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INTRODUCTION 

The primary function of an aircraft’s horizontal tailplane is to balance 
the pitching moment which arises when the lift force developed by the wing is 
not applied through the airplane’s center of gravity. Control of the airplane 
in the vertical plane is accomplished by varying this balancing moment so that 
the wlng seeks a new equilibrium lift. The size of the horizontal tail thus 
determines the allowable c.g. travel as well as the lift coefficient which can 
be generated at any time. One does not gain a higher degree of control capa- 
bility, however, without accepting at the same time a performance decrement 
resulting from the higher drag of the larger surface. 

Since the advent of the airplane, designers have pondered the prob I em of 
positioning and sizing the horizontal tail to achieve both good aircraft per- 
formance and acceptable longitudinal stability and control. Their problem is 
compounded by the passage of the wing through the air ahead of tail. This 
produces (1) a downward inclination or downwash in the air approaching the 
tail, and, if the tail is directly in the wing wake, (2) a lower velocity at 
the tai I due to the wing drag force. If the tail is sized assuming the onset 
flow to be frees-l-ream but is instead immersed in the wing wake, it will be 
unable to generate the expected trim moment. Thus,to maintain control capa- 
bility one must either locate the tail such that it never encounters such 
momentum deficiencies or else increase its size proportional to the kinetic 
energy deficiency actua I ly encountered.. The latter course entai Is a perfor- 
mance penalty. Because of the non-linear response of the tailplane to onset 
flow angle, it is important to know the local flow direction everywhere in 
the tail region as well as those areas where momentum deficiencies exist. 
One would like to predict the wake location and the velocity deficit in the 
region of the horizontal tail to facilitate the process of positioning and 
sizing. 

As part of its program to provide technical support to the I ight aircraft 
industry and to aeronautical education in general, the National Aeronautics 
and Space Administration funded the present study at North Carolina State 
University. Th’is work seeks to provide rigorous, easy-to-use methods (which 
now means computer programs) to predict the downwash and velocity profiles in 
the vicinity of the horizontal tailplane as well as detailed descriptions of 
the methods used, their historical antecedents, and some worked out examples. 
The study is thus analogous to previous studies (Ref. 1,2,3,4) which treat 
riding and handling qualities, aircraft performance, and wing and body lift 
and drag in a similar fashion. 



As wi I I become evident from the I iterature review, the procedures for 
estimating downwash angle and wake position are better-defined than’ those for 
estimating wake velocity profiles. The downwash calculation is usually 
approached by replacing the wing with a series of horseshoe vortices repre- 
senting both the wing lift and the vorticity shed by the wing. The downwash 
is a result of the interaction of the flow due to these horseshoe vortices 

with the freestream flow. It is most intense in a curved plane emanating from 
the trailing edge of the wing. The locus of this plane is usually obtained by 
integrating the local downwash angle from the wing trailing edge to some down- 
stream point of interest. More rigor may be added to this method by permitting 
the trailing vortices to deflect both spanwise and vertically so that their 
paths become streamlines. These streamlines then define the wake centerline 
position. This approach permits both upwash ahead of the wing and downwash 
behind to be calculated with a greater degree of accuracy than does the more 
conventional straight vortex method. The downwash computer program presented 
in this report employs the deflected vortex approach. 

Since the purpose of the present work is to provide a rigorous yet rela- 
tively simple method for determining the onset flow in the immediate neighbor- 
hood of the horizontal EI, --- it is not nezr*con%ue the calculation 
beyond this region to the point where the trailing vortices rol lup into the 
fami I.iar vertical flow patterns observed far downstream of the aircraft. Whi le 
the method employed herein can treat the inviscid flow aspects of this region 
satisfactorily, other simpler methods are entirely adequate for developing the 
essential features of this “far field” problem; further, the method used here 
to determine the viscous dissipation present about the wake centerline is valid 
only in regions of quasi-planar flow, certainly not in vertical flow regions. 
For this reason also, no attempt should be made to extend the calculation 
downstream beyond the region of the horizontal tail. 

The perceptive reader will note that no mention is made in the ensuing 
pages of the obvious contributions of the fuselage, both viscous and inviscid 
to the character of the flow field downstream of the wing. While the down- 
wash method used does include a treatment of the effects of fuselage inter- 
ference on the wing lift distribution, it does not include the effect of 
diminishing fuselage size as one moves aft on the downwash field nor the 
effects of the rapidly growing boundary layer on the aft fuselage. These 
were regarded as small perturbations whose determination would be excessively 
difficult given presently available analytical tools; for-this reason they 
are not included. The user must therefore consider this fact in applying the 
results to new design situations. 

Another contribution which has been neglected in the computation is the 
modification in the wing’s downwash field due to the upwash field of the 
horizontal tail. Since the upwash angles are inherently smaller than the 
downwash angles and since the tail lift is generally less than l/5 the wing 
lift, this contribution has been neglected. 
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The method used herein is based on the lifting line representation of 
the wing; it is.therefore applicable only to situations where the wing is of 
moderate-to-h,igh aspect ratio, unswept, and relatively lightly loaded (the 
fuselage does not cover a very significant portion of the wing area). Situ- 
ations where these conditions are not satisfied will usually demand a much 
more camp lex I i fting surface treatment. 

Another consequence of the Iifti,ng line representation is that the induced 
field in the immediate ne.ighborhood of the wi.ng is distorted by the concentra- 
tion of the wi,ng’s bound vortices along a si,ngle line instead of bei,ng distrib- 
uted over the whole surface. Thus the downwash and upwash a,ngIes in this 
region may be excessive while at greater distances they will be indistinguish- 
able from those obtained from a lifting surface representation. Since, the 
region of interest in light aircraft is located more than 1.5 wing chords 
downstream of the wing’s trailing edge, a lifting line representation.should 
be quite adequate. 

The variation in flow velocity as one moves vertically across the wing 
plane ‘of symmetry is usually approximated by empirical relations derived from 
experimental data given the wing section drag coefficient and the distance 
behind the wing trailing edge. A more exact approach solves the two-dimen- 
sional boundary layer equations, using a finite difference technique, for the 
wake flow and then applies this solution along various streamlines displaced 
spanwise as given by the wake position procedure above. The result is a 
quasi-three-dimensional solution. The starting conditions for the integration 
are the viscous velocity profiles on both upper and lower wing surfaces. This 
approach is used here to determine the vertical variation in flow magnitude. 

The work presented here begins with a two-part review of the pertinent 
literature dealing with the determination of (1) downwash angles and wake 
sheet location, and (2) velocity profiles in the wing wake. General theory 
and discussion of results sections are then presented for both the downwash 
(WASH) program and the velocity~profile (WAKE) program. User instructions, 
program listings, and sample outputs of both programs are given in the 
appendices. 
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DOWNWASH AND WAKE POSITION 

In order to estimate the lift and drag forces experienced by an aircraft’s 
horizontal tail, it is imperative that the magnitude and direction of the local 
onset flow be known. The disturbance produced by the wing is the major con- 
tributer to non-uniform horizontal tail onset flows. Dwinnell (Ref. 5) points 
out that a wing generating a lifting force must have a pressure differential 
from the lower to the upper surface with the higher pressure on the lower sur- 
face. At the wing tips the air tends to flow laterally from the lower to the 
upper surface in an attempt to remove this differential. This lateral or 
spanwise flow is from wing tip to wing root on top and from wing root to wing 
tip on the bottom (see total velocity vectors in Figure 1). The air immedi- 
ately aft of the wing trailing edge is given a swirling motion due to the 

v C 

L 

C = downwash angle 

high pressure region 

upper surface 
--- lower surface V 

leading edge 

trailing edge 

Figure 1. Side and planform views of flow over a wing 
(bound and trailing vortex patterns not shown 
in sketch). 

shearing of the transverse velocity components on the upper and lower surfaces. 
These swirls or vortices, more predominant at the wing tips, are referred to 
as trai I ing vortices, and they tend to give the air behind the wing an average 
downward inclination, usually called downwash (see Figure 1 for definition of 
downwash angle). The spanwise variation of the downwash is a function of the 
wing ptanform shape. 
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The circulation theorv develooed in the late 1800’s and earlv 1900’s to 
account for lift in an inviscid fluid proved to be very useful in estimating 
downwash. In 1878 Lord Rayleigh showed that the swerving flight of a “cut” 
tennis ball could be explained best in general terms by comparing it to the 
case of a cylinder placed in an inviscid uniform stream. By imposing a cir- 
culatory flow upon the cyl inder, the cylinder developed a force normal to the 
direction of the uniform stream (a I ift force), directly proportional to the 
strength of the circulatory flow. In 1910 Joukowski showed that when a 
cylindrical body of arbitrary cross section moves with a velocity V in a fluid 
whose density. is p and there is a circulation of magnitude r around it, a 
force normal to the velocity is produced equal to the product pVr per unit 
length of the cy I inder. Joukowski made the assumption that the flow must 
leave the sharp trailing edge of airfoil-like bodies smoothly. Using this 
hypothesis, usually referred to as the Kutta-Joukowski condition because Kutta 
reached the same assumption independently somewhat earlier, the problem of 
lift became purely mathematical: one has only to determine the amount of 

circulation so that for zero vertex angle at the trailing edge, the velocity 
of the flow leaving the upper surface is equal to that leaving the lower sur- 
face. For finite vertex angles the trailing edge must be a stagnation point. 

Although the work of Rayleigh and Joukowski was concerned with wings 
having infinite aspect ratios (no spanwise flow), the circulatory flow idea 
was extended to wings with large aspect ratios and little or no sweep by 
Prandtl in his now wel l-known Lifting-Line Theory. von Karman (Ref. 6) 
summarizes Prandtl’s theory in the following way: (a) the wing is replaced 
by a lifting line perpendicular to the flight direction; (b) the lifting line 
is assumed to consist of a bound vortex with circulation variable in order to 
account for the fact that the lift may change along the span; Cc) in accor- 
dance with the change in circulation along the span, free vortices are born 
and extend downstream; however, Cd) the flow produced by the vortex system is 
considered as a small perturbation of the fundamental stream relative to the 
wing, and therefore (e) it is assumed that the free vortices approximately 
follow the original direction of the streamlines parallel and opposite to 
the flight direction; (f) the flow in the immediate neighborhood of a wing 
section is determined by the two-dimensional solution given by Kutta and 
Joukowski. 

theory the wing surface is rep laced by a I ine vortex 
led the bound vortex. A sheet of trailing vortices 

line downstream to infinity; The perturbation in the 
initesimal segment of each vortex is found from the 

Biot-Savart Law (expressed here following Reference 7 in Vector notation). 

In the lifting line 
of varying strength, cal 
extends from the lifting 
flow field due to an inf 
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where w = induced velocity vector at a point in the flow field 
r = strength of the vortex whose segment is being considered 
‘di = vector having the direction and length of the infinitesimal 

vortex f i I ament 
a = the vector from the vortex filament to the point 

the local value of r on the bound vortex is determined from 

vc Cg(y) 
l-(y) = 2 (2) 

where CQ is the section lift coefficient of the wing 
V is the free stream velocity 
C is the wing chord 

The strength of a particular trai I ing vortex is determined by the change in 
the r of the bound vortex which occurred as one moved outboard from the 
spanwise position where the previous trai I ing vortex was shed. Al I of the 
vorticity on the wing must eventually be shed downstream. The flow direc- 
tion in the field downstream (or upstream for that matter) of the lifting 
line is then a sum of the contributions of all the trailing vortices, the 
bound vortex, and the free stream. The perturbation in the free stream 
velocity field resulting from these contributions is most intense in a sheet 
which for positive lift moves downward and to the rear from the lifting line. 
In the physical situation which this model represents this sheet is essentially 

the center of the wing wake. From equation (2) it is evident that the greater 
the wing I if-t the greater the vortex strength; thus it is reasonable to expect 
that the greater the wing lift the greater will be the downward deflection of 
the wake centerline as it moves aft. 

Attention will now be directed to ways of evaluating the r distrib.ution 
over the wing since it is essential for downwash calculations. Reference 8 
notes that the main problem of lifting line theory is the determination of the 
spanwise distribution of air loads on wings from the fundamental equation of 
the theory. Its simpliest form relates the absolute and effective angles of 
attack, 

a =a -a. 
a 0 I 

where a a = absolute angle of attack 

a 
0 

= effective angle of attack 

ai = induced angle of attack. 
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The effective angle of attack may be expressed in terms of T by writing the 
section lift equation as 

pvr = pV2 c m. ao/2 or a =.LL-- 
0 m. Vc 

where p = density of air 
m  

0 
= section lift curve slope. 

Now the induced angle of attack may be written as - tan-‘Cw) %  - w/V and since 
w can be expressed in terms of r, then the only unknown inVthe fundamental 
equation is r. Using the Biot-Savart Law the downwash velocity wv v at the 

point y on the bound vortex, 
y may bg written as 

induced by a vortex behind the wing’%  the point 

Replacing dl? by (dI’/dy)dy and 
all the trai.ling vortices may 
b/2 (b is the wing span), then 

noting that the downwash at y, resulting from 
be obtained by integrating wv y from - b/2 to 

dT 1 
wyoy = z y, - y ’ 

(4) 

‘0 

b/2 
- dy 

-b/2 
Y,-Y - 

The fundamental equation can now be written in the form 

b/2 

(a) =Cz 1 dr/dy 

a Yo m. Vc)yo + ?X Y, - Y dy 

-b/2 

(5) 

(6) 

where the subscript refers to the variable evaluated at the point y,. 

