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Abstract

This article is a continuation and an extension to the previous work covered

in Ref. (1) that deals with the thermal behavior of a tubular solar coliector,
A special analytical solution is provided for the time-wise response of the
circulating fluid temperatures when a sudden step change of the input solar
radiation is imposed and remains constant thereafter. An example which demon-
strates the transient temperatures at the exit section of a single collector
with two different flow patterns is presented. This study is used to supple-
ment some numerical solutions to provide a fairly complete coverage for

this type of solar collector,
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The Transient Thermal Response of a Tubular Solar Collector

Introduction

The study of transition states in the performance of solar collectors is
becoming increasingly important with the new introduction of solar module con-
trol techniques. The temperature control versus the circulating fluid rate,
for example, is directly related to the transient behavior of the module at
specific input conditions of solar irradiancy, ambient and inlet fluid temp-
eratures.

In order to study the transient performance of any heat exchanger, a
sufficiently general analytical model must be established which is both an ade-
quate 1dea1ization of the physical system and capablr of reasonably simple
mathematical description. There are basically three common methods in the
Titerature for solving the transient performance problem. These are ¢lassified
as: an analog compuﬁer method, a numerical method, and an analytical method.
The choice of the method to be used depends on the complexity and size of the
problem, the accuracy requireq, the means available, and the experience of the
investigator. First, analog computer methods (Ref. 3, 4 & 5) provide
a realistic and accurate analog model of the physical system, but require
a significant amount of advahced electrical circuitry. Second, numerical
solutions employing the practical method of finite differences has become in-
creasingly popular with the availability of high speed digital computérs and
its associated technology. This technique is very useful for almost any heat
-exchanger problem, and is the only method that can be used if a high degree of
accuracy is required o; if the problem at hand is of considerable size and com-
plexity. One using this method has to solve algebraic equations (nodal equations)

instead of the partial differential equation. The nodal equations can be derived

JPL Technical Memorandum 33-781 ' ' ' | 1
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by purely mathematical methods or by energy crnsiderations. Third, analytical
methods, as evident from Ref. 2, present in general a substantial mathematical
complexity. However, a special case has been found for tubular solar collectors
which can be handled by standaru orocedures and this 1s the subject of this
article. The analytic solution of the transient behavior can later be used

to supplement the numerical solutions so as to provide adequate coverage for

this type of solar collector.

Collector Description and Flow Patterns

The tubular collector, as shown schematically in Figures 1 and 2, is com-
posed of three concentric tubes; an inner tube, an absorber tube, and a cover
tube. The annulus epace between the absorber and cover tubes is highly evacu-

ated to minimizz convection and conduction losses. The absorber tube surface is

coated with a selective material to reduce the outward Tong-wave radiation losses.

In flow pattern (1), as shown in Figure 1, the circulating fluid starts from the
inlet section of the inner tube. At the closed end of the collector, the fluid
reverses its direction and passes in the annulus spacing between the inner and
absorber tubes. In flow pattern (2), as shown in Figure 2, the fluid path is
reversed from the abovs., Both flow patterns alternate Th each collector module

as shown in Figure 3. For more firradiancy augmentation, the set of collectors is

mounted with lateral spaces separating them from each other with a highly reflec-

tive back reflector.

Assumptions and Analysis

It is widely recoghized that the analysis of the transition states of heat
exchangers'dOes not respond to an easy mathematical treatment, and that simpli-

fying assumptions are necessary in order to achieve any type of solution.
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following idealizations are made in the model to yield a transient

with an accuracy adeguate for engineering purposes:

The heat flux and the temperature of each of the fluids and the walls
are functions of both time (8) and axial distance (X) from the collec-
tor inlet. This makes the problem one dimensional.

The densities and specific heats are constants thraughout the system,
The thermal conduction of the tubes' material is assumed zero in the
axial direction parallel to the flow and is considered infinite in the
radial direction,

The heat transfer coefficient between any tube surface and its adjacent
fluid is uniform and constant over the axial direction for a fixed
fluid flow rate,

The heat transferred at any section due to the fluid thermal conduc-
tivity in the axial direction, within the fluid, is negligible compared
to obher heat fluxes from or to the fluid at the same section.

The heat capacitance of the three tubes of the collector, namely the
inner, the absorber and the cover tube, are negligible relative to the
heat capacity of the fluid. This is a good simplifying assumption if

a liquid is used as the circulating fluid in the collector. In case of
using gases or air as the solar collector medium, this assumption is not
recommended since the wall capacitance has large effects on the thérmal
lag.

Initially, steady state conditions were prevailing before a sudden input
variation in the solar radiation was superimposed.

The flufu flow rate is constapt throughout the collector. |
Passes (1) and (2) of the inner and outer fluid, respectively, are of

equal flow area; thus equal flow velocities in each pass are assumed.

