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ABSTRACT :

In this report, we describe our implementation of the recursive
maximum likelihood proportion estimator proposed by D, Kazakos in
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able to the standard maximum likelihood proportion estimator.
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I1.

Introduction :

In this report, we describe our implementation of the
recursive maximum likelihood proportion estimator proposed by D.
Kazakos in [1]. Numerical results obtained with this algorithm
using LANDSAT data are described, and a user's guide for the
programs as they currently exist on the IBM 360/67 at [LARS (ter-
minal a'1ilable at NASA-]SC) is included,

wection Il contains a aescription of the algorithm as imple-
mented, Section 1l serves as a user's guide to the programs
available, In section IV, we describe the numerical results we
have obtained with this algorithm. An appendix contains listings of

the programs,

The Algorithm :

Given a set of n-dimensional measurement vectors {x}
from M normally distributed multivariate pattern classes Hj,
j=1,2,...,M the M-1 dimensional recursive maximum like-
lihood proportion estimate (RMLPE)(T) pi at the i data
vector is given by

1 =

pl = p +i‘L[g ('t xi)]
(f10xp) = fpq(xp) o falxp) = fy(xg)
cor Tpap(xg) = fplx) ) (1)

where f. (x) is the density function for the jth class;

j



=N /2 ’ 2T,
fx) = 2m "2 xR ep [eup KT Teu) ] (2)

where u., and Kj are the mean and covariance matrix,

J
respectively, for the jth class; g(pi'l, xi) is the mixture

distributiun estimate, i.e.,
i-1 =
g(p : xi) = fM(xi) +

m-1
21 p:-l (f,0xp) = fy(x)) (3
L=

and L. is a suitably chosen constant in this approximation. The

proportion estimate for the MM class is denoted by D:n and

given by

m-1

i _ i

Pin = 1 Z Py (%)
p=1

In our implementation of this algorithm, we have made

several modifications to improve its performance. These include

(1) clipping the value of the update (i.e. second) term in eq. (1);

(2) renormalizing the pi at each step so that all p;: = 0 and

m
z p; = 1; and (3) introducing an additional damping term in

2=1

the update term of eq.(1). The final form of the algorithm is

pt = NorM {e, p'"l + L Lmr[T,Lemp!T!, X))

i+n,

(F) ()= Fpg(xa fo(x )= Fp(x), 'fM-l“‘i)'fM("i))]}

wherc LLMT(a,b) is the clipping function d:fined by



LMT(a,b) = b

with b, = sign (by) min (ao Ib; | )j

NORM is the renormalizing function defined by

NORM(e, y) = the first M-1 elements of y

where

;m=l-zyi

If
min (;i) > e s 0 then finisn else

Y, =y, - min(y;) + ¢ i=1,2,...M

and n, is 2 positive constant used to damp out early oscillations
of the estimate.

Two other algorithms used in conjunction with this one are
(1) an algorithm to calculate an approxiamation to [, and (2) an
algorithm to scramble all of the data (the RMLPE uses the
stochastic approximation, so the data needs to appear in a random
order). The first algorithm calculates the following approximation
to L

-1
L = (u + min lKj [?-')



where u is the minimum eigenvalue of H with H={h, }

and

h o = (2n)n/2 In (fk(x)-fm(x))(fs(x)-fm(x))dx
E

K:8 ®» 1. 8,55, M

The scrambling algorithm employs a procedure described on page
125 of [2].

I1I. Program Description and Users Guide

Three programs have been written to implement this
algorithm: the proportion estimation program, a program to cai ‘u-
late an approximation to L. and a program to scramble data prior
to estimating proportions, These programs are described below
and listings are provided in the appendix.

