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I. INTRODUCTION

Real time simulations of aerospace systems have been developed
i.

at several NASA centers for the purpose of providing a testbed for

numerous studies involving use of cockpit mockups, v1 sual displays,

pilot/astronauts, and vehicle, motion. It is Gammon in real-time

simulations of large systems to separate the high and low frequency sub-

systems within the simulation and perform the integrations of the

subsystems at different calculation rates. This is done to strike a
r

balance between accuracy of calculation and capacity of the digital

computer. Questions arise as to the accuracy of this structure comparedP	 Y p

a

	

	 to single calculation rates and if any Interactions arise that cause

errors that are worse than those expected from an analysis of the sub-

system above.

This report d_scribes a study that was done on a linear aircraft

model that investigates the questions above. Since actual simulations

are much more complex with many nonlinearities, these results cannot

be applied directly; however, the study does show where the problems

are and gives guidelines for selection of sample rates for multiple rate

simulations.
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11. BACKGROUND

t
The particular system simulations in question typically have a

fast mode (aircraft short period, dutch roll) and a slow mode (phugaid,

}	 roll divergence) which can differ by an order of magnitude in the

respective natural frequencies. These kind of problems are referred to
l

as "stiff" differential equations in numerical.anaiysi.s circles although

special techniques to solve stiff equations are not absolutely necessary

ak
until frequency multiples on the order of 100 or more exist.

Many different techniques have been reported (1,2,3,4,5] but none
4	

use different calculation rates for the different modes of the system.

The reason for the lack of literature (and lack of interest by numerical
9f

analysts)on multi-calculation rate techniques appears to be due to the

difficulty in separating systems into f,st and slow modes. Numerical
i^

integration procedures are never limited to linear systems which are
i

really the only ones that can be cleanly separated.

In aircraft simulations, system descriptions are sufficiently

close to linear so as to allow separation based on our knowledge of the

approximate linear version. Furthermore, since the differential equa-

tions arise from.known physical phenomenon, which are similar for all

vehicles and flight conditions, once the separation has been determined

for one case, it is applied successfully fog most others.

On the other hand, the general problem of analyzing a Linear

discrete system with multiple sample rates has been studied extensively

[6,7,8.,9,10]. Since any numerical .integration procedure can be reduced

to .a set of difference equations, and will be linear if the differential

equations being integrated are linear, these methods are applicable.

Unfortunately, the methods are very tedious to apply and require large

amounts of algebra before going to a computer. -Application of these

methods to the aircraft simulation were studied for simple integration

procedures but judged to be beyond the scope of the study for the more

realistic and complex integration procedures.

y



111. METHOD CV ANALYSIS

To provide a common yardstick for comparing the various algorithms,

it was decided to use the frequency response of the aircraft simulations.

In particular, the transfer function of the longitudinal mode of a DC-8,

from elevator command to vehicle attitude was selected for study. Two

methods were employed;

1) discrete analysis using z-transforms of the single calculation

rate cases, and

2) numerical simulation of the multi- -calculation rate cases.

A.	 The Selected Example

A DC-8 in approach configurat i on was selected for study. The

transfer function between elevator and attitude for this case is [113:

(s)	 -- 1.338	
(s+D.0605) (s+0. 535)	

(1)-	
(s2+1.69s+2.67) (s2+0.0198s+0. 0267)

which results in the short period and phugoid characteristics as shown

in Table I. Note the 10 :1 difference between the frequencies of the fast

Table I: EXAMPLE CHARACTERISTICS

Natural Frequency Damping

Short Period

Phugoi.d

1.62 r/sec(.258Hz)

0,164 r/sec(.0261Hz)

0.522

0.0606

and slow modes.

