@ https://ntrs.nasa.gov/search.jsp?R=19770003455 2020-03-22T12:09:40+00:00Z

General Disclaimer

One or more of the Following Statements may affect this Document

e This document has been reproduced from the best copy furnished by the
organizational source. It is being released in the interest of making available as
much information as possible.

e This document may contain data, which exceeds the sheet parameters. It was
furnished in this condition by the organizational source and is the best copy
available.

e This document may contain tone-on-tone or color graphs, charts and/or pictures,
which have been reproduced in black and white.

e This document is paginated as submitted by the original source.

e Portions of this document are not fully legible due to the historical nature of some
of the material. However, it is the best reproduction available from the original
submission.

Produced by the NASA Center for Aerospace Information (CASI)



SCIENCES _
" [ABORATORY

NASA Contract NAS 8-31346

Feasibility of Ccherent and Incoherent
Backscatter Experiments From the

AMPS Laboratory

FINAL REPORT

Technical Section

Principal Investigator

Prof. Forrest S. Mozer: Wy
April, 1976 5) o

Series 17 Issue 35

UNIVEKSITY OF CALIFORNIA, BERKELEY



Space Sciences Laboratory
‘University of California
Berkeley, California 94720

 NASA Contract NAS 8-31346

Fea_s'ibi.lil:y of Coherent and Incoherent Backscatter Experiments

From 'the_AMPS Laboré.ﬁory. .

FINAL REPORT

- Techﬂlcal Section R

- Principal Investigator -

" Prof; ForrestS. Mozer .

. Apri, 1976 .

._ Space Sciences La‘bbr:ig tory-"Se ries 17 .I—S*S'LI_E_':'_:B_E  ,



TABLE OF CONTENTS

PART I

Introduction

 PARTII

.. Theoretical Considerations and Compul_:er'Opera_tidn

. PART I

Data_.Pre'se_nI:at:_ion

* APPENDIX
_' I D.isc.'.r'eﬁe Functions .én_d fohogonaligr"."'

II. . Periodicity and Compleieness in Frequericy-Spac_e_

- III.. An Analysis -of'-.pr'egd_-_i-ng by. Use of Fourier Series. - .

1V. Symmetry and Spacing
V.  Properties of Discretely Sampled Specira

VI Spreading in the Computer

_ljége _

17

Al

AT

AZB

‘827

©A3L

Al4

S

e Lk R B R e

e A

.3
e
.:__;E
:_'P{E
4
B

B [ T Sy ST

N e i LA B s R A s

e ERELN I




PART 1

" Introduction

In order to determine the feasibility of the space shuttle radar it

was necessary to implement a computer simulation program at the Uni-

. vergity of California, Berkeley. This program simulates the spectrum -

-whic‘h'reﬁshl-l:s.' WBe-n' a 'rada'r' signal is Eransm'iEtEd into the ionhosphere for. .~

a fmllze time and recelved for an equal finite mt:erval The spectrum

'derlved from thls SLgnal is sta tlstlcal in nature because the SLgnal is

scattered from the 1onosphere. Wthh is statlstlcal in nabure ’I‘hus, any: )

_ esl:lmater whlch uses the backscattered spectrum has a statlahlcal char-

ecter. That is, many estimates of any property of the 1onosphere can

‘be made. Their average value will approach the average _pr.ope'.rLiy of

_ the'ionosphere which is being measured., 'Howmfer, due to the statistical

" nature of the spectrum itself, the estimators will vary about this average.

“The squ.a...x"e.reot of the v.af.iaf.lc.'e._allaoifxt' thls éveraée_ie.ealied. .l:._he sl:andard
. deviation, an estimate of the error which exists in ary particular radar
' rr.nea:surerrzlenb.' In order l:o de t,e‘rr_ﬁine Ehe feaéibilil:y of fhe rs.pac'e .s"hﬁttle.
" radar; ie miagntbide of these-errors for: ﬁxeééufémeﬁ"t's of physical

: *i"n.té're'ét' s : Be- ﬁndér‘sftbdﬁ.' :

A comple!:e readmg of th].s report makes it possﬂale to melement '
7the compul:er 51mulat10n descmbed herem If such an 1mplementat10n |

. _ :_-,_.is =n'dt'-de-si:'x'-“ed 'r.eadi'ng..of =Par.t-.II-..wiIl -givei a .g_oo:d-unde'-rs_tanding-: of .:t_he__-_

i .'"__physmal prmeLples 1nvelved in: 1mplemenf:at10n of the program and g LT

"reasonahle overvmw of the mathematlcal tool‘- uced
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PART II

 Theoretical Considerations and Computer Operation - |
T‘pe.'conrpﬁg;er. pfog_ré.rn siniﬁla_._t.es. a .S._p.ec.:trum having étatistic_al pro-

pe.rfiés__w.hic:h aré estimated. inzfrequency spaeé. .Before _explainirlg _
exactly how the computer performs this simulation, it is necessary to
- discuss the physmal wnosphere that is belng snnulated This i:or'.los'phe're
‘is time statlonary ThlS means that at any parucular pomt in I:he 10110-
| spherc bemg snnulal:ed a 1ong tlme avprage W111 yleld a well defxned
number for any physmal property bemg mcasured Il: dlso means that

an ensemble average of.many 1onospharf=s will yleld the same resulls -

as a lr)ng___time average of any particular -io_nosph’ere being stu_d_i'ed.- '.The .

ionogphere 15 ass.uméd L‘é be uniform thr.ougﬁdut the .volume' scaft‘éring
 signals back to the radar- 'fh'is.does._n_ot:mgan that __tlieré 'a:p'e'.n_o_ .é.t'a.tisltié.é..l
' fluctuatmns W1th1nthe io'n:o;s:phére; but, 'r_at;l.:er,. thatthe ébillt_:__propertiéé e
mgésure:_ci ériy\_xz_hex-é: 1n thgz_iﬁﬁ.o.s_pheré pussess the _s-ame.-_lpng time 'r;we_-rage.
_ Thus s .éltl;pugh -a_.l:-.anSr- pa_rtrcular Eime there. maj.r-bede'h's;l_jil:_y. flue E:ﬁa[‘.ibns
'in the-_iono_s-phere,--ff on f:he -average the densily at ‘any po_'ih[.: in the ioxi’o’sp'he're '
i's""id'entical:w'is-tﬁi Jth'e:densi"iy of ath.ﬁr "'.'othé.'r' pomt frbni' whlch scattered | &
| .:--51gn¥al is bemg re i:urned to the radar ' 1.‘he reallzidhé.spf.i;re i:si.hrot um_form
| it 1s off:en true that .over the-zl [:J.mé permc.l. durmg whlch data from the rada.r

_;..Vare bemg averaged or over the spatlal reglon that one- pu15e of the raaar

._.COVEI'S- the-:lonosph'ere. ifame'slfm its prope‘rtles This Lype of non-unlformlty‘ S

is not consu:lered in: thls s!:udy, and l:he umformlty assumptlon should be SR




‘considered in extrapolating the data from the simulation to real situations
: 1n theriohés.phere. |
' In addition to the uniforfhiéy of the s.cé..tte.'rs'.ing mediﬁm; the computer
Simulation i.s idealized 1n ahqth_ér respect ) It_ié assumed throughéﬁl:
| th__is __s:_l:u_dy that the r_adér it:sel_f___is_ideal. pr_' .example',_ “ ﬁ_q gsy‘mine I:ri_és |
of the received filters are sim.u.l.ated_._ Nor is it a_s_s'umed the rfa__ceiﬁé;‘
ga’in_--varies With--ti_ine due td'saburafioﬁ by the: traﬁsmiﬁte’d' signal, although
.'bbth of these problenis 'éxfst in reél :'i-adars. |
| C_ohsicier é time Sta;._tiof_xa_.ry .i'.o;lo'_sphe;-g 1n __whichﬁénsil?,r _fh;.c:b:uations_ |
cén.e.x.i.st, : and cbﬁ'par_e it with an.- iqposphc—;:fe- in 'which. no den51ty fluc- '.
.I:'uai_:ions exist. Assurﬁe that a signa_.i w-i.th--w_a;vel.ength., A, _1o_ng. by com- -
‘parison to thé Debye 1eng’-lfh.a.m'd freqﬂe_nz';y, W, l;i‘gh by comparison to the
'.Plasma 'ff‘e_quéncy is t-r"é.t.-fi.._s.mitted into a f‘lﬁcfruatiéhl'é'é:s ionosphere.. There .
_‘3_’11'1 be _no-_l_"-e b ﬁéékscattéréd's}ignal into the radar recelver This can
..bef s_l;qﬁh'asli-?q_l_l_ows._..:Coﬁ'.s_i._dex_'__tyvc”)':plai.ﬁes_ lnthe .io;l'o_splf;er_e pefpér}t‘liéulgf.: |
. to the .V.ec_-:rﬁor. o,f: ti‘;e 1nc1dentradar w_‘:a'vg. For co_r.we_r_lie.n.c.éi-ca_ll__ thctwo |
. .pla.nes P1.and P?:a.nd_ allow t1.1e.¥fi'r:s,-_t_ of -_t'hes.e., to be at a distfan:c_e d fﬁé:_m
- 'f:he.'_"i“'ada'.r" .ahd :tl'ié'-'s'.écond '&E‘a"ﬁiéf&hdé d -+ /4. Durin’g::_th'g._' trip from e
réaar F:o 's:cia:t'_t'éring p'liané and barcl:.k', -""El'r_'i_é.f':s'c.aEteré'd' 51gna1 fi-c_)m the first -
Blane travels  distance, 2d, while the scattered sigaal from plane 3
. travels o distance 20 +1 /2. The signals from these two planes are
out of __phése wlthoneanotherandwﬂl _cai_a_qe_]g g.l:: theradarrecelvex Now

' "--'co'nsi‘e'r-.ainy-:_{plane,;:_P_-S., in the medmm ;from which .S.'_cal:téi-eclf_s._ignal L8 v




expected, Itis possible to pick another plane, P4, which is related
tc; P3 in the same way that P1 .and. P.z were 'reiateds.'. In this way1t can
be seen _l;hat; no Sdattered signal can return fo t_hé radar if th_e ionosphere
is Muctuationless. RO
--_.N._ow cons_id_e:_r-.the ti_me stationary ionospher_e in wl_l_ic_h -f_luc;_!;uatiops L
= éxist. Consgider a plane P_l ahd another. plane P2 as bhefore, hut which
" have larger densities than the surrounding medium. : ‘T'h'e'se planes are
now chosen a distance ?L/_K2 épart. ‘From the sé.me argﬁmen!:s as in._ the
| pr.e'vi.ous paJ::'.égr.e;p.h,. tlié two .sig.nafls arc i.n.:”bhas.é .w.hen.. Scaﬁ:efed ba'cl;:
- to the racl_ﬁr__an_d..ad_d, . yie.lding a net re tu_rnr ._s_ignalzﬁl It is now not p_.os.s_il?le ERI
to choose other. .identical planes in the medinm that have .tl.lle same dénsitj‘
- to cancel the signal already ‘refurned 360--the. '=r'.'a'd_'a-r '_from"tlgé planes PT and = -
P2. Théreforejsignals are scattered from a medium in which density
' fiuctuations exist in contras fo a fuctuationless medium. As a specific
__ e_;;:a;rgpl_e, air contains g_epgity:ﬁf{u_c tuations. The sky is blue ?eg_@pée .- | o
.lié.h.f is scéttéréd fromthe dé-hsity flué tlualti..ons"ij.a_.: th_e ;atn:ic:wpnhere.. It |
-is .n:p’[: _blué.'.;wheh.'transr__n'i._tted _thr'._o_ugh water, beeause :den-slit:y:-.'fl;uctu.'atiox_ms.: -
“in this mediuiﬁ' are ih’anj -_cSrde"fébf ma’ghif.ucllel -sﬁlal.ler tﬁan the density ..
S b
} Careshouldbe _l.:aken__when_l _(_:__o_nsidéx_;ing‘ arguments hke the preceeding
e Sl e SSgamiont 15 A NGOG Tl it . g
- -mia-thé-ma‘tica-l-'-f%lﬁ@ﬂ.fc—_:.;Qne difficully presents iﬁs._elfi’?lﬁ@:@i%t?lyi since
pis;ﬁe'sﬂlcf atoz.:_a.s' do*hét sé‘aﬁ't’ter 51gnals since t'h'_ey_‘ar.é of 'rie;g:li,giiialé. thiéi(ﬁ'eés.'