JPL Technical Memorandum 33-781



Virtually all of these idealizations are also required for the
analysis of the steady state performance.

Based upon these idealizations, the differential equations relating the
system temperatures are derived from energy balance and heat transfer rate
equations applied to a segment of the collector of length dx. The derivation
“uf these differential equations is presented in Appendix A. The incident
solar radiation is then applied in the form of an input step function. The
transient problem for both flow patterns is then mapped on the frequency domain
instead of the time domain by using Laplace transformation as explained in
Appendix B. In Appendix C, the inverse Laplace transformation is presented using
the Residue theorem in complex number algebra, for one of the two flow patterns,
namely pattern (1). A similar approach is followed for flow pattern (2) and is

presented separately in Appendix D.

Numerical Example

The following numerical example will show the difference in the thermal
response between the two flow patterns of the tubular solar collector . The
data were arbitrarily abstracted to be as close as possible te actual running
conditions. However, the conclusions may be generalized at any other re]evént
conditions.

Starting with inlet water temperature

Ti(0,0) = 70% for flow pattekn (1)
or

To(0,0) = 70% for flow pattern (2)

~ JPL Technical Memorandum 33-781



Ambient temperature . . . ., 30%
Tube Tength . . . . « . . . 1.067m
Absorber tube diameter . . 0.041m
Cover tube transmissivity 0.91
Absorber tube absorptivity 0.85

Mass flow rate. ., . . . . 5 Kg/hr

Water specific heat . . . . 11.63 % 10 Kuhr/Ke%K
Sky temperature . . . . . . 4%

| eeder tube diameter . . . 0.029m

Cover tube diameter . . . . 0.05Im
Cover tube emissivity .. . 0,90
Absorber tube emissivity., . 0.1
Wind speed -, . . v ..o T Km/hr
Augmentation factor . . ., , 1.64
Irradiation intensity varies in the form of a step function and is given by
1=[0 .8 < 0
0.75 Kw/m® 0<8 < w |
The relevant constants K], KS’ K4 (0) were calculated from Eqs. A-20 & A-23 using
the heat transfer coefficients data {(Ref. 6): |
Ky = 0.8853 m' K, =[5.0869 0<0  %/m
Ky
AK, (8:0) = 8.3557  %K/m
¢ = K=K < 0,0085495
Vi=V;:;E;j;g98 m/ hr

0.9024 m""  113.4406 0=g<» O/nm

Since the initial conditions were at steady state; Equation B-9 was_so]ved as

in Ref. (1) and gave the difference [T((0,0) - T,(0,0)] as -0.818 ok

JPL Technical Memorandum 33-781 |



The first six vectors Z in Equation C-17 and the corresponding poles p are

calculated as:

Z=+1.82%4j , p = -5.0555

Z =2.1065 + 7.5750 j , p = -14.4634 ¥ 26.0865 j

Z=2.7063 + 13.9438 j , p = -16.4525 F.49,0227 j

Z = 3.0754 + 20.2691 j , p = -17.7222 ¥ 71.5935 j

Z = 3.3437 + 26.5781 j., p = -18.6569 ¥ 94.0439 j

Z = 3.5548 + 32.8788 j , p = -19.3968 ¥ 116.4385 j

The first six poles constitute 97% of the infinite series sum required for flow
pattern (1) and are sufficient for temperature calculations. For flow pattern (2)
many more transition terms are required for caiculations in the vicinity of the
(6 = 0) region. These extra terms will have a very rapid diminishing effect as
620.1 hr.

The temperature TO(O,O), from Equation C-16, for flow pattern (1) is given

by:
-5.0655 0
T,(0,8) = T (0,0) +8.7826 - 6.5290 e

-14.4634 o
+2,7288 e . cos(2.1593 + 26.0865 6)

-16.4525 6
+0.4480 e . cos(1.5462

49.0227 8)

-17.7222 9
+0.5363 e . cos(2.3276 + 71.5935 8)

-18.6569 6

+0.1964 e cos(1.2973 - 94.0439 9)

-19.3968 @ o
+0.2447 e cos(2.3688 + 116.4385 8)

JPL. Technical Memorandum 33-781’Hw



and that for flow pattern (2), from Equation D- 9,.1s given by:

-5,0656 8
Ti(O,Q) = Ti(0,0) +8,7826 - 14.6569 e

-14.4634 @

+2,9974 e cos(1.7492 - 26.0865 8)
-16,4525 @

+1.0818 e cos(?.0444 - 49,0227 @)

+1,0681 e cos(1.6352 - 71,5935 0)
-18.6569 @

+0.6108 e cos(1.8797 - 94,0439 8)
-19.3968 6

40,5429 e cns. (71,6005 - 116.4385 @)

The outlet temperatures are plotted as shawn in Fig. 4 for both flow patterns. The
trend of the two outiet temperature curves is the same for any other conditions of

flow rate, ambient tempehature or solar irradiancy.

