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SUMMARY 

The response  of a t h i n ,  r i g i d  v i s c o p l a s t i c   p l a t e   s u b j e c t e d   t o  a s p a t i a l l y  
axisymmetr ic   Gaussian  s tep-pressure  impulse  loading was s t u d i e d   a n a l y t i c a l l y .  
A G a u s s i a n   p r e s s u r e   d i s t r i b u t i o n   i n   e x c e s s   o f  t h e  co l l apse   l oad  is a p p l i e d   t o  
the p l a t e ,  is held c o n s t a n t   f o r  a l e n g t h   o f  time, and  then is suddenly removed. 
The p la te   deforms with mono ton ica l ly   i nc reas ing   de f l ec t ions   un t i l   t he  dynamic 
energy is c o m p l e t e l y   d i s s i p a t e d   i n   p l a s t i c  work. The s imply   suppor ted   p la te   o f  
uniform  thickness   obeys the von Mises y i e l d   c r i t e r i o n   a n d  a gene ra l i zed   cons t i -  
t u t i v e   e q u a t i o n   f o r  r i g id  v i s c o p l a s t i c  materials. For the small d e f l e c t i o n  
bending  response  of the  p l a t e ,  t h e  governing  system  of   equat ions is e s s e n t i a l l y  
nonl inear .   Transverse shear stress is n e g l e c t e d   i n  the y i e ld   cond i t ion   and  
r o t a r y   i n e r t i a   i n  t h e  equa t ions   o f  dynamic  equilibrium. A propor t iona l   l oad ing  
technique ,  known to   g ive   exce l len t   approximat ions   o f  the e x a c t   s o l u t i o n   f o r  the  
uniform  load case, was u s e d   t o   l i n e a r i z e  t h e  problem  and  obtain the a n a l y t i c a l  
s o l u t i o n s   i n  t he  form of   e igenvalue   expans ions .  The l inear ized   govern ing   equa-  
t i o n   r e q u i r e d  t h e  knowledge o f  t he  co l l apse   l oad   o f  t h e  c o r r e s p o n d i n g   s t a t i c  
problem. 

The e f f ec t s   o f   l oad   concen t r a t ion ,   an   o rde r   o f   magn i tude   change   i n  t h e  
v i scos i ty   o f  the  p l a t e  material, and  load  durat ion were examined while hold ing  
the t o t a l   i m p u l s e   c o n s t a n t .   I n   g e n e r a l ,  as t h e  load  became more concent ra ted ,  
both the  p e a k   c e n t r a l   v e l o c i t y  and the  time f o r   p l a t e   m o t i o n   t o  cease inc reased .  
For t h e  less v i s c o u s   p l a t e ,   t h e s e   i n c r e a s e s   o f   v e l o c i t y  and time were more pro- 
nounced. The f i n a l  plate p r o f i l e  became more c o n i c a l  as t h e  load   concent ra t ion  
increased   bu t  d i d  not  approach t h e  pu re ly   con ica l  shape p r e d i c t e d   f o r  t h e  ideal  
point   impulse by the  r i g i d  p e r f e c t l y   p l a s t i c   a n a l y s i s  w i t h  t h e  Tresca y i e l d  c r i -  
teria.  P r o f i l e s   o f  the  less v i s c o u s   p l a t e  were inf luenced  more by the load  con- 
c e n t r a t i o n .  The s h o r t e r  the time o f   l o a d   a p p l i c a t i o n ,  t he  greater the i n i t i a l  
k i n e t i c   e n e r g y ,  t h e  p l a t e   r e sponse ,   and  the f ina l   de fo rma t ion .  

INTRODUCTION 

There have  been a number o f   p l a s t i c   c i r c u l a r   p l a t e   a n a l y s e s  (refs. 1 ,  2 ,  
and 3 )  which permit  a time v a r i a t i o n   o f  the load;  however, there have  been few 
papers  which cons ider  a radial v a r i a t i o n   o t h e r   t h a n   l i n e a r  (refs. 3 and 4 ) .  
F l o r e n c e ' s   s o l u t i o n s  ( re f .  5) fo r   un i fo rm  p re s su re   ac t ing   ove r  a c e n t r a l   r e g i o n  
permit   one  to   vary a single pa rame te r   t o   ob ta in  a l l  in t e rmed ia t e  states between 
the poin t   load  and u n i f o r m   d i s t r i b u t i o n .  The o n l y   o t h e r   g e n e r a l   s p a t i a l  distri- 
but ion  of   load  which has r e c e i v e d   s i g n i f i c a n t   a n a l y t i c a l   a t t e n t i o n  is the  Gaus- 
s i a n   d i s t r i b u t i o n .  By vary ing  a s ing le   pa rame te r ,  t h i s  g e n e r a l   d i s t r i b u t i o n   c a n  
span the  extremes from t h e  p o i n t   l o a d   t o  t he  u n i f o r m l y   d i s t r i b u t e d   l o a d .  This 
v e r s a t i l i t y  was recognized by Sneddon (ref.  6 )  who approximated the  dynamic  load- 
i n g   o f  a p r o j e c t i l e  on a t h i n ,   i n f i n i t e  elastic p l a t e  by a G a u s s i a n   d i s t r i b u t i o n  
o f   p re s su re .  Madden (ref.  71, i n  h i s  s tudy   of  s h i e l d i n g  o f   space   veh ic l e   s t ruc -  
t u r e s   a g a i n s t   m e t e o r o i d   p e n e t r a t i o n ,  related t h e  meteoro id-sh ie ld   debr i s   loading  