' In the above analysis; one mustuse a volume in the medium which hasa ™ "




large extént.perpgnd_ic.ular to'. the incide.nt.'wave and is thin relative to the
waveiengfh. Then .ali_ ::ne atofns in tlus particul.ar (.\..rolur_rié. of ﬁntgrjes.t |
.sca..tte_r .waves. back to the radar receiver in a relatiﬁély coherent fashion
.- analogous to the thin planes considered earlier. The two planes a distance
A /2 apart would then be considered the boundaries 6f a s.ca'.tté-f-ing volurhé .
This is, in .'fac':t' the sinalles"t .volﬁ.rne' ivhiéh can béckséé’fter a f.adaf Wavé__
of length, A The den51ty fluc tuatlons w1th1n a scattermg volurne or the .
: densmy fluc !:uatlons Whlch have sc:dle sizes A /2 are those which scatler ..
= radar wavt_a_s:._ . 'I‘his”sta_t_eme-nt is not rigorously true if the I:hin plane-s
.b"eipg_"c_o_nsidered are thin relative ‘to .the Debye 1e'ng'th. However, in the =
simulated cas'e--“" the radar wavelength is Idhg hy cio'mpé.r’ison té the Debye
length and a thln plane relatlve to thc radar Wavelength does nol: have to -
be small by comparlson L'o the Debye length 50 that 1t 1s possxble to select
planes in the medmm which scatLer the raclar wavnﬂs coherently | | |
-.._._Ilf...can--"be s-hown ‘that =the-iamp__lif:udé of a:wave séattered_from one :
particular s.c'a;tt'e.ring volume in the iohos.phere is u.Gaussian variable
with éé:-rd;rﬁean ' To prove t:hls, 1t lS necessary to consu:ler I:he den51ty
.flucl:uatlons Wlthm the écattermg volume, ‘whlch generally ’contams a-
largé numﬁer. of 1§ns In Lhe realm oL‘ the. cornputer sxmuldtlon, a typlcai
| nﬁﬁber of partléles 1.v1L1.1m one écéﬁuering V.rolume mlght be on. the order
o ,of 108 The_.:-:d.e.nsﬂ;y fluc-tuatl_onsi.lin a*--_-_sc_gtte_rm’g-volume" _'can’ bf:‘."CO_HSJ.déIYEd, '
" to be due to 'theﬁn'fahd-qr:rifmol:iciﬁ'é'i'.'-c'i'f.'-l'OB'partizcl:lt-i:sf . The central limit
" esrem of statistics implics 'Eh_a.t_.thes'é'-fl}.iétuat‘idﬁéﬁéfé'G'aﬁ_ss‘i_a:'n_;l:;}éﬁt—. _

‘the mean density unless they are of such e}lpr_mpu_s magnitude :f:ha't_ they )




- approach the actual average density of the medium,. -In this case, it
would be impossible for the distribution to have Gaussian tails since a -

" ‘negative density is impossible. Given these considerations,
A&kvn s 7 ' : o ) : (1_).

- -‘where A is the aﬁiplimde-.of_ the s.i__gnal_reh..lrhing _fro_m a ecet.te;ipg_volunie
under consic}er_al:ion and vn is the densily fluctuation within that volume.
Since A'is a scattering wave amplitude and not a péwer, dehéi’ty waves
Wll:lnn the scattcrmg volu.frié eeette‘r incideht'radar waves ceherentljr.

as can be seen from the argumenlzs con31der1ng the.planes P1 and Pz

. Smre. the volume scattemng the wave ha:a a pu.rl:mular size and posntlon,:
the s_cattered.w_ave.j_c_onmdex_red in _:equatmn_- 1 -has a speql_f_l.c_: wavelengtk_;. |
an'tl phaSe-. This p'hase_.-d'epends oh--the' distanze of the volume from t:he
radar and upon the phase rei‘erence used =- a cosine wavé or a sine wavc
To understand thls scaLtemng furt:ﬁcr one can con51der the phase of waves
N .returmng to I:he fadar from scattermg x.rollumee. Slnce in I:he I:1me sta—

- tlonar'y lonosphere no partlcular dlstance from the radar Ls preferred

- dor scattermg, the phase angle of waves scattered at a partlcular frequency

© written

is a -unlformly--.dls-t:rlbuted _ra_nd.o.m -var:.‘a_ble_. IE the re mrn__s__lgnal s(t)is

s = AcosgttBsimer (@)

: _for a.ny partlcular Ircquency w, t:he amphtudes A and B are Gaussmn w1th

Zero. mean smce the densﬂ:y fluc l:uatlon in the scattermg volume 1s




Gaussmn with zero mcan, Also, from l:he argumenL of umforrn phase,
' A and B must have the sarﬁé meﬁn square. In other words, Lhe power 1h o
_ _I:h_c_e ;:o_sine cor;lp__ox}_ent and i:he power in the sine gomponen§ are equ_al on
| the a.veré.ge if no preferred éhase e:.’cis.ts in the return sig.na_l spectrum,
It can algo be stated that the A's and B's for each 'frequency compdnent
of the scattered wave are independent of each other in a statistical sense.’
These statements abouf the 1onosphere may be sum‘mamzed as fo]low:: :
<A y o=« 13 )
(AB) = 0 .' (3)
| .Co.ns'_ic.lér s-aga.in !:he nﬁ'ﬁtati@s to e;:]uat.io.r.ls 1, .2'#11.6:.3. | One :éuch
limitation exists if the density fluctuation is on the order of l;hé actual
---d'eh.s'i'l.f}r-":in' bhé-s’éattefiﬁé volume. It \%f.als-ISta'[:ed:-fh-at tris is.not'an impor-- "
tant restriction since a typl.cal experlmen[,al radar does not receive
mgnals from ;]usL one elementary scattermg ;rﬁlltnae Inéteﬁd .f:hc.e radar.
. averages over a relatwely larg_e. p_o_r!_:lon of space which rmght contain .'
. en I:he or:dexf.:__c_)f..i_o_?__-_ _to_-'_1-0:8:...e1__e:men:_tar_y _sq_a.-ti_:_e_rmg §o_l_umes_._-_E_'Q_én__lf_ eé_c_;_h R
“one 'of't_ilese volumes was itself coherent, i.e., a .h'a'rdrta.rget,'f t.his,
- wouldslmplyaffectthe Iﬁagﬁimdbbf'fhé S'i:g:hél ééé:tt'e're"d':'ff.dﬁi.-'-tﬁ'e. :'vdiﬁme'-'
- of the J.onosPhere whlch the radar was exammmg rl‘he hard l:argets
would fl“. the volume that the radar was observmg in much the same

'_manner LhaL the small partlcles f111 l:he much smaller scaLLermg volume. -

i .'-:_Thus:,, for: most lcmds oi‘ coherent sca.tter as.well- 'as-. 1;ncohe.re.n.t -.sca'-tte__r__'. -

. radars, the sunulai:mn bemg used in the program descmbed here is




applicalale. If the coherent target is as large as the volume of space

B .b'ei'ng "o_bserve'cl 'by the redar-, | the Gau's.Sianess 'efj:the. amplitude's’ and ran-:
uomness of phases assumed in the 51mulat10n would no 1onger be valid.
’I‘hus far, nc aSSumpthns on the clistrlbutmn of partl.cle \PGlOCltLES Wl.thlﬂ
tl}ls:.i_onos_ph_ere Iharre. been mad_e-. In the actual computer prog__ram_ itis
assu'rnerl that the ionosphere .is ccmpos_ed of driftlng Maxwellians in which
the electron and ion temperatures are allowed to differ. This does not -
'a.ffect the statistical distributions used in the computer but the fact that
t'he' ich'ospﬁere :is' cf a l\-/[e.x.wellien cluerecte:r.doe:s. affect the- l:i-me 'eue'rage
___values of parameters of !:he spectrum These tine average values can

be computed from theory once the parLLcle dlstrlbutlon in the tonosphere is

i k-noWn.".‘ -:-"G-ixren-: the known ave;rage values for Z'the'_i'cnosphere_ pa'rame'te-rs', :

. the computer can simulate the fluctuations Whlcl’l must occur to
| "::'"rproduce Lhe.se avcrage valucs ir lhe. lonesphere is mcoherent w1th1n a
~ radar observation volume. | o - |
Now ‘one can cons1der in more detall how the compul:er program models _
a slgna_lj_scattered from a _tlme-s_tatlonary unlform ionosphere. Plgure la
--'de:sc.-ribef's 'al"spartlculafé- inpu’t' s pe'c-tru'r"n that is fedf".mte' ‘the comiputer:: “This |
'mput spectrum 1s calculated from thecry for the lonosphere descrlbed
above fer the Iollowm.g. mput-paremcters electron tempcrature, T ,.

____mn temperature, T bu.tk veloclty, ; ar dens:.ty nge These para-'

b lk

meters determlne Lhe shape w1dth and eenter ef grawty ol' the specl:rum

- 'shown in ¥Figure-la. :The spectrumis computed under:the a'S'SumPtlQI_-l"_'=-'__?---'_:' L PR

that a radar pulse l.S -t'ransmitted"f'er"iinifi‘nite 'time into the ionosphere




and re_ceiired for axi {nfinite Eirne by a radar receiver. Sinco t;lﬁs does.
not corraspond to physical reality, the spectrum must be modified in
the c'ompu[:er to look like that of TFigure 1b, which describes a spectrum
l:hat is spread..bécaruSe the radar pulse is finite in length. 'I‘hi‘s. pulse
1s not__rnono.'c.hromatic_; :md th.er spe_ctrun{ whic_h_r'e.Sult.swhen .tﬁe pulse is
.s__c.al;l_:er.ed fr_qm .t_hé ic.:.)rx.osp_here“ ié cgnseqpeﬁﬂy brbader than th_a_t_ w:h.ic':h

~ would result in the ideal case when on'ly one ﬁréqﬁehcy is pres'enl_:.. In

- Figure 1¢ two spectra-are shown. — The first is an average spectrum .

- ‘of signal plus noise power. The second is an average noise spectrum.

This average noise spectrum is computed from
average noise power = average signal power/snr. - : . (4)

.w'he-re snr = sxgnal/nmse ratio. Equatlon 4: refers to the total power in
the s1gna1 and the I:otal power in the nmse. I_n .oraer to create the ﬁoise N
speqt_r_ur_-n of ,E‘l_gur_e_ zlc:: 1t-1s er_ly_r_lecc—:ssary to assume thatl:he :l-:otal p_ow“ér
is distributed equally among the fre_quéncy window_s: m the. noi._se._-specrtrgm.- :
j-Th—is produce.s a flat spécl:r.ﬁm'which is co’nSis.t.:.ent with the aééuh‘ip_tion

of an 1dea1 radar syst:em "The mgnal plus noise spectrum 15 ‘created by

N raxsmg the 51gnal on a pcdpstal s0 that I:he total power entermg the' recewer A

1n any gate where 51gnal 1s expectr,d lS the pOWer of' the s1gna1 plus the

T powex of the n01se

. The ape.cztr'a _that_ have __-be'éh considered t'.hu_s--_:_:fa_r_ are ‘smooth, é&eragg_d:_-__ |
-speé.tri‘l_; AN actﬁ:é'l’-fexa-rnple‘qf a single spectrum (Figure 1d) is selected

* at random in the computer by imposing statistical fluctuations on the =

g b ot g ns g s g ik




averaged spectrum of FPigure le, to account for the previcusly discussed
fluctuations of the 1onosplleroa In F‘Lgure le, the program takes account
of the i‘acL that I:he 51gna1 is recelved for a i‘lmlc tlme In the case_ q_f_ h
the partlcular 51mulat10n bemg consldered here t:he__l;im_e. of rec'e.p.[:i__c;n

is cqu'z.l to the t:me. of rLJ:'an.Jrr.u.ssmn This reception for a finite time = .-
causes spreadmg of _th_e same pature as the spreading in :Figﬁre 1bh that
g is-caﬁsed_by .finite. transmission time. In Figure 1%, the noise S_pectrti.m:' :
which éntered the fadér sy:;i:ern 'fr"o.m a po.rti'o'ri df the -.idzic'.:s.pllere":ﬁ/héfe |
1o signal was eXpected.ls s.ﬁbtraetéd ffr'-.'om__the Sig:xﬁl plus nbis'e: sp_ect_ru.n.j |
_whicﬁ é:r;téred___ the xadar sys tem f.:r.'o_m_ a parL of [:he._ ipn.cas..pl.l..er'_e which.is‘:; _

| Lo .bé_-anglyz.@;%m "?,‘?éha_t _remai'n_s isa slignajl. spe_cf;x_'um that represents

e pos;sible result of the physical exper'i-ment. of transmit.ting a signal
into the lonosphere for finite time and recewmg the 31gna1 backsccxttered

' from the 1onosphere for an equal fmltc t:.me. ‘This possﬂ)le resultmg
“'..sp.ectrum can then be analy/ed to determme the appmrent param‘ Lers of
the Lonosphege_-whlch ex}sted when l:_il_g_ slgnal was-s.ca.l:tere_d_-.f_rpr.g it.

| it __should“‘b_e nc_)_.f:_e_d" tﬁa’t.the_:-- di_agf:ims .of ]?_igure 1 ;:.re:js_cherna'.tic.in_'
‘nature and thgy' :db nof:.e_'xplai'_n two i.mpor'fant'péints', : I.ﬁi"r.s{:,'._ﬁ ;theé e dizz.gfanis-""'
 do not indicate in"'v&hét. Way' s;;reaémg of thé-é-‘i‘éha’l is'ééédmpnshea in -_ |
 the computer becond t:hey do not: explam how stat15t1ca1 prmc1plés‘ are

:lapplled to proﬁuce the Iluc tuaf‘lons in Lhe spectrum of I‘1gure ld
N '__Ifo c,lar:_lf_y:-.__f;hese pO}_i}_t__S.-,_ one mus.-t___c}l__g.ress to _.c..qn_gade_r thQ:QUf_tO@Qi' re-- .

g lation _fu.nc;;iqn' of the signal vc_)'L_l:ag'e_; s{t), which 1s &e'fine;l'as :



L
1 T o : :
r ('r) = TI s(t) st +ydt =~ | - (5)
where T i's-'the sampling interval and 7 is the lag time. To illustrate
~ the properties of an autocorrelation function further, consider the specific

function,
s (t) = A cos '(dst_—i#cp) o SR o T 48)

- Por -this-s(t), o

-

j' cos (2wt + wr -:'_-_-2cp)dt;+%— (1-IL) cos wT . . - (7}

to,m
]

-As T - éf’,. equai:_ion ’? become's'

. r'(T) - a_ COI‘_S.u)'T ) S . (8)
et a . _ o : _ _

" In the finite limit when it'is assumed that the phase of s(t) is uniform .
“and that therefore the phase term in ‘equation 7 averages to zero one
obtains

2 _
>

: r(v) 93% (1-7%) coswi o e L e '.

f%

- - Eguations 8 and'® yield
F(0) - -5
' This equation States that if the autocorrelation function is known in the =

:li'fiﬁt whnir'é' 5(t) exists foré-vé:r-;- it may be ob t&inéd for’-'a signal W"h'ich

B _ex1sts over a flmte sample interval b}" mulLLplylng by a fa.ct:or (1 T /T)

§ 'Thls mulLLpllcatlon factor looks hke a ramp When graphed and the process
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of multiplying hy it is often called 'triangulation'fdr this reason.

