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ABSTRACT 

Crack growth inspection data gathered during the service l i f e  of the 

C-130 "Hercules" airplane is  used i n  conjunction w i t h  a crack propagation rule 

to estimate the distribution of crack ini t ia t ion times and of in i t ia l  crack 

sizes. 

Because a t  early inspections many small cracks are mfssed a Bayesian 

s ta t i s t ica l  approach is  used t o  calculate the fraction of undetected ini t ia-  

tion times as a function of the inspection time and the re l iab i l i ty  of the 

inspection procedure used. 
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Section I 

INTRODUCTION 

The Lockheed C-130 a i r c r a f t  has been i n  use by the 11,s. A i r  Force 

for  more than two decades i n  various theaters o f  operat ion under 

several commands. 

The center wing box o f  the  a i rp lane has been p e r i o d i c a l l y  inspected 

and the  s i ze  o f  cracks growing around r i v e t  holes i n  the  sk in  has been 

recorded. Small cracks were permi t ted t o  grow through several inspec- 

t ions.  

center wing box was replaced. 

Eventual ly cracks were repai red o r  i n  some cases the whole 

The aim o f  t h i s  paper i s  t o  reduce the  C-130 s e r v i c e - f l i g h t  inspec- 

t i o n  data by means o f  f rac tu re  mechanics and s t a t i s t i c a l  analys is  i n t o  

a form from which the p r o b a b i l i t y  o f  t ime t o  crack i n i t i a t i o n  and the 

d i s t r i b u t i o n  o f  i n i t i a l  f law sizes f o r  various loca t ions  on the a i r c r a f t  

can be determined. 

The importance o f  the  t ime t o  crack i n i t i a t i o n  f o r  the purposes o f  

r e l i a b i l i t y  analys is  and maintenance schedules f o r  a i r c r a f t  has been 

ind ica ted  by numerous authors [ l-81. Though such data has been a v a i l -  

able f o r  laboratory  t e s t  specimens [9-101 they have no t  been computed 

from actual  serv ice inspect ion records f o r  a la rge  number o f  f u l l  

. scale s t ructures.  For the  purposes o f  crack propagation analys is  the 

time t o  crack i n i t i a t i o n ,  def ined here as the t ime requi red f o r  a 

crack t o  grow t o  an inspectable s ize,  i s  not  needed i f  the  i n i t i a l  

crack s i ze  i s  known [11-151. 

Because i n i t i a l  crack s izes are noninspectable they are computed 

from crack propagation r e l a t i o n s  by backward ex t rapo la t ion  [11,12]. 

1 



Previous attempts to  define the d i s t r i b u t i o n  of time to  crack i n i -  

t iat ion for the C-130 and C-141 aircraf t  [16-181 have not  yielded sat is-  

factory results.  Impel1 izzeri [19] discussed methods t o  evaluate time 

t o  crack init iation for the F-4 a i rc raf t  b u t  the lack of sufficient 

data made the problem diff icul t .  I n  these reports the data was not  

normalized, that  i s ,  the time a t  f i r s t  crack sighting was used as the 

time of crack init iation regardless of  crack size. 

approach is reasonable only i f  inspection intervals are short so that 

a l l  the cracks are small and of approximately the same size a t  f irst  

sighting. I t  is ,  however, impractical and uneconomical to  perform i n -  

spections a t  such short service intervals [5,6]. 

T h i s  type of 

The inspection records do not  contain cracks smaller than .03 

inches (.0762 cm) in length. Therefore, this size has been arbi t rar i ly  

chosen as the minimum inspection size (crack init iation s ize)  (a i ) .  

Since the objectives of this investigation are t o  determine the 

distributions of the times of growth t o  min imum inspection size (crack 

ini t ia t ion)  and of in i t ia l  flaw sizes,  crack sizes are normalized w i t h  

the use of fracture mechanics. A growing crack i s  extrapolated backwards 

from i t s  f i r s t  recorded crack size t o  .03 inches ( m i n i m u m  inspection 

size) yielding the time t o  crack init iation ( t i )  [SI.  

fashion, the crack is grown backwards to  a time equal t o  zero to yield an 

i n i t i a l  flaw size (ao). 

In a similar 

All of the 6-130 crack inspection data examined refer to  rivet holes 

i n  the center wing box section o f  the a i rc raf t  (F ig .  1 ) .  The center 

wing box was divided 

were symmetric about 

in to  nearly one hundred inspection locations which 

the center l ine of the aircraf t .  

2 



The original inspection data was received from Warner Robbins Air 

Logistic Center (ALC/ACDCJ) , on a nine track magnetic tape. 

The following information is  available for  each aircraf t :  

a i rc raf t  series 
a i rc raf t  serial  number 
total flying hours ( a t  time of inspection) 
date of inspection 
m i  1 i tary command 
military base 
faci 1 i ty  where inspected 
number of inspection 
crack locations 
crack sizes 
crack numbers (there may be more than one crack a t  a 

1 ocati on) 

In order t o  perform the discussed computations, crack growth con- 

stants were computed for each individual location and were analyzed 

s t a t  i s t ical 1 y . 
Two approaches were used to  describe the rate of crack growth a t  

various locations. One is  the more common practice o f  fixing the crack 

growth parameters. The  second approach i s  t o  l e t  the crack growth 

parameters vary from location t o  location even though the material, 

geometry and type of loading are  similar between locations. 

Only cracks that  grew were uti l ized i n  the present analysis. These 

comprise approximately fifteen percent of the total number of rivet 

holes and consequently conclusions reached are Val i d  for this reduced 

population. 

