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NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

COMPUTER PROGRAM FOR DETERMINING MASS PROPERTIES OF A

RIGID STRUCTURE

BY Reid A. Hull, Dr. John L. Gilbert and Phillip J. Klich

SUMMARY

A computer program (ND0702) has been developed for the rapid

computation of the mass properties of complex structural systems. The
program uses rigid body analyses and permits differences in structural
material throughout the total system. It is based on the premise that
complex systems can be adequately described by a combination of basic

elemental shapes. The following thirteen widely used structural shapes
were selected for inclusion in the program:

I. Discrete mass

2. Cylinder
3. Truncated cone

4. Torus

5. Beam (arbitrary cross section)

6. Circular rod (arbitrary cross section)
,. _pherical segment
8. Sphere
9. Hemisphere
10. Parallelepiped
11. Swept Trapezoidal Panel
12. Symmetric Trapezoidal Panels
13. Curved Rectangular Panel

Simple geometric data describing size and location of each element
and the respective material density or weight of each element are the

only required input data. From this minimum input, the program yields
system weight, center of gravity, moments of inertia and products of
inertia with respect to mutually perpendicular axes through the system
center of gravity. The program also yields mass properties of the
individual shapes relative to component axes.

Permanent configuration records and the use of iterative calculations

to investigate design systems or to determine optimums contribute to the
cost-effectiveness of the programs use.

INTRODUCTION

Determining the mass properties of any rigid structure is a problem
that at times becomes complex, but one which can easily be dealt with
utilizing computer solutions.



For rigid structures the solution of the mass properties requires

transformation to an axis parallel to the system axis and becomes

laborious almost to the point of being impractical.

Any complex structure must be broken down into elements in order to

exact a solution. The approach selected for the program presented in

this paper was to automate the input to the point where an element's

shape, geometry, density or weight, and three grid points are the only

requirements. This approach was influenced by the simplicity of com-

puting the direction cosines (Euler angle relationship) from the given

three grid points. The program as outlined in this paper performs

essentially the same process as calculations "by hand" and is extremely

useful for rigid structures skewed in space. This program also provides

improved accuracy, time savings, and complete permanent records for a

mass properties analysis. (This TMX is a verified expansion of the LaRC

working paper "Computer Program for Determining Mass Properties of a Compo-

site Body", by Phillip J. Klich and John L. Gilbert dated Oct. 22, 1968.)

SYMBOLS

I

r

T

V

x' y' '

X, y, Z

:0

IX' x

ly' x

IZT X

l'x,y

moments and products of inertia

displacement vector for differential mass

kinetic =nergy

linear velocity

rectangular coordinate component displacement vectors

rectangular coordinate system displacement vectors

angular velocity

cosine of angle between x' and x axes

cosi_Le of angle between y' and x axes

cosine of angle between z' and x axes

cosine of angle between x' and y axes
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_y,y

Zz,y

ZX, z

_y'z

_Z'Z

Subscripts

co

xxco_

yyc o_
zzcoJ

XXCO_

YYCO_

zzc0j

Superscripts

cosine of angle between y' and y axes

cosine of angle between z' and y axes

cosine of angle between x' and z axes

cosine of angle between y' and z axes

cosine of angle between z' and z axes

system coordinates to component center of mass

refer to component axis to which moments of inertia are calculated

refer to system axis to which the moments of inertia are rotated

parallel to the system coordinates

prime denotes component coordinate system

INERTIA EQUATIONS

The mass properties of shapes such as a cylinder, sphere, etc., are

easily calculated _nd therefore were selected as the basic component shapes

for handling a system such as a spacecraft structure. Since the component

shape mass properties are measured with respect to their respective center of

mass, the_e properties have to be transferred to the system center of mass.

The transformation can be made in two steps: first, the component properties

_re transferred to a system parallel to the system axis, and then transferred

by the usual parallel axis theorem. The rotational transformation is derived

by using the principle of kinetic energy. An introductory derivation of the

moment of inertia, and product of inertia expressions are derived first and

then transformation from the component to system coordinates is presented.

Derivation of Inertia Equations

Using the expressions of kinetic energy of a rigid body, the equations

of moments of inertia and products of inertia are derived. Consider a

component spinning with an angular velocity _ as shown next
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Z !

Component Center of Mass _ dm

x '_ __ _ _y,
_D

The angular kinetic energy can be written as

T= V'Vdm

where the velocity is expressed as

-9 .-) -.)

V =6u×r

Substituting in the kinetic energy expression gives

2_

where

and

oo = ia_x + Ja_y + lqm z

_x _r = '+ Jy'+ kz'

Taking the cross product

4

i j _z'_x' _y'

X ! y! Z'

•"_/ I I ! ! _ I I

= _z -_.y)+ j(_ -_.')+ _+(_ -_x')



and performing the dot product results in

. , ,,2 (,,,_x,)2 . 2(,,,;._,)(_z,), ,)2 _ 2(_...,)(_zy,) + v%y , +(OyZ

+ (_z,)2 + (_y,)2 _ 2(_y,)(_=,)+ (,_,_x'_2

Which upon substituting into klnetlc energy equatlon gives

i _Ic%2(y,2_ y2 ,2) coz2(x,2
T-- + z'2) +_ (x'2+ z +

! ! ! t--]

'd_'X'Z' - 2C0 O_ y Z' - 2_'cu'x'yj dr.-Z_zx yz xy

+ y,2)

This represents the rotational kinetic energy of one component of a system.

Recognizing the definitions of moments and products of Inertlas and se!ectir_

the component coordinate system as the principal axes, we can write

1
Tcomp=_ (I'_'2_,x+ I'='2yy+ I_.'_z2)

This particular selection of coordinates does not affect the final answers

because kinetic energy is constant with regards to the coordinate orientation;

however, it does simplify the input data and also reduces computer time.

Rotating From Component Coordinates to System Coordinates

At this point we have the kinetic energy about the component axis system.

Lu %he computer program it is at this level that mass properties are computed

for the preselected shapes such as the cylinder, sphere, etc.

It is necessary Zo resolve the component mass properties to an axis

system parallel to the system coordinates. Once parallel to this system axis

then we can translate to the system center cf gravity by the usual parallel

axis theorem. The derivation is similar to that presented in reference 5.

In deriving the rotational transformation from the component to the system

coordinates the expression for kinetic energy is again used. Given a body

rotating with an angular velocity _ we know that its kinetic energy is

invarlant with regard to the coordinate orientation.

o_G_ _ _ _._
oF ?oo_
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_ z' _-- Component coor_nate

System coordinate

-'_ T'

The kinetic energy in the system coordinates is

l/Tsys--_ (_ x_ • (_ x_

Defining the products of inertia as

2" 2'Ixz = yz dm_ _ = yz din,

the energy'e_uation becomes

l_x_x2
TsYs 2L . + Iy_y2+ Iz_z2+ 21_

Zx_= /xydm

+ 21yz_m z + 2Ix_/_y_

The products of inertia will not necessarily be zero in the system coordinates

due to the Coordinate rotations and,-therefore_ the products must be
included.

B



It is necessary to write the angu_r velocity of the component system

coordinates in terms of the system coordinates. For an arbitrary vector it can

be written

-@ -_ -@

6L_ =_ I = _

comp system

CI,Z '= i'a_x' + J'a_' + k' = i_x + jo_y + kak

Performing the dot product gives

f = i' i_ + i t • J_ + i' . k(o
x x y z

' = J' ico + J, • Jcoy + J' • k_y x z

+k' • k_
_OZ' = k' i¢Ox + k' •__.S°y Z

Recognizing the direction cosines results in

'x Z ,y ZCDX X X tZ

"co'k= _ ,y

Z Z ' _,

Writing the component kinetic energy in matrix algebra

T
comp

1 T 1 DC] [I'] DC]( 

where [DC] is the direction cosine matrix shown above. F_luating the system

and component energy results in

T =T
system comp

-- i T I'
2

and the resulting system inertial matrix is found to be
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Expanding the matrix equatlon we get

Zxxco

Iyxco

IZXCO

IXYCO

Iyyco

IZYCO

Iyzco

IZZCO

C

_x Z'x y'x z'x

Z Z
x'y y'Y z'y

x'z Z Zy'z z'z

I !

x

0

0

0

I'
Y

0

0 Zx, x

0 Z
y'x

I' Z
Z Z)X

Z
x'y X'Z

Z Z
y'y y'z

Z
z'y z'z

The direction cosines are determined by the method presented in appendix A.