. Tri-ﬁangn']..ation. is jiSeful bééause the autocor’felation funt:tior rnd a
sighal spectrufn aré Fourie;{ trans_.f.o.r"ms of each b'théi-. To inves.-t"igate:' |
- this reliai:iops'hip, consider a signal of the form | o

“wheére

o= )

~and T is 'the ieng:l;h_of _ the séiﬁpling interval. Considgr_ a lag product of
the form

R S e w: o

s(t )slt,) = 2 2 [a a cosw_t cosw b
IR Bt | LT = mn . .. ml na o
m=0n=0 : S

t, sinw b +b_a sinw b cosw b,
ml 7 n mn o oml ng. o

+ :
_ ;ambn cos w 5 21

'--b'-mb-n sin wmtl ?’-u.l-w.n.'-?:l | e e (13)

{a b)Y =0 forallmandn - . .' TR - . (14)

Caga) _

W

ety

o
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Then

(_s(tl)-s(t2)> =n%0<af> cos w'n”"r = r(r) o | o (17)
where | |

.r=t.--t - S ' B S (18)

quaﬁion_ 17 is the: f‘oprie_r ser.ie_s'- equivalent fc).r.’ a real symrnel:f-ic _
fun_c._tien of the statement that the autec0rre1ati0n function is the Fourier
transform of the power spectrum. Notice that both the s-pect.ru'm and the
auﬁoéorre-lation Ifﬁnc.:tion are a{zefeged. " Thé.i: is,.' thc avefagel'. \f_alﬁe of
~ the a_ﬁte'cerfelatioﬁ fﬁ:ﬁc..:f:i.o.n.is tl}e Foumer .tlraneform.ef ”the __eyer_‘e.g.e value
| 7.c.>f the_sp_ec_trpm. This 15 re.a.l'izec.l.be_c.__a_use_ of .e-qﬁ.'at_i.en_s 14,15, and 1 _6_,
.. which are the geqe_palizaﬂion of equation 3. 1If equ_aﬁ_ons 14, 15, and 16_ _
do 'not'hold-,"then the _.autOCDi'-.rel.ation function of equation 17 is nc.)l;"thé .
"-"]-10111‘1.@]:' transform ‘of the power spcctrurn, and furthermore .cquatlon 17
has an exphc:ll: l;r.rne depcndence. _ ’I‘th can be seen 1f the algebra lee.ding
Lo eeuatlon 17 1s performed Wi thout as summg equatlons 14._ 15, and 16 |
' If the autocorrclatlon functloe .lS. an. exphclt funcLlon of tlme, .thaL 1s i
‘_iépeﬂds'on semE'thing O'ther than-the t;_ime _diffezl.*e.n_c':e. tz = tl then-the pro-—~-'- B
: ce‘s:s'be'iﬁgi -ebnsideré'c.l cannot be a time --eeﬁzai"'ti'on.al‘y 'p.fdefe"ss. By lts -na-ture
'"".-a l:1me st:atlonary proeess must be 1nde§endenl: of the lee at Winch one B o
& Begms to 41neasure physmal pheﬁomcna assomated Wth it. Anothcrmwasr |
o of. stahng‘ thc same result is: that 1f the autocorrelatlon functlon .11-“ a fﬁnctlen“ L
of _ti-me? _‘ihe.n.--."h_‘?---9.3'?aﬁé.£ErS:-ﬁO_ﬁ--t.h;? 101105?11_9??'@}1.5“!; 5—“3 Ch?m%m'g;durmg. S

thé_tj_iﬁie"t-hé;f:‘--expe_ri_men-fe-r e.r.e:- being p'ej:?fo'i'iiied_;._._'Szﬁ'dh-:'af..s'fi'f:u-atfi_‘-'?n. i T
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: cohtrary to the assumptions made earlier about the cha.racteri_s'l:ics of
~ the ionospheré. - |

| ’i‘o su'mr'nar.ize, lf equatio'n.s.lfi, 15, and 16 are valid, the autocorre-
_la_tiﬁn. funé_tidn ié”.no_t a fﬁne._l.‘ion of f_inﬁez a-nd. IS the Fourier E.rahsform of
the power s:pérc:trum; If on l:he bther hand eq.uations 14:; 15, apd 16.are
invalid,. the autocoi-relatiqq fun.c..{t.:i&n--is a function of tﬁné, _is_ndl:.“neces-"
sarily the Fourier transform -o_f. the spe.ctrum. and in generﬁi the process -
being described cannot be considered time stationary, Thus, it has been
i .:p..x.'ov(l}d th_él[:. for a .ti-'mé .s.tai:ionary process. equatiohs_ié'; 15, an:d'_IIG muét
hold and the aﬁt@cérrélahén ___functiqhz'is. .__a'u-seﬁu_j.l 'f_m_'iction to .c:les'c'ri'-bc—:.'the_
spe.cl;-rﬂ-al_ [ourier ._t.r_a_n__sfor.r.n;' o |

- From the -_abov.e. ané‘l_yses, it bec_::qmes-.po's_sibl_e_ to spread-a signai in-
" the following manner:- If one has the spectrum of a-'_si_g_r’ia.l .whic-h'- exists
for an infinite time and which should be spread because it will be sampled B
. _._f_o..r only a _finitle:'tijrﬁe; one first derlves the all.h'décﬁ.r.‘r.elﬁtid.n fﬁhctidﬁ of
] ..I:il.e s_ig_n.a.lz-.b.y F_c:)_uri.é.r .tran__s_foa;m.a..t.i:_car.l.; Next, .t.:he F_(I:.n.u.riér_' transform is |
. __t_r:tar.lg1_11'a|;_ea_:.' ,Thén_.th'e f:;i.a;llgu_la_te.cil é.ut'ogo_rrfalafiop_fu-nc_-tion ls re br'a.n.é-:' : '_:
formed 'ih_to f:_e'q'uency .s.-pacé_‘.-to. 'prodgég_a Sp’é__c_l:rﬁm e.é;ﬁiva-l.__e:n;..to that |
whlch would havebeen derlved ,fr‘.clxrhﬁ.-':';'- signal ,e:'::ié ting for a'_f'ii'l.i'.t.:e. timne. .
The detallsOf thls'equlvalence arecon51dered in the appendlxandan

| example of a spectrumbefore and after spreadmgln ths manner 1Sg1veﬂ |

_{Néw rthat-:..-t_he_ me tho@__'s-'us.c-:difpr. spectral spreadmgmthecomputel ':- 3

. Have been discussed, ‘it is necessary to understand exactly how the
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computer pmduces spectra with Lhe propcr staustlcs to smmlate the
.51gna1 scattered from the 1on05phcre Such a spectmm, est1mated from |
the N samples obtamed of . l:ho waveform s(t), Will c:ontain N/ 2 points be—
.cause the bourler transform of these N pomL produces N/2 ampht:udes "
' of cosine terms and N/z amp'lrtude._s-_ o£ smete-rms.- _:Th_e_ power at any_ fre-
quency is the sum of the squares of tlle_amplimdes of thé cosine and sine
tcrms at t:hajt: fréqﬁéncy.' IIence, .f:he"spé(:i:ra:.l deer: in l:'he..i.l;h; .E‘z'eqﬁe:ncy' .
) _

window 1s proportmnal to (A + 13 ) and is mdependcnt of i:he power in

any other frequency wmdow since the Als and I3's are mdepcndcnt of each

e __Other for different fre.que'_n_oies-. :

Statistics are generated in the computer by use of
u o= 2oa 5 - o (19)

.Whéré' the al's are Gau551an I{rariabllc.éé 'wi'b-h. z.e'r.o E1r.n"e:au"1 afid aremclependent |
of e'.ach 'o.fhe'é; The quantLty u, of equatlon 19is a Chl square variable
'_Wlth n degrﬁcs of freedom and is used as Iollows In any spec trum, :.suc:h

—-as Lhat of I’lgure le, each spectfal pomL whe ther mgnal plus noise or

: noisé,‘--haé a sine and'a'co.s-me .component ThPSE components arc squared

_added and averaged to form the power mdlcatéd Since the A's and B'

R ”'Vare mdependent Gaussmn varlables ”each frequency pomt is- fhe avex.*é.ge. j'

: o'f- s—gcll.i—.‘s'quar.e .v'a-rlab"le.- -wrth- 2..d‘e-gree._s ::oﬁ- f-reedom.: _'I‘_.,herefore,... to selec;t__-r_ _;. ca

A parucular posmble spectrum from f:he ensemble of spectra generated

e .'_"."from the scattermg of 51gnals from l:he 1onosphere, _ Lt is only necessaxy

to -_selec_t each -frequ_e,m_;y_ p_oml: in blgure 1c from a _dlst_:mbutm_n having l:h’g:'__; ERRDEE s s

L ,_;..-'—.-""’_f'f". .
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correct average value to yield the power in that point and the statistics

"ussociated with a chi—'square variable with 2 degree's of freedoru Such -

a selection is consxstent w1th t:he physlcal case m wlnch one pulse is

l:ransmll:ted into the 1onosphere for a finite time and received for an in-

finite time. If one wished to generate statistics consistent wﬂ:h a case in

which many pulses were sent into the ionosphere, recéived, and the data

from these pulses were averaged, one could assign move degrees of

freedom to the _dis.l:-ributi.on :for.'-éa:.'ch _sp_ecft.raﬂl pqiut; In :par_t_ic_:_:uia.r,. if P
.puls_es_ aré'ti‘ar_lsmitted into_.l'the ionosphere and their retur_-n_: spé.utra_ |
_ 'auéraged, :the“ueu.ch-independeut frequeucyj point would have 2P degrees .
.of _fréedoi‘u_. __Th_i;s is because ea__ch" pulse yields data 1~.=vhii::h is independent
“of the obhéi* pulses . and, thére'fdré, the uunibt:r' of 'ihdepende.n:t. variables

_belng summed w:.l:h P pulses are averaged is equal ko 2P. '

In sumrnary, t:hen, the average spectra m l«“lgure lc are used to

' | | generate Spectra w:Lth the correct statlstlcal behavlor in [:he followmg way.
: -F_J._rst, ,the. ;number _c_:f_._-pulses trausm1tted: m_to the ionosphere must ‘be '
R‘nown Second each real frequenc:y pomt: is consideted to be mdependent”.”“
' of every other re.al frequency pomt. Tlurd for each rcal frequency pomt o

a fandom number lS selected from a Chl square d1str1butmn wu:h aP :
Hde__g_rees of t_rgedo_m and pos‘se s___.=._.'_1_r;|_g a‘n_ é.ve:_b_ugé .ualue_e_qual to i_:hf ze.._aver.a-g'.é.:‘-_

pOWexm !:ha_&'.fre.q.ueuc&'jwinddw:'. - ‘T'hls t-hén .g:eu:er'a[:esr-sr:hems.p.e;.c-[':‘r;um urhich-: S

: --,:-has stalxsi‘lcal bahawor con51stent w:.t:h that- ef 31gnals bemg scattered

f,t'om the ='-uni$or3’3;,_,’ thme'—statiun'a;tfy Lonosphxa_"rc already""'descrlbéd_,
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PART IIT

- Data Prosen'tation

Two éstimators_ar_e evalﬁated below. The [irst is an estimator ofj
the ionospheric deﬁSit)f' and the second 15 'o.n estimator of the bulk velocity
of the 1onosphere whmh is equwalent to an estlrnatlon of the Doppler |
y shlflz of the backsoabtered specl:rum ’I‘hese quantltses are analyzed since’
they.a‘re examplev of one relatwely easy and ene relatwely dlffmult :
. parame l:e_r_‘ to measure w1th rea._sonabla accuracy using a Space Shuttle
r‘ﬁda‘r_." B.efo'r_o preéenlfiogdal:a from the computer sifnula';tionj'_i't _is‘ neces--
' sary to"uu'nde:r*s' tand how an ao.!:'liai.ér'r‘or bar is .o:omputéd from genera't'-ioh =
N of many spectra sﬁoh a_,. that dCzSCI‘led in the pre nous sechon Eéch

Vsuc:h spe.ctrum 15 analyz.ed by ﬁsé of the estlmal.or bemg studied wu:h

-:each:es timate made by _tl_l_p -estlma#:or of m._te._rost be;ng storedm _th_e oom- :.
puter. .’I‘he're.s'ﬁlt of 1000 'su'ch“es"timates. for a par.ﬁioular set of input.
'parametefs is presented in the .hlstogram.of Flguzve 4. In'the s-i-mulation

whlch -p:r-oduced l:hls curve, ‘a spec‘trum w1l:h the parameter's'and the

" o 51gna1~to -noise ratlo llsted in the flgure was glven to the computer as

mput: data The computer then produced the glven hlS Logram havmg an

: _i._-app‘arently Gaussjlg-n sh_a._-pe and a J_:na:sclmumj_iat_ a mesan val_u_e"_ oi_alp_z:ost
200 -Ioe_e .'tér_'s_. / second ~ The' actual 'm.eér; {;alue. é_stirhat:e"d':by' the: oor;ppute'zf"”
is 1 .96 meters Jsecond and the :sftéﬁd';rd déﬁamﬁ'_*ig 32meters/ sscondst

Now that the processproducmg t:he standard dev1atlon orerror b'ar

. has been described; the simulation estimates of errors in density and line -
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of sight velocity will be discussed. It is possible to develop a theoretical
equation for the fractional error of the density, aAn/n in the following way .
=y L | - (20)
where p, is the total power, the fractional error in the density may be
" obtained from the fractional error in the return signal power. Tofind . =
the fractional error in the tbtal power consider one point in frequency
space, whose power is p If the point _cohté.’ins signal and noise power then
s tn snr : o
‘where snr is the signal to noise ratio and c is a constant that represents
the average sigﬁ_al power. Hence
) Ty 2 g te @
_---Equati-éhs ‘21 -and 22 describe _éveiy' ‘point of a real signal plus -noise--ﬁnd_- R
: hoise sp_ec'trum"if both spectra are considered to be flat. _B'c;f:h' the signal
plus néi-éé point and the noise pointare chisquare variables with 2degrees o
:'__:_gj‘:‘_'_free_d_om. _.:E‘Qr__ this type of distribution it can__be'_ g_hpwp:jtha_t _ :

_A-ﬁz _5‘_'_(112) .:-.<u>2‘. | _ : i o (23)

+~where u is'a chi-sguare variable with 2 degrees of freedom, and au

o igwﬁépﬁariénéeﬁsSinceﬂﬁéfVérianéeSdeihdepéhdénfquanﬁﬂiéS*aré:addiﬁvé]yhriﬁi:?cﬁ:wj~¥




if ul'and uz' are independent variables.
In order to obtam a pomt in the fmal sxgnal spet.txum as in I;‘Lgure b ¥ S
it is necessary to take a pomt in the sxgnal plus noise spectrum and sub-
“tract from it a point in the noise speetrum. From equations: 21 through 24
1 .2 1.2

2 = o i .
L Py~ c’ [(1 " snr) a _(_snr)__.]_.

