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This research was concerned with the development of a
prediction method for calculating detailed distributions of
surface heating rates and pressures over a corrugated wall,
due to flow of a two-dimensional supersonic turbulent boundary
layer. Primary attention was given to the turbulent boundary
layers which are thick relative to the wave amplicude and at
the same time the ratio of the wave amplitude tc the wave
length is sufficiently high so that a strong interaction develops
between the viscous and inviscid regions. This manifests itself
in the variation in surface pressure which may be an order of
magnitude different from the one calculated by purely inviscid
methods. Also, under these flow conditions, separation regions
may develop between the peaks of the waves. This means that

the nature of the problem is such that classical boundary layer



methods are not suitable to effect the solution, simply be-
cause the interaction is a first order effect.

To solve this problem effectively, an interacting boundary
layer approach was employed., 1Its essence is that the pressure
distribution is not prescribed by the body surface profile, but
calculated simultaneously with the viscous flow. A time-like
relaxation method using an implicit finite-difference numerical
code was adopted. The turbulence was represented by the two
layer eddy viscosity model of Cebeci and Smith. An attempt was
made to account for the surface curvature effect on the turbulent
structure by employing a correction to the eddy viscosity model
proposed by Bradshaw. The present predictions were compared
with independent experimental and theoretical results. The pre-
dictions, in terms of pressure and heating levels, compare reason-
ably well with the measured data when the curvature correction is
included.

The complete details, concerning the formulation of the
problem, the numerical method and the discussion of the results
for test cases with Mach numbers of 2.5 and 3.5, Reynolds numbers
Re = 10.8x106/mm and 32.4x106/mm, wall=-to-stagnation temperature
ratio Tw/To = 0,40 and 0.81, and ratic of wave amplitude tc wave
large from 1/96 to 1/12 are presented in a self-contained
University of Cincinnati technical report, Report No. AFL 77-11-36
(Reference 1). The results of this research effort were also presented
in a paper at the ASME Winter Annual Meeting, Atlanta, Georgia,
November 1977. This paper appears as an ASME publication 77-WA/HT
-28 (Reference 2). While this work was in progress partial results

of this research were presented at the 5th U.S. Air Force/Federal
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Republic of Germany Data Exchange Agreement Meeting, Wright
Patterson Air Force Base, Ohio, 28-29 April 1976 (Reference 3).

The present investigation lead also to two side efforts,
carried out under partial suppor%t of the NASA Grant No. NSG 1208,
These efforts were aimed at achieving higher accuracy and effic-
iency in the numerical schemes, applicable to problems of present
interest, The first of these studies was concerned with developing
a numerical scheme for solving viscous flow problems with regions
of predominantly inviscid flow (like the outer region of vory
thick turbulent boundary layer). This effort resulted in a new
second order accurate exponentia. box scheme. It was shown that
this method provides a definite advantage over other numerical
schemes. The details of this work were published as a University
of Cincinnati technical report, Report No. AFL 77-9-34 (Reference
4) and also resulted in a Master of Science Thesis. A Technical
Note summarizing this work was submitted for publication to the
AIAA Journal. A copy is attached herein as Appendix A.

The second study aimed at achieving a higher efficiency in
calculating laminar and turbulent boundary layers. The fourth
order cubic spline method developed recently by Rubin was combined
with the Davis Coupled Algorithm for sclving simultaneously the
boundary layer eguations. The details of this work, with appli-
cation to a1 set of model flow problems and to the incompressible
laminar boundary layer equations will appear as a University of
Cincinnati Technical Report (Reference 5) in December 1977. This
work appears also as a Master of Science Thesis; the abstract of

this Theszis is attached herein as Aprendix B.
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In conclusion, it can be stated that the major objective of
the work under the present NASA Grant No. NSG 1208 was fulfilled.
A method capable of handling strongly interacting flows was success-
fully adapted to solve the problem of flow of thick turbulent
boundary layers over a wavy wall, including multiple separation
regions. A supportive effor* resulred in developing numerical
schemes, which in the future could enhance the accuracy and
efficiency of the present state of the interacting numerical
algorithm,

The cumulative list of publications resulting during the
course of investigation under the support of the NASA Grant No.

