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SUMMARY 

The stress and displacement d i s t r i b u t i o n  i n  a layered medium is  
found by means of t r a n s f e r  matrices. 
symmetry, and each l a y e r  is  of i n f i n i t e  ex ten t  i n  t h e  ho r i zon ta l  d i r ec t ion ,  
of constant depth, and i s  considered t o  be l i n e a r l y  elastic, homogeneous, 
and i so t rop ic .  
ing  i n t e r f a c e  cont inui ty  conditions automatically.  Its app l i ca t ion  t o  
layered composites shows t h e  f l e x i b i l i t y  with which i t  p r e d i c t s  t h e  l o c a l  
as w e l l  as the  g loba l  response of t h e  medium. 

The su r face  loading e x h i b i t s  axial 

The method developed has the b u i l t - i n  advantage of enforc- 

INTRODUCTION 

Recently, t h i s  w r i t e r  developed a t r a n s f e r  matrix approach t o  various 
problems i n  mechanics by combining the  method of i n i t i a l  functions due t o  
Vlasov ( r e f .  l ) ,  with the  i n t e g r a l  transform method developed by Sneddon 
( r e f .  2) .  

The method employed by t h i s  w r i t e r  cons i s t s  i n  applying t h e  state 
space approach, which has been used extensively t o  analyze l i n e a r  systems 
i n  var ious  areas of systems engineering, such as modern c o n t r o l  theory 
( r e f .  3 ) ,  t o  t he  f i e l d  of elastomechanics. 

The top ic s  so  f a r  analyzed through t h i s  approach cover two-dimensional 
e l a s t o s t a t i c s  ( r e f .  4 ) ,  one-dimensional elastodynamics ( r e f .  5 ) ,  applica- 
t i o n  t o  a t y p i c a l  e l a s t i c i t y  problem ( re f .  6 ) ,  examination of t h e  b a s i c  
foundation of t he  theory ( r e f .  7 ) ,  appl ica t ion  t o  numerical i n t e g r a t i o n  of 
equations of motion t o  p red ic t  dynamic response ( r e f .  8), h e a t  conduction 
( re f .  9 ) ,  boundary value problems ( r e f .  10) and earthquake engineering with 
emphasis on s o i l - s t r u c t u r e  i n t e r a c t i o n  ( r e f .  11). Additional re ferences  
per ta in ing  t o  each top ic  considered w i l l  be found i n  the  re ferences  c i t e d  
above and w i l l  no t  be repeated here.  
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This paper extends the  work described i n  ( r e f .  4) which w a s  r e s t r i c t e d  
t o  a plane stress (o r  plane s t r a i n )  problem, t o  a three-dimensional one with 
a x i a l l y  symmetric loading. 
approach is t o  develop a f l e x i b l e  method f o r  t h e  ana lys i s  of layered media 
subjected f o r  ins tance  t o  concentrated loads, ranging from classical problems 
i n  s o i l  mechanics, t o  t he  p red ic t ion  of impulsive rqsponse of laminated com- 
pos i t e s .  

The motivation f o r  considering t h e  present  

In  t he  lat ter case i n e r t i a l  e f f e c t s  m u s t  be included. 

The main advantage of t h e  method is due t o  the  f a c t  t h a t  cont inui ty  
of stresses and displacements a t  i n t e r f a c e s  i s  automatically s a t i s f i e d .  
Therefore, upon determination of t h e  missing i n i t i a l  displacements from 
boundary conditions,  t he  f i e l d  q u a n t i t i e s  can be  determined upon m u l t i p l i -  
c a t ion  of t h e  i n i t i a l  s tate vec tor  by the  chain of l a y e r  t r a n s f e r  matrices 
by t h e  f i e l d  matrix of t h e  l a y e r  of i n t e r e s t .  A Hankel inversion gives the  
a c t u a l  f i e l d  q u a n t i t i e s .  

I n  con t r a s t ,  t h e  classical formulation requi res  the  construction of a 
transformed Airy stress funct ion  t h a t  contains four a r b i t r a r y  parameters 
pe r  l aye r ,  thus producing a t o t a l  of 4n equations i n  4n unknowns f o r  a 
medium of n layers .  These are determined by enforcing t h e  cont inui ty  of 
stresses and displacements across  each i n t e r f a c e ,  which y i e l d s  4(n-1) con- 
d i t i o n s  t o  which the  four boundary conditions are added. 

