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ABSTRACT 

We have t e s t e d  t h e  i m p l i c a t i o n s  and l i m i t a t i o n s  of  Program 

ACRETE, a scheme based on Newtonian Physics  and a c c r e t i o n  w i t h  

u n i t  s t i c k i n g  e f f i c i e n c y ,  devised  by Dole (1970)  t o  s i m u l a t e  t h e  

o r i g i n  of t h e  p l a n e t s .  The dependence of t h e  r e s u l t s  on a v a r i e t y  

o f  r a d i a l  and v e r t i c a l  d e n s i t y  d i s t r i b u t i o n  laws,  on t h e  r a t i o  o f  

gas t o  dus t  i n  t h e  s o l a r  nebula,  on t h e  t o t a l  n e b u l a r  mass, and on 

t h e  o r b i t a l  e c c e n t r i c i t y ,  E ,  o f  t h e  a c c r e t i n g  g r a i n s  are exp lo red .  

Only f o r  a smal l  s u b s e t  of  conceivable  c a s e s  are p l a n e t a r y  systems 

c l o s e l y  l i k e  our  own genera ted .  Many models have t e n d e n c i e s  towards 

one of  two p r e f e r r e d  conf igura t ions :  m u l t i p l e  s t a r  sy s t ems ,  o r  

p l a n e t a r y  systems i n  which jov ian  p l a n e t s  e i t h e r  have s u b s t a n t i a l l y  

smal le r  masses than  i n  o u r  system o r  a r e  absen t  a l t o g e t h e r .  But f o r  

a  wide range of cases  r ecogn izab le  p l a n e t a r y  systems are genera ted  -- 
ranging f r ~ m  m u l t i p l e  s t a r  systems wi th  accompanying p l a n e t s ,  t o  

systems wi th  Jovian  p l a n e t s  a t  s e v e r a l  hundred A U ,  t o  s i n g l e  s t a r s  

surrounded only by a s t e r o i d s .  No t e r r e s t r i a l  p l a n e t s  were genera ted  

more massive than 5 Ear th  masses. The number o f  p l a n e t s  p e r  system 

i s  f o r  most cases  of o r d e r  10, and, roughly,  i n v e r s e l y  p r o p o r t i o n a l  

t o  E .  A l l  systems genera ted  obey a  r e l a t i o n  of t h e  Titius-Bode 

v a r i e t y  f o r  r e l a t i v e  p l a n e t a r y  spacing.  The e a s e  w i t h  which p l a n e t a r y  

systems a r e  genera ted ,  us ing  such elementary p h y s i c a l  assumptions,  

suppor t s  t h e  idea  of abundant and morphological ly d i v e r s e  p l a n e t a r y  

systems throughout t h e  Galaxy. 



I. INTRODUCTION 

The u l t i m a t e  problem i n  p l a n e t a r y  s t u d i e s  i s  t h e  o r i g i n  

o f  t h e  s o l a r  sy,stem. Desp i t e  a s e r i o u s  r e c e n t  a t t a c k  on t h e  problem 

by many i n v e s t i g a t o r s  -- much o f  which h a s  been pub l i shed  i n  

t h e  pages& I c a r u s  over  t h e  last  few y e a r s  -- it seems s a f e  

t o  say t h 3 t  no g e n e r a l l y  a c c e p t a b l e  d e t a i l e d  model o f  t h e  o r i g i n  

of t h e  s o l a r  sys tem e x i s t s .  Indeed,  t h e  r a t e  o f  change of.  models , 

of o r ig ins , even  i n  t h e  hands of  ' exper ienced i n d i v i d u a l  i n v e s t i g a t o r s  

I s  a c l e a r  i n d i c a t i o n  o f - t h e  u n c e r t a i n t y  of  t h e  

s u b j e c t .  Furthermore,  almost a l l  o f  t h e  d e t a i l e d  models have 

concent ra ted  on t h e  impor tant  e a r l y  s t a g e s  o f  s o l a r  system h i s t o r y ,  

p a r t i c u l a r l y  t h e  s o l a r  nebula ,  and n o t  on t h e  o r i g i n s  o f  p l a n e t s  

p e r  se. For  example, the  s i g n i f i c a n t  paper  by Goldreich ane Ward 1 
(1973) c a r r i e s  t h e  h i s t o r y  o f  t h e  s o l a r  nebu la  up t o  t h e  genera t ion  . j : 

of p l a n e t e s i m a l s  o f  about  t h e  s i z e  o f  Phobos and Deimos. On t h e  ! 

observa t iona l  s i d e ,  t h e  most r e c e n t  work has  se rved  t o  c a s t  doubts  
j 

on t h e  r e l i a b i l i t y  o f  claimed i d e n t i f i c a t i o n s  o f  e x t r a s o l a r  p l a n e t a r y  1 

systems (Gatewood, 1976) ,  r a t h e r  than  p rov id ing  a d a t a  source  

a g a i n s t  which models o f  o r i g i n s  can be t e s t e d .  Under t h e s e   circumstance^ 

any model which p u r p o r t s  t o  genera te  p l a n e t a r y  systems recognizably  

similar t o  o u r  own deserves  c a r e f u l  s c r u t i n y .  

Any a c c e p t a b l e  model f o r  t h e  format ion  of  t h e  s o l a r  system 
I 

should be a b l e  t o  account  a t  l e a s t  f o r  i t s  most obvious c h a r a c t e r i s t i c s :  
i 
1 
! 

8 L 
t h e  d i s t i n c t i o n  between t e r r e s t r i a l  and Jov lan  p l a n e t s ,  t h e  spac ing  * ! 

of p l a n e t a r y  o r b i t s  and t h e  d i s t r i b u t i o n  of p l a n e t a r y  mass wi th  - ,  
* ; 

h e l i o c e n t r i c  d i s t a n c e .  Such parameters  a s  t h e  r o t a t i o n  pe r iods  of t h e  

p l a n e t s ;  t h e  o r b i t a l  c o n f i g u r a t i o n  of  comets, a s t e r o i d s  and t h e  p a r t i c l e s  



i n  t h e  r i n g s  of Sa tu rn ;  and t h e  anomalous o b l i q u i t i e s  o f  Uranus and Venus 

are presumably d e t a i l s  n o t  e s s e n t i a l  t o  an unders tandingof  t h e  

formation p r o c e s s e s  -- al though it i s  ~ o s s l b l e  t h a t  they  might 

provide  s i g n i f i c a n t  c l u e s .  

To t h e  b e s t  o f  o u r  knowledge, t h e  only e x i s t i n g  model 

wh-'.ch a t t empts  t o  g e n e r a t e  mature p l a n e t a r y  systems a s  opposed 

t o  o t h e r  s t a g e s  i n t h e  e v o l u t i o n  of  s o l a r  nebulae is  t h a t  o f  

Dole (1970). I n  h i s  computer s imula t ion ,  " a c c r e t i o n  n u c l e i "  

o f  s p e c i f i e d  mass a r e  i n j e c t e d  i n  prograde o r b i t s  i n  t h e  i n v a r i a b l e  

p lane  o f  a p r i m i t i v e  s o l a r  nebula  composed o f  both g a s  and d u s t .  

The phys ics  a r e  s imply Newtonian mechanics and p e r f e c t l y  i n e l a s t i c  

c o l l i s i o n s .  When a c c r e t i o n  n u c l e i  c o l l i d e  with d u s t  g r a i n s  t h e  

g r a i n s  adhere wi th  u f ~ i t  e f f i c i e n c y .  Growing accl-et ion n u c l e i  

beyond a c e r t a i n  mass g r a v i t a t i o n a l l y  a c c r e t e  gas  a s  w e l l .  When 

two a c c r e t i o n  n u c l e i  c o l l i d e  they  s t i c k  a l s o  and produce a l a r g e r  

planetesimal .  The p rocess  is  p e r m i t t e d  t o  cont inue  u n t i l  a l l  t h e  

dust and some o f  t h c  gas i s  ga the red  i n t o  p l a n e t s .  For  some cho ices  o f  

i n p u t  parameters  t h e  r e s u l t i n g  p l a n e t a r y  c o n f i g u r a t i o n s  ( F i g u r e  1 ) 

a r e  remarkably l i k e  those  o f  t h e  s o l a r  system. 

A t  f irst s i g h t  i t  appears  q u i t e  e x t r a o r d i n a r y  t h a t  s o  s imple  

a p h y s i c a l  p r o t o c o l  can l e a d  t o  s o  recogn izab le  a  s e t  o f  p l a n e t a r y  

systems. The program t a k e s  no e x p l i c i t  account o f h e m i c a 1  s e g r e g a t i o n  

wi th  h e l i o c e n t r i c  d i s t a n c e  i n  t h e  s o l a r  nebula,  o f  a  c l e a r i n g  o u t  

by s o l a r  r a d i a t i o n  p r e s s u r e  and t h e  s o l a r  wind of t h e  i n n e r  s o l a r  

system dur ing  t h e  T Taur i  s t a g e  o f  t h e  sun, of hydromagnetic e f f e c t s ,  

t u r b u l e n t  convect ion;  o r  of  p l a n e t s  

dynamically u n s t a b l e  because of r a p i d  r o t a t i o n .  I f  t h e  o r i g i n  of  

t h e  p l a n e t s  can indeed be understood w i t h  such e?ementary assumptions 



and w i t h  p l a u s i b l e  i n p u t  parameters ,  t h e  model d e s e r v e s  much 

deeper  a t t e n t i o n .  

Dole was a b l e  t o  produce p l a n e t a r y  systems o f  r e c o g n i z a b l e  

c h a ~ a c t e r i s t i c s  only  wi th  a c e r t a i n  choice  o f  i n p u t  parameters  

and assumed s t r u c t u r e  o f  t h e  s o l a r  nebula.  The p r e s e n t  p a p e r  I s  

devoted t o  a c r i t i c a l  examinat ions o f  t h e s e  assumpt ions  and an 

e x p l o r a t i o n  of t h e  consequences o f  v a r i a t i o n s  o f  parameters  and 

assumed s o l a r  n e b u l a r  s t r u c t u r e .  

For  example, t h e  cop lanar  c h a r a c t e r  o f  t h e  s i m u l a t e d  

. I p l a n e t a r y  systems Is a d i r e c t  consequence of  t h e  f a c t  t h a t  t h e  

I a c c r e t i o n  nuclei  a r e  i n j e c t e d  w i t h  zero  i n c l i n a t i o n  i n  prograde  
.: 

o r b i t s .  The format ion  and dynamical p r o p e r t i e s  of t h e  a c c r e t i o n  

n u c l e i  are n o t  f u r t h e r  j u s t i f i e d  by Dole; we w i l l  

d i s c u s s  them f u r t h e r  i n  t h e  l i g h t  o f  more r e c e n t  r e s e a r c h .  The 

inc reased  c u r r e n t  s k e p t i c i s m  (Gatewood, 1976)'ton earlier 

1 r e d u c t i o n s  of  p e r t u r b a t i o n s  i n  t h e  p roper  motion o f  Barnard1s  

, I S t a r  removes t h e  props  from t h e  r e d u c t i o n  by Black and Suffolk 

; I (1973) according t o  which t h e  p l a n e t s  of  t h e  Barnard S t a r  system 

would n o t  have been i n  cop lanar  o r b i t s .  

11. THE COMPUTER MODEL 

The computer s i m u l a t i o n  program, c a l l e d  ACRETE, was w r i t t e n  

. .I by J. Rice and generously provided t o  us by S Dole. We. have v a r i e d  

t h e  program where necessary .  I n  t h i s  s e c t i o n  we d e s c r i b e  t h e  

e s s e n t i a l  f e a t u r e s  of' ACRETE. 

1,The s o l a r  nebula  i s  t aken  t o  have t h e  shape o f  an llexoconell ,  

.: seen edge-on i n  Fig.  2 .  The shape i s  assumed t o  a r i s e  from an 
i 

! o r i g i n a l l y  s p h e r i c a l  cloud o f  gas and dus t  wi th  some nonzero n e t  

1 

... i angu la r  momentum i n  which dus t  p a r t i c l e s  w i t h  b i t s  h i g h l y  i n c l i n e d  



t o  t h e  i n v a r i a b l e  p l a n e  are e v e n t u a l l y  degraded t o  o r b i t s  o f  

lower i n c l i n a t i o n  through i n e l a s t i c  c o l l i s i o n s .  Most models o f  

t h e  s o l a r  nebula assume e i t h e r  a similar c o n f i g u r a t i o n  o r  a 

c y l i n d r i c a l  (disk-shaped) d i s t r i b u t i o n  o f  matter i n  which t h e  

d e n s i t y  o f  gas and d u s t  f a l l s  o f f  away from t h e  c e n t r a l  p lane .  

I n  i t s  o r i g i n a l  a p p l i c a t i o n ,  ACRETE does n o t  t a k e  account  o f  t h e  

v e r t i c a l  d e n s i t y  d i s t r i b u t i o n .  A c o r r e c t e d  t r ea tment  w i l l  be  dis 'cussed 

i n  a later s e c t i o n .  

2. The mass r a t i o  of g a s  t o  d u s t  i n  t h e  nebula Is a  c o n s t a n t ,  

K = pg / pd where pg and pd are r e s p e c t i v e l y  t h e  rad ia l ly -dependen t  

d e n s i t y  of  gas and d u s t .  While it may be reasonab le  t o  expect  t h a t  

t h i s  r a t i o  w i l l  be  independent  o f  r a d i a l  d i s t a n c e  I n  t h e  c e n t r a l  

p l a n e  o f  t h e  nebula ,  t h e  mass d i f f e r e n c e  between a  d u s t  p a r t i c l e  and 

a gas molecule w i l l  i n s u r e  d i f f e r e n t  s c a l e  h e i g h t s  f o r  t h e i r  r e s p e c t i v e  

v e r t i c a l  d e n s i t y  d i s t r i b u t i o n s .  This  c o r r e c t i o n ,  however, would 

compl ica te  t h e  computer program g r e a t l y ,  and was n o t  taken.  i n t o  

account  e i t h e r  by Dole or by us.  Dole used t h e  v a l u e  K = 50, which 

w i l l  be shown l a t e r  t o  be  a  r easonab le  number. 