o f   t h e  main v e h i c l e  wall t o  a G a u s s i a n   i n i t i a l   v e l o c i t y   d i s t r i b u t i o n .  The first 
s tudy   of  t h i s  loading  on a p l a s t i c   p l a t e  was made by  Thomson (ref.  8) .  He 
o b t a i n e d   t h e   s o l u t i o n   f o r  a r ig id ,  p e r f e c t l y  plast ic  p l a t e   obey ing  the  Tresca 
y i e l d   c o n d i t i o n   s u b j e c t e d   t o  an ideal impu l se   o f   Gauss i an   d i s t r ibu t ion .  The 
co r re spond ing   so lu t ion   fo r  the  r ig id  v i s c o p l a s t i c   p l a t e   o b e y i n g  the  von Mises 
y i e l d   c o n d i t i o n  is p r e s e n t e d   i n   r e f e r e n c e  9.  Weidman (ref. 21, i n   c o n s i d e r i n g  
the response  of   s imply  supported circular p l a s t i c   p l a t e s   t o   d i s t r i b u t e d  time- 
varying  loadings,   presented  an  example  of  a radial  G a u s s i a n   d i s t r i b u t i o n   o f  
p r e s s u r e  with an  exponent ia l   decay.  The p l a t e  material i n   r e f e r e n c e  2 was a l s o  
r i g i d ,  p e r f e c t l y   p l a s t i c   o b e y i n g  the  Tresca   y ie ld   condi t ion .  An approximate 
s o l u t i o n   f o r  a un i fo rmly   d i s t r ibu ted   l oad   ac t ing   ove r  a circular reg ion   of  
r a d i u s  a ,  assuming a G a u s s i a n   d i s t r i b u t i o n   o f   v e l o c i t y  a t  a l l  time, was 
obta ined  by Lepik (ref. IO). 

The p resen t  paper p r e s e n t s  t he  a n a l y t i c a l   r e s u l t s   f o r  the  small d e f l e c t i o n  
bending  response of a simply  supported circular p l a t e  of rigid v i s c o p l a s t i c  
material. The plate is s u b j e c t e d   t o  a spa t ia l ly   ax isymmetr ic   Gauss ian  distri- 
but ion   of   p ressure   having  a r e c t a n g u l a r   p u l s e   i n  time. (The corresponding  solu-  
t i o n   f o r  a Gaussian ideal impulse  loading is p r e s e n t e d   i n  ref. 9 .  The effects 
o f  load c o n c e n t r a t i o n ,   o f  an order  of  magnitude  change i n  the  v i s c o s i t y   o f   t h e  
p l a t e  material, and of   load   dura t ion  are examined while hold ing  the t o t a l   i m p u l s e  
c o n s t a n t .  Approximate  expressions  are  developed  for the time a t  which p l a t e  
mot ion   ceases ,   for  the f i n a l   s h a p e   o f  the p l a t e ,  and f o r  t h e  f i n a l   c e n t r a l  
displacement .  

Part of  the  in fo rma t ion   p re sen ted   i n  t h i s  r e p o r t  was i nc luded   i n  a thesis 
en t i t l ed   Wauss ian   Impuls ive   Loading   of  Rigid V i s c o p l a s t i c  Platest1 submit ted by 
Robert J.  Hayduk i n   p a r t i a l   f u l f i l l m e n t   o f  the  requi rements   for  t h e  Degree  of 
Doctor   of   Phi losophy  in   Engineer ing  Mechanics ,   Virginia   Polytechnic   Inst i tute  
and State   Universi ty ,   Blacksburg,   Virginia ,   August  1972. 

SYMBOLS 

An series c o e f f i c i e n t s ,   e q u a t i o n  ( A 6 1  

c1 PC2 cons tan t s   de f ined  by equat ions  (A51 

F nondimensional  load  amplitude,  

f y i e l d   f u n c t i o n  

h plate ha l f - th i ckness  

J P ( x ) , I p ( x )  Bessel func t ion  of first kind  of real and imaginary  arguments,  
r e s p e c t i v e l y  

J; second   i nva r i an t   o f   dev ia to r i c  stress tenso r  

i r ,  K$ radial and c i r c u m f e r e n t i a l   c u r v a t u r e  rates 
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y i e l d  stress i n   s i m p l e  shear 

y i e l d  moment o f   p l a t e ,  Uoh2 

radial and c i r c u m f e r e n t i a l  bending-moment r e s u l t a n t s  

radial and c i r c u m f e r e n t i a l  bending-moment r e s u l t a n t s  a t  i n i t i a l   y i e l d  

nondimensional radial  bending-moment r e s u l t a n t ,  Mr/Mo 

nondimens iona l   c i rcumferent ia l  bending-moment r e s u l t a n t ,  q / M o  
t o t a l  nondimensional   load-carrying  capaci ty ,  - 

pressure   ampl i tude  a t  plate c e n t e r  

nondimensional  pressure  amplitude a t  plate c e n t e r ,  poR2/Mo 

shear stress r e s u l t a n t  

nondimensional shear stress r e s u l t a n t ,  RQ/Mo 

plate r a d i u s  

radial  coord ina te  

d e v i a t o r  stress t enso r  

d e v i a t o r  stress t enso r  a t  i n i t i a l   y i e l d  

time 

time f o r   m o t i o n   t o  cease 

s teady  component of v e l o c i t y  

dynamic component o f   v e l o c i t y  

nondimensional plate v e l o c i t y ,  @ aw 
a ~ ,  a t  

t r a n s v e r s e   d e f l e c t i o n  of plate 

t r a n s v e r s e   c o o r d i n a t e  

plate geometry  and material cons t an t ,  f ipR4y,  sec 
2hM0 

nondimensional  Gaussian shape parameter 

material c o n s t a n t ,  yo/2k 

3 



YO material cons t an t  

eij s t r a i n  rate t e n s o r  

x* eigenvalues  determined  from  equation (A71 

ll mass d e n s i t y   p e r   u n i t  area o f   p l a t e  

P nondimensional radial coord ina te ,  r / R  

'Ti j stress t e n s o r  

'TO y i e l d  stress i n  s imple t ens ion  

f l o a d  d u r a t i o n ,  sec 

Q ( f )  func t ion   def ined  by equa t ions  (3)  