Probably the best known procedure for solving the fundamental equation is 
given by Glauert in Reference 9. The first step is to invoke the following 
substitutions: 

y = b/2 cos e (7) 
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and 

r=Vb y A sin nB . 
n=l n 

The sine series rather than the cosine series is chosen for r because the 
boundary conditions of r = 0 at both wing tips (0 = 0 and 0 = IT) are auto- 
matically satisfied for all values of A . The constants -A are found by 
determining the values necessary to force the flow over thg wing to be tangent 
to the mean camber surface. It can then be shown that the fundamental equation 
can be written as 

Y [ 
n=l 

An sin n8(un + sin 0)1 = $ aa sin 8 (9) 

where LI = moc/(4b). 

The above equation is valid for any spanwise station (0 between 0 and a), and 
in general II and a will be functions of 8. The problem has been reduced to 

one of determiningathe values of the coefficients A which will satisfy the 
above equation at every desired value of 0 along thg span of the wing in 
question. If a 5 term series is desired for r then equation (9) must be 
applied at 5 spanwise stations yielding 5 equations in the 5 unknown A ‘s. 

.Once the A ‘s have been obtained then Equation 8 will yield r for different 
spanwise pgsitions. 

As an alternative to solving Equation 9 at several spanwise stations, 
the computer programs given in Reference 4 are quite useful. Programs are 
presented to (1) calculate the lift, drag, and moment coefficients of conven- 
tional airfoils (two-dimensional) and (2) given the wing planform shape and 
airfoil characteristics for the root and tip sections, extend these two- 
dimensional characteristics to three dimensions. By using a lifting line 
theory, the three-dimensional extension yields local lift, .drag, and moment 
coefficient information at several spanwise stations along the wing span. 
The section lift coefficients may be used directly in Equation 2 to compute 
the strength of the bound vortex. 

With the foregoing as background, attention will now turn to literature 
specifically treating the calculation of downwash. Two 1939 NACA Reports have 
become classics in the field: NACA TR-648 (Ref. 10) and NACA TR-651 (Ref. 7). 
The latter presents methods for predicting important wake parameters in terms 
of the distance behind the airfoi I trai I ing edge and the profi le drag coeff i- 
cient for plain and flapped wings. The methods were based on a correlation of 
extensive experimental measurements of downwash angles and wake characteristics. 
Downwash was computed in the wing chord plane using the Biot-Savart equation 
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operating on a vortex system made up of a bound vortex at the wing quarter- 
chord and a planar vortex sheet extending straight behind the quarter-chord 
I ine to infinity. It is pointed out that the wing wake coincides with the 
trailing vortex sheet because of their common origin at the trailing edge and 
their equal freedom to move in the induced velocity field behind the wing. 
The vertical displacement of the vortex sheet can therefore be approximated 
by integrating the downwash angle in the streamwise direction from the trail- 
ing edge to some specified distance downstream. Si Iverstein, Katzoff, and 
Bullivant used the idea of superposition to obtain maps of constant downwash 
angles behind the wing. First, using a planar vortex system, downwash angles 
were calculated at several points in the plane of symmetry to yield a contour 
map similar to that of Figure 2. This map was then distorted in the vertical 
plane to account for the vertical displacement of the vortex sheet. The 
distorted contour map is also shown in Figure 2. Using this procedure, which 
neglects spanwise curvature of the wake sheet as well as vortex roll-up effects, 
agreement with experimental data is good at distances typical of to the tail 
plane locations. 

In NACA TR-648 (Ref. 10) S i I verste i n and Katzoff prepared downwash charts 
to make the methods presented in TR-651 more readily useable in design 
activities. Included in the report are curves of. the I if-t and drag of flapped 
airfoil sections and charts for finding the contribution of the different 
types of flaps to the total wing lift. The downwash charts are for el liptical 
wings and wings of taper ratios 0.1, 0.2, 0.3, and 0.5, with aspect ratios of 
6, 9 and 12, having flaps covering 0, 40, 70 and 100 percent of the wing span. 
These charts may be used without a prior knowledge of the material in TR-651. 
Although written some 35 years ago, these reports are still the basis of 
current downwash predictions for I ight aircraft. 

The interest in high speed flight led to some new downwash investigations 
in the late 40’s and early 50’s. In Reference 11 a study was made in the 
Langley 7- by IO-foot wind tunnel to determine downwash angles behind wings of 
various sweep angles and aspect ratios. Although the emphasis was on sweep 
effects, downwash characteristics were also measured for some unswept wings. 
The results are displayed graphically as curves of constant downwash angles. 
In 1954 an experimental investigation was conducted by Tolhurst (Ref. 12) to 
define the downwash field and vortex sheet shape behind a large-scale wing- 
fuselage combination incorporating a 63’ swept-back wing of aspect ratio 3.5. 
Data is presented for 9 vertical-transverse planes behind the wing for 3 
angles of attack at a Reynolds number of 6.1 million. A comparison of these 
experimental results with theory showed that an acceptable approximation to 
the downwash distribution within the distance surveyed could be obtained if 
the vortex sheet were assumed to be flat and the spanwise vorticity distri- 
bution were assumed to be that of the wing. Rogers (Ref. 13) studied the 
application of two-dimensional vortex theory to the prediction of flow fields 
behind wings of wing-body combinations at subson,ic and supersonic speeds. The 
wing trailing vortex was represented initially by line vortices distributed to 
approximate the spanwise distribution of circulation along the trailing edge 
of the exposed wing panels; however, a bound wing vortex was not included. 
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The afterbody was represented by corresponding image vortices with in the ‘body. 
Two-dimensional line-vortex theory was then used to compute the induced 
velocities at each vortex, and the resulting displacement of each vortex was 
calculated by means of a numerical stepwise integration procedure. The dis- 
placement of each vortex independently permits Inclusion of both the roll-up 
phenomenon and the spanwise wake-sheet curvature. Rogers found that this 
method predicted vortex paths at high speeds with reasonable facility and 
accuracy. 

In 1970 Butter and Hancock presented a method (Ref. 14) for calculating 
the shape of the trailing vortex system behind a swept wing at low speed. 
The authors were concerned about the two-dimensional approaches which omit the 
main wing bound vortex; they believed that when C is large the wing circula- 
tion effects are significant. A method was there ore c proposed which would 
include the effect of the main wing bound vorticity and the three-dimensional 
pattern of trai I ing vorticity. The wing is replaced by a single lifting-line 
bound vortex which represents the circulation distribution around the wing 
while the trailing sheet is approximated by a number of discrete line vortices.. 
Starting with a nearly planar system (i.e., bound vorticity on the wing and 
trailing vorticity streamwise as in Figure 3) and using a step-by-step process, 
working downstream aft of the wing trailing edge, the vertical and spanwise 
displacements of the trailing sheet are determined. To calculate the position 
of the ith vortex at station 1, 6x behind the 3/4-chord line (station 01, the 
sidewash and downwash velocities, (v. and w.) due to all the other vortices 
are calculated at 6x12. The change In vertical and spanwise position (62 and 
6~) for the’ ith vortex from station 0 to station 1 is then given by 

By = vpx/v and. 6z = WibX/V (10) 

This procedure is used to obtain the new position of each vortex at station 1. 
Downstream of station 1 each vortex extends to infinity using the y and z 
coordinates at station 1. Once the locations are established at station 1, 
the remainder of the stations downstream may be analyzed in a similar manner. 
Butter and Hancock found that the principal factors governing the accuracy of 
the results are the downstream step-size and the number and position of the 
vortices chosen to represent the trailing vortex sheet. They note that if too 
many trailing vortices are taken numerical difficulties may arise; induced 
velocities calculated at a point between two such vortices will be given by 
the difference of two large velocities of opposite sign. When compared with 
experimental results, the downwash angles were found to be too large near the 
trailing edge due to the concentrated nature of the bound vortex; however, 
further downstream agreement was good. 

In Reference 15 Labrujere presents a method for calculating the vortex 
location behind a thick lifting wing. The flow around a wing in uniform onset 
flow is determined with the aid of a source distribution on the surface of the 
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Figure 4. Representation of wing and wake by a source distribution on the wing surface and 
discrete vortices inside and behind the wing (Ref. 15). 



wing and a vortex distribution on its camber surface and wake. The wing and 
camber surface are divided into a number of strips whose edges are formed by 
lines y = constant and which are each subdivided in a number of quadri,lateraI 
panels. Along the periphery of each camber panel a line vortex is located 
(see Figure 4). The strengths of these “singularities” are determined by 
imposing the boundary condition of tangential flow to the wing surface at a 
number of surface points and the condition of tangentiai flow to the trailing 
vortex sheet at a number of “Kutta points” noted in Figure 4. Since the 
position of the vortex sheet and the strength of the singularities are related 
“non-l inearly”, an iterative procedure Is required in order to determine the 
shape of the sheet as well as the singularity distributions for a given wing 
and at a given angle of attack. Although only a limited comparison with 
experimental results was made using this method, the agreement was good. 

Comparing Labrujere’s technique with that of the previous reference, 
there are three reasons why the Butter and Hancock method is preferred as the 
basis for further work: (1) Labrujere combines the problems of the flow over 
the wing and the flow in the wake, solving them simultaneously; for a large 
number of panels both on the wing and in the wake this requires both more 
computer storage and a longer execution time than is required for the two 
problems independently (necessary in the Butter and Hancock approach). (2) 
The iterative nature of Labrujere’s method may necessitate several executions 
unless the initial estimate of the wake shape is accurate. (3) A I though Butter 
and Hancock’s method may be used iteratively to improve accuracy, they found 
that for step sizes of a quarter semispan and smaller, subsequent iteration 
did not significantly affect the position of the trailing vortices. 

In the last few years the interest in trailing vortex sheets has turned 
to the far field problem. At large distances behind the wing, vortex roll-up 
has occurred, and the hazard of one aircraft flying into the vortex core of 
another aircraft has spurred interest in trying to analytically predict the 
shape and velocities of a rolled vortex pair as well as the dissipation of 
this vortex pair with time. References 16, 17, and 18 cover the topic very 
well and discuss the’pertinent work which has been done to the present time. 

17 





WAKE VELOCITY PROFILE’ 

While an inviscid theory is acceptable for predicting the location and 
inclination of the wing wake, the estimation of actual velocities requires a 
viscous analysis. The velocity deficit behind a wing is a function of the 
wing drag, a viscous phenomenon caused by the shear forces which the wing 
introduces in the fluid. The only really correct way to attack the problem 
is to solve the full, time-dependent N,avier-Stokes equations of motion in 
three-dimensions over a substantial region. With present computers and com- 
putational techniques, computers w i I I have to grow in storage size and speed 
by one or two orders of magnitude in order to obtain an accurate solution to 
the problem in the space of a few hours. 

Boundary layer theory, which has been a valuable tool in solving for the 
viscous flow over airfoi Is and even bodies at zero or smal I angles of attack 
(Refs. 19 and 41, has also been applied to the flow in jets and wakes. 
Boundary layer theory consists of simplifying the Navier-Stokes equations so 
that they are applicable in the viscous flow near the surface of a body or in 
a wake. For the flow over a body the region where viscous effects are dominant 
is usual ly very thin compared to the body size. The equations are simplified 
by estimating the order of magnitude of each term and neglecting those which 
are smal I compared with the other terms. As might be expected, these simplified 
equations are much easier to solve, yet they retain the correct physical 
description of the flow in most cases. The conventional way of approaching 
the wake problem is to assume that the flow downstream of the trailing edge 
can be described by the boundary layer equations which are then solved by a 
momentum integral or finite-difference method. The remainder of this section 
will review some of the pertinent literature on the determination of wake 
velocity prof i les. 

Two-dimensional wakes were probably first investigated by H. Schlichting 
in his thesis presented to Goettingen University in 1930. In his general text, 
Boundary Layer Theory (Ref. 201, he notes that a wake is formed behind a sol id 
body which is being dragged through a fluid at rest or behind a solid body which 
has been placed in a stream of fluid. The velocities in a wake are smaller 
than those in the main stream and the velocity losses in the wake amount to a 
momentum loss in the fluid due the body drag. The spread of the wake increases 
as the distance from the body is increased, and the differences between the 
velocity in the wake and that outside become smaller. A wake is a free turbu- 
lent flow (not confined by sol id wal Is) and therefore of boundary layer nature. 

This means that (1) the region of space in which a solution is being sought 
does not extend far in the transverse direction, as compared with the main 
flow direction, and (2) the transverse gradients are large. The problem can 
therefore be studied using the two-dimensional, steady, boundary layer 
equations given below: 

uaU+v&LJX 
ax w P ay 

(x-momentum equation) 
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E+a”zo 
w 

(continuity equation) (12) 

where x and u are the coordinate and ve!ocity along the wake centerline, y and 
v are the coordinate and velocity normal to the wake center1 ine, p is the 
density of the fluid, and T is the turbulent shearing stress (see Figure 5). 

airfoil 

velocity profiles 

centerline 

Figure 5. Sample velocity profiles in an airfoi I wake. 

The pressure gradient term has been dropped from the x-momentum equation because, 
from a certain distance behind the body on downstream, the pressure remains 
essentially constant in the y-direction. This assumption is not necessarily 
true near the airfoi trai I ing edge. To integrate Equations 11 the turbulent 
shearing stress must be expressed in terms of the main flow parameters. One 
of the simpliest and most widely used wake flow models for ‘c is that given by 
Prandtl in Equation 3. 

au 
-c = PE ay - = pcb(umax - urnin) au 

ay 

where b denotes the width of the wake, c is an empirjcal constant, and E is 
the virtual kinematic viscosity or eddy viscosity, assumed constant over the 
whole wake width. Schlichting points out that experience has shown that for 

th increases as & whi le the two-dimensional turbulent wakes, the wake wid 
centerline velocity decreases as l/&. 