3. I n  Dole ' s  s t u d y ,  t h e  d e n s i t y  d i s t r i b u t i o n  o f  d u s t  i s  
I /  

pd = ~ e - ~ ~  where r i s  t h e  d i s t a n c e  from t h e  c e n t e r  of  mass of 

t h e  cloud i n  a s t ronomica l  u n i t s  ( A U ) ,  and A and a a r e  a d j u s t a b l e  

parameters .  I n  a d d i t i o n  t o  exper iment ing  w i t h  A and a,  we have 

v a r i e d  t h e  f u n c t i o n a l  f u r m  i t s e l f .  Dole was a b l e  t o  g e n e r a t e  

a e s t h e t i c a l l y  p l e a s i n g  ( i . e .  s o l a r  s y s t 2 m - l i k e )  p l a n e t a r y  s y s t e m s  

when A = 0.0015 Mg/ A U ~  and a  = 5. The j u s t i f i c a t i o n  f o r  t h e s e  

p a r t i c u l a r  choices was one o f  convenience ; Dole was n o t  s t r i v i n g  f o r  

any g e n e r a l i t y ,  s i n c e  he s t a t e d  t h a t  t h e  o b j e c t  o f  h i s  e x e r c i s e  

was t o  genera te  p l a n e t a r y  systems s i m i l a r  t o  o u r  own. We w i l l  

~)t2'ROIiUCII3XLITY OF TH4 
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examine o t h e r  c h o i c e s  o f  A and a as w e l l  as o t h e r  c h o i c e s  f o r  

t 
~ -. t h e  f u n c t i o n a l  form pd. 
2- 4 .  The d u s t  p a r t i c l e s  compr is ing  t h e  c loud ( o t h e r  t h a n  
-. 

t h e  a c c r e t i o n  n u c l e i )  a r e  a l l  given t h e  same o r b i t a l  e c c e n t r i c i t y  

E,  an i n p u t  pa ramete r  ( D o l e t s  v a l u e  i s  s = 0.25), and are 
c- 
-9 *. t aken  t o  have randomly d i s t r i b u t e d  semimajor axes  and i n c l i n a t i o n s .  
1 

We w i l l  examine t h e  consequences o f  o t h e r  cho ices  o f  E, b u t  f o r  

s i m p l i c i t y  w i l l  n o t  assume a d i s t r i b u t i o n  f u n c t i o n  f o r  v a r i o u s  

v a l u e s  o f  t h e  o r b i t a l  e c c e n t r i c i t y  o f  d u s t  g r a i n s .  

5. The a c c r e t i o n  n u c l e i  a r e  t a k e n  t o  have some i n i t i a l  mass 

, 
i 

m which i s  an i n p u t  p a . a m e t e r  of t h e  program. The n u c l e i  a r e  
I 0 
j i n j e c t e d  i n t o  p rograde  o r b i t s  o f  z e r o  i n c l i n a t i o n ,  withsemimajor  

axes  randomly d i s t r i b u t e d  between 0 .3  and 50 AU,  and w i t h  e c c e n t r i c i t i e s  

given by t h e  d i s t r i b u t i o n  f u n c t i o n  e = 1-(1-Y) 0*077 ,  where Y i s  

ranaom between z e r o  and one.  Th i s  form i s  an e m p i r i c a l  d i s t r i b u t i o n  

d e r i v e d  by Dole which r ep roduces  t h e  d i s t r i b u t i o n  of  p l a n e t a r y  

! e c c e n t r i c i t i e s  i n t h e  s o l a r  system. The sma l l  exponent y i e l d s  small 

' ! e c c e n t r i c i t i e s  and,  s i n c e  any nuc leus  undergoing a c c r e t i o n  would 

I 
i s u f f e r  numerous i n e l a s t i c  c o l l i s i o n s  t h a t  would t e n d  t o  c i r c u l a r i z e  r 

i ts  o r b i t ,  i t  was n o t  f e l t  necessa ry  t o  change t h e  exponent  even though 

i t  i s  an i n p u t  pa ramete r .  S i m i l a r l y ,  t h e  bounds o f  0 . 3  and 50 A U  f o r  

t h e  semimajor axes  a r e  a l s o  i n p u t  v a r i a b l e s ,  b u t  changing  then1 changes 

I n e i t h e r  t h e  p h y s i c s  o f  t h e  problem, n o r  ( t o  any s u b s t a n t i a l  d e g r e e )  
-, 1 

! t h e  r e s u l t s .  Occas iona l ly ,  t h e s e  l imi t s  were moved c l o s e r  t o g e t h e r  
< 

f o r  convenience when no p l a n e t s  could be  formed a t  t h e  e x t r e m i t i e s  

! o f  t h e  c loud.  

A nuc leus  c a p t u r e s  a l l  d u s t  p a r t i c l e s  which c r o s s  i t s  o r b i t  

( s t i c k i n g  c o e f f i c i e n t  u n i t y ) ,  p l u s  t h o s e  whose o r b i t s  f a l l  i n  
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an unstable reg ion  r e l a t e d  t o  I ts  g r a v i t a t i o n a l  c r o s s  s e c t i o n  

The r a d i a l  e x t e n t  o f  t h i s  region around t h e  a c c r e t i o n  nuc leus  
' /" is given by x = , where r i s  t h e  d i s t a n c e  o f  t h e  nuc leus  

from t h e  c e n t e r  of t h e  nebula  and )J i s  i t s  reduced mass w i t h  

r e s p e c t  t o  t h e  Sun: v = m / ( l  / m ) ,  where'm i s  t h e  n u c l e a r  mass 

expressed  i n  s o l a r  masses. The express ion  f o r  x i s  an approximation 

t o  t h e  ... s o l u t i o n  of t h e  r e s t r i c t e d  three-body problem. B i r n  (1g73) 

f i n d s  t h e  exponent to be 1 /3  i n s t e a d  o f  1 / 4 ,  b u t  t h i s  was n o t  

changed i n  t h e  program, s i n c e  t h e  e f f e c t  of t h e  change can be 

shown t o  be smal l .  Also, i t  i s  i m p l i c i t l y  assumed t h a t  t h e  semim?.jor 

axes  o f  a l l  o r b i t s  p r e c e s s  through a l l  d i r e c t i o n s  i n  t h e  

i n v a r i a b l e  p lane  v i a  accumulated g r a v i t a t i o n a l  p e r t u r b a t i o n s .  

7. Nuclei a c c r e t e  only d u s t  i n i t i a l l y ,  u n t i l  t h e i r  masses (and 

hence escape v e l o c i t i e s )  a r e  h igh  enough t o  permit  t h e  r e t e n t i o n  

of gas as well. If we assume t h a t  an a c c r e t i n g  p l a n e t o i d o f  mass m 

I has  uniform d e n s i t y ,  i t s  escape v e l o c i t y  ve i s  p r o p o r t i o n a l  t o  m 1/3,  

A gas molecule a t  tempera ture  T has  a v e l o c i t y  a T'/*, and, i f  we 

assume a  tempera ture-dis tance  dependence of T ( r )  = To (r/ro) -1/2 

(where r i s  t h e  r a d i a l  d i s t a n c e  from t h e  c e n t r a l  s c a r ) ,  then  t h e  

gas v e l o c i t y  becomes v  a r 4 .  The f u n c t i o n a l  form chosen f o r  T (r) 
f3 

i s  a p p r o p r i a t e  f o r  an o p t i c a l l y  t h i n  s o l a r  nebu!a and f o r  some cho ices  

o f  o p t i c a l l y  t h i c k  nebulae.  For  r e t e n t i o n  of gas above some c r i t i c a l  

mass mc, we demand v, > v  ., o r  Clnc 'I3 = ~ ~ r - l ' ~ ,  s o  t h a t  mc = c3r-3I4 , 
8 

where C1, C2, C3 a r e  cons tan t s  o f  p r o p o r t i o n a l i t y .  In p r a c t i c e ,  

C i s  % 10-5 when mc i s  measuned i n  s o l a r  masses and 
3 

f r i s  taken t o  be  t h e  p e r i h e l i o n  d i s t a n c e  of  t h e  p l a n e t o i d ' s  o r b i t .  
I .  
,a ! 

1 1 
i An a l t e r n a t ~  form of t h e  temperature d i s t r i b u t i o n ,  T ( r )  a r-l, llas 

been suggested by L e w i s  (1974).  I n  t h i s  case ,  mc a r - 3/2 
: 
? ,  

$ 

! b . .  , &J . , . , 



Once t h e  c r i t i c a l  mass i s  reached,  a nuc leus  w i l l  a c c r e t e  some ., 1 $ 
gas a long  wl th  t h e  d u s t .  3s the mass i n c r e a s e s  s t i l l  f u r t h e r ,  a I : I ; 

A .  

1are;cr ~ r a c t i o n  o f  t h e  gas p r e s e n t  n e a r  t h e  nucleus  w i 1 7  be cap tu red ,  i . .: . 
. ! 

! > 
, :  

s o  t h a t  i n  t h e  l i m i t  o f  a very l a r g e  mass t h e  n e t  d e n s i t y  of , .  .I i 
c I ?  

1 'B 

captured  m a t e r i a l  w i l l  be  p = Kpd, whicn corresponds  t o  t h e  c a p t u r e  ! ? 
, . 

of a l l  gas n e a r  t h e  nuc leus .  For  i n t e r m e d i a t e  masses,  t h e  " e f f e c t i v e  
i .. 

d e n s i t y w  of  a c c r e t e d  m a t t e r  is t aken  t o  be  

which obeys t h e  c o n d i t i o n s  pe = pd when m = mc and pe + Kpd when 

m -+ CQ . T h i s  func t ion  i s  a r b i t r a r y  and was s e l e c t e d  by Dole p r i m a r i l y  

f o r  i t s  s i m p l i c i t y  and i t s  c o r r e c t  behav io r  i n  t h e  l i m i t s .  A 

f u n c t i o n a l  form which i s  more p h y s i c a l l y  e x a c t  wculd r e q u i r e  

knowledge of t h e  s t r u c t u r e  of t h e  a c c r e t i n g  p l a r e t  and a d e t a i l e d  

dynamical a n a l y s i s  o f  t h e  s o l a r  nebula ,  both  o f  which a r e  beyond 

t h e  scope of t h i s  t r e a t m e n t .  However, t h e  express ion  i s  probably  . f 1 

at  l e a s t  q u a l i t a t i v e l y  c o r r e c t  and impl ies  t h a t  t h e  g r e a t e r  
, 

t h e  mass of  t h e  ; l - r ;et ,  t h e  g r e a t e r  t h e  gas/dust  r a t i o  o f  t h e  a c c r e t e d  

mass. 
i 

f 8. The n u c l e i  a r e  i n j e c t e d  s e q u e n t i a l l y ,  wi th  t h e  newest nucleus  
i 

growing t o  completion b e f o r e  t h e  n e x t  is  i n j e c t e d .  The growth o f  i 
3 

t h e  nucleus  i s  c a l c u l a t e d  i t e r a t i v e l y  i n  t h e  program, and t lcomplet ion" 
I 

i s  d e f i n e d  a s  a  f r a c t i o n a l  mass i n c r e a s e  on a  given i t e r a t i o n  < 1 
I d e a l l y ,  one would l i k e  t o  have a l l  of t h e  n u c l e i  growing s i m u l t a n e o u s l y ,  

s i n c e ,  i n  t h e  p r e s e n t  form of  t h e  c a l c u l a t i o n ,  t h e  f i n a l  appearance 

I 
o f  a p l a n e t a r y  system i s  weakly dependent on t h e  o r d e r  i n  which t h e  k 

a c c r e t i o n  n u c l e i  a r e  i n j e c t e d  i n t o  t h e  nebula.  However, whi le  t h i s  
1 

may change s l i g h t l y  t h e  d e t a i l s  o f  7. given p l a n e t a r y  system, t h e  1 
o v e r a l l  morphology of  a  s e t  o f  p l a n e t a r y  s y s t e m s  d e r i v e d  from I 
s i m i l a r  i n i t i a l  c o n d i t i o n s  remains unchanged. 

i 



When t h e  r a d i u s  o f  c a p t u r e  of  a growing p l a n e t  i n t r u d e s  on 

t h a t  o f  an already-formed p l a n e t ,  t h e  two coa lesce  i n t o  a new 

body which con t inues  t c  grow u n t i l  complet ion.  The new senilmaJor 

a x i s  of t h e  o r b i t  of  t h e  component p l a n e t  i s  t aken  t o  be 

"3 Cml + m 2 1  / L(ml/al) + (m2/a2)], 

where a1 and a a r e  t h e  semimajor axes  of  t h e  two c o a l e s c i n g  b o d i e s ,  
2 

and ml and m2 a r e  t h e i r  masses.  The va lue  a  is  t h e  maximum 3  
al lowed from t h e  conse rva t ion  of energy.  The new e c c e n t r i c i t y  e 3  

i s  c a l c u l a t e d  from a 3  and t h e  conse rva t ion  of angu la r  momentum. 

C l e a r l y ,  wi th  no in fo rmat ion  a.bout t h e  p o s i t i o n  a n g l e s  of t h e  

p r e c o l l i s i o n  semimajor axes  o f  he two o r b i t s ,  t h e  three-body 

problem admits  no unique s o l u t i o n  and s o  ( w i t h i n  t h e  conf ines  o f  

t h e  conse rva t ion  laws) t h e  cho ice  of  a  and e i s  somewhat 3 3 
s r b i t r a r y .  The form g iven  above, however, i s  both  p h y s i c a l l y  

r e a l i z a b l e  and convenient .  

9 .  A nucleus which i s  i n j e c t e d  i n t o  a  r e g i o n  which has  

a l r e a d y  been swept f r e e  o f  d u s t  by e x i s t i n g  p l a n e t s  i s  a  "dudi' 

and cannot grow, s i n c e  a  nucleus  cannot i n i t i a l l y  accurnu:..te g a s .  , ?- -. 

Thus, t h e  prograni ends when a l l  d u s t  between 0 . 3  and 50 AU has  

been swept up. A t y p i c a l  run  of t h e  program w i l l  e n t a i i  th ,  

i n j e c t i o n  of 100 - 300 most of  which a r e  duds. The s i m u l a t i o n s  

i n  t h i s  paper  were run  on t h e  IBM 370/1CR a t  Corne l l  U n i v e r s i t y ,  
1,; 

The running t i n :  necessary  f o r  t h e  format ion  of a  s i n g l e  p l a n e t a r y  i .  
I .  

I :, 

system was on t h e  o r d e r  of  3  seconds,  which ( c o n v e n i e n t l y )  I s  a i - 
f a c t o r  s f a r t e r  t h a n  t h e  p rocess  be ing  s imula ted .  The c o s t  

1 t 
was roughly $ 1  pe r  s o l a r  system, o r  t e n  c e n t s  p e r  p l a n e t .  1 . 
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. 
Most models o f  t h e  s o l a r  nebula  employ a s e l f - g r a v i t a t i n g  

d i s k  o r  exocone < 1 A U  t h i c k  and many AU i n  r a d i u s ,  w i t h  a t o t a l  

mass between 0 . 1  and '1.0 M,, I. 

e x c l u s i v e  o f  t h e  mass o f  t h e  Sun i t s e l f .  Go ld re i ch  and Ward (1973)  

have hypo thes i zed  a d i s k  some l o L 2  cm t h i c k .  As t h e  n e b u l a  c o o l s ,  I - 
i i 

t h e  vapor  p r e s s u r e s  o f  some o f  t h e  c o n s t i t u e n t s  f a l l  below t h e i r  

p a r t i a l  p r e s s u r e s ,  and t h e  condensa t ion  of small p a r t i c l e s  e n s u e s .  