4 c i r c u m f e r e n t i a l   c o o r d i n a t e  

@(An,B)  function  defined by equat ion  (A131 

$(An,P $ 8 )  func t ion   def ined  by equat ion  (A12) 

v2, v4 harmonic   and   b iharmonic   opera tors   in   cy l indr ica l   coord ina tes  

LINEARIZATION OF THE GENERALIZED CONSTITUTIVE EQUATIONS 

FOR R I G I D  VISCOPLASTIC MATERIALS 

A g e n e r a l i z e d   c o n s t i t u t i v e   e q u a t i o n   f o r  r ig id  v i s c o p l a s t i c  materials is pre- 
s e n t e d   i n  t h i s  s e c t i o n .  Material e l a s t i c i t y  is n e g l e c t e d   i n   o r d e r   t o  s i m p l i f y  
the a n a l y s i s  as is f r equen t ly  done i n   t h e o r e t i c a l   i n v e s t i g a t i o n s   o f  dynamic plas- 
t i c  response of s t r u c t u r e s .  Such  an  assumption is g e n e r a l l y   b e l i e v e d   t o  be  
v a l i d  when the dynamic  energy is cons iderably  larger than the maximum energy 
which could be abso rbed   i n  a wholly e l a s t i c  manner and the du ra t ion   o f   l oad ing  
is s h o r t  compared with the  fundamental   per iod  of   vibrat ion.  

Perzyna (ref.  1 1 )  developed a c o n s t i t u t i v e   e q u a t i o n   f o r   r a t e - s e n s i t i v e   p l a s -  
t i c  materials by g e n e r a l i z i n g  the  c o n s t i t u t i v e   r e l a t i o n s h i p s   u s e d  by previous  
researchers (Hohenemser and Prager i n  ref. 12 ; and Prager i n  ref. 13). The gen- 
eralized cons t i t u t ive   equa t ion   p roposed  by Perzyna is 

where d i j  is t h e  s t r a i n  rate t enso r  and 

k 
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The second   i nva r i an t   o f   t he   dev ia to r i c  stress tenso r  is 

where 

The f u n c t i o n   i n   t h e   g e n e r a l i z e d   c o n s t i t u t i v e   e q u a t i o n   ( e q .  ( 1 ) )  is def ined  as 
\ 

Also, k is the y i e l d  stress i n   s i m p l e   s h e a r  and yo denotes  a phys ica l  con- 
s t a n t   o f  the material. 

Perzyna (ref.  1 4 )  has shown that  t h e  g e n e r a l i z e d   c o n s t i t u t i v e   e q u a t i o n   f o r  
v i s c o p l a s t i c  materials r educes   t o  t h e  cons t i t u t ive   equa t ions   o f   an   i ncompress i -  
b le ,  p e r f e c t l y   p l a s t i c  material first considered by von Mises and t o  the  flow 
law o f   p e r f e c t   p l a s t i c i t y   t h e o r y .  As i n  t h e  t h e o r y   o f   p e r f e c t l y   p l a s t i c   s o l i d s ,  
convexi ty   of  t h e  subsequent  dynamic  loading  surfaces and o r thogona l i ty   o f  t h e  
i n e l a s t i c   s t r a i n - r a t e   v e c t o r   t o  the  yield  surface  fol low  f rom  Drucker 's   postu-  
lates de f in ing  a s t a b l e   i n e l a s t i c  material wi th  i n c l u s i o n  of  time-dependent 
terms (ref .  11 ) . 

A method of   l inear iz ing   boundary-va lue   p roblems  in  the  theory  of visco-  
p l a s t i c   s o l i d s  is descr ibed  by Wiezbicki i n   r e f e r e n c e  15. I n  t h i s  method, as 
shown g r a p h i c a l l y   i n   f i g u r e  1 ,  the concept   o f   p ropor t iona l   loading  is used t o  
re la te  t h e  state o f  stress S i j  i n  the subsequent stress state t o  the  s ta te  
o f  stress sij on the  i n i t i a l   y i e l d   s u r f a c e  f = 0. For p ropor t iona l   l oad ing  
the  d i r e c t i o n   c o s i n e   t e n s o r   o f  t h e  state of  stress i n   d e v i a t o r i c   s p a c e  is inde- 
pendent  of time. The p ropor t iona l   l oad ing  tha t  satisfies equat ion  (2) is given 
by 

T h i s  equat ion  is a reasonable   approximation  for   axisymmetr ical ly   loaded,   s imply 
s u p p o r t e d   c i r c u l a r   p l a t e s   b e c a u s e  the p l a t e   c e n t e r  and  boundary are automati-  
c a l l y   p r o p o r t i o n a l l y   l o a d e d ;  t h a t  is, the bending moments must  always be equal  
a t  the  plate  c e n t e r  and the  r ad ia l   bend ing  moment must  always  be  zero a t  the  
plate   boundary.  