As noted in Reference 20 Goertler and Re 
dimensional wake behind a circular cylinder. 
assumed : 

ichardt investigated the two- 
Goertler found that if he 
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(1) u, = u - u which at large distances from the body is sma I I compared 
to U, the freestream velocity, 

(2) the drag on the cylinder is obtained by applying the momentum theorem 
far downstream so that 

y=+” 

D = hp 
I 

u, (U - ul)dy 

Y=-m 

(14) 

where D is the drag on the cylinder of height or length h, 
(3) that the second term of Equation 11 is small compared to the first, 

then, by integrating the simplified version of Equation 11 

u1- 1 
UCDd “2 

-- -- 
U 

-“2 e(-n2/4) 

4J;; Eo 
(15) 

where: CD = cylinder drag coefficient 

E 
0 

= constant eddy viscosity 

d = cylinder diameter 
x = distance downstream behind the cylinder 

n = nondimensionalized y-coordinate = y 

Upon comparison with experimental measurements made by Schlichting, Goertler 
evaluated the constant in Equation 13 with the relation 

E 
0 

= (0.047)(2b,,2 ulmax) 

where: bl/2 = half the wake width halfway between u, and ul at 
x-station max min 

u1 = the maximum value of u, in the wake at that x-station. 
max 

.. 1 
Using similar assumptions and a slightly different eddy viscosity model, 
Reichardt arrived at the following expressjon for u,: 

u1 d-iv 5) 
-l/2 

- = 18c.18) (CDd U 1 - (16) 
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Schlichting (Ref. 20) notes that the two solutions for the wake velocity 
actually do,not differ much one from the other. 

While the above work was concerned with the wake of a circular cylinder, 
in 1939 Silverstein, Katzoff, and Bullivant (Ref. 7) generalized the available 
experimental results so that velocity profile and wake width information 
behind airfoils could be predicted in terms of the downstream distance and the 
prof i le drag coefficient. The profile drag of an airfoil may be approximately 
equated to the loss of momentum in the wake by the relation: 

do = P u(U - u)dy (17) 
-co 

where do is the drag per unit span. At distances behind the wing comparable 
with tail-plane location, where the static pressure in the wake has reached 
that of freestream, experimental investigations have shown that Equation 17 
may be approximated in coefficient form by the more elementary expression: 

b/2 

(1 - +W 
0 

where, ‘d = section profile drag coefficient 

q/q: = ratio of dynamic pressure in the wake to that in the free- 
stream 

b = wake width 
c = wing chord. 

The wake may be completely described by the width b, the loss of dynamic 
pressure at the wake center Aq, and the shape of the wake profile. As an 
aid in generalizing the results, the following nondimensional ratios were 
adopted : 

n = 49 = (1 - q/q,) 
q0 

’ = 2 wing chord 
1. (wake width) = $ 

(18) 

5= 
distance behind trailing edge of winq = & 

wing chord c - 
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Using Prandtl Is proportional ii-y relations 

5 Q 51’2 Cd 
0 

and 

l/2 

Cdo 
n QJ $12 (19) 

the available experimental data was used to find the proportionality constants 
which should be used in Equations 19. It was found that: 

5 = 0.68 Cd 1’2 (5 + 0.15) l/2 

0 

(21) 

The equation for n was found to vary with l/C rather 
:~,‘n’:~,;‘s2’aa,“e~~n~~~~~d previously. The authors point out that discrepancy 
is probably associated with the high values of n near the trailing edge of the 
experimental data used for correlation; in Prandtl’s formulation n was assumed 
smal I. For a complete wake description,the shape of the profile must also be 
defined. The profile shape was found to be closely approximated by either of 
the fol lowirtg empirical relations: 

1.75 2 
$=[,-($ ] 

Ol- 

I 
+ = cos 2 ag’ ( 25) 

(23) 

(22) 

where Q ’ = relative loss in dynamic pressure 
5’ = distance from wake center1 ine (5’ 2 5). 

The profiles given above are assumed symmetric about 5’ = 0 and for 5 values 
In the vicinity of the tail plane this is not a bad approximation even for 
unsymmetric airfoi Is. 

In TR-648 (Ref. 10) Silverstein and Katzoff made the methods presented in 
TR-651 easily adaptable to design by preparing charts for determining the 
velocity profile at the horizontal tail. Over the years both TR’s have been 
very valuable in predicting tai I plane velocity profiles for I ight aircraft. 
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In 1947 an investigation of free turbu,lent mixing was presented by 
Liepmann and Laufer in Reference 21. The investig.ation examined the various 
ways turbulence had been modeled up to that time and discussed the physical 
significance of the models using experimental measurements of the mean 
velocity, the intensity and scale of turbulent fluctuations, and the tur- 
bulent shear in a two-dimensional mixing zone. The authors decided that the 
assumptions of constant mixing length and constant exchange coefficients (as 
in Equation 13) across the wake width were, strictly speaking, incorrect. 
Measurements of the field fluctuating velocities in a turbulent mixing zone 
show that both the mixing length and exchange coefficient vary across the 
mixing region, contrary to the assumptions made by Prandtl and others. They 
concluded that if only the mean-velocity distribution of a turbulent flow 
problem is desired, it usually can be obtained by dimensional considerations, 
assuming a reasonable curve (e.g., an error function in the case of a mixing 
region), and determining one constant from experiment. (This agrees with the 
methods already presented from References 20 and 7). Also, for an understand- 
ing of turbulent flow in general, a study of various mean-velocity distribu- 
tions is of little use; the field.of turbulent fluctuations must be studied 
in detail probably requiring a knowledge of the diffusion of turbulent energy. 
The constant exchange coefficient as presented in Equation 13 can therefore 
be used in a turbulence model with good success if only mean velocity profiles 
are des i red; but for any deeper understanding of turbulence, the micro- 
structure must be investigated more fully. 

The subject of eddy viscosity models is treated to some extent in 
References 22 and 23. Elassar and Pardolfini, using a multilevel linear 
difference scheme examined four eddy viscosity models and evaluated the con- 
stants in these models by comparing calculated velocity profiles with experi- 
mental data in the similarity region. The thrust of the report is directed 
toward high-speed compressible flow, and a I I the mode Is are more camp lex than 
Equation 13. In Reference 23 similarity solutions of the boundary layer 
equations in wakes with tailored pressure gradients were obtained. Experi- 
mental data was used to obtain a value for the constant eddy viscosity and the 
agreement between theory and experiment is described as good. While both of 
these reports are valuable in a general nature, it would be desirable to have 
viscosity constants evaluated using data obtained in the wake behind an air- 
foil. References 24 and 25 indicate that boundary layer solution procedures 
are being applied to high-speed turbulent mixing layers using more elaborate 
viscosity models than that given in Equation 13. These same techniques shou I d 
be readily adaptable to low speed turbulent mixing and could be very useful 
if computer storage requirements and execution times are not excessive. 

In order to improve upon the turbulent wake prediction methods, more exper- 
imenta I data are necessary for wake prof i I es at severa I stations behind an 
airfoil rather than at the tail-plane location only. References 26 and 27 are 
very helpful in this respect in that they present two-dimensional velocity 
profiles in the wakes of symmetrical Joukowski and Piercy airfoils respectively. 
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An 11.8 percent thick Joukowski airfoil was tested at angles of attack of 0 
and 6 degrees for a Reynolds number of 0.42 mi I I ion. Velocity. prof i les were 
measured at stations of 0.0005, 0.0025, 0.01, 0.25, and 0.5 chord lengths 
behind the airfoil trailing edge. A similar investigation on the 12 percent 
thick Piercy airfoi I, with wires on the leading edge to force transition, 
yielded velocity profiles at 0.0005, 0.0025, 0.01, 0.25, and 0.4 chord lengths. 
In addition to the profi les, the drag coefficient and other boundary layer 
information was also measured. 

A recent report by Goradia and Li I ley (Ref. 28) also present some experi- 
mental data for profile measurements behind a modified NACA 0015 airfoil at 
several angles of attack. The report describes a procedure developed by the 
authors to improve two-dimensional drag predictions for single and multi- 
element airfoils by describing the airfoil wake using regions of similarity. 
Although correlations are given for only two or three airfoi Is and the computer 
program is not provided, the procedure seems to have improved the drag predic- 
tions given in CR-1843 (Ref. 29). Experimental data, taken in connection with 
this work is presented in both tabular and graphical form; however, the 
tabular data, particularly at stations near the airfoil trailing edge, 
indicate profiles which fail to return to freestream velocity at the upper and 
I ower edge. 

While the data given in the three references cited above are valuable, 
they were taken in the wake of symmetrical airfoils. More data is obviously 
needed, particularily for unsymmetric airfoi Is, but the lack of data is due 
in part to the high cost of wind tunnel testing and the difficulty of measur- 
ing wake velocities accurately. 

A review of the I i terature revealed severa I papers concerning the effect 
of flow curvature on the formulation and solution of the two-dimensional 
boundary layer equations. Murphy (Ref. 30) formulated the boundary layer 
equations with curvature and indicated that even for laminar flow these 
equations are at thei r s imp lest more camp lex than the no-curvature case. 
Will iams (Ref. 31) obtained a solution for a free jet flowing off a step only 
by assuming a curvature function which made the boundary layer equations 
similar (the streamwise coordinate did not appear explicitly). One encounters 
similar increases in solution complexity when treating three-dimensional 
boundary I ayers. Al though the problem can be formulated, the computer storage 
requirements and execution times required with present machines and methods 
are excessive. Add to this the complexity of curvature and it is understand- 
able why attention is still directed toward solving the simplified problem. 
Solution to such a problem, hopefully, preserved the qualitative aspects of 
the physical situation even though it cannot duplicate it quantitatively in 
a I I respects. 
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PROGRAM FOR OOWNWASH AND 

WAKE POSITION CALCULATIONS 
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GENERAL THEORY 

For many years the vertical displacement of the wake centerline location 
and downwash behind wings has been calculated using a bound vortex and a 
finite number of trailing vortices. The spanwise curvature of the trailing 
vortices and their roll-up may be included in the calculation by allowing the 
vortices themselves to be deflected in both the vertical and spanwise direc- 
tions (Ref. 13 and 14). Analyses have also been conducted by representing the 
wing and vortex sheet as a single vortex lattice and using an iterative 
solution procedure with boundary conditions of no flow normal to the vortex 
panels to determine the wake location (Ref. 15). Because of the paneled wake 
procedure (lattice) achieves only a slight improvement in wake location at a 
large increase in computer cost , the WASH program presented here uses a 

method similar to those given in References 13 and 14. For simplification 
the x, Y, and z coordinates are non-dimensionalized by the wing semispan, and 
a unity freestream velocity is assumed since only ratios of-induced velocities 
to freestream velocity are required to estimate the downwash and sidewash 
angles. 

The f i rst step in computing the downwash characteristics and wake 
position is that of representing the wing by a bound vortex at the wing 
quarter-chord and by a trai I ing vortex system running aft from the quarter- 
chord I ine. The symmetric half-wing is placed in the coordinate system shown 
in Figure 6. The root chordline is in the xz-plane at y = 0, with the origin 
at the trai I ing of the wing root. The root chordline has an incidence, Q, 
with the negative x-axis. 

Figure 6. Definition of coordinate system and wing placement used in 
WASH program. - 

. ,  :  
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The analysis will be limited to unswept wings; therefore, the x and z 
coordinates of the wing quarter-chord are given by 

3c co5 a 
‘b=--- 

3c sin a 
2b and ‘b = 2b 

where (xb,yb,zb) = the coordinates of the bound vortex normalized by the 
semi span 

b = wing span 
c G wing root chord 
a = wing angle of attack. 

The strength of the bound vortex is calculated using Equation 2 once the 
section lift coefficient distribution is known. Al though the WASH program 
was designed to use the output of the three dimensional aerodynamic charac- 
teristics program given in Reference 4, any procedure may be used to calculate 
the section lift coefficients. The lift coefficients at 10 different 
normalized spanwise stations must be read into the WASH program. The speci- 
fication for both is ordered from positive wing tip to wing root* (see Figure 
7). 

wing wing 
root x denotes specified sponwise stations 

I, = :: 

tip 

f .- -Y 
IO 9 8 7 6 5 4 3 2 I 

Figure 7. Ordering scheme for spanwise station and section lift 
specification. 

Recall of course that the wing and its flow field is being represented by a 
system of horseshoe vortices. The initial streamwise position of the’various 
trailing vortices is defined by assuming the vortices are shed at stations 
midway between the 10 specified y values on each semi-span , i.e. 9 on each half 
of the lifting line. In carrying out the computations, advantage can be taken 
of the assumed symmetry in the loading and the geometry. In this fashion, the 
section lift coefficients as well as the input y stations and the positions of 
the shed vortices for the negative y axis can be defined. A schematic of the 

* The root value for y cannot be zero; it may be a very small number, but 
because of the technique used for estimating the bound vortex contribution, 
the value must be non-zero. 
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20 stations at which the section lift coefficients are specified and the 18 
shed vortex stations for the entire wing is given in Figure 8. 

x denotes specified spanwise stations for complete wing 

I denotes shed vortex statlons for complete wing 

wing wing wing 
tip root tip 

~;~;~;;;;;~;;:;.;;;;r,;;;;;;;;;,;;;;;;;; I 2 3... . . . 16 17 18 ! 