JPL_Technica] Memorandum 33-781 7



Summary and Conclusions

To summarize the major features of this work the following conclusions
are made:

1 - A pure analytic procedure using Laplace transform has been established
for the transient thermal solution of the tubular solar collector with
two different flow patterns. The input solar flux is introduced in the
form of a step function and the resulting collector response is pre-
sented in each case. The numerical results of a selected example are
plotted in Fig. 4 for comparison.

2 - Comparison of the exit temperature fegm the collector, Figure 4, indicates
the distinct difference in responding to a sudden change of solar radiation.

| The outlet fluid temperature of flow pattern (1) responds by a much faster

rate in the early stages since'the fiuid Tleaves the collector as soon as
it absorbs the useful energy from the annulus area facing the’sun. On
the other hand, the fluid temperature of flow pattern (2) lags behind by
the "residence" time. The latter is the time elapsed for an element of
fluid to pass through the collector from the inlet section to the end

section. The residence time Gs is given by
es=;ﬁ%

and is equal to 8.46  minutes for this example. This means that approx-
imately 8 minutes have to elapse to discharge the relatively colder
fluid in the center tube before a significant temperature gaih is ob-
served for f]bw pattern (2).

3 - The steady state collector analysis, described in Ref. (1), leads to
the conclusion that both flow patterns, though having different tempera-

ture distribution inside each tube, will eventually end up with the same

steady state outlet fluid temperature. Since the temperature growth for

- JPL Technical Memorandum 33-781




flow pattern (2) is lagging behind that of flow pattern (1) and catch-
ing up at Qome infinite time, the rate of temperature increase for flow
pattern (2), at the end of the "residence" time has to be much faster
than the early rate of response for flow pattern (1).

The steady state time registered experimentally by the collector manu-
facturer and by the solar simulator team at NASA Lewis Research Center
for this collector type, ranged from 30 to 60 minutes according to flow
rates, ambient and solar flux conditions. This relatively long steady
state time 1s due to the fact that 65% of the collector volume is filled
with 1iquid fluid that hinders a fast response. The analytic results
of the given example seem to agree with the above finding; the ouﬁlet
fluid temperatura reached 97% and 92,5% of its steady state value for

flow patterns (1) and (2), respectively after 40 minutes of exposure to

| sudden solar radiation.

The series solution presented in this work depends entirely on the para-
meters Ky, C, L and V which in turn depends on the physical dimensions of
the collector, the heat transfer coefficients and the fluid flow rate.

With fixed collector dimensions, the highzr the rate.of fluid flowing in,

the higher the conductance coefficients and the faster the response to

solar flux changes will be ,even though the useful temperature rise across
the collector will decrease. On the other hand, with a fixed fluid flow
rate, the smaller the area of the flow passag: and the collector size, the
higher the fluid velocity, the higher the conductance coefficients and

the faster the rate of heating will be, since a smaller amount of 1iquid

is residing inside the collector.

JPL Technical Memorandur 33-781 _ . 9
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10

6 - The analytic solution can now be applied to different input conditions
of flow rate, solar flux, ambient temperature or collector dimensions
for optimizing the collector performance. Moreover, other step changes
of the solar flux, such as sudden shading due to clouds passing by and
their effects on the collector cooling rate, could be followed by the
same expressions derived herein,

In conclusion, it should be pointed out that the anaiytic solutions obtained

in this article could be handled with a digital computer to give adequate cov-

erage for this type of solar collector,
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Nomenclatures

ACS

<«

L= R o

Pl

— ot

He

sky
amb,

ac

ao

cv

oi

Urd '

v
%

cross sectional area

specific heat of.tube material
specific heat of flowing fluid.
Tube diameter

Augmented Radiation Factor
Direct incident solar radiation
¥=1

tube iength

fluiu mass flow rate

Laplacian frequency

reflectivity

Transformed temperature on frequency domain

Temperature
Sky temperature

Ambient temperature

m2

Kwhr/Kgoc
Kwhr/Kg%c

Radiative heat transfer coefficient between the absorber and the

cover tubes

Kw/m2°c

Overall heat transfer coefficient between the absorber tube and

the outer fluid in the annulus

kw/mOc

convective heat transfer coefficient between the cover tube and

the ambient. air

Kw/mzoc

overall hzat transfer coefficient between the outer fluid and

the inner fluid

Kw/m2°c

Radiative heat transfer coefficient between the cover tube

and sky.
Fluid velocity.