Stat is t ical  dis t r ibut ions were f i t ted to  time to crack ini t ia t ion 

and t o  i n i t i a l  flaw sizes i n  order t o  describe their expected behavior 

a t  each location. 

probabilities are conditional on the presence of a crack [20]. 

Since only the cracked population was considered, 

3 



The influence of the modes of operation within the various commands 

is  reflected in the rates of crack propagation indicating more o r  less 

severe usage. The d a t a  has, as a consequence, been also used t o  es t i -  

mate the parameters o f  the load distributions applied t o  the airplanes. 

Because the method o f  inspection i s  not  a hundred percent reliable 

some cracks present i n  the structure were presumably not discovered. 

Utilizing an assumed inspection re l iab i l i ty  curve combined w i t h  a 

Bayes' approach, the distribution o f  crack init iation times undetected 

during an inspection has been estimated [21,22]. 

4 



Section I1 

METHODS OF ANALYSIS 

1. Time to Crack Initiation and Init ial  Flaw Size  

Inspection of the a i rc raf t  took place a t  irregular intervals. As a 

result  raw inspection data points could not be directly compared because 

the length of time d u r i n g  which cracks have propagated differed for each 

crack. 

Once the crack propagation parameters have been calculated, cracks 

could be mathematically grown t o  either a common size or to a common 

inspection time. 

t i o n  of s ta t i s t ica l  distributions for "crack ini t ia t ion times" defined 

here as the time a t  which the crack size was .03 i n  ( m i n i m u m  inspectable 

crack length), and for  " in i t ia l  crack sizes", the size of cracks a t  time 

equal to  zero (Fig .  2 ) .  

Such a "normal ization" procedure permits the determina- 

In order to determine the time to crack init iation (ti) and the 

in i t ia l  flaw size (a,) the "Power Law" crack growth relation [23] 

da/dN = C ( A k ) n  

was uSed. 

Here A k  = A u f i  f ( l / r )  = Stress Intensity Range 

da/dN = crack growth per cycle 

C & n = material constants 

AO = stress range 

a = crack length 

f ( l / r )  = geometric correction factor 

5 



Eq.  1 may be rewritten utlizing E q .  2 and a rate-of-cycling term, 

dN/dt as 

and 

da /d t  = C ( a o G  f ( l / r ) r  dN/dt  

n 
= C ( a o K  f ( l / r ) )  dN/dt a n l 2  

Letting C* = C (4) 

(5) n* = n/2 

where C* i s  i n  units of [in./in.”‘/flight hours], E q .  3 becomes 

d a / d t  = C* an* (6) 

E q .  6 i s  the crack growth relation used in this  analysis. Tak ing  the 

logarithm of E q .  6 a s t ra ight  l ine re la t ion ,  whose slope i s  n* and intercept 

i s  l o g  C*, i s  obtained. 

log  ( d a / d t )  = log  C* + n* log a (7 1 

Several methods were tried in attempts t o  evaluate the parameters o f  

E q .  6. To determine the crack growth constants C* and n* for each growing 

crack individually the average crack growth rate between two inspections 

i s  calculated as the difference i n  crack sizes divided by the inspection 

interval evaluated a t  the average of the two crack sizes and a t  the mid 

p o i n t  of the interval. 

m i n i m u m  of three successive inspections d u r i n g  which a crack grew are 

required t o  produce two points for  E q .  7 (Figs. 2 & 3 ) .  

were .permitted t o  grow through three inspections. 

Because two constants are t o  be determined a 

Not many cracks 
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Due to  this limitation only a relatively small number of the volu- 

minous data could be utilized to  obtain crack growth parameters for 

individual cracks. 

2. Linear Least Squares Regression 

In order t o  increase the number of available data points an attempt 

was made to  evaluate crack growth rate  versus crack length da ta  for each 

pair of successive inspections and then t o  use a l l  of these values a t  a 

specific location on the a i rc raf t  for individual commands i n  a linear 

regression analysis as  shown i n  F i g .  4. 

In a f i rs t  attempt a l l  the da/dt vs. amean data were utilized i n  

order t o  f i n d  characteristic n* and C* values for each location. A 

computer program (Stat is t ical  Analysis System was used t o  perform a 

linear least  squares f i t  t o  Eq. 7 .  The slope and intercept of the l ine 

are the n* and C* values, respectively. 

I t  was found that the exponent, n*, was lower than what had been 

anticipated from the examination of a i rc raf t  aluminum crack growth curves 

[ l l ]  and varied considerably. An n* of approximately 1.5 (n=3) had been 

expected. 

since similar material and geometries are used i n  each a i rc raf t  and loca- 

I t  i s  recognized t h a t  n* should be nearly constant i n  value 

t i o n .  Referring to  Eq. 4, C* varies w i t h  material constant C, material 

constant - n, geometric correction factor f ( l / r )  and stress range Ao. 

The variations i n  n* may be explained as follows: Fig. 5 represents 

two ideally growing cracks i n  the same location b u t  on two different a i r -  

c ra f t  w i t h i n  the same command. The only difference between the two is  

7 



that aircraft B has experienced higher stress ranges than aircraft A .  

Note that both lines have approximately the same slope, n*, but differ in 

C* (Table 1) reflecting the difference in stress range. 

hand a linear least squares fit of all data points (six) from both air- 

craft results in an n* = .92 instead of an average value of 1.01. 

each crack is treated individually and average values of n* and C* are 

calculated less error is introduced. 