I 2 3 .,. . .* I8 I9 20 

Figure 8. Reordered specified spanwise stations and shed vortex 
stations for complete wing. 

Once the bound vortex strength is calculated using Equation 1 at the specified 
y stations, the strength of the shed vortices is computed by the change in r 
from one station to the next. Thus, for the right half of the wing the trai I- 
ing vortex system is similar to that given in Figure 9. 

bound vortex 
a- wing root wing tip----t 

m) m3 lTl3) r(l4) r(l5) 
n n n n n 

C>lO C,lI C,l2 <,I3 

strength = r(I I) - r(l2) 

Figure 9. Example of indexing procedure used for the trailing vortex system 
on the right half of the wing with a typical r(y) distribution. 
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Each initial trailing vortex is made up of two straight line segments, one 
from the bound vortex to the trai I ing edge and another from the. trai I ing edg‘e 
to infinity in the x-direction parallel to the freestream (see Figure 10). 

Figure 10. Example of initial approximation of trailing vortex system. 

The net velocity induced by the vortex system at a point in the vicinity 
of the wing is computed by summing the contributions from the bound vortex and 
every straight I ine segment of each trai Iing vortex. The velocity induced at 
a point due to a vortex is defined by the Biot Savart law (Equation 2). An 
alternate form of this equation for straight line fi laments is given i’n 
Reference 5 as 

dW = r_ sin 8 dR 
41T 2 r 

where dW = total velocity induced at a particular point by a filament dP, 
r = strength of the vortex f i lament 
r = distance to increment of fi lament at the point the velocity is 

induced 
13 = angle between the length r and the filament. 
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The contribution of the bound vortex is calculated by integrating Equation 24 
from the negative wing tip to the positive tip. Expressing sin 0 and r in 
terms of the x, y, and z coordinates, and noting that dll becomes dy, the 
induced velocity at a point (x, y, z) due to the bound vortex is written as 

1 I 
+ (z - Zb) 2 dy 

Wb = 
4a[(x - Xb12 + (Y - Y,) 

2 2 $2 (25) 
+ (z - Zb) 1 

where all coordinates are non-dimensionalized by the semispan. Equation 25 
may be solved numerically, or if a functional form is known‘for r(y,), it may 
be integrated in closed form. In order to use the closed form technique, 
two successive specified values of r(y) for the bound vortex were fitted using 
the cubic spline given in Reference 33 matching first and second derivatives 
at the end points. The cubic spl ine fit is of the form 

r(y) = Aljy3 + A2jy2 + A3jy + A4j (26) 

where Yj .I Y 2 Yj+l # j = I,2 ,..., 19. 

Note that for each of the 19 i nterva I s the cubic coefficients depend on the 
interval (Yj, y.+l 

$ 
1 in which the spanwise station lies, but they are constant 

in a given rnte val. It is this variation of the coefficients that gives the 
spl ine fit its remarkable curve fitting properties. Using the cubic represen- 
tation Equation 25 is integrated (Ref. 34) in each of the 19 intervals yield- 
ing the total velocity induced by the bound vortex at the point (x, y, z). 

This total velocity is divided into a freestream component, u, and a vertical 
or downwash component, w, by the relation gi,ven below: 

= Wb(X - Xb)/ 2 
‘b + (z - Zb) 

(27) 
2 2 

‘b = Wb(Z + (z - Zb) 

w and W are defined as positive in the negative z direction, and u is positive 
in the positive x direction. Since the bound vortex is always parallel to the 
y-axis, there is no sidewash component in Wb. 
usual ly very smal I compared with the freest-ream 

The streamwise component ub is 
velocity. 
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The velocity induced by a trailing vortex- is calculated by summing the 
effect of each straight line segment of the vortex. The total velocity 
induced at a point by a straight line vortex segment is also calculated using 
Equation 24; the eva I uation is however, much simplier than the bound con- 
tribution because r along all segments of a trailing vortex is constant. 
Thus, expressing dR and r in terms of 8, one has 

(28) 

where w, = 

BA and BB = 

is the total velocity induced at a point (x, y, z) by a 
vortex of length AB, 
angles between the length r and the filament at points 
A and B respectively, and h is the perpendicular distance 
from the point (see Figure 11). 

vortex filament 

Figure 11. Nomenclature diagram for velocity induced by a straight-line 
vortex f i lament (Ref. 5). 

Carrying out the integration indicated in Equation 28 yields 

wt = & (cos CIA - cos eB) . 

34 

(29) 



This total induced velocity must also be divided in.to its component parts: 
f reestream, s i dewash, and downwash velocities. As seen in Figure 12, the 
total induced velocity at P 
may be rewritten as 

o due to a I ine vortex from Pl to’ P2 of strength r 

wt = 
r(c0s e1 + COS e2) 

4a b/2 do1 sin O1 ’ 
(30) 

Figure 12. Schematic for velocity induced at PO due to a vortex from 
P, to P2. 

The components are derived using the following relations to obtain the 
direction cosines: 

(x2 - x1)2 + (y2 - y112 + (z2 - z112 

do1 = 2 2 (x0 - x1) + (y. - yl) + (z. - zl) 2 

do2 = 4 
2 2 

(x0 - x2) + (y. - y2) + (z. - z2) 
2 (31) 

35 



e1 = cos-1c(d212 + dO12 - do2*~/(2d2,d0,)] 

e2 = cos-1[(d212 + dO22 - do12,/(2d21d02,] 

x3 =x 1 + do1 cos el (x2 - xl)/d21 

y3 = yl + do1 ~0s e1 (y2 - q’/d2, 

z3 = z, + do, cos e1 (z2 - zl)/d2, 

A = (y2 - y,)(z3 - zl) - (y3 - y,)(z2 - zl) 

6 = - [(x2 - x1Hz3 - zl) - (x3 - x,)(z2 - z,)l 

c = [(x2 - x1)(y3 - y,) - (x3 - xp2 - y,,l . 

The components can therefore be written as 

Ut = W, A/& 

Vt = W, B/fi 

Wt = w, c/G 

where R = A2 + B2 + C2 . 

(31) 
‘Cont. 

(32) 

In summary, the induced velocity .components a,t a point are calculated 
due to (1) the bound vortex using Equations 25 and 27 and (2) a straight 
line segment of a trailing vortex using Equations 30 and 32. The velocity 
due to the entire vortex system is computed by summing the contributions from 
the bound vortex and each segment of the 18 trailing vortices. 

The spanw i se curvature in the tra i I ing vortex system is modeled by repre- 
senting each vortex by a number of straight-line segments which are free to 
follow the local direction of the flow. The position of these vortex segments 
is determined using a stepwise downstream marching procedure which will now 
be discussed. 
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As previously mentioned, the first approximation of the vortex sheet. 
consists of the 18 trailing vortices with,2 segments each, one segment from 
the bound vortex to the y-axis and another from the y-axis to x = a parallel 
to the x-axis. Since the actual vortex system behind a wing is displaced in 
both the y and z directions, the following procedure is used to compute the 
position of each trailing vortex at a length Ax behind the trailing edge. 
Noting Figure 13 and considering vortex #lO at station #2, the v and w. 
induced velocity components due to al I the other vortices are calculated 
halfway between stations #2 and #3 (x = Ax/21 using the y and z coordinates 
at station #2. The changes in spanwise and vertical position of vortex #lO 
in moving from station 12 to #3 is approximated by Equations 10 as 

Ay = VAX 

AZ = WAX . 

station 2 

vortices 

Figure 13. .Schematic of downstream stepwise technique used in WASH 
program. 
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The position of the vortex at station #2 was (0, ycvortex #lo>, 01 and the 
position at #3 becomes (Ax, y(vortex #lOI + Ay, AZ). A similar procedure is 
used to calculate the position of the other 17 trailing vortices at station 
#3. Downstream of station #3 the trai I ing vortices are assumed to go to 
infinity in the streamwise direction. After the position is determined at 
station #3 the procedure is reapplied at stations #4, #5, etc. until the 
vortex sheet is traced as far downstream as desi red. The WASH program prints 
the coordinates of each vortex as wel I as the total vortex length from the 
trailing edge at each downstream station. The procedure d i scussed above i s 
equivalent to that used in Reference 14 where it was found that for stepsizes 
as large as .25 semispans an accurate wake location was predicted. Butter 
and Hancock did note that numerical difficulties were sometimes encountered 
when more than 5 spanwise stations for the half-wing were used; however, the 
WASH program using double precision arithmetic utilizes 9 spanwise stations 
without numerical difficulty as long as the specified y stations are approx- 
imately evenly spaced. An example of a wake sheet calculated using the above 
procedure is given in Figure 14. The two views of this wake sheet were 
plotted using the PLOT program of Reference 4. The WASH program wi I I punch a 
data set which may be read di rectly into the PLOT program; the data set 
requires only the addition of view cards at the rear defining the type of view 
des i red. 

Once the location of the trailing vortex sheet is determined then both 
downwash and upwash angle may be computed behind and ahead of the wing 
respectively using the bound vortex and the new vortex sheet. The WASH 
program is designed to calculate, at the user’s option, three basic sets of 
informat i on : 

(1) downwash and sidewash angles in a plane behind the wing at a con- 
stant x-station (a negative value for the x-station yields upwash 
angles ahead of the wing) indicating the variation with y and z, 

(2) downwash angles in the y = 0 plane of symmetry for 1.75 semispans 
downstream with z varying from .5 semispans above and below a user 
specified z-station, 

(3) upwash angles in the y = 0 plane of symmetry for 0.5 semispans 
upstream with z varying from .25 semispans above and below the 
leading edge z coordinate. 

For each option presented above, a grid of coordinates, at which the 
downwash information is calculated, must be established. The first option 
was originally designed to compute the downwash in any x = constant plane at 
al I the grid points determined by y varying from 0 to 1.1 semispans in steps 
of .05 semispans with z ranging from .25 semispans above and below a specified 
z station in steps of .05 semispans. Th is requ i red ca I cu I at i ng downwash and 
sidewash angles at 253 points. Numerical difficulties were usual ly encountered 
at one or more of the grid points because of the grid points being located 
very near a,vortex segment. The vortex velocities by definition are unbounded 
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Figure 14. Sample of wake sheet end view and orthographic projection. 



at the vortex center; thus, unrealistic velocities may be predicted if the 
grid point is too near a vortex segment. To correct this difficulty an 
attempt was made to determine an optimum distance to a filament such that the 
filament’s contributions would be included or excluded depending on whether the 
distance to the filament was greater or less than the optimum. While this 
procedure was.successful in producing reasonable values of downwash angle, it 
does not guarantee a smooth variation in downwash In either the y or z direc- 
tion since the downwash at one of two closely-spaced points may include the 
contribution from a filament while the downwash computed at the’other point 
may not. 

To insure a smooth variation, the following procedure is used. The user- 
specified x-station at which the downwash information is required must be a 
multiple of the stepsize; for upwash calculations any negative x-station ahead 
of the wing leading edge may be used. The y and z coordinates for the 6 most 
inboard vortices on the positive y-axis are used to establish a new grid 
system. Using the y coordinate at one of the six vortices as constant, the 
total flow angularity (vector sum of downwash and sidewash angles) and the 
sidewash and downwash angles are calculated for z ranging from .25 semispans 
above and below the z coordinate of that vortex. This procedure is also 
carried out for the other five most inboard vortices yielding a grid system 
similar to that given in Figure 15.. 

0.10 
t . . 

. 

. 
. l 

. 
. -* 

+:; y 

Figure 15. Example spacing for downwash calculations using NXORY=l 
option (spanwise variation). 
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The numerical difficulties encountered because of. the contribution of the* 
vortex segment to the field in its immediate vicinity are eliminated by (1) 
excluding, for example, the contribution of vortex 11 when caIcuIating.the 
flow angles above and below the z coordinate of vortex 11, and (2) cal-culating 
downwash above only the six most inboard vortices which, for x-distances com- 
parable to horizontal tai I locatioiis, have not rolled-up and therefore do not 
pass above or below another vortex trace. The exclusion of vortex.11 when 
determining the flow angles above and below it will not affect the downwash; 
however, the si dewash w i I I be in error. Since the downwash and not sidewash 
is the quantity which the program is designed to predict, the error in side- 
wash is tolerated. The option discussed above is produced when the input 
variable NXORY is specified as 1 and STAT is read as the desired x-station in 
semispans. A detailed description of these and the other necessary Input 
variables is given in the User Instructions section of Appendix A. 

Option number two in the WASH program computes the dowriwash angles in the 
plane of symmetry, y = 0. The grid is specified by varying x from .25 to 1.75 
semispans behind the trailing edge in steps of .05, and z ranging from .5 
semispans above and below a midpoint z-value specified as the variable STAT. 
As above, numerical difficulties were encountered in some cases using this 
option because the most inboard shed or trailing vortex on a half-wing may be 
too close to some of the grid points. To remedy the prob lem in genera I, the 
downwash angles were calculated using only the 8 most-outboard vortices on 
both sides of the y = 0 plane, and the WASH program is written in this fashion. 
However, if the user desires to include the effect of the inboard vortex, the 
DO LOOP parameter may be changed from 8 to 9 on card PLA 110 of the WASH 
p rog ram. Inasmuch as the computations are made in the plane of symmetry, only 
half the wing need be analyzed to compute the downwash, and the sidewash is 
identical ly zero. This downwash information is computed in the plane of 
symmetry when the variable NXORY = 2 and STAT is the desired midpoint value 
of z in semispans. 