Distance along the collector tube

JPL Technical Memorandum 33-781
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m/ hr

m
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Subscripts

Time

absorptivity

emissivity

transmissivity of cover tube
tube thickness

Stefan Boltzmann constant

density

absorber
cover tube
inner fluid, pass(1)

outer fluid, pass (2)
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Appendix A

Derivation of the system differential Equations for the Transient Solution

For a segment of the collector of length dx at the time interval from 0 to

(04d6), the rate of heat flux is divided, as shown in Figure A-1, whereby

dQ] =

dQ3

where

dQ6 =

The total radiation on the cover tube from all sides including
irradiancies from the back reflector and reflections from adjacent
collectors;

dgy = 1. F. (Dcd¥) v o (A1)
The total outward reflection loss from all sides of the cover
tube,

the energy absvrbed by the cover tube including absorption from

multiple reflections within the evacuated space

do. = { a A Ta T¢
Q3 = ( e t T:F;F;-J -dQ1 . . .(A-2}
the energy absorbed by the absorber tube including absorption from
multiple reflections within the evacuated space,
Qs , T¢
dQ4 = (W“") -dQ] ' Lo '(.'A"S,)
ca
the long-wave radiation exchange between the cover and the absorber

tubes. This is absorbed by the cover tube almost entirely..

dQ5 = Uac . (W'Ua.dg) (Ta-TC) : v (A-4)
4 -4
U = o, .(Ta'Tc)
;c ac (Ta"Tc)
. (A-5)
1

n

l+%.(]_
5 -
ac fa Ve &

1

m

the sensible heat gain by the absorber tube material

= a7 | -
dQ6 W'Da. 5, dx . ﬁg . Ca( aga) R . . .(A-6)

JPL Technical Memorandum 33-781 | | 17
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dQ; = The heat transfer to the outer fluid in the annnlus pass from

the absorber tube surface

= Uao ] ('"'Dad)() . (Ta"To) . e o(A"?)
dQ8 = The cumbined radiation and convection loss from the cover tube
to the ambient air and sky.
3 (TTDc'dx) ‘ [U (Tc Tamb) * Urd (Tc"Tsky)] .+ (A-8)
where

dqg = The sensible heat ga1n by the cover tube material.
= 3T -
dgg = 7D, 8,.dx. A..C, ('_a'é‘c) .. (A-10)

dQyo = The sensible heat gain by the outer fiuid in the annulus pass.
This is determined by the “"Lagrangian" approach following the
elementary fluid mass as it passes by the section bounded by X

and (X + dx) during the time interval from @ to (0 + d@)

= 3T, . 3T 1y
Qg [es.2 PeCt (=52 7 MO (3—)})] dx oo (A-TY)

where the (-} sign is for flow pattern (1) and the (+) sign for flow
pattern (2).
dQH = The heat transfer to the inner fluid,
dQyy = Uy (7Dydx). (To-T4) ... (A12)
dQ]2 = The sensible heat gain by the inner fiuid, pass (1), This is
determined, as 1in dQ10, by foliowing the elementary fluid mass as
it passes by the ;ection bounded by X and (X + dx) during the time
interval from 8 to (8 + d@),

' T, 2T, -
Q. Ak i
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where the (+) sign is for flow pattern (1) and the (-) sign for flow

pattern (2).

and

dQ13 = The sensible heat gain by the inner tube material,

Applying the first law of thermodynamics to the system componets will
yield:

dQg + dQg - dQg - dQg = 0 | | v (A18)
for the cover tube,

dq, - dQg - dQg - dQy = 0 + « +(A-15)
for the absorber tube,

d@y - dgy, - dQy, = 0 .+ +(A-16)
for the outer fluid, and

dQqy - dQ)p - dOy3 =0 v o (A7)

for the inner fluid,

In this work, it has been assumed, without great loss of accuracy, that the
heat capacitance of the three tubes of the collector are negligible relative to
that of the liquid fluid, Accordingly, the number of differential equations
decreases to two instead of four since

dQg = dQg = dQ]3 = zZero _ .« +(A-18)

and equations A-14 and A-15 are reduced to:

[Ce + $222) L0, ) ¢ (70,00 by (T, = To)]

-0 dx [UCQLTC = Tamp) * Upg (Tg - Tsky)] =0

ac*'a 'C

[({'—E'—,E%g L0 - [(m,dx) . U (T,-T)] -

- [(1TDadx).U T.-T 1] =0

ao'( a 0
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These can be written as:

T.=2a+bT
c a ) .. {A-19)
T = T, - (f—-’i)To -
whera #, b, f & g are characteristic constants given by:
Q. "y _
[(OE * T'r )iLI t( Uoy Tamp * Urdeky)J
ar T 0
[ ev T Urd (59-' Uac)]
c
D
. .« (A-20)
(a Uac) (A
b = U;
(Uy, # Uy * 22 . U )
y rd ac
D¢
] Q
f=(]+U‘a'g"): g:F'I 5 (_afc)
ac ﬂ'(Uac.Ug ) T-r,re

