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SUMMARY 

Modif ica t ions  were made t o  the  three-dimensional   Douglas  
Neumann s u r f a c e   s i n g u l a r i t y  method  developed  by H e s s  i n   o r d e r  t o  
improve   the   accuracy   and   e f f ic iency  of c a l c u l a t i n g   t h e  low  speed 
p o t e n t i a l   f l o w   o n   a r b i t r a r y   l i f t i n g   c o n f i g u r a t i o n s .  The o r i g i n a l  
sou rce   pane l ing  i s  replaced  by a combination of source  and  doublet  
pane ls   based   on   the  c lass ical  G r e e n ' s   i d e n t i t y .  The amount of 
c a l c u l a t i o n   p e r   p a n e l  is n o t   i n c r e a s e d ,   a s   t h e   s o u r c e   d i s t r i b u -  
t i o n  i s  g i v e n   d i r e c t l y   b y  t h e  body  geometry.  Solution t o  a set  
of   equa t ions   for   approximate ly   one   double t   s t rength   parameter   per  
p a n e l   t h e n   g i v e s   t h e   d o u b l e t   d i s t r i b u t i o n  t o  sa t i s fy   boundary  
condi t ions   o f   f low  tangency  on t h e  body. A double t   shee t   repre-  
s e n t s   t h e  wake o f   v o r t i c i t y   f r o m   t h e   t r a i l i n g   e d g e  of l i f t i n g  
s u r f a c e s .  

A numer ica l   s tudy   of   the  character is t ics  of G r e e n ' s   i d e n t i t y  
was made for  two-dimensional  f low. The source   pane l  method  used 
i n   t h e   o r i g i n a l   D o u g l a s  Neumann program is  less a c c u r a t e  on t h i n ,  

h i g h l y   l o a d e d   l i f t i n g   s u r f a c e s   a s  t h e  r e s u l t   o f  local  sou rce   s in -  
g u l a r i t i e s   o f   l a r g e   m a g n i t u d e .   R e s u l t s  show s i g n i f i c a n t l y   b e t t e r  
accu racy   i n   such  cases f o r   t h e  milder  source-doublet   combination 
of G r e e n ' s   i d e n t i t y .  A wake-tangency  Kutta  condition  improves 
t h e   a c c u r a c y   o f   t h e   c a l c u l a t e d   l i f t .  T h i s  pe rmi t s  a reduced 
number of   pane ls  ( 2 0  t o  4 0  on  an a i r f o i l   s e c t i o n )  for  a given 
accuracy,  and a s u b s t a n t i a l   s a v i n g  of computing  cost  on config-  
u ra t ions   such  as h i g h   l i f t   d e v i c e s  o r  s u p e r c r i t i c a l   a i r f o i l s .  
Other  advantages of the   Green ' s   i den t i ty   me thod   a r e   improved  
accuracy f o r  the   f low  in   concave   corners   and  more r e l i a b l e   a n d  
e f f i c i e n t   i n v e r s e   s o l u t i o n s   f o r   d e s i g n  of mul t i -e lement   sec t ions  
w i t h   g i v e n   p r e s s u r e   d i s t r i b u t i o n s .  

A comparison  of   dif ferent   numerical   methods fo r  the   Green ' s  
i d e n t i t y   f o r m u l a t i o n   r e s u l t e d   i n   s e l e c t i o n  of the  approach  used 
i n   t h e  3-D program  modif icat ion.  F l a t ,  t r a p e z o i d a l   p a n e l s   w i t h  

p i ecewise   cons t an t   sou rce   dens i ty  cover t h e  .body  surface  and 
panels   wi th   p iecewise   quadra t ic   double t   dens i ty   cover   the   body 
and   t he  wake.  Boundary c o n d i t i o n s  of z e r o  p e r t u r b a t i o n   p o t e n t i a l  
are s a t i s f i e d  a t  a n   i n t e r n a l   c o n t r o l   p o i n t  on  each  body  panel  and 



a t   p o i n t s  on the   edge  
given t o  r educ ing   t he  
a d j a c e n t   p a n e l s .  The 