The magnitude and phase of (1) was determined analytically and has

been included in all the following graphs for comparison (labeled

"continuous system").. Since this represents the response of an actual

aircraft with varying frequency of input commands, the goal of all

digital approximations of this aircraft is to match the continuous

response as . closely .as possible:	
A ^S
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B.	 Discrete Analysis of the Single Rate Case

The transfer function in (1) can be written as a set of differential

equations:

y1 0	 1	 0	 0 y1 0

Y2 _ 0	 0	 1	 0. y2 + K. 0. (^1e + blu+ bo6e?

Y3
0	 0	 0	 l y3 0

e

yd -a0 	 a1	 ^a2	 `3 y4.
l (2)

where for this example:

a3 	=	 1.7.00522 yl =	 0

a2	 =	 2.6813872 y2 =	 6

a l	 =	 0.09712526 y3 6

a0	 =	 0.07006953 yd _	 9

K	 _	 -- 1.338

x

hl	 0.5955

b0	 =	 0.0323675

1.	 Euler' s Integration:

Euler's integration [12l can be simply stated by:

y (n+1)	 =	 y (n ) + TG(n)] . (3)

Combining (2) anti (3) and using first differences to generate$ e and

^e	 yields:	 2

8(L)	 2	 z + n1z + n0
KT

be(z)	 3	 2
(4)

z4+ mz+ m2z+3 M. + m0

where
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The frequency response of this discrete transfer function can be

determined by evaluating (4) with z taking on values around the unit

circle. The computer code for doing this is contained in Appendix A and

the results are contained in the following section for T's ranging from

0.05 sec to 0.5 sec.

2. First Order Adams Integration (131:

The algorithm is:

	

Y(n+l)	 y(n) +2 f

	

[3(n) -- f(n-1)	 (5).

where	 f(n) = y(n) from (2).

This algorithm makes use of one past value of the derivative func-

tion and therefore increases the order of the discrete .system.

The discrete transfer function of (5) is:

	

9 (z)	 B 8 z 8 + B 7 z 7 + B 6 z 6 + B 5 z 5 + B 4z4 + B 3 z 3 + B 2 z 2 + B I z + B0
_

	

se (z)	 C z10+ C z	 z +C z +C z -}C z +C zg+C $76S4+C z -rC z32+C z+C

	

10	 9	 8	 7	 6	 5	 4	 3	 2	 1 0

(6)

where the coefficients are defined in Appendix B along with the computer

code --j evaluate the frequency response for (5).

3. Second Order Adams Integration 1131:

The algorithm is:

	

y(n+l) = y (n) + 12 b3f(n)--16f(n--1)+5f(n=2)) 	 (7)..

which yields:

	

8 (z)	
S^4z14	 3

	

+ BZ3	 1Z.	 + :... + . Bz + B0
K	 ($)

	

}	 C6z16+ G15715 
	 + C 1z + CO

F.

where the coefficients are defined in Appendix C.
i

i^
3

A



C.	 Simulation of the Multi-Mate Case

An alternate way of expressing (1) and (2) is also given by Teper

till:

u	 -.0291	 .0629	 0	 -32.2	 u	 0

w _ -.251 -.623	 243	 0	 w } --1012
q - -7.7`-6 _8.7\-3	 --.792	 0	 q	 -1.35	 e

8	 0	 0	 1	 0	 LOJ0
(g)

The separation of these equations into fast and slow modes can be done

in several ways. The ideal manner would be to transform the equations

into their normal modes which would then produce two coupled 2nd order

systems, one with pure short period characteristics and one with pure

phugoid characteristics. Each could be integrated at sample rates

suitable to that mode. In practice, this is difficult due to the non-

linear terms in the equations. Furthermore, transforming to and from

another state definition takes cpu time and may result in higher cpu

loading than the more straightforward methods described next.