¢
On the other hand, Equations A-16 and A-17 will become the tw: qoverning’
differential equations written as
[Uyg (7D dx) (T =T )] =[Uy (7D dx (T -T,)] -

P 2T, 2Ty
cs.2 % Cegpe T M Gy
where the (-) sign is for flow pattern (1) and the (+) sign for flow pattern (2),

- [A Jdx =0

o7, at.,
. : 1 1 =
[Ugy (mDdxN(T =T ] = [Agq % Celmg) £ Celmgy) ] dx = 0

where the (+) sign is for flow pattern (1) and the (+) sign for flow pattern (2).
The continuity (mass conservation) equation is expressed as

m= %Acs]uvi = RFA -VO : e e .(A‘*zl)

csé
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;1d toguther with Equations A-19 and A-20, the simultaneous partial differential
equations governing the thermal behavior of the tubular solar coilector are

expressed as:

oTy 1 9Ty
L SR A tRT - KT =0
. (A-22
8T, , T, (A-22)
tax - v, a0 tRT KTt Km0
where
DU .
Ky = i oi ¢, - 70 Uao
mCe i Ce
. |(A—23)

-~
[F5]
|
-~
—
+
<
na
—
B
—

kg = K (D)

the (+) sign is for flow pattern (1) and the (-) sign is for flow pattern (2).

"JPL Technical Memorandum 33-781
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Fig. A-1. Sankey Diagram for the Tubular
Solar Collector
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Appendix B

Transformation of the differential equations from the time domain to the

frequency domain,

The partial differential equations that govern the collector inner and

outer fluid temperatures T, (X, 8) and Ty (X, 8), respectively, are expressed as

p 8T _
ey tvse ot T oK T =0
3Ty 1 97 v v o (B-1)

0 =
T EY v 30 THTi KTy k=0

where K], Kgs & Ky are characteristic parameters, and

V.i ,= VO=V » . -(B-z)
according to the ninth assumption in the main text. The (+) sign is for flow
pattern (1) and the (-) sign for flow pattern (2). At steady state conditions,
the above set of equations are reduced to the same set derived in Ref. (1),
namely

d'y .
ta tR T KT =0
T . . .(B-3)

# 90 g T K T 4Ky =0 ‘

- dx 14 370" ™
where the (+) sign is for flow pattern (1) and the (-) sign for flow pattern (2).

The following Laplace transforms will convert the set of equations in (B-1)
from the time @ domain to the freguency p domain to ease their algebraic manipu-

lation. These are

0 -8
(X P) .f e (X, 8) do
0 .
| .(B-4)
0

-~ ~p®
T, (X, P) ='f e T (X, 0)de
o
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Multiplying equation (p-1) by e and integrating from (0=0) to (8= )

gives:

- T.(X,0)
+ i P i -
el (K1 + VJ Ty =K Ty —g— =0
+ 9Tg Py T = K Tol% 0)

where the (+) sign is for flow pattern (1) and the (-) sign for flow pattern (2).

Q

. .(B-5)

The two simultaneous partial differential equations could be separated for either

variable by using Cramer's rule. These are expressed as

811 3 (Kgk)) B Pyes Py L k217 4 (fa, To(%0)
AL [ Bty By - k2] 1y o g G+ 2
T, (X,0) el
P[ L (kg +R] ¥ por (%0 =0 .. .(B-6)
and

- -

876 — (K~ k) BTp p p 2,=
- P L

K T (X,0) 1_ T {X,0)
TCOR T TC PR L S L
.+ .(B-7)

:.....K_]

where the_(-) sign is for flow pattern (1) and the (+) sign for flow pattern (2).
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i - Initial Temperature Distribution Along the Tube at 8 = 0

This step has to be determined first before a general solution can be made.
Generally speaking, the initial conditions are arbitrarily preassigned based on
past experience. However, in this work there is no need for any initial estimates
or guesses since we have already stated in the seventh assumption in the main
text that initia) conditions are at steady state, Accordingly, using equation
(B-3)}, the initial temperatures Ty (X,0) and T, (X,0) are related by:

BT-i(st) X
.(B-8)

8T, (X,0) i
oy — KT (X,0) - K3 T, (X,0) + K,(0) = 0

where the (+) sign is for flow pattern (1) and the (-} sign for flow patterns (2).
Equation B-8 can be further separated for one of the temperatures T;(X,0) or

