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CENTROID AND MOMENTS OF AN AREA USING A DIGITIZER
by R. W. Patch

Lewis Research Center

INTRODUCTTION

The objeet of this program is to provide a general-purpose digitizer
program for calculating area and first and second moments of any closed
planar geometric figure such as a cross section of a beam or column or a
spectral line shape that has been closed at the baseline, ~For simple *
figures such as circles, rectangles, or triangles, the area and moments
are easily calculated by hand from simple formulas given in handbooks.
For figures consisting of two or more simple figures superimposed, the
area and moments may be calculated by hand with somewhat more difficulrty,
The prineipal application of this program, however, is to complicated or
irregular figures such as spectral line shapes, beams, columns, rotating
machine parts, statistical distributions, and ship hull sections, which
are difficult or impossible to calculate by hand.

In addition to the basiec quantities of area and moments, certiin
derived quantities are also ecalculated for convenience.

Previous published digitizer programs have merely calculated area
or circumference of closed geometric figures,

PROBLEM TASK DESCRIPTION

A closed planar geometric figure of arbitrary shape is shown graphi-
cally in figure 1. The size of the figure is such as to fit on the
sensitive portion of the digitizer table (graphic tablet). The figure
is to be digitized by going around it once clockwise with the cursor,
Curved portions are to be digitized at closely spaced intexrvals (here-
after referred to as "eontinuous dipgitizing" because the intervals are
determined automatically). To improve accuracy, straight portions may
be digitized by merely digitizing the two end points.

The quantities to be calculated require several axes. The digitizer
axes x and y may be set anywhere on the sensitive portion of the digi-
tizer table, The closed figure has a centroid whose positicn is not known
initially. Through the centroid are centroidal axes x, and ¥
parallel to the x and y axes, respectively. Consequently, if the
angular orientation of the x, and y, axes relative to the figure is
important, the figure ghould be rdtates to the desired angular orienta-
tion relative to the digitizer table before doing the digitizing for
this program. This rtntation may be facilitated by using the cursor and
another small program to check the figure angular orientation (ref. 1).
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The following quantities are to be calculated and displayed for
each case.

(L)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)

(15)

Area of fipure

First moment of =x with respect to y axis

First moment of y with respect to x axis
Moment of dinertia of area with respect to x axis

Moment of inertia of area with respect to y axis

Product of inertia of area with respect to x and ¥y

x coordinate of centroid

¥y coordinate of centroid

Moment of inertia of area with respect to Xg axis
Moment of inertia of avea with respect to Yg axis
Product of inertia of area with respect to xg and
Polar moment of inertia of area around centroid
Radius of gyration about x axis

Radius of gyration about y axis

Variance in the x direction

axes

Yg axes

Most of these quantities are defined in reference 2, but they are also
defined in the next section or in the List of Symbols,

METHOD OF SOLUTION

S8ix basic integrals must be calculated.

A= ‘Jfﬁ da
Y
Ljr x dA
X

da
y L/ﬁ‘ Yy

n
i

[ ¢]
I

(1)

(2)

(3



Iy=f x2 dA 5)
Ixy = L/fn xy dA (6)

(Symbols are defined in the List of Symbols.) From these integrals, all

other required quantities may be found. To minimize storage requirements
the six integrals are found by accumulating 12 sums as the closed figure

is traversed with the cursor, assuming for curved portions that the fig-
ure consists of a succession of straight lines between digitized points.

The six integrals are calculated from the 12 sums at the end of the pro-

gram,

The area A may be expressed

A=J:f dydx*—-fydx-—fydx (7)
upper lower

where "upper" and "lower" refer to the parts of the figure for which a
perpendicular outward vector is in the +y and -y directions, respectively.
Using the trapezoidal rule, equation (7) becomes

R DD RS RIS (8)

where subscripts o and n refer to the first (old) and second (new)
points, respectively, of an adjacent pair of digitized points, and the
summation is over all pairs of adjacent points all the way around the

closed figure. For x, = Xp there is no contribution to equation (8),

The first moment of x with respect to the y axis is

cx=ﬂ xdydx=fwdx-fwdx (9)

upper lower

1 2 2
T 72 E (yoxn - XYy (xn + Xo) + ']312 O - Yo)(xn Tt Xo) (10)

QOF THE
EPRODUCIBEITY
?}RIGINAL PAGE IS POOR
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Again, there is no contribution if X, = %,