1. The . 1 X 3 Separation

If a normal mode analysis of an aircraft is performed, we

find that the short period consists primarily of a, q, and 0 motion

with insignificant effect on u. The phugoid consists of u, q, and

0 with little effect on Cy. Therefore, since u is the only state

that does not involve }Mast" behavior, it.is the only state that can
be safely calculated at the slow calculation rate. The "i X 3" separation

recognizes this fact and partitions accordingly. The equations area

Fast hoop --

v	 ^-»0.628	 243.5	 0	 w	 --10.2	 -	 -.251 j

q	 --0.0087 - .792.	 0.	 q . + -.135.^e -1- ... .0000077 u	 j
g	 0	 z	 0	 0	 0	 Q

(10)

i

,6



r

I

i

i`

Slow Loop -

r

I^

ice,

w
u	 - 0.0291U + [0.0629 -32.2 3 	 (^1)

e

2. The 2 X 2 Separation

Another natural separation is based on fast calculation of

orientation, q and 0, and slow calculation of translation, u and w.

It is attractive because a larger portion of the calculations are done

at a slower rate, hence more cpu time savings appear achievable. The

equations are as follows.

Fast Loop

q _ -.792	 0	 [q] + [- 1 . 35 ^ ^ + -. 77 X 10-5 -. 0087[U]
1	 0	 g	 0 J00

(12)

Slow Loop --

u_ -.0291	 .0629	 u	
b	

0	
S	

0 -32.2	 q
. ]

w	 --.251	 -.62s	 w	 -10.2.	
a 

[243.5 0	 0

(13)

3. Simulation Procedures

The frequency response of each separation was determined using

	

Ruler's Integration (3) and the 1st order Adams Integration (5). 	 It

was evaluated at calculation rate ratios (IR) varying between 1 and 20.

Since IR = 1 is the single rate case, these calculations could be

checked by comparing with the analytical evaluations described in III-B.

The frequency response was determined by evaluating equations

(10) and (11) or (12) and (13) using the integration formulas with

8e equal to a sine wave of magnitude = 1. After an initial. transient

settling delay the resulting sine wave magnitude and phase was assumed

to be the desired frequency response. The short period portion of the

transient response was quite short; however, the phugoid transient

response was unduly long to wait for settling. Therefore, the procedure

calculated the'phugoid transient response based on the continuous system

ORIGINAL P&H TS
OF POOR QUATjV
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(1) using inverse Laplace transforms and subtracted this from the

numerical evaluations before determining amplitude and phase. Appendix

D contains a listing of the computer code.
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IV. RESULTS

Table 1; contains a summary of the figures which represent the results

of this study. In the simulations, all IR's between 1 and 20 were eval-

uated. Those cases not shown in the figures were found to be unstable.

TABLE II: SUMMARY OF FIGURES

Figure Analytical Simulated
Integration
Algorithm

Tfast
IR Separation

1 x E	 . .05-.5 1 ---

2 x AI- .05-.5 1 ---

3 X A2 .05--.5 1 ----

4 X E,AI,A2 .05 1 ---

5 X E,A1,A2 .1 1 ---

6 x E,A1,A2 .2 1 ---

7 x E .05 1-20 1 X 3

8 x E .1 1-10 1 X 3

9 x E .2 1--5 1 X 3

10 X E .05 1--10 2 X 2

11 x E .1 1_5 2 X 2

12 X E .2 1-3 2 X 2

13 X Al .05 1-20 1 X 3

14 X Al .1 1-10 1 X 3

15 x Al .1 1-5 1 X 3

16 X Al .05 1-10 2 X 2

17 X Al .1 1-5 2 X 2

is X Al .2 1--3 2 X 2

The most significant result is the difference between the two

separations. This can be seen by comparing the deviations from the

continuous curves in Figs. 7, 8 and 9 with those in 10, 11 and 12

respectively for Euler's Integration and similarly Figs. 13, 14 and 15

with 16, 17 and 18. For both integration methods, the I X 3 separation

is decidedly superior. This is no doubt due to the fact that the 2 X 2

separation solves the w( or ne ) equation at the slow rate while this

state is. important to the short period dynamics.