Transferring _y 7arallel Axis Theorem

Now that the moments of inertia are in a system parallel to the system

coordinates, we now translate by the parallel axis theorem

IXX = IXXCO + m[(Yco

Iyy = Iyyco + m[(Xco -

IZZ = IZZCO + m[(Xco -

Ixy = IxYco + m[(Xco - X)(Yco

IXZ = IXZCO + m[(Xco - X)(Zco

Iyz = Iyzco + m[(Yco - _)(Zeo

_¥)2+ (Z_o._)2]

_)2 + (Zoo_ _)2]

_)2 + (Xoo- _)2]

-B]

-_)]
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Where _XCO' IYYCO' and IZZCO are the component moments of inertia

rotated p&rallel to the system coordinates, and X, Y, Z are the system

center of mass coordinates and Xo, Yco' Zco are the coordinates of the
component center of mass.

COMPUTER PROGRAM

This computer program is written in Fortran IV computer language. All

names and descriptions are assigned in the first part of the program. Thirteen

sections have been written using 13 common shapes usually found in spacecraft.

The program is directed by the input data which singles out the section

or shape factor desired to be used through the "go to" statement. The

operation of the program is illustrated in figure 1 with a computer flow

diagram.

The input data for each tiem is listed on two data cards. The basic

input for each item will vary depending on the shape factor used. Each

shape factor with the necessary data is discussed in the input data
instructions.

After the data cards are supplied to the program the following

operations are performed. The component mass properties are first printed

with the moments of inertia about the component axis rotated parellel to the

system coordinates. These mass properties are transferred to the system

center of gravity and the following are computed: System weight, inertias

ah:a: the system center of gra'[t_, _uertias about the origin, center of

gravity of the system and products of inertias of the system. Based on this

generated information, inertias about the system principal axes and their

location is subsequently computed.

A listing of the computer program is found in appendix B.

Selection of Coordinate Points

The selection of points "[" and "J" determines the length of the member

as well as the first three direction cosines. Point "k" is required to

calculate the other six direction cosines. Shown in figure 2 are the two

coordinate systems used in this program. Point "I" locates the system

coordinates (X., Yi' Z.) for the origin of the component axes and point "j
determines theldirecti_n of the "x" axis of the component coordinates.

In order to determine the directions of the "y" and "z" axes, point "k

is required. This point can be anywhere in the x-y plane. If it is omitted,

then the program automatically positions the "y" axis parallel to the X-¥

plane. For a body of revolution point "k" is not required. The following

figures (2(a) and 2(5)) describe points i, J, and k.

The _ain deck is referred to as the computer program without the necessary

data. It is always necessary to have a 789 card following the main deck and

a 789 card, then a 6789 card following the data. The 6789 card separates one

program from another. A description of these cards and their formats follows

figure 2. Q
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LOCATION OF POINTS "i" AND 'j"

Figure 2(a)
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Y
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/ Select_l_ For Canvenience_

/1_ / However must be in the _ plane)
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LOCATION OF POINTS '_"

Figure 2(b) II



Ist Dat_ Card

Item No. 13 format

Columns i through 3

Description 2A9 format

Columns 4 through 21

Shape 12 format

Columns 22 and 23

Weight or Fg._ format

density Columns 24 through 32

A F8.3 format

Columns 33 through 40

B FS. 3 format

Columns 41 through _8

C ES. 3 format

Columns h9 through 56

D FS. 3 format

Columns 57 through 64

F F8.3 format

Columns 65 through 72

It is to be noted that the input data variables A, B, C, D, and F can be

geometric dimensions, cross-sectional areas, area moments of inertia, bud
mass moment of it^r+ _-

2nd Data Card

12

XI

YI

ZI

XJ

YJ

ZJ

XK

YK

ZK

FS. 3 format

Columns 1 through 8

FS. 3 format

Columns 9 through 16

FS. 3 format

Columns 17 through 2L

FS. 3 format

Columns 25 through 32

_- 3 format

Columns 33 through _0

F8.3 format

Columns _l through h8

F8.5 format

Columns h9 through 96

FS. 5 format

Columns _? through 6h

F8.3 format

Columns 69 through T2

ORIGINAL PAGE IS
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ORDEROF CARDSFORCOPPIKERPROGRAM

6789 CARD

789 CARD

DATA

789 CARD

MAIN DECK

MTA _/t _TS
(IB/*UT OATA fOR (A:CN ITER)

_]_.ITICll IO /SlUK

I: I I I

I'1 lIT D_TA CNID 1 I
11.1|4

I_III',_II$_ I i$111$$1bill_ l l llllilill l I blll III I$ )iilll_illilllIDiilillillSi_'ll|

I I S I I 11111111161{illlllllJ

! :Ill4111 |111111161111 lilllll i_llillllltllll4111116tlllllll I

#'1 || |ll /I I I I111 I IVl I I I PIll I I || II II I|1 PSI I III I t III I I I PlPII I P|II II _1 ||1 | PIIII _|ll'tIII: I

':'",','"'""'""-,,..... '...... '" ......'"" ...... '"" ......... ' .....i........ ,
IIl_l|,lt IIII Illll |1| : II IPI$ III1_111|1 I 4 It III Itill_tlllll'! |lltl I1_1111t11_11111111

I

l,, I,,I,,!*, !oI,,i,,I,,I
F |] _1 3 /re ] I fO.3 I fl I f8.) i fl.) _ rl.) [ fl.3 I f$.) I I",- • _- , ;¥±-_--t--'---' 'g__-_;[r--l, ......I ,;*_--;: - , I I--J

• i i Jl I .111_ • i - _ir i!1 _ !111111. I.Itd. _ I.I II " I_ qlll Illllllll' " _! Iqt

I: I:t I III I$111111: ; ;1I I ll|lllil Illlll I1_{111|llllilll Illl15.11111111

: tl I
I,II1._; IIIIIIl|ll|l|tlllll,_||llllllllJIlllllllllllll|_lllllllll|ll|lllll I|11111_,,,,,,I,,,,,,.,,,,, - ,,,,,,,,,,,,(,,,,,,,
,: 4, li ****,_***, * i110Oil'ACM_ *********************
: t: I I

1411 I|1 lllll$i II I|111111111|lllllil| |ll II illlll$11lllll I IIl_llilillllll IIII151

lil611111111111111111 I I t1111111t11111111 I IIIIIIIIIIIIIIIIIIIIIlililltllillll IIIIiil

IIIII IIl|l||||l||ll IIIl|lll IIlllll||lll; II|J II_lll I1_11|1_111|IY|_|II|III||II_|I

I_llll illlllllllllllllllll|lllllllllllllllllllllllt IIIIIII10111111111111111111, .' : ; I
_11|11_11111111_'111" I|1 _1 Illi II1_|1111t111 II|ll I 1tt9119|e1111111_'|111|11'
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component shapes in the existing programs are:

Shape 1

Shape 2

Shape 3

Shape 4

Shape 5

Shape 6

Shape 7

Shape 8

Shape 9

Shape i0

Shape ii

Shape 12

Shape 13

Discrete Mass

Cylinder

Truncated Cone

Torus

Beam (Arbitrary Cross Section)

Circular Road (Arbitrary Cross Section)

Spherical Segment

Sphere

Hemisphere

Parallelepiped

Swept Trapezoidal Panel

Symmetric Swept Trapezoidal Panels

Curved Rectangular Panel

This program can easily be modified to include additional shapes.

Frequently where precise weights of components are known it is more

convenient to input this weight rather than an average density which would have

to be calculated. The value of .4 has been chosen as the limiting value for

inputing Rho as density (ib/cu in). A value greater than .4 iS used as total
weight (ibs). In some cases referred to as "thin wall" the total weight of

the component must be input. The degree of flexibility for inputing various

shapes can be determined from the "shape data input instructions".

The program can be used to determine the mass properties of a component

with hollows or voids. The component is treated as a standard shape with the

hollows or voids included as solid material. The hollows or voids are then

input as standard shapes having negative values for weight or density. The

program will compute the actual weight, center of gravity, and moments and

products of inertia of the component.