The fiyst moment of y with respect to the =x axis is

°y= ydxdy'=fyxdy—fyxdy
right left

where "right" and "left" refer to the parts of the figure for which a

v

perpendicular outward vector is in the +x and -x directions, respec-

tively. Equation (1l) becomes

1 i 2 2
& =7 E (yoxn - Xy, Fyy) - 3 E ; ey - XO)(yn F VY, yo)

There is no contribution to the last term when X, =%,

The moment of inertia of area with respect to the x axis is

IX=Uy2dxdy=fy2xdy—f yzxdy

right left
or
1 2 2
k=3 E (o¥y = %¥y) (Yn T VYo F yo)

S DR SRR )

There is no contribution to the last term when Xy T Xy

The moment of inertia of area with respect to the y axis is

Iy= J:/-' xz' dy dx = f xzydx— f xzydx

upper lower

or
1 2 2
Iy =3 E (Yo%, ~ xoyn)(xn +x x o+ xo)

LRI

(12)

(13)

(14)

(15)

(16)



There is no contribution if X, = Ay
The product of inertia of area with respect to the x and y axes
is
_1 2 . 2
Ixy-ﬂxydydx-z[fn dx fxy d:ﬂ ooan
upper lower
or
(vox - xy )20x, + %)
T = 1 on o’n’ Yn o
Xy 4 X, =%
(v x -xy )y - )(x2 +xx + xz)
+ 1 on o'n n Yo n L0 o
3 X, - %,
2 2 2
1 q - yo) (xn toE) G Xo)
+ 1 (18)
X =X
n 0
There is no contribution if =x_. = x_ and, if this occurs, each rerm must

be set equal to zero to avoid aividlng by zero.

The other required quantities may be found from the six basic inte-
grals. The x coordinate of the centroid is

\j[w x dA ¢

_— o
Y 19

The y coordinate of the centroid is

_ Lj/ﬂ ¥y dA cy _

A e (20)
The moment of inertia of area with respect to the Xg axis is5 (ref. 2)

_ -2
Lo = Iy = 45 (21)

The moment of inertia of area with respect to the Vg axis is (ref. 2)

—2
I =1 - Ax 223
8y Yy ( )
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The product of inertia of area with respect to the X

. and vy axes 1is
(ref.- 2) & &

= — Axy 23
ngy Lyy 4 (23)

The polar moment of inertia of area around the centroid is (ref., 2)

= +
Jg = Ty + Loy (24)

The radius of gyration about the x axis is (ref. 2)

I

ke -g (25)

The radius of gyration about the y axis is (ref. 2)

I

= A
ky A (26)
The variance in the x direction is (ref. 3)
I
2 _ gy
S, = —a 27n

PROGRAM DESCRIPTION

The program ig written in BASIC for a Hewlett-Packard 9830A calcu-
lator and 9864A digitizer.

The flow chart for MOMENT is given in figure 2. First an initial
point. X1,Yl is digitized. Then a loop is entered which is traversed
once for each new digitized point. During each traverse the sums TL
and T2 are always added to, but the sums 80 through 89 are only
added to if X2 is not equal to ¥3.

Closure occurs when the operator brings the cursor back sufficiently
close to the initial point. To check if this has occurred, two tests
are made each time the loop is traversed: (1) has any point been outside
the closure distance L from the initial peint? (this test prevents
closure before we have moved appreciably away from the initial point at
the start), (2) is the last point inside the closure distance E from
the initial point? E 1is arbitrarily set at 0.03 inch, and the dis-
tances D from the initial poiut are approximated by

D = [xn - xil + Iyn,_ yil (28)
When both conditions are met, closure is forced by making the new point
the same as the initial point, and a last pass is made by the calculator
through the upper part of the program loop.
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When the last pass is complete, the loop is exited, and the digi-
tizer gives two beeps to signal closure. The six integrals are then cal-
culated from the 12 sums, and the nine derived quantities are calculated.
The six integrals and nine derived quantities are then displayed three at
a time.