The first order Adams integration appears to be the best choice

of integration methods. Its advantage over Euler,'s method and small

disadantage compared to a second order Adams is best illustrated in the

Fig. 6b phaselot • however, examination of the Magnitude in Fig. 6aP	 ,	 ,	 g	 g

shows the Euler method ' s error arising at a lower frequency but remaining

smaller at the higher frequencies. The same kind of behavior is exhibited

at the faster sample rates (Figs. 4 and 5) but is more difficult to see

due to the greater accuracy.	 a

The sample rate requirement for aircraft simulation with a first

order Adams integration is dependent on the desired input frequency to

be adequately simulated. Examination of Figs. 13, 14 and 15 indicate

that one should select the fast sample rate at approximately 10 times

the input frequency to be followed and that a slow rate at one-tenth
a

this rate yields no degradation. In other words, to follow a 2 Hz input,

one should solve the short period equations at 20 Hz and the phugoid at

2 Hz.^
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i

i

For a linear model of longitudinal aircraft motion, separation of

the equations of motion into slow and fast calculation rate groups is

best accomplished by performing u integration at the slaw rate and

w,q,8 at the fast rate. A separation with u and w as the slow

variables and

	

q and 9 as the fast gave substantially less accuracy. 	 ^ e

A first order Adams integration procedure appeared to be a good

choice for real time ai =raft simulations.

For the example used (W	 0.25 Hz,	 - 0.025 Hz),	
g

short period	 phugoid
the fast sample rate should be selected at approximately 10 times the

	

maximum input frequency for which accurate aircraft simulated response	 a

is desired. A slow rate of one-tenth the fast rate yielded no degrada-

tion over the single rate case.

Y
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APPENDIX A

FREQUENCY RESPONSE EVALUATION OF EQUATION (4)

" .	 (EULER' S INTEGRATION)

The following computer code was used to analytically evaluate

a	 GW	 by letting	 z	 take on values abound the unit circle. 	 The

_	 coefficients stored 	 Al, A2,... and	 BI,B2	 are for the continuous

transfer function, equation (1) that represents the example described

In this report.	 Lines 21 through 29 compute the coefficients required

for an Euler integration of the continuous system.

3	 JlaiTk,IY
C WEM A TRAUSF« (t PNHCT139 V4 Cat G-I'L U& IU Ur FiLL. ] ^LIIC !]YlU=z.
C	 8{P)	 6 + Diti	

•
41'4-21	 + all)	 L	 + Ile-E	 ---.#.-, ► .

.l)_ L .^_ _

L'	 G(..}	 'L ♦ c ( M-1)	 Z	 ► :{4-2)	 d	 ► •.••,,. ♦ :0) 	 6 + ^Q

C THIS iBOCUAtt CaL::ULATES, rAiM,. 	 U9 4,41 k1.11S tae	 fLE jU9SCT SES03SIF
C fie	 itz SY4LFH iiuvS9	 t	 se g a FItAi:401	 i8	 UIVE N ;d ttif:	 443vt	 P71111,

1	 Ys3:lGEli 08?^1fl"r,xOFP,lJUY
`	 Z	 isEAL 1= {1'e1}, rs]A lZL1 , 3dI}. {5?:},fl<-+(S3]}rt^ilAS3l57Gj -

d	 6EAL*d A1,.2,A3,A4,01,nZ
'	 S	 &EAI + Ii C1,^2 .1. z4 t:5 yB	 i	 3 ,3),)3rJ1 DZ a_,zi,pS,F15,DI,n3,o3

_.11AA7.30 -0 1. VDU,D:34,31,-32,j3,_dai, .G3.l:i	 Aj*A4,i-
7	 LOGIC AL iLS.a (27 )o L5310 (M )
i)	 DATA Ai , ni,A),Ai/i.711?522a/], 2•A++17b %Zai4,C•097tdti2BRD,J.07J3E9St70!

