“ sin Y_
k

where,

g is the duct wzll admittance ratio (based on the e_lmt time periodicity).

n = exponent depending on the type of boundary condition
We set n = 1 for the particle velocity continuity wall boundary condition
and n = 2 for particle displacement continuity wsll boundary condition.

2.2 RECTANGULAR DUCT EIGENVALUE DETERMINATION

The determination of the transverse eigenvalues requires finding the
roots of two complex transcendental Equations, (11) and (12). This can be
done by graphical or analytical methods. The mapping of the variable gkH
in the complex eigenvalue plane for symmetric and antisymmetric modes, at
Mach number M = 0.0, is shown in Figures 3 and 4, respectively.

For every {(physically possible) wvalue of BkH there is a corresponding
sequence of symmetric and antisymmetric eigenvalues. Each eigenvalue
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Figure 3, Complex Admittance-Eigenvalue Contour Mapping for
Symmetric Modes in a Rectangular Duct at Mach 0.0,
Solid Lines are Constant Magnitude fkH, Broken Lines
are Constant Phase akH, Assumes e~ ! Time Dependance.
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Figure 4.
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Complex Admittance-Eigenvalue Contour Mapping for Anti-
symmetric Modes in a Rectangular Duct at Mach 0.0, Solid

Lines are Constant Magnitude gkH, Broken Lines are Con-
stant Phase BkH. Assumes e~ k't Time Dependance,
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in the sequence falls within one of the regions delineated by the cross-
hatched lines separating the mwde orders. While for Mach 0.0 the map applies
to all kH values, for Mach numbers different from zero a separate mapping is
required for each Mach number and every value of kH.

The roots of Equations (11) and (12) are determined analytically by 4)
employing an iteration procedure referred to as Bailey's iteration method (%) .

Given an estimate Y3 of a root of the equation

F(yy) = 0 (13)

Bailey's iterative formula for computing a refined approximation Y4+l of
the root from the approximation y4 is

F(Yj)

Yj+1 ) Yj i YFU(y.)
P (1) - FOIF (G, (14)

2F'(Yj)

where j is the iteration index, and the primes denote derivu.ives with
respect to y.

Bailey's method is similar to the more familiar Newton-Raphson iteration
technique but it has a higher order of convergence, i.e., it converges at a
faster rate than the former.

The success of an iteration scheme such as this is measured by its
ability to rapidly converge to the correct eigenvalues. In the present case
the eigenvalues are multivalued functions of the wall admittance and the
convergence to the correct root is critically dependant upon the assumed
initial value of the root at the start of the iteration. In the past, it has
been customary to start the iteration from the sequence of hard wall roots on
the real axis of the complex eigenvalue plane., Although these initial values
start in the correct modal regions, there is no guarantee that the iteration
path of convergence will not cross a branch cut separating modal regionms,
This may lead to double eigenvalues and/or missed eigenvalues, since the
technique always converges to the eigenvalue nearest to the starting point,
regardless of the branch cuts.

It is important that the eigenvalue routine be as accurate as possible
in a program used as an optimization design tool, particularly when many
cases are to be run in succession. A special effort was therefore made to
develop an eigenvalue routine free of problems usually encountered in pro-
grams of this type.

12



The adopted procedure consists of dividing the modal regions in the
eigenvalue mapping plane into subregions, and choosing an initial value for
each mode in the appropriate subregion. The subregion boundaries are either
lines of constant magnitude of RkH or lines of constant phase of BkH. Typi-
cal examples of the partitioning and initial values are shown in Figures 5
and 6 for the lower part of the symmetric and antisymmetric mode planes.
Using these initial values, the iteration procedure is then performed at
M = 0 until convergence criteria are met. For a nonzero Mach number, the
Mach number is then increased from zero to its final value in small incre-
ments, using the converged eigenvalues from the previous Mach number as
initial values in the next step. This is done for both positive and negative
Mach numbers at the same time, since the respective eigenvalues are needed
for both forward and backward traveling waves.

The assumption used in the above procedure is that the eigenvalues shif:
continuously as a function of Mach number. Results of the program and previous
experience in modal mapping appear to confirm this continuity even though the
mapping of cases with the flow may be different from the M = 0 case, partic-
ularly for low values of kH and continuity of particle displacement boundary
condition. Checkout of the eigenvalue routine for several 8kH values and
flow Mach numbers has indicated it to be a reliable, accurate, and rapidly
convergent calculation. It is not infallible, however, and certain combina-
tions of parameters may still cause convergence problems. Since the accuracy
of the solution is very sensitive to the eigemvalues, each case must individ-
ually be checked for convergence or the occurrence of double eigenvalues.

2,3 DUCT SOURCE DETERMINATION

The duct propagation analysis requires knowledge of the pressure modal
distribution over at least one plane in the duct. The complex modal coeffi-
cients must be obtained, such that they contain both relative phase and
magnitude information.

If it is desired to compare the results of the program with a rectangular
flow duct experiment, it is necessary to perform a modal measurement at the
planes designated as source planes. This consists of measuring acoustic
pressure cross—-spectra between a statiomary reference microphone and a micro-
phone which can be traversed across the duct. The cross-spectral density,
at a given frequency, as a function of distance across the duct, is then
expanded in duct modes as

NM =
]=

If the modal measurement is performed over a hardwall section of the duct,
the forward and backward eigenvalues are the same, so that Equation (15)
can be written

13
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_ S AaF+ A e (7D
S(w,x) = Cy 1 i M E (16)

Thus, the coefficients which present the sum of forward and backward troveling
waves can be determined by standard Fourier methods.

The system matrix can be written to allow this interpretation of the
source vector as a superposition of forward and backward traveling waves.

The eigenvalues with flow over a softwall section of duct are different
in the forward and backward direction, so that in thils case a variation of
the procedure is required. We multiply Equation (15) successively by

b, ( sz,- %) and ¢, (vy ’E) (17)

and integrate from zero to H. This gives two sets of equations,

4R

1), % g)ax] (18)

M r _ pH
fs(w,x)’?z()’: =2 Lj‘f¢ o B80T Dacs w0

1=

and

M " N _ P _
jjstw,x)g(r;%)dwz [:fffoﬁ» O] P, Pax+ 4] chjbfi U ?‘ﬁ)a:c] (19)

which can be solved for the A and the A;, since the integrals can be carried
out.

The theory behind the modal measurement requires the experimental deter-
mination of the complex acoustic pressure profile as a function of x across
the duct at given frequencies of interest. At a given frequency, the modal
coefficients are determined by a modal decomposition of S{w,x} inr Equation
(15) using standard Fourier analysis-type techniques. The magnitude and
phase of S{u,x) are determined at a number of immersions by measuring the
cross-spectral density between a moveable probe in the duct and a reference
microphone fixed in the wall of the duct. The experimental setup for a
rectangular duct is shown schematically in Figure 7.
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The cross-spectral density of two signals is the product of the Fourier
(time) transforms of the two signals in the form

Srp(w,xr,xp) = pr(xr,m)*pp(xp,w) (20)
where
pr(xr,m) = refergqce microphone pressure signal
pp(xp,w) = probe pressure signal
xr,xp = posit%ons of reference microphone and probe

angular frequency, radians/second

The bar denotes Fourier transform with respect to time, and the asterisk
denotes complex conjugate., If we make the modal measurement in a hardwall
section of duct, the Fourier transform of Equation (16) gives

(-]

'P(x,w.). = ZC

X {21)
= j_(m) ¢j(Yj 7

where
c. = AT 4 AT (22)
k| A h|

Combining this with Equation (20), we get

0 [v o]
s = |y c* " .
vp 1) [Z cn(w)}[j;) HOENS -H—)J (23)

n=0

The first sum on the right hand side is constant with respect to X, so that,
if we let

@
B = Cj(w)[z cha | (24)
n=0 _i : .
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‘We can write

o . . .
,Srp'(w.x).. :?;(:)‘BJ L) "j’j‘(Y;j' %.) c , T (25)

The left side bf'this:expregéion iS bbtained'from'méasureméﬁt, and the B, are
then obtained from analysis. Since the B; are proportional to the C;, tile

__relative magnitude and phase of the modal coefficients can be determlned in
© this manner. - :

2.4 MATRIX SOLUTION METHOD

The two-dimen51onal characterlstlc waves propagating in the duct comblne
to yield the resultant wave (Equation 4). The amplitude of the resultant
wave is the complex sum of the amplitudes of the characteristic waves. It is
convenient to reépresent multimodal acoustic propagation - in a multlsectloned
duct in the form of matrix equations., This is similar to the approach
employed by Zorumski 5,6 '

In the multielement ducﬁ, the finite duCt?sec;ions are interconnected.
Correspondingly, the characteristic duct solution (Equation 4) applied to
each finite section must include acoustic coupling effects between the
respective duct sections, i.e. s the propagating wave must include trans-
‘mission and reflection effects at.the appropriate transverse planes of
longitudinal wall impedance discontinuities. Figure 8 shows schematically
a two—element duct with the indicated transverse planes. -

The condltlon for acoustlc nressure contlnulty across a plane of axial
impedance discontinuity at z4j = zj41 is, in vector form,

BT i ARESTIPE LT

iy vty My
(26)
{¢ﬁ(3 ) } { (J 1)} ﬁ? (3+1)} Ia (i+1)

For the axial component of acoustic velocity, the continuity condition is

3 e w3 rgl o =
{¢+(j+1)' }T [ B-!-(j-i-l)r 7 (3+1)} ™ (3+1)} - Z(J+1)]{A (J+1)}

18
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where, with the sign of the superscripts indicating direction of wave propa-
gation,

() =

vecktor of eigenfunctions, plane j
+ 3
{A"4} = modal solution vector at plane j

T = guperscript designating the transpose of a matrix,

The elements of the axial impedance matrices are given by

4+ s
"j KJ s
8, (1,3) = 1J
MK“:J: (28)
k - M
where 61J is the Kronecker delta.
513 =1, for I =17
61.] 0, for I #J
By multiplying Equations (26) and (27) by
TR (29)
and integrating across the duct, we obtain
i 4 05+1) 4] +j +(j+1),-(j+1 ~{j+1
{A+(3+1)} = [T (j+1}, J] {A J} + [R (3+1),-(] )] {A ( )} (30)

where [T] is a transmission matrix from planes j to j+1 and [R] is a reflec-
tion matrix at plane j+l. Thus, this equation relates the forward traveling
wave at plane j+1 to the combination of the forward traveling wave transmitted
through the discontinuity from plane j and the reflection of the discontinuity
from the backward traveling wave at plane j+1.

Similarly, by wmultiplying Equations (26) and (27) by
{479} (31)

and integrating across the duct, we obtain

20



O B Ve S S R VNl e P Pt e RO (32)

Equation (32) relates the backward traveling wave at plane j to the backward
traveling wave at plane j+l transmitted through the discontinuity and the
forward traveling wave at plane j reflected from the discontinuity.

The forward traveling mode at plame j and the backward traveling wave at
plane j+1,

'ty (a4, (33)

are determined by considering the propagation through uniform sections to the
left and to the right of the plane of discontinuity.

The matrix equation relating the solution at plane j-1 to the solution
at plane j, in the forward direction, is (referring to Figure 8).