These p a r t i c l e s  t h e n  f a l l  towards  t h e  c e n t r a l  p l a n e  of  t h e  d i s k ,  

accumula t ing  m a t t e r  as  t h e y  f a l l  from v i s c o u s  d r a g  and c o l l i s i o n s  i n  

t h e  medium. For  % 1 AU from t h e  c e n t e r  o f  t h e  d i s k ,  t h i s  o c c u r s  

on a time s c a l e  10  y e a r s  and l e a d s  t o  p a r t i c l e s  w i t h  masses  

% 100g.  Th i s  mass i s  an  uppe r  l i m i t ,  however, b e i n g  s t r o n g l y  

dependent  on t h e  number of  n u c l e a t i o n  s i tes  ( i , e .  t h e  number o f  

p a r t i c l e s  descend ing  upon t h e  c e n t r a l  p l a n e ) .  ACRETE, ,n i n j e c t i n g  

t h e  n u c l e i  s e q u e n t i a l l y ,  assumes a  number of  s i t e s  nd 100 ,  as 

s t c t e d  b e f o r e .  Hi l l s  (1973)  s u g g e s t s  t h a t  t h e r e  were 100  major  .$ e 

a c c r e t i o n  s i t e s  b e f o r e  mutua l  c o l l i s j o n s  l e d  t o  f r a g m e n t a t i o n  

i n t o  rough ly  l o 3  n u c l e i .  The p r e c i s e  number, however, i s  o f  o n l y  

m a r g i n a l  impo~atance,  f o r  t h e  r e s u l t a n t  d i s k  o f  p a r t i c l e s  i n  t h e  

c e n t r a l  p l a n e  i s  g r a v i t a t i o n a l l y  u n s t , i b l e  and w i l l  clump t o g e t h e r  

t o  form fewer  p r e - p l a n e t a r y  a c c r e t i o n  n u c l e i .  ?'his clumping leads 

t o  t h e  fo rma t ion  o f  p l a n e t e s i m a l s  w i t h  r a d i i  r Q, 5km and masses  
18 m % 1 0  g on a time s c a l e  o f  on ly  a few thousand y e a r s .  These 

p l a n e t e s i m a l s  a r e  l s r g e l y  i n  p rcg rade  o r b i t s  o f  n e a r - z e r o  i n c l i n a t i o n ,  

and accoun t  p i a u s i b l y  f o r  t h e  c o p l a n a r  n a t u r e  of  t h e  s o l a r  sys tem.  

I n  a n o t h e r  model, Cameron (1973)  s t a t e s  t h a t  t u r b u l e n c r  i n  

t h e  s o l a r  nebula  can c a u s e  g r a i n s  t o  a g g r e q a t e  i n t o  b o d i e s  o f  a few 

t e n s  of cm i n  r a d i u s  which can  t h e n  grow t o  l u n a r - s i z e d  p l a n e t e s i m a l s  



as they descend t o  t h e  c e n t r a i  g l a n e .  As b e f o r e ,  t h e  p rocess  

t a k e s  only a few thousand yea r s .  

Once t h e  ? r e p l a n e t a r y  a c c r e t i o n  n u c l e i  have s e t t l e d  i n t o  

t h e  c e n t r a l  p lane  of t h e  nebula ,  t h e i r  masses a r e  much g r e a t e r  

t h a n  t h e  masses o f  t h e  ambient d u s t  p a r t i c l e s ,  so  t h a t  f u r t h e r  

growth w i l l  be dominated by t h e  g r a v i t a t i r n a l  c a p t u r e  mechanism. 

Weidenschi l l ing  ( 1 9 7 4 )  has  performed a s t r a i g h t f o r w a r d  a n a l y s i s  

of t h i s  p rocess  and concludes t h a t ,  from a c c r e t i o n  n u c l e i  no j 1 
i , l a r g e r  than  of  a  t e r r e s t r i a l  p l a n e t a r y  mass, t h e  s o l a r  sys tem 

8 I , i  

could be formed i n  about 10 years .  , ; 

The mass of  t h e  i n j e c t i o n  n u c l e i  which Dole used i n  ACRETE 

was m = 10-l5 M, s 1018g; c o i n c i d e n t a l l y  t h e  same s i z e  as t h e  
0 

plane tes imals  of  Goldreich and Ward, b u t  a  good d e a l  s m a l l e r  than  

Cameron's. We f i n d  t h a t  varying. the seed mass m by many o r d e r s  o f  
0 

magnitude h a s  a b s o l u t e l y  no e f f e c t  on t h e  f i n a l  r e s u l t s ,  s i n c e  t h e  

amount of  m a t t e r  t h a t  t h e  p a r t i c l e  a c c r e t e s  from t h e  nebula on t h e  

f i r s t  i t e r a t i o n  i s  i n  most cases  v a s t l y  g r e a t e r  than  i t s  i n i t i a l  

mass. T h e r e ,  2e, m = 10-l5 Mo was used i n  a l l  subsequent  runs .  
0 

We can p o s t u l a t e  a  model s i m i l a r  t o  Goldreich and Ward's i n  which 

numerous bodies  of  mass l o l a g  a r e  c r e a t e d  b y  l o c a l  g r a v i t a t i o n a l  

I n s t a b i l i t i e s  and which subsequent ly  grow v i a  a c c r e t i o n  p r o c e s s e s  l i k e  

those  b u i l t  i n t o  t h e  computer program. Since  t h e  program is  i n s e n s i t i v e  

t o  %he i n i t i a l  mass o f  t h e  a c c r e t i o n  n u c l e i ,  t h e  number o f  n u c l e a t i o n  h i  
s i t e s  i n  t h e  s o l a r  nebula becomes unimportant .  Nlrmerous masses of  1 0 l a g  

i n  Keplerian o r b i t s  would e v e n t u a l l y  c c s l e s c e  i n t o  a s , d l l e r  number of  

more massive n u c l e i  on which t h e  a c c r e t i o n  p rocess  would con t inue  a s  

bc fo re .  

Having e s t a b l i s h e d  some t h e o r e t i c a l  b a s i s  f o r  t h e  s p e c i f i c  model 



on whlchbprogram ACRETE is  c o n s t r u c t e d ,  w e  proceed t o  a l t e r  t h e  

i n d i v i d u a l  parameters  one a t  a timel t o  approach p h h s i c a l l y  

laore realistic models t h a n  t h e  one employed by Dole. 

fV- K: THE GAS TO DUST MASS RATIO 

I n  Figure 3 are d i sp layed  t h r e e  model p l a n e t a r y  systems 

genera ted  wi th  t h e  canon ica l  ACRETE program, b u t  w i t h  d i f f e r e n t  

v a l u e s  o f  t h e  r a t i o  of gas t o  d u s t .  A s  expected,  d e c r e a s i n g  the  

amount o f  gas I n  t h e  c loud has no e f f e c t  on t h o s e  p l a n e t s  which 

never  r each  t he i r  c r i t i c a l  mass mc and hence never  accumulate 

any gas i n  t h e  first p l a c e .  Th i s  i s  apparent  

e s p e c i a l l y  f o r  t h e  cases  K = 30 and K = 10 i n  which t h e  n u c l e i  

were i n j e c t e d  i n t o  t h e  same o r b i t s  i n  t h e  two cases .  (The o r b i t s  

are determined by a random number genera to r :  t h i s  is  f e d  a s e e d  

number which causes t h e  g e n e r a t i o n  o f  a  random s e r i e s .  ).. 

For  K = 30 and K = 10,  t h e  f i v e  p l a n e t s  which d i d  no t  

accumulate gas ( f i l l e d  c i r c l e s )  underwent no change i n  mass, 

while  t h e  gas g i a n t s  (open c i r c l e s )  a r e  cons iderably  s m a l l e r  i n  t h e  

l a t t e r  run.  An ex tens ion  of t h i s  r e s u l t  can be seen  q u a l i t a t i v e l y  

i n  t h e  K = 100 run,  which h a s  two very  l a r g e  gas  g i a n t s .  

What is  a reasonable  va lue  f o r  K? Taking t y p i c a l  v a l u e s  f o r  H I  

r eg ions  (Harwit,  1973) ,  we f i n d  t h a t  t h e  number d e n s i t y  o f  g r a i n s  

is  ?. 1 0 - ~ ~ c m - 3 ,  and t h a t  t h e i r  r a d i i  a r e  1. 3 x 10-5 cm. The mass 

d e n s i t y  o f  gas i n  an H I  r eg ion  i s  1. 2 x 10 -22 g crn-3, s o  t h a t  i f  

we assume u n i t  mass d e n s i t y  f o r  each g r a i n ,  we o b t a i n  K = 20. The 

value  f o r  a  nebula of s o l a r  composition is  1. 100, depending on t h e  

degree of condensat ion,  bu t  s i n c e  K i n  t h e  program is  taken  t o  be 



t h e  mass r a t i o .  of hydrogen and helium t o  a l l  o t h e r  subs tances  ( r a t h e r  
. .. 

t h a n  the v o l a t i 1 e : r c f r a c t o r y  r a t i o ) ,  t h i s  can be t r e a t e d  a s  an 
r . 

upper l i m i t .  Thus, Dole ' s  va lue  o f  K = 50 i s  c e r t a i n l y  an . I 
a c c e p t a b l e  one, s i n c e  even va lues  as low as K = 10 i n  ACRETE 

y i e l d  p l a u s i b l e  p l a n e t a r y  systems. 

A more comprehensive model would have inc luded  t h e  v a r i a t i o n  

of K w i t h  r. Because t h e  inc idence  o f  condensat ion should i n c r e a s e  

wi th  d e c l i n i n g  tem?erature,  K should  dec rease  wi th  h e l i o c e n t r i c  
I 

d i s t a n c e .  However, we b e l i e v e  that a slowly v a r y i n g  K ,  o r  a 

~ bimodal d i s t r i b u t i o n  of K i n  which t h e  va lues  d i f f e r  by a f a c t o r  

of no  more than  about 4 ,  w i l l  n o t  a l t e r  our  r e s u l t s  profoundly. 

We see from t h e  f i g u r e s  t h a t  t h e  only p e r c e p t i b l e  r e s u l t  o f  a 

v a r i a t i o n  o f  K by a f a c t o r  of 5 i s  a change i n  t h e  prevalence  o f  

gas g i a n t s .  A distance-dependent  K o f  t h e  scrt  desc r ibed  would 

probably have as i t s  p r i n c i p a l  consequence, a  s m a l l  inward 

displacement  o f  t h e  reg ion  o f  ;he Jovian  p l a n e t s .  



V. THE CENTRAL DENSITY AND THE PARAMETER A 1 -  1 i 
Since  an ~ x p o n e n t i a l l y  d e c r e a s i n g  d e n s i t y  f u n c t i o n  l e a d s  t o  :" 

- I -; 
a t o t a l  nebu la r  mass which i s  d i r e c t l y  p r o p o r t i o n a l  t o  t h e  d e n s i t y  1 . ;  

I i 
0 at  r = 0 ,  changing t h e  parameter  A i n  t h e  e x p r e s s i o n  pd = A exp(-ar  ) 

i s  e q u i v a l e n t  t o  s c a l i n g  t h e  mass of t h e  cloud.  More fundamental 

changes i n  t h e  f u n c t i o n a l  form i t s e l f  w i l l  be  d i s c u s s e d  i n  a l a t e r  

; I 
t . . s e c t i o n .  Th i s  p a r t i c u l a r  form was used by Dole because it h a s  t h e  
t .: 

2. 
, , 

mathematical ly d e s i r a b l e  p r o p e r t i e s  of be ing  monotonical ly d e c r e a s i n g  

. , 

Y 1  with r, and be ing  i n t e g r a b l e  o v e r  a s p h e r i c a l  o r  c y l i n d r i c a l  volume; 

and because i t s  use  i n  program ACRETE l e a d s  t o  t h e  format ion  o f  p l a n e t -  

a r y  systems resembl ing  t h e  s o l a r  system. To t h i s  l a t t e r  end, Dole , 

used  t h e  va lues  a = 5 and B = 1/3, which f o r  t h e  moment we adopt .  H e  
i 

employed t h e  va lue  0.0015 M , / A U ~  f o r  A ,  o r  roughly l ~ - ~ ~  cm-3, 1 '  
which l e a d s  t o  a t o t a l  n e b u l a r  mass o f  approximately 0.06 M9 when I 

I i 

t h e  opening ang le  o f  t h e  exocone is  taken  t o  be n/2 s o  t h a t  t h e  I 

: I "cone' i s  a c t u a l l y  a sphere  ( s e e  Appendix). (This  mass, as t h e  low f 
I 

c e n t r a l  d e n s i t y  i n d i c a t e s ,  i s  e x c l u s i v e  o f  t h e  mass o f  t h e  c e n t r a l  

star). 
> 

A mass o f  0.06 M, i s  somewhat low compa~ed t o  t h a t  o f  most models. ! 
Urey (1974),  f o r  example, d e r i v e s  a mass of 0.6 M,, a l though he r e r e r s  

1 

1 
I 

,: I t o  two o t h e r  models which c a l l  f o r  n e b u l a r  masses o f  0.2 and 0.05 M,. 

ACRETE does not  "know" t h a t  some o f  

t h e  d u s t  i n  t h e  s o l a r  nebula  i s  l e f t  unaccre ted .  I n  t h e  a c t u a l  

! I formation p rocess ,  i t  i s  p o s s i b l e  t h a t  a c c r e t i o n  onto p l a n e t a r y  bod ies  i 
: i 

; I from t h e  s o l a r  nebula  i s  i n  compet i t ion  with a T Taur i  s o l a r  wind 
4 . 3 

t e n d i n g  t o  sweep away m a t e r i a l .  -Workers concerned w i t h  t h e  e a r l y  

i 
4 



I 
I s t a g e s  o f  format ion  o f  t h e  s o l a r  nebu la  o f t e n  quote  v a l u e s  o f  

. maes ( e x c l u s i v e  o f  t h e  mass o f  t h e  c e n t r a l  s t a r )  of  about l M g  

(e.g. Cameron, 1976) .  But we a r e  concerned w i t h  t h e  v a l u e s  o f  

s o l a r  nebula  mass a f t e r  t h e  g e n e r a t i o n  o f  a c c r e t i o n  n u c l e i ;  

i n  t h e  i n t e r i m  a s u b s t a n t i a l  l o s s  o f  n e b u l a r  m a t e r i a l  may have 
1 ;  

occurred ,  a s s o c i a t e d  wi th  t h e  T T a u r i  s t a g e  o f  t h e  c e n t r a l  star. 