a2 f 1/0.3J.2361S41	 0.5i55CI1--_____
t0	 ALAa(5,i1}>Jtii^,^Ui?
11	 Ii	 fJSA:	 12(2)

13	 30	 K;AD	 15,12)	 ShlP1,F31l,FNAY
14	 12	 faith",(?13.5,2419,M).7))

tt	 --^lS._ w	 ZF^ (stiF:P'l. Ew.O.} .t: 	 0 gapl _
M`

}	 '16	 hlisb=dUda.1.
17	 I['.1fiM.Ey) . 1}	 33 x7 53

19	 55	 r3azAt' (1 K1)
21	 $0	 T : SAMPT

_^_.____..._4 CGIiS_ 3S.1N^C1i5i1^SL'_..(L►P_.AuY). _I3C L.4k..^1A'.15i+ 1E •" Udi.IJS^;...._^..._,^_^..^R_
C ME COE !• PLCyBiiS3 LD, u(L1 . ,	 {C, C. {I1 .Aax rdE Z;)f P !_	 uri fir~ Td8

`	 C ►OLY . stiSIMS IN T1%L 1' NSF I.6 ifUN;TC3d 3:	 j1:%ErA/2E1rA(RI	 t Ai
8T_TU0- 1:1_ SLOG .S.[il-J ijL9913..462HSO....._ a	 -

L' >tiZbOM LKATok COnrFS. AHL 41 6 ARE Tile SMAAMI COUP36
21	 COGS a - 1.3:9 O r ** 2

-33	 Bill - 01*x-2
00i R

"--	 - z^	 ..	 ^e =_14!:.R ya- I3 + Tr^aA^.<a! ►._t;.=^s^..ecl._..._.._._.....r.._____
2i	 C111	 x A3*r&*3-2*A2*T++2+3•A1 ►t-4
27	 C(2)	 A2•I**2-JvA1}T► 4

21
—
	C14) a 1

32	 Irri :Eie,b51 63
33	 6.5	 FL5:fAr 1 4	 10	 = ► , E2?.5//1
 3,_ , 1,rsa"o

3^	 9al. d{5,13)	 lr)t{i1,I ► I,B(I ► 1},I+Z,9(E*il,T+l,d(f ► 3)
36	 19	 FG, °.da	 ; twx '	 r71)
31	 ia.
3d	 /iti:Yt {S,7a1	 Cr
39	 7S	 F4hEwI ( ► 	 L'7	 = 0,01i.o//)
45..- 	 ..-..	 _....	 ...r..^^,`.^^.Lqi 	 •t.'aL 0	 15	 2	 I	 1t• i	 ^	

1.-
♦ ^I	 Li3	 -' ( L ► J}

-	 42	 16	 Fl:.,.s^At	 (4{.,^,^	 4l:',l2., +) 	 n	 ^,5ib.kil) -
.43	 .15
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446	 /3) C01a 19UE
I	 45	 RXILG n iL2Q13{YYLY)

	

N7	 I! ( YlSIY .L1[. 1 n 1 VM1I0	 L;VaLY ^ 1

	

M$	 IOC a LurGL11
^ra_113--_;

	,5L	 L^4^lt (IJ _ n ,fAL3E..
k '	 51	 131	 fT77OM) a 10. t* ((I-1.)/2] n )
^	 ABC-.._.......Lfi1;@!it lr-►r,^•a _ Ldfid.__----------`------•.._......__	 _	 - —

	

Si	 LGII^Jt( Iy s .294.0.

	

54	 L7 A01( !5) n . WIZ.

	

b6	 _ I n (TAULG - L3l'fiXNj a26 t 1.5

	

57	 133 WACT a 1H.walac
'	 sa -_.__-135	 Cl]6_[I1.-----•- -	 - .