NSG 1208 is attached under the heading List of References.
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APPENDIX A

A NUMERICAL METHOD FOR BOUNDARY LAYERS WITH BLOWING

-
- THE EXPONENTIAL BOX SCHEME

- LA
T.M. El Mistikawy and M.J. Werle
Department of Aerospace Engineering and 2Apvlied Mechanics
Cniversity of Cincinnati
Cineinnati, Onio

INTRODUCTION

Scluticns of boundary layer £flcws in the presence of massive
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injecticn through a porous surface ar
structure nature of the flow field. The flow can ke divided
into two distinguishable regicns (see Refs. l-4); a basically
inviscid twning regicn near the blowing surface that naccupies
mest of the boundary layer and a thin viscous region in which

diffusion effects play
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boundary layer flow to the free stream conditicns. Similar

flow structure and complicaticn occur i1 a wide class of

regidns is difficult to accurately capture aumerically with a
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single finite difference representazion giving rise to the
introduction ¢f various schemes %0 eliminrate numerical’®
"instabilities" ranging from variable grid spacings (Ref. 10)
to artificial viscosity concepts (Refs. 1l and 12).

The present study takes a different apprcach and presents
a new numerical scheme that should be useful for sclution of a
wide class of inviscid/viscous flcws. The approach is hased on
two points; first, that the difficulties encountered *  previous
schemes can ke traced to a misrepresentaticn of convection
effects norral to the principle hcundarv laver directizsn (see
Ref, 13) and, second, that expcnential differencs cpera:cf
cencepts (Refs. 14 through 18) can be combined with XReller's
box scheme approach (Ref. 19) to produce a stable second order
accurate finite difference scheme for such ceonvecticn=-diffusicn

-

preblems. The technigue develcped here is demcnstrated
through application o the solution cf the Falkner-Skan egquations

for self similar boundary layer £l with massive blecwing at

The governing eguations are taken tc be the Falknsr-Skan

equations with blowing and given here in terms of the Geortler
variable n (see Fef, 20) as
V. + P =0 ~2)
0
2
4 - VP + g(1l=F") = { {i5)

r)



F(O) =0 ;  VI(0) =V, (2a)

and F+1 as n =+ = N (2b)

where V, is related to the physical injecticn velcoccity, F represents
the normalized longitudinal velcoccity ccmponent, and 2 the inviscid
pressure gradient parameter.

As in nearly all numerical seoluticn methods, the nonlinear
nature of equaticn (lb) is addressed indirectly. An iterative

approach is used to first write this in the form

an - (a+b) Fn + ab F = ¢ (3)

where a, b are obtained from a previcus iteration and are given

as
a =2+ Jlv2)? + sr (4a)
I
b /e g %2
bwV/2 « v(V/2)" + 8F (4b)
with cC = =3 (4c)
Whereas classical finite diZferance technigues seek scluticons
of equaticn (3) using Taylor series to generate éiffarence

approximaticns %o derivatives over a small grid distance, a
1

different apprcach is employed here. Fo
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3,0 bln .
-
1,23 ¢ +3, ¢ +2, (5)
where 21 = cl/alb1 and the cceflicients 2y and bl are evaluased
at the midpcocints of the grid indicatod.' Use of egquaticn (5)
along with a similar expressicn for Fz 3 in the interval tetween
r

peirts 2 and 3 and the two continuity conditicns that F, = F,_

J |

anc 7 = Fn makes it possible to eliminate the arbitrary
2+ 2=
constants Ai and Bi' The resulting difference eguation is

al Fl b (51 + 32)F2 o 32 F3 = (Gl - sl)fl + (52 - 52)12
(6)
where

b.4n -a.in
3, = (al-h;)e l l/vl H 2, = (az-bz)e 2 2/72 (7a)

-~

Sl - [al'(l"”l)bl]/'.’l 52 - [32 (l'Yz)"b:]/Yz (7b)

-(ay~b,)an, -(a,~b,) an
AT Ys = 3~ 9 $ 472 (7¢)