T, (X,0) as:

dzTi(or To) _ dTi(or TO)
--—-—-d—x—-z—-— + (Ka - K-l) _'a')?'_—""""" - K-I (K3 "‘K]) = 'K-l K4(0)- . -(B'g)

where the (-) sign is for flow pattern (1) and the (+) sign for flow pattern (2).
For each flow pattern, equatjon B-9 is soived subject fo the boundary conditions
at the end (X=L) as reported in Ref. (1). The result is an explicit relationship
for the quantities Ti(X,O), TO(X,OJ, dTi(X’O) and dTo(x’O) with the distance X

X X
along the tube.
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11 - General Solution in the p-plane:

Our interest in this work is to study the thermal response when a sudden
step change in the jnsolation "I" is imposed. Figures B-1 and B-2 i1lustrate
the resulting change in the parameter K4(0). The latter can be written as

Ry(8) = Kp(0) + AKy. v (0) .« .(B-10)
where v (0) is the unit step function at 8 = O,

Substituting the initial conditions given by equation (B-8) in equations
(B-6) and (B-7}, will give
i —= 8T, p . -
—Z ¥ - Klep [ Pl +p - 5] T
i K]Kd Ti(X.O)

e (5+K3+% .. (B-17)
and
62}' - -
=z 7 K-k )—TZT° ik g -5 T
KK T.{(X,0) AKX
R )

where the (~) sign is for flow pattern (1} and the (+) sign for flow pattern (2).
The particular "integral or solution can thus be determined from equations

(B~11) and (B-12) as

T.(4,0) K AKYP
p ¥ p (p+r1)(P+r2)
for T, (X,p) and both flow patterns,

and for T, (X,p) the particular "integral" is given by

. , | . .
To(X,00 Ky oKV A%
p plptry){ptry) o (ptry ){ptry)
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for both flow patterns where
p
[(K1 + {})(KB ) - KIZ] = V‘z‘ (ptr ) {ptry) .. . {B-13)

is written for simplifying the inverse transformation

and
- Ky-K
= 2cy@ - {23 )
= - {pl 2
. 2 2 LI I(B-]q')

On the other hand, the roots of the "characteristic” equation of the image

differential equations (B-11) and (B-12) are such that

-2 —

—

Sy 2 T Sy, (KyKy) - [(K]+$-)(K3+VP-) - K.lz] =0 ., .(B-15)

where the (-) sign is for flow pattern (1) and the (+) sign for flow pattern (2).
The roots 51(p) and Sz(p) are further written in the form:

—

5,(p) = £ (C + R)

Sz(p).= .'t. (_C - R)

v e (fee e o) L eae)

where the (+) sign is for flow pattern (1) and the (-) sign for flow pattern (2).

The general solution for Ti(X,p) and TO(X,p) is given by:

- S s 60 kvPak,
T00p) = Ap)  # Ap(p) e ot BFIT,) . . . (B-17)
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51X 5% T(x,o) K V2 AK AKV
- 2 0 1 4 4
To(Xp) = Aglp) o Aylp) e _* b T (e, i(per,) (p+r1)(p+r2)

.{B-18)

where A](p), AZ(P)! Aa(p) and A4(p) are arbitrary functions of the frequency p.
Substituting in any one of the image differential equations such as équation

B-5, and comparing the coefficients of exponential and absolute terms:

A (p)
As(p) =~}q— (K + c+VP—+ R)
A ( ) Vo -(B‘]g)
AL P
A4(P) = K‘_I_ (K] + C + V = R)
for both flow patterns.
Combining equations B-16, B-17, B-18 and B-19 gives
5)X S5 00 Ky DKV
T: (Xsp) = Ay(p) el 4 A(p) e® + : p(p+r])(p+r2) . (B-20)
Ay (p) S A (p) X
p 2\P. P _ 2
(ij'--—*r(K-I'l'C'i'V-i-R)e +-—K]— (K-l'f_'C'i"\T ) e
2
. TO(X,O) Ky AKgV AK4V . e2)
P p(p+r1)(p+r2 ¥ Tp#r, 1TpPr,)

for both flow patterns except for the signs of'§} and §é.
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Fig. B-1, Step change in the solar
radiation at 8 = 0
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Fig. B-2. Step change in the parameter K4
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Appendix C

Inverse Transformation from the Frequency Domain to the Time Domain for
Flow Pattern (1).

i - Boundary and Initial Conditions:

With the image temperatures T}(X.P) and Tb(x,p) as determined from
Appendix B, equations B-20 and B-2] are subject to the following two conditions:
1. A boundary condition:

At X = L and at all times:

T'i (L,Q) = To(.]-:g)
or .