When equat ion  (4) is u t i l i z e d ,   t h e   g e n e r a l i z e d   c o n s t i t u t i v e   e q u a t i o n  
(eq .  ( 1 ) )  becomes 



where the  v i s c o s i t y   c o n s t a n t  y equa l s  Y0/2k and f = 2 - 1.  The r a t i o  

S- -/Si3 may be e x p r e s s e d   i n  terms of  any  one of the  d e v i a t o r i c  stress compo- 
nen t s .  The s i m p l i f i e d   c o n s t i t u t i v e   e q u a t i o n   ( e q .  (5))  still is n o n l i n e a r   i n  
stresses. However, f o r  t h i s  a n a l y s i s ,  the l i n e a r   f o r m  

Si  j 
13 

O ( f )  = f (6) 

is c h o s e n   t o   p r o d u c e   f u l l   l i n e a r i z a t i o n   o f  the  c o n s t i t u t i v e   e q u a t i o n   ( e q .  (5)) 
as fo l lows  : 

It should be no ted   t ha t   equa t ion  (7)  is r e a l l y  a f l o w   r e l a t i o n   f o r  a g iven   s t ruc -  
t u r e  rather than a c o n s t i t u t i v e   e q u a t i o n   d e s c r i b i n g  a g iven  material (ref. 16).  

For the problem  of a un i fo rmly   l oaded ,   s imp ly   suppor t ed   c i r cu la r   p l a t e  w i t h  
@ ( f )  f ,  Wierzbicki ( ref .  15) has  shown that t h e  approximate   so lu t ion ,   ob ta ined  
with t h e  p ropor t iona l   l oad ing   hypo thes i s ,  agrees very  well w i t h  a numerical  
f i n i t e - d i f f e r e n c e   s o l u t i o n   w i t h o u t  t h e  propor t iona l   loading   approximat ion .  The 
s o l u t i o n   o f  the l i nea r i zed   p rob lem  a l so  agrees well wi th  experimental  data on 
impu l s ive ly   l oaded   p l a t e s   ob ta ined  by Florence (ref. 17). 

GOVERNING EQUATIONS AND BOUNDARY AND INITIAL CONDITIONS 

A Gauss ian   t ransverse   load ,  described by 

p ( r )  = poe -$r2/R2 

is suddenly   appl ied   to  the  e n t i r e   s u r f a c e   o f  a r ig id  v i s c o p l a s t i c   p l a t e  of 
r a d i u s  R and th i ckness  2h, where B is a nondimensional  load  shape parame- 
ter.  The boundary  of the p l a t e  a t  r = R is simply  supported.  After being 
a p p l i e d   s t e a d i l y   d u r i n g  the  time i n t e r v a l  0 2 t 2 T, the  load is suddenly 
removed. The geometry of the  p l a t e  and  loading are shown i n   f i g u r e  2 .  For 
6 = 0,  equat ion  (8) describes a uniform  load;  as 6 approaches 00 and po 
approaches OD, equat ion  (8) describes a poin t   load  a t  the  p l a t e   c e n t e r .  

I n  t h e  d e r i v a t i o n  t h a t  fo l lows ,   t he   equa t ions   app ly   t o   t he   l oad ing   phase  
0 2 t <, T . To o b t a i n  the equa t ions   fo r  the  post load  phase t > T , the  
app l i ed  l o a d  terms must be omi t ted .  The i n t e r n a l   f o r c e s   a n d  moments acting on 
a t y p i c a l   p l a t e   e l e m e n t  are shown i n   f i g u r e  3 .  If r o t a r y   i n e r t i a  is neglec ted  
b u t   t r a n s v e r s e   i n e r t i a  is taken   in to   account ,   the   equat ions   o f   mot ion  are 

J 
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With the  usua l   assumpt ions   o f  small d e f l e c t i o n  plate theory  - tha t  is, 
p lane   s ec t ions   r ema in   p l ane ,   s t r a ins   va ry   l i nea r ly   t h rough  the thickness ,   and 
s t r a i n s  are l i n e a r l y  related t o  the cu rva tu re  - t h e  curvature-rate-moment rela- 
t i ons ,   de r ived   f rom the l i n e a r i z e d   c o n s t i t u t i v e   e q u a t i o n  (eq. (711, are 

The. moments fir and s a t i s f y ,   f o r   a n y   v a l u e   o f  r ,  the  equat ion   of  the 
i n i t i a l   y i e l d   s u r f a c e ,  

fi$ - firR4 + 4 = M g  (11)  

where Mo = aoh2 is the y i e l d  moment of the plate  material and uo = f i k  is 
the  y i e l d  stress i n   s i m p l e   t e n s i o n .  

For small d e f l e c t i o n s   o f  the plate ,  t h e  cu rva tu re  ra tes  ir and k4 are 
related t o  the  d e f l e c t i o n  rate Q by 

K r  - 

Equations (91, ( l o ) ,  and (12)  form a l inea r   pa rabo l i c   sys t em  o f  p?r t ia l  differ-  
e n t i a l   e q u a t i o n s  w i t h  s i x  unknown func t ions  - -Mr, %,- Q, 6 ,  Kr, and I$, 
p l u s  the unknown s ta t ic  moment d i s t r i b u t i o n s  Mr and Mo. 

By e l i m i n a t i n g  a l l  unknowns except  Q, the system  of   governing  equat ions 
can be reduced   to  the single,  fourth-order   equat ion:  

where 

The right-hand side o f   equa t ion   (13 )   r ep resen t s  t h e  i n t e r n a l   f o r c e  
i n  the p l a t e  a t  the i n i t i a t i o n   o f   c o l l a p s e   f o r  the s ta t ic  case. 