If we f i n d  t h a t  on ly  E small r?-ge of n e b u l a r  d e n s i t y  i s  c o n s i s t e n t  

wi th  f a m i l i a r  s o l a r  systems,  i t  fo l lows  t h a t  such systems a r e  

correspondingly uncommon. The r e l a t i v e  t i m i n g  o f  t h e  g e n e r a t i o n  I .  
1 2  
! .  . . 

o f  a c c r e t i o n  n u c l e i  and t h e  T T a u r i  s t a g e  o f  t h e  c e n t r a l  s ta r  

i s  an important  and as y e t  unresolved f a c t o r  i n  unders tand ing  

t h e  o r i g i n  o f  p l a n e t a r y  systems. 

The r e s u l t s  o f  d e c r e a s i c g  t h e  t o t a l  mass of  t h e  cloud by one- 

3 . t h i r d  ( A  = 0.001 M , / A u ~ )  and by two- th i rds  ( A  = 0.0005 Me/AU ) are shorn  

i n  Fig.  4 .  I n  t h e  l a t t e r  c a s e ,  t h e  d e n s i t y  a t  every  p o i n t  i n  t h e  

nebula  i s  s o  low t h a t  only one p l a n e t  i s  a b l e  t o  a c c r e t e  enough 

dus t  t o  exceed i t s  c r i t i c a l  mass and begin  t o  accumulate gas .  Only 

two p l a n e t s  have masses g r e a t e r  than  one e a r t h  mass. For t h e  c a s e  c 

A = 0.001 M,/AU t h e  a c c r e t i o n  p r o c e s s  i s  somewhat more s u c c e s s f u l ,  

a l though t h e  r e s u l t i n g  gas g i a n t s  a r e  small  compared t o  t h o s e  i n  t h e  

s o l a r  system. 

For value3 of A > 0.0015 M , / A u ~ ,  Dole h a s  p resen ted  some 

I 1 , e s u l t s  (Fig .  5 ) ;  Sven a  doubling o f  t h e  t o t a l  mass of t h e  c loud 

f l e a d s  t o  a near-catastroph3.c accumulation o f  g a s  by t h e  l a r g e  p l a n e t s .  

f Hydrogen thermonuclear  r e a c t i o n s  occur  i n  t h e  core  o f  a  s tar  of mass j 
h 

0.07 Mg, al though deuterium burning w i l l  have s e t  i n  long  b e f o r e  
! .  . .  
I 

3 t h a t .  Hence t h e  p l a n e t a r y  system genera ted  by A = 0.003 MQ/AU i n  F i g .  5 
j 

would q u i t e  l i k e l y  b e  a b o r d e r l i n e  c a s e  of a  double s t a r  system, whi le  
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those genera ted  f o r  A = 0.006 an3  A = 0.015 M , / A U ~  would d e f i n i t e l y  be  sc 

This i s  n o t  n e c e s s a r i l y  a drawback t o  t h e  model: t h e  s t a t i s t i c a l  

s t u d i e s  of Abt and Levy (1976) sugges t  t h a t  v i r t u a l l y  a l l  s t a r s  are 

components f ~ f  m u l t i p l e  systems,  two- th i rds  of which i n c l u d e  I .: J .: 
i -: ' % 

- r  s te l la r  cof:panions and one- th i rd  p l a n e t a r y .  Hence t h e  tendency f o r  . . 
'1. 

, . 
@ -  o u r  ac.:ret.lon model t o  g i v e  r i s e  t o  s te l lar  o r  b a r e l y  s u b s t e l l a r  i f 

companions t o  t h e  c e n t r a l  s tar  mimics a similar tendency - i  n a t u r e ,  

and t h e  p r o b a b i l i t y  of t h e  e x i s t e n c e  o f  numerous e x t r a s o l a r  p l a n e t a r y  
e 

.I I systemus 13 correspondingly  h igh.  

:" 

w i l l  te l ld  t o  be  comprised e x c l u s i v e l y  o f  t e r r e s t r i a l  p l a n e t s  -- 

. . 
1 

.~.. 
t 

5 - 
r 

Thus ,'or t h e  numerical  v a l u e s  and f u n c t i o n a l  forms chosen, 
1 

p l a n e t s r y  systems o f  roughly familiar a s p e c t  a r e  produced f o r  

nebu la r  macses ( e x c l u s i v e  of  t h e  c e n t r a l  star) between about 0.02 

and about 0.2 M . Systems w i t h  s m a l l e r  n e b u l a r  masses than  t h i s  
Q 

I star systems. I n  t h i s  case  t h e r e  w i l l  a l s o  be  t e r r e s t r i a l  and jov ian  

r 

; p l a n e t s  produced, some o f  which w i l l  b e  i n  o r b i t s  g r a v i t a t i o n a l l y  

and, e v e n t u a l l y ,  of a s t e r o i d s  only.  Systems w i t h  l a r g e r  nebu la r  

masses w l l l  evolve  wi th  the  l a r g e s t  secondary components undergoing 

- I uns tab le  according t o  t h e  r e s t r i c t e d  t h r e e  body problem. But o t h e r s  

t h e r n o n u c l e a *  reac t ' . ons ,  and t h e r e f o r e  w i l l  become double o r  m u l t i p l e  

w i l l  be  i n  on:? of t t r ?  t h r e e  c a t e g o r i e s  o f  reasonably  s t a b l e  o r b i t s :  

I around t h e  c e n t e r  ~f mass o f  t h e  system i f  t h e  two s t e l l a r  components 
i 

have a smal l  2 e p a r a t i o n ;  around one o r  t h e  o t h e r  of  t h e  i n d i v i d u a l  , 

s t a r s  i f  t,,e two c~mponents  have a  l a r g e  s e p a r a t i o n ;  and i n  a  f igure -8  Y 
t r a j e c . i d r y  a-lound both components, though this is unstable in the long term. 

It i s  neceszary t o  n o t e ,  as Dole p o i n t s  o u t ,  t h a t  t h e  g e n e r a t i o n  

of m u l t i p l e  : t a r  systems pushes program ACRETE somewhat beyond t h e  1 
l i m i c s  i t s  in tended a p p l i c a t i o n  (which f o r  Dole was t h e  s i m u l a t i o n  



o f  p l a n e t a r y  systems s i m i l a r  t o  o u r  own). When p l a n e t  format ion  

g i v e s  way t o  s t a r  formation,  ACRETE breaks  down i n  t h e  sense  t h a t  

t h e  t o t a l  mass o f  t h e  companions can exceed t h e  i n t e n d e d  mass o f  

t h e  o r i g i n a l  nebula .  This  e f f e c t  can be seen  i n  F ig ,  5d, I n  which 

t h e  mass o f  t h e  companions cones t o  0 .61  M,, a s  compared wi th  a 

n e b u l a r  mass of 0.58 MQ ( d e r i v e d  from a c e n t r a l  d e n s i t y  o f  0.015 

3 M,/AU and Dole 's  r a d i a l  d e n s i t y  d i s t r i b u t i o n ) .  We w i l l  refer t o  

such a  breakdown of ACRETE as a  p a t h o l o g i c a l  m u l t i p l e  s t a r  system. 

It a r i s e s  from t h e  breakdcwn of t h e  approximation p(r-bp)  = p(r+ba) 

( s e e  s e c t i o n  V I I )  when an a c c r e t i n g  body becomes very  massive. 

V I .  THE ORBITAL ECCENTRICITY OF THE DUST PARTICLES: E 

In  ACRETE, t h e  a c c r e t i o n  n u c l e i  a r e  assumed t o  c a p t u r e  a l l  o f  

t h o s e  d u s t  p a r t i c l e s  whose o r b i t s  c r o s s  t h e i r  own. I f  a nuc leus  

is  i n j e c t e d  wi th  a  h i g h  o r b ' t a l  e c c e n t r i c i t y ,  i t  w i l l ,  o f  c o u r s e ,  

c r o s s  t h e  o r b i t s  of more d u s t  p a r t i c l e s ,  hence accumulate more o f  

them and end up correspondingly  more massive. S i m i l a r l y ,  i f  t h e  

o r b i t a l  e c c e n t r i c i t i e s  o f  t h e  d u s t  p a r t i c l e s  a1.e h i g h ,  then  a given 

d u s t  p a r t i c l e  i s  more l i k e l y  t o  c r o s s  t h e  pa th  o f  some nuc leus .  Thus, 

more e c c e n t r i c  p a r t i c l e  o r b i t s  should g ive  r i s e  t o  more massive p l a n e t s  

and, a s  a c o r o l l a r y ,  fewer p l a n e t s  i n  a  given p l a n e t a r y  system 

( s i n c e  fewer n u c l e i  a r e  r e q u i r e d  t o  sweep up a l l  of t h e  d u s t ) .  The 

r e s u l t s  o f  va ry ing  E ,  t h e  e c c e n t r i c i t y  of t h e  d u s t  p a r t i c l e s  i n  

t h e  s o l a r  nebu la ,  between c = 0 . 1  and E = 0 .5  a r e  shown i n  F igures  6 

and 7. The r e s u l t s  a r e  a s  expected:  a  t y p i c a l  E = 0.5  run y i e l d e d  

s i x  p l a n e t s ,  t h r e e  of which a r e  q u i t e  l a r g e ,  whi le  an E = 0 . 1  run  

y i e l d e d  f i f t e e n  r e l a t i v e l y  smal l  bodies .  Cur ious ly ,  f o r  v a l u e s  o f  

E -( 3 ,  t h e  e f f e c t  i s  n e a r l y  l i n e a r  (Fig .  8 )  w i t h i n  t h e  l i m i t s  

cf u n c e r t a i n t y  caused by t h e  random i n j e c t i o n  o f  t h e  n u c l e i  ( E  = 0 .1  



p l a n e t a r y  systems w i l l  g e n e r a l l y  have 1 4 ,  15, o r  16 p l a n e t s ,  e t c . ) .  

The funct ion,of  course ,  must l e v e l  off t o  N = 1, s i n c e  f o r  t h e  

l i m i t i n g  case  e - +  1.0 t h e  d u s t  p a r t i c l e s  w i l l  have nea r -pa rabo l i c  

o r b i t s ,  a l l  o f  which w i l l  c r o s s  t h e  o r b i t  o f  and hence b e  a c c r e t e d  

on to  the f irst  n u c l e u s ~ i n j e c t e d ,  l e a d i n g  t o  a double s t a r  sys tem 

f o r  a l l  reasonable  v a l u e s  o f  t h e  n e b u l a r  mass. 

We have argued i n  S e c t i o n  11, however, t h a t  f r e q u e n t  c o l l i s i o n s  

i n  t h e  e a r l y  n e b u l a  would l e a d  t o  a c i r c u l a r i z a t i o n  o f  t h e  o r b i t s  

o f  a c c r e t i o n  n u c l e i .  This  should  apply  t o  t h e  d u s t  p a r t i c l e s  as 
?+ : I 

i 1 well, s o  t h a t  it i s  i n t e r e s t i n g  t h a t  t h e  program works " b e s t W ( i n  t h e  s e n s e  

of genera t ing  p l a n e t a r y  systems s i m i l a r  t o  t h e  s o l a r  system) when 

c = 0.25, which i s  a r a t h e r  h igh  value .  Values o f  E more 

i n  accord wi th  what we would expect  i n  t h e  nebu la  ( say  E d 0.1) 

l e a d  t o  an i n e f f i c i e n t  a c c r e t i o n  p rocess  when i n s e r t e d  i n t o  ACRETE 
, . 

(Figs .  7b and 7c) .  

We have a t t empted  t o  c o u n t e r a c t  t h i s  e f f e c t  by t r y i n g  lower  

va lues  o f  E and i n c r e a s i n g  t h e  mass o f  t h e  cloud (by I n c r e a s i n g  t h e  

c e n t r a l  d e n s i t y )  t o  compensate. The r e s u l t s  a r e  shown i n  F i g u r e  9, 

i n  which a l l  t h r e e  systems were genera ted  w i t h  t h e  same random number 

sequence. F igure  9 a  shows a  run  o f  ACRETE w i t h  Dole ' s  parameters :  

3 A = 0.0015 M,/AU and € = 0.25. I n  Figure  9b, A = 0.003 M , / A U ~  and ~ = 0 . 1 ,  

. i 

SO t h a t  t h e  mass o f  t h e  cloud i s  now Mc = 0.12 s i n  8,,, Me. This  cond i t ion  
,. 
* ;  was shown e a r l i e r  t o  g i v e  r i s e  t o  a system o f  b a r e l y  s u b s t e l l a r  companions 

j 
1 when E = 0.25, as shown i n  F igure  5b. Now t h e  a c c r e t i o n  p r o c e s s  has 

n o t  run  away as d r a m a t i c a l l y ;  t h e  l a r g e s t  gas g i a n t  i s  only  seven t imes  

t h e  mass of J u p i t e r .  

The e f f e c t  o f  lower ing  s s t i l l  f u r t h e r  by a n o t h e r  f a c t o r  of  

f i v e ,  t o  s = 0.02, and i n c r e a s i n g  A aga in  by only  258 ( t o  A = 0.00375 

M,/Au~) i s  i l l u s t r a t e d  i n  F igure  9c. The mass o f  t h e  l a r g e s t  companion has 
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i n c r e a s e d  by 50%, t o  0.01 M,. C l e a r l y ,  we have pushed A a lmost  

t o  t h e  l i m i t ;  d e c r e a s i n g  c t o  z e r o  and i n c r e a s i n g  A much f u r t h e r  
. 

w i l l  l e a d  t o  a b i n a r y  s t a r  system. 

With n e b u l a r  masses o f  t h e  o r d e r  of  0.1 M, t h e  e c c e n t r i c i t y  

of  d u s t  o r b i t s  o f  roughly 0.15 seems t o  produce r e c o g n i z a b l e .  

p l a n e t a r y  systems.  Both v a l u e s  seem t o  be  i n  r easonab le  conformity 

w i t h  our  e x p e c t a t i o n s  f o r  t h e  s o l a r  nebula .  We a l s o  n o t e  t h a t .  

t h e  mean e c c e n t r i c i t y  of t h e  a s t e r o i d s  i s  c = 0.15. However, 

because t h e  a c c r e t i o n  p rocess  a s  s imula ted  i n  ACRETE produces 

3 familiar s o l a r  systems when c = 0.25 f o r  A = 0.0015 M,/AU , 
subsequent computer runs  w i l l  f o r  convenience use t h a t  v a l u c ,  

as we vary o t h e r  parameters .  

VII. MODIFICATIONS TO THE DENSITY DISTRIBUTION 

The mass d e n s i t y  as a f u n c t i o n  of h e l i o c e n t r i c  d i s t a n c e  i s  

a  c r i t i c a l  a t t r i b u t e  of any model o f  t h e  s o l a r  nebula .  The f u n c t i o n a l  

1/31 form of  t h e  d e n s i t y  which Dole used i n  ACRETE i s  pd = A exp( -a r  9 
5 

with  A and a as f r e e  parameters .  More g e n e r a l l y ,  we may use  t h e  form r:. 