Ty (L,p) = T,(L,p) PN CAY
2. An initial condition:

At the inlet section (X=0) and at all times,.the temperature Ti(O.G) is
kept fixed, i.e.,

Ti(O,G) = Ti(0,0) = constant

or
. Ti(O,O) .
Ti(oap) = D T .(C—Z)-
The arbitrary constants A1(p) and A,(p) for flow pattern (1) are then given by:
| S,L | |
2 = Py 32 P
n o) - 18 [(5) ¢2 - F ]
1 plptrydiptry) - &y T L
17 2'v
5L
Ky AV [ e - f ]
Ay(p) =
2 p(p+r1 )(P+r2) ' ‘5'1 L §2L
. Sy el - sl ] (e
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R AAG el + €+ 2ky) SN ()
and Py, ro are given by Equation B-14, |

i1 - Poles on the Complex Plane

The straightforward process of finding the poles or "singular points" of
the transformed temperatures T}(x,p) and Tb(x,p) and following it by application
of the "residues" theorem, is the fiastest procedure to solve for the inverse
Lap]ace'transformation.

The values of p which result in an infinite value for T}(X,p) or Tb(x,p) are
kerein ¢alled the poles and given by

(1) p'for (2) P2=‘r'|’ (3) p3=-!"2, and (4} P4= pm

where pm_is an infinite set of complex poles that satisfy the equation

Py Ryl Pm Rt
(C+V—- +Rm)e "(C+V—"Rm)e
o Pm pm . o + 2 o(C-S)
Rm "\/?v—'!' C)(V—-+C+2K1)

Since ?}(X,p) and Tb(x,p) are analytic everywhere in the region including the
simple poles 1isted above, then the inverse transformation T(X,8) is given by the

sum of residues of Egpg T(X,p)] at the poles of T(X,p).
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§5x zx
i1 - Residues of the term [ A1(p) e’ + Az(P) e ] :

This term appears in Equations B-20 .»! ~21 for the image temperatures

T} and T;. respectively, It can be written as:

EXCHETOESE

" AK4V‘2[éC+R)X[(C+v )(g R)I_. V] ) (C- ﬁ)é*v*ﬂ (C+R)L. %]}

R {C-R)L
p(p+r1)(p+r2)[(C+V+R)(e : - (e - i) e ) ]

.(C-6)

The corres+.iding residue to each pole is listed as follows:
(1) Residue at the Pole: p = 0

This represénts the steady state value of this term and is given by

-, G sinh Ry(L-X) + Rycosh Ry (LK)
residue = -
(p=0) 2C (C sinh R]L + R-]COSh R]L) I .(C"'?)

where R, = V C(C+2K1)

(2) Residue at the pole: p = -

This is given by
ap e =ry8
K1 £3K4V e

residue = F;TFE:qu | .. .(C-8)

(p=-ry)

independent of the distance X,

(3): Residue at the pole: p = -r,
This is given by

K, AK,vE 2P
. 1 4 e
residue = "
(p=-ry)  T2lr2ry) - ' v iE-9)

independent of the distance X,
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(4) Residues at the set of complex poles p,:

This is given by

v ]
P ) maoL [ [ (CHR X (C-R )X

m [1+2L($L"- ¥ 0+ K1)] (RE - ¢?)

. . .{C-10)

which 1s reduced to zero at the section X=0.

A (p) SX aylp) 5o
iv - Residues of the term [ﬁ%r—-(c+§+R{ e + _%T_ (c+§-- R) e

This term appears 1in Equation B-21 for the image temperature Tb and is

written as:

C-R)X C+R)L C+R)X C-RIL
= AK4V2{‘§ ) IZK‘[(C“%) é ' )+ 5-(c+§-— R)T - e( +F.2)K1(C+‘l}) e( R)+ 5-((;4-5. +R)]l
. {C+R)L C-RIL
p(ptry ) p+ry) SL{CH + R) é L (C+ - R) é L
.o (C-11)

The corresponding residue to each pole is listed as follows:

(1} Residue at the pole p = 0:

This represents tge steady state value of this term and is given by:
C
AK4- e . Sinh(L'X)R-I
residue =
(p=0) (C sinh-R1L R cosh R]L) . . . (C-12)

where _
Ry = VC(C+2K-|)

(2) Residue at the pole p = s

This is given by

"r‘]g
-AKV e
residue = ———-t—— _
(p= -ry)  (ry-ry) .. . (C-13)

“independent of the distance X.
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(3) Residue at the pole p = Tl

This is given by

A e
residue = folll: AR

(p= "rz) (7'2—7‘]) P .(0'14)

independent of the distance X.