o f   p a n e l e d   s e c t i o n s .   S p e c i a l   a t t e n t i o n  w a s  i-. q 
d i s c o n t i n u i t y  of doub le t   s t r eng th   be tween  
i n t e r n a l   d o u b l e t   s h e e t s   u s e d  i n  t h e   o r i g i n a l  

program t o   p r o v i d e   l i f t   c a r r y - o v e r   t h r o u g h   " n o n - l i f t i n g "   b o d i e s  
such as fuse l ages  are not   requi red   in   the   modi f ied   p rogram.  The 
d o u b l e t   d i s t r i b u t i o n   c o v e r s   t h e   o u t e r   s u r f a c e   o f  a l l  body com- 

p o n e n t s ,   a n d   t h e   o n l y   d i s t i n c t i o n  made between l i f t i n g  and  non- 
l i f t i n g  components i s  i n   t h e   j o i n i n g  of a wake t o  s h a r p   t r a i l i n g  

edges . 
The program i s  w r i t t e n   f o r   t h e  CDC CYBER 1 7 5  a t  Langley 

Research C e n t e r .  Ca lcu la ted  r e s u l t s  a re   p re sen ted   showing   t he  
a c c u r a c y   a n d   s t a b i l i t y   o f   t h e   m o d i f i e d   p r o g r a m   f o r   i s o l a t e d  

bodies,   wings,   wing-body  combinations,   and  internal  f low. 
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INTRODUCTION 

The su r face   pane l   me thod   ph i lo sophy   fo r   so lv inq   a rb i t r a ry  

incompress ib le   po ten t ia l   f low  problems  involves   the   mat ing   of  
c l a s s i ca l   po ten t i a l   t heo ry   w i th   con tempora ry   numer i ca l   t echn iques .  
Classical  theory  i s  used t o  r e d u c e   a n   a r b i t r a r y  f l o w  problem t o  
a s u r f a c e   i n t e g r a l   e q u a t i o n   r e l a t i n g   b o u n d a r y   c o n d i t i o n s   t o   a n  
unknown s i n g u l a r i t y   d i s t r i b u t i o n   ( R e f e r e n c e  1) .  The contemporary 
numerical   techniques are then  used t o  ca lcu la te   an   approximate  
s o l u t i o n  t o  t h e   i n t e g r a l   e q u a t i o n .   T h i s   i n v o l v e s   r e p r e s e n t i n g  
f low  boundar ies   by   sur face   pane ls   on   which   po ten t ia l   f low 
s i n g u l a r i t i e s  are d i s t r i b u t e d .  

A l l  p rope r ly   fo rmula t ed   su r f ace .pane1   me thods   a r e   exac t   i n  
t h e   s e n s e   t h a t   t h e   d i f f e r e n c e   b e t w e e n  t h e  approximate  numerical 
s o l u t i o n   a n d   t h e   e x a c t   s o l u t i o n   t o  t h e  i n t e g r a l   e q u a t i o n   c a n   b e  
made a r b i t r a r i l y   s m a l l   a t   t h e   e x p e n s e   o f   i n c r e a s i n g   t h e  number of 
computations.  T h i s  does   no t   imply   tha t   a l l   pane l   methods  are 

e q u a l l y   s u c c e s s f u l .   I n d e e d ,   v a s t   d i f f e r e n c e s   e x i s t   w i t h   r e s p e c t  
t o   p r e d i c t i o n   a c c u r a c y   v e r s u s   c o m p u t a t i o n a l   e f f o r t ,   r e l i a b i l i t y ,  
s i m p l i c i t y ,  and a p p l i c a b i l i t y   t o  an i n v e r s e   s o l u t i o n  mode f o r  
design  problems. 

The Douglas Neumann su r face   sou rce   s ingu la r i ty   compute r  
program  (reference 2 )  has  been  used  extensively a t  i n d u s t r y ,  
un ive r s i ty ,   and   gove rnmen t   f ac i l i t i e s   a round   t he   wor ld   fo r   p re -  
dict ing  subsonic   inviscid  f low.   For   most   geometr ies ,   the   program 
p r e d i c t i o n s  are a c c u r a t e ,   e f f i c i e n t ,   a n d   r e l i a b l e .  However, f o r  
w i n g s   w i t h   t h i n   t r a i l i n g   e d g e   r e g i o n s   a n d   h i g h   l o a d i n g ,   t h e  
p rogram  p red ic t ions   can   be   i naccura t e   o r   numer i ca l ly   uns t ab le .  
The i n s t a b i l i t y   r e s u l t s   f r o m   l o c a l   s o u r c e   s i n g u l a r i t i e s  of 
extremely  large  magni tude.  