{A‘{‘j} = [ U+js+(j"’1)] {A+(j—l)} (34)

where the elements of the uniform section transmission matrix [U] are given
by

. +
v g0y < M) (35)

The matrix equation relating the solution at plane j+2 to the solution at
plane j+l, in the backward direction, is

P I ¢ TR G L OB G s
(36)

where,

U—(j+l),-(j+2)(I’J) -5, eilcj(zj+l - zj+2) (37)

Similar equations apply to the backward-traveling wave in the left sectiom
and the forward-traveling wave in the right section.
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By combining Equations such as (30), (32), (34), and (35), one obtains
a set of matrix equations which interrelate the solutions at all planes
(note that each uniform section has twe planes, one at each end) between the
source and duct termination. If, in addition, two equations are written
establishing the modal source input and reflection matrix at the source
plane, and the reflection matrix at the termination plane, one obtains a
complete set of equations for the solution vectors at each plane, 3By stack-
ing the solution vectors at each plane into one large overall solution
vector, a matrix equation is obtained relating the solution vector to the
source vector in the form

(8] {a} = {q} (38)

where [8] is the system matrix comprised of transmission, reflection, and
uniform section matrices stacked into the appropriate blocks, {Al is the
stacked modal solution vector, and {Q} is the stacked modal source vector.
It is not necessary to locate the source plane at the end of the ductj it
can be arbitrarily located by stacking the source modal participation into
the appropriate partition of the source vector.

The solution of Equation (38), indicated symbolically by

{a} = 1817 (Q} (39)

provides the modal participation at each plane, for both forward and backward
traveling waves. The order of the system of equations to be solved is the
number of planes multiplied by the number of modes used in the expansion
(held constant at each plane) times two (for forward and backward traveling
waves). Complex arithmetic is used throughout.

Iwo indicators can be used to gauge the accuracy of the solution. First,
the acoustic pressure or velocity profiles can be reexpanded at planes
adjacent to an axial discontinuity to check for continuity. Second, the
energy flux at adjacent planes can be calculated to check for energy balance.

2.5 ENERGY FLUX

The expression for the acoustic energy flux in a duct with uniform sub-
sonic mean flow (lM|<l) contains terms representing the no-flow acoustic
energy flux and convected kinetic and potential acoustic energies. The axial
component of the acoustic intemsity, i.e., the acoustic power flux per unit
area, is given by(7)

= + U <p2> + U2 U o<ve> (40)
Iz —<Pvz> p CZ —c-z (sz> + pO 2
(o]
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where

v, = axial component of acoustie velocity
U = mean flow velocity in the axial direction
Py = density of air

The brackets <> designate time averages.

Making use of the momentum equation relating acoustic pressure and velocity
and considering modal acoustic intensity, one gets expressions for the
intensity for the cases of

a. the forward traveling wave modes

®

*oh +. 5 +
P_Lp K
I+(m,n) = Re{ ——2 [("‘n) (1+M2+M 2+ M] (41)
2z 20 ¢ |—
o k k

b, the backward traveling wave modes

- - *
I-(m,n) =Re m 1 {(i) (l'{'Mg'H'i "if:!l) + M] (41)
: ° K k

where m and n are modal indices and the asterisk denotes the complex
conjugates.

The corresponding modal energy fluxes, E:(m,n) and E_{(m,n) are obtained

by integrating the respective modal intensities (41) and %42) over the duct
cross-sectional area, i.e.,

h
E:(m,n) = f I:(m,n) dx (43)
o
and
h
E (m,n) = J/~ 1 (m,n)dx (44)
z z

0
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The total energy flux in the forward and backward direction is calculated
from Equation (43) and (44) by performing double summations over all modes.
The net energy flux at any cross—sectional duct plane is the algebraic sum
of the total forward and backward enerpgy flux.

The analysis determines the modal energies for forwarid- and backward-
traveling waves at the planes of discontinuity, as well as the modal energy
sums and the net energy flux. This allows investigation of erergy transmission
and reflection effects at duct section interfaces.

The overall suppression is composed of the combined attenuation of
individual modes, each at a particular level of participation. The
individual mode attenuation rates are given by the imaginary part of the
propagation comnstant, Equation (5), which can be written as

Ky = Op T 1T (45)

The attenuation rate for each mode is, then,
Att = 8,686 T H (46)

where the units are dB per unit duct height.
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SECTION 3.0

PRELIMINARY OPTIMIZATION STUDIES

The analysis was applied to optimize the design of a two-element suppres-
sor for test in a laboratory duct test faecility. The method used was to
determine the impedance components of each element, both resistance and
reactance, which would yield the maximum suppression for the test conditions
to be imposed in the experiment.

3.1 SPECIFIED CONDITIONS

The conditions used for the optimization study were as follows:

e Rectangular duct geometry as shown schematically in Figure 9
The height between treated sections was 26.7 cm (10.5 in.); the
duct width was 10.2 cm (4 in.); the total treated length was
91.4 cm (36 in,), equally divided for each of the two treatment
panels. This resulted in a total treatment length/duct height
ratio of 3.43.

o Design frequency of 2000 Hz with input modal energy distribution
as determined by measurement in the test facility. This included
both no-flow and flow at C.3 Mach number,

This choice of design frequency resulted in a duct height/wave-
length ratio of 1,535 so that at least two higher-order modes

were cut-on for the no~flow condition; at least one more was

cut-on with flow. Thus, counting the lowest order mode, four modes
could propagate with flow in the hardwall duct. lMore could
propagate depending upon the treatment impedance components

(to be determined by the analysis). As noted in Section 4.1,

the sound source was deliberately set off-axis to excite higher
order modes.

® Input modal energy distributions (modal expansion coefficients)
shown in Figure 10 for no-flow and in Figure 11 for flow at 0.3
Mach number. These distributions were determined experimentally
for the untreated, hardwall duct. Note that the distributions
are substantially different with and without flow. Thus, the
optimized impedance components derived from the analysis include
more than simple flow convection of the acoustic wave. Alsc note
that some energy in cut-off modes is present at the source, but
the cut-on modes dominate in both cases.

In the analysis, seven modes were included in the energy balance.
Continuity of particle displacement was used for the wall boundary. Since
the tests were conducted with an air supply at room temperature, standard
atmospheric conditions were assumed.



'V////‘[//////i/////////‘

Flow : 26.7 cm
—_— (10.5 In.)

Sound |

" Z
V/////////////////

45,7 ¢
i“‘— (18 In) —>f“‘— (18 Inc)“""

Figure 9. Schematic View of the Rectangular Duct.



Phase, Degrees

Relative Magnitude

200

100

~200

1.0

0,8

Figure 10,

2 3 4 5 6
Modal Index, m (From Equation 3}

Source Modal Coefficients for 2000 Hz Signal,

Mach 0.0,

27

[ RN S s o}
dB, Relative

16

3



28

Phase; Degrees

Relative Magnitude

200

100

-100

-200

L.0

0.6

0.4

Figure

11.

2 3 4 5
Moaal Index, m (From Equation 3)

Source Modal Coefficients for 2000 Hz Signal, Mach 0.3,

I
¢own B (8%

1
[h)
<o

dB, Relative



3.2 ITERATIVE OPTIMIZATION PROCEDURE

The analysis was used to estimate the optimum effectiveness first, of a
uniform liner, and then, of a two—segment liner for the specified geometry,
frequency, and source conditions. The uniform treatment involves only two
parameters (the two impedance components), but the two-sectional liner
requires that four parameters (two impedance components for each liner
segment) be varied.

An iterative optimization procedure was used, as outlined below:

The best uniform liner was found by parametrically varying its
impedance components.

Figures 12 and 13 show the calculated suppression as a function
of normalized reactance and resistance respectively, for the no-
flow case; maximum attenuation of about 28.2 dB occurs for Z/pc =
1.25 - 1.651.%

Figure 14 shows contour plots of constant attenuation in the
uniform liner impedance plane at Mach 0.3 flow; maximum atten-
vation of about 21.6 dB occurs for Z/pc = 0.9 - 1.0i. This is
markedly less than that predicted for no-flow conditions.

Using the impedance of the optimized single-element liner for
the downstream segment, the impedance components (resistance
and reactance) of the upstream liner segment were varied until
peak suppression was attained.

At M = 0, a maximum attenuation of 29,2 dB is predicted (first
segment impedance ratio Z31/pc = 1.15 ~ 1.81, followed by Zp =

1.25 - 1.,651). At flow of Mach 0.3, the maximum attenuation is
predicted to be 22.4 dB (Z1/pc = 0.9 - 1.21 and Z2/pec = 0.9 - 1.01).
The associated contour plots of constant attenuation of the two-
segment liner in the impedance plane of the first segment are shown
in Figure 15.

The impedance of the upstream liner segment was unchanged while
the impedance components of the downstream segment were varied.

in this step for the no~flow case, a peak suppression of 32,2 dB
was calculated (Z1/pc = 1.15 - 1,81 and Z2/oc = 1.33 - 1.35i).
Correspondingly, a peak suppression of 25.2 dB was predicted for
the case with Mach 0.3 flow. (lecc = 0.9 - 1.2i and Z3/pc = 0.9 -
0.81) as shown in Figure 16.

*
Note: The normalized impeg%gges given in this report are all referred to the

more conventional e form. This is the complex conjugate of the
value which is used in the theoretical analysis.
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e The alternating iterative procedure of the preceding two steps was
repeated until the impedance changes yielded less than one dB-
increase in suppression.

. Having achieved the latter, the corresponding values of the resis-

tance and reactance ratios were varied by + 0.1 each to ascertain
that the predicted suppression was indeed near or at a maximum,

3.3 RESULTS OF OPTIMIZATION -

The predicted peak suppressions, and the associated impedance components,
at the conclusion of each iteration without and with flow are listed in Tables
I and II, and shown graphicallv in Figures 17 and 18, respectively. Bar
graphs of the predicted peak suppressions from each iterative step are shown
in Figures 19 and 20.

Thé.final result for thé optimized two-segment liner without flow is about
39.0 dB, an increase of 10.8 dB over the optimized uniform liner suppression
of 28.2 dB. With flow the result is 29.3 dB versus 21.6 db for the uniform
liner. ' ' o '

in all cases considered, maximum suppression occurred at negative reac—
tances of both liner segments. In the course of the iteration for the case
‘without flow, the resistance ratio of the first liner segment decreased from
the single-element optimum value of 1.25 to 0.85. 1Its reactance also decreased
from —1.65 to ~1.85 {an increase in absolute wvalue). The resistance and reac-
tance of the second liner segment increased. The former underwent a moderate
increase from 1.25 to 1.35, while the latter changed more rapidly from -1, 65
to -1.04 (a decrease in absolute value from 1.65 to 1.04),

For the case with flow of Mach 0.3, the changes in the liner segment
“impedance ratio components followed similar trends. as in the case of M = 0.
This is shown in Figure 21.

While the resistance of the first liner segment decreased somewhat (from
0.9 to 0.7) in the course of the iterations, the absolute value of its reac—
tance increased (from 1 to 1.37).  The resistance of the second segment

remained unchanged (0. 9), the absolute value of its reactance decreased from
l 0 to 0.7.

Although the approximate design procedure of dividing the respective
resistance and reactance values at M = 0 by the factor (14M), with M = 0.3,
does-not yield the corresponding-exact values of the liner segment resistances .
and reactances at M = 0,3, it produces the expected trends. The 1/(I-H{)
factor would be ohtained from the continuity of particle velocity assumption,
and is also the value obtained from empirical results. Based on continuity
. of particle displacement, a factor of 1/(144}2 would be chosen. .