(13)  

d i s t r i b u t i o n  

Let p; denote  the  ampli tude of the s ta t ic  load-car ry ing   capac i ty   o f  the  

plate,  then t h e  right-hand side of   equat ion  (13)   can b’e replaced  by -p;e-Br /R 
and the governing  equat ion becomes 

2 2  

4 
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This  method of so lu t ion ,   p roposed  by Wierzbicki  (ref. 151, has the  impor- 
t a n t   p r o p e r t y   o f   r e p l a c i n g  the unknown s ta t ic  moment d i s t r i b u t i o n s  fir and q, 
whose e x p l i c i t   f o r m u l a s  are not  known f o r  the von Mises y i e l d   c o n d i t i o n ,  by the  

load d i s t r i b u t i o n  a t  i n i t i a t i o n   o f  s ta t ic  c o l l a p s e ,  that is, p6e-B' /R . Thus, 
the need for e x p l i c i t   f o r m u l a s  has been  reduced t o   f i n d i n g  the  va lue   o f  a con- 
s t a n t  p6 co r re spond ing   t o  a p a r t i c u l a r   v a l u e   o f  the shape parameter B .  The 
de termina t ion   of  the load-car ry ing   capac i ty   o f  a c i r c u l a r  plate under a Gaussian 
d i s t r i b u t i o n   o f   p r e s s u r e  is p r e s e n t e d   i n   r e f e r e n c e  18. For  completeness t h e  
v a r i a t i o n   o f  p6 and to ta l   nondimens iona l   load-car ry ing   capac i ty ,  

2 2  

obta ined  by i n t e g r a t i n g  the  p r e s s u r e   d i s t r i b u t i o n   o v e r  the  p la te ,  are shown as 
func t ions   o f  B i n   f i g u r e   4 .  

Define 

m 

V 

and l e t  V2 

is 

the  nondimens iona l   quant i t ies  as 

- RQ " 
MO 

- - - a2 + - 1 -; a then the  f i n a l  form o f  the govern ing   equat ion   (eq .   (14) )  
a$ P a~ 

where 

a" - fiYPR4 
2hM0 

The boundary  conditions  of the s imply   suppor ted   p la te  are 

m = n  and q 0 (P = 0) 

v = m -  - 0  ( P  = 1)  
] (17)  

By us ing   equa t ions  ( l o ) ,  (121, and ( 9 1 ,  e q u a t i o n s   ( 1 7 1 ,   i n  terms of  rate 
o f   d e f l e c t i o n ,  become 

8 



= o  
IP.1 

For the   Gauss ian   s tep-pressure   loading ,   the   p la te  is i n i t i a l l y  f l a t  and a t  rest; 
t h a t  is, 

w(p,O) = 0 v(p,O) = 0 (19)  

RESULTS AND DISCUSSION 

The so lu t ion   t o   t he   gove rn ing   equa t ion   ( eq .  ( 1 6 ) )  with  associated  boundary 
and i n i t i a l   c o n d i t i o n s   ( e q s .  (18) and  (19))  is p resen ted   i n   t he   append ix .  Effects 
o f   l o a d   d i s t r i b u t i o n  and p l a t e   v i s c o s i t y  on p l a t e   r e sponse  are examined  while 
ho ld ing   the   load   dura t ion  T and  the   to ta l   impulse  IT = I T R ~ T ~ , B - I (  1 - e-B) 
cons tan t .  The c o n s t a n t s  used i n  the g r a p h i c a l   p r e s e n t a t i o n s  were chosen t o  
be c o n s i s t e n t   w i t h   r e s u l t s   o f   r e f e r e n c e  15; t h a t  is, T 0.1 msec and 

R2 
(Fo) fpo  = (")B =o 10.  Values  of c1 of  1 x 10-3 and 1 x 1 0-2 sec are 

MO 
used t o  show effects o f   p l a t e  material v i s c o s i t y .  Effects o f   l o a d   d i s t r i b u t i o n  
are given by the  parameter  B .  The r e q u i r e d   v a r i a t i o n   o f  io with  f3 i n  
o r d e r   t o   m a i n t a i n   c o n s t a n t   t o t a l   i m p u l s e  is given by the  parameter  

The va lues   o f  F determined  from  equation (20) and  used in   t he   computa t ions  are 

-.  . -  . . .  

0 

10-3 

1 

10 

100 

10 000 
. ~ "" 

F 

4.33013 

4.33229 

6.85016 

43.3032 

433.013 

43  301.3 
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The load becomes more concent ra ted  a t  t h e   c e n t e r  of the p l a t e  as is increased  
and the ampl i tude   i nc reases   a lmos t   l i nea r ly  as becomes large. The g r a p h i c a l  
r e s u l t s  were obta ined  by programing the  modal s o l u t i o n  as g i v e n   i n  the  appendix 
( e q s .  (A14),  (A15),  (A171,  and (A18)) .  

I n   f i g u r e   5 ,  the  time h i s t o r i e s   o f  the  p l a t e   c e n t r a l   v e l o c i t y   f o r  B rang- 
ing from  10-3 t o  10 000 are shown c o l l e c t i v e l y   f o r  the two va lues   o f  the  parame- 
ter a. The e f f e c t   o f   v a r y i n g  the  shape  of the  load  from a uniform  one  to  essen- 
t i a l l y  a po in t   l oad  is seen  immediately.  The peak v e l o c i t y ,  which occurs  a t  
the ins tan t   o f   load   removal ,  is increased  t remendously - a fac to r   o f   app rox i -  
mately 6 f o r  a = 1 x 10-3 sec and 10 f o r  a = 1 x lom2 sec. The time f o r  the 
c e n t r a l   v e l o c i t y   t o  become z e r o   a l s o   i n c r e a s e d  wi th  8 ,  t h i s  effect being more 
pronounced f o r  = 1 x 10-2 s e c .  