In the following programs for a variety of shapes the inertias about

the x, y and z component axes are represented respectively by computer symbols

!_XCG, IYYCG and IZZCG. For some of the shapes expressions for the moments of

inertia are given; however, for the more complex shapes they are omitted but

can be found by zeferrlng to the computer program in Appendix B.

Note that component axes have been located so the x axis is a principal

axis and the y and z axes either coincide with, or are parellel to principal

axes. Any other than the aforementioned x, y, and z axes locations will

incur an error in the main computer program with shape no. Ii being the sole

exception. In this instance, the x, y, and z axes locations were chosen for

_onvenience in accordance with the "shape data input instruction" and

the x axis is rotated to a principal axis by the program.

14



SHAPE DATA INPUT INSTRUCTION

Y

Mass

SHAPE i

DISCRETE MASS

Center of gravity
IXXCG = A

IXYCG = B

IZZCG = C

Input Data: Item, Description, Shape, RHO (wt.)

A(L x),B(Ir ),C(Izz)

XI, YI, ZI, XJ, YJ, ZJ, XK, YK, ZK

OPTIONS AVAI-AABLE

No.I Input data just as indicated above.

No.2 If negligible, inertias A(Ixx), B(I_D _) and C(Izz) may be omitted,

in which case points j and k are not required.

NOTES: Never locate point j at the system origin and if input, 2

A(Ixx), B(Iyy) and C(Izz) must be inertias about principal axes in slug-ft.

y SHAPE 2

CYLINDER

/

s'J
r

//

J-p

B

_X

_Identicsl

s egment s-----_

-- C dimension

of option _o. 2

Input Data: Item, Description, ST.:ape, RHO (density)

A, B_ C (option No. 2 only)

XI, YI, ZI, XJ, YJ, ZJ

0FTIONS AVAILABLE

:ie.l Input data just as indicated above.

[:0.2 Cylinder may be segmented requiring a C value be input.

::0.3 Total weight may be input for RHO in both previous

options but only if it is input more than .4 Dounds.

_o.L Input A and B equal and total weight for RH0

and program treats shape as a thin-wall cylinder.

I:C:-ES: Point k is not required with any option and density

as such mus_ never be input more than .h pounds per cu. in.
15
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Y

SHAPE DATA INPUT INSTRUCTION

SHAPE 3

TRUNCATED CONE

16

.......

B

_ X

Input Data: Item, Description, Shape, RHO (density),A,B,C,D

XI, YI, ZI, XJ# YJ, ZJ

OPTIONS AVAILABLE

No.l Input data just as indicated above

No.2 A total weight may be input for RHO but only if

it is more than ._ pounds.

NOTES : The values of A minus C and or B minus D must never equal zero.

Point i is always at the cones Larger end and point

k is n_t required.

Density as such must never be input _reater than .h ibs._c_.in.

SHAPE 3 (SPECIAL CASE)
Y

THIN-WALL TRUNCATED CONE

\ C

/, I ,:t -
z _ ' _. Median line

I _ 90 °

_,_.- Input Data: Item, Description, Shape

' RHO (Densi,_y) ,A._,C,F
F

XI, YI, ZI_ XJ, YJ, ZJ

NOTES: In this case program ass_nmes all m'_ss
is concentrated midway %,etween ira,or :rod outer surfaces.

Point i is always at the cone's Imr_-_.r end and point k is not re-
_mlred.



Y

SHAPEDATAINPUTINSTRUCTION

_xv

D

Y

J

IXXCG = YII-YI2

I-YYCG = XII-XI2

IZZCG = IYYCG

Input Data: Item. Description, Shape, RHO (density), A, D

XI, YI, ZI, XJ, YJ_ ZJ

NOTE: Feint "k" is not required.

Cross section

//_DrinciDs! 8xis

SHAPE 5

BEAM

(ARBITPJtRY CROSS SECTION)

/ /-- Point k
/ (Can lie ans-where

....... i_/_-- . in the xy plane)

I

b _X

DD(CG = RHO (LFth)(B + C)
Principal az<is--1 IYYCG = RHO ((B)(Lgth) . O.Oi3? (A)(Lgth) 3)

!ZZCG RHO ((C)(Lgth) i 0.0533 (.%)(Lgth) 3)

Input Data: Item, Description, Shape, RHO (density). A (area),

B(Iyy), C(Izz) (Area moment of inertia in inches h)

XI, YI, ZI, XJ, YJ, ZJ, XK, YK, ZK

NOTES: If beam is a body of revolution about the x (centroidal) axis, point k

is not required. Iyy and Izz are area moments of inertia about

principal axes of the beam cross section taken in a plane normal to
x axis.

17



Y

z

--

_RA_E DATA INPUT _[NSTRUCTION

Centroidal axes of

area "C"

Y

A

(
/+

w

SHAPE 6

CIRCULAR ROD

(ARBITRARY CROSS SECTION)

Area "C"_! Cross Sect. in inches 2)

--_*-_ x IZZCG = IYYCG
i j

Input Data :

Item, Description, Shape

_7_ RHO (wt),A_B(Area "C" Ix'x'),CXI,YI,ZI,XJ,YJ, ZJ
(Input Area "C" Ix'x' in inches h)

NOTES:

Point "k" is not required and weight instead of density is the required

input for RHO.

The solution for this shape is approximate in that it may be as much as

one % less than correct if rod dimensions t and w are as much as 25% of

dimension A. (Error incurred tends to increase as this % increases)

SHAPE -

Y ._ _ T._ICA_ SEG)._-_T

-C // \ B

I i /'i ;, / [,! x

/\', /1i /

IXXCG = XII - XI2

IYYCG = ACTEMP

IZZCG = IYYCG

Input Data:

Item, Description, Shape, RHO (densi:[),

B, C (outside radius)

XI,YI3ZI,YJ,YJ,ZJ
OPTIONS AVAILABLE

No.l Input data just as indicated above

No.2 Total weight may be input for RH0 if more than .4 lb.

NOTES:

Point k is not required. When computing as a solid spherical segment, B dim.

will become equal the distance between points "i" and "j". Density as such

must never be input greater than .4 ibs./cu, in.

18



SHAPE DATA INPUT INSTRUCTION

Y

X

Z

S_E8

SPHERE

IXXCG = XIl-XI2

IYYCG = IXXCG

IZZCG = IXXCG

Input Data: Item, Description, Shape, RH0 (density), A,B

XI, YI, ZI

NOTE: Points "j" and "k" are not required. If B = A the program selects

thin-wall equations; therefore, veight instead of density should be

input for RH0.

:;C?!-_S :

i , /J

SHAPE 9

HEMISPHERE

---X

IXXCG = XII-XI2

I-YYCG = XI3-XI4

IZZCG = IYYCG

Input Data: Item, Description, Shape,

RHO (density), A

XI, YI, ZI, XJ, YJ, ZJ

Point "k" is not required. If A = Lgth (i,j) the pro_Tam selects thin-

wall equations; therefore, weight insted of density should be input for

RH0.

19



SHAPE DATA INPUT INSTRUCTION

SHAPE i0

PARALLELEPIPED

Point k

y / (Can lle anywhere

I / in the xy plane)

/i ,_, -_--i_ I/ -

z/¢" // //I i nYCG : XI3-XIU

, / IA /I IZZCG = XIS-XI6

.. ,"
/ /_ "F _ Input Data: Item, Description, Shape,

-_ I ._" YYO (density),A,B,C,D,F

(Must be centrally located No.l Input data just as indicated above.

inside paral!elpiped) No.2 A total weight may be input for RH0
but only if it is more than .4 pounds.

No.3 Input D equal A and the program

selects thin-wall equations therefore

total weight must be input fcr RH0.

NOTE: Densit F as such must never be input greater than ._ ibs./cu.in.