Propcrtion Estimation Program :

This program runs on the IBM 360/67 at [LARS. Para-

meters are read from cards describing characteristics of the .
and the statistics, the processing to be performed, and the de-ired
outputs, The same data may be processed with several sets of
statistics, The data is assumed to be sixteen channel data (from
which any subset of channels may be used) residing on file 11 with
one logical record per data vector. The data may be labelled or
unlabelled, If labelled, the program will calculate the true propor-
tions and print out the means of the estimates along with the
associated variances and mean squared error; if unlabelled, the
true proportions are read from cards and the same quantities are

then computed., Due to the use of the stochastic approximation in



this algorithm, the data vectors ' be scrambled before being
put on file 11. (Program super AM may be used for this
purpose, )

The correspondence between the notation used in the preview

section and the variables in the program aie:

Above Program

p] Q(l, %)

n, ISTRT

e EpPS

T TLM

L L

G G

fi(x) F (a function subprogram)
SG

i
uy MU

The programs are set up to handle up to 16 channel data from
up to 15 classes with as many as 10 different blocking factors. They
can treat an unlimited number of data points, The data enters the
program in "lines' which contain < 1500 points,

[N. B. The total number of points need not be an integral
multiple of the points per line,
e.g. if there are 5100 total points, we may
use NP (the number of points/line = 200
and NL (the number of lines) = 26 ]



®
.
.
3™ set of
statistics
2"d set of additional
statistics sets of
statistics
additional sots 6. & 7
parameters
st I"
statistics
arameters 3 or more cards
’ sets 1-4
Figure 1

Data Deck Setup for the LANDSAT Version



Figure 1 shows the set-up of the data deck necessary to

execute the program, The input paramet. ¢s and their formats are

described below :

1) HEDNG

Title to be printed on the output (20A4)

2) M, MXITER, NK, ISTRT, INQ, OUTPT,
L, TLM, EPS, (K(l) . I=1, NK)

(412,2L1, 3G10.8, 10X, 101 3)

M
MXITER
NK
ISTRT

INQ

@ITPT

TLM

number of classes used

number of sets of statistics to use

number of blocking factors to use (set = 1)
starting value of n, in eq. (1)

(defauli = 99)

= F if the initial guess for the proportion
estirnates ((Q)'s) are to be set = 1 (then
carc set (3) are not used) s

= T if the Q's are to be read in (card
set (3) is required)

= T if updated Q's are to be printed
after each line of data. Otherwise set = F
the L value to be used in eq. (1)

the maximum permiseible absolute value

for the update quantity for the Q's

(i-e.

K £(x)) - 1p(x,)

.‘,zl G(pi_lnxs)

s=Kt(i-l)+£)



EPS - minimum allowable value for a (Q during

the estimation procedure (10°2  seems to

be a good . aoice)

K(I),I=1,NK =~ the blocking factors to be used (set K(1)=1)
T if i[h channel is to be used
3) CSET - CSE‘.Ti =
(16 LL 1) F otherwise

Optional 4) ((Q(1,]), I=1, M-1), J=1, NK)

(16 G 5.3)
The initial guess for the Q's , Used only if INQ on
card 2 is = T

3
s)cL(n, (Mu,n, J=1, 16)
(26 X, A1/(5X, 5 E 15.8) f for 1=1,2,...M
(sG (3,1, J=1, 136)
(. X, 5E15.8) 7

These cards contain the statistics for the M classes,
CL is the class 1D, MU, the mean vector, and
SG is the covariance matrix stored in symmetric
storage mode (i, e. upper triangular part stored by
columns), Note that there are 33 cards required for

each class., Additional sets of statistics follow card

set (7).
6) NP, NL, PUTPP, QUTPX, TRUEP
(215 SL1)
NP - number of points to use per "line" (< 1500)

NL - maximum number of "lines" of data



@GUTPP - =T the current true proportions are
printed after each line (used only if
TRUEP = F)

= F do not print these prop~rtions

@GUTPX - =T print the data vectors
= F do not print the data vectors
TRUEP - =T if the true proportions are to be read

in (card set (7) is then required)

= F the class 1D is associated with each
data ve.*or and the program will calculatz
the true proportions (card set (7) not used),
Optional 7) (CLS(]), GT(J), J=1,M )
(8(A2, G8.6) )

CLS(]} - the class ID for the |

class

GT(]) - the true proportions for the ]th class

The data vectors should be on file 11 with 1 data vector per
logical record in the format

CL, (X(]), =1, 16)

(8 X, Al, X, 16 F 4.0, 1 X)
where CL is the class 1D (used only if TRUEP on card
set 6 = I') and X(]) contains the 16 dimensional data value

for a pixel.
The subroutines used in this program are briefly described below :