For an eptimized two-element treatment arrangement, the final value of
impedance requires a thinner liner element with a higher faceplate por031tv
for the first liner segment than for the second one, ' :
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Table I,

£ = 2000 Hez

. Iteration
Kumber

6A

6B

Summary of Rectangular Duct Propagation Program Liner Optimization, Mach 0.0,

M= 0.0

lUpstream Section
Impedance Ratio

1.25
1.15
L.15
1.0

1.0
0.93
0.93

0,85

1 72

L.=L,= 45,72ecm (18") L =

Zl(PC

— 1.651

5‘1.&01
- 1.83i
- 1.8%
- 1.85%

- 1,851

- 1.851

L #

17l H/A = 1,535 L/H = 3,43
Zyipe Zolpe
e : Ll >} L2 >
M & Sound
Dowvnstream Section Total
Impedance Ratio AdB
zz/p(‘.
1.25 -_1.651 ~28,2 (Single Element Optimum)
1.25 - 1,654 -29,2 (Iterate cn}Zl/Pc)
1.33 - 1.35% -32.2 (Iterate on Z,/Pc)
- 1.35% - 1,351 -34.2 (ILterate on Zl/Pc)
1.35 - 1.154 -36.2 (Iterate on ZZIPC)
- 1.35 - 1,151 -37.8 (Iterate on Zl/Pc)
- 1.35 - 1,044 -38.55 | (Iterate both leﬂc and.ZZIPc)
1,35 - 1,041 ~38.95 - (Lterate on Zl/Pc)
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Table II, Summary of Rectangular Duct Propagation Program Liner Optimization, Mach 0,3.

£ = 2000 Hz

Iteration

Number

4

4B
S5A

- 5B

n

Impedance Ratio

0.9~11

0.9_’"1-21 N .

0.9-1,21

0.3 n=2 Ly=L,= 45.72em (18") L = Ly+L, H/A = 1.535 L/H = 3.43

z lpe ZolPc
V777772

M & Sound

Upstream Section Downstream Section
Impedance Ratio

ZZ/PC

0.9-11

Ongﬂli

. 0.9-0¢8i

Total
AdB
~21.6
22,4
~25,2
~26.9
-28,1

"'28 -46
~28.66

-29,31

(Single Element Optimum)
(iterate-on Z4/pc)
(Iterate.on Z,/pPc)
(Iteraté.on ATLON

(Lterate on ZZ/PC)

(iterate both leﬂc and Z,/Pc)
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Figure 22 shows the results of iteration 6B (See Table I). The objective
of that iteration was to explore the effect of the resistance, particularly
very low resistance, of the first liner segment on the suppression. Thus,
the resistance of the first (upstream) sepgment was varied from very low values
to high values, while its reactance and the impedance of the second segment
obtained in the preceding iteration (6A) were kept constant.

The second liner sepment was found, in all optimized cases, to cause more
suppression than the first one of equal length. An example at Mach 0.0 is
shown in Figure 22. The figure shows, in addition to the total suppression (due
to both liner elements), the attenuation due to the first segment only. The
latter attenuvation is close to zero for near-zero resistances of the first
liner segment; it increases with resistance and attains a broad maximum for a
resistance ratio of 0.85. Beyond that, it decreases very slowly. The total
attenuation of both segments peaks at the same resistance as the first segment.
Its increase and decrease, however, are characterized by steeper slopes than
the attenuation by the first liner segment.

For very similar conditioens, Baumeister(s) has found optimized two-element
configurations for very low resistances of the first section. During the con-
vergence process in the search for the optimum, special effort was made to
check for maximum suppression conditions which decreased the first liner
resistance. There was no indication of any trend toward low first liner
resistances in this case. In fact, all indications were that the optimum
suppression occurs at a unique value of impedance (holding -, the panel
lengths, and the modal content constant). When the particular optimum cases
run by Baumeister were attempted by the modal analysis, numerical convergence
problems were encountered in most cases, leading to indeterminate results.

As will be shown in a later section, there are optimization conditions (in
particular, higher n values) which lead to low resistances in the first
section.
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SECTION 4,0

DUCT TEST PROGRAM

The test program had as its primary objective the experimental demonstra-
tion of the suppression properties of the optimized treatment designs deter-
mined anmalytically in Task I of the program, The test program was accomplished
in two phases. Phase I comprised the measurement of suppression for six
treatment configurations using liner design parameters which were believed to
bitacket the desired impedance compotznts, Phase II was a test of several
treatment configurations with the objective of improving on the results of
Phase I, using knowledge gained from the first series of tests.

4.1 DUCT FACILITY DESCRIPTION

The rectangular cold flow duct facility provides the capability of measur-
ing treatment sample acoustic transmission losses under conditions ef continu-
ous flow with Mach numbers up to about 0.5, The duct is 10.2 ci (4 inches) in
width with hardwall sides and allows duct heights up to 40.6 em (16 inches)
with treatment panels at the top and bottom. The treatment panels are con-
tained in trays 91.4 cm (36 inches) in length which allows interchangeability
of perforated faceplate and honeycemb backing. The treatment panels can be
segmented in the trays, allowing axial variation of faceplate poresity and
cavity depth in the treatment section.

The neise source for the duct is a Ling Mbdel LPT100 electropneumatic
high intensity driver which can be excited by broadband or pure-tone input
signals. As shown in Figure 23, the source is mounted upstream of the treat-
mént, providing an exhaust duct mode of operation. Note that the seurce input
port to the duct is mounted asymmetrically with respect to the duct vertical
centerline for these tésts. This was done specifically to insure the presence
of higher order duct modes in the treatment input signal.

_ The duct terminates downstream of the treatment with an unflanged end,
exhaustlng into a reverberant room. A muffler section is included at the ead
of the duct to minimize end reflections and waves reentering the end of the
duct.

The acoustic measurements are taken with traversing probes installed up-
strean and downstream of the tréated section, The probes traverse vertically
across the dict along a line midway between the sidewalls of the duct. The
probes are specially constructed using a dymamic pressure transducer that is
a 0,23 cm Kulité sensor mounted in the tip of the probe, as shown in Figure
24, The Kulite transducer is a highly linear device based on a strain gauge
principle. It has lower sensitivity than the more conventional B&K condensor
microphone but is mich less sensitive' to mechanical vibration. The low level
output of the Kulits transducér reguires the use of a low-noise, high-gain
preamplifier for signal conditioning. Princeton Applies Research Model 113
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preamplifiers were used for each Kulite. The tip-mounted Kulite probes were
used for both centinueus SPL traverses and medal measurements.

The modal measurements required the determination of the cress-spectral
density between the probe and a reference micronhene as a function of prohe
immersion across the duct (see Section 2.3). The reference microphones were
B&K 1/4-inch (0.635 cm) microphones mounted flush in the sidewall of the duct
at the same axial positioms as the traversing prohes (see Fipure 23). The
cross-spectrum was found using a Princeton Applied Research Model 101A Corre-
lator and Model 102 Fourier Analyzer. These instruments can be set te read
out the magritude and phase of the cross-spectrum at a single frecuencv while
the probe is traversed acreoss the duct, Using a 2N-second calculation time
constant in the analyzer, the prohbe was slowly traversed across the duct as
the analvzer continuously updated the calculatiom. This method allows a
continuous plot of the cross-sectrum (and thus complex acoustic pressure)
profile to be obtained at the frequencv of interest.

4,2 PRELIMINARY TESTS

The analytical optimization studv redguires the rodal participation at the
designated source plane as input to the computation. Before initiation eof the
analytical study, a modal measurement was performed in the 26.7 cm high duct
in a hardwall configuration to supply this input. It was assumed that the
source characteristics would not chanpe appreciahly for the treatment confipg-
urations to be tested later.

Figure 25 shows the complex pressure profile obtained at 2000 Wz and
Mach 0.3 in the duct. Figure 26 presents the modal decomposition of this
signal in hardwall rectangular duct modes. Figures 27 and 28 show the com-
plex profile and medal expansion for the signal at 2000 Hz and Mach 0.0, which
was also measured at this time.

4,3 PHASE I TEST PROGRAM

4.3.1 Objectives

The objective of this first series of tests was to demonstrate the onti-
mized two—element treatment design found bv analvsis. The analvtical results
indicated that attenuation would be maximized if the twe treatment sections
were given the following impedances (see footnote in Section 3.2):

il

Section 1 (Upstream) Zipc = 0,7 - 1.44

]

Section 2 (Downstream) Z/pc = 0.9 - 0,71

This design 1is based on a seurce characterized bv the modal participation

given by Figure 26, at a mean flow of Mach 0.3 and a frequency of 2000 Hz.
The predicted attenuation in PWL under these conditions is 29,3 4B,
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4,3.2 Treatment Design and Test Program

The type of treatment to achieve the optimum impedance components was
chosen to be single-degree-of-freedom (SDOF) perforated plate -~ honeycomb
cell sandwi%g)p%iﬁ}. The acoustic properties of these SDOF panels have been
established ’ design parameters (faceplate porosity, thickness, hole
diameter, honeycomb cavity depth) to the wall impedance. Preliminary design
of the treatment was made using the following expression for resistance

0. 3N
R/pe = 23 7
3
where M is duct Mach number and ¢ is faceplate porusity. The following
expression was used for the reactance
(tD + )
X/pe = =————— - cot ki (48)

a

where t_ is faceplate thickness, w is circular {requency, k is the wavenumber,
2 is the cavity depth, and § 15 an empirical end correction depending upon
hole diameter and Mach number, C Using results of these impedance calcu-—
lations as a guide, the six configurations listed in Table ITT were chosen

to be tested.

For each of the configurations, APWL measutrements were made for third-
octave bandwidths from 500 to 10,000 Hz and for a 50 Hz bandwidth marrowband at
2000 Hz, For the third-octave measurements, the duct was excited by a high
intensity source signal which was filtered in a third-octave bandwidth at 8§00
Hz. In this case, the higher f[requency noise cccurs due to rich higher harmonic
content of the 800 Hz signal. Tor the 2000 Hz narrowband, the input signal was
broadband noise filtered in a third-octave bandwidth about 2000 Hz with a super-—
improved 2000 Yz pure tone., The treatment configuration demonstrating the
greatest APWL for the 2000 Hz narrowband was subjccted to detailed meodal
measurements for correlation with analysis.

4.3.3 Test Results

Figures 29 to 34 are plots of the measured thircd-octave APWL suppres-—
sions for the six Phase I test configurations, respectively, ler Mach 0.0,
0.2, 0.3, and 0.4, Table IV lists the 2000 Hz narrewhband PWL's for the
six configurations.

Examination of the measured third-octave suppression curves in Figures
29 to 34 indicates that in most cases a higher suppression was obtained at
2500 Hz than at 2000 Hz. This can be explained by the presence of a strongly
excited higher order mode which Becomes cut-on in the center of the 2500 Hz
band. The treatment is very effective in attenuating this particular mode
even though it is designed for 2000 iz,



4

Config.

Config.

Config.,

Config,

Config.

Config.

Config.