T h i s   r e p o r t   d e s c r i b e s   t h e   m o d i f i c a t i o n   t o   t h e   D o u g l a s  
Neumann program t o   e l i m i n a t e  t h e  d i f f i c u l t i e s   a s s o c i a t e d   w i t h  
th in ,   h igh ly   l oaded   geomet r i e s .  The bas i c   concep t   i nvo lves  
r ep lac ing   t he   sou rce   s ingu la r i ty   fo rmula t ion   by   t he   mi ld   combined  
s o u r c e - d o u b l e t   d i s t r i b u t i o n   o f   t h e   c l a s s i c a l   G r e e n ' s   i d e n t i t y .  
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The  body  of this report  covers  the  theoretical  fundamentals, 
the  results of a  study  into  numerical  solution  approaches  for 
two-dimensional  flow,  the  three-dimensional  solution  formulation, 
and  representative  numerical  solutions for three-dimensional  con- 
figurations. The section  entitled  Potential  Flow  Theory  concen- 
trates on the  concepts of importance  in  establishing  a  reliable 
solution  formulation.  Included  in  the  section  Research  on  Green's 
Identity  Formulation  are  the  effects  in  two-dimensional  flow  of 
(1) the  type of surface  singularity  distribution  employed, (2) 
higher  order  panel  curvature  corrections, and ( 3 )  the  method  of 
applying  boundary  conditions.  Of  special  concern  were  predic- 
tion  accuracy,  numerical  stability,  efficiency,  and  applica- 
bility to inverse  design  problems.  Using  the  two-dimensional 
study as a  guide,  the  modification  formulation for the  arbitrary 
lifting  body  Douglas  Neumann  program  was  developed  and  is  pre- 
sented in the  section  Numerical  Solution  Formulation.  The 
example  solutions  in  the  section  entitled  Calculated  Results 
include  isolated  bodies, wings, wing-body  combinations,  and 
internal  flow. 
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POTENTIAL FLOW THEORY 

The s o l u t i o n  t o  incompressible   potent ia l   f low  problems i s  
b a s e d   o n   t h e   c o n c e p t   t h a t   a r b i t r a r y   p o t e n t i a l  flOk7 f i e l d s   c a n   b e  

cons idered  t o  b e   i n d u c e d   b y   s u i t a b l e   s u r f a c e   d e n s i t y   d i s t r i b u t i o n s  
o f   s i n g u l a r i t i e s   s u c h  as  sources   and doublets on  the  boundary 
contours .  The u t i l i t y   o f   t h i s   c o n c e p t  i s  t h a t   s i m p l e   f l o w   f i e l d s  
induced by i so l a t ed   s ingu la r i t i e s   can   be   supe r imposed   ma the -  

m a t i c a l l y  t o  g e n e r a t e   f i e l d s   h a v i n g   a r b i t r a r i l y  complex  boundary 
geometr ies  o r  boundary  condi t ions.  

This   sect ion  provides   background  on  the classical  funda- 
m e n t a l s   o f   t h e   t h e o r y ,   p a r t i c u l a r l y   t h e   a s p e c t s   p e r t i n e n t   t o   t h e  
formula t ion   of  a r e l i a b l e  and e f f i c i en t   numer i ca l   so lu t ion   me thod .  
I t  w i l l  b e   e x p l a i n e d   t h a t   t h e r e  i s  no l i m i t  t o  t h e  number of d i f -  
f e r e n t   s u r f a c e   s o u r c e - d o u b l e t   d i s t r i b u t i o n s   t h a t  w i l l  induce  any 
g i v e n   f l o w   f i e l d   a n d   t h a t   t h e r e  i s  n o   t h e o r e t i c a l   b a s i s   t o   f a v o r  
one   d i s t r ibu t ion   ove r   ano the r .  However, such i s  n o t   t h e  case 
when the   t heo ry  i s  coupled  with  contemporary  numerical   techniques 