-

1

Equation (6) is a three pcint difference approximaticn %o

equation (3) and, as such, produces a tridiagonal set o

s

algebraic

1

eguations %“hat are s

i
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aightforward to solve using standard

technigues. In addi

W

ien, this diffesrence relaticn pcssesses

all the favorable properties of the expcnential schemes and

the "2-point” or "box=-scheme" apprcaches. Zguaticn (6) is

found to be always diagonally dominant for ab < 0, it is seccné

g . : SRy
order accurate in An, throughout the diffusicn re

. . A ;
* The use 0of two points =o generate the basic relations for this
T{ mma += - . - . ' g a1
scheme aligns it with the 30x Scheme technigues ol Reller,
r4 , | 1 4 " - oy | - - " ey -
Pef. (19); hence the term "exponantial box-scheme" emergas.



importantly, it autcmatically and smoothly switches to a seccnd

order accurate windward difference scheme as the normal cenvection

L

velscity, V (as represanted by the term a+b), beccmes larce
negative or pcsitive.

The companion numerical soluticn cf the continuity egquatien
is obtained substituting equaticn (5) directly into egquation (la)
and integrating to cbtain the local relation

aIAnl blb

6t =
v, = Vl + Altl-e )/ll - Bl(l-e )/bl - fl'” (8)

-
-

where A, and B, are obtained in terms of F, and F, using equalLic
1 1 1 2

RESULTS AND DISCUSSION

The exponential Lex (2B) scheme described above hes been
applied arnd verified for a wide rangs cf test cases (see Ref. 13)
with typical results presented here. Typical lengizudinal
velocity profiles are shown in Figure 2 for blewing at an axi-
symmetric stagnaticn point (3 = 0.3). The massive blcecwing case
(vw = 28) is similar to that presentec v Liu and Chiu (Ref. 1l0)
except that in that study, compressible neating effects wer
accounted for due to a cold wall boundary cenditicn. The present
case corresponds to the case of an adiabatic wall temperature

ané was chosen tc allcw isclated study of the EB scheme for

‘ " fa ot ' R ey
1§ £2 the governlng momentunm pa.ance eguatlcen (.D) in

un

(5).



flow represents an inviscid process belcw n < 48 where =h

normal ccnvection and pressure gradient effects totally balance
v -

one ancther. Only above this reyion does the 2iffusion effect

play 4 significant zoie. With so much cof the flow basiéally
inviscid in nature, it should not be surprising to f£ind that
diffusion-type numerical schemes (such as the classical three
point central difference scheme) have difficulty representing

this flow. Such difficulties usually rmanifest themselves in

terms of nen-monotenic (jagged) velccity distributicns (or local

"wiggles”). This point is discussed further in Ref. 13 wit!

coenclusion"that this difficulty is largely due to a failure of

central difference scheires to adequately mcdel the nermal

convection effect;. It is shown in Ref. 13 that a "windward"

the

representation of the convecticn terms is necessary to preperly

represent such flows. The exponential bex scheme developed here

automatically and smoothly switches from a second order accurate

diffusion-type scheme in diffusicn regicns (n > 48) %o a

second order accarate wianédwaréd scheme in normal convection domi

regicns (n < 48), thus encountering no numerical difficulties
"instabilities" even for a ccnstant grid mesh as per Fef. 10,
accuracy and reliability of the current approach is attested

in FPigure 4 where the results of a typical step size studyv is

3 1 - 4 2, i -
procuce a straigntline variaticn with 4n®) for a uniform sten
o | % - 1 . - - - =
si2Ze An as large as 2 while a centrel diffarence schere (CD
= 3 - e -
rapidly loses its seconéd order nature. PReference 13 preserts
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APPEWDIX B

AN APPLICATICN OF FOURTH ORDER SPLINE COLLOCATION

PROCEDURES 10 BOUNDARY LAYER LIKE FLOWS
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ABSTRACT

A study and application of the fourth-order spline
collocation procedure, numerical solution of bhoundary laver
like differential eguations, 1s presented. A simple
inversion algorithm (represting a fourth-order version of
the Davis Coupled Scheme) for the simultaneous solution
of the resulting difference equations is given. Particular
attention is focused on the boundarv condition representation
for the spline second~derivative approximations. §Solutions
using the spline procedure, as well as the three-point
finite difference method, are presented for several model
problems in order to assess and improve the spline numerical
scheme. Application of the resulting algorithm to the
incompressible laminar self similar boundary layer

equations is presented.
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