FProm equations (25) and (22)

- e,/ {pg) = ap/ip) = [0 +§I—1;) (sn—r) 1 (26)

:A(ps + n
w'.v.he‘_re“pf_'i's_-' the final power in the particular point b‘é.‘mg coﬁsi&c—:’red'.:_
Equation 26 applies to '.l:he poWer in 0h1y one poi.nt.‘ I-I'ovfever, there
_are N/2 1ndependent frequency pomts. “Kach one of these points con'tri- _
' b\lbés to the power whose estlmate is therefo.renlmp.réved by a- facto:f ﬁf :..
1//-1\1-75( In'addition,  whenP. ppls.és_-are‘_.transmitted and the data from -
the different piilsés are aﬁreraged to vield a spéctrﬁm, a.notl'.ler' improﬁe-
ment by a factor 1 VP is accomphshed Thus the final form for the
'-fractlonal error in 51gna1 power, ér from equatmn (20) for the fractlonal

- ..error in the dens:.ty esl:unate lS P

12 122

An %
snr’

-- :_'T'__ [(1 +

/(m/z) o o en.

- Since this formula was derived under the assumption that the signal spec-

 trum is flat and since S-ignél spectra of interest are not flat, the actual

"0 eprors are expected fo be semewhat greater than those predicted by this o
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theqretical f.'ermul.a. This 1s 'b'ecause z_ill of the points do not contribute
.ec.jua.lly to I:he var_ian_ce of l_:l_le. pe:we:;'. To gwe an:ex'treme :ei:ample, if
all of the power in a sigual were concentrated in one po.inlt, I:l:_leh tﬁere_
would be no enhancement of the accurscy by a factor 1V N]2 as is essumed _
. in'equation27. However, for most spectra, the deviation of the signal
speefrum from flatness -is.expecte:d to increase errors by a factor of
| only about 10% Thus, the theo.retlcal formula for fractional dcnsﬂ:y
error demved in equatlon 271is expected to be accurate over Wlde ranges
'of:51gna1 to _:ncnse ratio .and. numbers of_“pulsesf L
To ve,fify'_ this statement, consider Figure § whic_h__i_s a plot of An/n
| 'estimatedi for a range of.'ionos'pher.i.c péfame ters by the co‘mputer si'mu-
"'1at10n versus that glven by equai:lon 27. The dots of this figure represent
- a hlgh temperat:ure case havmg an electron temperature of 3‘500‘J end
an .1o_nr teulp'e;je_ture of_2500° whlle_“th_e_ c_ross_es .rep_resent: a 1ew tempe x“'-
.~ abure ca,sew"i_th equal electr_eri and ien:te_r__npe_rsm:::_e_s of_lODO? . If a case
Wh'efe" the signal to noise ratio anhd x}umber. _o'f_-pulses is__hig’ﬁ were ‘Simu-
lated in the compui:er, this p'.rodu'ce'.d' a ploi‘nt.'lying' neab fthe origin‘corres=~
ponchng to small values of An/ n. The pomts renrescntmg small SLgnal
._ to n01se ral:los. and small-numbers.of pulses llE in Lhe upper rlght hand
portlon of the graph. | - | | -
: I -th'e- ‘equation-agreed. perfeetrly.r:-with 'tue .sil.nula'tieh‘,_ .every dot and
every cross would e on a. 11ne at: an: 1nclmatlon of 45° . As ‘gan be seen
“from the flguue, .the dots do 11e close to f:hls 11ne over I:he w1de range of

: : _par_s.a_n_e ters used- in I:h_e -slmulatlou.r. ‘Iowever, it shoulcl be noted that the
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crosges lie consistently above the line, indicating that the theoreti. .

equation COnS'iéténtly underestimates the density error associated with
them by a typmal faetor of about 10%. ThlS resalt is explamed by the
narrowness of I:he low temp:.rature spectra assocxated wu:h the crosses.
In summary, the computer s_imulation fq_r brog_d spec l;ra__show ‘that
equétian 27 is an excellent predictor of the fractional error in the density
estim_’afe..:_' I'or relatively narrow épec_tra' with low electron and ion tem-'

peraf;ures-, it undercstimates density errors by about 10%. Since the

'feamblllty oj:‘ a space shuttle radar does not depend on 10% correctlons

_ to such error eshmates, equaLlon 27 Wll]. be used to evaluat:e t:he pcrfor— o

mance of such a radar.

~ InTFigure 6, contours of constant An/nas:de tér’minec_l by equation 27

‘are plotted as functions of the signal to noise ratio (ranging from 0,1

" to 100) and mumber of radar pulses, P (ranging from 1 to 10°).

Again' this graph is a log—log-.p'lot as. in Figure 5. A general char-

acteristic of 'Ehe contours inn this figure is their tendency to parallel .

:the snr. 'a.xis for signal-to-noise ré.tios greater than about 2. = This

L 'bréak‘ point ‘at -s‘n—r.'~'-2-impli-e--s.:‘that--.t?he. ac-c.ura-cy ‘of a d_ens-ity- ‘measure~

' ment is not greatly lmproved by makmg the 51gna1 to-noise ratio much

| :greal:er bhan 2

o .tha.t bcyond somc valuc no further mcrease in the mgnal to- nmse ratlo
e will produce af_‘méahi:ngful’ decrease in the: in_'_u'mberi of pulses- for t_h.e'- 5 _am.e

~value of An/n because there is error associated with the signal power

: ’I‘he break pomts 1n the contours can. be understood by con51dermg
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even in the absence of noise. When a value of the signal-to-noise is
‘reached whefe most of the received power is s:i.goal, .most of the error
aseociated__with the_measurement is due to i:he statiﬁsti:cal fl.octual;ione_. in |
the re.ﬁlen signal and 1s unrelated to the noie'e. 'i‘.heée stzatié:tical.,fluctu-
_a.l:mns exlst because the mgnal is scattered from a sialistically fluct:uatmg E
' medmm._"
It is thus concluded that there is little point in designing a radar -
'.system'he'vih.g a 1ar'g.e 'si.g'hab to.-hoi'ee ratio Aflor an othmur*‘ SLgnal-
. I:o noise. ratlo s reached one can decrease the error bars ina meaaufe-
___:meni: op;y by_-mcreasn:lg.the nurnbe'r_ of mdepend_enF _sam.ples._ tak__en_. For |
puiposes of diSousé'ion, an'optimum si.'gna‘l/n_oi.se fatio_is-oooeidered to.
‘be 2. | | | |
'Tlie anaiysis p‘resented 'ab'oGé yield”s".s-o}me .useful'o.r'r.]er of maghitu'de
numbers.. The den51ty can be measured to an ecouracy of abouL 10%
, W1th aboot 10 radar pulsrs 1.f the mgnal to nmse ratm 1s blgger Lhan
_ -l.about 2. _DonSJ.ty mcasurements to an- accuracy of 1% r'equlre dbout 1000
| pulses. If the radar operates at 100 pulses/second and- Lhe space shul:l:le
o moves through the lonosphere atd speed of 10 km/sec, a measurement T

e requlrmg 10 pulses would occur over a dlstanc:e or 1 km. A measurement' -

- requlrmg 1000 pulses would 1nvolve 100 km of spatlal averagmg, Whlch o "

| _mlghh deehroy the ut;.hty of some types of measurements
The veloc.lty estlmator w111 be e:-;armned by developmg an equatlon
o for ‘the uncer*amty in’ l:he velocxty analogous to equatlon 27 3_1;'-3.-:_'51, at

-'.-least in some range, the velomty estlmator mlght be 11ncar in the densﬂ:y
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estimator, an attempt was made to design an emplmcal equation whx.ch
would fit the VGlOClLy errors as closely as possxble, remains sunp]‘e.
and have a form relatwcly su'm.lar to that used for !:hc denm!y estimator,
. The equ’ttlon which resulted irom this process is _ c _
2 \u
Av(m/spc) -—I—OOL [1 +(F) ][(1 !-E%;I-‘-) + (-E;%;;) ] e (
o (1\11"-‘/2)2 _ B '
- This equation was developed through analyses of data such as that =
cresented in tables 9 a'._nd 10. Table 9 compares the signal-to-noise
‘dependence of "e'quation 28 with, the aCEtial debendenc’e of the 'avera'ge

'_data._ ’I‘he columns in thls table are veloclty errors estlmated from the

compuLer 51mu1at10n for dlfferent pulse numbers and’ Lwo d11‘ferent tempor—

8)

‘ature cases, The rows in'the table’ represent,dﬁferent.51gna1-to-n01se G

* ratios. The 1a's't-'.“c'c')“lu'rfin is an avera'g'e'of all the numbers in .-a-'--'pai*_ti'c:u'lar '
.;. ow, w1th valucs in excess of 475 m/scc dropped i‘rom thc l:able. This
" was done beoause the computer program ha a cuto[‘f Wlnch w111 not allow

ik to. estu'nate any velocnty greater I:han 800 m/sec Tlns means that

veloclty errors: which approach this value are, progresswely underestlmated

“and l:he._'se_:j_data we_re. eliminated from the table. The tabﬁl_e- values are

R 'nofh‘ialized:"tb"-'th:é:.errdrassdciated*wiﬁh a signal-to-noise rétio--ofs.l.oo:_

fr'Comparlson of the average 51gna1 to-nmse dependence Wﬂ:h thal: predlcted
by equatlon 28 produces close agreement even though there are uncor-

_rected tempcrature dependences m Lhe data oi' r[‘ablc: 9
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" In Table 10 the pulse depende‘nce' in sqﬁ_ation 28 is compared with that '
of the cornputer sunulatxon. Here the error is plol:ted i.n units‘ of.
2, 500’ where AVP

ammatlon of this table 1nd1cates that the cquatwn predlcts the pulsc‘

| .'.'.'_Av /Av I.S the vclomty uncortamLy l'or P pulsos. ]"x—
- _dep_ondence for large numbers of p_ulSes_ and overestimates it foxj sma_ll I
number of pulses. By examination of the tables the statement that |
..eqﬂs.tiori 28 predicts velocity errors to withih' 159 ty‘pi:osiiy and -io':l:he '
worst case to 30% accuracy can be verified,
| l‘" gure 7 presents a graphmal compamsoo.of equatton 28 and ;he S
velomty uncertamhes estlmated by the computer sm‘mlatton. Noto thdt ”
the points do not lie as. close to the 45 degree f1t llne ‘as they did for thc o
.densu;y errors of Figure 5. Further note that not all of the dots and
' oros'ses'lie cdhsistentljr on'thé'ithe shd'._that'for: exsmp-ié somenmes
_‘ crosses 11(—3 below the hne whlle ol:her tlmes I:hey he above the lme This |
- shows thaL ijt Lhe estxmatlon of veloc:.ty thr-*re are tempcrature dcpendences_
which are not being cons-lde.rod ‘here.. Noto, however, that the: overall
. aceuracy of .th'e .-e.qua'tion-i_'_s.'tybic’:a_.':lly. 15 or 20%. - Si_r__lo'e. 15 or .2_(_5%..0_.?;)03:'5
' 1n the uo__certain'ty of the vstocity estimate are small 'éno_'ugh' .gto be._:n_egiec'tecft

" ‘when obtaining rules of thumb for operation of the space shuttle radar, -

_ -such errors w111 bo neglected.

Contours of constant velomty uncortamw are prosentr»d in l* lguro 8

as. functlons of the slgnal to—nmse ra.tlo and number of. radar pulses

These contours show many of thn features of the densﬂ:y oquatlon cc“‘.nt“rurs e

smce the equatlons whmh produced both sets of contours are relatwely
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similar. 'In both cur.ves,. the break point for i':r:ﬁprov.'reroent of accuracy
versus 51gna1 to- nmse oceurs at a value of about 2 for all contours. N
For s1gna1 to-noise ratios 1o excess of Llns value, one can obl:am an
accuracy -of 100 m/sec in the velocity eatimate.wi.f:h-;app}:oximal:ely- 15
pulses, which invoive a spatial averaging of about 1.5 km. If one wished
to oblain ao accuracy of 10 m/sec, one would need’ to collect apprommately a
1500 pulses. ’Ilus would 1nd1c:ate spatlal averaglng over an afea of per-

' naps 150 km Whlch may be l:oo 1arge for many classes of experlment.