DERIVATION OF THE TRANSFER MATRIX 

The equations governing the  s ta te  of stress of an a x i a l l y  symmetric, 
homogeneous, i s o t r o p i c ,  l i n e a r l y  e l a s t i c  s o l i d ,  are given by t h e  equi- 
l ib r ium equations 

5 -5 r B  +- = o  a T r z  
ar az r 

a 5  r +-  - 

T 
z r z  a 5  

+ -  + -  = o  a T r z  
ar az r 

i n  t h e  absence of body forces  aud i n e r t i a l  e f f e c t s .  
be adjoined by the  c o n s t i t u t i v e  r e l a t i o n s  

These equations must 

5 = ( A  + 21.1) ar au + A ( f +  E) r 

aw 5 = A:% + ") + ( A  + 21.1) 
z { a r  r 

r z  
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The four  stresses given by equations (2) are func t ions  of t he  pa r t i a l  
der iva t ives  of two displacements only: it follows t h a t  two of these stresses 
can be eliminated. 

For reasons of convenience, 0 8  and crr are chosen f o r  t h i s  purpose. 
Upon s u b s t i t u t i o n  of equations (2a) and (2b) i n t o  equation ( l a ) ,  t h e  la t ter  
can be rewr i t ten  as 

Di f f e ren t i a t ion  of equation (2c) with respect t o  r y i e l d s  

Elimination of t he  mixed de r iva t ive  between equations (3) and ( 4 )  
r e s u l t s  i n  t h e  r e l a t i o n  

Consider a semi- inf in i te  e las t ic  medium which extends t o  i n f i n i t y  i n  

Under t h e  circumstances,taking Hankel Transforms 
the  r -d i rec t ion  as shown i n  f igu re  1. 
symmetric load as shown. 
of order one of equations (5) and (2d), and of order  zero  of equations (2c) 
and ( l b ) , r e s u l t s  i n  t h e  system of equations cast fn matrix form as follows: 

The medium is loaded by an a x i a l l y  

where the  subsc r ip t s  i n d i c a t e  t h e  order of t h e  Hankel transform. Equation 
(6) can be in t eg ra t ed  by considering the  column-vector of transformed 
stresses and displacements as the  state vec tor  X(c,z), and rewr i t ing  i t  as 

A s  shown i n  ( r e f .  4 ) ,  equation (7) can be in t eg ra t ed  t o  y i e l d  

{?(T,z) 1 = exp[zA(S) I { x ( O )  3 ( 8) 

where t h e  matrix exponential  has t o  be evaluated e x p l i c i t l y .  
acterist ic roots of t h e  determinant assoc ia ted  wi th  t h e  matrix A t e )  are t h e  

The char- 
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double roo t s  2 5 ,  i d e n t i c a l  t o  the r e s u l t  obtained i n  r e f .  4 . Therefore, 
t he  r e s u l t s  are analogous t o  those obtained i n  t h a t  paper, i n  which i t  is 
shown t h a t  

where 
(9) 

2 3 + 
a3A exp(zA) = aoI + a A + a A 

a = cosh 5 z  - (52/2) s i n h  5z 

a = [ 3  s inh  t z  - Sz cosh 52]/25 

a = [ z  s inh  5z]/25 

1 2 

0 

1 

2 
(10) 

3 
= [ s z  cosh Cz - s inh  52]/25 a3 

Upon s u b s t i t u t i o n  of t hese  values i n t o  equation ( 9 ) ,  t he  t r a n s f e r  
matrix i s  obtained, and equation (8) gives, i n  turn, t he  state vec tor  which 
cons i s t s  of t h e  transformed stresses and displacements a t  an a r b i t r a r y  depth 
i n  the  f i e l d .  The d e t a i l s  per ta in ing  t o  the  evaluation of t h e  t r a n s f e r  
matrix are given i n  the  Appendix. 
form as 

The r e s u l t s  can be summarized i n  matrix 

where t h e  inf luence  functions mapping the  i n i t i a l  f i e l d  q u a n t i t i e s  i n t o  
those a t  an a r b i t r a r y  depth i n  the  f i e l d  are given by 

I Ll1 = L44 = cosh Z S  + [(A+p)/(A+2p)]z5 s inh  z5 

= [p s inh  Z S  + (A+p)z< cosh zS]/(A+2p) 34 

L13 24 
L14 = [1/2(X+2p)E][(A+3y) s inh  z5 + (A+p)zS cosh 2.61 

L12 = -L 

= -L = [(A+p)/(A+2p)]z s inh  z5 

- = cosh z< - [ (X+p)/(X+2p)]z5 s inh  z5 L22 - L33 

= [1/2(X+2y)5][(A+3p) s i n h  25 - (A+p)zS cosh 

- 2 
L23 

Ljl - -L42 = -225 s inh  z5 

L32 = [2(A+y)5/(A+2p)][sinh z5 - z5 cosh 251 

L41 = [2(X+p)~/(X+2p)][sinh z5 + z5 cosh 253 
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The a c t u a l  physical  q u a n t i t i e s  are then recovered through t h e  inverse  
Wankel transform. 

