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I. INTRODUCTION

Real time simulations of aerospace systems have been developed
at several NASA centers for the purpose of providing a testbed for
numeréus studies involving use of cockpit mockups, visual displayé,
pilot/astronauts, and vehicle motion., It is common in real-time
simulations of large systems to separate the high and low frequency sub-
systems within the simulation and perform the integrations of the
subsystems at different calculation rates. This is done to strike a
balance between accuracy of ealculation and capacity of the digital
computer. Questions arise as to the accuracy of this structure compared
to single caleulation rates and if any interactions arise that cause
errors that are worse than those expected from an analysis of the sub-
system above,

This report doscribes a study that was done on a linear aircraft
model that investigates the questions above, Bince aétual simulations
are much more complex with many nonlinearities, these results cannot
be applied directly; however, the study does show where the problems
are and gives guidelines for selection of sample rates for multiple rate

simulations.



IX. BACKGROUND

The particular system simulations in'question typically have s
fast mode (aircraft short period, dutch roll) and a slow mode {phugoid,
roll diﬁergence) which can differ by an order of magnitude in the
respective natural frequencies., These kind of problems are referred to
as "stiff" differential equations in numerical analysis circles although
gpecial technigues to solve stiff equations are not absclutely necessary
until Ifrequency multiples on the order of 100 or more exist.

Many different techniques haﬁe'been reported [1,2,3,4,5] but neone

use different calculation rates for the different modes of the system,

‘The‘reason for the lack of literature (and lack of interest by numerical

analysts)on multi-calculation raie techniques appears to be due to the
difficulty in geparating systems into £ st and slow modes. Numerical

integration procedures are never limited to linear systems which are

~really the only ones that can be cleanly separated.’

In aireraft simulations, system descriptions are sufficiently
close to iinear so as to allow separatibn based on our knowledge of the

approximate linear version. Furthermore, since the differential equa-

- tions arise from known physidal’phenomenbn which are Similar for all

vehicles and flight conditions, once the separation has been determined
for one case, it is applied successfully for most others. _
On the other hand, the general problem of anaiyzing a linear

discrete system with multiple sample rates has been studied extensively

_[6,7,8@9,10], Since any numerical-integration-procedure-can be reduced

to a gset of difference equations, and will be linear if the differential
equations being integrated ave linear, these methods are applicable.
Unfortﬁnately, the methOds are very tedioﬁs to aﬁﬁly and re@uire lérge
amounts'qf algebra before going to a computer. - Application of these
methods to the aircraft simulation were studied for simple .integration
procedures but judged to be beyond the scdpe of the study for the more

realigtic and complex integration procedures.



III. METHOD OF ANALYSIS

To provide a common yardstick for comparing the various algorithms,
it was decided to use the frequency response of the aircrafi simuiations.
In particular, the transfer fumction of the longitudinal mode of a'DC-S,
from elevator command to vehicle attitude was selected for study. Two
methods were enmployed;

1) discrete analysis using z-transforms df the single calculation

rate cases, and

2) numerical simulation of the multi-calculation rate cases.

A, The Selected Example

A DC-8 in approach configuration was selected for study. The

transfer function between elevator and attitude for this case is [11]:

0(s)_ _ _ ; gag . (5%0.0605)(s+0.585) 1)
5 (s ~ ) 2 2 ' '
e (s”+1.69s+2. 67) (57 +0. 01985+0. 0267)

which results in the short period and phugoid characteristics as shown
in Table I, Note the 10:1 difference hetween the frequencmes of the fast
Table I: EXAMPLE CHARACTERISTICS

Natural Frequency Damping_
Short Period 1,62 r/sec(.258Hz) | 0.522
Phugoid 0,164 r/sec(,0261Hz)| 0.08606

and slow modes.

. The magnitﬁdé and phase of (1) was determined énéiyticélly and has
been included in all the following graphs for comparison (labeled
"continuous system”). Since this represents the respomse of an actual
airerafi witﬁ varying.ffequency 6f inpuf commahds, the goal of all |
digital approximations of this airecraft is to match the continuous

response as closely as possible.



B, Discrete Analysis of the Single Rate Case

The transfer function in (1) can be written as a set of differential

equations:
?1 o 1 0 0 ¥y 0 )
y2 = 0 0 1 0 Y2 "+ K 0 (B + b & + B0 )
. 0 0 o e l'e "0e
’ ’2
| V4| o TR TR pi|Ya| [t @)

where for this example:

a, = 1.7.00522 oy, = 8
a, = 2.6813872 ¥, = 8
a; = 0.09712526 Yg = 5]
a, = 0.07006953 Y, = )
X = - 1,338
b, = 0.5955
b, = 0.0323675