B (which we w i l l  c a l l  form A )  pd  = A exp( -a r  ) ,  and t r e a t  8 a s  a f r e e  3 
i 

parameter  a s  w e l l .  The mass which a nucleus  a t  r a d i a l  d i s t a n c e  r w i l l  

3 k ~ c u m u l a t e  i s  roughly p r o p o r t i o n a l  t o  r p. For form A,  w i t h  8 = 1/3 ,  
I 

:? 

2. 

3 t h i s  reaches  a  maximum when t h e  r d e r i v a t i v e  o f  r pd van i shes ;  .+ 

3 ice*, when rm = ( 9 1 ~ )  . Dole used t h e  value a = 5, which l e a d s  kiii4i. . , ,' . 

t o  the. l a r g e s t  p l a n e t s  n e a r  r = 5.8 AU,  i . e .  

no t  very f a r  from J u p i t e r ' s  o r b i t .  Thus, we can move t h e  p o s i t i o n  

o f  t h e  l a r g e s t  p l a n e t s  by a l t e r i n g  t h e  va lue  o f  a .  Large va lues  o f  a 
1 / . 7 

. - 
w i l l  make t h e  exponen t i a l  drop o f f  f a s t e r ,  s o  t h a t  d i s t a n t  p l a n e t s  . . 

1 -; 

! ; 



3 become smaller as t h e  maximum o f  r p moves inward. 

The assumption of  a s o l a r  nebula wi th  a d e n s i t y  maximum a t  

Q, 1 0  AU 1s suppor ted  by t h e  frequency histogram o f  s e p a r a t i o n s  

of double star systems (Kuiper ,  1951) which i s  a l s o  peaked n e a r  

10 AU. This  i s  i n  reasonab le  accord  wi th  t h e  i m p l i c a t i o n s  o f  i i  
t :. 

program ACRETE, t h a t  i n  meny c a s e s  t h e  formation o f  double  stars i 

Is due t o  t h e  condensat ion  o f  a p a r t i c u l a r l y  massive j o v i a n  p l a n e t  

f r o m  a s o l a r  nebula.  If we are t o  p rese rve  t h e  t o t a l  mass o f  t h e  

nebu la  as a is i n c r e a s e d  we must i n c r e a s e  t h e  va lue  of A.  I f  w e  t a k e  

an exocone o f  a n g l e  0 = s/2 ( i . e .  a sphere ) ,  t h e n  f o r  a d e n s i t y  

d i s t r i b u t i o n  w i t h  form A and @ = 1/3, t h e  t o t a l  mass o r  t h e  c loud  is  , .. 

3 1 i 
( s e e  Appendix) M, = 4 8 3 8 4 0 n ~ ~ / a g ~ ~ .  For 1: = 50, A = 0.0015 MJAU , ! j 

f ; .  
and a = 5, t h i s  becomes Mc = 0.06 M,. If w e  keep K = 50 1 ,  ~ 

- 1 "  
I .  

and wish t o  p r e s e r v e  M, a 0.06 M,, t hen  t h e  r e l a t i o n  between A and a 1 r 
f 

i s  A = a9/ (1 .3  x l o 7 )  M @ / A u ~ .  The r e s u l t s  o f  v a r y i n g  a (and A w i t h  a )  1 ;  
are shown i n  F igure  10. For  smal l  va lues  of  a ,  more p l a n e t s  would. 1 6 

be formed at r >> 50 AU i f  t h e  program were allowed t o  i n j e c t  i 
i 

a c c r e t i o n  n u c l e i  o u t  t h a t  f a r .  For a  = 1, f o r  example, J o v i a n  p l a n e t s  i 

1 
5 .  would be  formed n e a r  700 AU. 1 
? 

It i s  apparent  t h a t ,  a l though i n  p r i n c i p l e  an e x p o n e n t i a l l y  ; 

d e c r e a s i n g  d e n s i t y  d i s t r i b u t i o n  i s  r e a s ~ n a b l e ,  t h e  p a r t i c u l a r  form 

e ~ ~ ( - a r l / ~ )  i s  q u i t e  a r b i t r a r y  and only se rves  w e l l  f o r  v a l u e s  o f  u 

t ~ o t  very  d i f f e r e n t  from 5. This  form was used i n  t h e  fPrst p l a c e  

because o f  i t s  p l e a s i n g  tendency t o  produce f a m i l i a r  end r e s u l t s .  

I n  f a c t ,  however, i t  f a l l s  o f f  much more r a p i d l y  t h a n  most o t h e r  

t h e o r e t i c a l  models, d e c r e a s i n g  t o  1 percent  of  t h e  c e n t r a l  d e n s i t y  +- i 
a t  only  0.78 AU ( j u s t  o u t s i d e  t h e  o r b i t  of Venus). This  i n d i c a t e s  t h a t ,  1 

i 
f o r  such a model, p l a n e t a r y  formation t akes  p lace  a t  a  very l a t e  s t a g e  



i n  t h e  condensa t ion  01' tflc r ~ c b u l n .  
* 

Heppenheirner (19711) h a s  managed t o  f i n d  a nleetinC p o i n t  

between Cameron and P i n e ' s  models  and a d e n s i t y  d i s t r i b u t i o n  o f  form A, 

by match ing  t h e  p r e s s u r e  i m p l i e d  by such  a d i s t r i b u t i o n  t o  t h e  p r e s s u r e  

o b t a i n e d  by Cameron and P ine  ( t h e i r  F i g u r e  2 ) .  If we assume t h a t  t h e  

n e b u l a r  m a t e r i a l  obeys t h e  i d e a l  g a s  law Larso : l t s  (1969)  a d i a b a t  

g i v e s  p a ~ e n c e  Heppenheimer f i t s  t h e  r e l a t i o n  p = po exp[-(5/3)are  
j 

I t o  the p r e s s u r e  cu rve  of  Cameron and P ine  and f i n d s  a = 4 .4  and  13 = 0.22. , 
! 

The mass o f  t h e  n e b u l a  t h e n  becomes 

4 M = 1 . 1 8 ~ 1 0  A s i n  emaxM 
C 0 

I n  t h e  model o f  Cameron and P i n e ,  t h e  n e b u l a  h a s  r c* lgh ly  t h e  exocone 

geometry,  w i t h  a s e m i t h i c k n e s s  o f  app rox ima te ly  1 AU a t  a b o u t  50 AU 

from t h e  c e n t e r .  Hence em,, 0.02 ,  l e a d i n g  t o  M, r 236A Ma f o r  A 

3 g iven  i n  M@/AU . I f ,  t o  r e t a i n  c o n s i s t e n c y  w i t h  o t h e r  models,  w e  

3 demand I, = 0 .1  M,, we find A = 4.2 x MJAU . 
Running ACRETE w i t h  t h e  p a r a m e t e r s  a = 4 . 4 ,  B = 0.22, and A = 4.2 

x l e a d s  t o  a p a t h o l o g i c a l  m u l t i p l e  s t a r  system.  C l e a r l y ,  t h i s  
3 

same r e s u l t  w i l l  o c c u r  if A i s  i n c r e a s e d  t o  0.0015 M,/AU , i n  which 

c a s e  a l l  o f  t h e  pa rame te r s  would be i d e n t i c a l  t o  t h o s e  used  by Dole 

e x c e p t  f o r  B, which i s  0.22 i n s t e a d  o f  0.33. The companion s t a r ,  t h e n ,  

forms n e a r  t h e  edge of t h e  n e b u l a ;  T a b l e  1 i n d i c a t e s  t h a t  i t  i s  t h e  

more g r a d u a l  d e c r e a s e  i n  t h e  former  ca se  t h a t  i s  c a u s i n g  t h e  d i f f i c u l t y .  
! 



It i s  n o n e t h e l e s s  s t r i k i n g  t h a t  a  f a i r l y  smal l  change i n  t h e  

q u a l i t a t i v e  b e h a v i o r  o f  p shou ld  l e a d  t o  such v i o l e n t  changes i n  t h e  

TABLE 1 

DETSNIIENCE OF DENSITY ON HELIOCENTRIC DISTANCE FOR TWO MODELS OF FORM A . 

, . 

r e s u l t s ,  e s p e c i a l l y  i n  l i g h t  of t h e  f a c t  t h a t  t h e  form e ~ p ( - 4 . 5 r l / ~ ) ,  , i 
1 -? 

. i :  
which i s  even more similar t o  Heppenheimerls r e s u l t ,  g ives  r i s e  t o  1 * i : 

e ~ 

, . ?  

, . ., 

:: 

' I a f a m i l i a r  p l a n e t a r y  system ( s e e  F igure  10d) .  

A more complicated a s p e c t  of t h e  e n t i r e  problem -- and one which 

was no t  taken i n t o  account  =t a l l  i n  t h e  o r i g i n a l  v e r s i o n  of  ACRETE -- 
is  t h e  v a r i a t i o n  of n e b u l a r  d e n s i t y  w i t h  z,  t h e  d i s t a n c e  p e r p e n d i c u l a r  , i. 

1 .  

t o  t h e  p lane  of symmetry. S ince  i n  genera l  t h e  p r o t o p l a n e t a r y  o r b i t s  , I _  

w i l l  have some nonzero i n c l i n a t i o n  t o  t h e  c e n t r a l  p lane ,  t h e  mass 

a c c r e t e d  on e a c h  o r b i t  w i l l  t h e n  be determined by t h e  n e b u l a r  s u r f a c e  

, . d e n s i t y  a t  a p p r o p r i a t e  h e l i o c e n t r i c  d i s t a n c e .  ACRETE, however, assumes 
' r  

o r b i t s  wi th  z e r o  i n c l i n a t i o n  s o  t h a t  t h e  only a c c r e t e d  m a t e r i a l  i s  ik 
6 .  ! 

t h a t  w i t h i n  t h e  t o r o i d  (shown i n  c r o s s  s e c t i o n  i n  Figure  11) def ined  

by t h e  o r b i t a l  e c c e n t r i c i t i e s  o f  t h e  a c c r e t i o n  n u c l e i  and d u s t  . I  

i 

p a r t i c l e s  and t h e  g r a v i t a t i o n a l  c r o s s  s e c t i o n  o f  t h e  nucleus .  The 
I : i 
,: 1 

I volume of t h e  t o r o i d  i s  approximately V = 2nr(ba  + bp)  (xa  + x p ) ,  where i 
I . I 1  

xa and xp a r e  t h e  g r a v i t a t i o n a l  cap tu re  d i s t a n c e s  o f  aphe l ion  and 
t 



p e r i h e l i o n  ( s e e  s c c t i o n  II), and b, and b inc lude  t h e  e f f e c t s  o f  
F 

t h e  d u s t ' s  o r b i t a l  e c c e n t r i c i t y .  If t h e  d e z s i t y  does not  - vary 1 
o u t  o f  t h e  p l a n e ,  and i f  p ( r  - bp)  ( r  + b,), t h e  mass o f  d u s t  

1- 

IT 
iq 

w i t h i n  t h e  t o r o i d  i s  Md 2n r (ba  + bp) (x, + x ~ ) P ~ ( ~ ) ,  a  fo rmula t ion  

employed by Dole. 

From s t u d i e s  o f  a s e l f - g r a v i t a t i n g  s e t  of  mass p o i n t s ,  

o r i g i n a l l y  due t o  Ledoux and t o  Chandrasekhar, Urey (197';) a rgues  

t h a t  t h e  v e r t i c a l  v a r i a t i o n  t a k e s  t h e  form 

p ( r , z )  = p ( r )  sech2 Cz/H(r) l ,  

where H ( r )  i s  some radia l ly-dependent  c h a r a c t e r i s t i c  v e r t i c a l  

s c a l e  h e i g h t .  I n  t l~ i s  c a s e ,  t h e  mass o f  t h e  d u s t  w i t h i n  t h e  t o r o i d  

I becomes I I 
z 

Md = & r ( b a  -+ b p )  H(r) dz + IXP sech2  
0  

= 2nr(ba  + [xa /Hir ) l  + t anh  

which approaches Dole 's  form i n  t h e  l i m i t  xa , /H( r )  + 0. ~ r e i  

f i n d s  ( h i s  Table 111) t h a t  H ( r )  = 0.00267r AU;  f o r  r measured i n  AU.  1 

For  a  p l a n e t  of mass m wi th  a  c i r c u l a r  o r b i t ,  we have xa /H = 
s P 

374(m/M,)1/4, s o  t h a t  tanh (xa/H) w i l l  d i f f e r  apprec iab ly  from i t s  
1' 

argument (and t h e r e f o r e  d e p a r t  from Dole ' s  l i m i t i n g  c a s e )  whenever 

m t ~ o - ~ ~ M ~ .  Since t h i s  i s  < t h e  mass of  t h e  Moon, we can 

conclude t h a t ,  f o r  every c a s e  of i n t e r e s t ,  U r e y t s  v e r t i c a l  d e n s i t y  3 

. k 

d i s t r i b u t i o n  w i l l  l ead  t o  r e s u l t s  s u b s t a n t i a l l y  d i f f e r e n t  from Dole ' s  , . 
I 

v e r t i c a l l y - u n i f o r m  model. 
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2 A sech z v e r t i c a l  dcc reasc  i n  d e n s i t y  i s  f a s t e r  than  exponen t i a l .  . 
U r e y t s  nebula,  t h e r e f o r e ,  i s  much t h i n n e r  than  D o l c t s ,  A c h a r a c t e r i s t i c  

s c a l e  he igh t  of 0,00267r l e a d s  t o  a semi th ickness  o f  roughly 0 . 1  AU 

at r = 50 AU, o r  about  an o r d e r  o f  magnitude t h i n n e r  t h a n  t h e  n e b u l a r  

model o f  Cameron and Pine.  H i l l s  (1973) a l s o  concludes t k a t  t h e  
f 

s c a l e  he igh t  f o r  gas and d u s t  i n  t h e  s o l a r  nebula  i s  very  smal l :  roughly  

0 . 1  r AU f o r  Hp gas and l o o 3  r AU f o r  d u s t .  For  models whlch art. ;o 
J 

concen t ra ted  i n t o  t h e  c e n t r a l  p lane ,  however, r a d i a l  d e n s i t y  - ,  rl- 

b u t i o n s  as s t e e p  as D o l e t s  ( s e e  Table I )  l e a d  t o  very  low nebt  

masses. Consider an exocone of r a d i u s  R and opening ang le  0 
max 

i n  which t h e  only d e n s i t y  v a r i a t i o n  i s  r a d i a l ,  p ( r ) .  Then t h e  mass 

o f  t h e  cloud i s  

U r e y t s  nebula  has  a  v e r t i c a l  d e n s i t y  d i s t r i b u t i o n  a s  well, and h s s  

c y l i n d r i c a l  geometry which we w i l l  c h a r a c t e r i z e  by some t h i c k n e s s  h. 