- Thus, _.for_. expeviments in the auroral zone; where typical bulk velocities. . . -

of the i,ono.s'phe,reare_much.larger t:.han 100m/sec, the space shuttle

radar. -wottld=_15é a useable tool for analy sis. “In the equatorial zone, how-"

ever, ﬁfher'-e a‘.ypica.l velocities are less .l:hé_tn 1l0'0" m/sec, the error in the
measuremenf: would becomparable to f:hemagnlmde of :‘th:e vélccilz.y bemg |

_ _rmeasurcd unless onera-vera'gecl over a lsrgc volumc—z of .space Therefore,

| space shﬁ!:tle expcrlments in the equatorla.l zone demgned l:o measure

rualk velocities of the ..io_n'os 'phe-r:.e. '3a're.prob_abl_y' not *feasible". :

In .sunllmarzin'g the data the 'f'o]..lrowing: conclusions can be made. Given
: reasonable pulse.repebtlon rates (perhaps 100/sec) a suff1c1ent signal—:
to nmse ratm (2.2) and a Lyplcal space shutl.le speed (10 km/sec),_ one
' .can r.nak.e.t.:'icnsny mcasurements to the accur.acy. of 10% and velomty R

-'-__=__measurements to. the accuracy of 100 m/sec, over small spat1a1 mtervals

Certam cautlons should be kept in mind whcn ex{:rapolatmg from the

3:-. : data_‘prés'é‘rited r_l.n,'p_'ar.t 11-1_. "Ib-njn-ist: be r‘_em-embered_ thart-"the.-.eompuzte;_ L

. _' simulated a particular operating mode of the Chata-r_iiké. ’r_'sd_a'_:p. In t:h_is_: __ '
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mode I:he. radar l:ransmittéd a pulse for 320 ysec and reéeived a 'pulse'
_fo_rf_..thé ‘same lengtﬁ .o'f.timef _Tl’lis ééffe_sponds Lb a fénge reso]’u.t'ion of
épproximatély. 50 km During the re_ce_ivef.l. ﬁuise, 32 s—a'm.pius .wer_e taken, |
"N =32 This results in a bandwidt.h. of SO.kI-Iz: coﬁ.taining 16 ind.ep;andent
discrete frequency: points. When one sxtrapolates from the data in part
CTIE tﬁése explicit jdebendepceS '-should be kept in mind if one wishes todo -

analyses for d'iffe‘fent range resolutions or different sampling rates.




APPENDIX

Throughout I:h1s appenduc the followmg formah sm wﬂl be rollowed

(t) w111 represent a contmuous functmn 5, will represenl; a discrete

function existing only for Spemfm values of f. It will also he assumed -
that the s-lgnal under consideration contains no d. c. nor Ny-qu_i_;slﬂerm_, o

a =0, These terms are hefglected because they complicate 'I:he-

0 N/"

' mathemat;cal formall.sm and- add nothlng to the undcrsnandmg of dLscrete

vs. contmuous analy sis.

T. Discrete Functions and Orthogonality =
Beginning with continuous functions, ozgne__ can study hc_a_w'l;h'e' equatiyo'n_s '
of Fourier analysis are modified as =discrgpé_samp'iing is .i_-ntr.Odqu_d:

" If on an interval P i

sty = X | a_ cos:hw t+b sinnw,t .. oy

n=0 0_ T 0

Whe_re_ wo = 2u/T, t:hen for . all n

‘p:.
H

J st) cosnw tat L ¢ £33 I

B

BRE

2
__-n_T o .

, Th‘e'se’. -' e”quatioh’é follow :.di.'reétl? frbm-.e’Qﬁation 1 'be.t:-aﬂse of: l:l.ie---for tho— ;
E gonallty of sm and cos on t:he 1nterval 'I‘ To form a dlscrete Slgnal rclated-- :

to s( ‘.) oqa ea—n_-d_xvxde the l'nterva;l T J_.nto ’\] ntarvals oi‘ 1enth T/N W1I:h R

s®sinnogede 0w
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the fu"st mterval labeled as t:he 0 interval and the last interval labeled
_'as N - '1. Imagme i;hat ak the begmmng of each mterva] s(L} is sampled

and iis instantaneous value sl:or.ed, 'I‘Ins converts s(t) mto a new funcl,lon

SN with N discrete values on the sampl_e interval. Th1s new _;func,tnon h‘as ,

the value O gxcépt where

S k=0,1,...., N~ 1. 5, can be dasoribed_ ma-_thémati.caﬂy as

S 7 Saepp T SWAECKIMIAE s
'-br_
LSy T oSkTMO oo o e

k=0, 1, 2,00 N - 1
_C.)nce. 't_hg._._ i_n.l:c.a.rval,.]._éng‘th T EL_I_IF_} numbcr of né._a,mp_les _N..ar.e:_ d_é:fined; '.
- etjuati_;én“'l:_. 6 .is's.'_a. Function of k-alone. _Fo:.r'. I:.hi.s::- 'if_e-géon, the Qi.s_c.re.t.:'e .. '
s1gna1 is oft'é'n ':éalled-"sk'.':' : : _

At tms pomt it ig nal:ural tolmqulre Whet:her & s1gna1 of the type m
equ.atlon 1. 6 can be répxesented.m a manher analogous to the represcm _: : o
) tatmn of s(t) m equatlon 1. .1 In -fa-c:t. s.ﬁc;h a rebres.enté.tmn 15 posélble
E -_-but the proof of [:th pomt w111 be .Eufsued mdlrectly Betore Lhe proof
can bc understood one musL mquu:'e mto the nature of. equatmns 1.2
':'-:_""'a-nd 1.3. ’I‘b.esc equal:mns depend {'or' the],r vahdlty bo!.h on Lhe repre—. :

__ _._sentablhty- of s .t) as 15 equatlon l; and o.n. f:he othogonahly relal:lons e

: .Eo;_r_' _.sln:and cos ter_ms 11} _-F-ou.rler% series, - o
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The orthogonality relations in the continuous case are

. o .

Tu[) cos mwot: cos nwo tdt = —l-j' sin mwo t sin nwo_l.dt.
1
Zém’.n ’
IT S | -

for all m and n.

The Qrthogonahty relations of equatmn i 7'can be clemved Frozﬁ
. the hl*lgonc)metrlc 1dent1t1es-and the fdct thaf. any sin or cos wave pemodic '
on the mLerval 'I‘ has LIntegral 0 unless“ the term bclng consxdpred is a
cO_n_s:tan_t, . tha_t: i_s,T _pn_lgss-_t_hg term _l_c;:_rei.ng-:.consflﬁaredu_ is___‘a_.cps__l;.e;'m wi.l_:h o

argument 0. Asan illustration consider

T% gin mwotrsm .nu),dtdt=2T {) cos (m-n)mOLdL~ ,
-J-‘ ‘eos (m + n) tD L dti= m' n RE S (e 8y
0 : ) I |

.. where m a-nd.znr 'a-ré“fp:o's-i&ix?e'in té-ger's.. o

I m the discrete case one were Lo dl%LOVEI‘ thal. pcmodm Funchns :

'ﬁ_summed over an mterval behaved sxrmlarly to i:hc perlodtc c:ontmuous '

| _functlons one’ could prove the othogonahLy relatlons at once
If one con51ders an mberval of length ’I‘ dwtded mLo N parLs then in -
-f'__accordance w1th equa cmn 1 6:the. orthogonahty rplationq in equatwn 1 7

"for dlscr'cLe s become o
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N -1 .
?I' k;:ﬂ[cos mwo_(k T./N_) cos nwo (k T/N)]AL

b [sin muw, (k T/N) 5ib nw, (k T/N)]At =
T x=0 0 B

o

N-1_

cos mw,; (k T/N) sin nw (s T/N)]at = 0 e

e

. Here, At equal T/N is the length of a sample interval and is 'arialog'o_us -
to the differential dt in the inl:"egfél"s"o_f 1.7. From the delinitions of

At and o eiqﬁaﬁi:ﬁn 1.9 can be written as -

7 23 cos(2m m k/N)cos{2m n k/N) ="

T k=0 PRI O ‘

A 23 sin(2n m k/N)sin(2mn k/N)=

tolm -

A i, PN

& I cos(an mk/N)sin@rnk/N)= 0
 where pis an integer.
To derive ':t-hér._or_l_;ho'gonal'ity' r"ielébi'bns for di_s'c.:fe-{:ei.'éi:gﬁé{ié '.t.)hr:_ héed_é |

_only tp-i_g_opometfi_¢, identi'ties'__én_c?____c:_oxi_;p__lei:e knéWlédge_-oE_ _fq ghd___gq' c_f_efin'ed_.as o
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N-1

1
f == 2 cos2nqgk/N ,
¢ N k=0

1 N-1 :
= 27 sin 27 gk/N (1.11)
Nz S ST _ o

i

To find fq and gq congider the relation

| : N-1 A N
p#i =% [0 D cos 2mqk/N +isin 2ngk/N) =
e a9 N\,7, |

k=0 . '

' Rewriting of equation 1.12 yields ~

R I | o |
L fotig o= D ..(e._‘_?ﬂq/“‘.)-- o (1.18) .

By use of the algebraic idenlity

4K . Lo ' - o o i Y
% X% T | B 28 )

- Equation 1,13 becomes . - -~

L (i)™

B N T (1.15)

2wig

=

- e2ﬂ'1'q/N' |

T

C g7 B (1.18)




' ifm-= 0 and 0 otherwise

-AGE

g FpN p=1,2,... | B - o tan

If q pN, then both the numeral:or aﬁd"denomina’tor in equation 1.16 are

_ __'0 and one musl: use equatlon 1 12 w1|:h q pN.

2 cos 2mpk +i sin 2mpk =1 ' (1.18)
k=0 S I e R

o F i =
g gq N

where q = pN and p and k are in.tegers-. Equatmg real and Lmagmary parts

and combmmg the results of equauons 1 17 and 1 18 ylelds

g N
N E cos Zﬂqk/T\ =
' k=0 -

q = pN = 0 otherwise,
M ‘sin 2rqk/N = 0 for all integer g. N (1.19)
'The.sé equationé are an_al_ogoiis_ :l:o i:he inﬁég'fé.l:relations"

T | eos mw_ tdt =, j'

ant

dE =1

-

o : Lo
j' sin mo t dt = l

2”““ dt: = o for allm - “{1.20)

sm

D"-——.:}_‘_'i

i ”Note here Lhe per10d1c1ty 1n equatlon 1 19 thch does not ex15l: i equatmn

1. _20.'_ T‘hls 1eads Lo pGJ.lOdlC behamor in the. orthogona.h[:y relatlons

' "._:equa.tlcjnsr‘l. 1_0;__-fp_r_-._ 'dlscr_e te. 'fun‘c_: tlcms Wh-lch :d_oe_s not__ex_l,s.t__l_n I:he. case of
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Fourier series intended fo an'alyze continuous funclions., This problem
of ‘periodicity will be diseussed in the next section along with the problem -

of representability of a discrete function by a Fourier series.

II. - Periodicity and Completeness in Frequency Space

~This section contains explicit expressions Ior- a-n_ap;l-.bn fop di_s.érel:e
B Iuhcthns analogous to equation 1'.. 2 and 1. 3. These ezﬁpressions are derived
sing equatlon 1.10. I'I'OWever',-"béCaﬁSG-. of the pecﬁliar "p'ériodli'ciw"éxhibitédf"-"
by equahon 1.10, confuswn about these resulfss may occur unlc.ss efforLs
are made to und.ersl:and. in whaL.way the relatlons for an and brll.alre -
_berlédlc_ _ : R -
If one writes expressions '_for__ discp_eté.fp_ng_ti‘ons-a-n and bri' naively,

one obtains

~ N le
g =

2 | 1 g '
8y T o (kT/N cos nw (kT/N N kzzoskcos 2nnk/N (2.1)

and oo

W

[ I

At
;where t is the 1eng’_th:of the sé.'mpling‘ ihterval, _'_an'd N is the 'nﬁmbf_ar_o__f

... ~samples taken in the interval. Relations 2.1 and 2.2 give . -
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p = 0,1,%.... - | | (2. 4)

'ar.xd

n pN-—n
- Setting p = 1 gives -

T %N -n n N - n
Ij: folbw's fr@m'equatlog--z.. 4 that if Qgeesdy | g and b_o_. .- .bN-'_ qare oo

known, then a, and bn are'known for all n. It follows from equation 2.6

that ifa and b are known then a.  andb.  are known. Thus, one

_ need know only Bgeee and bO. . 'br where r is the g-réat'eét integer less =~

"~ than or-equal te N/2 in order to c.oinplet_ely_' determine the frequency com- . - -~ - '

ponents a_and b_ of s for all n.
_ n n ok

. Writing an expression analogous fo éq.ﬁa\z“'tip.n' "1"'._'1"h'oiv. }Fie'lél_s':' T
s. = & a cosnw, (KT/N) +an sin nw, (kT/N) =

onnk .. . %mnk o s B
: = + 1 e .

AMe
o




T

wil contribute no new infcirmab_'out about the fﬁnctiénal- form of s

function g

._ fAQ-

One may well ask at this point il it is necessary to extend the sum
in equation 2.7 from 0 t6 = in order to completely represent Sk'. 1t is

already known that the a's and 'b‘.s repeal beyond the index r. If the functions

in equation 2.7 multip'ly'ing.the an’s- and'bn's vépea't as do the coefficients

ay é,nd bn, then addit'ioi}.al terms ln the sum beyond r in equation 2.7

K To

* decide whether the-sum in 2.7 is periodie, consider one term in that sum,

the mth term, where m is between 0 and r. Call the coatribution to the

of this tei-fn, 5 -.'I‘hen_. '
ke ~ T Tkym R

o 2m(m + pN) k

a_‘m-l—pl\l cos: L N

5k, m + pN

.":Zn(zﬁﬁ-pl\])k = g
o gy S0 T 7 A eon TR

brn sm.._ N = 'Sk,m__ - _ o S (2.8)

" Thus result follows from equation 2.4 aﬁd..ﬁscs_ the same techniques in

its derivation as were used in equation 2.4. Further, -

s_k,._l_\]_._— m aN - m ?‘98 TN — *bN- m $1n —R

sin (21 - 2mk/N)

R o Pk R T
I rmlk
AN COF TR T Py gy 818 2mmk/N
- a cos 2TEE 4y oy 2rmk
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Combining theresults of equations 2.8 and 2. 0 yields

"lim ” Pk, pNE m (2.10)

" Equation 2.10 s.t.a't:és that if 5, .m is khbiv;ml'for 0< m < 1 then adding" 'I':é_r'ms.