1. Euler's Integration:

Euler's integration [12] can be simply stated by:

yrl) = ym) +tlyml - (3

Combining (2) and (3) and using first differences to generate ﬁe and

ﬁe yleldS: L : zz+ nz 4 n
8z} . 2 1 0 . o -(4) :
6e(z) B z4+ Mz m z.z-z-lm Z 4+ m
3 2 il 0
vhere .
T = gample time
K = -~ 1.338 _
2 .
no = bOT - blT + 1
_n.l = blT4~ 2- . oo
mO = aST - aéT + ali'— aOT + 1
’ 3_ 22 7% 3
= —_ RN -
ml a2T } alT t aoT 4
: 2 y R
m2 = alT - 3a0T + 6
ma = aoT - 4.
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The frequency response of this discrete transfer function can be
determined by evaluating (4) with z taking on values around the unit
circle. The computer code for doing this is contained in Appendix A and
the results are contained in the following section for T's ranging from

0.05 sec to 0.5 sec.

2. TFirst Order Adams Integrétion [13]:

The algorithm is:

y(el) = y(n) +-§ [3£(n) - £(n-1)] | - (8)
whgre f(n) = }(n) from (2).

This algorithm makes use of one past valué of the derivative func-
tion and therefore increases the order of the discrete system.
The discrete transfer function of (§) is:
8 7 6 5 4 3 2
e(z) Bsz + B7z o+ Bﬁz + BSZ + B4z + B3z + Bzz + Blz + B0

5 (z) 10 9 . 8 7. 6 5 4 3 2
Cloz +_ng +CBZ +C7z +C. .z +Csz +C .z 40,2 +C, 2 +C z4C

6 4 3 2 1 (]
(6)
where the coefficients are def1ned in Appendix B along with the computer

code 13 evaluate the frequency response for (6).

3, Second Order Adams Integration [13]:

The algorithm is:

y(n+l) = y(a) + == [B3£(n)-162(m-1)+5£(n-2)] 7Y

which yields:

; B 214 + B z13'+ ’ +B.2 + B :
0Cz) _ 14 ' R 0 ' (8) -
6 (z) 16 15 .

e Clez + Clsz A + C1z + CO

vhere fhe coefficients are defined in Appendix C.



C. Simulation of the Multi-Rate Case
An alternate way of expressing (1) and (2) is also given by Teper

[111:

I_‘.T — . - . - “
-.0291 ,0629 0 -32.2 u 0
w| _ |-.251 -.628 243 0 vl - |-10.2] o
. -6 \-3 e
a -7,V 8,7 ~.792 O q ~1.35
[ © | 0 0 1 0 | ie] | 0 |
(9)

The separation of these equations into fast and slow modes can be done
in several ways. Thé ideal manner would be to transform the equations
into their normal modes which would then produce two coupled Znd order
systems, one with pure short period characteristics and one with pure
phugoid characteristics, Each could be iﬁtegrated at sample rates
suitable to that mode. 1In practice, this is difficult due to the non-
- linear terms in the equations. TFurthermore, transforming to and fromr
another state definition takes cpu time and may result in higher cpu

loading than the more straightforward methods described next,

1. The 1 X 3 Separation

if a normal mode analysis of an aircraft is'performed, we
find that the short period consists primarily of , q, and & motion
with insignificant effect on uw; The phugoid consists of u, q, and.
8 with 1little effect on . Therefore, since u is the only state
that does not invelve "fast” behavior, it is the only state that can
be safely calculated at the slow calculation rate. The "1 X 3" separation’
recognizes this fact and partitions accordingly. The equations are:
| Fast Loop — ' '

-

W ~0.628 243.%5 O [w ~10.2 | ~.251
g| = {-0.0087 -~ .792 0| la|+|-.185| & +|~-.0000077 |u
8 0 1 ol je 0 0

ot

(10)



Siow Loop -~

u = - 0.0201U + [0.0629 -32.2] (21)

2, The 2 X 2 Separation

Another natural separation is based on fast calculation of
orientation, q and 8, and slow calculation of translation, u and w.
It is attractive because a larger portion of the calculations are done
ht a slower rate, hence more cpu time savings appear achievable., The
equations are as follows.

Fast Loop -~

q | _ | -.792 0 a 1851 o 177X 107° _.o0s7 ||
8 1. o |[e o ; ° 0 o ||
(12)
Slow Loop -
? - -, 0281 . 0629 u + 0 5e + 0 —3272 | q
w -.251 -.628 A -10.2. | 243.5 O i
(13) '