On the other 

If 

3.  Non-1 inear Regression 

In another attempt to use all available data directly the rate of 

growth equation (Eq. 6) was integrated 

da/dt = C*an* 

therefore a-n* da = C* dt 

Integrating both sides 

t 
Ja a-"* da = C* J dt 
ai ti 

a = [,.,,-n*) (t - ti) + ai (1 -n*) 

where ti = time to crack initiation 

= crack length at crack initiation = .03 in. is obtained(Fig. 6). ai 
By assuming certain values of n* Eq. 8 may be simplified: 
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for n* = 2 

1 1 
a 
- = - c* (Mi) + - 

a i  

1 
a - =  C l t  + c2 

where C1 = -C* 

1 c2 = c*ti + - 
a i  

For n* = 1.5 

carrying out the operations and factoring yields 

where 

- =  1 
a C l t  2 + c*t + c3 

c 1 - 4 ; c 2 - - - -  - c* c*2 - C*2 Jai 2 ti 

c*2 2 C * t i  1 
C 3 = T t i  - - + -  

K a i  
1 

Equations 9 and 10 were evaluated again us ing  regression analysis for 

a l l  - a versus - t data for a given location i n  each command ( F i g .  6 ) .  

were again unsatisfactory because n* values were affl icted w i t h  a large 

scatter.  

Results 

9 



4. Conjugate Gradients Method 

The next approach was an attempt to minimize the square difference 

between observed and predicted crack length by the method of conjugate 

gradients. 

The function to be minimized may be written as 

where Ak = observed crack length 

ak 
tk = observed time 

= predicted crack length 

To minimize the function, its partial derivatives 

are set equal to zero and the nonlinear equations, Eqs. 12-14 are solved 

simultaneously. 

10 



In the above relations 

a F  
an* ' were used i n  a computer program (SSP a F  a F  - and - The gradients, - aC*' a t i  

subroutine FMCG). I t  was no t  possible t o  se t  bounding values i n  the sub- 

routine. Therefore, certain physical 1 imitations, such as positive crack 

length, were violated. 

in some cases forced in to  the negative region by the FMGC program i n  order 

t o  minimize the function, 

(-1 
The term, Bk , represents crack length and was 

The method was consequently abandoned. 

5. Variable n* Method 

Crack growth parameters for  individual cracks were also calculated and 

were then averaged t o  f i n d  representative C* and n* values. 

For th i s  method only those d a / d t  versus amean d a t a  were used in which 

a crack grew t h r o u g h  a t  least  two inspections (three points on an - a versus 

- t curve). 

another, no t  a l l  n* and C* values calculated were acceptable. 

1 imitations were se t  on n* (1 .O < n* < 2.5), and on C* (.05 > C*). 

o f  the cracks t h a t  grew sufficiently t o  be investigated yielded n* and C* 

Since s t ress  ranges could vary greatly from one inspection t o  

Therefore, 

Many 

outside the acceptable range. 

The acceptable parameters for  cracks w i t h i n  a given location and 

command were averaged t o  yield mean values of n* and c". 
parameters were then used t o  extrapolate a l l  cracks t h a t  grew, from their  

f irst  sightings backwards t o  the time of crack ini t ia t ion ( t i )  and t o  

These average 

in i t ia l  flaw size (ao).  

Table 2 l i s t s  the raw da ta  of crack length and inspection times for  

the relevant locations. 
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This method y ie lded mean values o f  n* from approximately 1.2 t o  1.9 

(Table 3).  When these n* values were used t o  ca l cu la te  ao, the  i n i t i a l  

f law size-;. var ied w i t h  n*; a lower n” produced a smal l e r  

and 8). Since i n i t i a l  f l a w  s i ze  i n  an a i r c r a f t  should be independent o f  

the l i f e  o f  the a i r c r a f t ,  the  values o f  G a t  various loca t ions  should be 

o f  the  same order o f  magnitude. These r e s u l t s  ind ica ted  t h a t  n* should 

(see Figs. 7 

indeed be a f i x e d  mater ia l  property.  

6. Constant n* Method 

A value f o r  the mater ia l  property n was selected a f t e r  evaluat ing 

crack growth data on 7075 Aluminum from the Rockwell In te rna t iona l  Frac- 

tu re  Mechanics Data Bank [9] and comparing t h i s  t o  a NASA Langley study 

on laboratory  crack growth o f  C-130 components [ lo].  Based on these 

studies, n=3, i .e. , n*=l.5, was chosen. 

With n* establ ished, on ly  one add i t iona l  parameter needs t o  be deter-  

mined, hence ind i v idua l  crack growth data, da/dt versus amean could be 

used (F ig.  9). 

both allowed t o  vary, the values o f  n* and C* were f requent ly  outs ide an 

acceptable range. 

a reasonable C* value every t ime. Due t o  the increase i n  the number o f  

reasonable C*’s f o r  a l l  crack locat ions,  more crack loca t ions  could be 

eval ua ted . 

It has been mentioned prev ious ly  t h a t  when n* and C* were 

By f i x i n g  n* and l e t t i n g  on ly  C* vary, the  r e s u l t s  y ie lded  

The values o f  C* f o r  the  var ious growing cracks w i t h i n  a l o c a t i o n  were 

averaged t o  y i e l d  a c*. This c* value and n*=l.5 were used t o  ext rapolate 

the  - a versus t d a t a  o f  the f i r s t  crack t h a t  grew a t  a p a r t i c u l a r  l oca t i on  

12 



on an a i rcraf t .  The resulting values of ti and a* are shown i n  Table 3 .  