t o   e s t a b l i s h  a s o l u t i o n  method. The t y p e   o f   s i n g u l a r i t y   d i s t r i -  
b u t i o n   s e l e c t e d   c a n   p l a y   a n   i m p o r t a n t  role i n   s o l u t i o n   e f f i c i e n c y  
a n d   n u m e r i c a l   s t a b i l i t y .  An u n d e r s t a n d i n g   o f   t h e   t h e o r e t i c a l  
fundamentals i s  necessa ry   be fo re  it i s  p o s s i b l e  t o  determine how 
b e s t   t o  model t h e   t h e o r y   i n  a numer ica l   formula t ion .   In   tha t  
r e g a r d ,   t h e  ra t iona le  f o r   s e l e c t i n g   t h e  combined  source-doublet 
d i s t r i b u t i o n  of G r e e n ' s   i d e n t i t y  w i l l  be  presented  below.  Sever- 
a l  two-dimens iona l   examples   tha t   quant i ta t ive ly   demonst ra te   the  
advantages w i l l  b e   p r e s e n t e d   i n  t h e  fo l lowing   s ec t ion .  

Laplace  Equat ion 
F o r   t h e  case o f   an   i ncompress ib l e ,   i nv i sc id ,   and   i r ro t a -  

t i ona l   f l u id ,   t he   Nav ie r -S tokes   equa t ions   can   be   r educed   t o   t he  
c lass ica l  Lap lace   equa t ion   ( r e fe rence  1). C o n s i d e r   t h e   f l u i d  
i n   t h e   r e g i o n  R o f   f i g u r e  1. The i l l u s t r a t e d   f l u i d   b o u n d a r i e s  
can   be   so l id   such  as  an  a i rplane  wing,   permeable   such as t h e   s u r -  
f a c e   o f  a j e t  stream, o r  imaginary .   Because   the   f lu id  i s  incom- 
p r e s s i b l e ,   c o n t i n u i t y   d i c t a t e s   t h a t   t h e   d i v e r g e n c e   o f   v e l o c i t y  
must  be  zero. 
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Region Within Boundary 

Region R (Within  Fluid) 

(Outside Fluid) 

Boundary Surfaces 

Region Within Boundary 
(Outside Fluid) 

Boundary Surfaces 

Figure 1. Illustration of a  Bounded  Fluid 

The momentum equat ion  i s  
+ + 

- = - %  DV 
D t  P 

where - i s  a material d e r i v a t i v e ,  i . e . ,  it r e f e r s   t o   t h e  time 
ra te  of  change  of a f i x e d  se t  o f   f l u i d   p a r t i c l e s .  By t a k i n g   t h e  

c u r l   o f   e q u a t i o n  ( 2 ) ,  it i s  p o s s i b l e   t o   e s t a b l i s h   K e l v i n ' s  law 

t h a t   a n   i n i t i a l l y   i r r o t a t i o n a l ,   i n v i s c i d   f l u i d  w i l l  s o  remain .  
The mathematical  consequence of z e r o   v o r t i c i t y  ( d  x V = 0 )  

i s  t h a t   t h e r e   e x i s t s  a func t ion  0 (x ,y ,z )   which   has  a g r a d i e n t  

e q u a l   t o   t h e   v e l o c i t y  a t  e a c h   f i e l d   p o i n t   i n   t h e   r e g i o n  R.  

D t  

-+ 
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+ +  
v = v o  

Here it is  assumed t h a t   t h e   f l o w  is  i n i t i a l l y   i r r o t a t i o n a l ,   s u c h  
as a free stream approaching a f i x e d   a i r p l a n e .  The s u b s t i t u t i o n  
of equat ion ( 3 )  i n t c   e q u a t i o n  (1) genera tes   the   govern ing   Laplace  
d i f f e r e n t i a l   e q u a t i o n   f o r   i n c o m p r e s s i b l e   p o t e n t i a l .   f l o w .  

Equation ( 4 )  appl ies   whether  or no t   t he   f l ow i s  time dependent. 
I n   t h e   s p e c i a l  case of s t eady  s ta te ,  B e r n o u l l i ' s   e q u a t i o n  is 
r e a d i l y   e s t a b l i s h e d  by i n t e g r a t i n g   e q u a t i o n  ( 2 )  a long  a stream- 
l i n e   p a t h  s' between  any t w o  p o i n t s  A and B. 