If NXORY = 3, then upwash information is calculated in the plane of 
symmetry. The grid points at which upwash is computed are established by x 
ranging from the wing leading edge value of x at the wing root to .5 semispans 
ahead of the leading edge in steps of .05 semispans, and z varying from .25 
semispans above and below the leading edge z coordinate. The upwash 1s calcu- 
ated using all 18 trailing vortices without numerical difficulty. It should 
be pointed out however that the upwash values at the leading edge are exces- 
s ive ly large because of the proximity to the bound vortex at the wing quarter- ’ 
chord. 

The WASH program is made up of a mainline, four subroutines, and a 
function subroutine. The mainline is the control center for reading and 
writing the specified and calculated information as well as the coding 
responsi b le for tracing the position of the vortex system downstream. The 
mainline calls the following subroutines: (1) SPLINE to obtain a spline fit 
of the bound vortex strength versus semispan distance, (2) WB which computes 
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the induced velocity components at a point due to the bound vortex using the 
function WBB, (3) WTRAIL to calculate the induced velocity components at a 
point due to a strai.ght-line trailing vortex segment, and (4) PLANE to 
determine the downwash information in the plane specified by the user. The 
mainline contains the coding responsible for tracing the shed vortices down- 
stream using a maximum of 18 steps behind the trailing edge. Using this 
deflected vortex system the downwash information is calculated at each of the 
grid points given by subroutine PLANE for the user specified plane of interest. 

The program listing, sample data set, and sample output are presented 
along with User Instructions in Appendix A. The next sect ion of this report 
presents a brief discussion of results obtained by running the program for 
several test cases, some of which are compared with experimental data. 
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DISCUSSION OF PROGRAM RESULTS 

Resu I ts given by the ‘WASH program were compared with two separate examp les 
of USA 45 wings (Ref. 7) at different angles of attack, and; in addition, a 
sample calculation of the wake sheet location and downwash at the tail was 
obtained for the ATLIT (Advanced Technology Light Twin) aircraft. The theo- 
retical section lift distribution taken from Reference 7 and given in Figure 
16 served as ‘the basis of the calculations in the WASH program. Figures 17 
and 2 show the experimental lines of constant downwash angle in the plane of 
symmetry behind the wing and the angles predicted in Reference 7, respectively. 
The results of the WASH program are given in Figure 18. Reference 7, notes that 
the theoretical downwash of Figure 2 along the wake centerline at large dis- 
tances (two semispans) appears to be approaching a value of 7.8“, while the 
experimental value is less than 6.6O. Reference 7 indicates that the theoret- 
ical value given in Figure 2 is too large because the method did not include 
spanw i se curvature. The WASH program, which includes spanwise curvature, 
gives a value closer to the experimental result in the vicinity of the hori- 
zontal tail location. Near the wing trailing edge the theoretical method of 
Reference 7 over-predicts the downwash angles wh i le the WASH program under- 
predicts it as compared with the experimental value. It should be noted that 
some difference between theory and experiment may be attributed to the fact 
that the r distribution is theoretical rather than experimental. 

The experimental r distribution given in Figure 19 for the USA 45 airfoil 
was inserted in the WASH program to compare the spanwise variation in downwash 
with experimental values presented in Figure 20. The WASH program results are 
presented in Figure 21. A comparison of these two figures indicate that the 
total flow angular deviations computed by WASH are smaller in general than the 
experimental values; also, Figure 20 depicts positive sidewash angles both 
above and below the wake centerline while WASH predicts positive below and 
negative above as wou I d be expected by vortex theory. 

The wake sheet is given for each USA 45 r distribution discussed above in 
Figures 22 and 23. Each wake sheet figure was obtained by executing the plot 
data set from the WASH program in the PLOT program of Reference 4. While both 
distributions are for the same airfoi I section, an examination of Figures 16 
and 19 gives an indication of how wake sheet shape is affected by the section 
I ift distribution. 

NASA is currently supporting the development of the ATLIT aircraft to 
investigate the potential of new aerodynamic techniques for improving the 
performance of light twin engine aircraft. A three-view of the ATLIT is given 
in Figure 24 and a perspective view is given in Figure 25. A contributer to 
this program, N. C. State University, is currently involved in both a perfor- 
mance prediction and a flight evaluation program for the ATLIT, the results 
of which should be published as a NASA Contractor’s Report early in 1977. In 
conjunction with this program, it was decided to analyze the ATLIT wing using 
the WASH program to find the downwash characteristics at the horizontal tail 
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in the plane of symmetry. The section lift coefficient distribution of the 
wing with fuselage was obtained by the methods given in Reference 4. The 
nacelles were neglected for this test case. The program input data set is 
given in Figure A-2. Figure A-3 gives typical program output: tabulated data 
for the spanwise variation of the downwash and sidewash in the plane of the 
horizontal tail, the downwash in the plane of symmetry, and the upwash aheaa 
of the wing for a wing lift coefficient of 1.22. The wake sheet plot (Figure 
26) indicates that the high wing aspect ratio (ten) yields relatively low 
values of downwash in the vicinity of the horizontal tail. Figure 27 is 
included to show the variation of upwash ahead of the wing in the plane of 
symmetry along with the downwash variation behind the wing. The excess i,ve I y 
large upwash angles at the leading edge are due to the nearness of the bound 
vortex at the wing quarter-chord. 

The cases presented above, although I imi ted in number, show good agree- 
ment with experimental data. These test cases also indicate the type of 
information yielded by the WASH program; to the extent that interference 
effects from the fuselage and horizontal tail can be neglected, the program 
fulfills the design objectives of defining both the wake sheet location in 
the vicinity of the horizontal tail and the downwash distribution in both 
the spanwise and freestream directions. The program’s capabi I ity for com- 
puting upwash ahead of the wing has also been demonstrated. 
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Figure 16. Theoretical l?(y) distribution for the 3.66 m  USA 
45 tapered wing with CL 5: 1.175 (Ref. 7). 

Figure 17. Experimental downwash angle contours in the plane of symmetry 
behind a 3.66 m  USA 45 tapered wing with CL = 1.175 (Ref. 7). 
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Figure 18. Downwash angle contours in the plane of symmetry behind a 
3.66m USA 45 tapered wing at CL = 1.175 using WASH program. 
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Figure 19. Experimental span load distribution for the USA 45 wing 
at CL = 1.35 (Ref. 7). 
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Figure 20. Experimental air flow 7.92m behind c/4 line of USA 45 wing at 
CL = 1.35 with vectors denoting deviation from freestream (Ref. 7). 
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Figure 21. Air flow 7.92m behind c/4 line of the USA 45 wi,ng at CL = 1.35 using 
WASH program with vectors denoti,ng deviation from freestream. 
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Figure.22. Wake sheet end view and orthographic projection of the USA 45 wing at CL = 1.175 
(r distribution taken from Figure 16). 



Figure 23. Wake sheet end view and orthographic projection of the USA 45 wing at CL 
s = 1.35 (r distribution taken from Figure 19). 



Figure 24. Plotted 3-view of ATLIT aircraft. 
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Figure 25. Perspective view of the ATLIT aircraft. 



Figure 26. Wake sheet end view and orthographic projection of the ATLIT wing at CL = 1.22. 
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Figure 27. Upwdsh and downwash angles in the plane of symmetry of the 
ATLIT wing at CL = 1.22. 

53 





PROGRAM FOR VELOCITY 

PROFILE CALCULATION 
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GENERAL THEORY 

Once the location of the wake sheet centerline has been established using 
the WASH program, a viscous solution behind the wing may be obtained by solving 
the two-dimensional boundary layer equations along wake streamlines defined by 
the shed vortex paths. This same technique was applied to boundary layer 
solutions over arbitrary bodies with good success in Reference 4, and the 
results should be reasonable in this application as long as (1) the spanwise 
flow is small compared to the free-stream flow, and (2) the streamline curva- 
ture is not large. These conditions of course are violated as one moves down- 
stream from the wing tip and the vortices begin to roll-up. However, for 
streamlines which pass near the horizontal tail the conditions for the use of 
two-dimensional boundary layer analysis are usually satisfied quite well. 
Thus, this approach should be adequate for the purpose of this study which is 
to determine the magnitude and direction of the flow in the vicinity of the 
horizontal tai I. The WASH program permits only nine shed vortices to the 
half-wing; thus, probably no more than the three most inboard vortex traces 
will pass inboard of the tail tip section.* 

As noted in the I i terature review, the inclusion of curvature in the 
boundary layer equations greatly increases the complexity. In order to 
determine whether or not curvature effects should be included in the analysis 
results from several executions of the WASH program were examined. When 
vortices for typical cases of spanwise lift distributions were traced down- 
stream, it was found that while the inboard vortex streamlines were deflected 
in the vertical and spanwise directions, the curvature of these streamlines 
was small due to the relatively slow rate of change of downwash and sidewash 
angles (see Figures 14 and 26) along a given vortex path. Since the curvature 
of the inboard vortices is smal I, it should not play a dominant role in a 
boundary layer solution near the horizontal tail. Consequently, the curvature 
terms in the boundary layer equations were neglected, greatly simplifying the 
solution process. 

In order to find the flow velocities along stream1 ines in the vicinity 
of the horizontal tail including the effects of fluid viscosity, the computer 
program WAKE was written. Given an initial velocity orofile at the airfoil 
tra i I i ng edge++, the nonsimilar two-dimensional boundary layer equations are 
solved using a finite difference method with even stepsize in the transverse 
direction and unequal stepsize in the streamwise direction. The remainder of 
this section will be concerned with a discussion of tha WAKE program theory. 

The boundary layer equations (Equations 11 and 12) are written in a form 

z”& tion through use of both the stream function $ 
ax) which automatically solves Equation 11, and 

and y variables. The scaling variables n and 5 
and the stream function $ were assumed to be of the form 

* Because of typical span loadings, the third vortex out from the fuselage will 
probably be positioned at around 0.4 semi-spans, a location which should be 
further outboard than the tip of the horizontal tail plane on most light 
a i rcraf t. 

++The computer program providing this initial velocity prof i le is given in 
Ref. 4. 
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and 

where c= 
t= 

‘d = 
u, = 

5 = 
17’ 

fCS,n) = 

rl-A!-- and 5=x 
Jl OOcdtx C 

I)(x,y) = U,JIOOCdtX f(S,n) 

(33) 

(34) 

wing chord 
wing thickness 
wing section drag coefficient 

freestream velocity 
nondimensional distance downstream of the trailing edge 
nondimensional, scaled y coordinate normal to the x-direction 
function of 5 and n which will appear as the unknown in the 
transformed boundary layer equations. 

Since the continuity equation is identically satisfied by the definition of 
the stream function, it is necessary only to solve the momentum equation given 
by Equation 12 and rewritten, using Equation 13, as 

u~+vs -a2u 
w EayZ’ (35) 

Introducing the definition of the stream function and replacing x and y by the 
scaled variables, Equation 35 becomes 

(36) 

where the primed quantities denote derivatives with respect to the variable n. 
Simplifying the above equation, one has 

ff afl (&+ =)flf = E --- 
c at U,( 1 OOcdtx) 

f!” 
’ (37) 

or, multiplying by x and rearranging, 
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(38) 

Equation 38 must therefore be solved at every 5 station (non-similar solution) 
downstream in order to obtain the velocity as a function of n. It is a third 
order partial differential equation in f requiring the three boundary 
conditions: 

u(x,y-m) = urn-+ u(S,QJ) = u---r f’(S,m) = 1 

u(x,y--1 = u m-1 u(E,-m) = urn--, f’(S,-m) = 1 (39) 

v(x,y=O) = 0 + f(S,O) + 25 g = 0 - 
<=o 

Equat 
is solved 
below. Le 

on 38 together with the boundary conditions given in Equations 39 
n the WAKE program by the finite difference technique described 

= T; then t f’ 

where 

Simpl 

c1 = 

ify Equat 

where 

100CdtU,/E. 

ion 40 to read 

aT T” + alT’ + “2 ag = 0 , 

“1 = c+$+ 5 g) and cl2 = - c$f . 

(40) 

(41) 

(42) 

Equation 41 has, through this process, been converted into a second order 
“linear” equation in T with supposedly known coefficients. This equation is 
solved by assuming a solution to evaluate the cl’s and then, using an iterative 
p recess, T is computed numerical ly and the a’s are corrected after each 
iteration unti I convergence is attained. Consider the grid system shown in 
Figure 28. If the solution is known at some station m  for all n, then using 
centra I and backwards d i f ference formulas, the solution is constructed at the 
station m  + 1 for al I n. The derivatives are approximated with the following 
relations taken from Reference 19: 
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Figure 28. Grid system for finite difference solution. 
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ag. =C IT -C 
hl hl +  2h2  

n,m+l hl(h, +  h2) n,m-1 21Tn 
hlh2 ’ 

m + C h2(h, +, h2) IT n,m+l 

where h  = 5  - 5  1  m m-l’ h2  = 5m+1 - Em, and  AQ = equal  stepsize in the n  direc- 

tion. Equat ion 41  is now rewritten as 

* This method is based on  that presented by Cebeci  and  Smith in McDonnelI-  
Douglas Aircraft Co. Inc. Report No. DAC-67130, October 1968,  “A Finite- 
Difference Solution to the Incompressible Turbulent Boundary Layer Equat ions 
by an  Eddy-V i scos i ty Concept”. 
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-- 
I 

+-- + ,&lTn+, m+, ..+ 

(Ad2 , 

+ 

C- -2 +a{ 
h,+2h’ al 

(AnI 
2 IIT, m+, 2 h2(hl + h2) + +- - , (AnI 

mlTn-l i+l , 

a CC 
h2 

2 h (h + h )jTn m-l - ’ 
hl + h2 

)Tn ,I = 0 (44) 
11 2 ’ hlh2 ’ 

where 

AnTn+l ‘m+l + BnTn m+l + ‘nTn-l * # , m+l = Dn ’ (451, 

al A/--+- 
(Ao12 2Ar) 

Bn=*+a 
hl + 2h2 

(Aq) 
2 h2(hl + h2) 

al c/-1--- 
(Aqj2 2Arl 

- h2 
Dn = “2 ‘h (h + h )lTn m-l t ’ 

hl + h2 IT 
11 2 ’ hlh2 n,m ’ (46) 

The total number, n of n-stations must be odd. The bottom of the wake 
(11-t-m) is defined bpac’= 1 while the top (n++m) is defined by n = n . The 
wake center is defined by nmid = (nmax -. 1)/2 f 1. The boundary co!%Ttions 
can therefore be specified us 1 rig the Index n as 

@n=l T n,m+l = 1 

@ n = nmid f(S,O) + 25 $$ (5 o) = 0 
I 3 

(47) 

8 n = nmax T n,m+l = 1 . 
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Equation 45, when written in matrix form, becomes: 

1 0 0 0 

Z2 B2 A2 0 

3 c3 B3 A3 
. 