I t  might be noted t h a t  a l l  the 5 values for the various locations were, 

as expected, o f  the same order of magnitude (see Section 111.2). 
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Section I11 

STATISTICAL DESCRIPTION OF THE DATA 

S t a t i s t i c a l  d i s t r i b u t i o n  funct ions have been f i t t e d  t o  the  times t o  

crack i n i t i a t i o n  and t o  i n i t i a l  f law sizes. 

crack i n i t i a t i o n  w i l l  be discussed f i r s t .  

The p robab l i t y  o f  t ime t o  

1. Time t o  Crack I n i t i a t i o n  D i s t r i b u t i o n s  

a. Two Parameter Weibull D i s t r i b u t i o n  

Time t o  crack i n i t i a t i o n  (o r  f a i l u r e )  has i n  the  past been described 

The two parameter Weibull proba- i n  terms o f  the  Weibull d i s t r i b u t i o n  [24]. 

b i l i t y  o f  f a i l u r e  i s  given as 

Ft (x )  = 1 - e 
i 

where a 1 1.2 (a/x) i s  the  shape parameter 
- 

= x/ r ( l  + l / a )  i s  the  scale parameter 
- 
x = mean 

CI = standard dev ia t i on  

This d i s t r i b u t i o n  f i t s  most o f  the  data bu t  f a i l s  t o  f i t  the  end 

po in ts  (see Figs. 10 through 17 and Table 4 ) .  The lower po r t i on  of the  

data ( e a r l i e s t  crack i n i t i a t i o n )  i s  considered extremely important, there- 

f o r e  i t  i s  necessary t o  t ry  other s t a t i s t i c a l  models t h a t  might f i t  these 

po in ts  be t te r .  

b. Three Parameter Weibull D i s t r i b u t i o n  

The th ree  parameter Weibull d i s t r i b u t i o n  

14 



has also been used. Because of the possible existence of flaws a t  time 

t = O  this distribution function will have a negative lower l imit ,  xo and 

Eq. 16 will have t o  be restricted t o  values for  ti > 0. Consequently the 

distribution of crack i n i t a t i o n  times becomes: 

and 

F, ( x )  = 0 for  x < 0 

“i 

t h a t  i s ,  the probability t h a t  the crack i n i t i a t i o n  time is  zero has a 

fixed, nonzero value. The corresponding density function consists of a 

Dirac function a t  ti = 0 w i t h  an area given by Eq. 17b and a truncated 

density function 1211. These functions are schematically shown i n  F igs .  

18 and 19, 

Such distributions have also been f i t t ed  t o  the da ta .  There i s  

significant improvement over the f i t  of the two parameter function, b u t  for 

very short ini t ia t ion times this  distribution does not exhibit a good f i t  

e i ther .  The d is t r ibu t ions  are presented i n  F igs .  20-27 and Table 5. 

e.  Johnson Distributions 

Johnson d i s t r i b u t i o n s  were examined next, due t o  the fact  that  the 

Johnson SB distribution has four adjustable parameters [24]. In 
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order t o  determine which one of three types o f  Johnson distributions would 

be applicable, values of pl and p2 were calculated for each data set. 

where m2, m3, and m4 are second, third and fourth moments of the data, 

respectively : 

- 2  n 
m2 = - c (x i -x )  

n i=l  

n 
"'3 n i=l 

= - 1 c ( X i 4 3  

n = - 1 c (x i -x)4  
m4 n i=l  

From an examination o f  Table 4 and F i g .  28 [24] i t  i s  noted t h a t  the 

Johnson SL or SB distributions apply. 

The SB distribution has two shape parameters, y and TI, one location 

parameter (lower bound), E, and one scale parameter, A .  

is bounded by E and &+A. 

range, A ,  i s  unknown b u t  can be estimated by the following equation: 

The distribution 

In the case of time to  crack init iation, the 

16 



where x O a 5  = median of the data 

= a percentile of data xa 

x1 -CY, = (1-a) percentile of da t a  

Since primary interest  l i e s  i n  f i t t i ng  the extreme data points,  a = 1% was 

used i n  most cases. More extreme values were often necessary t o  assure 
2 t h a t  h i s  positive. In some cases the term (xOe5-&)  - ( x ~ - E )  (xlma-€) 

becomes negative i f  extreme values are not  chosen. In the case of loca- 

t i o n  74-90 TAC, an x value had t o  be extrapolated below the lowest data 

point t o  obtain a positive A. 
CY, 

Once E and h are established, the two shape parameters may be calcu- 

lated as follows: 

(24) a - z  z1 -a 
T I =  [ o9-a '  

I n  (x 'E)  ( E t h - X 1  a -a 

where Za = the stanrdard normal variate for  CY, 100th percentile 

= the standard normal variate for ( lk t )  100th percentile z1 -a 
Once E, A ,  0, and y have been calculated for  each se t  of data, the 

following density function can be numerically integrated t o  find the 

distribution function 

f t  i (x) = -9- J27;;- ( X-E)  ( A - X S E )  A exp [- :[Y + 11 ln ( ~ ) 1 2 }  
17 



The results of the Johnson SB distribution for time t o  crack ini t ia t ion 

are shown i n  Figs. 10 t o  17 and the parameters for each location are presented 

in Table 4.  

Because xaand x, may be arbi t rar i ly  chosen this family of d i s t r i b u t i o n  -a 

functions can be made t o  f i t  the short ini t ia t ion time data points ,  bu t  a t  

the expense of missing the large number of data points i n  the central region. 

d .  Stat is t ical  Distribution Based on Service Load and Fatigue 
Perf o ma nce 

Because none of the afore discussed d i s t r i b u t i o n  functions f i t  the 

data equally well in the central region and the extremes, a technique based 

essentially on the concept of stress-strength interference will also be 

exami ned [6]. 