The listing of MOMENT is

14 E= .¢3 226 Q = Y3 % ¥3 + Y2 * ¥2

20 Fl =@ 23¢ N = Q + Y2 * ¥3

39 F2 =0 24 TL=TL+B#G

49 ENTER (9,%) XL,Y1 256 T2 =T2+G#*N

5 X2 = %1 260 IF X2 = X3 THEN 420

6 Y2 =1Y1 276 ¥ = X3 - X2

7 sph=9 28¢ H=2X3+ X2

8¢ s1 =40 299 I =13 - Y2

96 s2 =46 300 M=X3 % X3 + X2 % X2

1406 s3 =10 31 L =M+ X3 * X2

119 S4 =p 320 SP =SPp+B * T

12 85 = ¢ 339 S1=SL+G*H

13p 86 = 340 s2 =82+ I *1L

140 s7 =0 35§ 83 =83 +G* L

150 s8 =4¢ 360 S4 =S4+ I *H*M

168 89 = @ 370 S5 =85+ TF * N

17 TL =9 386 S6 =86 +F *B *Q

180 T2 =P 39¢ S7 =87+ G % G * H/F

19 ENTER (9,%) X3,Y3 40§ S8 =88 + G * 1 % L/F

2000 B = Y2 + ¥3 419 89 =89 + I % I % H * M/F

216 G =Y¥2 * X3 - X2 % Y3 42¢ IF F2 = 1 THEN 550
REPRODUCIBEI’I‘Y QF T
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43¢ X2 = X3

44¢ Y2 = Y3

450 D = ABS(X3 - X1} + ABS(Y3 - Y1)
46¢ IF D > E THEN 480

47d  GoTO 459

484 FL =1

49¢ IF D < E AND FL = 1 THEN 51¢
50 GOTO 19¢

510 F2 =1
520 X3 = X1
53¢ v3 =Yl

54¢ GOTO 2¢¢
55¢ WRITE (9,%)
56¢ WALT 30¢

57¢ WRITE (9,%)

580 A = s0/2

590 Cl = si/2 + 82/3
60¢ 12 = S3/3 + 84/4
610 €2 = T1/2 - 85/3
620 Il = T2/3 - S6/4

63¢ I3 = §7/4 + S8/3 + S9/8
G4 GL = CL/A

650 G2 = C2/A

660 14 =11 - A * G2 * @2

67¢ I5 =12 - A * GL * GL



680 I6=I3 - A * GL % @2
69¢ J = I4 + i5
706 K1

SQR(IL/A)

n

716 K2 = SQR(I2/A)

72p V = I5/A

739 FIXED 2

740 DISP "XAVE'"; GL; "VAR"; V; "A"; A
75¢ STOP

76 DISP "Ix'"; ILl; "IY"; I2; "IXY"; I3
77¢  STOP

784 DISP “1GX"; I4; "“IGY"; I5; '"J'"; J
799 STOP

8pp DISP "Icxy"; I6; "cX"; C€i; '"Cy"; C2
819 STOP

82¢ DISP "KX": KL; "KY"; K2; "YAVE"; G2
830 END

The storage capaclty required is 818 words.

OPERATING INSTRUCTIONS

Assuming the program is recorded on file @ of a cassette, the fol-
lowing is a check list for operating MOMENT:

1. Turn on calculator and digitizer.

2. Insert cassette.

3. Line up axes of figure (if any) with axes of digitizer.
4. Press SCATCH A EXECUTE. |
5. Press LOAD ¢ EXECUTE.

6. Set origin.
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7. Press RUN EXECUTE.

8. Place cursor at iniyial point of figure (anywhere on figure
will do).

9. Press C on cursor to start continuous digitizing.
10. Move cursor around curve clockwise back to initial point,
11. Get two beeps to indicate closure.
12, Press C on cursor to turn off continuous digitizing,
13, Read ¥, S2, A.
14, Press GCONT EXECUTE.
15. Read Ix’ Iy’ Ixyn
16. Press CONT EXECUTE.

1l7. Read I I

gx’ g

gy’ g
18. Fress CONT EXECUTE.
19. Read

I C., C.o
gxy’ "x* Ty

20, Press CONT EXECUTE.

21. Read k, k, y.

22, Go back to step 6 or 7 for amother case,

If the figure contains a straight segment, approach the segment in the
continuous C mode, press C to turn off the digitizer at the beginning of
the segment, go to the other end of the segment by any path desired,
press C to turn on the digitizer at the end of the segment, and proceed
around the rest of the figure. The corners of a polygon may be digitized
one at a time by pressing S once at each corner,

A test case is given in figure 3, but should be laid out with draw-
ing instruments. The correct results in appropriate powers of inches are

XAVE 1.00 VAR 0.67 A §.00
IX 34.00 IY 13.33 IXY 14,67
IGX 7.11 IGY 5.33 J 12,44
IGXY .00 CX §.00 CY 14,67
KX 2.06 KY 1.29 YAVE 1.83