The r e s u l t s   o f   f i g u r e  5 i n d i c a t e  smaller values   of   nondimensional   veloci ty  
f o r  a = 1 x s e c .  However, the nond imens iona l   ve loc i ty   v (O , t )   p lo t t ed  
is t h e   a c t u a l   v e l o c i t y  a w / a t  d ivided by the  c o n s t a n t  aMO/pR2. Thus,  although 
the nondimensional   value  of   veloci ty   decreases  w i t h  a n   i n c r e a s e   i n  a, the  
ac tua l   ve loc i ty   i nc reases .   Fo r   example ,   fo r  B = 10 000 and t T, t he   cu rves  
o f   f i g u r e s   5 ( a )  and 5 ( b )  show t h a t  

which co r re sponds   t o  

2.91 

Thus, the  less v i s c o u s   p l a t e  ( t h e  one wi th   the  h igher   va lue   o f  a and,  conse- 
quen t ly ,   t he   h ighe r   va lue   o f  y )  a t t a i n s  higher v e l o c i t i e s ,  has larger d i sp lace -  
ments ,   and  acquires  more energy  from the  appl ied   load  which r equ i r e s   l onge r   t imes  
t o   d i s s i p a t e   t h a n  t h e  more v i scous  plate. 

The p r o f i l e s   o f  the p l a t e  are shown i n   f i g u r e  6 f o r   b o t h   v a l u e s   o f  a and 
va r ious   va lues   o f  B .  A s  the load becomes more concen t r a t ed  the p r o f i l e  becomes 
more c o n i c a l ,  as one  would expec t .   F igu re   6 (b )   i nd ica t e s  t h a t  the p r o f i l e s   o f  
the less v i scous  plate  a re   i n f luenced  more by the  shape  parameter  B t h a n   a r e  
t h o s e   f o r  a = 1 x 10-3 sec . 

An approximation  of the  d e f l e c t i o n   o f  the  plate is obta ined  from equa- 
t i o n  (A181 by r e t a i n i n g   o n l y  the first term of  the  series and by us ing  the  
approximation 
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which is obtained  from  equation (A141 with  v(p,O) = 0. The resul t  f o r  
- r <  t <  tf is 

An approximate   express ion   for   the  time fo r   mo t ion   t o  cease can be obtained by 
setting the   der iva t ive   o f   the   approximate   d i spTacement   express ion   to   zero ,  that  
i s ,  aw/ = 0 ,  i s  

a t  tf 

tf 3cr I n  
2x': 

Equat ion   (221 ,   p lo t ted  i n   f i g u r e  7 f o r  0 2 8 5 100 and the  two va lues  of a ,  
is an i m p l i c i t   f u n c t i o n   o f  f3 s i n c e  F and F' vary   wi th  f3. The effect  o f  
B ,  as shown i n   f i g u r e   7 ,   d i m i n i s h e s  after an i n i t i a l   r a p i d  rise of  tf wi th  
inc reas ing  f3. The symbols   represent  computed times using  the  complete   equat ion 
fo r   t he   ve loc i ty   ( eq .   (A17) ) .   Equa t ion  (22) is a very  good approximat ion   for  
a = 1 x 10-3 sec; however ,   except   for  small va lues  of B ,  the   approximat ion  is 
poor   for  c1 = I x 10-2 sec. 

The s u b s t i t u t i o n   o f   e q u a t i o n   ( 2 2 )   f o r  tf in to   equa t ion   (21 )   p rov ides   an  
approx ima te   expres s ion   fo r   t he   f i na l   p l a t e   d i sp l acemen t s  

and an approximate   express ion   for   the   f ina l   cen ter   d i sp lacement  



Equation  (24) is p l o t t e d  as a func t ion   o f  B f o r  the  two va lues   o f  a i n  fig- 
u r e  8. The approximations are in   exce l l en t   ag reemen t  with the  o i n t s  computed 
from t h e  exact equat ions   for   bo th  a = 1 x 10-3 sec and 1 x los sec, al though 
the tf approximat ions   for  the larger va lue   o f  a were poor   for  large va lues  
o f  13 as shown i n   f i g u r e  .7. Again, the nondimens iona l   cen t ra l   d i sp lacements  
are shown smaller f o r  a = 1 x sec whereas the  ac tua l   d i sp l acemen t s  are 
larger t h a n   f o r  a = ' 1  x 10-3 sec. 

Although  not  shown,  profiles  obtained  from  the  approximation  (eq.   (23)) 
were compared wi th  p ro f i l e s   ob ta ined   f rom  the   exac t   equa t ion   ( eq .  (A18)) .  For 
a = 1 x 10-3 sec , t h e  d i f fe rences   be tween  the   approximate   and   exac t   p rof i les  
were n e g l i g i b l y  small f o r  the e n t i r e   r a n g e   o f  6 cons idered ,  10-3 t o  10 000. 
However, f o r  the less v i s c o u s   p l a t e s ,  a = 1 x sec, the  d i f f e r e n c e s  were 
no t   neg l ig ib l e   and  the  approximation  (eq.   (23 1) shou ld   t he re fo re  be restricted 
accord ingly .  

The effect of   load   dura t ion  on the  f i n a l   c e n t e r   d i s p l a c e m e n t  is shown i n  
f i g u r e  9 .  Total   impulse was held  cons t an t  as  before .  For these r e s u l t s  t h e  
approximate  expression (eq. (24) was used w i t h  a 1 x 10-3 sec and f3 = I O .  
The po in t  T = 0 r e p r e s e n t s  t h e  ideal impulse  and was c a l c u l a t e d  by us ing  the 
corresponding  approximate  center   displacement   equat ion  of   reference 9 .  As seen 
i n  the f i g u r e ,  the  center   displacement   monotonical ly  decreases as t h e  pulse   dura-  
t i o n   l e n g t h e n s .  The maximum cen te r   d i sp l acemen t   occu r s   fo r  the ideal impulse. 
The f i n a l   c e n t e r   d i s p l a c e m e n t  becomes ze ro  a t  T = 3.32 x sec, t h e  impulse 
d u r a t i o n  a t  which the  appl ied load becomes e q u a l   t o  t h e  co l l apse   l oad   o f  the  
p l a t e .  For impulses beyond t h a t  du ra t ion ,  the p l a t e   r ema ins  r ig id .  