I t  i s  assumed t h a t  the fatigue strength, R,  of the structure i n  a 

laboratory tes t  can be described by a three parameter Weibull distribution. 

The probability tha t  the fatigue l i f e  i s  shorter t h a n  a given value, x i s  

where R and hence x i s  measured in laboratory hours. 

The s ta t i s t ica l  density function of the number of gusts t h a t  produce 

significant fatigue damage i n  the a i rc raf t  i n  t flying hours has been 

described by Yang [6] as a continuous version of the Poisson process 

( x  ) = ( A t )  x1 e - x t  / r (x l+ l )  o < x1 c QO f N ( t )  1 

where the random variable, N ( t ) ,  i s  the number o f  gusts i n  t f l igh t  hrs, 
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A i s  the average number o f  s i g n i f i c a n t  gusts per f l i g h t  hr, A t  

i s  the  average number i n  t f l i g h t  h rs  and r ( = )  i s  the  gamma funct ion.  

Because the variance o f  the  Poisson d i s t r i b u t i o n  i s  a lso  A t ,  

t he  c o e f f i c i e n t  o f  v a r i a t i o n  which i s  a measure o f  d ispers ion becomes 

"N( t )  = 1/m (29) 

The number o f  gusts N ( t )  experienced by an a i r c r a f t  i n  t f l i g h t  

hrs  can be r e l a t e d  t o  the number o f  equiva lent  labora tory  hrs, S ( t )  as 

where 5 i s  a socal led seve r i t y  index t h a t  i n  the  present analys is  i s  

assumed t o  be u n i t y .  As a consequence the labora tory  spectrum i s  

equiva lent  t o  the average f l i g h t  spectrum. 

The densi ty  funct ion,  o f  gust  loading, Eq. 28 can be transformed 

w i t h  the  a i d  o f  Eq. 30 i n t o  a densi ty  func t ion  i n  terms o f  equiva lent  

labora tory  f l i g h t  hours 

XX - A t  x 
f s ( t ) ( X )  = e 

The p r o b a b i l i t y  t h a t  a crack w i l l  i n i t i a t e  i n  t f l i g h t  hours i s  

equiva lent  t o  the p r o b a b i l i t y  t h a t  the  fa t i gue  strength, R, i s  

exceeded by the  serv ice loading converted t o  labora tory  f l i g h t  hrs, 

S ( t )  
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Eq.  32 i s  a form of the classical stress-strength interference rela- 

tion [25] and can be expressed as 

Where FR(x)  i s  given by E q .  27 and f s ( t ) ( x )  by E q .  20. Therefore 

For convenience o f  integration a change of variables is  introduced: 

Substituting i n t o  E q .  34 the probability of failure becomes 
CL 

Eq. 36 is a convolution integral that  requires numerical integration. 

The values of a, (3 and xo are estimated by f i t t i n g  a three parameter 

Weibull distribution t o  the central part of  the crack init iation time 

data (Table 5 ) .  

Because l/G is  a measure of the dispersion i n  6 hrs, a small 

value of  A produces a large dispersion. Choosing A values by t r ia l  

and error ( A B  i s  usually less  t h a n  100) Eq.36 i s  evaluated and i s  
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f i t t e d  t o  the crack i n i t i a t i o n  time data so t h a t  the curve approaches 

the data i n  the lower t a i l  (shor t  i n i t i a t i o n  t imes) o f  the d i s t r i b u t i o n  

as shown i n  Figs. 29 t o  36, 

Smaller values o f  x tend t o  bend the lower t a i l  upward and the 

upper t a i  1 downward. 

Because shor t  crack i n i t i a t i o n  times are o f  i n t e r e s t ,  the poorer 

f i t  a t  the upper t a i l  i s  no t  considered s i g n i f i c a n t .  

’ 2. In1 t i a l  Flaw Size D i s t r i b u t i o n s  

It i s  n o t  unexpected t h a t  mater ia l  imperfections, manufacturing 

methods and the 1 i m i t a t i o n s  o f  inspect ion techniques produce a c e r t a i n  

number o f  undetected minute cracks even before the a i r c r a f t  i s  pu t  i n t o  

service.  Once the average parameters o f  the crack growth r e l a t i o n  are 

evaluated and ti i s  ca lcu lated f o r  each crack, Eq. 8 can be f u r t h e r  

extrapolated backwards t o  time t=O t o  y i e l d  an i n i t i a l  crack s i z e  as 

shown i n  Fig. 2. Only data w i t h  extrapolated i n i t i a l  crack s izes 

greater than zero can be used. 

I n i t i a l  f law sizes were p l o t t e d  on normal p r o b a b i l i t y  paper. The 

p l o t s  ind icated t h a t  the d i s t r i b u t i o n  funct ions were no t  normal; the 

data d i d  not  f a l l  on s t r a i g h t  l i n e s .  As an a l t e r n a t i v e  the  Johnson 

SB d i s t r i b u t i o n  was again employed. 

had been chosen as the crack i n i t i a t i o n  size, the nondefect populat ion 

Since .03 inches (.0762 cm) 

(those locat ions w i t h  i n i t i a l  f laws less  than .03 inches) ranges from 0.0 

t o  0,03 inches. Thus, E = 0.0 and x = 0.03. The shape parameters rl and 

h ,  were found as prev ious ly  shown from Eqs. 24 and 25 w i t h  ~1 = 1-2%. 
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The parameters are listed in Table 6. 

presented in Figs. 3 7  to 44. 

bution fits these extrapolated points very well. 

flaw sizes should be independent of loading their distributions 

should be similar. It is seen from Table 6 that the means and 

standard deviations are of similar magnitude. As a consequence all 

initial crack sizes could be considered to belong to the same 

Distribution functions, are 

It is seen that the Johnson SB distri- 
Because initial 

population. An overall distribution function has been derived for 

the combined data and is presented in Fig. 45. The mean initial 

crack size is .00432 in. and has a coefficient of variation of .2%. 