REPRODUCIRILITY O 1. .
ORIGINAL PAGE IS Po::..
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However, do not expect to obtain accuracy to two decimal places on all
quantities because the digitizer is only accurate to 0.01 inch and there
is additional error in positioning the cursor.
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APPENDIX - SYMBOLS
BASIC Display Mathe- Description
name name matical
symbol
A A A Area
L B Yo + Yq
: Cl CX . First moment of x with respect to y axis
c2 CY cy First moment of y with respect to x axis
! D D Distance from initial point
5 E E Closure distance from initial point
;
A
E F X, = X,
: Fl Flag to indicate 1f any point ocutside of closure
distance
F2 Flag for last pass
!
:’ G yoxn - xoyn
; Gl XAVE x x coordinate of centroid
; _
§ G2 YAVE v y coordinate of centroid
E
i H X +=x
i n Q
. _
ra Yo = Y
Il X Ix Moment of inertia of area with respect to =x
axis
12 Y I Moment of inertia of area with respect to v
y
axis
I3 IXyY Ixy Product of inertia of area with respect to x

and y axes

L4 IGX I Moment of inertia of area with respect to x
X .
axis
15 IGY I Moment of inertia of area with respect to vy
gy axis

REPRODUCIBILITY QF 77 .
ORIGINAL PAGE IS P
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BASIC Display Mathe-

name name matical
symbol
16 IGXY I Product of inertia of area with respect to Xg
BxY and Yg axes
J J .]g Polar moment of inertiz of area around the
centroid
KL KX kx Radius of gyration about x axis
K2 KY ky Radius of gyration about y axis
2 2
L *n + % + *n%o
2 2
M x + X,
2 2
N ¥y t Yo + Yoln
2 2
Q Yo Ty,
80 (yo + yn) (xn - xo)
SL E :(yaxn - xoyn) (xn + xo)
E : 2 2
s2 (yn - yo)(xn + X X, 4+ xo)
N N 2 zZ
83 L(yoxn - xoyn) (xn + Fn¥o T xo)

S4 E(}nﬂ - yo) (xn + xo)(xf1 + xg)
83 E(xn - xo) (yi + Yn¥s + yg)

56 E(xn -x )y, +vy,) (Yﬁ + yg)

, — _ 2
' (yoxn xoyn) (Kn + I'co)
s7 —
n ~ o
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BASIC Display Mathe-

name name matical
symbol
ok = %g¥n) O = ¥ (22 + x %, + )
S8 o'n o'n’ *n o’\'™n n o ()
x - X
2 2 2)
59 Op —v) &y + xo)(xn + X,
X =-x
n o
TL > (yox, - xy,), +y,)
2 2
T2 z kyoxn " Xoyn)(yn T VYo T yo)
v VAR si Varlance in the x direction
X1,Yl XYy Coordinates of initial point
X2,Y2 X,sY, Coordinates of old point
X3,¥3 XYy Coordinates of new point
X,¥ Digitizer coordinates or axes
xg,yg Coordinates with respect to centroid or axes

through centroid
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FIGURE 1. - CLOSED PLANAR GEOMETRIC FIGURE TO BE DIGITIZED,
SHOWING DIGITIZER AXES AND CENTROIDAL AXES. THE FIGURE
MAY BE ANY SHAPE.



Fi=0

F2=0

1
/ DIGITIZE X), Y1/

SET S0-S9 ANDTI-T2 TOO

DIGITIZE X3, Y3

/

¥

FOR TI AND T2
i

CALCULATE 4 FACTORS NEEDED

TI=TI + TERM

T2=T2 + TERM

WHEN X2+X3

CALCULATE 5 FACTORS NEEDED

Si=Si + TERM (i=0,9)

LAST PASS COMPLETE

X2=X3

D=ABS(X3-X1) + ABS{Y3-YI)

NO

D>E? YES

L

X 1
D<E AND Fl=I? >

L YES (CLOSURE)
F2=|

X3=XI

i

!
GIVE 2 BEEPS
T

CALCULATE 6 INTEGRALS
AND DERIVED QUANTITIES

|
< DISPLAY G, V, A
1

< DISPLAY 1, 12, 3

1
 DISPLAY 14, 15, J
|
< DISPLAY T, CI, C2
I

¢ DISPLAY KI, K2, G2

/
L

/

)
)
D
D
)

END

Y3=YI

FORCE CLOSURE BY MAKING
NEW POINT SAME AS

INITIAL POINT

FIGURE 2.- FLOWCHART FOR ‘MOMENT'.

LAST PASS
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