. 
. 

C  n-2 B n-2 A n-2 0 

0 C n-l 
B 

n-l A n-l 

0 0 0 1 

T1 

T2 

T3 
. 
. 
. 

T 
n-2 

T n-l 

Tn 

1 

D2 

D3 
. 
. 
. 

D  
n-2 

D n-l 

1 

The solution procedure for this set of equations can be greatly simplified 
because the matrix is tridiagonal. If the matrix is denoted by A, then 

Now let 

where 

L= 

“1 

32 

3 

0 0 

w2 O 

83 w3 
. 

. 
. 

B n-l Wn-l 

0 B n 

AT=D. 

A=LX 

1 -El 0 

0 

w n 

, x= 

(49) 

(50) 

3 1 -E2 
. 

. 
. 

0 1 -En- 

0 0 1 

and 
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.thus, 

- YE1 0 

‘-E,@2 + w2) -E2W2 

83; 

0 

GE2B3 + w3) 

84 

w, = 1 

8, = c3 - E1B2 + w2 = B2 

B4 = c4 

. . . . 

8, = c n 

- E2f33 + w3 = B3 

. . . . 

-E n-18n + u = B n n 

0 0 0 0 

0 0 0 0 

- E3W3 - E3W3 0 0 

(-E3B4 + w4) (-E3B4 + w4) - W4E4 - W4E4 
. . 

. . 
. . 

- ulE, = 0 

- u2E2 = A2 

- a3E3 = A3 

. . . 
- mnEn = A n 

the Applying the above equations, a step by step procedure is used to evaluate 
B’s, w’s, and E’s given the An’s, B,‘s, and Cn’s. From Equations 49 and 50 

LXT=D, 

and if 

(51) 

then 

or 

XT=e, (52) 

Le=D, (53) 
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w1 0 0 0 

S2 m2 0 0 

0 S3 w3 0 

0 0 84 w4 

. 

’ ‘n-1 Wn-l 0 

0 ‘n w r 

el 
e2 

e3 

e4 
. . . 

e 
n- 

e n 

= 

D1 

D2 

D3 

D4 
. . . 

D  
n- 

Dn 

If e, = 1 and E, = 0 then all the e’s and E’s are evaluated using the relations 
beloh I 

Dn - ‘nen-1 - An 
e = 

Bn + ‘nEn-1 
and 

n. En = Bn + CnEnB1 ’ 

The matrix Equation 52 may now be written as 

1 -E1 0 0 

0 1 -E2 0 

0 0 1 -E3 
. 

. 
. 

0 1 -En- 

0 0 1 

,l 

T1 

T2 

T3 
. . . 

Tn- 

Tn 

= 

el 

e2 

e3 
. . . 

e n- 

e n 

(54) 

Starting with Tn, the n values of T are obtained by using the recursive rela- 
tion given below: 

Tn = en + E,T,+, . (55) 

These Tn values represent the solution at the 5 station m  + 1. 
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The general procedure given above may be summarized in the fol 
manner: 

(1) The solution is assumed to be known at the station 5 for 
(2) An approximate solution, Told is assumed at the S,+,mstat 

lowing 

all n. 
,ion in 

order to evaluate the Ants, B,‘s, Cnls, Dn’s, en’s, and E,,‘s. 

(This approximate solution at station m+l is usually taken to be 
the solution found for station m.) 

(3) Using the computed values of e and En, the solution Tnew is 
calculated using Equation 55. n 

(4) Told and Tnew are then compared to see if they are the same at 

every n station to within a certain accuracy; if not the Told is 
set equal to Tnew and steps (2) and (3) are repeated. 

(5) This iteration procedure is continued until Told and Tnew are 

sufficiently close signaling a converged solution at the 5 station 
m+l. Usually, no more than two or three iterations are required. 

(6) The procedure given in steps (1) through (5) is merely repeated 
for each subsequent downstream station. 

As noted in (1) above, the finite difference technique requires that a 
solution be known at some 5 station in order to compute solutions downstream. 
While an actual velocity profile in the wing wake is not known in general, a 
profile shape can be found at the trailing edge of an airfoil on both the upper 
and lower surfaces whenever the flow over the airfoil is calculated. One 
method of finding the viscous solution over an airfoil is given in the 2-D 
Airfoi I program of Reference 4. The flow is computed by solving the boundary 
layer flow over the airfoil with a momentum integral technique. Using the 
program output, the velocity prof i les on both surfaces may be determined from 
their respective boundary layer thicknesses and form factors using the equations 
below: 

U (Hu-1 I/2 
u= (5) up. L 

(R&-l I/2 

Urn 
and u=c8) 

U m  &  

where B = boundary layer thickness at the trai I in,g ,e,dge 
H = turbulent form factor of the trai I ing edge 

u 8 II = subscripts denoting upper and lower surfaces. 

(56) 

Although Equations 56 do yield an ini’tial velocity profile, there is still 
a problem due to the singular nature of .-the bounda,ry layer equations at the 
airfoi I trai I ing edge. From Equation 33, it is evident that n is unbounded at 
5 = 0. Some procedure or technique must therefore. be used to provide an initial 
profile downstream of the trailing edge. An investigation of the experimental 
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data given in Reference 26 and 27 indicated that at small distances downstream 
of the trailing edge, the velocity profile shape is still much the same as at 
the trai I ing edge. Based on this information, the assumption was made that the 
profile shape at a small distance downstream, say .Ol chord lengths, .is the 
same as the profile at the trailing edge. This technique was used to establish 
a profile at 5 = .Ol in the WAKE program, and by assuming this profile satis- 
fies the wake boundary layer equations, the initial requirements for the finite 
difference solution are satisfied. Although the program permits initial values 
other than .Ol by requiring the value to be read into the program, this value 
was found to be satisfactory for all test cases presented in a later section of 
this report. Values of 5 less than .Ol tended to make the maximum value of n 
too large, requiring an excessive number of steps in the n direction (Equation 
33). For values larger than .Ol the profile shape can no longer be approxi- 
mated adequately by the trailing edge profile shape as seen from the experi- 
mental profiles. 

Another problem which must be discussed arises from the fact that the 
boundary layer equation (Equation 35) contains no terms to account for pressure 
fluctuations in the y-direction. In the development of the boundary layer 
equations the pressure was assumed constant in the direction normal to the flow, 
el iminating the pressure gradient term. Far downstream this pressure variation 
is obviously smal I. Near the airfoi I trai I ing edge, however, the deviations 
from freestream static pressure may be large. The fluctuations are virtual ly 
impossible to predict unless the complete Navier Stokes equations are solved 
which at the present time is an unrealistic task. The WAKE program was written 
with the pressure terms excl uded with the hope that it wou I d sti I I match exper- 
imental data reasonably well. The results obtained in.dicated that these hopes 
were attained. Correlations with several test cases are given in the next 
section of this report. 

The eddy viscosity mode I used in the WAKE program is that given by 
Equation 13 in the I iterature review. This mode I was derived by Prandtl for 2 
ful ly-developed wake flow. ,I n genera I, the velocity term in parentheses 
represents the difference between the maximum and minimum velocity in a profile 
while b represents the wake thickness or height at a velocity station halfway 
between the maximum and minimum velocity values. These parameters can be 
estimated given a velocity profile in a fully-developed wake, but if the 
initial profile is the trailing edge profile, then another set of parameters 
must be defined which wi I I correlate with experimental measurement. It should 
be emphasized that while some experimental data exist for velocity profiles in 
the wakes of airfoils, these data must be described as very limited (Refs. 7, 
26, 27, 28). Noting Figure 29, the velocity difference for the trailing edge 
profile would always be u since u . 
profi le it is never as la!$4 as u 

is zero, while in the fully-developed 
m’“Also, the wake width at half-depth for 

the trailing edge profile is alwa~~xsmaller than the same width for a fully; 
deve I oped wake. 
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Figure 29. Sample velocity profiles at airfoi I trai Iing edge and in 
a fully developed wake. 

A value. for the constant, c, in the eddy viscosity model must also be 
chosen which will bring about a match between experimental and theoretical 
data. In Equation 40 the eddy viscosity appears in the parameter c, as 

c1 = 100cdtUJE where E = bc(u - u ) . max min 

This may also be written in the following form 

c1 = 100CdVE where E = bc(u - u max min)‘Uco * (57) 

For wakes considered in this report, the maximum velocity in the profile will 
‘min be the outer edge velocity, UoD. Then E = bc(1 - ~1. If c is defined as a 

positive constant, then the value of cl is obviously positive. By making 
several test runs of the WAKE program, it was found that at a given distance 
downstream of the initial profile the larger the value of cl, the lower the 
value of the centerline velocity and the smaller the wake width. Thus, it was 
necessary to find new definitions of the terms b and (1 - umin/Um) to be used 
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with the trailing edge profile shape to evaluate E. New definitions were 
sought which would, in general, produce the proper variation of E with wing 
angle of attack without making the functional relationships more complex. As 
seen in Figure 29, in order to achieve approximately the same wake widths 
using these two profiles, the width of the trailing edge profile must be 
measured at a y station with a larger velocity. Using this new wake width, 
a relat 
coeff ic 
and the 
b is de f 
percent 
express 
is obta 

onship was sought between the term (1 -u . /U> and the profile drag 
ent. Based on a comparison of many comp!/tgr runs of the WAKE program 
r correlations with experimental profiles, it was found that (1) if 
ined as the wake width at the y station where the velocity is 75 
of the freestream value, and (2) if u . /UoD is represented by the 
on (1 - c d /cd), then good agreementmi?th downstream wake prof i les 
ned. min 

Having defined new relationships for b and (1 - u . /U I, the only remain- 
ing, parameter needed to complete the definition of E it’?hemconstant c. Whi le 
the value of c for wakes behind circular cylinders using the conventional 
definitions of b and (u - u . 1 is given as .047 in Reference 20, little 
has been published in t!%Xopenml?terature regarding the value of c in airfoil 
wakes. For profi les genera ed using the WASH program with the new parameters 
defining the eddy viscosity a constant value of c = .03 was found to work 
very well for all the airfo Is tested. Although this value produces good 
correlation, the value of c is read into the WAKE program to al low the user 
the option of modifying the constant if -he desires. The parameters b and 
(1 - crl /cd) are also def ned on cards FIN 51 and 52, respectively, in the 

.  ” 

progra>l?sting given in Appendix B. This permits the user to experiment 
with new ideas when more experimental data become available. 

It is well to note here that a constant value of E for all x locations 
is realistic only for relatively weak wakes , i.e., c 
measure of the eddy size and intensity in the wake. d -to. E is really a 

In high drag situations, 
large eddies are shed. These have very large internal shears which cause 
them to disintegrate progressively into smaller eddies with smaller shears 
as one moves downstream. For such a situation a constant eddy viscosity is 
obviously not realistic. It will be noted, however, that the procedure for 
computing the boundary layer on the wing does not admit significant regions 
of separated flow. Since the wing drag is always relatively small when the 
boundary I ayers are attached and since the ai rfoi I boundary I ayers are com- 
puted with constant eddy viscosities, it seems reasonable to continue this 
practice in the wake computations. As a result, however, the determination 
of the momentum defect must be limited to those cases where these conditions 
of unseparated flow and low drag are always satisfied: general ly for section 
lift coefficients of 0.8 or less. 