2O



F---
Y

SHAPE DATA INPUT INSTRUCTION

SHAPE ii

SWEPT TRAPEZOIDAL PANEL

(T CKWA )

Input Data:

Item, Description, Shape, RHO (density),A,B,_C,F

I _ _._ XI,YI, Zl, XJ,YJ, ZJ, XK,YK,ZK

| I__ (Assign + to C according to sweep of panel)

J, III _ \_ A Formulas designed to

- _ _ _.,.i • %xx kk_ _ facilitate input data

_ A b I11_. _ \ _.- determination:

-C [ = B-F

Dimension F must never be more than 9._% of B. No.2 Total weight may be

__nslty u_ &uch mast n£._ _ input greater input for RHO if

than .4 ib./cu.in, more than ._ ibs.

-3

S_E ii (SPECIAL CASE)

y _S_T _PEZOIDAL P_L

I (T_CKWA_)

Fil_ Input Data:

Item, Description, Shape,

_0 (density),A,B,F

XI,YI,ZI,XJ,YJ,ZJ,XK,YK,ZK

III Axis of S_etrv

_i - " x OPTIONS AVAI_

z_ indicated above.

No.2 Total weight may be

input for _0 if

more than .h lbs.
N_S :

Poi_ kl(Can lie any- Dimension F must never be more than 98% of B.

where on the y _is Density as such must never be input greater

excep% at point i ) than .h ibs./cu.in. _

oRIGII',IAL ]pA.GF, IB
oF pOoR @Sm ,ITY



SHAPE DATA INPUT INSTRUCTION

SHAPE12
SYMMETRIC SWEPT TRAPEZOIDAL PANELS (THICK WALL)

P6int k t Input Data"(Can lie anywhere Item, Description, Shape, RHO (density),A,B_+C,D,F

in the xy plane) \ XI,YI,ZI.XJ,YJ,ZJ,XK,YK,ZK

\ (Assign -_to C according to sweep of panel)

7.

OPTIONS AVAILABLE 4 D _ Lgth

No.l Input data just as indicated above. Formulas designed to facilitate

No.2 Total weight may be input for RHO input data determination:

if it is more than .h lb. C(B+2_F) L_th(B+2F)

NOTES: b = 3(B+F) c :
Dimension F must he no mere than _8% of B. 3(B+F)

Density as such must never be input greater
than .4 lb./cu.in.

Y SHAPE 13

c_ _CTANa_ FA_L

'xj/_ I \A I "%,i \
-i-- A(Sin C)X, ', _

Input Data: C \\ I / 'C Radians

Item, Description, Shape i "_l/
RHO (density),A,B,C __][__. ._%'L

XI,YI, ZI,XJ,YJ,ZJ,XK,YK, ZK i

NOTE: Flane xy is one about which symmentry exists.
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EXAMPLE PROBLEMS

Two example problems are presented in order to show required input data.

These problems were selected due to the simple calculations involved and thus

could be checked by hand calculations.

Example Problem i

Problem i was taken from reference 3. It is a cylinder skewed in the

y-z plane. The moments of inertia about the system origins are given in this

reference and are used for comparison in this paper. It should be noted that

"g" (acceleration of gravity) was taken to be 32.0 ft/sec 2 in this reference
rather than 32.2 ft/sec (386 in./sec2). Depending on the value of "g" selected

by the program user, the term "cons" has to be changed accordingly.

The axis through the center of the component must always be the x-axis

for the computer program. Therefore, the Y3 axis of this problem corresponds

with the x-axis of the computer program; the Yl axis corresponds with the y-axis

and the Y2 axis corresponds with the z-axis.

Find moments of inertia I'ii, 1'22, 1'33 which corresponds to Ixx o,

lyyo, Izz o in our coordinate system.

Given: W = i slug = 32 ib

R = 24 inches

= 36 inches

e = cos -i 3/5 = 53 ° 8'

,c°;'tI

d os _S_

ORIGINAL PAGE IS

OF POOR QUAI2I_I

Solution: (a) Direction cosines for

the transformation are

io.ilalj =

A+

And numerical _ues of the Iij are

oXi4u - h Moment of
Inert la

0
23



The results of problem 1 as computed in reference 3 are now given. Hence,

fro_. the transformation equations

S_'stem Moments of Inertia

I_! = allallIll + a12a12122 + a!3a13133 + 2a12a13123 + 2allal3I!3 _ 2a!lal2!!2

*xxT = (1) 2 4 + 0 + 0 + 0 + 0 + 0 = h = slug ft 2 (Ixx = Ill')

T' - + +
-22- a21a21I!l a22a22122 a23a23133 + 2a22a23123 + 2a2!a23Ii3 + 2alla22-!2

(_)2 (5)2 68 2.72 slug ft2 (iyy _, ,iyy = 0 + 4 + 2 + 0 + 0 + 0 = 2-_ = = -22'

*)5 = a3ia31111 + a32a32i22 + a33a33*33 ÷ 2a52a33123 + 2a31a33113 + 2a31a32112

4 2 4 + 2 + O + _ 0 = _ = 3.28 slug ft 2
-zz = 0 + - _ 25

This problem is now computed using Computer Progra.T. NDC7C2. Short. below are

_nc coordinates of points ", , and k for problem _.

F'," 0

.... "-: = 0

k2 i

<
= O COS = ....

_ 0 i._.Z"k" _m_ :;_nce no_ required for cylinacr

i{cfcrence is now z_de %o _he necessa_ d da_a cards t=, compute zhis problem.
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ITEM NO. SHAPE

If'(DER, TEST '" " ",4,r" L;

.......................

"":* LL "°':'T""
"117 )_d $ _ | S loll 1_1:114_ I| Jtll_N?l|_nIl_fM)f_W_M)iXm4

I,I II 1111111111111111111! IlIl!

TATEMENT

O;|aC£IS;C||OaGIG;_OII|;||I|I

llllllllllllllllllllllllllllllllllllll

" II!3333 333333 _3 33_3 ,3333_33333

4 44444444444
IST DATA CARD

14444444444,

L_
I

_t;ilG;O

IIIIIII

33333333

44444444

5 555 555555555555555 55555555553555555'_55555555555353555555555555555555

4556 iiiSi6566616;6686161666661Fi£$Siiiliiiiiiiii|iiiiiiiiiiiiii6 i_iiiiii

11111711111171717?17177111111771171177171171711711111111771117711 11777111

,43,4,,,,,44,,,_,,,4,,,3,,,,_,,,,,,,,3,4,,,,,,,4,,,,,,3,,,,,,,,,,,,,3,

'":,..,_.,'__!._"-',,'Z !:,"" _"3'_'.'_,_'_3'_,!'"'"'",,,3,,,3,!!,,,I,3,,,,,,_,_:.... _.,:...
i i a8815-

wo" _ ''._,_s I

_1_.-,-,,Iil

'i""l'l'

i:! I I II_'!l

YJ ZJ

I
I

l I ; I O _ , I _, ¢ I I I : I I I I'0_'. _O_'_" Olll_,@ ,l,.l.c, fill|. :,;i II |llllllll|l

I _ II 12 13 ': 1¢ H q| 11N I'l 1"Ll'} N _5N ?1 || _ 'i:_1 |2 )_ )S It B N 44 _11_ 13M 4_ 4_ 411 i_ M il $2 _,154 ._ N _ M lii_ la W 861 0iN HI II _ I1 MrFj : Iqpli I

333333333333 2ND DATA CARD 3133'3'33333J33333333i
'"'"'""' '"'""'"'i'"'""l
5553SSSSSISISSISIISSIISSSSISSSSSSSSSSSSSSSISISSSSSSSSSISSSSSISSSJSSSSSSSSO

i$iiiilliiiliili_6JiiiiiiliillFiiilllli Jill|ill| illiiiiiiiiiiiililiiiiii I

y;VT"_77y]yyyyy'yvpvvTy77yVVVlVVVyVlTVVVVVv}v7717vvvv}vyyT_y}vy;vvlYvvyv_11i

lio_,inolnmn|oouuunso33Jnuunu Jlnonn '""_' _'"'"'""'""'/'"'""1r _

a:, 3',*"";-_ _.'X_'_" ! '"' _'" _,,',,_,_,R,,,_' !, _, 3,,, 3,,,, 3,,,,_ ,I,,, 3,,,,
/ i i : r r. . l _ • ;; ' i_lz) 13 , rl q I_am ,¢08;$ •
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We uou have the results of problem i using Computer Program

iN.re that the grlvttat|oM1 c_st_nt used here N$ 32.166.. raUwr _ 32.0 used in ref.}