Tabkle II1I, Phase 1 Test Configuration Definition,
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cm (0.6

cm (0.6

em (0.5

em (0.5

cm (0.6

cm (0.6

In.)
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All faceplate thicknesses .08 cm, all hole diameters ,16 cm

SECTION 2
Porosity Cavity Depth
HARDWALL
10% 2.3 cm (0.9 In.)
7.5% 1.5 cm (0.6 In.)
7.5% 1.5 ecm (0.6 1In.)
10% 2.3 cm (0.9 In.)
147, 2.3 cm (0.9 In.)
10% 2.3 em (0.9 In.)



0

pov
-
-—f W
i -
; -
- . — e~
! —
- R . —
.
— . -1
o8 : .
-] = ' -
<o .
i RO 71
- = .
Q
-
: o o
— i t - A
- . U SR
— SIS - —~ e~y
ad . ) —
: '
' .
i
] ! b
7 | R I
- : Pee o e
- LT LT ~
) o ¢ i R s ——t
; T ¢ I SRR SV SO OB Sa—— Y}
- M.ﬂ..}_ __ | _ __ Y
- | : i

(=] (=
M o~
i

gp ‘SS07 USTSSTWSUBRTL PIIDIAIO]

Frequency, kHz

Contiguration 1,

Measured Third-Octa'e¢ Transmission Loss,

Figure 29.



UOT SSTWMSUB™T, pIldIAIO)

Frequency, kHz

Configuration 2.

1

Measured Third-Octave Transmission Loss

Figure 30.

54



Corrected :ransmission Loss, dB

M=0.4

20 -

Figure 31.

5 10 .5
Frequency, kHz
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Table IV, Phase I Tesf Results -~ Measured Narrowband Transmission Loss.
at Mach 0,3, 2000 Hz,. ) o

SECTION 1 SECTION 2 - APWL, dB
Config, 1 (14%, 1.5 cm)  (10%, 2.3 cm) -17.5

Config. 2 (14%, 105 em) (7.5%, 1.5 cm) -11.0
Config. 3 (10%, 1.3 ¢m) (7.5%, 1.5 cm) - -12.5
Config.‘éb - (LO%, 13 cm) (10%, 23 cin:) | -19.0
Config, 5  (14%, 1.5 cm)  (14%, 2.3 cm) -17.0
Config;-é- ._(zzgzx;_1;5_cm) (io%,_z;3'gm)' ,’ -13.51

Gonfig. & (10%, 1.3 cm)  (10%, 2.3 cm) =21.,5"
(Repeat) | S SE ,
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e et

' measured suppression

.60

In Figure 35 an empirically determined rectangular duct suppression
prediction curve, based on the results of a large number of duct tests of
single-element 1iners, is compared to the measured third-octave suppression
for  Configuration 4. Alse plotted on the Mach 0.3 graph are the 2000 Hz
narrowband and third-octavé measurements made with the 2000 Hz thlrd*octave
source, which, as noted above, was differvent from the source used for the
rest of the third-octave measurements. Note that the different source

‘characteristics at 2000 Hz have given a difference in measured suppression =~ -

of 3,5 dB, The narrowband measurement, made at only one frequency, shows an in-

crease of 5.5 dB over the third-ectace with the same source characteristics. =

At Mach 0.0 and 0.2, the measured suppression agrees quite closelv
with the empirical prediction curves for single—element liners. At the
design Mach number of 0.3, the two-element measured suppression usging the
2000 Hgz third-octave source characteristic (more representative of design .
conditions) exceeds the empirical prediction for the best single phase’
linetr by about: 3.5 dB.. For third—octave frequenc1es above 2000 Hz, the

At Mach 0.4, the high frequency enhancement of the two-clement liner is still
in evidence, although fio 1mprovement over the emplrlcal data is noted at

2000 Hz.

One can conclude that in this case the two-element liner dozs not appear
to offer a significant advantage over the single—element liners for frequencies
lower than the de51gn frequency, -hut provides Slgnlflcant]V entianced suppress = . -
sion for higher frequencies at Mach numbers equal to or greater than the
design Mach number. Note that the narrowband suppression peal Wlthlﬂ the
2000 Hz third-octave, at the desipn condltlon, 15 very sharp w1th respect to
the overall third-octave band. suppre551on.. :

Configuration 4, which came closest to the predicted eptimum SUppreqsion
of 29.3 dB, was chosen for detailed modal measurements. A repeat narrowhand
APWL measureément of this: conflguratlon gdve & suppress;"niof 215, dB overall:
(compared with 19.0 4B previously) and 8 dB over the first section of treat—'
ment.-only. The complex pressure profile at:the. upstream probe locatlon is,-
shown in Figure 36, and its expansion into duct modes i : 7. This
variation in méasurement’ was apparently caused by slight: : nces ine modal
conterit, -as evidenced by somewhat different SPL traverse proflles for the:
tWo cases. - In subsequent testing it was found- that slight differences in
modal content can be expected in the. duct ith each different test case, and
that thesé:small differences. in’ ' tent could produce at '

‘of this magnitude. This effect i§ ¢ ' : njmore detall helow.
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4.3.4 Analytical Correlations

Based on the modal measurements taken at the plane of the upstream probe,
an analytical prediction of the suppression was made. For these calculations
at Mach 0.3, the liner impedances were taken to be (Equations 45 and 46):

Section 1 (10% porosity, 1.3 cm deep), Zlfcc = 0.9 - 1.4i

Section 2 (10% porosity, 2.3 cm deep), szpc = 0.9 - 0.74
The results are:
Measured Calculated
APWL in Section 1 8 dB 6.0 dB
Overall APWL 19 to 20.6 dB

21.5 dB

These results indicate that the suppression was predicted quite closely
for the given modal input and liner impedance. Neither the modal input nor
the liner impedance is exactly the same as the conditions used for the opti-
mization analysis, which explains why the predicted 29.3 dB for the optimized
case was not reached. Figure 38 shows a comparison of the modal content for
the original set of optimization modes and those in the input signal to com-
figuration 4. This variation in medal contemt is discussed below., WNote for
reference that the predicted uniform liner optimum suppression was 21.6 dB.

4.4 PHASE IT DUCT TESTS

4.4.1 Phase Il Test Objectives and Reoptimization of Design

The results of the Phase I testing indicated that the optimization condi-
tions were not met imn two respects; first, the medal centent had chaanged,
and second, the impedances differed from the optimum values. The objective
for the second phase of the test program was to allow a second iteration at
meeting the optimum design conditions. It was decided to reoptimize the
design of the two-element liner based on the new modal content measured in
Configuration 4 eof the Phase I tests.

Using the modal input defined in Figure 37, the following design was
found to maximize suppression for the two=-segment liner with equal length
segments at 2000 Hz, Mach 0.3,

0|6 - 1.2:i.

Section 1 Impedance, lepc

0.7 - 0.51

L]

Section 2 Impedance, Zzlpc

Overall Attenuation APWL = -35.9 dB
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ment and Configuration 4, Mach 0,3, 2000 Hz,
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Note that the impedance values are only slightly changed from the previous
optimization case, but the predicted suppression has increased by over 7 dB.
This variation is due to the difference in medal content between the two cases.

In addition to testing a treatment configuration to attempt to meet the
revised oprimization conditions, it was decided that other objectives of Phese
II testing would be to investigate the repeatibility of the modal pattern and
the sensitivity of the predicted attenuation to uncertainty of the impedance
components., If the modal pattern varies appreciably with the treatment con-
figuration, or is highly sensitive to frequency, it would be extremely diffi-
cult to obtain the optimum condition, particularly in view of the sensitivity
of the peak suppressiom to the impedance components. The sensitivity to
impedance changes about the optimum value is indicated in Table V in which
APWL's have been calculated fer cases where each of the four specific impe-
dance cempunents has been varied independently by x0.1 from the optimum value.
Using the analytical models for determining the impedance components introduces
an unknown amount of error relative te the actual impedance of the liners in
the duct. The sensitivity of the predicted suppression to expected errors in
impedance component determination was examined.

4.4.2 Phase II Test Coniigurations

For tite Phase Il duct tests, the two—element liner was designed to attempt
to meet the revised optimization criteria. Based on the analytical impedance
models, the following liner parameters were chosen:

Section 1 14% perosity, 1.8 cm (0.7 inch) cavity depth
Section 2 12% poresity, 2.5 cm (L.0 inch) cavity depth

Both sections of this cenfiguration, denoted Comfiguration 7, had 0.08 cm
(0.032 inch) faceplate thickness and 0.16 cm (0.0625 inch) hole diameter. 1In
addition te this configuration, three other configurations were rum as part
of Phase Il testing. The other configurations consisted of Configuration 7
with the order of the segments reversed, and two cases with the same cavity
depths as Configuration 7, but with higher and lower porosity of the face-
plates, respectively.

4.4.3 Phgsg IT Test Resulgg

A list of the Phase Il test configurations with the measured narrowband
suppressions for each case is presented in Table VI. The results of the
source modal measurements for Cenfigurations 7 to 10 are present im Figures
39 to 46, In evaluating the test vesults which follow, it is impertant to
note the variation in modal content which occurred from one test configuratien
te the next. This variation was more than Initially hoped, and made achieving
the optimum conditions difficult,

Before measuring transmission loss at 2000 Hz for Configuration 7,
it was decided to investigate the sensitivity of the tuning to frequency in a

G5




66

Table V., Calculated Suppression for Two-Element Liner,
Configuration 4,

e 2000 Hz
e Mach 0,3
IMPEDANCE IMPEDANCE
Section 1 Section 2
o6 =1.21 o7 =51
03 =1.21i o7 =51
o7 =1.21 o7 ~u51
6 -1,1i of =.51
.6 -1,31 ol =.51
.6 -1,21 .8 -.51
o6 =1.21 6 ~,51
6 =1.2i o7 =.b4i
W6 =1.2i o7 =.61i

NOTE: Modal input given

by Figure 37,

APWL, dB

-35.9
-30.1
-27.5
-29.9
-27.5
-31.9
-31,4
-30.1

-34.,7



Table VI.  Phase 1T Teot Confipguration Delination,

Nominal
Porosity Cavity Depth Impedance
Sectlon Conliguration % ol in. “/gc

7 11 1.8 0.7 0.64 - 1,151

| H 12 2.0 1.0 .75 - 0,551
{} 20 1.8 0.7 0,43 - 1,301

10 (B 1.8 0.7 0,73 - 1.201

7 12 2.5 1.0 (.75 - 0.551

0 " 11 1.8 0.7 0,64 - 1,151
" 4 L 2.5 1.0 0,64 - 0,601
10 1 2.5 1.0 0.90 - 0,551

@ 1tr, ¥ and 1 P: Faceplates qre 0,08 onm Thick, 0.16 cm Hole
Diametes

e 0T Faeceplaty i 0,08 om Thick, 0,08 cm Hole Diameter

e
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range about 2000 Hz. To do this, an automatic level centrel device was con-
nected to the input of the Ling driver such that the sound level at the input
plane probe te the duct could be maintained at a constant level as input
frequency was slowly swept from 1450 to 2350 Hz, using the upstream probe
signal as a feedback control. With both prebes in the fullv retractéd posi-
tion (near the lower wall), the SPL signals from both probes were recorded in
20 Hz bandwidth during the frequency sweep.