In order to carry out the numerical integration of the WASH program, the 
user must specify the grid spacing in both the 5 and n direction. The program 
is designed to use a maximum of 2001 points in the n direction or 1000 points 
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I 

on each side of the centerline. The maximum values of I-I for the initial upper 
and lower prof i les are computed using the boundary I ayer thickness 6. in 
Equation 33: 

6 
upper 

or 

( nmax) 
I ower 

upper 
= 100ddtXinitial (58) 

or 
I ower 

Dividing the larger of the two n values by 1000 yields the minimum stepsize 
in n. While the program is written for the general case (unequal stepsize) 
it is recommended that only even stepsize be used. If the specified even 
stepsize is too large, very small oscillations in u/U- at the outer edge of 
the wake profile may result; hence, a stepsize which increases with n would 
only compound the oscillations. For every case presented in this report a 
stepsize of .00125 was found to be satisfactory. Using this stepsize and n 
from Equation 58, the number of points in the n direction may be computed f?% 

NPTS = 2kl nmax/.00125 + 1 

where NPTS is the total number of n stations for the entire wake and k 
+ 

is a 
factor to insure that an n region is defined which is a little larger han 
the actual wake thickness at the initial station; k, should therefore have a 
value of 1.1 or 1.2. NPTS must be an odd integer. For the cases presented 
in this report it was usually specified as 1201, 1401, 1601, 1801, or 2001, 
depending on the maximum value of n. Since the value of NPTS is directly 
proportional to execution time it is suggested that less than 2001 points be 
used if possible; however, inexperienced users will probably want to choose 
one of the suggested values of NPTS given above depending on the value of 
rl max * 

Along with an ?-I stepsize, a stepsize must also be specified in the 
streamwise or 5 direction. For 5 an uneven stepsize which is very small 
initial ly and progressively larger downstream is recommended. The WAKE 
program is designed to use a stepsize which increases every step by the factor 
( 1 + DXSTEP) . If DXSTEP = 0 then equal step downstream will be taken. Unequal 
steps are suggested because the initial solutions are very sensitive to step- 
size while downstream they are relatively insensitive. The user must specify 
both the initial stepsize DX and the stepsize increment,DXSTEP. For most of 
the cases presented here, an initial stepsize in 5 of .00005 was used with 
DXSTEP = .05; thus, at every step the stepsize increased by 5 percent from its 
previous va I ue. Using this stepsize and increment, approximately 150 steps 
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are required to traverse a distance of two chord lengths downstream (5 = 2.0). 
One disadvantage of the unequal stepsize is that.if the solution is desired 
at 5 = 2.0 it is very difficult to choose DX and DXSTEP so that one of the 
steps falls on this 5 station; the solution nearest the desired station must 
therefore be used. Figure 30 presents a list of downstream station number 
(NXPRNT in the WAKE program) and 5 distance for the different stepsize 
increments .05, ,075, and .lO all starting with an initial stepsize of .00005. 

This data should be helpful in determining the station number at which a 
solution is printed as wel I as the total number of steps required downstream 
(NXSTEP in the program) to achieve a desired 5 distance. 

The WAKE program consists of a mainline and five subroutines. The.main- 
line (1) reads and prints the input data set, (2) calls subroutine PROFIL to 

obtain the initial profile at 5 = .Ol, (3) calls subroutine GETF to obtain a 
value of f (Equation 41) at the first 5 station downstream given the derivative 
f’ or T, (4) calls subroutines ABCR, COEFF, and SOLVE to obtain a new value 
for the profile T at the 5 station, (5) compares the new profile with the last 
profile calculated at the 5 station to see if convergence is attained, and 
(6) after convergence, prints the solution and repeats the same procedure for 
the next downstream station. A listing of the WAKE program with user instruc- 
tions, a sample data set, and sample output are given in Appendix B. The 
sample data set should be particularly valuable to the unfamiliar user in 
giving examples of stepsizes and possible print options. 
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Figure 30. Tabulation of downstream station number and F; distance 
shpsize increments of .05, .075, and .lO. 
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DISCUSSION OF PROGRAM RESULTS 

Correlations of the WAKE program results with available experimental 
velocity profi les are presented in Figures 31 through 37. The figures show 
the experimental data, results obtained by the theoretical method of Reference 
7, and the WAKE program results for specified stations downstream of the 
trai I ing edge. Each airfoil was analyzed using an initial x/c value of .Ol 
and an eddy viscosity constant of .03. The prof i les presented are not intended 
to show the relative distance of the profile above or below the trailing edge, 
but only the profile shape about the wake centerline as it moves downstream, 
In Figures 31 through 34 the WAKE program results are shown for two Reynolds 
numbers. In order to achieve a theoretical drag coefficient approximately 
equal to the experimental drag measured in References 26 and 27, it was neces- 
sary to run the two-dimensional airfoi I program of Reference 4 at a Reynolds 
number of approximately half l.21 million) the indicated test value of .42 
mi I I ion. Tunnel turbulence or model surface conditions during the wind tunnel 
test may have produced more drag on the airfoil than would normally be expected 
at the test Reynolds number. The experimental drag was measured using a 
momentum rake which indicates the momentum defect in the wake at a station 
downstream of the trailing edge. Since the velocity profiles depend on drag 
coefficient, the calculated profiles should agree better with experiment if a 
theoretical drag coefficient is used which agrees with the experimental value. 
It was therefore decided to compute and compare profiles using both the 
specified test Reynolds number and a “corrected” Reyno I ds number, i.e., one 
at which the theoretical drag matches the experimental drag. 

Figures 31 and 32 show that the WAKE program results agree wel I with 
experiment for the symmetrical Joukowski airfoi I at both angles of attack (O” 
and 6’). While results at both Reynolds numbers show good agreement, that 
.for the lower Reynolds number case is better. Although no experimental data 
were available at x/c = 2.0, the results are shown at this station for this 
and al I other airfoi Is to give the reader an idea of the profile shape in the 
vicinity of the horizontal tai I. 

Figures 33 and 34 present program results for a symmetrical Piercy air- 
foil at angles of attack of O0 and 6O, respectively. The experimental points 
were taken from Reference 27. The WAKE program prof i I es give good agreement 
with experiment except near the minimum velocity region of the wake centerline. 
While the method of Reference 7 predicts the minimum velocity quite well, it 
over-predicts the wake th ickness at other velocity stations in the prof i IeS. 

Experimental measurements of a modified 15 percent symmetrical airfoi I 
at an angle of attack of a0 are presented in Reference 28, and these results 
are compared with the WAKE program prediction in Figure 35. Both the WAKE 
program and the method of Reference 7 predict the prof i le shape accurately as 
compared with experimental data except near the outer edge where the experi- 
mental data points appear questionable. 
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As a final test case the USA 45 airfoil was analyzed at angles of attack 
of - 5.3’ and 1.6O and compared with experimental data presented in Reference 
7. It should be pointed out that the profiles given in Reference 7 were not 
presented to make comparisons of this type, but rather only to give approxi- 
mate dynamic pressure profile shapes in the general sense. The reader should 
bear this in mind when considering these two figures because the experimental 
profile shapes in Reference 7 have been greatly enlarged to make these com- 
parisons. For the angle of attack - 5.3’ the WAKE program did a better job 
of predicting the profile shape; however, for a = 1.6’ the method of Reference 
7 appears to match experiment better. 

In general, agreement between the WAKE program profi les and experiment 
was good and, in most cases, better than the method of Reference 7. The 
minimum velocity at x/c stations near the trailing edge was generally larger 
than experiment while centerline velocities at stations greater than 1.0 were 
generally smaller than experimental values. The correlation of profile width 
using the WAKE program with experimental profile shape was excellent. The 
reasons the coefficients of the eddy viscosity were chosen to give a better 
fit to the experimental data further downstream of the wing rather than at the 
trai I ing edge were first that downstream is the region of major interest and 
second that a boundary-layer-type analysis obviously cannot describe the 
initial portion of a base flow wake adequately. Thus to favor a data match 
in a region where the analytical model is known to be inadequate is to lose 
the opportunity to attain a match in a region where it should be reasonably 
correct. 

74 



0.121 Oi7 0.8 0.9 

O.lO’- x/c=O.25 

0.08 - 

0.06- 

0.04 - A 

-0.02 
t 

A --c-i 
A 

-o-04- - WAKE PROGRAM, A 
R, =0.21 MILLION 

-0.06- --- WAKE PROGRAM, 
R, = 0.42 MILLION 

-0.08 - A THEORETICAL, 
REFERENCE 7 

-O.lO- 0 EXPERIMENTAL, 
REFERENCE 23 

-0.12 - 
I 1 I 

0.7 0.8 0.9 

u/u, 
0.8 0.9 I 

I 

x/c=o.5 

A A, 

0.8 0.9 I 

x/c=o.75 x/c=2.0 ( 

1 
A 

I I I I I I 
0.8 0.9 1.0 0.8 . 0.9 1.0 0.9 I 

u/ u, 

‘P 
\ 

\ 
\ 

A\ 

A’ 

A  

L 

d 

Figure 31. Comparison of velocity profiles with experiment (Ref. 26) for the Joukowski 
airfoil at a = 0”. 
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Figure 32. Comparison of velocity profiles with experiment (Ref. 26) 
for the Joukowski airfoil at a = 6“. 
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Figure 35. Comparison of velocity profiles with experiment (Ref. 28) for a modified 
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APPLICATION TO THE CALCULATION OF HORIZONTAL TAIL ONSET FLOW 

In the preceding, the programs for determining the. wake sheet location 
and the velocity profile in the wake have been discussed independently; con- 
siderati,on will now be given to combining them so as to compute the onset flow 
field at an aircraft’s horizontal tai I. The trai I ing vortex stream1 ine 
locations are calculated using WASH. Naturally velocity profile solutions 
need be computed only along those streamlines which pass near the horizontal 
tai I. Given the section drag coefficient of the wing at the spanwise orlgin 
of each streamline used in the computation and the total streamline length to 
the x-station of interest, WAKE determines the velocity profile centered about 
the z-location of the wake sheet. The total distance traced by a streamline 
in going from the y-axis to some downstream x-station is given in the WASH 
program output in the section specifying the coordinates of the trailing 
vortex sheet. An example of how these are properly combined is presented in 
Figure 38 for the ATLIT wing at three stations downstream of the wing trailing 
edge in the wing plane of symmetry. The profile at the horizontal tail is 
therefore computed as the profile at the station x/c = 2.0 of Figure 38. 
Similar profiles may be calculated at other spanwise stations in order to 
show the spanwise variation of the profiles. 

In the strictest sense profiles should be calculated along the 4 or 5 
most inboard vortices to describe the spanwise variation of the onset flow at 
the horizontal tail. However, from a practical point of view unless the span- 
wise curvature of the wake is large there is, as may be seen in the wake sheet 
plots, little vertical variation in sheet location for y distance equal to 
normal tail semispan lenqths. Also, a check of Figures 31 through 37 wi I I 
indicate that at x/c = 2.0 the velocity profiles across the wake are very 
nearly the same for al I airfoils tested, indicating that the effect of span- 
wise variations in section drag coefficient on the velocity profiles are 
smal I. As a result velocity profi 1e.s at different spanwise stations wil I 
usually have essentially the same velocity deficit. If the spanwise and 
downstream curvature is sma I I for vortices which pass in the vicinity of the 
horizontal tail, it is therefore possible to execute only one case of each 
program and obtain the approximate wake position, flow angularity, and profile 
shape in the region of the horizontal tail (the most inboard vortex is used). 
This approximation can be improved if desired by applying the single WAKE 
program velocity profi le to each of the desired spanwise vortex positions 
calculated in the WASH program. If a more rigorous analysis is desired, a 
boundary layer solution may be determined along each of the 4 or 5 most 
inboard streamlines noting the spanwise variation of section drag coefficient. 
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With the profile shape in the tail region determined,estimation of ‘the 
forces on the tail plane due to the flow angularity and velocity variations 
can be undertaken. By executing the WASH program for a range of aircraft I i ft 
coefficients the wake position as a function of CL may be used to determine 
whether or not the tail even passes through the wing wake.* If the tail always 
remains 10 to 20 percent of a wing chord, length above or below the wake, 
the velocity deficit analysis may be neglected. Even if the tail is always 
out of the wake, the downwash computations are still important because the 
change in downwash at the tai I with angle of attack must be known in order to 
predict tail trim angles and longitudinal stability. If the tail does pass 
through the wake, then the tail must be sized so that it produces the required 
control force even when the tai I is located directly in the wake. The effect 
of spanwise variation in downwash’may be accounted for by assuming it to be 
similar to a wing twist. While most light aircraft horizontal tails do not 
have twist, a twist variation can be assumed which will produce a spanwise 
angle of attack variation similar to that - imposed by the downwash variation. 
This technique can be applied to the three-dimensional program given in 
Reference 4 when computing tail characteristics. 

The determination of the proper flow velocity to use in calculating the 
aerodynamic characteristics of a section of the horizontal tail flying in a 
wake is complicated by the fact that the wake momentum defect is confined to 
a rather thin region which is on the order of the thickness of the ai rfoi I 
for airfoils at low;to-moderate angles of attack. In this thin region the 
magnitude of the flow velocity may vary from 0.88 freestream to freestream. 
Since two-dimensional airfoil analysis has not yet progressed to the point of 
calculating aerodynamic coefficients in shear flow, it is necessary to find 
an average velocit’y squared over the thickness of the airfoi I beginning at the 
point on the velocity profile intersected by a line parallel to the airfoil 
chord at t/2. This is best done graphically using plots of the +pV2 dlstri- 
bution. 

If the average q = +pV 2 varies significantly along the tailplane, its 
effects can be included in the three-dimensional aerodynamics calculation 
program (Ref. 4) in several ways: (1) artificially reduce the wing chord in 
proportion to qlocal/qm, (2) reduce only the local Reyno.lds number by the factor 

Vlocal/Vm or some function thereof, and (3) multiply CL and CD by qiocal/qm. 

If these procedures result in significant changes in planform or aerodynamic 
properties, they cannot be accommodated readi ly within the framework of the 
3-D characteristics program. However, if the changes are small enough to be 
capable of I inear representation, then one of these procedures wi I I serve 
nicely. Which procedure will yield the best result cannot be stated with 
certainty since time did not permit them to be investigated in detail. The 
author is inclined to favor the first as representing the least compromise 
with physical reality within the context of the two-dimensional airfoil 
analysis. Since the wake region is quite turbulent, it seems reasonable to 
insist that when the tailplane enters it, the analysis should consider the 
airfoi I boundary layer fully turbulent from nose to trailing edge. 