The two Commands considered here, TAC (Tactical Air Command and 

PACAF (Pacific Air Command) , had 263 and 223 C-130 Aircraft inspected 
respecti vel y . 

Since two symmetric locations and two holes at each location 

were all considered to be identical the total number of potential crack 

sites at one location is 1052 and 892 for TAC and PACAF respectively. 

Of these 16% in TAC and 30% in PACAF have actually developed growing 

cracks at the most vulnerable location (75-91, see Table 3). Aircraft 

operated by PACAF have a greater proportion of growing cracks at all 

locations while aircraft in the Tactical Air Command developed fewer 

inspectable and hence extrapolatable cracks. 

that PACAF aircraft have been subjected to more severe loading condi- 

This fact would indicate 

tions. 

Table 3. 

than for TAC but at the same time other locations indicate an opposite 

trend. 

Such a conclusion is not always born out by the data shown in 

The value of C* for locations 75-91 is greater for PACAF 
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Section IV 

THE RELIABILITY OF INSPECTION 

1. Distributions of Detected and Undetected Cracks 

The probability that an existing crack i s  detected is  a function of a 

number of circumstances. These include: a . )  The method of detection such 

as radiography, thermography, dye penetrant, ultrasonic or visual inspection , 

etc . ,  and b.) The sensit ivity and accuracy of the instrument or the aler t -  

ness of  the inspector. These conditions are influenced primarily by the 

size of the crack a t  the time o f  inspection. 

As a consequence not a l l  cracks are found and  the probability, P[Dla], 

that a crack i s  detected, given that i ts  l e n g t h  i s  c, i s  a function o f  the 

crack size. 

The methods of inspection or the re l iab i l i ty  of the procedure used for 

crack detection i n  C-130 airplanes are not  available. Data can however be 

found i n  the l i terature  on the probability of crack detection i n  aluminum 

us ing  various ultrasonic techniques l26). 

shown i n  Fig.  46 w i t h  a Weibull type probability function 

A se t  of data from Ref. 26 is 

- 

 la] = 1 - e Y (37) 

where; = 2.0 and = .075 i n .  (.19 cm) , f i t t ed  to  i t .  Similar proba- 

b i l i t y  functions have been incorporated i n  wing fa i lure  analyses and  have 

been reviewed by Eggwerts [27]. 

The C-130 inspection data indicates that  cracks shorter t h a n  .03 i n  

have not been found. The assumed probability function used here predicts 
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t h a t  a small f r ac t i on ,  15%, o f  such cracks are located, wh i le  the  p r o b a b i l i t y  

o f  de tec t ing  a crack .2 i n .  i n  leng th  i s  almost u n i t y .  

I f  the d i s t r i b u t i o n  o f  crack s izes p r i o r  t o  inspect ion i s  known, the  

d i s t r i b u t i o n s  o f  detected and undetected cracks may be ca lcu la ted  u t i l i z i n g  

the  p r o b a b i l i t y  o f  de tec t ion  function, Eq. 37 i n  conjunct ion w i t h  Bayes 

theorem [28,29], 

The p r o b a b i l i t y  t h a t  a f l aw  o f  size, a, w i l l  be between x and x+dx 

given t h a t  the  f law i s  detected may be w r i t t e n  as 

PED Ix<a<(x+dx)lP[x<a< (x+dx)] 
P[DJ P[x<a< (x+dx) I D] = 

where D stands f o r  detection, P[Dlx<a<(x+dx)] i s  the p r o b a b i l i t y  o f  de tec t ing  

a f law o f  s i ze  - a (from Eq. 37), P[x<a<(x+dx)] i s  the  p r o b a b i l i t y  t h a t  the  

crack s i z e  i s  a and P[D] i s  the  t o t a l  p r o b a b i l i t y  o f  de tec t ion  independently 

o f  size. Eq. 38 may be expressed i n  terms o f  dens i ty  funct ions as 

i n  which f a ( x )  i s  the  dens i ty  func t ion  o f  f law s izes p r i o r  t o  detection, 

fa[xlD] i s  the dens i ty  func t ion  o f  detected f l a w  s izes (pos te r io r  dens i ty ) ,  

P[Dla] def ined e a r l i e r , i s  c a l l e d  the l i k e l i h o o d  func t i on  i n  Bayes’theorem 

terminology and kl= l /P [D ]  i s  a normalizing constant t h a t  w i l l  make the  

area under the  fa (x lD)  curve equal t o  u n i t y .  

I n  a s i m i l a r  manner the dens i ty  func t i on  o f  undetected cracks may 

a1 so be der i ved : 

fa [x l r ]  = k2 P[r lx ]  f a ( x )  (40) 

24 



where 

normalizing constant. 