INSTAT - reads and prints statistics
SUBSET - for LANDSAT data (LLD) vercion, this

selects appropriate subsets of the statistics,
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F - computes the value of the density function
at X
TPOSE - for the pseudo-randomi (PR) version,

transposes the data matrix in situ

GEDATA - obtains or generates a line of data ir the
required format and order, Also computes
the true proportions,

MCHLSK - computes the modified Cholesky decomposition

of a covariance matrix stored in symmetric

storage mode,

Program to Calculate L. :

This program calculates the following approximation to L
P\ 1
= (h . min

where h = min (eval (H))

& Hy g = (2m)n/2 [ (0 - i 0).
En
(f (x) - fm(x))dx

k,s,=1,2,...,m

All notation is as before,
Input parameters to the program are
CSET, M, N
(16L1, 2X, 12, 2X, 12)
[ N.B. Our (limited) experience with the proportion estimation
algorithm indicates that a value of ~ 3 for [ appears

optimal despite what this program computes, |




IV.
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Scrambling Program :

This algorithm scrambles the order of records in a data set and
creates a new data set, Two storage arrays are used: one containing
the integers 1,2,...,N where N is the total number of records
and the other containing space for one data record, A temporary
direct access data set, which is the same size as the original data set,
is used, The algorithm is described below :

1) Set a,=i for i=1,2,...,N
2) Scramble the elements of the vector a,
(see e, g. ref. [ 2]).
3) For i=1,2,...,N
i Read i™ record of original data set
and store it in vector d.

b) Write d in agh record in temporary

data set,
4) For §=1,2,...,N
a) Read i record of temporary data

set and store 1t in vector d.

th record of new data

b) Write d on i
set,
5) Finished,
Note that step - 1ay not be necessary if one can use the data

from the temporary direct access data set,

Numerical Results:

A variety of numerical experiments were conducted with this
program to determine its characteristic. Both pseudo-random and

LANDSAT data were used.
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The most significant effect of this algorithm is due to the
scrambling (i.e. the order in which the data is input), If the data
is not scrambled (i.e, blocks of points from single classes appear to
the program) unreliable estimates will be produced, Our experience
with LANDSAT data indicates that the entire data set, whose pro-
portions are to be estimated, needs to have the individual pixels
scrambled, Various scramblings will produce different estimates with
a theoretical variance of L. /N where N is thz total number of
pixels.

Another effect that w2 noticed was that the variance of the esti-
mate for the MM class was always larger than for other classes,
This asymmetry, we feel, is due to the fact that the algorithm estimatec
proportions for the first M-1 classes, and the estimate for the Mth
class is then computed as 1 -Mil pi

=1

and then ag~in e:timating proportions, it was determined that the

By reordering the classes

variance of the M™ class would decrease from - 10% to ~ 30%,
so the effect may not be too harmful. However, the user should be

aware of this and assure that the estimate fr. . MW class is of

the least interast,

Detailed vests of this algorithm were run on some Hill County
LANDSAT data in order to comparc results with those obta‘ned by
Coberly and Odell [3] with five other proportion estimation algorithms,
Table |1 shows the results obtained from the recursive maximum like-
lihood estimator ( RMLE) for 2600 pixels of the labelled data as
compared to the other five estimators. Note that the RMLE and

MLE have almost equal variances and mean squared errors.
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Table Il shows the results obtained from the RMLE for 8400 pixels
of the unlabelled data, Here again the variances and mean squared

error .are approximately the same as those of the MLE .

Cenclusions :

Our experience with this algorithm indicates several important
factors need be taken account of in using this algorithm: (1) all of
the data needs to be scrambled poinc by point, (2) the class of least
importance should be used as the last class, and (3) a value of . 3
for the parameter |. appears close to optimal,

Our tests indicate that the recursive maximum likelihood esti-
mator(RMLE) produces results of comparable variance and accuracy
as the standard maximum likelihood estimator (MLE) of ref. [3].
The amount of computation involved for the RMLE is equivalent to
the first iteration of the MLE plus the scrambling of the dara.
Also, no additional storage is required by this algorithm to store the
density functions for each data point,

Further tests of this algorithm with other LANDSAT data will
be necessary to determine the effectiveness of this algorithm in the

general situation,
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FILE: « & NVR FORTRAN P)
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