Although the actual APWL cannot be inferred from ASPL's at one immersion,
from previous data it was felt that the ASPL at the lower wall would be repre-—
sentative of the APWL, thus giving an indicatien of the best tuning frequency.
Figure 47 is the result of this frequency sweep. Note that a high ASPL
oceurs at about 1950 Hz, but the ASPL right at 2000 Hz is much less. From
this, it was decided to take the APWL measurements in & narrowband about
1950 Hz fer this configuratioen. In this and the fellewing cases, the source
was excited with a pure-tone and the measurement is in 20 Hz bandwidths.

Figure 48 is the measured narrewbund SPL traverse for Cenfiguration 7
for the upstream and downstream probes. The APWL based on these measurements
is =20 dB. This falls short of the predicted optimum attenuation by about
16 dB. :

Using the medal input given for Configuration 7 by Figure 40, and the
analytically determined impedances of

Z

“1=0.64 - 1.151
pc
Z :
“2 = 0.75 - 0.55i
pc

the suppression predicted for Configuration 7 is 28.3 dB. This overpredicts
the measured suppression by over 8 dB. The most likely cause of this discre-
pancy between the measured and predicted suppression is the error in deter-
mining the iImpedance. An indication of the sensitivity of the analytical-
program to variations in impedance about the optimum value has already been
indicated in Table V. The nominal value of the impedances of the liners

in Configuration 7 are all within 0.05pc of this optimum value, and are pre-—
dicted to lose only 7.6 dB in suppression from the optimum value, even with.
the different modal content of Cenfiguration 7, compared to that used for

the optimum. :

Since there is no way of determining precisely what the iipcdance com= -
ponents in the duct actually are, a study was made of the expected variation
in the impedance components as functiens of the independent variables in the
analytical impedance expressions, and of the sensitivity of predicted suppres-
sion to fypical variations o* the impedance parameters. This error andlysis
also gives an indication of the practicality of designing a treatment panel
to be optimized for the suppression of a pure~tone or narrowband signal.

72



- Relative SPL Level, dB

160

150 |-

Upstream

140 {——7x

2

ljﬁf

120

110}

100 L=
Rt

Figure 47,

1,5 1.6 1,7 1.8 . 1.9 2,0 2.1

Freguency, Kz

2.2

2.3

2.4

"Comparison‘éf Upstream and Downstream SPL Levels for Discrete'Tcne Frequency Sweep
with Beth Probes ILmmersed 1.3 cm inte Duect, Configuration 7, Mach 0.3,



1w . 15 . 20 25
Immersiom, Cm 0

owbasid (20 H?"rB‘?HdWid'ﬁh;)‘ sPL'*f’fra.ue.r.s'i?a::s, configuratiéﬁ 7, Mach 0.3, 1950 Hz, APWL = 20 dB,




DL AR

By Equation 45, the significant variables for the resistance medel
are the Mach number M and the perosity o. Figures 49 and 50 show the
variation of R/pc for the two liners over the expected variation in M and a,
The reactauce depends upon the porosity; o, the cavity depth; &, the faceplate
thickness; tp s the frequency; w, and the emnd coerrection 6, whieh in turn depends
on the faceplate heole diameter and Mach number., Several of these variables
can be eliminated as having relatively small effect. Figure 51 shows the
empirical curve of the coefficiemnt used in the end correctien term as a func-—
tion of M. WNote that at Mach 0.3 § is nearly zerc and can be ignored. The
error due to uncertainties in faceplate thickness should likewise be small.
The variations of reactance for the 1.8 cm (0.7 inch) and 2.5 cm (1.0 inch)
cavity depth liners due to expected variations in M, o, &, and w are shown in
Figures 52 and 33, respectively. Combining the largest of these variatioens
for the two liners leads to rough "expected errer' plots shown in Figures
54 and 55, Based on these plots, the expected variation in impedance for
each impedance component for the suppression sensitivity study is taken to
be *0.Zpc.

The variation in predicted suppression for Configuration 7 as a function
of the variation in impedance components about the nominal values of

_L=0.64 - 1.151
pc
%9 = 0.75 - 0.551
pc
is presented in Fipures 56 — 59 and in Table VIT. The figures show the

variation as the impedance compounents are varied independently, holding the
cther three constant. The table shows the results of varying a number of the
components in varicus combinations, as noted.

The results show the suppression in this case to be particularly sensi-
tive te the resistance of the first liner and the reactsnces of beth liners.
The values of predicted suppression obtained varv from a low of 15.7 dB for
the case where both resistances are low and both reactances less negative
to a high of 35.4 dB for the case where X,/pc is +0.2 from the nominal value
and the rest of the components are nominai. Note that certain sets of imped-
ances can be found which givc higher suppressions than the "optimum'" impedance
for this case, which was bzsed on the different modal content of Configuration
4, The most important cenclusien from these results is that the measured
suppression of 20 dB is within the range of expected error in the impedance
comperients, and this is the most likely cause of disagreement in the predicted
and measured values.

Yor Configuration 8, whick is Cmﬁfiguratian 7 with the pamels reversed
in wxial position, the impedances used for caleculation at 1950 Hz were

Zlfpc = C.75 -~ 0,551 ZZ/oc = 0.64 - 1.151
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Table VII, Variation of Predicted APWL for Configuration 7 with Cembinations of

DESCRIPTION OF VARIATION

Nominal Case

Both ra2sistances low
Both resistances high
Less negative reactances
More negative reactances

Both resistances low, both
reactances less negative

Both resistances high, both
reactances more negative

Both resistances low, both
reactances more negative

Both resistances high, both
reactances less negative

IMPEDANCE OF
FIRST SECTION
lepc

.64 -1,151
40 -1.15
.80 -1.15
64 -0.95
.64 -1,35
.40 -0.95
.80 -1.35
.40 -1,35
.80 -0.95

IMPEDANCE OF
SECONP SECTION
Zz/Pc

.75 -.551

.55 -.55

.95 --55

u75 -035

-75 -.?S

355 -035

.95 -.75

.55 -.75

095 "135

Impedance Components,

PREDICTED
APWL
dB

-28.3

’1709

-26.2

_25.4

-19.7

-17.0

-19.5

-15.7

-25.2



Using the measured modes from Figure 42 gave a predicted suppression of
17.7 dB, compared with a measured value (with the nominal impedances listed
in Table VI) of 11,0 dB, Using a slightly higher restance of 0,4M/0 for
comparison gives a predicted suppression of 15,4 dB in this case, overpre-~
dicting by 4.4 dB, Thus, reversing the order of the liners caused a
substantial reduction in suppression.

The suppression for Configuration 9, with higher porosity liners, was
measured at 1940 Hz. For the prediction in this case, the impedance components
were taken to be

Zl/pc 0.43 - 1.31

Zzlpc 0.64 - 0.61
Using the modes from Fipure 44, the suppression is predicted to be
17.6 dB, which compares faverably with the measured value of 16.5 dB.

For Comfiguration 10, che porosities of the liners were decreased. In
this case, te better define the variation in suppression around 2000 Hz, a
series of narrowband APWL measurements were made every 20 Hz from 1880 Hz to
2100 Hz, using pure tone excitation and 20 Hz bandwidth data reduction.
The results of these measurements are shewn in Figure 60, The 26,2 dB
suppression measured at 1900 Hz is the highest measured so far, and was chosen
for modal measurement, as shewn in Figure 46. 1In addition, a repeat of the
narrawband APWL measurement gave a value of 26.1 dB suppression.

The nominal value of the impedance in this case is

1l

Zl/pc 0.75 - 1.21

Zzlpc = 0.9 - 0,551

This results in a predicted attenuation of 33.5 dB, overpredicting the mea-—
sured value of 26.2 dB by 7.3 dB. It is suspected that the same problems with
errors in impedance occur here as for Comfiguration 7.

Third-octave transmission loss measurements were also made for Configuration
1G. The results are shown in Figure 61, compared to the empirical durt test
prediction for single-element liners. This configuration shows a slight im-
provement in third-octave suppression over Configuration 4 (Figure 32) at
2000 Hz. The enhancement over the single-element liner prediction, however,
occurs mainly for frequencies below 2000 Hz. This is most likely to be caused
by the slight increase in cavity depths for Configuration 10 compared to
Configuratien 4, which would tend to lower the thirdecctave tuning fregquency.

B4
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4.4.4 Modal Explanation of Difference in Suppressien
LA Yo

Further 1nsxght to the process of model attenuatlon can be ‘gained" by _
examining the details of the medal solutions for the experimental correlation’
cases, Configurations 4, 7, 8, 9, and 10. TFigure 62 shows the plane numbering
- system used for the analytical medel, . For convenience, the upstream treatment .

section will be referred to as the “first section", and the downstream o

treated section as the second settiOn :

Figures 63. through 72, present tabulatlons 0f the magnitude and. phases of,;Jn:
‘the solution modal coefficients for the forward and backwvard waves at. each
‘plane. The order of the coefflclents can be.ldentified with the follow1ng
modes at each pisne:

- First symmetrie'

= First antisymmetric
-~ Second symmetric

- Second -antisymmetric:
- Third symmetric

- Third antisymmetrie
- TForth symmetrlc

R O
3

Plotted alongside the modal cneff1c1ents et each plane ere the (analytrcal)
complex acoustic pressure profiles at’ 2ach plane.

' Table .VILI is a llSt of thé attenuations of 1nd1v1dual modes in -the, Sl
first and second sections of each configuration. Only the first four modes '
are ineluded. Table IX is a list of the forward and backward traveling :
energy at each plane and the Suppression of forward travellng energy in the
first and second SECtanS f-r eaeh’ conflguratlon. L S

The dlfferenees in suppre551on among eech of these,cenflguratlons can be
explained by considering .

e. fThe relatlve modal Weighting at the seurce plane,:

-b The modal redistrlbutlons ine the‘forward travellng wave between
v Planes -2 and- 3~ and Planes 5 and 6, : - _

c._iThermndivmdual model attenuatron'rates iniSéetians 1 and 2,

*sectlon at plane 6.




- Figube 62, Analytical Model Plane Number Designations.
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Figure 63. Modal Participation in First Seven Meodes at Each Plane,
Configuration 4,

ORIGINAL PAGE 15
OF POOR QUALITY

89




200

9 K <
/ ~ = -
d N N .
. ] < 1 «
- ER - 46. - 4%
D ™
o = e
- -~ o - -
- 1% 4™ EE 45 4%
N o y +4% - 7
t ! o [ . L Ly . ] i -] .
c @ & g ©o. N -4 o o o © o = %ot oS g g . g g 7 "N oA e
= 8§ " 8 2 g2 ° 8§ &8 2 3%
. [ t PR ) .
* " seeafag apnaT1diny saaa8ag apn) TTduwy saaadsqg apn3J1diy
taseyg aatanTey fasPg - aaTaInIoy ‘ssoyg anTITTOH
3 2 g
-t , ™~ -t
J J R | i i
" = - - - ~{q
N =lo
N 1% " 14 | )
~ o~ i o
- ~ - =
g ) m 7 — M >
2 : 3 3
[ | ) I I’ - I
o4
ﬂ. N . e 3 4o
.
! : A ! 1 [ ) L [ S
g e g g ™ & A 2° & B e & = Mmoo aT g g @ g g o & ©
~ %. N. 8 3 3 8- & A 1_. <
[
sooadag apn1rduy sanadag apn3prduy sanaBog apnz Frduy
fastug BATIRSY anTIwTY tastyg asnTaCTay

fastyg

“1
T3
Pa
. 1 ) L |
g§8°8¢g e
ponadag edrg71dWy
fasuyg | anpatyoy
o
0
~
-~ EB
..
- -]
]
Eaf o
-t . -
= B
- m L;.w-
- -y
H
] o a
(=] [} [T =] (=] o~ [l (=]
(=] [= o o
e - 1_. J« .
saaadag 2pnaTIdiy
‘aswig JATILTHY

Complex Pressure Profiles at Each Plane, Configuration 4.