[21] 

crack size distribution functions assumed. 

stands for no detection, P[Vlx] = 1 - P[DIx], and kp i s  a second 

The above technique has been utilized by Davidson 

i n  a sl ightly different form with exponential detectability and 

Adding Eqs.39 and 40 

indicates t h a t  the reciprocal norma'l izing constants, l/kl and l/k2 represent 

the fractions of detected and undetected cracks 

Because the density function of cracks before inspection i s  usually 

unknown,  the posterior function, fa[xlD],  of detected cracks may be used 

t o  evaluate the prior, f a ( x ) , a n d  the density of undetected cracks, 

fa[xla, from Eqs. 39 and 40 C291. 

As indicated by E q .  8 crack size i s  a function of the parameters a i  

and ti and the time of inspection t. As a result  Eqs. 39-40 are also 

dependent on these quantities. Since inspections were carried o u t  a t  ir- 

regular intervals the above relations could only be utilized if  detected 

cracks were mathematically grown to  a cornon inspection time. Alterna- 

tively Eqs. 38-41 can be transformed t o  yield density functions of crack 

ini t ia t ion times, t i ,  a t  a common crack size, a i  = .03 i n  (.76 cm). 

2. Distributions of Detected and Undetected Crack Initiation Times 

Eqs. 39 and 40 may be rewritten in terms of crack init iation times, 

ti as 
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and 

where f t . [x]DJ and f t i [ x ] m  are the density functions of detected and un- 

detected crack ini t ia t ion times, P I D l t i l  i s  the likelihood function for 

detection and f . ( x )  i s  the prior density function of a l l  crack init iation 

times. 

1 

t 1 

P I D l t i ]  i s  derived from Eq.  37 by substitution of E q .  8. Hence 

P I D l t i ]  = 1 - exp{-[-&-(C*(l-n*)(t-ti) B + a i  

I t  should be noted t h a t  E q .  44 becomes equal t o  unity when 

(1 -n*) 
(t  - t . )  =- ai 

C* 1 -n* I (45) 

because within this  time interval a crack will grow to  inf ini te  length. 

Hence P I D l t i ]  will be equal t o  E q .  44 for (t-ti) < -[ai (1 -n* I /  c* (1 q*)] 

and becomes equal t o  uni ty  for (t-t.). -[ai -n* )/ c* ( 1 -n* 

indicates tha t  the probability of detecting an ini t ia t ion time, t i ,  

depends on the time of  inspection, t. 

tions of detected and undetected init iation times will also become func- 

t ions of  the inspection time while the density function of a l l  init iation 

times should be independent of when the inspection is carried out.  

which 
1 -  

As a consequence the density func- 

The distributions of ti described in Section I I  were derived from 

long-term records, in some instances covering 7000 hrs of flying time. 
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. 

I t  i s  therefore not  unreasonable t o  assume t h a t  the great majority of cracks 

have grown t o  inspectable size and t h a t  distributions of crack ini t ia t ion 

times derived from these by backward extrapolation are good approximations 

of the to ta l  in i t ia t ion time distributions. 

t ive because long ini t ia t ion times (small cracks) make up the majority of 

s t i l l  undetected ini t ia t ions.  

Such an assumption i s  conserva- 

With this  assumption i t  i s  possible t o  determine the density functions 

of discovered and undiscovered ini t ia t ion times f o r  an inspection carried 

o u t  ear l ier  i n  the l i f e  of the structure. 

The three parameter Weibull distributions, Eqs. 17,  f i t ted t o  the 

derived da ta  of Section I 1  (the convolution integral representation i s  

mathematically more complicated) 

will be used where S(x), i s  a Dirac function. 

For specified inspection time, t, crack growth parameters c* and h* 

and a i  = .03 i n  ., Eqs. 44 and 46 substituted i n t o  Eqs. 42 and 43 yield the 

density functions of detected and undetected init iation times. As in the 

case of detected and undetected cracks the reciprocal normalizing coeffi- 

cients add to  uni ty  

- 1  1 + - -  1 - 
k3 k4 

(47) 

and indicate the fractions of discovered and undiscovered i n i t i a t i o n  

times. 
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The results of such calculations are shown a t  location 76-92 , TAC 

Command i n  F igs .  47-49 

hrs. 

for inspection times t = 2500, 4000 , and 5000 

The parameters of the distribution functions are presented in Table7. 

I t  should be noted t h a t  the density functions for detected and un-  

detected init iation times have been divided by their  respective normal izing 

constants so that the areas under the two curves are proportional t o  the 

fractions of discovered and undiscovered init iation times and the two areas 

sum u p  t o  the area of the density function for a l l  init iation times. 

An examination of Figs. 47-49 indicates an expected trend. I f  

inspection i s  performed too early, the majority of init iation times will 

remain undetected while more and more crack init iation times are found a t  

1 a ter  inspections. 

The aforegoing discussion has u t i 1  ized longterm inspection data t o  

derive the prior distribution of crack init iation times. Such records are 

however usually unavailable for a i rc raf t  i n  service. On the contrary a t  a 

particular inspection time the distribution o f  observed crack init iation 

times i s  actually the posterior distribution, f (xlD), while the prior 

density,f (x), of a l l  init iation times and the density function o f  undetected 

init iation times, f t  ( x l m ,  are unknown. 
i 

ti 

ti 

Because the l a t t e r  two functions are o f  primary interest  Eqs. 42 and 43 

may be rewritten using Eq. 47 as 

and 
(49) 
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These equations would p r e d i c t  the densi ty  funct ions o f  a l l  crack i n i t i a t i o n  

times as we l l  as t h a t  o f  the undetected times provided t h a t  inspect ions 

are c a r r i e d  ou t  a t  approximately the same number o f  f l i g h t  hours on a l l  

a i r c r a f t  i n  a f l e e t .  
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Section V 

CONCLUSIONS 

The methods presented indicate the feasibi l i ty  of determining the 

s ta t i s t ica l  distributions of in i t ia l  crack sizes and times t o  crack 

init iation u s i n g  backward extrapolation of inspection data. 

that  of the two crack propagation parameters the value of n* is  a 

material constant w i t h  a value of n* = 1.5 while the second parameter C*, 

I t  appears 

i n  a d d i t i o n  t o  being dependent on material and geometry, i s  also a 

function o f  the stress range. 