	

59 	 &Q10(imr) a LGYQA(T)

	

60	 IP( F(YY) .04. fa4X) 0320 137

	

62	 up mr + 1
ti] 1i I .Xt. 21) 30ro 135

	

65	 iDBC n IDEC • 1

	

68	 GO To 133

	

6I	 137-ti[>Yliga"L^_

	

68	 k469) n C.0241916
63_ __	 _.x(70) ' n.G.2601,4-___-__ 

	

70	 YbFAQ n 916f8a t 2..	 C
'....^..^t_-- ---•^:AZL^cLYn,.(o^sg.xna,.e,c.c^xs.,^i..:.^^.	 .... ..	 ..._	 _^

	

71	 C8L4 Uf:aCI11(!iiik , uDP,u^^^1:7'J9,$AS21,lilYA;t^F,Ntf^^Jr]ALY,lAG^s?!1135 ►

	

73	 21=75

	

15	 uo ro 30
76 $7P CO MUDE

---__77.

	

Yd	 END

_. 73_ __ _,	 Sw a4Ui7M FOLn! L (}iP.]UE..kI,C,^]N3,1],Y71)--._ . 	 ----•—	 __. _^, ._^
-	 C

	d7 	 it.-EGEti Q!?,7L?,^Qa^,: UP,7iC:1P^TY3llh

	

02	 l lydRAC'Ei ui t l+) {i"f /G] ' 	 /,^'lw2i 1S (L1T^/X^•r^ i%^
d	 till}3yZ(" 1/2; r ^ r/,F1;FF1^1^(2:"}/10+^ ^/

	

65	 .05	 kcr zzM1Y ( ` i ' m r.'ausr d ?o-cirl]x : II/)

	

d7	 n'r.: TB ( 6,2L11 i:]V5

	

p 1 	 «31	 hd,"6 -3 r,	 3)(r_'})
W :: 215-- ".-

S	 305	 •fi.AP • J:1?

	

91	 L166F = GA'r	 1

52
	9!

i
	if1: 213 I	 1, Jrid

	

9 `	 asl.rz (7 ur1 i ce ! .111} Pl^P
- y .; .. 221	 1-Uk:U1(1?}	 _	 -^_.. -- - •-..._ _ °- -- --.. _ _

	

96	 IP {a[rDNB).LT.'J.) 3..,) To 25]

	

97	 +76Iak(baF4(I),2311 PLJ3od(fJNQ)

	

93	 GC TO i52

	

1111	 250	 iF.i;L (b02 ( I).230) D(f:OLIF1

102 252 2"a = Mii; - !

	

1 63	 210 Cob2IYUE
—_]49^- 2t2__._.Etzl._(t►g^-(r. ,r.7ae1:, 17.1)...L4—	 -	 --	 _...—^---

	

1 r15	 .71	 ^QdnAx {F1 5.9}
c

	

147	 6

	

tae	 oo 225 1 a 1, Sa p , 6
_^_l92:_	 -td-ILE.(6.,255.:IIkiSY]L.-.(bJki.(11d1.-.li'J^•...riY.l.iC221------^.^

	

IV)	 155	 t aza (22A1,6ila x, ..il

	

1 11.	 +&IS Y(6,ZT4y	 ()]i'2(637), XY n Hr11,+1YZ1
_-- 112__17° xO6t7Ar-(25Y.E116at1--- 	 --	 ----•

	

1 19	 K4 i = Kul ON 6

	

114	 225 XbZ a ksa + 5
- _.11:- -walT2_ {5X29

	

116	 298	 7tiu.lA?(' !1(Zd^,a`12.ia^•',15}( '_^)1
117 . Z15 MOP a OOP

	

i:1 y 	 :1 (:+Ge.z7t. 11 t* 90 143

	

110	 Do 24C 1 - 1, 3tad	 ;
12.L--- ---iasl (;:UIJ4 k.,^4^"1+"aJ2__
122. 245	 roWna2412)

	