_ _or Lhe form on the mght hand Sl.de of equatlon 2.10 to correspondmg l:erms e
of the form on the left hand sule of this cquatlon for all values of m |

- between 0 and r simply multlpll.es the sum in equatmn 2.7hy a constant o
but does not vhange the form of 8,- Thus, without loss of g'_:—_meralit_y

) :Oﬁe' can virite | ) |
T

n =‘_—_ﬂ

2rnk oo _Sin.Zﬂnk
N 'n N

wn
I
: f’g}g

k,

n 0_

" Generally,. it follows from equation 2.10 that the limits on 'e'qua.l;icjn' 2.11"
can he written as

s. = 2 an'cos
n=pN

21mnk " bn sin ank -

| P 4 cos 2711\;:11{. +._bn 'sin’_ 27&111{ B o ...(2;._12_)
on=Er+l+pN " : '
where p is any mteger eqétion"'z 12 éliow'-s that, "givén‘ a "paﬁrticula_fr"- 'sk-,"
_ it lS 1mposs1b1e to determme u;s frequency componcnts S_pecific:_'ally',

"forp = 0
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k

has frequency components between 0 and N mb/'?. or between 'NGJUIQ and

Since, r s N/2, equation 2.13 states that one ecannot decide whether s

Nw,. Thus if one sampleé at a linear [requency 1/at = 1/(T/N) one
- can resolve components. unan__lbigu_ou_sly only up toa frequency. qi;
NwUIZ x 2w = N/2T = 1/2:5!:f Thus, the maxiinum frequency which can
" be unambiguously ‘determinéd equals one half of the 'Sampling frequency .
This is a proof of Nyquist's theofem for discrete fl.z'ncti.ons._ |
. If on a foed :1e:n'.gth' sample i.n't:e'rvalu N -"'.m Lhe m.ti.'nbe.r."'c.nf an'sand |

- _bn'.g._.onze _m_gs_t g_btair:l: befo_r_g :th_e _coeff?ci_enl;__s .repez}t_ also approgche.s.:_
.-..:i:nfinit_y. ‘This is reasonable since in the limit N~ = B s(t}), a contin-

wous function. In other words as the structure of s{be.c:'omes finer, rapidly

1
~osdillatifig sine and cosihe terms must be added t6 the summation in -

equation 2.11 td represent the rapid [luctuations in the fine structure.

A plausability argument for the fact that a Finite r_lu'hibél* of terms is

. heeded to represent a discrele function is that one would expect a function ..

. witha __f-i_ﬁite Lnﬁf_riber_‘_ of points to be representable w1f:h a finite 'numbe_r_ - :

of fuhctioné which w_taré' indepen.dent on the intervél of: Sumrh'é;ti,on.

© Now that it has been demonstrated that 5, nced be re presented with -' o

| -énly a finiﬁe number of sine a:_i_d ___clo.sin_e te_rrm's, _q_ne'g_ can s%;_éw thg_t: e:{refy |
fanction s,_can be represented with a series of the form of equation 2,11,

.88 _f_qllow{s; It _113_?1.':._1.3_'5?_1'{‘ _n_<__5 ted-that eg]-l_a-t}ox}:s____ 1.19-and.1..20 are.similar :
"..lbut.,tha,t 'eq'ua'ti,.onrl.'zﬂ.‘pésse.sses_ a .per.iodic_ be‘havionlc'..' It -oﬁe 1s limited

to a series of the form of éqﬁation 2.11, the .péfioldic-ity’i's j;éhm_-ved'

" biom equation 1.20 and equation 1,19 and 1.30 imply identical orthogonaliy =
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~relations for discrete and continuous functions. Thus, equation 1.10

becomes

L Nf.::l cos '____“___2‘111'1'1{ cos _____“anll{": < 2 sin —F 4
N o N 777N 'N”k= N TTan,ne

(2.14) -

1 NZ: 1"c:c:.c:,'z'ﬂrnl'{ siﬁ _..2171‘1'5: B SR SR
N kzIO N . |

1!
<

(2,15)

for0<m<r and O<n<r S o (2.18)

-In order to_uc.l___ézcide_ whether or ;nol; any function____sk ¢an bé.repr;ése_nted
in the form_equatioh 2.11, i.'t i_s-'only necessary to répre_.sen.t one .;_aarf:icular .
- .igoi:n'i;--sj of that function. T’he.qu_e_s.bion -of fepresénté’bil_i-iy. is eqﬁivale'nt_: _
: to the question of ddmple teness and can be stated 1n the following terms.
_If 6__né_ comput“s the Eou.r"i'é"r c;:o'in_ponents_ ofa fulic:ti_é_n and. thcznsums the sé
Fourlercomponents does qh_e obtam Lhe original fﬁ::n.'c.t'idﬁ?_ If the _ahs"Wéf |
s _y_eé fof éii_fun_c.tiéi}S; then. Lhe __s_e._t_c_)f_ -1f.oﬁfiéfc6mP01ﬁents -is' sé.ic_l to.be
_' .:'c'o:n_:tplt_al:e.: In tiie case 01: t_:he disérﬁé'_be_ funétion, 1f oh'r.e_,_ -__.ca_n_ répres"er'.l'l:_ «.'-;lzny.' :
R :oh:e,po'i:ht--ip the set domplé i;ely',. one can -':x:epreserﬂ::any'fun_c ti’qri___--by:_ summmg BESRR
the .. rfc-:"p;-'ése'nﬁatibnis?fbf individuai 'szi"rzl'_bs:'. ljy 'th_e prmmpleof Super_ﬁ'os_-i-t.i.'oh.:-.f.' '

‘ Lé-t__s__]. be any point in f:hesample space, Dé‘fi_rie. R

- = CA:.. o 3
.-Sk' Kyg o
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which states that jth point on the sample interval has a value c.

2mnk

.2
ni N

. . n .
el ] N : ‘2'718

_2e  2mnj
"nj W

T e - (2.19)

Using equation 2,11 - -

- 12c 2mnj 2nnk . 2unj . 2 nk| o
"k T I'EO I:N €08 ¢ 08T  + sin = sin =g (2.20).

" :'E'xff_ending the inferval'of integration from 0 to N -~ 1 simply doubles Si =

by equation 2.13. Therefore,

L e T Zunj o Zmwk o, 2unj Lo Z2ank- S T S
= —— . + o i —_— . » : R
TN 5 [ N cosTy tein Ty sl TR ] L e

whlc:h givgs '

e e St e
_'Sk Nn§o LOS S IR ‘ N o (2.22)

By equation 1.19 . - _

s Ted e
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~Equation 2,23 is the equivalent of the completeness relation for Fourier

| Can be c'omple Eely represented

i.nl:égrals'. Its existence proves that s
- in the form equation 2.11, -

‘Thus, a representation s, in terms of a discrete Fourier series has

k
been found. Further, this representation was found to be periodic in
| its ‘coefficients. Lastly, it was proved that *."“1
_ by_al}gwing the index ir}. equation 2 1; .to range fro_p: 0 to r oniy_. I{‘ one

1nspects l:he .1ﬁ1”1i.1].;u.3'r._of terms .thu;s i.nci.i.l;ie.d m :tl‘i;a: sum 1ncquat10n 2. 11,._2
- one _d_is_co_ve.rg-_ L’l_l;a-l; 'L-h__e 1_1_umber ci:f_c_oeff;ic_iez}t.s_ in Lhe _Ifquf_i_e;' sgries_ is :

equal to the number of points tb be r'epr_esented. "This is reasonable since

c ¢an be éoiﬁ'p’lé-tezly _re.lpre's:ented- SRR

‘all the coefficients multiply functions which are independent oh the interval. . =

of summation, so that N independent points are represented by linear

combinations of N independent functions.

‘Tii, An Analysis of Spreadin_gﬁ’ 'be Usre of Fourier Series
In sections T and IT of the App_endi'_x, the mathematical Formalism
-.used to derive-amplitude spectra for discrete signals was developed. . - :
_Next, cértain applicalions of this formalism will be considered. The’

 first of thess {s the uncertainy prineiple which ckpresses iteelf asa

spreadlngof the51gnal wldthm frequencyspace when the 51gna1 :is:; sampled SR

for a finite time. It will be assumed throughout this section that the =
power in the signe;_]ﬁ spectrum is prdportibn'lall to . the squa-ré 6f"the;s1im'of_
< the Feurier amplitudes for --"a'_i_.g'ive_'rji_:.-freq_i'_le.ni.cjr justas is-assumed for .

continuous representations using Fourier series.
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Consider a signal of the form

_ 2mpk . 2mpk - ' -
Sk = 11 coS N + v 5in N , _ {3.1)

-where the variable p need not be an integer. Consistent with previous.

definitions, S is the discrete representation of a wave with linear fre-

‘quenicy w/T. Analternate representation’is’

. 2k A : _'_ g
ENS __3(:08(_1\..,_.. —I-cp) T LR oo {8.2)

51 _
~ where @ = tan _1_(».v/u__) and a = (u2_ + v )2 Since p is not an integer, Sy

' in equation'3.1 is not periodic-on thc-_: sampling interval. Trom equation . -

9.1 and 2.2

'Define & new gquantity ¢ = a b The spectral power per unit frequency” -

.",__'_,;, 2‘- ) : =. 2. . ' i
R )_/?__‘”_o,_ _l_?nl f20g Then

"N-1

o =

[ucos —— + v sin ————).
0   SN N

‘ __”_; L\ﬂ




ei(ZTrnk/N) [u (eiZﬂuk/N N e-iZnuk/l\‘) _

iv (e__LZTrp.k/N _ e-lzﬂp-kf EJ)]

| (3. 6)
_ 2nln -p)
N .

o o_2n(n +p)
YETTN
Eguation 3.6 becomes
S (e + o)
k=0 B

e __;_."_1 _
o n o N )

‘With the algebraic identily 1.14, equation 3.9 can be written .

S L o ivyN AN ‘
AR, | o, 1 - el - S 1 - e e
oyt g -t At r i 22l @0

1-e 1-e
© ' Consistent with the assumptions of the physical model presented |

earlier, assume thatu and v are Gaussian variables with

'“:.1;5 =wu<u)f¢~(;) ;*g =:5<'“*

j__p_ﬁu?)_§~<22) f

1

* This i5 a mathematical statement of the randomness of the phaseand -

3 amplitude of a signal 's_k.'isca-lftered--'frbifl the ionosphere. Define -
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‘Then equation 3,10 can be written as

o = = (o (@ + iv) + B - )]

" op
= Lt)al® @ + P rass - )

" where B* is the .Q_C)inplex conjugate of B.  With the use of the physical . -

- conditions represented by equation 3.11

' . 2.. 1 2 2 {1 -cos NA - _-1'--005-1\1\!.'-'
_<|Cnl_ ) 7 (u.‘. '_‘f}('lﬁ--_cosf_;' T oosy )

- For tlxé-salce_- of: ex_pli__'c-itnéss this equation can be written ag.+ . -

: <lcn‘>N2 (™ + v ). 1 =eos 2n{n -~ p)}/¥H
- 1 = cos 2r{n +p) ) R
I cosamlm FR)/N| .

@)

3.13)

' (3.14)

(3.15) - :

BRI
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..unauon 3.16is proportlonal to the average power per unit frequency in
the u:h frequency wmdow. N_ote. t;hat one termi in the equatlon is s;}mmetrlc R
about the _frequency ;.p/ 'I' wiﬁie the:.other term is no.t.. 7Tl_1__is _meahs I_:hat .
if a signal which is noé commensurate with e.sa-m_ple peeiod. is sampied
““for a finite time, it-will be spread and this spreading is consistent with
the'uncértaintj prixiciple. However, the sighal will not be spread symme- '.
f:mcally about 1Ls or1gma1 Erequency . o
| Before 3 16 can be apnhed to a spe.ctrum,r one must know the COlldlh.Ol‘lS
, .u_n_der whmh equation 3.16 ap_plles l:_o _a___epeetrum_ ra:ther thep 31mp1y te .a_ _
_moﬁochron1a-tic.- signal. It is possib_.le_ to ir‘na-gine-. cases in wh_i_ch eross “
terms Wduld oceur between differenl: frequencies in th‘e.averé.ge power.
' pectrum of equatlon 3. 16 makmg it invalid for' contlnuous spectra To
pursue t;lﬁs pomt further, _assume a s;.gnei of the form o
sl =2 u cos 2&@/‘1\? +v sin2ne/N- | s (3L
. The sum. over o .i_s purely form_al'_'_sinc'e i is-not necessarily an integer

- I v is allowed to become a continuous variable, then s 'wo'ul'd' correspond

k

toa cdﬁtinuous 'sié:rial' émd’ the spectrum w:ij'uilld""}';ikeWis*e b'e'-'continu'dué
"I-'Iewe'ver the subscrlpt notatlon 1s re [:amed for clarlty anl to preserve
_conl:multy Wlth prior resuli:s | Under the condll:lons con51s l:enl: w1th a.

i tlme_s[;a_l:}onary'G_:__a_;u:s_fs_lan' proe__e.s_e___of the_l:y'p_e _d:iscus_s_ezdé. e-a.__r;lier,.