* Although the analysis does not include the effects of the tail upwash on the 
wing downwash field, this distortion is not large. The wake position or 
magnitude is therefore not altered significantly. 
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CONCLUDING REMARKS 

The present work provides two computer programs useful for predicting 
the flow magnitude and direction in the region where one would wish to locate 
an aircraft’s hori’zontal tai I (pitch trimming surface). The calculation of 
the contribution of this surface to the overall aircraft lift, drag, and 
moment is much enhanced if one has available more realistic values of the 
onset flow. 

WASH ties together for the first time in a computer program a soundly- 
based inviscid method for determining the shape and location of the downwash 
wake sheet with a method previously used to determine the spanwiSe lift dis- 
tribution for unswept moderate-to-high aspect ratio wings and wing bodies in 
incompressible flow. Excellent qualitative agreement is obtained with avail- 
able experimental results. Quantitatively, the predicted flow directions at 
any point in the downwash field agree to within a degree or so of the measured 
va-I ues. Considering the experimenta I error present and the effects of boundary 
layers on the aft fuselage, this is about as good as one could expect. The 
results show there was little spanwise variation in wake position for normal 
horizontal tail semispans. Execution time for the program is 15-20 seconds 
on an IBM 370/165; it is thus a low cost means of mapping the downwash field 
during design analysis. 

WAKE calculates the momenYum defect downstream along the wake centerline. 
It uses as input section drag data developed analytically by the aforementioned 
spanwise lift distribution program. It provides velocities that are within 
2 percent of the measured values at all stations for which data were available 
on two wings with different airfoil sections. Computation time for the flow 
along one streamline is 2 min 42 sec. The results indicate that the momentum 
defect due to wing drag is confined to a region no more than 0.43 m high for 
typical light aircraft in the cruise configuration. The region of noticeable 
defect (> 2 percent less than freestream) is only about 0.21 m high. There 
is little spanwise variation in wake velocity profile for typical light air- 
craft horizontal tai I semispans. Thus, unless there is some compelling reason 
to locate the trim surface near the wake centerline, use of WAKE is not 
required. 

The flight condition for which this type of information is of most 
interest i s approach. In this configuration the wake is large and th,e 
momentum defect significant. While the inviscid downwash calculation as used 
here applies equally well, the viscous treatment suffers from the fact that 
the method used to determine the wing drag cannot accommodate separated flows. 
Further, flows with large separations can not be considered to possess constant 
eddy viscosities as was assumed here. It is apparent, therefore, that if 
horizontal onset flow is to be computed during approach the problems of the 
analytical determination of the correct aerodynamic characteristics of airfoi IS 

viscosity magnitude 
ion must first be 

near sta I I and the characterizat 
and decay rate in terms of the s 
solved. 

ion of turbulen 
ize of the init 

t flow eddy 
‘ia I separat 
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APPENDIX A - WASH PROGRAM 

User Instructions 

The program is written in FORTRAN IV and is designed to run in double 
precision on an IBM 370-165 computer. This program evaluates (1) the location 
of the wake centerline by tracing the path of 18 vortices shed at the wing 
trai I ing edge, and (2) the total flow angle, sidewash angle, and downwash 
angle behind an unswept wing in any plane perpendicular to the wake center1 ine 
at a specified’distance aft of the wing trailing edge or in the plane of 
symmetry of the wing. Downwash information in a single plane behind the wing 
using 15 downstream steps requi r-es an average execution time of 20 to 25 
seconds . The program requires the specification of the following input data: 

Card Variable 
Number Name 

1 TITLE 

2 NSTEP 

2 J PUNCH 

3 ALPHA 
3 82 
3 TR 
3 CR 
3 DX 

4-5 

6-7 

Y 

CLS 

Variable Description 

The 80 character array which is used as a header to identify 
output. Termination of execution is achieved by following 
the last set of wing data to be analyzed by a title card 
having only the word END in the f’irst three spaces. 

The number of downstream steps to be taken aft of the wing 
trai I ing edge. The total distance the vortex system is 
traced downstream is given by NSTEP*DX. The maximum value 
of NSTEP is 18. 

The control variable giving the user the option of obtaining 
a punched plot data set which may be used to plot the vortex 
system using the PLOT program in Reference 4. J PUNCH= 1 
gives punched output while the default JPUNCH=O gives none. 

The wing angle of attack in degrees. 
The wing semispan. in feet. 
The wing taper ratio (tip chord/root chord). 
The wing root chord in feet. 
The step size in the streamwise direction specified as ratio 
of wing semispan. 

The 10 variable array specifying the Y-coordinates of the 
positive Y-axis (axis in the spanwise direction) at which 
the section I ift coefficients are read. The order of spec- 
ification is from positive wing tip to wing root as a ratio 

of wing semispan (from Y(1) at the tip to Y(10) at the root). 
Al I of the Y va I ues must be non-,zero. 

The 10 variable array specifying the section lift coeffi- 
cients correspond i ng to the Y-coordinates described above 
using the same ordering scheme. 
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Card Variable 
Number Name - - 

“a . : 

Variable Description 

8 NXORY The control variable used -to specify the type of p lane in 
which downwash calculations are made.  
NXORY=O gives no  downwash analysis in a  plane. 
NXORY=l gives downwash information in a  Y-Z plane where X 
is the streamwise direction. The Y-Z plane is located at a  
value of X = STAT (see next variable). Downwash i nfotmat ion 
is calculated for the 6  most inboard Y-stations at several 
Z  locations. 
NXORY=Z gives downwash information in the X-Z plane at Y=O 
for X values ranging from .25 to 1.75 semispans aft.of the 
trai I ing edge.  Z  ranges from .5 semispans above and below 
a  specif ied midpoint value of Z  = STAT (see next va.riable). 
NXORY=3 gives downwash (or negat ive upwash) information in 
X-Z plane at Y=O for negat ive values of X ranging from the. 
wing leading edge to -. 5  semi spans ahead of the wing lead‘i’ng  
edge.  Z  ranges from .25 semispans above to .25 semispans 
below the leading edge value of Z. 

8 STAT Variable used with NXORY to specify in semispans the proper 
location of the plane of interest. I f NXORY=l then STAT 
specif ies the X-station at which i-he-Y-Z plane is to be  
located. This distance in semispans may be  either posit ive 

or negat ive depending on  whether downwash or upwash infor- 
mation is desired, but it must be  measured from the wing 
trai I ing edge.  If NXORY=Z then STAT specif ies in semispans 
the midpoint of the Z-range for the downwas’h calculations in 
the X-Z plane. This Z-range is specif ied above (positive) 
or below (negative) the tra.i I ing edge in semispans. IF 
NXORY=3 the variable STAT is not used. 

Last Card Blank. 

Cards 1  through 8  represent a  complete data set for the WASH Program. 
Severa I data sets may be  executed for a  sing I e  program. compi I e  by placing 
subsequent  data sets behind the f,irst. More than one p  I ane  may be  ana lyzed 
during a  program execut ion by specifying new values for NXORY and STAT on  
other cards placed behind card eight and  before the blank card. 

“..The entire program execut ion is terminated when the END title card is 
encountered. J’he format specification for the above data is given in Figure 
A-l. A sample data set is given in Figure A-2, and  the output of this data 
set is presented in Figure A-3. 
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Figure A-l. Format specification of input data for the WASH Frogram. 
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Figure A-2. Example data set for the WASH program. 
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Sample Output 

Figure A-3. Sample output of WASH program. 
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Figure A-3. Continued. 
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Figure A-3. Continued. 
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.  . . I  

Ficgure A-3. Cont inued. 
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Figure A-j. Continued. 
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APPENDIX B - WAKE PROGRAM 

User Instructions 

The program is written in FORTRAN IV and is designed to run in double 
precision on an IBM 370-165 computer. Using a finite difference technique 
this program evaluates the velocity profile downstream of a wing trailing 
edge given the upper and lower surface profi le shapes at the wing trai I ing 
edge. All the input information can be obtained from the two-dimensional 
airfoi I program in Reference 4. Using 1601 points in the n or normal direc- 
tion with an initial stepsize of .00005 in S(x/c) and an Increment in step- 
size of -05, an average execution time of 2 minutes and 42 seconds was 
required to integrate the boundary layer equations downstream two wing chord 
lengths. The program requires the specification of the following input data: 

Card Variable 
Number Name - - 

1 TITLE 

2 DETA 

2 DX 

3 X(1) 

3 CEDDY 

3 T 

3 CD 

3 CDMIN 

Variable Description 

The 80 character array which is used as a header to identi fy 
output. Termination of execution is achieved by following 
the’ last set of profi le data to be analyzed by a title card 
having only the word END in t he first three spaces. 

Stepsize in the n-direction. A value of -00125 was found 
satisfactory for most cases, and using this value with a 
constant steps i ze, the tota number of n-points, NPTS, can 
be estimated using the equat ens given in the text. 

Stepsize in the X-direction. Best resu I ts were obtained 
for cases ana I yzed in this report using a very sma I I step- 
size, .00005 (specified in chords), and unequal spacing 
using the variable DXSTEP on card 3. 

The station in chords at which the initial velocity profile 
solution is assumed. A value of “01 was found satisfactory 
for most wake solutions. 

A constant used to evaluate the eddy viscosity model 
required to solve for the velocity profile. A value of 
-03 correlated best with experimental data. 

The thickness at the spanwise station of interest in chords. 

The drag coefficient at the spanwise station of interest. 

The minimum drag coefficient of the wing section at the 
spanwise station of interest. 
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Card Variable 
Number Name - - Variable Description 

3 DXSTEP Stepsize increment in the X-direction. The stepsize in the 
X-direction is increased by the factor DX step n+l = 
(DX step ,I(1 + DXSTEP). A table is given in Figure 30 which 

will help in determining the X-value at any station using 
unequal step increments of .05, .075, and .lO. 

4 NXPRNT The NXPRT station numbers at which the user desires to have 
the velocity prof i le printed. The maximum number of stations 
which may be printed is 20 unless the solution is printed at 
every station (NXPRT=O and a I I values of NXPRNT are specified 
as 0). The station number corresponds to a specific value 
of X downstream; if equal stepsize in the X-direction is 
used then the NXPRNT va I ues at the desi red X-stat ion are 
easily calculated. However, for unequal stepsize which is 
the more useful case Figure 30 wi II help in determining the 
step number nearest the X-station, at which the velocity 
profi le is desired. The NXPRT values of NXPRNT are read 
using a 2014 format. If only two stations were of interest 
then only columns l-4 and 5-8 would contain integers 
representing the station numbers. The stations must be 
specified in the order of increasing station number. 

5 DE LTAU The boundary layer thickness in chords at the trai I ing edge 
on the upper surface at the station of interest. 

5 DELTAL The boundary I ayer thickness in chords at the trai I ing edge 
on the lower surface at the station of interest. 

5 HU Form factor on the upper surface at the sta 
= boundary ayer displacement thickness div 
momen turn th ckness at the trai I ing edge. 

5 HL Form factor on the lower surface at the sta 
= boundary ayer displacement thickness div 
momen turn th ckness at the trai I ing edge. 

ion of interest 
ded by the 

ion of interest 
ded by the 

Cards 1 through 5 represent a complete data set for the WAKE Program. 
Several data sets may be executed for a single program compile by placing 
subsequent data sets behind the first. The entire program execution is 
terminated when the END title card is encountered. The format specification 
for the above data is given in Figure B-l. A samp.le data set is given in 
Figure B-2, and the output of this data set is presented in Figure B-3. 
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Figure B-l. Format specification of input data for the WAKE program. 
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11111111111111111111111111111111111111111111111111 111111111111111 

221211~12111 

3333333333333133333333333331333313333333333333j 333333331333 

4444444444444444r444444444444444444444444444444 4444k444444 

555555555555555555555555555555555555555 55555555555 

666666616666666666666666666666666666666 666666666666 
COMPUTING-CENTER 

11711~71111711J111111111I1111171117711~1 1717111111111 

16111l111611l6116616669666lll6l9ll66ll l6ll l l lll6l6lllllllllll 

J199~999999999999919~9399999~99ll99999999l99~99999l9l999~9~9~99!9l l9999 
I, I, I, I, II I, II I/ 'I II ,I II II I, ,I 2, n ,I :, ,I : II ,I I. I, 1 IS L n 4, ‘I 11 11 Y 0 P II 41 II Y  \I 5, 5, !A II %  9) II I, Y  II II II * u Y  II u II J 1: 1, I, II II II II II II I 
10605 

Figure B-Z. Example data set for the WAKE program. 
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Program Listing 

CI.. 
C... 
C... 
c*.* 
C.l. 
CT... 
C... 
c**. 
C... 
C.,. 
c*** 
C... 
C... 
CI.. 
c*** 
CI.. 
c.** 
C... 



F,‘**,=C<‘.‘I FIN ‘6‘ 
.aocrI=rl‘.‘, FIN I62 

I,, C O W ‘HUE FIN ‘(13 

c. 

‘Z 

:: 
‘3 
I. 
‘5 
‘6 
‘I 

:: 
PO 

I 



C. . .  

C . . .  

C . . .  

E N D  S O L  





Sample Output 

Fi:gure B-3. Sample output of the WAKE program. 
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Figure B-3. Continued. 
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Figure B-3. Continued. 
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ET. “,“OEt. F I/C ‘“ImEL,*.* 

Figure B-3. Continued. 
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