3. Simulation Procedures

The froequency response of each separation was determined using

Euler's Integration (3) and the lst order Adams Integration (5). 1%

Awas evaluated at calculation rate'ratids (IR) varying between 1 and 20,

Since IR = 1 1is the single rate case, these calculations could be

“checked'by comparing with the analytical evaluations described in III-B,

The frequency response was determined by evaluafing equations
(10) and (11) or (12) and (13) using the integration formulas with
6, equal to & sine wave of magnitude = 1., After an initial transient

settling delay the resulting sine wave magnitude and phase was assumed é

- to be the desired frequehcy response. The short period portion of the

transient response'was quite short; however, the phugoid transient

fesponse was unduly long to wait for settling. Therefore, the procedure

" calculated fhezphugoid transient response based on the continuous Syéfem

“ ORIGINAL PAGR B
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(1) using inverse Laplace transforms and subtracted this from the
nunerical evaluations before determining amplitude and phase, Appendix

D contains a listing of the computer code,

,,,,, RRECLTR e (e iy g




1V, RESULTS

Table 1/ contains a summary of the figures which represent the results
of this study. In the simulations, all IR's between 1 and 20 were eval-

uated. Those cases not shown in the figures were found to be unstable.

TABLE II: SUMARY OF FIGURES

Integration Tfast
Figure { Ananlytical | Simulated| Algorithm . IR Separation

1 X E ,06=.5 1 _—
2 X Al .05-.5 1 ——

3 X A2 .05-.5 1 ——

4 X E,Al,A2 .05 1 -—

5 X E,ALl,A2 | 1 —

6 X E,Al,A2 .2 1 —

7 X .05 1-20 1 X3

8 X E .1 1-10 1 x3
9 X E .2 1-8 1 X3
10 X E .05 1-10 2 X2
11 X E 1 1-5 2 x2
12 X B . 1-3 2 X2
13 X Al .05 1-20 1 X3
14 X Al .1 1-10 1 X3
15 X Al 1 |1-s 1x3
16 X Al .05 1-10 2 X2
17 X Al .1 1-5 2 x2
18 X Al .2 1-3 2 x 2

The most significant result is the difference hetween the two
separations, This can be seen by comparing the deviations from the
continuous curves in Figs. 7; 8 and 9 with those in 10, 11 and 12
respectively for Euler's integration and similarly Figs. 13, 14 and 15
with 16, 17 and 18, For both integration methods, the 1 X 3 separation
is decidedly superior. This is no doubt due to the fact that the 2 X 2
separation selves the w{ or ) equation at the Slow rate while this

state is important to the short period dynamics.

ORIGINAL PAGE IS
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The first order Adams integration appears to be the best choice
of integration methods., Its advantage over Euler's method and small
disadvantage compared to a second order Adams 1s best illustrated in the
Fig, 6b phase plot; however, examination of the magnitude in Fig. 6a
shows the Fuler method's error arising at a lower frequency but remaining
smaller at the higher frequencies, The same kind of behavior is exhibited
at the faster sample rates (Figs. 4 and 5) but is more difficult to see
due to the greater accuracy.

The sample rate requirement for aircraft simulation with a first
order Adams integration is dependent on the desired input frequency to
be adeguately simulated. Examination of Figs. 13, 14 and 15 indicat=
that one should select the fast sample rate at approximately 10 times
the input frequency to be followed and that a slow rate at one-tenth
this rate yields no degradation. In other words, to follow a 2 Hz input,
one should solve the short period equations at 20 Hz and the phugoid at
2 Hz.

10



V. CONCLUSIONS

For a linear model of longitudinal aircraft motion, separation of
the equations of motion into slow and fast celculation rate groups is
best accomplished by performing u integration at the slow rate aﬁd
v,q,8 at the fast rate. A separation with u and w as the slow
variables and q and © as the fast gave substantially less accuracy.

A first order Adams integration procedure appeared to be a good
choice for real time aircraft simulations.

For the example used ( = 0.25 Hz, “bhugoid = 0,025 Hz),

W
short period
the fast sample rate should be selected at approximately 10 times the
maximumm input frequency for which accurate aircraft simulated fesponSe
is desired. A slow rate of one-tenth the fazt rate yielded no degrada-

tion over the single rate case.

11
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transfer function, equation (1) that represents the example descri

bed

in this report. Lines 21 through 29 compute the coefficients required

for an Euler integration of the continuous system. !
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APPENDIX B
FREQUENCY RESPONSE EVALUATION OF EQUATION(6)
{1st ORDER ADAMS)

The computer code in Appendix A was modified by replacing lines 21
through 29 with the following coefficient evaluations.
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AFPPENDIX C

FREQUENCY RESPONSE EVALUATION OF EQUATION (8)

(2nd ORDER ADAMS)

The computer code of Appendix A was modified by replacing lines 21

through 29 with the following coefficient evaluations.
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APPENDIX D

SIMULATION FOR FREQUENCY RESPONSE EVALUATIONS
IN THE MULTI-RATE CASES

The following code performs the calculations using Euler's integra-
tion, Note that lines 107 fhrough 112 are shown twice, once for the
1 X 3 separation and once for the 2 X 2 separation,
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The modifications to the previous code so as to use first order

Adams integration are shown below.
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