I+IU! Dltl LI8+I+ IILO-

IVl+ +ll¢llPtlO+ l.lll . I+0 I I ¢ O

I elL|mOll+ till I .$I010OLOI$II ll. OOO Oelll _.II+ IiOll
II Yl |+ IJ yJ lJ It ,l

OeOOl 0.$00 0.009 teOel !1.4Q0 _lelvl OeOOO OeOVO

¢_-'0+$+t o611 LI8110 IILO-

f

O.lll

go.O+

|flu OtlCtlPt|Ok "! IIICO |vv|O It/CO ICSCO VCGCO |(+CO IlV|O

I Cv_lkO(l_ Ill! |l. OeOOB |.?ell) |.QOOIO I+1]047 OeOIBIi |l.lOllO tOtlOOOO l.lllii

llltlt Oi'l L|ITIO ll60l (lVm6N$$ ]mlll|lieSLU+l VT li+lllOj Coiol|Sl, l(CO+$ qOofstllku$ fY liu&l|O)

IVl uT |Ii0 ]v¥O Z+IO llll VIII

ll.OOl )0171 I_05 J.liJ OjOOO el+l+@

III |+Y 111 ElY Ill IVl

Io71011 I.$o019 lel$OlY O.Ooooe O.loOOe .IIIH

ImtlYlll [ItGttvlL Ul l) flOUt lVl?|_ II|+C]PlL &ILl .IT- ll|l _|lI¢?tOs ¢Ollmll tLtGtm+LC++ll| ltklYEmS Vml PlZNC|P_I 6111
TO ,ml I, Y+ lee I lVl+l m fill lm ,,It |[OULmC£

IvLCO if,CO

..11el O.lO|Ol

llTl

L@,$Ol

|III_vI_UL(II • olTlOl|+ol

Ol W.

_IGtmvlT+_(1) • .tYeOlt+O|

Ll;fhVlClOltl|

O. -BtOOOOOt+O0 .lO0000k+O0

[I$[kVIkUt(S) • .tllglt$OI

tlS£mvtCY_l+l)

Oe oO00000t$OW .100000teO0

Example Problem 2

Problem 2 was taken from reference 2. In this space structure,

the weight has oeen 'lumped' or concentrated at the joints. In the

program being presented, this is not required but is used here only

for illustration. To compare moment of inertia, the numbers given

in reference 2 should be converted to slug-ft 2.

22038.464

IXX = IYY 4.608E3 = 4.783 slug-ft"

IZZ =
9000.00

4.0608F3
= 1.953 slug-ft 2
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Example Problem 2

iO.O

.... )10 t

Io.o

IO0 "

m_
al

N_UT:

MEId_ER AREAS - 00I in!

WEIGHT AT EACH ,_OINT-IS Q Ib

MOOuLUS OF ELASTICITY- 10"7pl_

SEE THE FIRST TWO PAGES OF THE SAMPLE

PROBLEM FOR DETAILS OF THE INPUT

='2

Alllt [O0411kill $

- J01bt |i I_ IJ
! ©* 0* 0 •

) |0. 0000_ I@.OOO00 0*

O, |0.0@000 0.
1 0

|0._0 t@.00000

O. 0. 10. 00000
L0.00_0_ 0. |0oO00Oe

10.0C_O0 10. I_OO0 10.©0OO0

,oo:o_ Io.aeece _o.oooee
10 |o.oeee© to.o0oo0
II O. O. dtO. 000_1
iJ_ IO,e_ _: ,o.ooo_
I ) I * OOOOO 0@000 I0 • 000@0

The results of problem 2 as computed in reference 6 are now given.

;;OT E :

t,'l&_. _llLk|_. 195,(N)0 lt$*Oee |e$*(_O O* .. .11. ..... m.

_ Lql U-iH I _-_! i* 1boO00, v. $.000, -'D 11° $$1_ .

e[_vM! _I_ Le IqllltlA Al0_t C|NI=I Of W|IG_t •

Ii11. ZZgJe 482, |_ty* _2Olle.,a_, |_|. qeee.eee, I| iF* -o. , |I|. OoeO4, ilr|. @_ll_

Inertiis are gtve;l iP. pound Inc_.les s:,_c_-d a_c c.;b: oe cnnvezted to co.pace wiCh res_ics pro_ra._ vle-:._.

This problem is nov computed using Computer Program ND0702
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Item No. i

(1.5 lb. total _
wt.)

,f
Sta. 35.0 _

I

•5 in.

Sta. 25.0

X

I

8.( it _jJ

1t '
//

/!
:4 n

g, *-

I_e_::No. 6 _ lilt

(Cutout in Cylinder_ll I
IIi,,

Sta. ii. 0 -- II_

EXAMPLE PROBL_ 3

A COMPOSITE STRUCTURE

SCALE )(

Item No. 2f--

/ (1.5 in. thick)

_/
/

,-Item No. 3

_-.2 in./

NOTES :

Points i and j shown on the struc-

ture are those assumed when data

was input to the inertia program.
Also, some salient dimensions are

included on the components to

assist in relating component da_a

to the computer input. Except

for i't=_m_ ":o, I and No. 7 de,:__it-"

;n put for RHO.

Item No. 7

(5 lb. wiring etc. evenly

stributed inside cylinder)

-_ y

i

I Item No. 5
I

-_- LI- 1.0 in.

The computer outpu_ relative to example problem 3 follows and

_I _Ses, the d_+o i_ut. ,he ,omplter calculated component data,

the s_aned data and lastly, the inertias about the system principal

axes and the individual axis locations.

ORIGINAL PAGE IS

OF POOR QUALITY
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• .000 0.00Q 0.000 0.1_0 •.OOg 0.000 0.000

$11¿Pl lMO + • l C 0 f

li -, 10000000|*00 hHO ,IM 1,000 0,00O 0,00@

lI Ij TJ |j sl vl Is
0 * ON Zl ,O00 - ) * If• • , •0• 0 0000 0*000 00000
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O,OO0 lhOO0 0.004 •.DO0 O.OO0 •,DO0 O,OOC

C•_I_|IV 0LIL LISLE• l|LOV
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CONVERSION TO INTERNATIONAL SYSTEM OF UNITS

CONVERT FROM

INCHES

INCHES 2

FEET

FEET 2

POUNDS

_,ms/INC._S 5

POUNDS/FEET 3

SLUC-

SLUG __NET2

TO

METERS

5_,TER_2

.METERS

METERS 2

K!LOGRA_[S

.KILOgRAM/METE R5

KZLOOPm._/_ZTER3

KILO3RA/,_

MULTIPLY BY

.025 400

•ooo 645 16o

• 5o2 800

•o92 9o30LO

.L53 592 3"7O

27 679.9O5 ....

16. o18 _'63 ....

IL. m93 9o29 ....

z. 355 8z-9 ....

a,



CONCLUS IO NS

A computer program for determining mass properties of a

rigid structure is presented. The structure is broken down

into preselected shapes with known properties, and input data

_re supplied to completely describe each shape. For zompli--

_a_ed structures skewed in space, this program ,_-____._-__ oracti_ cal

solution to a __edious and time-consumin__ task. ._-_i_....ql_._ prac-

tical to use this pro_r__m for problems that involve repetitious

rr len[thy _a!nu!ations.
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APPENDIX A

DIRECTION COSINE DERIVATION

The direction cosines are used to transform the properties

from the component coordinate system x,y, z to system coordinates

.T,!,Z. Three points (i, j, k] shown in the figure below, define

the vectors V I and

Z" 3_'x

Vector Y1 is arbitrarily selected to be coinci._ent wi_h the

"x" axis. A uni_ vector on _.:!_-axis can be written

-- 7
1 = "l

X

'VI I

" - _tor with "- an_ _i-.-iiin_ b_.-_ak.'_n= the ve __rss_ Droluc* of _

+'_.........,-e_u_÷in_= ma_.itule __ives a unit vector on the z axis

I = '1 × "'_
Z

YZ I

Simii_-riiy, a uni: -+_-_<r on the "j" axis is fcunJ from

:.,- :.:

ve?tcr.o sn -he x.$',2 axes.
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The direction cosine for the x axis is written as

I.X= (XJ -Xl )ILGll4

MX = (Yj -YI )ILlll_
NX (ZJ -Zl )ILGll_

where the length is

LGTH = ((XJ -X! )2 +(yj

The vector V2 can be written

T1 =XK -XI
T2-'=YK -YI

T3 = ZK -ZI

-YT )2 +(ZJ -ZI )Z)_

A vector on the z axis is found by taking the vector cross product

of I x andV 2

LZ = MX*T3-T2*NX

MZ = NX*TI-T3*LX

NZ = T2*LX-TI*MX

The length is

T4 "- (LZ 2 + MZ2 + NZ2) _

Normalizing to get a unit vector

LZ+LZ/T4; MZ-_Z/T4; NZ_NZ/T4

The unit vector on the y axis has a magnitude of one and is determined

by the vector cross product iz and 1X

LY = MZ*NX-MX*NZ.