Evaluation of C* for each individual growing crack and averaging 

such values for specific crack locations and military commands yields 

satisfactory distributions of crack ini t ia t ion times and in i t ia l  crack 

sizes. 

Crack init iation times are dependent on both the in i t ia l  crack 

size and on C*, the l a t t e r  being dependent on location and load, while 

the distribution of in i t ia l  crack sizes i s  independent of these factors. 

The three parameter Weibull distribution f i t s  the crack init iation 

times reasonably well. The convolution integral, that  involves the 

three parameter Weibull distribution of fatigue strength and the Poisson 

d i s t r i b u t i o n  of g u s t  occurrences does n o t  improve the f i t  appreciably 

because this method has been developed for the purpose of evaluating 

laboratory fatigue tes ts  under simulated load spectra rather than for  

the analysis of service data, Two parameter Weibull or Johnson SB 

distributions do not f i t  the data very well. 
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The distributions of initial crack sizes on the other hand are 

we1 1 represented by the Johnson Sg distribution. 

permit evaluation of a single initial crack size distribution for all 

growing cracks independently of the different loads in the two commands 

The methods presented 

or the location of cracks on the wing. Though only four locations were 

analyzed it is believed that the distribution of initial crack sizes is 

representative of other locations as well. 

sequently be used for the prediction of crack growth for the C-130 air- 

craft as well as for structures made of the same material with similar 

geometry and having undergone similar manufacturing processes. 

recognized that the distributions of time to crack initiation and initial 

crack size are not independent of each other but are interrelated through 

Eq. 8. Consequently a probability transformation can be performed on 

one of the two distributions to derive the density function of the other. 

It is obvious that such a transformation will result in distribution 

functions different from those presented here though it is expected that 

the derived function would be well approximated by the fitted curves. 

A transformation will be carried out at a future date. 

The information can con- 

It is 

The Bayesian approach presented here illustrates a method for esti- 

mating the proportion of undiscovered crack initiation times at various 

inspections and indicates the influence o f  the reliability of crack 

detection methodology particularly during early inspections when cracks 

are small. 

Because the information concerning the reliability of the particular 

method of nondestructive examination used for the C-130 aircraft was not 

available an assumed likelihood function was used. For future systems 
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the documentation of NDE re l iab i l i ty  should become an integral part of 

service inspection, 

A similar approach may be used to determine the fraction of unde- 

tected crack sizes a t  a particular inspection time. For this purpose 

cracks would have to be analytically grown to common inspection times 

and their distributions analyzed. 

i n  the future. 

Such work may also be carried out 

The present analyses have utilized average values of the crack 

propagation parameter C*. The s ta t i s t ica l  distributions of the param- 

eter  have not been evaluated, Again calculations, w i t h  C* as a random 

variable, may be performed a t  a l a te r  date. 
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TABLE 2 

C-130 Inspection Data for Selected Locations 

(Continued p. 38-60) 

Explanation of columns 1-8 

Column 1. Aircraft Identification Number 

Column 2. Location of Rivet Hole (see Fig. 1) 

Column 3. Two Holes at Each Location: (I) Inboard and (0) Outboard 

Column 4. Direction of Crack Growth:(F) Forward and (A) Aft 

Column 5. Crack No. at Rivet Hole. Only First Growing Crack Used 

Column 6 .  User Command (P) Pacific Air Command, PACAF; (T) Tactical 
Air Command, TAG 

Column 7 .  

Column 8. 

Length of Crack in Hundredths o f  Inches 

Inspection Time in Flight Hours 
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TABLE 7 

Normalizing Constants and Percentage of Detected and 
Undetected Crack In i t i a t ion  Times 

Inspection Time % 
t hours k3 Detected k4 

2500 16.60 6.02 1 .r36 

4000 1.60 62.56 2.67 

5000 1.01 98.56 69 34 

% 
Undetected 

93.98 

37.44 

1.44 
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0 ti tl t2 
INSPECTION TIME, t, (hrs) 

I 

Fig. 2. Extrapolation o f  Inspection Data. 
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0’ 

Slope = n* 

F i g .  3 .  Determination o f  Crack Growth Parameters. 
Variable n* Method. 
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Fig. 4. Determination of Crack Growth Parameters. 
Linear Regression Method. 
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Fig. 11. Distribution o f  Crack Initiation Times. Two Parameter 
Weibull and Johnson SB Distributions. 
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Fig. 16. Distribution o f  Crack Initiation Times. Two Parameter 
Weibull and Johnson SB Distributions. 
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Fig. 18. Three Parameter Weibull Density Function 
of Crack Initiation Times. 
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Fig. 19. Three Parameter Weibull Distribution 
Function o f  Crack Initiation Times. 
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Fig.  22. D i s t r i b u t i o n  o f  Crack I n i t i a t i o n  Times. 
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Fig. 27. Distribution of Crack Initiation Times. 
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