Then t h e  mass becomes 

Mc,  re^ = 2. ;: i" -h r ~ ( r )  s e c h 2 ( z / y r )  drdz  

where y r  = 0.00267r = H ( r ) .  I f  we l e t  h >> y r  ( t r u e  f o r  h  2 0.25 A U )  

we can, t o  good approximation,  extend t h e  l i m i t s  on t h e  z i n t e g r a l  t o  

+ oo and i n t e g r a t e  t o  g e t  - 

so that Mc ,ureYIMc  ole = y / s i n  Omax.  I n  Cameron and P i n e ' s  n r b u l a ,  

'max = 0.02, so  t h a t  i f  we were t o  apply t h i s  opening ang le  t o  D o l e t s  

exocone, we could .get Mc , U r e y / M c  ,=Ole % 0 . 1 .  For  a  complete s p h e r e ,  

t h e  r a t i o  becomes 2 x  Thus, f o r  i d e n t i c a l  r a d i a l  d e n s i t y  

d i s t r i b u t i o n s ,  U r e y t s  model l e a d s  t o  nebu la r  masses much s m a l l e r  

than  Dole ' s .  
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.I . I n  p r i n c i p l e  t h e  masses o f  t h e  two models could be recon- 

c i l e d  by e i t h e r  i n c r e a s i n g  t h e  c e n t r a l  d e n s i t y  i n  Urey t s  modcl 

o r  i n s e r t i n g  a r a d i a l  d e n s i t y  f u n c t i o n  t h a t  i s  less s t e e p  t h a n  

Dole 's .  We have s imula ted  a  sech2 ( z / y r )  dependence i n  the v e r t i c a l  

d i r e c t i o n  by modifying t h e  mass can ta ined  i n  a t o r o i d a l  volume i n  t h e  

fash ion  de r ived  e a r l i e r .  Using a r a d i a l  d e n s i t y  f u n c t i o n  o f  form A 

w i t h  a = 5, 8 = 1/3  (Dole 's  v a l u e s )  and a  c e n t r a l  d e n s i t y  i n c r e a s e d  
3  by an o r d e r  of magnitude from Dole ' s  va lue  ( t o  0.015 M,/AU ), ACRETE 

c o n s i s t e n t l ~  g e n e r a t e s  p a t h o l o g i c a l  m u l t i p l e  s t a r  s y s t ~ m s .  Nonpatho- 

l o g i c a l  systems a r e  genera ted  w i t h  any degree o f  r e g u l a r i t y  on ly  

3 when t h e  c e n t r a l  d e n s i t y  becomes p ,  0.006 M,/AU . This i m p l i e s  

M c , ~ o l e  = 0.23 s i n  emax Mo 

which i s  u n r e a l i s t i c a l l y  low f o r  reasonhble  va lues  of 9 .  The 

f a i l u r e  o f  ACRETE t o  bccomrnodate a  v e r t i c a l  dens i ty  d i s t r i b u t i o n  

must unfor tuna te ly  be i n t e r p r e t e d  a s  be ing  due t o  t h e  e x c l u s i o n  o f  

some p e r t i n e n t  phys ics  from t h e  computer model. It seems c l e a r  

t h a t  a  v e r t i c a l  d i s t r i b u t i o n  w i l l  e x i s t  i n  a  r o t a t i n g  p r e p l a n e t a r y  

nebula  and t h a t  t h o  a c c r e t i o n  n u c l e i ,  l i k e  t h e  p l a n e t s ,  w i l l  t r a v e l  

i n  o r b i t s  wi th  nonzero i n c l i n a t i o n .  The importance of  t h e  s u r f a c e  

d e n s i t y  ( a s  opposed t o  t h e  v e r t i c a l  and r a d i a l  volume d e n s i t i e s )  

a r i s e s  from t h e s e  c o n d i t i o n s ,  but  i s  overlooked i n  t h e  computer 
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VIII. THE ARBITRARY NATURE OF p ( r )  

A r i g o r o u s  d e r i v a t i o n  of  t h e  r a d i a l  d e n s i t y  d i s t r i b u t i o n  

r e q u i r e s  a  d e t a i l e d  knowledge o f  t h e  equa t ion  o f  s t a t e  a t  a l l  

p o i n t s  i n  t h e  c loud,  a  t r ea tment  whic3 i s  u c f l  beyond t h e  

scope o f  t h i s  paper  and, a p p a r e n t l y ,  many o t h e r s .  Numerous 

assumptions, 3ncluding c o n s i d e r a t i o n  of  t h e  ambient magnetic 

f i e l d  and t h e  s o l a r  wind e n t e r  i n t o  t h e  prablem, and t h e  

f i n a l  r e s u l t s  mu.: be s t r o n g l y  model-dependent. 

Any formula t ion  of t h e  d e n s i t y  f u n c t i o n  i n  t h e  c loud 

must at p r e s e n t  be, t o  a  c e r t a i n  e x t e n t ,  a r b i t r a r y ,  s o  t h a t  

It is perhaps t h e  s a f e s t  course  t o  choose one which i s  charac-  

t e r i z z d  s o l e l y  by p h y s i c a l l y  r easonab le  q u a l i t a t i v e  a t t r i b u t e s .  

Th i s  i s  e s s e n t i a l l y  what Urey, Dole and Cameron and Pine  a l l  

did,  and what w e  s h a l l  proceed t o  do. 

One o f  t h e  most obvlous forms t o  t r y ,  because of  i t s  

s i m p l i c i t y  and wide a p p l i c a b i l i t y ,  is a simple exponen t i a l .  

This  i s  j u s t  a n o t h e r  m a n i f e s t a t i o n  of  form A ,  w i t h  B = 1. 

B Since  form A c o n t a i n s  r , we s e e  t h a t ,  because 1 > 1/3, p w i l l  

f a l l  o f f  more qu ick ly  than  Dole 's  form. Various r a d i a l  s c a l e  

l e n g t h s  and c e n t r a l  d e n s i t i e s  were t r i e d ,  w i t h  t h e  most 

success  i n  g e n e r a t i n g  p l a n e t a r y  systems obta ined wi th  s c a l e  

l e n g t h s  of  Q, 0.4 - + 0 .1  AU. The r e s u l t s  of  t h e  d e n s i t y  

i u n c t i o n s  



and 
p ( r , z )  = 0.002 e -2r sech2 ( z / y r )  M @ / A U ~  

( f o r  r i n  AU) are shown i n  F igures  12b and 12c.  The masses o f  t h e  nebulae  

i n  t h e s e  c a s e s  a r e  Me, and are k e p t  d e l i b e r a t e l y  low because 

o f  a p r o p e n s i t y  f o r  t h i s  form o f  t h e  d e n s i t y  d i s t r i b u t i o n  t o  g e n e r a t e  

p a t h o l o g i c a l  m u l t i p l e  s t a r  systems.  Removing t h e  v e r t i c a l  d e n s i t y  

dependence does n o t  he lp ;  t h e  r e s u l t a n t  i n c r e a s e  i n  mass c o n c e n t r a t e d  

i n t o  t h e  i n n e r  r eg ion  of t h e  n e b u l a  o n l y  exaggera tes  t h e  tendency 

towards p a t h o l o g i c a l  r e s u l t s .  
-n Another obvious form t o  t r y  i s  a power law, p ( r )  a r where 

n > 0. Th i s  form h a s  t h e  d i sadv&tage .o f  d i v e r g i n g  a t  ze ro ,  a l though  

t h i s  i s  c l e a r l y  n o t  a problem p h y s i c a l l y ,  s i n c e  w e  a r e  only  i n t e r e s t e d  
P 

i n  t h e  nebu la  a t  r 2 0 . 1  AU. For  t h e  form t o  be  i n t e g r a b l e ,  we f u r t h e r  5 
4 

r e q u i r e  that n > 2 i n  a s t r i c t l y  c y l i n d r i c a l  nebula ,  and n > 3 f o r  a 

s p h e r i c a l  one (a l though t h i s  i s  n o t  a r i g i d  r e s t r i c t i o n  since the nebu la  4 
k 
1 has a f i n i t e  d iamete r ) .  We can d e a l  i n  a n o t h e r  way wi th  t h e  d ive rgence  E 9 

a t  small r w i t h  t h e  fo l lowing  ad hoc argument: most models o f  t h e  2 
1 

format ion  of t h e  s o l a r  system sugges t  t h a t  t h e  young sun was i n  a T T a u r i  j 

stage d u r i n g  t h e  epoch o f  p l a n e t a r y  format ion .  The T T a u r i  s o l a r  wind 
; 

would ccns ide rab ly  d e p l e t e  t h e  i n t e r i o r  p o r t i o n  o f  t h e  nebu la  o f  b o t h  

r e f r a c t o r y  and gaseous m a t e r i a l .  Evidence f o r  t h e  s i z e  o f  a d e p l e t e d  

reg ion  i s  suggested by r e c e n t  o b s e r v a t i o n s  of t h e  T Taur i  s t a r  RU 
f 

Lupi by Gahm, e t  a l .  (1975),  who found c o n c e n t r a t i o n s  o f  d u s t ,  

presumably d r iven  out  by t h e  s t e l l a r  wind, a t  d i s t a n c e s  o f  a f'ew 

t e n t h s  o f  an A U  from t h e  s t a r .  We t h e r e f o r e  choose t o  modify o u r  

power law d i s t r i b u t i o n  s o  t h a t  it r e f l e c t s  some X a t t e n i n g  o f  

t h e  mass d e n s i t y  func t ion  i n  r e g i o n s  c l o s e  t o  t h e  s t a r ,  This  



: . .  
! 

'we refer t o  as for111 b: P(F)  = p l ( r  + c ) - ~  where C i s  some ' ? 
! .. 

- i .: 
dimensionless  cons tan t  and r i s  measured i n  AU. p ( r )  approaches I - ! 

t h e  s imple  power law r'" when r >> C .  or a given n ,  w e  can 

s o l v e  f o r  pl and C by demanding a p a r t i c u l a r  c e n t r a l  d e n s i t y  p, = pl/C 

and a p a r t i c u l a r  n e b u l a r  inass, which f o r  Dole ' s  exocone i s  

if pl/C is  t h e  c e n t r a l  v a l u e  o f  p d ( r )  and R i s  t h e  r a d i u s ,  i n  t h e  

symmetry p lane ,  of t h e  nebula .  From t h e  arguments g iven  earl ier ,  

when one i n c l u d e s  t h e  sech2 z v e r t i c a l  d i s t r i b u t i o n  t h e  mass becomes 

approximately Mc , Urey = McSDole y / s i n  8 ,nax, where Y = 0.00267. M C 3  

is e v a l u a t e d  f o r  v a r i o u s  v a l u e s  o f  n  i n  t h e  Appendix. 

Note t h a t  f o r  any d e n s i t y  d i s t r i b u t i o n  o f  form B, t h e  f u n c t i o n  

r 3 p  reaches  a maximum a t  rm = (3~/n-3)~ '" .  A s  s t a t e d  e a r l i e r ,  rm 

r e p r e s e n t s  t h e  d i s t a n c e  a t  which t h e  laygest p l a n e t s  i n  t h e  sys tem 

w i l l  t e n d  t o  form. 

If we choose t o  s i m u l a t e  Urey's r-3 d e n s i t y  f u n c t i o n  w i t h  . 

t h e  T Taur i  modi f i ca t ion ,  w e  must dec ide  on R, s i n c e ,  wi th  an i n f i n i t e  

2 3 upper l i m i t ,  r ( r  + c ) - ~  is n o t  i n t e g r a b l e .  Taking R = 70 AU and, a s  

be fo re ,  K = 50, t h e  mass becomes 

Mc  o ole = 67nplln(1+70 ~ - l / 3 )  s i n  6 max Mo 

L e t t i n g  emax = n/2, t h e  c o n d i t i o n s  McBDole  = 0.06 Mo and po = pl/C = 

3 0.0015 MJAU y i e l d  t h e  approximate s o l u t i o n  

= 0 .3  AU.  The d i s t r i b u t i o n  remains f a i r l y  f l a t  ou t  t o  r Q 0.032 

. , A p l a n e t a r y  s y s t e m  genera ted  by ACRETE w i t h  t h i s  d e n s i t y  d i s t r i b u t i o n  
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is shown i n  F igure  13a.  Two o f  t h e  p l a n e t s  are very l a r g e ,  b u t  a r e  
3 .  

s t i l l  s u b - s t e l l a r  ( t h e  l a r g e s t  Is t e n  times t h e  mass o f  J u l l i t e r ) .  

Note, however, t h a t  f o r  n = 3,  r 3 p  has  no  maximum a t  a f i n i t e  r,; "9 

i n  models of t h i s  type ,  t h e  l a r g e s t  p l a n e t s  w i l l  always be  formed 

a t  t h e  o u t e r  edge of  t h e  nebula.  , , _ -. 

1f w e  i n s e r t  t h e  sech2 z v e r t i c a l  d i s t r i b u t i o n ,  a tendency 

towards p a t h o l o g i c a l  m u l t i p l e  s t a r  systems develops.  A s  b e f o r e ,  ?r 
we can combat t h i s  only  by lower ing t h e  t o t a l  mass o f  t h e  c loud by 

a f a c t o r  t h a t  i n h i b i t s  t h e  format ion  of  g a s  g i a n t s .  The r e s u l t a n t  

p l a n e t a r y  systems, genera ted  when M c ,Urey 
% 10-3 M,, resemble t h e  

one i n  F igure  10a.  

The choice  o f  n i s  a r b i t r a r y  and i s  open t o  cons ide rab le  

exper imenta t ion .  When n = 6 ,  f o r  example, t h e  mass i n t e g r a l  y i e l d s  

t h e  r e s u l t  

I n  t h i s  case ,  t h e  i n t e g r a l  converges as R+=. Taking emax = r / 2 ,  

 ole = 0.06 M, and p, = pl/C = 0.0015 M @ / A U ~  a s  

t h e  d e n s i t y  becomes - 
i n  t h e  n = 3 c a s e ,  

3 Now r p reaches  a maximum a t  rm = ( 0 . 0 5 2 / 3 ) ~ / ~ 2  0.5 A U ,  o u t  t o  which 

d i s t a n c e  p i s  f l a t ,  The r e s u l t  of t h i s  d i s t r i b u t i c n  i s  shown i n  

F igure  13b. Gas g i a n t s  can only form c l o s e  t o  t h e  sun,  fol lowed 

by t e r r e s t r i a l  p l a n e t s  and a s t e r o i d s ,  moving outward. That such 

a p l a n e t a r y  system can form a t  a l l  i s  h i g h l y  q u e s t i o n a b l e ;  t h e  

i n n e r  t e r r e s t r i a l  p l a n e t s  might no t  have s t a b l e  o r b i t s ,  and both  
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t h e  T Tauri  wind and Jeans escape would make t h e  acc re t ion  of  

l a r ~ c  amounts o f  gas by a planet  so  c lose  t o  t h e  sun un l ike ly .  ! . ! .  . s . I .  