~A19-

(updvp‘) =0  forallpandv i o . | o (3.18)

Then equ'atiogl 3. 17 ' appliér:s'to a's_'bectrur'n and we can write

2,21 sy 2,22 (1 -cos2mln-p)
<‘c-:m‘ ) = NZ E'(ug + Vp._> (1 - cos 2w ({n - RN +

1'1 —_.-'c%c:ssz.znﬁ(l(an:u%)/-1\1) o I (3.19)
: Thls eéuatlon remains va11d because the coﬁdltlons of equamon 3. 18 1115ufé
- that cross-terms from dlfferent " Valués will not contribute to- {lc i )
'S'-i'nce it is now i‘n'dfic,ated that e_qu_ation 3.16 applii'es to continuous spectra ..
. in the form 3,19 when the process being considered is Gaussian and time
s.ta(;ior_ia:r.jr,: dné_ can draw certam :i::.opclujs'iid.ns about the 'é'péctra' é'ssoci'ated':'
~with such _p'x"oc.:ésselsl... .Tl.'.l-e. most in’ilz_').dr't_an.t;)f I:hese édnclus“ié_rﬁé ihv..c'mlilfes"
the _:.__qe__ntéf:o.f __g_.ra:Qitﬁ;r_gstima_tof . This eéﬁim:ay:éfatteméts'n§_d§ termme |
by w.hat;__-'a-rnou.n_t'-'_ the center of Eh'c—:_. _s.:peétrum 1s shlfted f.rc__om:__a pOSlLLOn
VSy.‘I'.ﬂ.Ifl'é tr'ic':a'{liy' ;Slaéed_iabdu't- the center of Ehe’.-'-baridpas‘s’. " There are-’indi— e
: catlons from the forms of equatlon 3 16 and 3. 19 ‘that the spcchrum after |
__bemg sampléd for a fnui:e tuﬁé mlgl.ﬁ.l.mve”a c“eni.er of gravﬂ:y 5h1fted
o _. _'relatlve G‘o the center of éramty.when the.spectrum éXLSted in a contmuoué .
-state.: Tth kmd of shlfi‘. could 1ead to systemétlc erro-rs "m Lhe :.céni:er . 

'.6'f:-'gravity-estiniatér. Th_e:-expr.es_s_ion 3'._19 fo;:'- :s_p_e_c_:tral-'gs;p'rea_dmg_;s an
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ext:remely 1nterestmg ohe and will be dlscussed at much greater length

in the next sectlon. IIowever, before this dlscussmn it w111 he shown

that the e_xpres_sion 3. 19 obtame_c_l by squaring of Foume_r compcnents can

- also be obtained by Fourier transformation of the _tri.angulctcd autocorre-
lation function. This is strcng .indication that expression 3.19 isa gen-
e.fal characteristic of firite discrete samplmg rather than an apparentl

o :charactemstlc resultlcg frcm sorne parl:lcular method of obtalmng the

spectrum.-

. To show that triangulation, the pfoc_ess discussed for continuous
functions in equation 9, achieves the same effect as does the squaring
of the Fourier amplitudes of a finitely sampled discrete signal, consider

" a discretely sampled function of the form =
= D4 cos 2mpk/N + v sin2mpk/N T(4.1)

.‘I-Iere_,__ A8 _i_-n.‘s_ecfibn .3 of the- Ap.pend'i_-x.,_ 'sk is not hecccsarilj -c_c__)h‘xpcsed- |
" of func tiohs peric'di‘c' on’ .the.-samplihg inté‘r‘-val atid.'t'lce' forirlal sum._.is__._
physz,cally equlvalent fo an mtegral since gn is not an mteger Fcr?rning
I:he dlscrete autocorrelatlon functl.on m accordance wﬂ:h mef:hods oul:lmed

in section 1,

r(kT/”\'J) s(g’Ir/V s([g-*-k]T/N)M

or




(4.2)
Substituting equation 4.1 ints equation 4.2 gives

_I_‘I_—k.--l1 e
= 7 —'{Z)'[u;'b cos 2mypj/N + VM sin 2apj/N

r
: i=0 jN B

L

z\; u_cos 2mv(j + k)/N + v, sin 2my (j + k)/N] ] - {4.3)

27iey. C2nv(j + k)
N S TTNT

N-k—l 1 .
r.o= 20 = D4|u v cos
k i=0. NEviuwy

+1 v cos -—-—21?3;- s_in-.gﬂ-—l—-—v( +k). 4y u . sin —-_-'2“‘”_cos -—-———ZTW(J_fk)._
Wy N = N AR N N .-

2nvi . 2mu(G k)|
N SHMTTN |

+'{ru'vv-'_.sin S -:._-'(-4'4)

K one. imposes constraints on the uu__‘s_ and v@'s c__pnsist_eiit with_ those of
equations 14, 15-and 16

N-k-1 11\,"' +V\,z o o o
3 e ———") cos 2uvk/N 7 0 (4. 8)

(r,)="= 2
 Noting that equation 4.5 is symmetric in k and contains no j dependence’
_ it can be written as
o ArE ,(1.- 1{)2 (= 2“ ->cos 2nvk/N . . (4.8)
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Froni éq_uatio'xul. 17 it is known that r{v) is the Fourier cosine transform
of ﬁh_e pO\ver_speétrl_ini; It _muét be femembe'red howe_x?er, th_at the auto-
correlation._functipn and the pow:_e.r_ speéfral _den_.sity are cosine transforﬁ;ls
df ‘each other only when they' are real and s_ymrr.letrié.. .’_Phérefore, one. |
" must p'e'rfofnif the 'cosine- transform over both ‘positive and negative values |
| of its _ar;g'ﬁm_ent.".’ ‘Otherwise, ‘& real symmetric function would not have
“ a F_o_zur.i:.er_ transformwhlchwas réa}. an_dz sym'me tric. .."The .f.act l:haf: the’ -
traﬁsfo_riﬁ is._rwo—sidéd; _t_hal:- is, p.e.rfc_n_x.-m.c.a'd” for .posii:_i_ve zind_negativé
values of the arguiner_;t-, -'witl_l__becorm_e impo_r-f;ént wheri f:he gl.iscz.-ete c.:.é.s__e_ ;
i's.':considéz.'ed. o | | .

The discrete -reiatiqn' :corre_s_ponding» to equation 17 is

{p Y ecos ——— pw o . : 4.7y

{PT N
'Whe.re' -

% Fmug "% T

under the assumption that equal powers exist in the sine and cosine
_“components. - Equation 4.7 can be rewritien as
2.2

‘a “+b

" 1t should be noted that this function is symmetric in the variable k as it
'éh‘oi‘:_ldj be since it'is the Fbtrier -:_tran:_'slﬁorm_ of a real symme tric spectrum. . -
: ﬁej{cauéeﬁ(r}{)' ?ié';SJ?niiFﬁe'trié_;'f i coirit'ai_n.S'"éhly cosine é'ﬁmpon'élii:s'anﬁi ‘ean o

be written as




(e = D A cosZTEE - (4.9)

Eéuaéions 4.. 8 and 4 .9 é.r'.e._identica.l m form 1f An is ide_n.ti.t.‘ié.c'i w1th I:he
_ spept_r.é.l power in a particﬁlﬁf fre:qug_ncy winc}t.:;w,. .An? (gnz_ * bn?) / 2
Thus, the spectral power can be obtained by c}et_er:minil_ng the An’ .Sub- 2
si;i’tuiing equation 4, 6 into equation 4.9 leads to -

N-1 (2., 2

9
2. 1-|k /M (—?—'——.'—é*:-—\.)—f> cos 2uvk g 2mak : o (4.010)

LA
1
0 N 8 TN

E
n N

~ To simplify notation rewrite equation 4,10 as

. N- 1*"

_ U+ 2 - vak S Bynk o : IR
At EEoy B k/N’”s ® °fTy o @1

" where the index v has Béen suppressed and no_tationfis_'c:cir'i'siétént with that
__used___fér thé one _cc_;r_nponerit'case. -
Defining delta and gamma as in equation 3.7 and 3. 8 with @ in place |

. Of \J'_--g-ives

u2‘+vz ORI | R
A = &) T (1 -k/N){cos pk +cosyk) . (4.12)
E k=0 | - | |
' . Note that in equations 4.11 and 4.12 t_h_e_;-__abso_lﬁte vﬁlué's_ign' has been
~dropped. - This is because'the summation indicated will be performed over
 only positive argument.and then doubled. One must perform two sums in -

order'to determine the value of equation 4.12 in closed form. They are
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'y = D cosne - SR Lo (4.13)

2 ncosng. ' o : o - (4.14)
n=0 - e : . . _ _

i

o
E
I}
o
™M
®

(4.18)

IR | __

=4 o d T ing BT R _ o

cz Fgimagy 2 et R . S (4,186) -
, L n=0

Use of the algebraic identity 1,14 yields . .
- iN®g
e

Cyerelze—_ o (417

oL Lze o 4

. 1"~ co88 ~.cos NB. +cos (N -1)8 -
' 2 - cos 6

C@.19)

= _I!\i" im |:(_1 = e.lNe)_ (1 - e _ie_le- -1~ ele)__ i_Ne__lNe] - (4,20)

{4 21 Y.

(1': - e

90\ cosNe - cos (N-1)s
)T T Z Eese 42
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o _ iNe '
ool f1-e ie) , cos (N - 1)6 - cos N6 - ;
S %2 |¥ T 2-%cos8 - (4. 24)
(1 -e)
S iNe R
y-z=5-gre N - (4. 25)
(1-e)
| iNe |
RN -
y - em - == @ T ~: R : (4- 26)
2 R \e.le..".z‘*‘ele | U o
1.1 1~cosNé ' : :
Yy-% 37N T-2cose | (t.27)
Substitution of equation 4.27 into equation 4.12 gives
A s MY e\ T coss T 1 - COS y | (4.28) .

Equatmn 4 12 for A .1ncludes terms ranging frem k= 0 tok=N - 1.

ThlS ig only half of the mterval desu-ed since I.t was a,lready shown that |
_;_I:erms rangmg from -(N - 1) to N - 1 should be mcluded If one were to “
double a result for equatlon 4 12 obtamed in equatlon 4 28 one: \Qould -
make the mistake of 1nc1ud1ng termsVWLth k = 0.two tlmee. As can be -

seen Eram'-_equaf.ion 4._'1.2-, this -.;Woula' give 2 'exfra'ceptributi.oes:, ﬂoﬁ_e- from
the term containingA and one from_the term eonteining y; Because

'eos 0 1 these I:wo contrlbutlons heve. a tol:al value of 2 Therefore, the

L de_sired__sc_oeﬁﬁcie-r_x_t_s are_. o _'
CA seA —2 BT

This yields in place of equation 2,98
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o, .
A = (8 + v ) l—cosNA + L -cosNy
n 2 1- cosA 1~ cosy

(4.30)
ONT .

It should be noted that thlS equal:x.on is in exact agreement with equatlon
'3 16 since. (|c | } has mee !:he power that is actually iriveach component
o of the frequency spectrum. In addition for equation 3.16 and #£.30 to be '

power spectra, they must be divided by wg, the width of a frequency window.

IV. Symmetry and Spacing

‘Since e’_qﬁ‘atibn 4.30 was derived for a specific ﬁu and Vp,' edhétibn '

4,30 can bhe 'wr-il:ten as

Al . <up Vu, y. 1 - cos NA . 1 -cos Ny .;4 '31)
B ) 2N2 . 1 ~-cosA 1 ~cosy *
or ,
- 2, . . R :
A= DA = (b B g1 -cosNA L 1 -cosNY) o, g9y
n o sy o 2 1 -cosA _ 1 -cosy

- ~This equation is analogous to eq_qa_ti_on 3.19 in the same way that equation . -
4.30 is analogous to equation 3. 16;'
Equatmn 4 31 15 & uséful startmg pomt for understandmg the proper-'i':"':
ties resultmg from the dlscre te analys1srof a sz.gnal whlch possesses a
: contmﬁous spectrﬁﬁu .Th).s 1is 5ecause of the ease of con51derﬂ'.u.1-g. é. r.nc.m.o.—' '.
 chromatic wave, and hat sesuls therety biained can b lineariy swper-
: 'impdsed in Ehe li.mi'-t.of-a_'. Gaussian timé s't'atic.;n,ary pr.o.ce's_srla._c.:cording to‘i

‘equation 4.32. For convenience; rewrite equation 4.31 as
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_ _ 1—cos2ﬁ h-p) 1 - cos 2m (n +§) ) 3.
A!n,p. T &g (1 -cos 2m {(n-p}/N * 1 -cos 2¢7 {n +u)/N/ (‘%"3_ )

“‘where

is proportional Iio___th_e spectral power of the pth component in the:--con'tinﬁous_

- signal.