MY = NZ*LX-tIX*LZ
NY = HX*LZ-LX*IqZ

Writing the nine terms in matrix form, we get

[,DC]= LY MY N1

z]LLZ MZ N

o_IGINAL p A.G_ IS
OF pO0 
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AI_EICI)IX

lOlO

I<I

PROG_.AM NAME (I_PUT,LIIJTPtIT,TaPES=I_IPIJT,TAPF6=rltlTPIIT)

LATEST DIRCO_S_ IN_ _,4AIN DECK AN_F) 13 SNAPES 12/20/72

OI.ME__N_SLO,___.IIF-M-{2D0 )_,.SHAPE( 2nO), R,-'n(?O_), A(20(_),_ I_n.) .C <p,_nI,

! D(2OO),F(200)_ XI (2On) ,Y I (_OO),Z I(200), xJ(2f)O) ,YJi 2no).Z.l( 2

200 )txK (2OQ )__YK (?OO ) ,ZK (200 ) ,Ix xCC.(200 ), IYYCG (?O0 ), TZZCG (200 ) ,|YYCq

3( RO0), IYZCG (2OC)) _IXZCG(2On) ,XCG( 2nn), YCG(200) ,ZCG(?nO) ,_'L( pn,)).YL_

z-'200) _Z L (2OO ),_!X_X¢O (2Qn ), IYYCO (200 ), IZZCn (200 ), IxYCn (Pho ), !xZCq (20 n

), IYZCF)(2QO),F)ES(3_,2OO),w(2n')).rI(2C_O),P(2On),ARR(_,'4),_(3),CQQ (3)
REAL IXX, IYY, IZZ, IXXCG, IYYC(_. IZZC(:, IXYCG, IX/CC_,

] IYZCG,Lx,_X,NX,LY,MY,NY,LZ,'_7,tqT_. TXY, IXZ,TYZ,LGTN, TY_'Cn. IvYC'_,

IZZCO, IXYCO, IXZCO, !YZC_' _I× Xn, IVvr,, !? Zn ,K I ,K ! I ,K II ! •IYYK , IYYC( ?,p
I_,,T_GE_, SHAPF

I=O

l:I+]

FFIRN_AT( I5)

RE40(5,101) [T_:'A(1),F)PC,(I,I),n_q(?,T).S_aPP(1) _FI(T),A(It._).

ICII).OII)_F(1), XI iI ).Yl (!),_! (_) ,x,)( I),Y,_ I),7.)(I).xK(!).

9YK( [ ),,ZK ( I )

F [I_ P,,AT (I3,2A9, I2 ,P _.a, _,F--_ ."._/C_-,_._ )

I_(F-F,P(5) }tO0 Q. lnlO

I_,,_A×= I- !

_,vO.!T'-(_,lO3)(IT_(l ) .c_pS(I,[ )..'_<(2, T).qNAPP( I .,._'-,'_(T ),,_(T ) -' T _.

IC(1).q(!).F{I), XI ( I ),Vl (I ).71( T ),_C,l(T) .Y,l T).7.1(1).Y_ ).
>YK(I ),ZK(!),I=I, {;,,a×}

103 Fn.R'._aT (2×;::ITc_,, #)_SC_ i.-'TTn_,
I & _.,

3 Z I X,t vJ

/. YK ZK:::/c._!._.°_.//

_.'R!TF-(A.261 )

S_AP_ p_.i

_T VT

1,I

7 =,C_

}
P

,v_ITF __,, 250 )
:_, _-'6T (i_O;:: ITF-_ C)#5.C.?T_T In .... ,T

.TVyC f_ IZ 7C Ft XC_.CC. vC_C,-_ 7Cczcn

IX ZC,,::://)

T,,; = C,.

X ;,_F_:,"= ;).
YI41]M:O.
Z_C)_'_= '_ .

I_xC '

TYYC_ T YT{-
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_%YYJI-O,
IZZmO,
IXYIO,
IXZ.mO,
ZYZxO,
IXwDxO,
IVvDaO,
IZZOmO,

PIm$,i_1595
CQNSI4632m
DOS_ Ixt. Y_AX
XLCI)iO,

YL(I)=O,

ZL(I)=O,
ItYCG(I)IO,

IxZCG(I)IO,
TvZCG(I}=O.

_ISCRE_ _A$$ =SNAP[ 1.
=OT_T J _JST BE SELECTED ANYwhErE O_ T_E w AXIS FOrt DI_, Cn$INES

IwxCG(I)xA{I)*CON$
IvYCG(I)IB(I)*CO_$
IZZCG(I)=;(I)*CO_$
?_, .... r_ ..... ._F. O.).O_.(A_S(VJ(I)),_E,O,],O_,

LST_=IO,
xJ(T)m$ol*XIC])*IO°
I_(xJ(1),[_;o_ICZ))xJCl)=xI(1)*lO,

tAHS(ZJtI)),NE,O,

CVL]'_DE_ ,$wA_E 2*

_0 33

I_°

f_(I)**2*BfI)**2)*.tT)*tL_TM**t._(I)**_)

oRIGIblAL pAGE IS

OF pOOB QUA.LII_
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CYLINDER CTHIN _ALL) ,$HAP[ 2J

33 ,{I)=_H0¢I}
XL(I)sLGTH/Z,
IxxCGC_)=C_O(I)*A_I)**_)
IYVCGCI)I,5.QwO(_)*A(T)**2+R_O(I)*(LGTH**]eC(I)**3_/

2((LGTWoC(I))*12.0]
ZZZCG(T)mlYYCG(Z)
Gm Tn _0

3 I¢CB(I)oE_.A(I)DGO TO 30
VOL •

$L,O_?2*LGTw*CACII**2*ACI)*CCI}*CCI)**2,BCY)**2-BCI)*_(T).OCI_**2)
*fT] • _-Ofr)*vOL,

Ir(_O(I].GT.O._) *(I)=R'O(1)
_wO(1) = *{I)IVOL

_L{I)= (L_Tw**2)*(_(1)**_+P.*_(I}*CCI)÷3.*{CI)**_._fl)**P._.*B(1)*

<I =.05,3.IQIS_3*_O(I}*(({(I}**5-_CT].._).LGTW/{_(1)_(1)}-

$(D{_)**_-BIT)**5)*LGTwI(m(1)-B{I})}

_II=3.tQIb*R_O(1)*LGIw**3*_(I)**2-B(I}**2_I$.0..5_((_(I].
$C(1))*_(!_-(B(T}-O(1)_*B(I))_.Z*({_(I}-C(I}}..2.(B(II-3(T}_**Z))

<TII=I.0uT_*(LGTw)*(A(1)**2*_(T)*C(1),_(1)**2-B(I_**2-_(I}*O(1)-

_(1)**21*R,O(1)*XL[TS**2

Tx_CG(T)=_.O*(WT)

TZZ_G(T)=IYVCGtl)
_9 T_ _h

VOL:_(1)*_QRT(f_

..[I} = V_L*RwDrI

xL(T)=I_GT_I3.*({
IvYCG(I%=fQHO(I_

tT]*CfI]/{_fl)+Ct
TZZC_(I)zTYYCG(f

I_CGfl):tR,_(I}

GO ?0 _h

T ,.'!_ -, $ *$.APF _J*

Afl)mAtl}*LGtH

I;(Dfl).LT.O.}9(I}=O.
_'_.I=2,*PI **2*LGTW**2*A(T)

&Cv_LmVOLt-VOL?
-(_)=_HnfT).aCVOL

38



X_?.mfRHDtI)*V012) ..............