CONCLUDING REMARKS 

A th in ,   s imp ly   suppor t ed ,  r ig id ,  v i s c o p l a s t i c   p l a t e   s u b j e c t e d   t o  a Gaussian 
s tep-pressure  impulse  loading has been  analyzed  within the realm of small deflec- 
t ion   bending   theory .  The plate material obeys the  von Mises y i e l d  cr i ter ia  and 
a g e n e r a l i z e d   c o n s t i t u t i v e   e q u a t i o n .  These c o n s i d e r a t i o n s  lead, e s s e n t i a l l y ,   t o  
nonl inear   equat ions  governing the dynamic  response  of t h e  t h i n  plate.  A propor- 
t i o n a l   l o a d i n g   h y p o t h e s i s ,  known to   g ive   exce l l en t   app rox ima t ions   o f  t h e  exac t  
s o l u t i o n   f o r  the uniform  load case, was used t o   l i n e a r i z e  the problem  and  obtain 
a n a l y t i c a l   s o l u t i o n s   i n  t he  form  of  eigenvalue  expansions. The l i n e a r i z e d  gov- 
e rn ing   equat ion  on t h e  ve loc i ty   o f  the plate r equ i r ed  the  knowledge of t h e  co l -  
l apse   l oad   o f  the corresponding s t a t i c  problem, t h a t  is, the  co l l apse   l oad  f o r  
t h e  specif ic  l o a d   d i s t r i b u t i o n  parameter 8 .  

The effects o f   l oad   concen t r a t ion ,   an   o rde r  of magnitude  change i n  t h e  
v i s c o s i t y   o f  the plate  material, and  load  duration were examined whi le  ho ld ing  
t h e  t o t a l   i m p u l s e   c o n s t a n t .   I n   g e n e r a l ,  as the  load became more concent ra ted ,  
both the peak c e n t r a l   v e l o c i t y  and the  time f o r  plate  motion t o  cease increased .  
For t h e  less v i scous  plate  material, these i n c r e a s e s  of ve loc i ty   and  time f o r  
plate motion  to  cease were more pronounced. The f i n a l  plate p r o f i l e  became more 
c o n i c a l  as the load   concent ra t ion   increased   bu t  d i d  not  approach the  purely  coni-  
cal  shape   pred ic ted  by t h e  r i g i d ,  p e r f e c t l y  p las t ic  a n a l y s i s  w i t h  t h e  Tresca 
y i e l d  cond i t ion   fo r   an  ideal point  impulse.  As the  v i s c o s i t y   o f  t h e  p l a t e  
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decreases, the  shape parameter has more effect on the  f i n a l  deformed p l a t e  
p r o f i l e s .  

Approximate  expressions were developed   for  the time a t  which plate motion 
ceases, the f i n a l  shape o f  the plate,  and the f i n a l   c e n t r a l   d i s p l a c e m e n t .  Com- 
pa r i sons  w i t h  the exac t  series so lu t ion   i nd ica t ed  tha t  a l l  approximations were 
e x c e l l e n t   f o r  a plate p rope r ty   cons t an t  a of  1 x 10-3 sec throughout the range 
o f  shape parameter f3. For a = 1 x sec, the approximat ion   for  the f i n a l  
c e n t r a l   d e f l e c t i o n  was good f o r  the e n t i r e   r a n g e   o f  f3, b u t  t h e  other  approxima- 
t i o n s  were limited i n   u s e f u l n e s s .  

Comparisons  between the r e s u l t s  of t h e  s tep-pressure  loading  and the  ideal 
impulse   loading   ind ica te  t h a t  the v i s c o p l a s t i c  plate  s u b j e c t e d   t o  a c e r t a i n  
t o t a l   i m p u l s e   a c h i e v e s  a larger peak ve loc i ty   and ,   consequen t ly ,   k ine t i c   ene rgy  
if the impulse is de l ive red   i n s t an taneous ly  - t h a t  is, as an ideal impulse - 
rather than  over  a f i n i t e   l e n g t h   o f  time. Consequently, the v i s c o p l a s t i c  plate 

. s u b j e c t e d   t o  the ideal impulse   requi res  a longer  time after load  removal   to  d i s -  
sipate its h i g h e r  energy  and  experiences larger permanent   def lect ions  than t h e  
plate  s u b j e c t e d   t o  t h e  s tep-pressure   loading   of  the same t o t a l   i m p u l s e .  

Langley Research Center 
National  Aeronautics  and Space Adminis t ra t ion 
Hampton, VA 23665 
February 8, 1978 



APPENDIX 

SOLUTION OF GOVERNING EQUATION BY EIGENVALUE EXPANSION 

The govern ing   equat ion   (eq .   (16) )   can  be so lved  by means o f   an   e igen  expan- 
s i o n  method s i n c e  the  right-hand side of the equa t ion  is not  a func t ion   o f  time. 
Equation  (16) is repea ted  here for   convenience:  

v4v + 3 CL ?!! z 2f i (  F - Ff)e-BP2 
2 a t  

S u b s t i t u t i o n   o f  

which s e p a r a t e s   i n t o  

v 4 u + 3 a r a u = o  
2 a t  

Equation (A31 is the  same as equa t ion   (16 )   excep t   fo r  t h e  absence  of t h e  i n e r t i a  
term. Thus, U(p)  is an equ i l ib r ium  so lu t ion   o f   equa t ion   (16 )  w i t h  t he  Same 
boundary  condi t ions (eqs. ( 1 8 ) ) ,  as fol lows:  