121	 Zt ((:[2.LP}.LT.J.} C3 ro 237

	

124-	 WL1Z Z:W1jtn (I^,232). p LI^ (p00P!	 - _ _ -._--

	

1.15	 132	 :a^saa• {a1,elz.a, +6:.^ ))

	

12a	 00 20 2J8
._.-..127--.207-1i?Md--(#UZ(L(1).,2_!31 i:(CQAEY-- -- 	 --	 --

123 208 TOO? s T L'DP - 1
129 241) CON, ME

.. 13 . 146-..aRLZE. (aUZ4(CCJDP} ► 2711--_C0—	 --	 _-- _

	

;131	 1^E27E (br2y4y	 -

	

132	 254 Foa7AT 12 it)
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133	 KYl n 1	 ---
133	 KK1 n 6

-.--13i	 —.11G. .Z3".z_1_1Llr_-3a►xs b.__.._..._^
136	 :ICIIs(61255) p U:114Yr (D'JC](A3) I If s R210902)
1] ► 	 %ii1E(orZT^l)	 () PfY(RY ) I KA . ^( J1riCK21

131 235 X02 - 902 • 6
140	 S ITURY

—. _1 fit—	 _Y►p 

142	 SUOKVUSINS UYICIF( ] ^IPr]pFrO,Cr. ] I3,SlAklryUYfZ,Y187+CTr

C
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_ .. 145	 _ AEA:.•d. XtrY:Fli4]ILI:. . iIE} RA3.LpLS__-____^	 _
1r7	 COLT LEii ZZLE3
lad	 L:•lrLf^ + 1e 4:dkL^ir^IIJ'tI^GI711:w35rr,Cl,Gp

153	 Z28I 2 •YI•sAsrY
151	 ,rEUFS2 n 16D. / PI

13]	 1dA	 PIIASL(J) n C.
159	 :i (CG15.dL.0.) :i.l 13 1i95

156	 196	 PisASL IJ) - -161.
157 { 185	 aV.*19E{6,129)

-.15L`l2y__ i(7iali,.(IJL.?LSaSid=t11£SG14;i.) ,.14X FI_.ii_S-'rI Lx. !AAlmiIZli!%(LD)!^_

13]	 L/ 100 MF	 1, adkSJ
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161	 E,+Ea	 ^^Clws (%crs.:u:}
162	 Od WAT r 2?l > VO4?
.163 _ __.	 lt. s-PLL£ ( 41:S( '141E43I)I•.._-
164	 YI n .ruLB {a^3 (;SS;liy1
165	 L = DC:"Lx {L1I!C)
US
149	 CS - I
163	 ;0 110 1	 1 "Up

.. ibx._.___..._. .__._.Cetils_n._.:rud.•...u.(il_a.CS.^_---_._._..—_ ._..._. r .__—___._._....—.
113	 CH _'L,'5+ 2
171 Il e	 CONIENUE
IIZ—. lOS_.._..:F.(OU3.Itl.OX. Gu. -r0, 1.15.
173	 CD + L
174	 06 120 t	 1,7U?
175 ._	 cl; N = .i iid::.. ► i(L).=.CA..
17 66	 CD - LG	 L
177 120	 CWTIUCk
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182	 PilASE1:F^^FtinSi: ( If1rLL^N^G^AYAd 'Z(tif.tAi{>-1FSII^ . AL(iCiiE3)}
Is]	 4aIrE.( , 1SC! R ' i (62) , 7AL11111 . 3R..(SY}.edASH(,YF)
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APPENDIX B
*

FREQUENCY RESPONSE EVALUATION OF EQUATION(6)

Ust ORDER ADAMS)

The computer code in Appendix A was modified by replacing lines 21

through 29 with the following coefficient evaluations.