XI21,125*X"2*(_°*ACI)**2÷_,*_(I_**2)
IVVCG(I)=txI1-XI2)
_ZZC_CI)mZVVCG(_)

YI_z.25*x,2*(_***(I}**Z÷3.*D{I)**_)
TXXCGfl)=YII-YI2

GO Tn 60

_EA_ (AR_T%A_Y CROSS SECT|ON_ *S_APE 5,

XL(I)=LGT_/2.
IxxCG(I)I{_O(_)*LGT_*(B(I)+C{T_))

IvVEG{_)i(_MO(I}*{B{I)iLGTw+,O833*_(1)*LGT_**_)%
IZZCGtl)=(_wDfl)*(C(1)*LGTW÷.OS_3*_(1)*L_T_**I)I

VOL=A(I%*LGTH
_(1)I_HO(1)*voL

G_ Tn e_

CIwCLILA_ _OD CA_STT_ARv CROSS SECTIOn} *$MAPE b*

*(I}:R_fl)

QSCG:(_I}**?*C(1)+B(]))/{Atl)*C(1))

IWXCGfI}=_SCG**?*_(1)

TYVCG(II:.5*RSC_**?*_ {I]
T/ICSrT):IYvCG(I_

;(T):C(1)-_rT%

G =LGT"oB(I%

AC_L=v_LI.V_L2

_ -. . . .

IVr;_:_(I_.ST._.U) _(!}:QwOf!)

w_A_II.75,C_**C(1)_LGTW%**2/f_.mC{T)-L_?_I

YL(T%ZXLT -_fl)

W_I=vOLI*Qw_{T)

xT):fp.*LG*."*W"]/f3.*E(1)'L_]l*fC{_)**_'.75*C(I_*LGTW+. 15*LGT_

OI_IGI_A_ pAGB IB
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1..21

IxxcG(1)_(XIIgxI_)

T[MPlx,0S_3btRN06|)*(150*C(I)**_*CCI)=100*C(_)**_,C(_)**3$$,,C(I)

TE_P2w. OS?3b*R_O(I)*(iS.*C(I)**_*DtI)utO.,C(_)**2,_)**I÷I.,_(_)
I*'5]+.209_*_H0(I)*(5.*C(I)*,2,_(I)*,3.3.,_(I)_,$1

TE_3u. O523b*RHO(T)*_]S.*F_II**_*R(I).lO.,FtI),,2,Ftll**]+l.,F(I)
I**5)+._09_*_HO(1)*(5.*F(_I**_*F(1)**3m3m*F(T)**S%

IE"P_m. OS2)6*_"O(I)*(1).*F(I)**U*O(I)mlO**FtI)**2,D@T)**3,).,O(I)

IYvCGtl)u*CrE-_.

IZZCG(1)mlYY_G())
G_ T_ _0

SP-E_F ,SHAP[ _*

LGT_s_(T)

YJ_I)_VT(1)

ZJ(1):Zi(ll

::_(Z) = _T(T'}+Z_.._,-.,

VO61:,.l_?_l*i(1)**)

v)_2:".I_)7_1,_(I1,*)
_CVOL=VmLI.VgL2

_fT):_n(I),ACvOt

_"2:(u-f_(71,vDL?)

x_I:(._*_I*LGT,**2)
*T2:_._*X_2*8(I)**2)
IxxCr;(ll=rxTl-xl2l

TvvcG_T)=TXwEGt))
TZZC_6II:TxX_Gtl)

G9 T_ _r

3_

-(II-;-r@))

)x_Cc;@T)=(._hT*_-n_)),e_I)**_)
TvvcG@rI:TwxCG6!)

TZZC_rI):I_xCG(T)

XL(r)=nor

T_(LqT_.F)._rT)IGO T7

T; (A(I).LT._.la(T)=_.
vn61=2._l_t_*L_T-**)
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*CVDLt¥OLloVOL_ ......
*(I]uR_OtI]tACVOL
x_ARtm,37S,LGTM

xBAR2Uo3?S*ACI)
XL_I]m_X@ARt*VDLI=XBAR2*vDL2)/ACvOL --
XMIs[R_O(1),VOLI)

XW2m(R_O(1),voL2)

XIIm[,_,X_I,LGTM**2)

IXXCG(_)s(XI1mXI2)

IYYCG(I]mtxI3.XI.)

IZZCGtl)alvYCGtI)
GO TD 6n

_E=_ISPflERE (THI _ *ALL] *$M4PE 9.

35

_YYCG(T)z._I6@*_wg(_)*LGTH**2
IZZC_(I]mlY_C_(1)

Ir()[l)oLi.O,)_(1):O,

_OLI:LGI-*+(II*_(I)

v_&)_C(1)*F(1)*)(1)

_Cv_LmVnLI-V3L2

XL(T)=L_r-/2,

xI2z_.n!t$jt,x-2,(r@))**2+o(r)**_])
_wxC_(T):(_Tl-XlP1

_L
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11

XL(I)sLGTM/2,

TE_P]u(LGT_*B[I)*A_I))
TEMp_I(LGT_*B{I)+B(I}*J(I)+LGT_*A{]))

IXXCG[]]_L,O81335*R_O[I)*(8(I)**2÷ACI)**2)÷fR_(I_/b,]*(T[_Pl*
{B(IJ_A(I])/TE,P2))

IVVEG(II!(.OB3333*_MO(Z)*{LGTH**2÷A(T)**2),{_HO(I)t6.)*(TEVPl*
(LGT_*A(I))IT[_2))

IZZCG(I)s(,OB3]]3*R_O(I)*CLGT_i*2*_(I)**2)÷(RMO(I)/b,)*{T["Pt*
{LGT_*_(I)_ITF"P2))
_0 T_ bO

S_EPT TRAPEZOIOAL OA_EL {T_ICK *ALL) *SHAPE _1. {_EF--_. _ULL}

_H_fI)=(.{_}) t{((B(I)*FfI)_/2.0)*LGTH._(I))

XL{I)ILGTH*(B(I)+2.0*F(I)1/(3.0*fB(_}÷F{_))_

FETA_ z (F(y)I2,. _(])12.* EC]))ILGT"
AFTA_ * (CfI)-F(I)t2.0*Bf])I_.O)IL_TH

x

I
_f

I(

I*

!

at"

!
6

t_

$

!

PA_IAFTA_m¢_TA_
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Zxvc_P s J_SCIXYK*ACI)*RMOCI) -*(I)_CG_XLt_Z))*CfI)/ABSCC(I))

plx C.o?OS .zsSfCfl))/Kfl)
I,(,SSClxXCGCT)-IvvcGCl)).LT..001]GO Tb
Pax_Cz AvAsff2,0*IXYCGP}/flYYCGfl)-IXXCG(I})_I_.O

T_CIXXCGfX).GT.IY¥CG(I3) PAXRC m.S,(kBS(2._PAXRC%.3t1_Ia)*
[ PJX_:/A_${PAXRC}

20 T"PTXX mIXXCG(I),CO$(PAXRC)**2+IYYCG(1)*$1_(PAXRC)**2-

1)._*IXYC_)*$I)_(PAXRC)*COS(PJXRC)
[¥YCG(])I [XXCGf_)*SI_[PAXWC)*_2+ IYYCG(I)*CO$(PAXQC)**2

2(_.*IXYCGP*SI_fP*XQC)*CO$(PAX_C} )
IXXC_fI)mT"PIXX

Z1 8_WT]zA_(TA_(PAWRC))*XL(Z)

XJ(T)m (XI(1)*CLGT"-XLfl))+Xj(1)*XL(1))/LGTH

VJfT)m (vI_!)*(LGT,-XL(I))÷vJI)),.XL(I))/LIT_
ZJ(I)= rZTrX)*f_GT_oxL(I))+ZJfI)*XL(;))/LGT_

Xlfl)mfxlfl)*f$_Frl+C_Z) -wXfl)*SHFTI)/CGK

vTf!)m(v!(1)*(S,ril+CGX) =YWtI)*S_FTI)/CGK
ZI[I)_(ZIfT)*(SHFTI÷CGK) -ZK(_)*5_FTI)/CGK
L_!.=S_fCXJf_)oX!(_))**2+(vJC_).YIf_))**2*(ZJ(1).ZI(1))**2)