For s t eady  flow, t h e  d i f f e r e n t i a l  dg can be r e p l a c e d  by Gdt. 

B +  

I f  t h e   r e g i o n  R i s  unbounded  and p o i n t  A i s  a l lowed   t o  move i n -  
de f in i t e ly   ups t r eam,   t he   conven t iona l   Be rnou l l i   equa t ion  relat-  
i n g   p r e s s u r e   a n d   v e l o c i t y  i s  e s t a b l i s h e d .  
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I n   t h e   d e t e r m i n a t i o n   o f   t h e   v e l o c i t y   f i e l d   f o r   i r r o t a t i o n a l  

f l o w ,   t h e   a p p l i c a t i o n  of equa t ion  ( 4 )  i s  e q u i v a l e n t  t o  the   s imul -  

t aneous   app l i ca t ion   o f   equa t ions  (1) and (2). The obvious  ad- 

vantage t o  equa t ion  ( 4 )  i s  t h a t   t h e r e   e x i s t s   o n l y  one unknown 

scalar func t ion .   Fo r   t he   u sua l  case of s t e a d y  f l o w ,  t h e   s o l u -  

t i o n  t o  t h e   v e l o c i t y   f i e l d  i s  e s s e n t i a l l y   t h e   c o m p l e t e   s o l u t i o n ,  
s ince   equa t ions  ( 5 )  or ( 6 )  p r o v i d e   t h e   p r e s s u r e   d i r e c t l y   f r o m   t h e  

l o c a l   v e l o c i t y .  Forces and moments can  then  be  generated by 

p r e s s u r e   i n t e g r a t i o n .  The essence   o f   the   so lu t ion   method  in -  

vo lves   de t e rmin ing   t he   po ten t i a l   func t ion  0 .  

S i n g u l a r   S o l u t i o n s  

A s imple   func t ion   wh ich   s a t i s f i e s   t he   Lap lace   equa t ion  i s  t h e  

p o t e n t i a l   d u e   t o  a p o i n t   s o u r c e   o f   s t r e n g t h  m p o s i t i o n e d  a t  

( X O , Y O ,  zo) 

where 

@s = 
- -m 

With the   excep t ion   o f   t he   po in t   (xo ,yo ,  z o )  , the   Laplac ian  (v ) 

of   equat ion  ( 7 )  i s  zero .   S ince   equat ion  ( 4 )  need  apply  only t o  
p o i n t s   i n   t h e   f l o w f i e l d ,   e q u a t i o n  ( 7 )  s a t i s f i e s   t h e   g o v e r n i n g  

f low  equat ion  as long as (xo,yo,zo) i s  on o r   w i t h i n   t h e  non- 

f l u i d   s i d e   o f  a flow  boundary.  Equation ( 7 )  i s  des igna ted  a 

p a r t i c u l a r   s o l u t i o n .  The t e r m  " s o u r c e   s i n g u l a r i t y "   r e f e r s   t o  

t h e   f a c t   t h a t   t h e   f i e l d   i n d u c e d  by a s o u r c e   s a t i s f i e s   t h e   L a p l a c e  

equat ion  everywhere  except  a t   t h e   s i n g u l a r   p o i n t   ( x o , y o , z o ) .  

2 

Because   the   Laplace   equat ion  i s  l i n e a r ,   t h e  sum of  any 

number of p a r t i c u l a r   s o l u t i o n s  i s  a l s o  a s o l u t i o n .   E q u i v a l e n t l y ,  

a n y   d i s t r i b u t i o n   o f   s o u r c e s  on or wi th in   f low  boundar ies  i s  a 
s o l u t i o n   t o   L a p l a c e  I s equat ion .  

8 



O t h e r  p a r t i c u l a r   s o l u t i o n s   c a n   b e   g e n e r a t e d  by d i f f e r e n -  
t i a t i n g   e q u a t i o n  ( 7 )  w i t h  respect t o  (xo,yo, zo) . For example, 
t h e   d o u b l e t   f u n c t i o n  Q D ,  def ined  below,  satisfies the   Lap lace  
equa t ion   excep t  a t  t h e   s i n g u l a r   p o i n t   ( x o f y o , z o ) .  