In t roducing t h e  v e r t i c a l  dens i ty  func t ion  causes t h e  same ! 

i : 
: 

j 
problems as before. A low cloud mass permits  t h e  formation 

I 

of t e r r e s t r i a l  p l ane t s  c lo se  t o  t h e  sun, but  o therwise  gas g i a n t s  

ar comyanions. 

F ina l ly ,  we no te  t h a t  Larsonts  adiab.at sugges t s  a porep law. 

If T ( r )  a p2'3 and we use t h e  simple temperature law mentioned 
. .- 

e a r l i e r ,  T ( r )  a r-', w e  ob ta in  p ( r )  a r -3/4 . I f  T ( r )  a r-l, 

e ~ ( r )  a r - 3/2 . Such extremely shallow d i s t r i b u t i o n s ,  however, 

generate only pa tho log ica l  systems. 
9 - 

I X .  PLANETARY DISTANCES 

The geometric spacing of t h e  p l a n e t s  i n  t h e  s o l a r  system is  

one of its most s t r i k i n g  proper t ies ,  represented by a number of 

formal schemes t h e  most famous o f  which is t h e  so-cal led Titius-Bode 

ttlaw" -- i n  which t h e  semi-major axes o f  p lane ta ry  o r b i t s  i n  AUare 

w r i t t e n  r = 0.4 + 0.3 x 2". The value -=must  be ass igned t o  n 

i n  o rder  t o  expla in  Mercury; t h e r e a f t e r ,  i n t e g e r  values  a r e  adopted 

beginning with ze-o. It i s  then necessary t o  i d e n t i f y  Ceres as a 
6 

- 7-anet. Even s o  t h e  values f o r  n = 7 (Neptune) and n = 8 (P lu to )  

a r e  i n  unsa t i s f ac to ry  agreement. Thus Bode's law can be descr ibed a s  

a f i t  t o  e i g h t  numbers by an equation with f i v e  o r  s i x  f r e e  parameters 

o r  a r b i t r a r y  indexing conventions -- not  a very impressive "lawft. 

Dermott (1968), however, has proposed s simple,  quasi-geometric 

! form which descr ibes  adequately the  spacing of s a t e l l i t e s  around some 



of t h e  major p l a n e t s  and meets wibh moderate s u c c e s s  when a p p l i e d  

t o  t h e  s o l a r  system a s  a whole. I f  PC is  taken  t o  b e  a c o n s t a n t  

o f  p r o p o r t i o n a l i t y  then t h e  p e r i o d s  o f  t h e  p l a n e t s  can b e  expressed  

approximately as Pn = P ~ ~ ~ / ~ ,  where j i s  a s m a l l  i n t e g e r  (j = 6 

f o r  t h e  s o l a r  system) and n is  a  g iven p l a n e t ' b  t t o r b i t a l l l  I n t e g e r ,  

g e n e r a l l y  about  t h e  same a s  its s e r i a l  p o s i t i o n  outward from t h e  sun.  

Di f fe rences  between n  and t h e  s e r i a l  p o s i t i o n  arise because Dermott 

a l lows  t h a t  two p l a n e t s  can s h a r e  t h e  same v a l u e  of n  and fu r the rmore  

t h a t  a l l  v a l u e s  o f  n  i n  a sequence need n o t  be  used. For  t h e  s o l a r  

system, bo th  E a r t h  and Venus are i n  t h e  n  = 2 o r b i t a l ,  and both  

Neptune and P l u t o  s h a r e  t h e  va lue  n  = 8. The advantage o f  t h i s  tllawt' 

o v e r  Bode's i s  t h a t  t h e  r e l a t i o n s h i p  between P, and n can be graphed 

as a s t r a i g h t  l i n e  semi logar i thmica l ly ;  i n  l i g h t  o f  t h e  amount o f  

freedom i n  t h e  cho ice  PC, j ,  and t h e  n ' s ,  however, it i s  probably  no 

less a r b i t r a r y .  

A measure o f  t h e  adequacy o f  t h e  r e l a t i o n ,  used i n  p a r t  by Dermott, 

d2. can be made by comparing t h e  n ' s  t o  t h e  m ' s  i n  t h e  equa t ion  P, = Pcj  . 
h e r e ,  t h e  Pm v a l u e s  r e p r e s e n t  t h e  a c t u a l  p e r i o d s  o f  t h e  p l a n e t s ,  a d  m 

t a k e s  on any v a l u e s  (no t  n e c e s s a r i l y  i n t e g e r )  t o  e n s u r e  t h a t  t h a t  i s  t h e  

case .  Taking Dermot t l s  q u a n t i t y  An = m-n, w e  d e f i n e  t h e  q u a n t i t r  

0 = [ ~ p l  1 ( An)2]1/2: t h e  r m s  d e r i v a t i o n  from t h e  law p e r  p l a n e t  when 

N i s  t h e  number of p l a n e t s  i n  t h e  system. 
P 

I n  o r d e r  t o  compare our  s imula ted  p l a n e t a r y  systems a g a i n s t  

Dermot t t s  law, w e  r e fo rmula te  t h e  l a t t e r  a s  an = cajnI3, u s i n g  K e p l e r l s  

t h i r d  law t o  u t i l i z e  t h e  o r b i t a l  semimajor axes a  r a t h e r  t h a n  the per iod  n  
( a l l  a p p r o p r i a t e  c o n s t a n t s  a r e  now absorbed i n t o  C a ) .  Values o f  J ,  Ca ,  

N and a f o r  t h e  s o l a r  system and f o r  some of  t h e  systems genera ted  
P  

i n  t h i s  paper  a r e  shown i n  Table 2, Note t h a t  a l l o w i n g  a  h a l f - i n t e g e r  



improvement i n  a over  t h e  i n t e g r a l  case;  t h i s  s e rves  t o  i l l u s t r a t e  1 -  i 
i . ; r  

t h e  somewhat a r b i t r a r y  na tu re  of  t h e  procedure. It must a l s o  be a 1 :  
1 ; 
i : 

borne i n  mind t h a t  even f o r  randomly d i s t r i b u t e d  values  o f  m and n,  8 : 

I .$ , - 
. . 

r 

t he  rms value of A n  i s  1 / 2 6  " 0 . 2 8 9 .  Since a is  near ly  h a l f  t h i s  , " 

+ 
1 - 

value i n  even t h e  b e s t  case ,  it i s  apparent t h a t  o u r  model p l ane t a ry  i : 
i 

systems follow a Bode-type l a w  about as wel l  as t h e  s o l a r  system. 

The agreement o f  Rode-type laws with  ou r  model s o l a r  systems , 

even i n  such b i z a r r e  cases  a s ,  say,  12a o r  13a Is of  some i n t e r e s t .  

It cannot be due t o  mu l t i p l e  resonances i n  t h e  n-body problem as 

proposed by Molchanov (1968) because t h e  appropr ia te  physics  i s  not  

contained i n  t h e  computer s imulat ions  [See a l s o  o t h e r  c r i t i c i s m s  and 

Molchanovts rep ly :  Backus (19691, Henon (19691, Molchanov (1969), 
, f 

Molchanov (19691, Gingerich (1969),Dermott (196911. 

Instead, what seems c l e a r l y  t o  be happening i s  a kind of c o l l i s i o n a l  

n a t u r a l  s e l e c t i o n .  The s o l a r  system begins with gas ,accret ion n u c l e i  and 
* 

dust  grains,and a v a r i e t y  of o r b i t a l  e c c e n t r i c i t i e s  and h e l i o c e n t r i c  

d i s tances .  But because of  t h e  high s t i c k i n g  e f f i c i e n c y  i n  nucleus- 

g ra in  and nucleus-nucleus c o l l i s i o n s ,  those a c c r e t i n g  p l a n e t s  w i t h  .! 

i n t e r a c t i n g  o r b i t s  merge. I n  a l l  cases  t he  f i n a l  conf igura t ion  shows 

p l ane t s  n i ce ly  separa ted  one from ancther .  Because l a r g e r  q u a n t i t i e s  

of mass a re  requi red  t o  generate  the  jovian p l a n e t s ,  they a r e  requi red  

t o  sweep up l a r g e r  volumes of dust  and the re fo re  have l a r g e r  mutual 

separa t ions  than do t he  t e r r e s t r i a l  p l ane t s .  Because t h e r e  were then 

more ob jec t s  on more e c c e n t r i c  o r b i t s  i n  a  time before  the  completion 

of t h i s  c o l l i s i o n a l  n a t u r a l  s e l e c t i o n ,  the  r a t e  of p lane ta ry  c o l l i s i o n  

very e a r l y  i n  t he  h i s t o r y  of t he  s o l a r  system may have been 



. cons ide rab le - -qu i t e  a p a r t  from t h e  i n f a l l  o f  matter i n  d e b r i s  

r i n g s  i n  t h e  v i c i n i t y  o f  forming p l a n e t s .  

TABLE 2 

FITS OF REAL AND MODEL SOLAR SYSTEMS TO A MODIFIED DERMOTT RELATION 

System N A )  J. u -a - Comments 
r , 
S o l a r  System 10 0.263 6  0.217 I n c l u d e s  Ceres  

S o l a r  System 10  0.230 6  5 0.169 22% improvement 
i n  a 

Figure 6 ( a )  6 0.185 8 0.195 Form A 

F i g u r e  1 2 ( a )  11 0.236 4 0.174 sech2z  v e r t i c a l  
d i s t r i b u t i o n  - 

Figure  1 3 ( a )  8 0.235 7 0.134 ~ ( r )  a I / ( ~ ~ + c )  
I - 

X.  CONCLUSIONS 

The o r i g i n a l  r e s u l t s  of  Dole ' s  program a r e  s o  p r o v o c a t i v e  t h a t  

it i s  n a t u r a l  t o  q u e s t i o n  whether t h e  remarkable p l a n e t a r y  sys tems 

gene ra ted  by ACRETE are t h e  r e s u l t  o f  c a r e f u l  t a i l o r i n g  o f  t h e  

assumed r a d i a l  and v e r t i c a l  d e n s i t y  d i s t r i b u t i o n s  i n  t h e  s o l a r  n e b u l a  

and t h e  accompanying f r e e  parameters ;  o r  whether  t h e y  a r e  p r o p e r t i e s  

o f  any r easonab le  s e t  of  assumptions about t h e  s o l a r  nebu la .  We have 

confirmed t h a t  f o r  a perhaps  p l a u s i b l e  r a d i a l  d e n s i t y  law ( form A )  

arld t h e  a r b i t r a r y  cho ices  a = 5 and 0 = 0 .33  r e c o g n l z a b l e  p l a n e t a r y  

systems o f  s o l a r  sys tem type  a r e  gene ra ted  f o r  n e b u l a r  masses 

between 0.02 an6 about  0 .2  Mg and d u s t  g r a i n  o r b i t a l  e c c e n t r i c i t i e s  

n o t  ex t remely  h igh  o r  ex t remely  low, However, i n  S e c t i o n  VII we found .- 
t; 
b 



- 33 - 

t h a t  an apparen t ly  small change f r o m  0 = 0133  t o  B = 0.22 l e a d s  

t o  a  s t r i k i n g  change i n  t h e  end product .  It i s ,  o f  course ,  p o s s i b l e  
5 

t h a t  a c o r r e c t  r e c o n s t r u c t i o n  of t h e  under ly ing  p h y s i c s  o f  t h e  s o l a r  1 ;  I ?: 

nebu la  w i l l  y i e l d  v a l u e s  of  B n e a r  0.33 and d e n s i t y  d i s t r i b u t i o n s  1 %  ! , .. A 

! < 
, . 

l i k e  form A. But i n  t h e  absence of such a  j u s t i f i c a t i o n  we can only  
I ;  
f :: 

conclude either a )  t h a t  ACRETE i s  miss ing  some o f  t h e  e s s e n t i a l  i 

f 

physics  o f  s o l a r  sys tem cosmogony, o r  b )  t h a t  p l a n e t a r y  systems 

of o u r  type  a r e  only  one example i n  a r i c h  a r r a y  o f  a l t e r n a t i v e  

v a r i e t i e s  of  p l a n e t a r y  systems. Likewise,  more fundamental  changes 
8 

i n  t h e  n e b u l a r  morphology (e .g.  from an exponen t i a l  t o  a power law % 

d e n s i t y  d i s t r i b u t i o n  f u n c t i o n )  g e n e r a t e  p l a n e t a r y  sys tems some o f  which, 

a l though t h e y  do n o t  c l o s e l y  resemble o u r  own, a r e  n o t  fundamental ly - ,  

o b j e c t i o n a b l e  ( F i g s .  12  and 1 3 ) .  
I .  . , 

Abt and Levy (1976) have found t h a t  t h e  f requency o f  secondary 

masses f o r  b i n a r i e s  wi th  p e r i o d s  l e s s  than  a  cen tu ry  v a r i e s  as t h e  . 
one- th i rd  power o f  t h e  secondary mass. I f  t h i s  f u n c t i o n  can be  

e x t r a p o l a t e d , i t  i m p l i e s  t h a t  about  20 percent  o f  s t a r s  o f  s o l a r  mass 

have a l a r g e s t  companion of mass % ~ O - ~ M ~  and about 10 p e r c e n t  of s t a r s  c 

-3 s o l a r  mass have a  l a r g e s t  companion o f  mass Q, 10 .Mae I n  a% l e a s t  a crude 

way t h i s  r e s u l t  i s  c o n s i s t e n t  w i t h  o u r  f i n d i n g s :  where t h e  s o l a r  

nebu la r  mass i s  between about  1 Mg and 10-1 Mg b i n a r y  s t a r s  form; 

w h i l e  f o r  smaller s o l a r  n e b u l a r  masses dur ing  a c c r e t i o n ,  j o v i a n  

p l a n e t s  form. (This  i s  a model-dependect cons i s t ency ,  however, 

because Abt and Levy b e l i e v e  t h a t  t h e  s h o r t  pe r iod  b i n a r i z s  a r e  

f i s s i o n  systems from a  s i n g l e  p r o t o s t a r ) .  