Vk()) m LGI"
G_ r_ _0

-Ctl: :-"r!!*V_L

_gfl):'-CT)) /(Cr_()),;cl)) ),LGT_,a fl))

xl r)l=_r-*f_(I)*2,0*F(1))/f)o_*(BCl),F(1)))

TvVCSf!) = (_r-**l), (;(1)**_*Uo*_(1)*_(1)÷R(1)**?)*_(1)*l-O(1)/

)f6)_,*r_FT)*BfI)))**_)*fAfT)**ZIi_.+(_f))+XLII))**_)*_(1)
xl = rci),_r-/r_fl)._r)))

i',lA : C f)l/k_i_

_r?_ _ = r_?)/_,o _ri)/P** CCI))/L_T_

. .. • •

_?y z (_())*_(I)*f_()))/fL_T**XT))*fT'_TJ_*(LGT*+XT-XLf))))**_

i_r!tl),_r.c(!)) LGr" = f),O-Pfll/_(lll*xr

Wit)T- : _i" + AHS(XT)

!xxC_r)l:f<l,frXiLGi- )**U.rXT)**_)/_.O).K)I*tfWTI el. )**_.XT**?)
l* 6tT_**_*.E|)/12,
l_/[_fll = IxxCGfl) + tvvc_(_)-';' ,2':-"-' "_._.-.

WLfI) : ( ST * * )(I)

LcT_:S':_!frx.lti).xlfl))**2+rvjfT)mvlfl))**),(ZJf)l.Z1@)li**_l
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15

oo

(;o

CURV[D T_I_ mALL PANEL ,S_A_-I)_ ........

_(I)m _.iLGTW*i(1)*_(1) *C(1) *_wO(1)
IF(RMO(1).GTtO,U) _(I):_wO(1)

RMO(1) • _(1)I(_,*&GTM*A(I}*8(1)*C(I})
WIm_.IC(1)oA(1)*B(1)*LGTWIRwO(1)
_IIuLGTH**|JI_,
xL(1)uLGTM/Z.
IxxcG(1)xLGTM

$ *R_O(1)*A(1)**$*R(1)*(_,eC(1)-(2,.SIN(C(I})**2)/C(1))
IVYCG(1)u_I

$ *(A(1)o*_(C(1)-SIN(C(I})*COStC(1)))/(2..{(I}) *WII)
IZZCG(I)awI

S * (A(1)_*_'(C(I}*SIN(C(1))'COS(C(I})-2,.$TN(C(1))**2/
IC(1))/(2,*C(1))*KIT)

GO TO bO

BEGIN DISCOS

Ir((A@S(X((I}),NE. O,),OR,(A@S(Y_(T)),_E,O,},O_,
I)) GO TO qO
x((1)uxICI).(vJ(1)-VlCl))
v<(1)uvI(1)÷(xJ(1)-xI(1))
Zw(1)sZI(I)

Ir((vJ(1),NF,vI(1)),O_,(_J(1),_,XT(I}))_O T_ QO

Lxs(wJ(1)-wI(1))/LGIw

"xz(vj(1)-vI(1))/LGTw
_x_(ZJ(1)-ZI(1))/LGTW
TI. x((1)-XI(1)

T3z Z'(I}-ZI(I}
LZu wX_T_mT_NX
_Zs_X*TleT_t_X
_ZsT_*LXmTI*wW

_z SQ_TCLZ,,2, _Z**2 +NZ**2)
LZBLZtT_$ _ZmMZtT_$ NZz_Z/T_
Lva _Z*Nw-_W*_Z
_vz_Z*LX-_X,LZ
_vs_x*LZ-LX*wZ

(IBS(ZK(1)),NF,O,
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ROTATE COMPDNENT ,OMENT OF Z_RTZA TO 5YSTE_ COOROT_ATE5

Txw_(I)u(TxxCG(Z)*CLX)**E÷IYYCG(_]*(LY)**E_tZZC_@T)*(LZI**E)/C_S
IYYCO(T_:(TXXCG(Tl*(_X)**2,IYYCG(I)t(_¥_**l+IZZ_G(_)*C_Z_**21/CD_5
IZZCO(I)=(TXXCGCI)*C_X3**2_IYYCG(Z)*(NY)**2,IZZCG(I)*(_Z)**2)/CO_S

TXYCfltl)n ((IXWCG(I)*(LX)*(_X)*|YYCG(|)t(LV)*(MY)61ZZCG_Z)*(LZ%*(N
IZ)))ICO_$
IxZC_(I)u

IZ)))/C_$

IvZC_())=
IZ)))/C04S

r¢[xxEGCZ),tLX)erNx)÷ZYYCGtI)tCLY),t_V%,ITZCGtI)tCLZ_¢_

((ZXXCGfl)*(_W)*(NX)+_YYCGfl)t(HY%*(NY%eTZZCG(t)*t_Z)_(N

xC_(IlmWI(I)÷XL(I)*LX

vCS(1):Vl(1)+X_(T)*"X

2C)(1)*71(1)+W_(1)*_,X

-_IIt(_,$OO)TTE"()).Df$(I,I),DE$(2.1),*(1).IXXC_(Ii,TYYCO(1),TZZCO

!(1),xCGfl),VCG(1),ZCG@I),TXVCO(1),TYZC)(T),TX/COtI)

@O:vATCISmSW._AQmbFIIoS.U_Q.)/)

r._i,+)fl%

!wwnmTwx_+TvwCnti)+.tT)*rZCGrI),.2+vCGCT)**_)ICO_5

rv_n=Ivvc'+TvvC_(!)*.(1)*(ZCG_I)**2+XCG¢I)**E)/C_',)
IZZ_=IZZ)*!ZZC)(I)+*(I)*(WCG(1)**E*VCG(1)**EI/C_"S
wv)-:w"n'_+,(!)*xCG(ll

v-)-:v-n-+_tl).VCGrT%

Z_--:Z+._..f!),ZCG(I)

_"_P' TE 5vSTE" r.,G, C_,._R_I_ATE$
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R_ORP_4_IE$ TO SYSTF.._M .C.G._ _U_I4_L__RITEQUT

70 ImI,I_AX

LXzXCGtI)_XBAR
LYwYCG(I)mYBAR
LZmZCG(I)-ZBA_
X=IXX÷[XXCO£Z)+w{I)*CDELY**2_DELZ_,2) iCONS
YIIYY$IYYCO(I)+_fI)*(DELX**2$OELZ**2_ iCONS
Zz IZZ÷IZZCOCI)+*(I_*£DELY**2tOELX**2_/CO_5
v=IxYfIXvCO(I}f*fI)*OELX*OELY/C04S
ZmIXZ,IXZCO{I}+,(I}*DELX*OELZ/CON$
ZzIYZ+IYZCO(I)+*fI)*_ELV*OELZ/CONS
ITEt6,EOO]IXX,IYY,IZZ, T_Y,IXZ_ZYZ

Q_AT_I2X3_IXXIbX3HIY¥15X_HIZZISX_HZXYISX_HIXZ1_x_HtYZ/6FIB,5/_

_O_PUTE T4ERTIA5 (EIGE_VALUE5) ABO_T P_INCTPAL _E5 AN_ EACH AXIS
gI_ECTION COSZ_E5 (EIGE_vECT_S) A_T_ _ITE _,JT

mel_T 3/_o
_uO r_,_AT (/lX**I_ERT I A5

1 _ azlS DI_ECTTO'_ COSINES
IS*/IX**TO T_E X,, Y, A_D Z

"AX:=_

A:;(I,11:IXX

-',_._ ('_. ,9) : T yy

_o;{3,3)=IZZ

_KC_F_P o_E '. O) C._. T '_ _2

7r _5_ J=1.3

:_= ! ",T 359,j

(EIGE_V_LUES) _@OJT SYSTE4 P_T,.CI_L _xE5 .IT
tEIGE_v_CTC_S) _ELATT4G ?_ PRI_CTPAC _XE

_YSTE _ AxES ?_ T_AT SF_'_F4CE*tt/)
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