T h e  d i r e c t i o n  of un ik   vec to r  n i s  a r b i t r a r y .   P h y s i c a l l y ,   e q u a t i o n  

( 8 )  d e s c r i b e s   t h e   l i m i t i n g   s i t u a t i o n  of an   equa l   s t r eng th   sou rce  
a n d   s i n k   o n   a n   a x i s   p a r a l l e l  t o  ( f i g u r e  2 )  . The s e p a r a t i o n   d i s -  
t a n c e  i s  equal  t o  As a n d   t h e   s o u r c e   s t r e n g t h  i s  E. 

-+ 

m 

X 

Figure 2. Point Doublet  at (xo, yo, zo) 
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m y   d i s t r i b u t i o n   o f   s o u r c e s   a n d   d o u b l e t s  on o r  w i t h i n  f l o w  
boundar ies   au tomat ica l ly   sa t i s f ies   the   govern ing   Laplace   equa-  
t i o n .  I t  i s  p o s s i b l e   t o   d e m o n s t r a t e   t h a t   a n y   b o u n d e d   p o t e n t i a l  
f l ow  f i e ld   can   be   cons ide red  t o  be  induced by a cont inuous   d i s -  
t r i b u t i o n   o f   s o u r c e s   a n d   d o u b l e t s   ( r e f e r e n c e  1). Indeed ,   t he re  
i s  no l i m i t  t o  t h e  number o f   d i f f e r e n t   d i s t r i b u t i o n s   t h a t  w i l l  
induce  any  one  given  f low  f ie ld .  Once such a d i s t r i b u t i o n  i s  

found ,   t he   so lu t ion  i s  e s sen t i a l ly   comple t e   because   t he   f l ow 

p o t e n t i a l  and v e l o c i t y  a t  any   po in t   can   be   ca l cu la t ed   d i r ec t ly  
as t h e   i n t e g r a l  sum o f   t h e   i n d i v i d u a l   d i f f e r e n t i a l   c o n t r i b u t i o n s  

induced by t h e   s o u r c e   a n d   d o u b l e t   d i s t r i b u t i o n s .  

This   s tudy  i s  r e s t r i c t e d   t o   t h e   i n v e s t i g a t i o n   o f   s o u r c e  and 

d o u b l e t   s i n g u l a r i t y   d i s t r i b u t i o n s  on  f low  boundaries ,   not   within.  

An example  of  the l a t te r  i s  the   r ep resen ta t ion   o f   t he   f l ow  in -  
duced by a s o l i d  body  of revolut ion  immersed  in  a uniform stream. 
For some body shapes,  it i s  t h e o r e t i c a l l y   p o s s i b l e   t o   r e p r e s e n t  
t h e   e f f e c t  of t h e  body by a n   a x i a l   d i s t r i b u t i o n   o f   s o u r c e   s i n -  

g u l a r i t i e s   ( f i g u r e  3 ) .  However, i n   t h e   f o r m u l a t i o n   o f  a rimer- 

i ca l  solut ion  method,  a d i s t r i b u t i o n   o f   s i n g u l a r i t i e s   o n   t h e  body 

su r face   p rov ides  a f a r  more a t t r a c t i v e  model. I t  i s  d e s i r a b l e  

t o   h a v e   t h e   s i n g u l a r i t i e s  as close as p o s s i b l e  t o  the  f low  which 

they   induce .   Otherwise ,   the   d i s t inc t ion   be tween  the   in f luences  

o f   n e i g h b o r i n g   r e g i o n s   o f   t h e   s i n g u l a r i t y   d i s t r i b u t i o n  i s  clouded, 

a n d   n u m e r i c a l   i n s t a b i l i t i e s   c a n   r e s u l t .   T h i s  e f f e c t  becomes  more 

pronounced as body t h i c k n e s s   i n c r e a s e s .  