21	 COBS = -1.333
22	 Cl = 81*r**4

24	 C3 = 5 i1*+« *k
25	 C4	 -12*•E**4

27	 D1 = 16.
28	 DI = 24 * e1 +T-64
2a - _^_^_-I13^3.x.12*_+_+k2.^1(z!I^.ixC.t95	 - -
30	 D4 = 5i1*A3*+' *3-yb*A2*i'**2+35«A7fT-a4
31	 D5 = 81+^a4*3^*4-t^3*a3 v *3^A&•i► 2i+w2-48*]It*T*13
^^^__116^:10 ti*.A^! ^:i ^! ^ ^ i,ka.^3 n i+!!!.3.-..i Z*A2 ^ ^!«2 r.5 y.b.l! ̂

33	 L7 = 5k*Aq^i**y,lQ#A3ft**3t4*R2FT* ► 2
34	 D8	 -12*&4,*r*4'0Z*h3*j*T3
35_ - -	 319_ = L4^'̂ ±y M---	 ---	 ---^---
36	 G1 = 4.
37	 G2	 6*B1 $ -8

39	 94 M -^i*gZxi**2r2*D1*p
46	 G5 = B2*ry*1

42	 K2 = -6*T**2
43	 K3 = T** 2

45	 B(1)	 C4 * G5+C5 * G4
46	 B(2)	 C3*L;5vi;4*G4+C511GJ

48	 X3(4) = C1*G5+C2*G4 +C30{;3+C(I* G2+--5431
49	 U(S) = C1 *GL +C2*G3+C3*G2+C4rG1
S A w--.-- 8{fi) _C1* 3tC2*v 2x :3! . t

52	 B (8 ) = C1*G1
53 --COL-;L nc * K3
54	 C(1) = D80 K3+D94'K2
55	 C(2)	 D7 *K3+D8 * K2+D90d 1

—,.56.—.._.^,.c:..(.3)_..:;..Iit^*._i^3_t4.1.*d 2.t B8!'. E►.1

57	 C(4)	 D5*K3 +DS*K2+D7*K1
58	 C(5) x G4+K3 +D50,K2+L)600

14

64	 C.(7) - D2*h3 +. D 3*e . 2r04*.K1
61	 C(8)	 D1 *K31D2 *K2+D3PK1

--62--  C (	 _.0	 D2-* k1_
63	 C(19)	 p1 *K1



APPENDIX C

FREQUENCY RESPONSE EVALUATION OF EQUATION (8)

(2nd ORDER ADAMS)

The computer code of Appendix A was modified by replacing lines 21

through 29 with the following coefficient evaluations.

21 wtis - -1.338
22 0	 = 273,94 101.0'1
23• C2 -
24 C3 A	 35h084 row%
25 Ca - -U8461201004
2S-
21 C6 - -192324.1'► *4
2a C7 =
21

CS	 625*T*44
31 DO	 2036.JL_ b 1-=.	 32744*ik lotnB2111.
33 D2	 18 176*A20t o O 2-I46ja0oAI 0T* 124'4 1 3

3 1) 0.3

•2173S
36 D5

36 07	 = -684 t)72114 * 9 *%tit 24 b4l 2 % A3 o T* o 3- 33!1434AZOV062
39 96 =

41 DIO

42 DII,

44
r. 45 62

.. 529" 2#L-

48 05

59 Gy	 25002•T ► 02

53 K3	 41641602
K4	 -15110,1-vv2

59
60 614) -05*0 +C6 o G6+L: 1 X G5tC8"34# 9 ql ;; I

(5) rC4 0 uz.t ci.4.ai O.C5	 5	 103 It C i G2.
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APPENDIX D

497

SIMULATION FOR FREQUENCY RESPONSE EVALUATIONS

IN THE MULTI-R ►TE CASES

The following code performs the calculations using Euler's integra-

tion. Note that lines 107 through 112 are shown twice, once for the

1 X 3 separation and once for the 2 x 2 separation.
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The modifications to the previous code so as to use first order

Adams integration are shown below.
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