APPLICATION TO LAYERED SYSTEM 

Consider a layered medium with p e r f e c t  bo.ndding along a l l  i n t e r f a c e s  
as shown i n  f igu re  2. This implies t h e  cont inui ty  of transformed stresses 
and displacements across each in t e r f ace .  I n  order  t o  enforce t h i s  condi- 
t i ons  the  f i r s t  two e n t r i e s  of t he  state vec tor  which appear i n  equation 
(11) are divided by t h e  shear  nodulus, t o  produce a new state vec tor  con- 
s i s t i n g  of transformed stresses and displacements. The elements of t h e  new 
matrix G become G13 = L13,’g; G 1 4  = L14/V; G23 = L23/v; G24 = L 2 4 / ~ ;  
G31 = s”L31; G32 = ’ - L L ~ ~ ;  G41 = and G - - s”L42. The remaining elements 
of the  G matrix are i d e n t i c a l  t o  t h e  corresponding elements of t he  L matrix. 

42 

The modified equation (11) can now be  w r i t t e n  i n  contracted form as 

{ P ( S , z ) l  = [G(A,?J,z,S)I ( Y ( S , O ) )  (13) 
Applying equation (13) t o  each i n t e r f a c e  i n  turn ,  i n  t h e  sequence shown i n  
f i g u r e  2, l eads  t o  

i n  which the  missing i n i t i a l  conditions are determined from boundary con- 
d i t i ons .  Equation (14) then describes t h e  o v e r a l l  response of t he  layered 
system. 

Local information cons i s t ing  of state vec tors  a t  i n t e r f a c e s  can now be  
obtained by terminating t h e  matrix m d t i p l i c a t i o n  ind ica ted  by equation (14) 
a t  t h e  appropr ia te  i n t e r f a c e .  These r e l a t i o n s  are shown by t h e  block 
diagrams shown i n  f igu res  3 and 4. 

The s ta te  vector i n  any a r b i t r a r y  l aye r  m can now be found by t h e  
r e l a t i o n  

m-1 

i= 1 
{?(E, z )  = [G(Am, zs SI 71 G(A. 1 vi,hi, 6 )  I c y ( S , O )  1 (15) 

i n  which t h e  z coordinate i s  the  l o c a l  depth wi th in  t h e  l aye r  m, ranging 
from zero t o  h The a c t u a l  stresses and displacements are given by t h e  
inverse Hankel transformation of t h e  state vector.  m’ 

CONCLUDING REMARKS 

I n  t h i s  paper, a t r a n s f e r  mat r ix  method t o  determine the  response of 
a layered medium subjec ted  t o  an a x i a l l y  symmetric loading has  been 
presented. 

The matrix formulation shows t h a t  t h e  need f o r  matching i n t e r f a c e  
conditions e x p l i c i t l y  i s  avoided by imposing the  cont inui ty  of t he  s ta te  
vec tor  across  each i n t e r f a c e .  This i s  accomplished through t h e  continued 
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mul t ip l i ca t ion  of l a y e r  t r a n s f e r  matrices. 
fer matrix remains four  by four,  and is  independent of t he  number of l aye r s  
contained i n  t h e  medium. This is the  main conceptual as w e l l  as computa- 
t i o n a l  advantage of t he  proposed method. 

Therefore, t h e  s i z e  of t h e  trans- 

APPENDIX 

The t r a n s f e r  matrix is  given by t h e  expression exp(zA) = aoI + a A + 
+ a A , i n  which the  matrices A,A , and A _are given by 

1 2 3 2 3 
a2A 3 

and the  c o e f f i c i e n t s  ao,ala2, and a3 are given by the  set of 
r e l a t i o n s  (10). The elements of t he  matrix exponential  are given 
e x p l i c i t l y  by the  expressions (12). 
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Figure 1.- Semi-inf ini te  elastic medium. 

F igure  2.- Axia l ly  symmetric layered  medium. 

728 



c 

G 
.rl 

-8 
E 
a 
a, 
k 
a, 
h 
(d 
r-l 

%I 
0 

a, 
v) c 
0 a 
v) 
a, 
k 

d 
r-l 
(d 
k 
a, 
? 
0 

I 

m 
a, 
k 
=r 
M 
*rl 
Fr 

729 