Figure 64, .

20



PLANE FORWARD WAVE BACKWARD WAVE
KAGHITURE PHASE HAGRTTOUE TTPHASE
FENC D YL A3 T1SEETFTn 23.072766F~03 -Q7,960680F+00
48.30THROE-N2 =BR.3PTAAL1E00 —ju.p459p4g-03 =42, n23193F+gn "
L7.294555€~02 16.933965F +n1 57244 B06F =07 w11, T1IUbRSF +A L
1, 4S,56ABIGE-02  _ —{2.372494F+n) IO FETI S0t 507 TR AT Al
37.3630R1F=03 =1S5,R65a21F 0L 65.524607F~04 ~28 _QlAZIRF (0
12.7p8112F-r2 69.RESE00FD0 TR, T745042E-06 T ~@A,T05A24F 400 T
Tha bW ISTE=T0 =14, 782726E%00 \9-0076‘355"05 =37 A318T2F <00
S5LURISTTE=TE TS 205 17e+01 23.072766F-01 42,469R30F +00
HB.IB7BROF-02 29, 07TA304F 00 TTTiE.245924F-03 T TIR.T2IRRSE¢01
V7, 298554E-n2 —11.131273F+01 57.24LB06E-01 42.15R122E+00
2 48,56R6I0E~N2 ~12,5ABI62E+0l T {g.a51150E~n2 91,70713RE+00
35.998307E~04 15,a67158E+01 60, 00RSHIE=03 =76, &10064F +00
I2L.LO0S90F N4 15,721794E+00 31.928767E~n4 | —¥9,3T9RIPEVRD T
6043B453HE=06 ~65.456532F+00 23.439819E~03 -57,.805378E+00
TITTAI0TE=n2 I5070719Re+01 26.767533E=04 47.691453F +00
— 25.058215F-02  14.1754T4Fs00 T 2.D68200F-12 T T Ta3.aTsA1TE-nl T
53, 130471E-02 1%.575188E+01 . IN.BT1498E-12 37.58RG3IE-DC
3 31.827487F~n2 =13,2RS389F-a1 7T 39.972262F-n4 Ta, 2T455F + 00
55.115042E~03 T3, 654666F«01 12.197006E-G7 ~37.2073R0F «00
19.2737REE-0] ~10.631602F461 Ty p74257E-12 ~12.760535F+01
12.993454E~03 =37.078509E 400 o o
12.12513%E-0z2 24,4 IPBRLF+OD 22.263466E~04 ~12.150346F+n]
. 72.4481643E-03 = 53.794376F+00 16.041748E=03 ~ ~  F3.G63PEAF+00 -
15.65570PE~n2 =1k 6GS4Z93E+01 27.722901E6-03 Ge  LYUSEOYF +00
& 81,721633F~13  12.SASE1AF-OL 11.611036E-03 15.5LAZEEF «N]
29.220267E-07 T12.252269E 401 29.6157206~03 15.805R30E +01
85.081106E~12 AN D6LE 400 TTT¥YL.059T03E-04 TG 64632ERE QD
14.167485E-15 o0 12.906066E~03 15,272409E6+01
S8.051046E-03 ~33.667579E+09 20.1465572FE-0% -856,191340FE+00
ShaA494710E-02 12.9R0650F +01 IS, 96162360y T FOG,ABAGGIECON T T
5 19.251763E-02 T2 296590F=01 4047946B2E~13 ~L0.FIVTA9F v 0L
— 62.504040F-03 —12.71A24SE40]1 TTI5.156659€610 5. 21h416FE+0T
J4.2208226-03 =13.32RAJ0F+01 23.301674E=-07 =-33.405123F=01
64, 306262F 04 —51.386217F 00 2812544 0E=15 N
~ 68,207176E-04 —12.3351476+01 -0 .0
cede.al%38tE=-03 =TI, Ta&23dev0l .208306F= . q5.627307p‘uu "
I7.98225UE-04 ___ 1919674dBF01 |  —3T-aeeadlE0sS7L-mWLRI4EOD
BI.E6TT4SE=04 12, 176613601 19.6329165-04 ~35.6RRO4IF+00
6 me 26, 192616E-N0 —11,267638E+91 TTRILSILBR2EZN4T  —l6.0039%6E0) T
40.559612E-87 90.242448E+00 23.0172S9F-n4 A% 13434 2E+00
61.220b45E-12 S4.5142/2E+00 TR L 01408 LE-N4 TTTegn . 1N0614F 00 T T
1. 21996HE-TS o0 11.6376R5E =04 ~B87.379624E+00
B2 (OISR IE~DT =TT 02873601 a 0
55.502512E-04 33.6512A4E+00 5 o
TIELAIZIRAEET T JAITAD203ET06 T ‘o on
7 12.312752¢-0] 9R.1FQ31SE+00 =2 5
. TTIECTS1TA8F - IR, 00A331F-00T T e o
: 12.7T60222E-04 1n.5157456F +0l o) =5
04 7TSHEST =313TIAREEET la ln
T RELTSITEIESNY IR TEZS0IRE VT .0 .0
5545024 dF =4 . =1, 754003F0L o 0
T ABLBITINE=TY T SR LERAIGAFSAT M .0
‘8 12,312752F-03 94, PH2ISHE +G0 o vy
555034108 T T = 14L I I5G04F .01 T2 ‘o
B3, 409097k =48 IRLO9RZG0F (1 - o 5
TTLIC4596T0E-08 T =13.173626E.01 T ‘2 o

Figure 65, Modal Participation in First Seven Modes at Each Plane,
Configuration 7.
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Table VIII,
Treated Sections,

CONF IGURATION 4

d
Mode SectionélB Section 2
1 6.2 11.7
2 9.0 22.1
3 10.1 16.4
4 12.0 20.6.

~ Overall Suppression, 20.6 dB

CONFIGURATICN 8

Mode Section 1 Section 2
1 7.9 5.0
2 23.1 10.8
3 27.4 8.8
4 27.5 . 11.8

Overall Suppreséion, 17.7 dB

Attentuation of Individual Forward-Propagating Modes in

CONF IGURATION 7

Section 2

Mode Section 1
1 5.6 7.9
2 10.8 23.1
3 8.8 27.4
4 ~11.8 27.5
Overall Suppression, 28.3 dB
CONFIGURATION 9
Mode Section 1 Section 2
1 3.4 6.6
2 6.7 18.8
3 5.5 26.3
4 7.3 26,8

Overall Suppression, 17.6 dB

CONFIGURATION 10

AdB

Section 2

Mode 'Seetion 1
1 6.6
2 10.5
3 3.1
4 14.0

11.3
28.7 .
21.9
23.5

Overall Suppression, 33.5 B
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Table IX. TForward- and'Backward—TraVelling Energy at Duct Planes.

CONFIGURATION &

CONFIGURATION 9

Plane Forward Backward Plane Forward Backward
Number Energy Flux FEnergy Flux Number Energy Flux Energy Flux
L 0.5978 ~-3.618E-3 i 6.1216E-3 -1.7302E-3
2 . 0.5%978 -3.618E-3 2 6.1216E-3 -1.7302E-3
3 10,5928 -4.529E-5 3 5.9902E-3 ~-1,8433E-4
4 0.1483 - -5.361E-5 4 1.2684E-3 -3.1554E-4
5 0.1522 -5.508E-6 5 1.2931E-3 -1.5061E~6
6 5.1365E-3 =3 .504E-6 6 7.7558E-5 -4 .5399E-6
7 5.L.2E-3 0.0 7 7.6962E-5 0.0
8 5.112E-3 0.0 8 7.6962E~5 0.0
FORWARD APWL FORWARD APWL
Section 1 -6.0 dB Section 1 -6.8
Section 2 -~14.,7 dB Section 2 -12.2
CONF IGURATION 7 CONF IGURATION 8
Plane Forward Backward Plane Forward Backward
Number Epergy Flux Energy Flux Number Energy Flux Energy Flux
1 12 ,496E-2 -36.79E-5 1 87.3618E-3 ~38 . 4946E-5
-2 12 ,496E-2 ~-36.79E-5 2 .87.3618E-3 -38 .4946E-5
3 12.4614E-2 -10.806E-7 3 87.0438E-3 -54,4828E-8
4 17 .4547E-3 -49,9589E-6 4 12.5082E-3 -89.6023E-7
5 17.4175E-3 -23,1133E-9 5 12.4874E-3 -24 ,7554E-8
6 18.4635E-5 -10.5437E-7 6 14.8182E-4 -11.1900E-6
7 18 .4154E-5 0.0 7 14.1931E-4 0.0
8  18.4154E-5 0.0 3 14.1931E-4 0.0
FORWARD APWL FORWARD APWL
Section 1 -8.5 Section 1 -8.4
Section 2 -19.7 Section 2 -9.4%
CONFIGURATION 10
Plane Forward Backward
Number Energy Flux  Energy Flux
1 2.6626 -5.3427E-2
2 2.6626 -5.3427E-2
3 2.6057 -1.3690E-3
4L 5.8379E-1 -1.9853E-3
- 5 0.5900 -2.0164E-6
6 1,1755E-3 =~ -3.6073E-5
7 1.1560E-3 0.0 :
8 1.1560E-3 0.0
FORWARD APWL
Section 1 -6.6
Section 2 -27.0
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At the source of Configuration 7, modes 1, 2, and 4 dominate evenly,
The energy redistributes into modes 3 and 4 at Plane 3, with 3 dominating.
At the end of the first section, modes 1 and 3 dominate evenly. The energy
is dominated by mode 3 at Plane 3, but mode 1 dominates by the end of the
second section,

Configuration 8 starts with modes 1 and 2 about even at the source.
The energy redistributes into the first four mode:: at Plane-3, with 1 and 3
dominating. At Plane 4, only mode 1 retains significant energy. The energy
redistributes into modes 1 and 3 entering the second section, and is left in
modes 1 and 3 at Plane 6, with mode 1 dominating.

For Configuration 9, the energy starts out in modes 1, 2, and 4, with
4 dominant, It redistributes into modes 3 and 4 at Plane 3, DBy Plane 4,
the energy is in modes 1, 3, and 4. It then redistributes into modes 2 and
3 at Plane 5, with 3 dominant. At the end of the second secticon, mode 1
dominates.

Medes 1, 2, and 4 dominate evenlv at the source of Confisuration 16,
Thaese redistribute into modes 1, 2, and 3 at the entrance to Section 1. At
the end of the first section, the energv is in modes 1, 2, and 3, with 1 and
3 dominating evenly, At Plane 5, the energv goes into modes 3 and 4, with
most in mode 3. At the end of the second section, modes 1 and 3 dominate.

For all configurations except Configuration 9, the effect of reflected
waves on the overall attenuation is small., Ta Configuration 9, there is
appreciable reflected energy at the source plane, accounting for abhcut a
1.5 dB drop in the effective (measured) suppression.