V. .Properiies of Discretely Sampled Spectra
Consider the limit in which the wth comrptment becoines perib‘dic’: on . -
the sampling interval T, that is the limit, - integer. This ig reore -

sented hy

Jim S lmo {?nlst®2nm%w)
1L

| _ | o L-cosanin-u)
W integer Al',] " S - integer

1-cos2m{n-p/N "y 1-cos2nn+u)/N

_ _S_ince real _r.ad_ar'_ _sy;"s:l;ems. 'p_gggeés in.ltex:_:s.. w.hi__q]:_l lirnj,-'t- the cd-h'tiﬁuqus.signal_ - -
3 ';at Ehe highéSt' :ﬁnambigu_ous .sa'mplg-_freque:ncy and_p_ec;ailée of _;argufﬁep_-ts N
'ailreadyfndd’e* cer.ic-iéfningl th’é._ mumber’ of 'indelﬁ"end-enﬁ Fourier components
ne_:eél:éa."fof representatlonof a d:'i':_s"c.rete-lj.r- s'éh:lplé_.d signal one may write

O<p<r, o 0cn<r

With the restrictions of equation 4. 35
Cpednbeger Al =00 oo (4.36)

o
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ifp # n. This is trﬁe because the numera.tors of both terms of .equation
4.34 become 0 in the limit while the.denomin_ator_s do not. I, on the |
.,other hand, p = n then ”
- lim . - ol o EERE
I N;-e.u;. T R . (4 3
Ther hmlt J.S .obi_:ali_ned. by e?;papdirig the_nuree.ré..ter ar_ld d.e.nominal:_o;r in .
: 'equ'ation 4.34, Ecjuati_on.é. 36 and equation 4. 37 .can be combined if Qme
denotes the limiting process Sifnbly Ey feple.cing p, by an.int_egef symbol.

m. This gives

AV me A=A a'(-—‘_-‘-—g--—-) . o (4.38)

Sn,m om op.Im o n. I o

- ‘Thusg equat_i'f_en- 4.34 sf_:a;t_és that a monochromatic signal which is periodic =

0on a-'.s'a'mpiing i-nt'e-rval dev.elops 1o extra components When sa-mpled.._ :

i 'I’hls is not surpmsmg since if a 51gna1 were: permdlc on'a sample interval -
-1ts ﬁature Would be known for all tlmes 'I‘hen, m accordanoer W1t-h the
| ) uncertamty prmmple th1s would meae [:hat the frequency of l:he mono-.
.chrornatlc perlodlc mgna.l Would be completely deterimned Another _ a
starement of: the same thmg is. that permdm 51gnals cannot be spread
-_Now exemme-equatmn 4., 34 in the -case wh_er‘e '_p, ig no;t_ :-an__lntegeae-;,_:_-_:__
For a partlcular SIJ:'Aln:u has componentsfor a11 values 'of msmce
: nell:her numeratornor denommator o[equatlon 434are zero for any i
comblnatlon bf n and " | _'Undéi«" :"ti:ie:'se .eoﬁ.di.tiens', howe n%"é-'r the disere I:ely .ﬁi B
',enelsr.ze“d eontleuous speetfum exh:.b-lts cer{:am .syrf-lrﬁetry. r.Jropertles- .:it:

has already been stated that in general a. partlcular component is nel:
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spread sy'mm'e triéaily abbul: its own fre‘quency.' In the special case in
equatlon 4 38 the spreadlng is symmetrlc since Lhere is no spreadmg at
al.l.. There is an 1nterest1ng non- trlwal case, however, in which spreadmg
of components n_ot__q_o_m;p_ensurate with the sar_nple p_eriod_ is ;s_ym_metric_.
This case can bg understood as follows. .Inr section 2 of the appendix
- it-was shown that signals can be analyzed unambigu_'c_)usly_ from an angular -
frequency of 0 to an angular frequency corresponding to a.m'integer T =
N/ 2 | The 'i.‘réc.:Juericy. éofrésﬁoﬁdiﬁg to the 1nteger r will bé':ci_éll'ed".t'h'e"'. |

limit of the pass 'band_._. __‘l‘hfr'c_:enter of the pass band is then
(center of pass band) = rmO/Z =Nm0/4 ' o (4.39)

(Note: The numbers in the discrete case corresponding to these values

- :are r/2 and N/4 )

Con51der a case in whlch t:here are I:wo component:s symmetmcally
placed above and bnlow I:he center of the band pass W1th equal magml:udes ' |

. and of the form - .-

= ucos 2n (v + N/4)/N + v_r_sin 2 (v +N/4)/N |

'
I

and

t

= weos 2y (-v +N/4/N +v sin S (=v + N/4)/N ©(4.40)

g

By ecjﬁation 4.33 t'he'_éomp:onehts Sk. and S, ~Ppossess spectra of the form
, ; : Tk Ty T g
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1-cos 2 (n-v-N/4) o

A ® T-cos2n (n-v-N/A/N

l. ’ o=
T on,v hN/4

il - cos 21-; {n +y +N/4) ' . o
®T-cos2n n+v +N/E)/N - . : (4%1)

and

1 - -cos .211 (n-v +N/4)
€1 - Cos 2 (n-v FN/A/N-

Byt N/4 v
1 - cos 2q (n+v - _N/4)' _
1 -cos2np n+v ~-N/4)/N-

@4z

To ob_taiﬁ the total spectrum of the signal's, = =35  +38, equaf_:_ic;ns, o

4,41 and 4.42 must be‘a‘dded to-obtain -

a! - - [ 1-cos 2¢ (0 -v - N/4) + 1- cos 2x (0 +v - N/4) -1-
Ly ®l1-cosZn (n-v -N/4/N  1-cos2n(niv- N/4)/N

. 1-cos3m(ntv+N/4) . 1-cosdm (m-v+N/4) ] _'(4_43, "
T -cos2n (n¥v tNJA)N 71 -cos 2y (n -y FN/4/N TE

- To. see whether a_'n t’dt is .-_g;ymme__tric,about the -_c_e_htér* of the bandpass.

““one must compare A’

LR} .1.' . .}- O ! )
N/4 + m, tot with A I‘h;s comparison -

N/4 - m, tot"

- gives o

[ 1 - cos 2r(m -y ) 1 - cos 2 {m +y)

A N/4 + m, tot 1 1 -cos 2rlm = y)/N 1 - cos 2a{m. +y)/N.

+

L —'-_;_-cos.,'-zi_rr_(_rn + v} %..N_n y | i- césé"rr(m.r,,ﬁ) f,..N.ﬂ] |

B i e e KRR L

| —and
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[ 1-cos 2n(m +v) 1 -cos 2p(m - v) .

1 . X '=
A'N/4 - m,tot T ¢ T-Cos n{m +v)/N T - cos 2a(m - vI/N

1 - cos 211 {m ~v)+Nmg ,1- c.o.".s 27 (m +.v.) +_.Nn]
1 +cos 2nim - v}/N 1 +cos 2n(m -+ v)/N
: Sinc:e equation 4.44 and equation 4.45 are identical and since superposition
of "speetral ebiﬁpbnents h'oldé’in the time averag“e.' 1imit iﬁ has been established
| that a contmuous speclrum whlch Le symmetﬁc about the.center of [:he pass E
3 kband has thls same syrnmetry properLy when resolved ml:o d15cre te com—. o
ponents. However, in gene_rel a cor_l_t_lnqpus spectrpu__n is not syrmﬁ.etmc :
about the same frequency before and after 'd'iscr_el;_e__ a_naly.s.is. ..ﬁ'_:I_’_he gen-
| eral pi-bp’:efty of asymriietry induced by anjalyﬁz_'ing a spectrum for a finite
tlmels ce.llei‘l.t'h'e pr.inciﬁ.le-'e.f- spec‘l:'r"al".asymmetfjr" 'anti lead'é. as"Was

| earher pomted oui: to mls estlmates of the spectral center of grav1ty

R VI. | Sﬁi"e_eaing in the -Comput’éf:'
E_guat';ﬁoe 438 s__t:e,te:s“ tﬁet .a eignal _pe:riodic onl .-I;he sem_pl'e inferval
is ndt spread. Yet in the gene_ra_l __discus_sien o_f. .ei.;gnal -an_d_' noise-copr-
. ru'pt"ion .in the"rhéiri body o‘f ‘the report men'ti.on' was ma.c‘l.e-'of..cc‘)r-ruptmg
- only the frequency pmms which - were obtained from a I‘ourler analyels-
y of i,he backscattered mgnal These pomts correspond ehectly to functlons
B W:hlcl:-L a.s.:-'e perlodlc‘ ori.i:he sample mterval. 'Ta'klng I:he .autocorrelatlon
L functlon of these poinf:s .trlangulatlrng”lt anrJ re. transformmg lt to frequency
'space W111 cause no spreadlng in the. frequency spectrum. One may-w.ender

-:'thenj"'how,' ’lﬂ_fac't_,' a -frecj’i’:e_-n_cy spectru‘m is 'sprEad._'- Y

(4.45)
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The spreadmg is accomphshed by interpolation of points between
| those acl:ually derlved from a Fourier analysxs of the mccmmg Slgnal

L IE N samples are taken on a sample mterval N aul;ccorrelatlon func:tlons

and N/2 frequency points result._ Before retransi_’cr_mmg to 'autocorr_ela-

tion .space_,. N2 frequency_ pei_nts are_;a_dded. _ ’I‘hese point-s a.'re in_l:erpola;_-:__
. tions between the N/2 "real" points already oblained. Now t:here are N
'pomts in frequency space. | These N points are not ail mdependen gince
...-N/Z pomts are snnply 1nl:erpolaLed from the real” pomts The N pomts
_are symmei:rlzed and the I’ourler cosxne. transform is tal-:en 'I‘hai: is,
“ 2N _pomts_ of asyeurnetrlc ;uterpolate_d_ spectru_m are treus.fornie:d_iuto a
2N p_oli-n't autocorrelation function. This ._t‘unctien is--symmetric aud so N
‘points are unnecessary since they contain no new 'Lnfor'matiou. “Thus,
onl.y'N.' p.oint:'s ive used.an.d the.seﬂ p'ei'nts are the new N point autocorrela-
__..tlon functzon whlch is trlacgulated I:o produce epreadlug in frequency

space ’I‘he 1nterpolated pomts 1n frequency space are nol: perlcdlc on N

- -the Sa-rr_l_p_le interval and thus tr-1angu1a_tlon cau__ses these points to be sp_read._

To examine whether or not. the'_'s.pré_ading is of the proper magnitude,

f-that is whether it has the same value as it would' ina :continuou's-spectrum,- .

| the followmg argument is employed Imagmc a contlnuous spectrum ex-

tendmg beLween Lwo real” (unml:erpolaled) pomts in frequency space

-';As__sum_e thai:_ the mter_vel under__ccnsxdera_t_len coutems_ one rnt__erpola_ted_

: -_eindion'e__Z'un_i__nf:e.rpqlaited' pe_ip_it;.j_:"'I‘hisa_-_j,:uzterval-i_s-_l;heref ore :-representaﬁve.__ IR

o of the way in which points were added in frequency spe;ce;__. For_:-.cony_en:-f_z: .

ience allow the continuous spectrum to have an amplitude 1. - Assume.

Wi emn s s s axe -
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the spectrim has height 0 everywhere except between the m and (m + 1jth -
'rea_l frequency points, with the (m + 1)th frequency point being excluded,
By equation 4.32 the diseretely analyzed spectrum has the form

+1ci [“1—-cos.2n(n-u)). 1 - cos (n +p) :I (

M1 cos 2n(n ~w)/N " T - cos an(n + )N,

‘m
A= 4. 46)
S

T-he .d.ex.lom_inato.r_;s a.r_e_l_s_lo'.wiy qhgnging fun_c _tic.ms. by _corﬁipafi_son to,. the

- numerators of equation 4.46. Thus, over the small .i.hte;fv_al rﬁ, m+1 R
to .E'l_ first approximation the .denomin:;\tors of the function bf equation 4. 4:_6:_
can be consulered constant and evaluated at m + % while the numerators

_ Caﬁ.-be iqtegr-alzed. Th_i_s yields '

_ An,_m+-i~ 1 - cos 2n(n —[mﬂ/zj')/N 1- coszw(n+M+1/2)/N

(4, 4‘?)

: 'S_ince' the cosine terms in tﬁe nuimerator c:y'_c::le.through one period between
m and m + 1, hem,e inte-gfé;t'é l:’o.O."_'.' de_w con.éid“e:r the discrete .aﬁ_éél"dg of
.F"?..C]iua-t_iox.a 4 47, FlrsL .iril"'eQuat.iqhé. 47 the spectrumwhlch W—'a:..s ﬁsed ha;d "
an amphtude _pf',l..ovg';.(.-. an .iﬁl:e___r_vstlz_.df ..al.e;lg_tb._l... Thus thel:otal powe r:_rin. |

- the frf‘e_'quén'c’y int_e__rﬁ;al".beii%vreer% nﬁand:___l:ﬂ +1 was umLyTo ﬁnake.__a. con— |

- 8is t’en-.lran'alog i-_n--dliscr.-e te space the-total pow__e__ir ﬁiust be l:he sarné:-.'.: _:'I:-‘rhus, |

-l;h'e-.:'powe.ré" i..:n'-::.f:he ééi-nés;i-at ma.ndm +"1'-/”'2' fn.ust'bé' '.eqﬁ.a..lzwith'arﬁplitude.s

1/2 It has already been shdﬁvn Lhat the pomt at ‘m w111 not be spread :
L .';[.‘11115, the spréad pow.er m L‘ne- s‘péctrum” cémes from the pomL at m’ + ;_l/2.

. and by equatlon 4 32
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Al

Al = femt1/2 1( 2 .
mo 2 - 2\1-cos2n[n-(m+1/2]/N
2 : | :
1- _cos_-2_fr_[n'F_(_n'g_+l__/2)/_N]) U (:4"%8)

unatwns 4 47 and 4 48 are Ldentlcal. Of course, they are only

.a..pproxlmately so since equation 4. 47 was. obtamed assuming that I:he _
= d_en_ominators in-equation 4. 46 were constant. However, t_hi_'s'-_i_s;;a'good '
approximation exc.'epf: whéré these denominators are near 0. In sucha
" case, ﬁéwei}er-,'_QOmpbné'ht's.'ne'a':r.'l); peri'o._d'i.c':'dn the’ s'aniﬁle"irite rval are |
being cdnside.red. Ag the denbmin’é.tor passes th_rough_ 0 there isa positix}e

and a negative _cén_tribution to the integral and these ppntributibns Ite_r_xd__

| to.c'anc.el to 0. Tﬁis c;mcgellatio.n s_impl& cﬁnfifms the ..fact thﬁt nearly
p‘eribdic functions tend to have 'lit'tle_'Spr'ea'd-ing."_ (Note 'The Same resulks
-for spreading ére obtained if more than cae point is interpolated for'ea..—rh _
" real point. In fact, the appr:bai:«:imé.t'e. result obtained in equation 4. 47

_ becomes exact in the infinite limit.)
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