(4) Residue at the set of complex poles Py’

This is given by
v

P o Pm P ORIL Cer % (C-R )X
z AKg R € ! (C+V"+Rr'n)e | He '".(Civ-mmm)-e m(Q+§£ﬂ_-Rm)

(R,Z - 1+ (Sl“w C + K1)}

. .(C-15)

v - Special Solution at Section %=0

Combining Equations C-7, 8, 9, 10, 12, 13, 14 and 15 and gubstituting X=0
then

7,(0,8) = T.(0,0) = constant v 1

I (TR L

_ 2 m

A K4 tanh R

T,(0,8) = T (0,0) +

+
(C tanh RiL+ Ry m (RC - C2)[1'+"2L($_fg+ CT K )]

. .(c-16)
*Inverse Laplace transform of 5 T(5%75) = (7F) (e’ - e“%)
2
and
2 -r.0 2 -r,8
AK4 AK4 _AK4K1V e'l AK4K-|V e 2

Inverse Laplace transform of ﬁ(p+r1)15+r2) = =t (T + 7, Tr5T)
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vi - Determination of the set of complex poles p .

The infinite set of peles p . that satisfy equation C-5 can be found
numerically by solving for the cohp1ex number Z such that
sinh%y = -—%E—§ ; Z = 2LR L (e17)
4LEK, m
where Z = Lt ij ts a complex number. The components Z, and Z, are determined

Y
by soiving numerically the following simultaneous equations:

2LK1 sinh Zx cos Z.y - Zx f 0

2LK, cosh Z,. sin Z, - zZ, =0 .+ .(C-18)

The roots of Equation C-18 are only functions of the constants L and Kj; and
independent of the distance X, The sets P and Rm can thus be followed from
Equations (C-5) and (C-17).
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Appendix D
Inverse transformation from the frequency domain to the time domain for

flow pattern (2),

i - Boundary and Initial Conditions

With the image temperatures T.(X,p) and T,(X,p) as determined from
Appendix B, Equations B-~19 and B-20 are subject to the following two conditions:
(1} A boundary condition:
At (X = L) and at all times
T'I (Lsg) = TO(L:Q)

or

Ty(L,p) = T,(L,p) | .+ .(D-1)

(2) An initial condition:

At the inlet section (X=0) and at all times, the temperature T (0,8) is
kept fixed, i.e.:
T,(0,8) = T (0,0) = constant

or

T,(0,0)
T,(0,p) = op _ .. .(D-2)

The arbitrary constants A1(p) and Az(p) for flow pattern. (2) are then given

by
R-C)L
2 P oy (P -
op ARV (C+Y-C£R)(V- K1) e o V{K1+C+V- R]
oty Mo} {(c%m e - (cH-R) e
.. .(D-3)
~(C+R)L
R a (o#r 4RI (G- +K)) S %(K1+C+.§+R)
Pplp) = Yoo = R W
PAPTFIAPTT271 ¢ [(CMR) - (e -R) J

where R = ‘\/C%- +C)'(54+C +2kn)
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ij -~ Poles on the complex plane:

The values of p that lead to infinite values for T, or T, are identical

to those found in Appendix C for flow pattern (1).

i11 - Residues of the ternl(A](p) e + Az(p) e

~(CHRX -(c-R)x)

This can be written as:

IS )_[(04{- -R)(%— y) e

5 -X(C+R (R-C)L

P P
V(K]+c un -R)}

pptry ) (ptr, ) C HR) e - (C +§ -R) e

RL -RL | ~CL
e

-

(R-C)X -{

C+RIL &
N (cm)E e k) e SRk rCH Eo R)}

L

[P ey R P
plptr ) (ptry) 1{CHy +R) e - (CHp R) e

(1

e

-RL J -CL
. 5 .(D-4)

Residue at the pole p = O:

This represents the steady state value of this term and is given by

P

AK,  -CX [c sinh Ry(L-X) - Ry cosh R1(L-X)}
"2 ¢ (Csinkh RiL ¥ Ry cosh RyL)

at X = 0 this is reduced to

_ AK4 tanh R1L AK4
e T TTCER R R T T . .(D-5)

Residue at the pole p = -ry

This is given by{

residue = e ) .
(p=-rq) Fylrg vy .. .(D-6)

independent of the distancé X.
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(3) Residue at the poie p = -ry:
This is given by:
residue = e v oo (D
(pe-tp) 207277

independent of the distance X.

(4) Residue at the set of complex poles Py

This is given by:

P - p
S Sy e" (CRIM 7 kv 2Rt (K] TR Rm)
Y 2 P ¢ R A (6 A
m (R2-c2)(1 + RL(jr--+ C + K{) e R
9 - p
< AK R AL Ry €)X KyV\ ~2Rpl (K1 s Rm)
— . 1+ —]e8e -
i P ; P (Rm‘C)L( o
m(Rm'C )(1+2L(V—+C+K1) e C*'V_*Rm)
T -(D‘S)
iv - Special solution at X = 0.'
AKptanh R,L
13(0.0) = Ty (0.0 +emmrrT + 7))
ng 2
. ZZAK4. e . Rm . 1 . L+ J__
DS T () )
m 21+ aglac s e (o,
.{D-9)
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