The suppression characteristics in the first section are remarkably
similar for all configurations, varving from a low of -6.0 dB to a high of
-8.6 dB in APVL. Two points worth noting: Configuration 10, which gives the
most overall APWL, provides only —-6.6 dB in the first section, and the first
section of Configuration 8 (which gave -19.7 dB in its reversed position in
Configuration 7) provides only ~8.4 dB when it leads.

Comparing the 'least effective suppressor'", Configuration 8, to the
rest, it is apparent that the performance is controlled by the dominant
participation of the lowest order mode. The redistribution of modes coming
off the hardwall section is not as advantageous to suppression at it was
when coming off the '"set-up" treatment section in the arrangement of
Configuration 7. The second section of Configuration 8 is then ineffective
in redistributing and suppressing the pattern coming from the first section,

Differences among Configurations 4, 7, 9, and 10 can be explained by
considering individual mode attenuation rates in the second sections. In
the second section of Confipguration 4, mode 1 has the highest attenuation
rate of all sections, but at the expense of mode 3, which dominaies. 1In
Configuration 9, mode 3 has a high attenuation rate in the second section,
but mode 1 has a low attenuation rate. Thus, even thaugh the third mode
dominates at the entrance to Section 2, the suppression is controlled by
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mode 1. Tor Configuraticn 7, the overall suppression is aided by a2 high
APWL in the first section. In the second section of Configuration 7, the
gituation is similar to. Configuration 9 except that the mode 1 rate is -
slightly higher. In Configuration 10, the high suppression in the second
section appears to be caused by obtaining just the right tradeoff in
attenuation rates of the first and third modes. At the end of the second
section, in this case, modes 1 and 3 are left with approximately equal
amplitude, which approaches the optimum situation.

¥rom the above, it appears that the action of the first treated
segment is to "set-up" a particular pressure profilz which the second
section can effectively "wipe-out" at about 4 times the suppression rate
of the first segment. A possible indication of this trends is apparent
~from the amplitude plots of the pressure profiles at Plane 5. For the two
high suppression configurations, 7 and 10, there is a pronounced skew in
level toward the outer wall of the duct. The skew toward the outer wall is
less pronounced but nevertheless present in Configurations 4 and 9. .In the
worst performer, Configuration &, the cuter wall skew is very slight, such
that most of the energy in concettrated at the center of twe duct. This
suggests a physical explanation of the operation of a two—element suppressor
is that the first sectior distributes the energy flux to the outer walls of
‘the duct, and the second section tak :s advantage of this situation, as
dlscussed in Referenge 8.

4.4.5. Evaluation of Test Results and Correlation

Table X summarizes the test configurations for which modal measurements
- were taken and compares the measured and predicted results using ncminal imped-
ance values, The correlation is good for Conflguratlons 4 and 9, but over-—
predicts for Configurations 7, 8, and 10.

The inability to come within 10 dB of the predicted optimum attenuation is
-,dlsapp01nt1ng, and can be traced to two main problems. First, the modal content
in the source signal appears to be dependent upon the treatment present and is

_quite semsitive to slight changes in frequency. Second, the predicted atten-
uation is very sensitive to changes in lmpedancu, particularly near the oprlmum
condition. : S : : »

‘ The dependence of the source modal cont=nt on the treated section could
possibly be explained by changes in modal pattern at the source plane due to
modes reflected from the leading edge of the treatment interacting with for— . -
ward-traveling modes. The analytical results, however, indicate that the
backward-traveling energy (PWL) at the source plane, at these frequencies, 1s
typically 25 dB or more below the forward-traveling emergy (PWL), indicating
that their effects should be negligible.: It is possible that the acoustic °
"loading" presented by the duct upon the source may cause the radiation
efficiency of different modes to vary from configuration to . configuration.

The sen51t1V1ty of the suppression to the changes in modsl ‘content which

were experienced for the different configurations was investigated by calcu-
lating the suppression for a number of different measured sources holding the
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. Config.

10

Section

Section

Section

Secﬁion

‘Seétion

Section

Section

Section

Section

Section

Table X, Summaty of Measured and Predicted Suppressions.

Liner Characteristics

1 10%

2 10%
1149
2 12%
1 12%
2 149
1 20%
2 149
1197
2 10%

Pordsity,

Porosity,

Porosity, .

Poxosity,

Pofosity,

Porosity,

Poroaity;

Porosity,

Porosity,

Porosity,

1.3cm
2.3cem

1.8cm

2.5¢em

2.5gm

1.8cm

1l.8cm
2.5cm

1.8cm

2.5cm

déép
deep

deen

deep

deep

deep

deep
deep

deep '

deep

Impedénces
Z/Pc
.90 ~Ll.4i
.90 -1,7i
-6&' "1-153..
.75 -0.55i
.75 -0.554
.64 -1,151
43 -1,.34
.64 -0,61
.75 «1.21

~0.551

Measured - Predicted
| APWL, dB APWL, dB
~19,-21,5 ~20.6
-20.0 28,3
C-11.00 . -17.7
~16.5 ~17.6
-26.1,-26.2 -33.5



impedance components of the treatment constant at the theoretical o?timum
values for the modal content of Configuration 4. Table XT lists the predicted-

suppressions for these cases, all calculated at 2000 Hz. TFor these samples,
anywhere from 2.6 dB to 12.7 dB would be lost due to changes in modal content
alone if Z/pc were not changed.

The optimum value of suppression occurs at the top of a very sharp peak
in the four parameter impedance space of the two liners. This is indicated
in Table V which shows that variations in any one of the impedance components
values by 0.1 can cause the suppression to fall off anywhere from 1.2 to 8.4 dB
from the peak value. Combinations of variations from the optimum impedance
components could be expected to give further reductions from the peak value.

Based on the results of the sensitivity studies, it can be concluded that
the maximum value of suppression practically obtainable under the given two-
element panel design constraints has been closely approached. The "sharpness'
of the attenuation peak would seem to indicate that it will be of greater
‘practical value to investigate effects of broadband frequency suppression than
to attempt to refine the pure-tone optimum design,
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Table XI, Predicted Suppressions for Varying Modal Input, Holding
Impedance Constant at Optimum Value, Mach 0.3, 2000 Hz,

MODES ORTAINED FROM ' PREDICTED APWL
CONFIGURATION: o dp
4 (Figure 37) | -35.9
7 . (Figure 40) | -27.9
8 (Figure 42) | o f ;23;2 -
-9 (Figure 44) ~ - - : ) - -28.2
lO_ (Figure 46) N R ., _ | —2396

Iﬁ all cases
z,/Pe = .6 -1.21

."Zzz/pc‘ = .7 -.5i
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SECTION 5.0

ANALYTICAL PARAMETRIC STUDIES

Results of systematic optimization studies of uniform treatment and of
two-segment treatment were previously discussed only for a single value of
n .and a single L/H value. TIn the above two-segment liner comnfiguration the
segments were of equal length, i.e., Lj = Lp. It was deemed desirable to
carry out additional parametric studies. These analytical optimization
studies included: :

The effect of n (ratio of duct height-to-wavelength, I/A) on the
optimum sound suppression in an acoustically lined rectangular duct.

The effect of variation of liner segment length ratio on optimum
sound suppression when the total length of the two—-element treat—
ment is kept constant.

The following is a discussion of the results of these parametric studies,

5.1 The Effect of n Variation on Optimum Attenuation

The effect of varlatlon of n on the max1mum suppression was ex9101ed for
the following conditions: :

Rectangular duct geometry modeled in two dimensions.
Duct height—to—ﬁévelength ratios,'ﬁ, ranging from 0.5 to 10.
Constant total wall liner length with a corresponding L/H of 3.43.

In the two-segment liner configuration, a 1:1 ratio of .the panel
lengths was maintained.

Exhaust conditions, i.e., flow and sound propagating in the same
direction. : o

Uniform profile flow of Mach 0.3,

‘Continuity of particle displacement wall bounaary conditions.

Plane wave source modal input.

three modes used in calculation.

The iterative optimization procedure was described in Section 3.2.
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Table XII summarizes the vesults of the optimization of uniform treat—
ment and of two—segment treatment for a range of n values from 0.5 to 10. 1In
that range of n, optimum sound suppression was predicted for negative reac-—
tance values., 1In all cases, the criteria for judging the validity of the
computer runs was the balance of energy flux at section interfaces.

Figure 73 graphically depicts the peak suppression and associated opti-
‘mum resistance and reactance ratios as a function of n for the case of
single~element treatment. The negative optimum reactance ratio decreases
monotonically with increasing n, i.e., with increasing frequency. It
decreases from about -0.1, at n of 0.5, to -3.6 at an n of 10. The corres-
ponding resistance ratio increases moderately with 1. Optimum suppression
of the uniform liner decreases markedly with increasing n.

Optimum suppression predicted for the two-segment treatment and the
associated liner segment impedance components are shown in Figure 74 as a
function of n, The optimum resistance of the upstream liner segment is
relatively small, Its value ranges from about 0.6 pc shown to 0.005 pc for
high’'values of n. The optimum resistance of the downstream {second) liner
increases with n, i.e., it increases with frequency. The negative reactance
of both liner segments increase in absolute value with n. The absolute value
of the reactance of the first segment increases at a faster rate than that
of the second segment. For n larger than-l, the negative reactance of the
first limer segment is larger, in absolute wvalue, than that of the second
liner segment., This suggests a smaller cavity depth for the first than that
of the second optimized liner segment.

The two-phase treatment optimum suppression also decreases with increase
in n. Tks decrease, however, is not as monotonic as that of the wniform
treatment. The two-phase treatment suppression and the wniform treatment
supptession are compared graphically in Tigure 75. For all considered n
values the two-phase treatment suppression exceeds that of the single-phase
liner. The largest beneficial phasing effect of about 10 dB is shown for an
n of about 1.5, and about 1.0 dB for n values lower than 1.0.

At the n values of 0.5 and 1.0 there is little difference in impedance .
‘components between the optimized 51ngle—element and two—element configura-
tions. The optimization becomes extremely difficult in.this n region due to
the high sensitivity of calculated suppression to small changes (on the order
of 0.01 pc in the impedance. From practical considerations, it appears doubt-
" ful that liners could be manufactured to the tolerances required to take
advantage of the multiphasing effect for these low n values, Cases at these
low n values were particularly prone to emergy flux unbalances, requiring many
runs. to be discarded. The cause of. these mismatches requires further
investigation. S ' ' '

12 .
Lester and Posey( ) have determined an optimized suppression curve for
a two-element, equal-length liner configuration in a cylindrical geometry
duct. These curves exhibit a "knee" phenomenon in the two-element liner

configuration similar te that of Figure 75, such that the major multiphase
enhancement occurs in the midrange of n values.
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- Table XII, Summary of Optimization Results for Several 7} Values,

Ll= L,= 45.72cm (18 Inches) Zl/pc‘ Zz/pc _
M = 0.3 | W \// /// //
L = L1+L2 , ' \\\\\\\\ / /
| e L] ete— Ly e
L/H = 3.43 ' 2
Plahe Wave  Source M & SOUND :
Uniform Liner | Two-Segment Liner
% Ex : '
£, Mz g Zg/pe- Zy/pct -nds T zyfee  zylpe  -udB
2650 0.5 0.31 -0.1i 70.6 .32 -0.091 0,3 -0.10i - 71.4
1303 1.0 0.65 ~0.51 39.2 .60 -0.471i 0.72-0.50i 4.4
2000 1.535 . 0.85 -1.01 22.6 .67 -1.37i 0.60-0.62i 34.3
2606 2.0 0.90 -1.41 14.3 .50 -1.60i 1.20-0.901 22.9
6514 5.0 0.85 -2,451 4.0 .005-2.901 1.00-1.75i 6.1
13029 10.0 1.40 -3.61 2.3 .05 -4.40i 2,00-3.00i - 2.8

* Zl/Pc = impedance ratio of upstream segmént
ZQ]PC = impedance ratio of downstream segment

%% -AdB = suppression in dB's
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5.2 FEFFECT OF SEGMENT LENGTH RATIO VARIATION

The conditions in this part of the parametric optimization investigation
were the same as those in the study of the n effect, except as noted below:

» Duct height-to-wavelength ratio, n was 1.535.