f 00 

where 

A g e n e r a l   s o l u t i o n   d u e   t o  Wierzbicki (ref.  15) s a t i s f y i n g   e q u a t i o n  (A2)  and 
a l l  prescribed boundary  condi t ions  can be w r i t t e n   i n  the form 
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APPENDIX 

where Jo (x )  and Io(x)   denote  the  Bessel f u n c t i o n s   o f   t h e  first kind  of real 
and  imaginary  arguments. The s o l u t i o n   ( e q .  (A611 i d e n t i c a l l y  satisfies the 
boundary  -condi t ions  (eqs .   (18a) ,   (18b) ,   and  (18d)) .  The e igenva lues  X, are 
r o o t s  of the fo l lowing   t ranscendenta l   equa t ion  stemming from  the  boundary  con- 
d i t i o n   ( e q .   ( 1 8 ~ ) )   o f   z e r o   b e n d i n g  moment a t  the   p l a t e   edge :  

The only  remaining unknowns i n  the  s o l u t i o n  are the  series c o e f f i c i e n t s  
An.  These c o e f f i c i e n t s  are evaluated  from the  i n i t i a l   c o n d i t i o n   ( e q s .  ( 1 9 ) ) ,  
t h a t  is, 

Thus, 

The c o e f f i c i e n t s  
o r t h o g o n a l i t y   o f  
[0,1] where p i 



I 
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APPENDIX 

where 

Phase 1 : 0 < t < T 

When equat ions  ( A h )  and  (A6) are summed and  equat ion  (All)  i s  used ,   the  
v e l o c i t y  d u r i n g  loading ,   phase  1 (0 < t < T), becomes 

The displacement of t he  p l a t e  is determined by i n t e g r a t i n g   e q u a t i o n  ( A 1 4 )  
w i t h   r e s p e c t   t o  time. Taking the i n i t i a l   c o n d i t i o n  of zero   d i sp lacement  
( eqs .  ( 1  9 )  ) i n t o   a c c o u n t ,  the displacement becomes 
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APPENDIX 

W 1 

Phase 2: T < t < tf 

After the load is removed  from t h e  p l a t e  a t  time T, phase 2 (T < t C t f ) ,  
the g o v e r n i n g   d i f f e r e n t i a l   e q u a t i o n  becomes 

U t i l i z i n g  the  same eigenvalue  expansion  techniques as before  w i t h  con t inu i ty   o f  
v e l o c i t y  from  phase 1 t o   p h a s e  2 produces the p l a t e   v e l o c i t y   d u r i n g  phase 2 
motion as fol lows:  

r W 1 

In t eg ra t ion   o f   equa t ion  (A171 w i t h  r e s p e c t   t o  time w i t h  c o n t i n u i t y   o f  d i s -  
placement  to  determine the a r b i t r a r y   f u n c t i o n   o f   i n t e g r a t i o n   p r o d u c e s  t h e  d i s -  
placement  of the  p la te   dur ing   phase  2 motion as fol lows:  

Equations ( A l 4 ) ,  (A15),  (A17),  and (A18) r ep resen t  t h e  comple te   so lu t ion  
f o r  the v e l o c i t y  and displacement  of  the p l a t e .   I n   t h e  limit as fj approaches 
0, the G a u s s i a n   d i s t r i b u t i o n  becomes t h e  un i fo rm  d i s t r ibu t ion   o f   l oad   and  t h i s  
s o l u t i o n   r e d u c e s   t o  t h e  so lu t ion   p re sen ted  by Wierzbicki  (ref. 15) .  
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8. 
1j 

states 

Figure  1.-  Representa t ion  of p r o p o r t i o n a l   l o a d i n g   i n   d e v i a t o r i c  stress space.  

F igure  2.- S i m p l y   s u p p o r t e d   c i r c u l a r   p l a t e   w i t h   G a u s s i a n   d i s t r i b u t i o n  
of pressure   appl ied   dur ing  time i n t e r v a l  T. 
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Figure 3.- Element of circular plate  with  applied forces and  moments. 

6 

5 

4 capacity, 
Total  load-carrying 

P' - 
3 n'O 

2 

1 

0 

P 

Figure 4 .- Nondimensional collapse load  amplitude  and  total  load-carrying 
capacity as functions of load  distribution  parameter B .  
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( b )  a = 1 x sec. 

Figure 5.- Time h i s t o r y   o f   p l a t e   c e n t r a l   v e l o c i t y  for  v a r i o u s   v a l u e s  
of shape  parameter  B .  

22 



- 
.3 

.2 - 
- 
- 

- 
.1 - 

- 
0 .I . 2  .3 .4 .5 .6 .7 .8  .9 1.0 

P 

( a )  a = 1 x 10-3 s e c .  

- 
.4 - 
.3 - 

- 
.2 - - 
.1 - - 
0 .1 -2 .3 .4 .5 .6 .7 .B .9 1.0 

P 

(b) a = 1 x 10-2 sec. 

Figure 6 . -  F i n a l   p l a t e   p r o f i l e s   f o r   v a r i o u s   v a l u e s   o f   s h a p e  parameter B .  
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Figure 7 .- Comparison of approximate expression  (eq. (22) ) for time for 
motion to  cease tf and points determined from complete equations  for 
step-pressure  loading. 
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Figure 8 . -  Comparison of approximate expression  (eq. (24)) for  final  central 
deflection and points determined from Complete  eqUittiOnS for Step-preS3Ure 
loading. 
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Figure 9.- Variation of final center displacement with load duration. Total 
impulse held constant; CY = 1 x 10-3 sec; B = 10. 
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