Perhaps t h e  most s t r i k i n g  r e s u l t  of t n i s  e x e r c i s e  i s  t h a t  i n  

a l l  cases  p l a n e t a r y  systems a r e  genera ted  which s a t i s f y  a  T i t i u s -  

Bode s o r t  of law; and i n  a l l  cases  t h e  number o f  p l a n e t s  g e n e r a t e d  



i s  between several and about 20 -- t h a t  i s  % 1 0 ,  This p r o p e r t y  

may be understood i n  a  very q u a l t t a t i v e  way: an a c c r e t i n g  p l a n e t  

can be expected t o  p e r t u r b  t h e  o r b i t s  of  dus t  p a r t i c l e s  i n  t h e  

s o l a r  nebula  up t o  a few AU d i s t a n t ,  depending on t h e  p l a n e t a r y  

mass, and t o  sweep up m a t e r i a l  i n  such a zone. The number o f  

such zones o f , a  few AU i n  width  i n  a nebula  50 AU i n  r a d i u s  i s  

% 1 0  hence t h e  number of p l a n e t s .  The remarkable r e s u l t  on 

t h e  number o f  p l a n e t s  t h e n  is  a t t r i b u t a b l e  t o  t h e  s i z e  o f  t h e  s o l a r  

nebula  which i s  given as an i n p u t  parameter .  how eve^, t h e r e  i s  a t  

least  a h i n t  i n  o u r  r e s u l t s  ( s e e  Fig .  13a)  t h a t  more massive and 

e x t e n s i v e  s o l a r  nebulae  l e a d  t o  very large jov ian  p l a n e t s  o r  very 

smal l  s t a r s ;  but  t h a t ,  even i n  such a case, t h e  number o f  d u s t  l a n e s  

swept up i s  s t i l l  % 10. The width  of t h e  l a n e s ,  i . e . ,  t h e  

spac ing  o f  t h e  p l a n e t s ,  a r i s e s  i n  p a r t  from t h e  dependence of  

t h e  a c c r e t i n g  p l a n e t s t  g r a v i t a t i o n a l  c a p t u r e  l e n g t h s  on t h e i r  

o r b i t a l  r a d i i , .  x a r ( s e e  S e c t i o n  11). 

The computer s i m u l a t i o n s  desc r ibed  i n  t h i s  p a p e r  and i n  

Dole's t a k e  no e x p l i c i t  account  of chemical f r a c t i o n a t i o n ,  t h e  T 

Taur i  s t a g e  of  e a r l y  s t e l l a r  e v o l u t i o n ,  nebu la r  o p a c i t y ,  f rozen-  

i n  magnetic f i e l d s  and a number o f  o t h e r  f a c t o r s .  The a c c r e t i o n  

process  i s  imagined t o  be pure ly  dynamical, and i n  that r e s p e c t  

i s  s i m i l a r  t o  t h e  work o f  Weidenschi l l inq  ( 1 9 7 4 ) .  Furthermore,  

f o r  purposes o f  compccational convenience even t h e  dynamics i s  

s i m p l i f i e d ;  a s ,  f o r  example, when a l l  dus t  g r a i n s  a r e  taken t o  

have t h e  same e c c e n t r i c i t y .  We have found t h a t  both  majol  and 

minor changes i n  the  model, of  equa l  apparent  p l a u s i b i l i t y  as 

t h e  i n i t i a l  cond i t ions  assumed by Dole, l ead  t o  d ramat ic  changes 

i n  t h e  r e s u l t i n g  p l ~ n e t a r y  systems.  O f  course ,  i t  m u s t  be  borne 
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i n  aind t h a t  wi th  at  l e a s t  s i x  f r e e  parameters  t o  d e s c r i b e  t h e  

model nebula, we have i n v e s t i g a t e d  only a smal l  f r a c t i o n  of our  

"parameter space , "  I n  f a c t ,  t h e r e  e x i s t  a m u l t i t u d e  of such 

spaces ,  each def ined by d i s t i n c t ,  p l a u s i b l e  d e n s i t y  d i s t r i b u -  

t i o n s ,  o f  whzch only  two--forms A and B--were cons idered  i n  

t h i s  work. Considering t h e s e ,  we have covered a r e l a t i v e l y  

minute number of c a s e s  indeed.  

Never the less ,  i n  a l l  cases--even when p a t h o l o g i c a l  b ina ry  

s tar  systems a r e  generated--planetary systems a r e  formed. One 

i n t e r e s t i n g  r e s u l t  i s  t h a t  whi le  t e r r e s t r i a l  p l a n e t s  can be 

formed wi thout  jov ian  p l a n e t s  ( i n  very low mass s o l a r  nebulae)  

t h e  converse never  occurs .  We con t inue  t o  be impressed t h a t  s o  

s imple  a dynamical model g e n e r a t e s  r ecogn izab le  i f  not  f a m i l i a r  

p l a n e t a r y  systems wi th  % t e n  p l a n e t s  p e r  system and a  Bode's law 

s p a c i n g  f o r  a  wide v a r i e t y  o f  i n i t i a l  c o n d i t i o n s .  The r e s u l t s  

sugges t  t h a t  p l a n e t a r y  systems a r e  widely p r e v a l e n t  i n  t h e  Milky  

Way Galaxy, bu t  t h a t  s u b s t a n t i a l  morphological  d i f f e r e n c e s  between 

e x t r a s o l a r  p l a n e t a r y  systems and o u r  own can be expected .  



APPENDIX: EVALUATION OF THE MASS OF THE NEBULA 

* 
The t o t a l  mass d e n s i t y  throughout t h e  cloud (both  gas and 

* dust) i s  

~ ( r )  = p d ( r )  + P (r) = pd + Kpd = Kpd 
8 

s i n c e  K % . 5 0  >> 1. Thus, f o r  t h e  geometry of  an exocone of opening 

angle  emax and r a d i u s  R,  t h e  mass of  t h e  cloud i s  

I", 2 
Mc 

= 41K p d ( r ) r  d r  s i n  em,, 

2 For a c y l i n d r i c a l  geometry wi th  Ureyls  sech z v e r t i c a l  d i s t r i b u t i o n  

t h i s  becomes (See S e c t i o n  V I I )  

' 0 
B 

I f  the d e n s i t y  d i s t r i b u t i o n  t a k e s  form A ,  pd = ~ e - ' ~  , t h e  mass i n  

e i t h e r  case  i s  

l o  
where 5 = s i n  Omax f o r  an exocone, and 5 = y = 0.00267 f o r  Ureyls  

c y l i n d e r .  Typ ica l ly ,  R % 50 and a % 5. I f  0 = 1, t h e  c e n t r o i d  

o f  t h e  d i s t r i b u t i o n  i s  a t  rc = 1/5 << 50, s o  t h a t ,  t o  e r c e l l e n t  

I approximatioli, w e  can extend t h e  upper l i m i t  on t h e  t h e  i n t e g r a l  t o  

I = .  This  approximation i s  s t i l l  q u i t e  good f o r  B < 1, s o  t h a t  we 

can make t h e  s u b s t i t u t i o n  u = rB and perfor;.. t h e  s e m i - i n f i n i t e  i n t e g r a l  

t o  f i n d  

- 
M~ - S 

I f  t h e  d i s t r i b u t i o n  t akes  form B, pd = p l ( r n  + ~ 1 - l .  t h e  i n t e g r a l  

bhornes 

r 2 d r  

'1 - 1 5  n = 6  * -nKE - t a n  
3 J7J fi 

1 
: j 



' b e  approximation R + .  i s  good provided only  t h a t  t h e  weaker 

c o n d i t i o n  R/C >> 1 h o l d s a  anda s i n c e  R % 50 ;nd C t h i s  

is  g e n e r a l l y  , t r u e .  

If n  = 3, $ does n o t  converge as R +- .  The r e s u l t  o f  t h e  

i n t e g r a t i o n  i s  
4n 

MB a r * t n ( l  t RU' 1/3) n = 3  

F o r t u n a t e l y ,  t h e  d ive rgence  i s  l o g a r i t h m i c a l l y  slow, s o  t h a t  t h e  

choice  of  R is  n o t  c ; - l t i c a l .  S ince  ACRETZ is  u s u a l l y  r u n  s o  as t o  

I n j e c t  n u c l e i  o u t  a s  f a r  as r = 50 AU, we c a l c u l a t e  MB with  R = -9. 
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FIGURE CAPTIONS 

P l a n e t a r y  systems genera ted  by Dole (1970) u s i n g  
program ACRETE. S o l i d  c i r c l e s  r e p r e s e n t  t e r r e s t r i a l  
p l a n e t s ,  whi le  open c i r c l e s  i n d i c a t e  Jov ian  p l a n e t s  
t h a t  have a c c r e t e d  g a s  a s  well as  d u s t .  The r a d i u s  
of each c i r c l e  is  s c a l e d  s o l e l y  by t h e  cube r o o t  o f  
t h e  p l a n e t ' s  mass, g i v e n - i n  the f i g u r e s  i n  u n i t s  o f  
E a r t h  masses. The p o s i t i o n s  of jov ian  p l a n e t s  a r e  given 
by t h e  c e n t e r s  of  t h e  c i r c l e s .  Those c a s e s  i n  which 
p l a n e t s  t o  be a b u t t i n g  o r  over lapping a r e ,  o f  course ,  
on ly  a r t i f a c t s  o f  t h e  schematic  diagram. A l l  p l a n e t s  
produced are w e l l  s e p a r a t e d ,  a s  t h e  r e l a t i v e  p o s i t i o n s  

I' 
o f  t h e i r  c e n t e r s  i n d i c a t e .  The f o u r t h  sys tem d i s p l a y e d  
i s  o u r  own; t h e  o t h e r s  are genera ted  by ACRETE. 

The exocone. I n  t h e  o r i g i n a l  model, t h e  d e n s i t y  of  
g a s  and d u s t  depended on ly  on t h e  r a d i a l  d i s t a n c e  I-. 

from t h e  c e n t r a l  star. 1: 
I -1 

P l a n e t a r y  systems genera ted  by ACRETE f o r  d i f f e r e n t  I 

v a l u e s  of t h e  gas :dus t  mass r a t i o  i n  t h e  s o l a r  nebula .  1 : 
Dole employed t h e  v a l u e  K = 50. fi c 

The e f f e c t  of d e c r e a s i n g  t h e  c e n t r a l  d e n s i t y  c t h e  
nebula ,  which is  e q u i v a l e n t  t o  s c a l i n g  t h e  mass of 
t h e  cloud.  D e n s i t i e s  a r e  measured i n  u n i t s  of  MO/AU . 
The e f f e c t  of i n c r e a s i n g  t h e  c e n t r a l  d e n s i t y  of t h e  , . 

cloud from Dole ' s  v a l u e  of  0.0015 M @ / A u ~ .  I n  t h e  patho- / I 

l o g i c a l  system ( d ) ,  t h e  sum of t h e  masses o f  t h e  bod ies  1 :- s l i g h t l y  exceeds t h e  o r i g i n a l  mass o f  t h e  nebula.  I i. 

I n c r e a s i n g  t h e  e c c e n t r i c i t y ,  E ,  of t h e  o r b i t s  o f  t h e  
d u s t  p a r t i c l e s  i n  t h e  nebula r e s u l t s  i n  a  more e f f i c i e n t  
a c c r e t i o n  p rocess  and a  h igher  inc idence  of Jov ian  
p l a n e t s .  R e s u l t s  which resemble t h e  s o l a r  system a r e  
ob ta ined  when E = 0.25 a s  shown i n  ( c ) .  

Decreasing E l e a d s  t o  numerous t e r r e s t r i a l  bod ies  and 
r e l a L , i v e l y  f e w  gas  g i a n t s .  Small v a l u e s  of E may have 
p r e v a i l e d  i n  t h e  a c t u a l  s o l a r  nebula .  

i : 
Average number of p l a n e t s  N genera ted  by ACRETE a s  a  1 :: 
f u n c t i o n  of E ,  t h e  o r b i t a l  e c c e n t r i c i t y  of d u s t  p a r t i c l e s  
i n  t h e  s o l a r  nebula .  For  E 2 0 . 3 ,  t h e  e f f e c t  i s  n e a r l y  
1 i n e a r .  

! * 
Compensation f o r  t h e  i n e f f i c i e n c y  of t h e  a c c r e t i o n  p rocess  i 

a s s o c i a t e d  wi th  smal l  va lues  of E by i n c r e a s i n g  t h e  mass 
of t h e  nebula ,  p r o p o r t i o n a l  t o  A .  Although t h e  r e s u l t s  
i l l u s t r a t e d  i n  ( b )  compare favorably  w i t h  t h e  system 
shown i n  F i g .  5!b), t h e  c e n t r a l  d e n s i t y  A cannot  be 
inc reased  much beyond t h e  va lue  0 .00375  M , / A u ~ ,  a s  shown 
i n  ( c ) ,  wi thout  g e n e r a t i n g  b inary  s t a r  systems.  4 



Fig .  1 0  Systems genera ted  by ACRE1. ly v a r y i n g  t h e  s t e e p n e s s  
wi th  which t h e  d e n s l t y  p r o f - l e  f a l l s  o f f .  a i s  t9y3 
parameter i n  t h e  express ion  p = 0.0015 exp (-ar ) ,  
In  c a s c s  ( a ) ,  ( b )  and (c!, mooe p l a n e t s  wi th  o r b i t a l  
semimaJor axes  r > 50 would be formed if i n j e c t e d  
a c c r e t i o n  n u c l e i  were allowed o u t  t h a t  f a r .  

F ig .  11 Cross-sec t ion  o f  t h e  t o r o i d a l  volume swept o u t  by a n  
a c c r e t i o n  nucleus  w i t h  o r b i t a l  semimajor a x i s  r. 
x and x a r e  r e l a t e d  t o  t h e  g r a v i t a t i o n a l  c r o s s - s e c t i o n  

. OF t h e  n8cleus.  ba and b  a r e  a l s o  r e l a t e d  t o  t h i s  
c ross - sec t ion  a s  we l l  a s  t o  t h e  o r b i t a l  e c c e n t r i c i t i e s  
o f  both  t h e  nucleus  and t h e  d u s t  p a r t i c l e s  i n  t h e  nebula .  

F ig .  1 2  The e f f e c t  of i n c l u d i n g  U r e y t s  sech2  z v e r t i c a l  d e n s i t y  
p r o f i l e .  a )  was genera ted  by t h e  i n s e r t i o n  o f  

Figurf /$) 0.0015 exp (-52- . Figures  (b) and ( c )  were ob ta ined  
by us ing  a simple exponen t i a l  r a d i a l  d e n s i t y  p r o f i l e ,  
wi th  s c a l e  l e n g t h s  of 1 / 2  AU and 1/3 AU,  r e s p e c t i v e l y .  

Fig.  1 3  P lane ta ry  systems ob ta ined  wi th  r a d i a l  d e n s i t y  d i s t r i -  
b u t i o n s  d i f f e r e n t  from a n  e x p o n e n t i a l .  
F igure  ( a )  was de r ived  f r t h e  form p = b l ( r 3  + c ) - ~ ,  
F igure  ( b l f o r  pd = p (r  ' + c)-', wherg p and C a r e  
c o n s t a n t s .  F igure  (c f  shows t h e  s o l a r  sy&tem. 
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