4 The ratio of the upstream liner segment length (Lj) to that of the
downstream segment (Lp) was varied over a range of values from
1:7 te 2:1, holding the overall length, Lj + Lp, censtant. The
duct geometry is depicted schematically in Figure 76.

e The source modal distribution was based on measured modal infor-
mation from Configuration 4 at Mach 0.3. The modal expansion
coefficients used here (amplitude and phase) are shown in Figure 77.

. The five lowest transverse modes were used.

The effect of variation of the ratio of the lengths of the two liner
segments, with the total liner length kept unchanged, is summarized in.
Table XTIII and shown graphically in Figures 78 and 79. In addition to the
optimized total suppression, Table XIII and Figure 73 show the associated
suppressions due to each of the two liner segments, The respective optimized
resistance and reactance ratios (impedance components) are also-included in
Table XIII and are depicted graphically im Figure 79. Figures 78 and 79
show the respective calculated point values with the smooth curves drawn
through them. The uniform (single-phase) liner information included in Table
XI1I and Figures 78 and 79 were taken from Table II, They were obtained for
a slightly different source modal input and seven transverse modes.

Table XIIT and Figure 78 show an increase in total suppression with
increase in the liner segment length ratic from zero to slightly over one.
The former corresponds to a uniform (one-segment) liner. _'The length ratio
of one corresponds to equal lengths of the liner segments. ‘Total optimum
suppression undergoes little change for the range of segment length ratios
between 1.0 and 2.0. It appears to have reached its maximum (v 36.0 dB)
at the segment length ratioc of about 1.0, i.e., for the twe liner segments
of equal lengths, as Table XIII indicates. ¥Figure 78 shows that it is a
broad suppression maximum and it extends from the point of length ratio
(L3/Lp) of 1.0 to about 1.25, at which the two liner segments have approxi-
mately the same resistance, :For”liner_segment_1ength ratio. ahove about 1.25,
total suppression decreases with the increase in the segment length ratio.

Within the considered range, up to the Li/Lo ratio of 2.0, the downstream
‘liner segment suppression far exceeds that due to the upstream'segment,
Even at the highest considered ratio of 2, i.e., when the upstream liner
segment is twice as long as the downstream segment, over twice as much
predicted suppression is due to the latter (v 24 dB) as that to the former
(10 dB). The suppression due to the upstream iiner segment .increases very
moderately with increase in its length at the expense of the lenpgth of the
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Table XIII, Calculdied Efféct of Lingr &~qment Length Ratio Variation,

Ll/L2

Q% :
1/7
1/3

1/2
1/1
2/1

i

L = 91.44cm (36 Inches)

.535
43

zl/pc

.20
.04
.17
.30
.60
vy

-1.041
-0.91

-1.1741

-1.201
-1.201
-1.171

Y% Uniform Liner

Zl/Pc

Zz/ﬂc

TITTTTA
o L, —=t= Ly
M & soumﬁ—_
.90 -1.0i - . 21.6
.75 -0.87i 0.2 28.0 28.2
.75 -0.774 1.2 29.9 31.1
.75 -0.681 2.8 - 29.6 32.4
.70 -0.51 7.0 28.9 35.9
34.3

.60 -0.421 10.4 23.9
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downstream segment. In contrast, the suppression due to the downstream liner
segment increases rapidly as the single-phase liner is replaced with the two-
element treatment, even though the first (upstream) element constitutes only
one-seventh of the length of the downstream liner segment. That increase
continues until the upstream segment length is about 25% of the total treat-
ment length,.i.e., is about one-third as long as the downstream lirer panel.

The optimized liner segment resistance and reactance ratios are shown
graphically in Figure 79. The optimized reactances of both liner segments
are negative for the considered segment length ratios. The optimum resistance
of the upstream segment increases with its length, i.e., with the increase of
the Ly/Lp ratio. The optimum resistance of the downstream segment decreases
very moderately with the decrease in its length (L), i.e., with the increase
in the Lj/Ly ratio. .The two resistance curves intersect at an Lj/Ly ratio of
about 1.25. As already mentioned, this resistance value appears to be quite
close to the maximum suppression of the two-element treatment at the considered
conditions. - '

The optimum reactance ratio of the upstream segment is larger, in absolute
value, than the corresponding reactance ratio of the downstream panel, This
indicates a smaller core depth for the upstream liner segment than that for the
downstream segment in an optimized two-phase liner configuration.



SECTION 6.0

. CONCLUSICNS

An analysis for calculating the propagation of acoustic waves in rectan-
gular flow ducts has been developed to be wsed in conjunction with in—duect
modal measurements. The method has been used to design and test a two-element
optimized treatment configuration.

It has been shown that duct acoustic modes can be measured successfully
in engine environment flow and sound conditions, and used to accurately pre-
dict sound attenuation for various treatment configurations in the presence
“of many modes. Of the five treatment configurations tested, the prediction
was quite close for two cases, but an undetermined source of error caused
overpredictions In the other three.

The discrete frequency optimum liner designs were found to possess very
narrow suppression peaks, being quite sensitive to variations in impedance
components or modal content. This is true for both single-element and two-
element optimum treatment designs. The sensitivity to impedance components
and modal content implies a strong dependence of peak suppression on frequency
variaticns, as well. At the design Mach number, the measured third-octave
suppression data for Configurations 4 and 10, however, indicated an enhance-
ment of broadband suppression for the two-clement liner as compared with
suppressgion bandwidth curves for single-clement liners obtained by normal
design procedures, but whether the enhancement was great enough to warrant
using the two—element design for suppression at a single frequency is
questionable. ' : ' ' ' '

The highest measured narrowband suppression came within 10 dB of the pre-
dicted optimum peak suppression of about 36 dB. The combined effects of
‘changing source modal characteristics and the inability to precisely achieve
optimum impedance camponents accounted for this difference. The two effects
can be considered to contribute a roughly equal amount to the loss in peak
suppression. The results of the sensitivity studies indicate that the pre-—
diction techmique correlates well with the méasured suppression within the
uncertainty caused by expected errors in the impedance components. Thus, the
analysis has been shown to be adequate for the purposes of analytical parametric
studies,

The narrowband attenuation obtained for Configuration 10 is likely to he
as close as the predicted discrete frequency optimum can be approached in
practical cases. It will be quite difficult to achieve the predicted high
suppressions within 5 to 10 dB due to the "sharpness" of the attenuation peaks
near optimum, particularly at lower n values. In future studies, it will
prove more useful to develop this approach for broadband suppression rather
than refine the discrete frequency development.
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The results of the analytical study indicate that the two-element liner
offers enhanced suppression over a single—element liner with the same total
length. The most practical use of this enhancement occurs over an approximate
range of frequency parameter n (H/A) from 1 to 5. TFor the considered condi-
tions, the maximum increase :in suppression for the two-segment treatment com-—
pared to the single-element treatment was predicted to occur at an 7 value of
about 1.5, Analysis of the computer runs indicates that the primary two—
phase mechanism causing the enhanced suppression at this n value is modal
redistribution from one plane to the next. The effect of energy reflection at
the interfaces is negligible.

Comparison of the experimental results for Configurations 7 and 8, with
the same panels in reversed positions, indicate that the two liners do work in
conjunction with one another. ' The design of the upstream treatment section is
dependent on the design of the second; that is, one could mot optimize the design

 of the first section for a given modal input, then use the output of the first

section to optimize the design of the second section and expect to get the
maximum suppression of both sections takem together. The optimization studies
have indicated that several sequential iterations on both sections are
necessary before the overall suppression converges to the peak value. The
studies have indicated that, holding all other parameters except the two

liner impedances constant, there is a unique set of the four impedance com-
ponents which maximizes overall suppression.

Results of the analytical parametric studies have shown that maximum sound
attentuation due to a two-segment liner of a given length depends upon the rela—
tive length of the liner segments. Optimum suppression increases with increase
from zero to slightly over one in the ratio of the length of the upstream
liner segment to that of the downstream segment. Maximum optimized suppres—

" sion is attained at or slightly above the segment length ratio of 1.0, i.e.,

when the two liner segments are approximately of the same length. For the
considered conditions, up to the Lj/Lg ratio of 2, the downstream liner seg-
ment suppression by far exceeded the suppression due to the upstream segment.

The modal content of the duct source varies rapidly with frequency for
pure tone excitation. Further investigation is needsd to determine whether
the change of the source modal content with frequency and in the presence of
different treatment configurations was just a characteristic of the rectangu-
lar duct apparatus or whether it is of significance in engine ducts as well.

The. analytical prediction procedure using measured madal content has
been shown to be an adequate design device for discrete frequencies. In
future studies, it is recommended that the method be adapted for predictions
over a broadband range of frequencies, This would be of particular importance
in investigating such effects as the enhanced high frequency two—element liner
suppression measured in this study. It would be useful for the development
of broadband treatment design eriteria. :
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SECTION 8.0

LIST OF SYMBOLS

modal expansion coefficients

modal solution vector at plane j
speed of sound in stationary medium

AT+ AT
N

modal energy flux

frequency, Hz

general function

‘duct ‘height

/=1

the axial component of the acoustic iantemnsity wvector
the wave number iﬁ free space ‘

liner cavity depth

axial floy Mach number

index indicating type of boundary condition

numﬁer of transverse modes in the expansion

the acoustic pressure at point (x,z) and time t

the stacked modal source vector

resistance ratio

reflection matyix at plame j + 1 of the forward N
traveling wave ' ' '

cross-spectral density

the system matrix . .

time

face plate thickness

= transmission matrix from plane j to plane j + 1 for

the forward propagating wave
mean flow veloecity in the axial'direction

uniform section transmission matrix
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LIST OF SYMBOLS (Concluded)

axial component of acoustic velocity
Carthesian Coordinates in two—dimensions
reactance ratio -

impedance ratio

admittance ratio

-eigenvalue of the M-th transverse mode

empirical liner hole end correction
the Kronecker Delta

duct height-to-wavelength ratio

axial propagation constant for the M-th mode

wavelength

density of air

faceplate open area ratio

real part of propagation constant, mth mode

imaginary part of propagation constant, mth mode
M—-th mode eigenfunction

vector of eigenfunction at plane j

2rf = circular frequency

‘the Laplacian Operator

Subscripts and Superscrits

axial station indices

transverse mode number

referring to probe

referring to reference microphone
designating a transpose matrix

superscript sign denoting the direction of wave
propagation

‘designates'compiex'conjﬁgaté

brackets designating time average
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