Figure 3. Body of Revolution Represented by an 
Equivalent Axial Singularity Distribution 
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Poss ib ly  a more compel l ing   reason   for   avoid ing   in te rna l  
s i n g u l a r i t i e s   r e g a r d s   t h e   e x i s t e n c e   o f   s o l u t i o n s .   F o r   b o d i e s  
w i t h   f l a t   d i s k   n o s e s  or  t a i l s  such as i n   f i g u r e  4 ,  t h e r e  i s  theo- 
r e t i c a l l y   n o   a x i a l   d i s t r i b u t i o n  of sou rces   t ha t   can   i nduce   t he  
flow. On t h e   o t h e r   h a n d ,   t h e r e   a l w a y s   e x i s t s  a s o l u t i o n  
s u r f a c e   d i s t r i b u t i o n   o f   s i n g u l a r i t i e s   o n   t h e   f l o w   b o u n d a r i e s .  

Figure 4. Body for Which No Equivalent Axial 
Singularity  Distribution Exists 

In   accordance   wi th   equat ions  ( 7 )  and ( 8 )  , it i s  p o s s i b l e   t o  
expres s  t h e  induced   po ten t i a l  0 a t  any f i e l d   p o i n t  P as t h e   i n -  
t e g r a l  sum of   cont inuous   source   and   double t   d i s t r ibu t ions  on 

boundary  surfaces  (see f i q u r e  5 ) .  

I n   equa t ion  ( 9 ) ,  , t h e   f o l l o w i n g   d e f i n i t i o n s  are used: 
(1) u and u are re spec t ive ly   t he   sou rce   and   doub le t  

s t r e n g t h   p e r   u n i t   a r e a  on the  boundary a t  a r b i t r a r y  
p o i n t  Q ,  

( 2 )  dS i s  a d i f f e r e n t i a l   s u r f a c e  area element a t  p o i n t  Q ,  

( 3 )  r i s  the   d i s t ance   be tween   boundary   po in t  Q a n d   f i e l d  
p o i n t  P ,  and 

( 4 )  n i s  dis tance  measured  a long an  ax is   normal  t o  t h e  
boundary  surface a t  Q ,  p o s i t i v e   i n t o   t h e   f l o w .  

Notice t h a t   t h e   d o u b l e t   a x i s   d i r e c t i o n   i n   e q u a t i o n  ( 9 )  i s  normal 
t o  the  f low  boundary.  

11 



Fluid  Region R 

Boundary 
Surfaces 

Figure 5. Points in  a  Fluid  and  on a Boundary 

There i s  an  important   equivalence  between  surface  doublet  

d i s t r i b u t i o n s   a n d   v o r t i c i t y .  A s  is  p roved   i n   r e f e rence  2 ,  a '  
s u r f a c e   d o u b l e t   d i s t r i b u t i o n  O f  d e n s i t y  1-1 can  be  . replaced 

by a n   e q u i v a l e n t   s u r f a c e   v o r t e x   d i s t r i b u t i o n   w h e r e   t h e   v o r t e x  

d e n s i t y   v e c t o r  a t  e a c h   s u r f a c e   p o i n t   s a t i s f i e s   t h e   f o l l o w i n g  

equa t ion :  

-+ + +  
y = n x V p  

where i s  t o   b e   i n t e r p r e t e d   a s   t h e   u n i t   n o r m a l   v e c t o r .  Equa- 

t i o n  ( 1 0 )  f o l l o w s   f r o m   t h e   f a c t   t h a t  a vo r t ex   l oop  of s t r e n g t h  

r i nduces   t he  same v e l o c i t y   a t   e v e r y   f i e l d .   p o i n t  as a uniform 
d o u b l e t   s h e e t   o f   d e n s i t y  r ,  p r o v i d e d   t h a t  t h e  edges  of   the  
sheet l i e  on t h e   l o o p   ( f i g u r e  6 ) .  The t h e o r e t i c a l   e q u i v a l -  
ency  between v o r t i c i t y   a n d   d o u b l e t   d i s t r i b u t i o n s   d o e s   n o t   i m p l y  
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e q u i v a l e n t   s i m p l i c i t y   i n  a n u m e r i c a l   f o r m u l a t i o n .   I n   t h i s   s t u d y ,  

a t t e n t i o n  w i l l  b e   f o c u s e d   o n   d o u b l e t s   r a t h e r   t h a n   v o r t i c i t y ,  
b e c a u s e   d i s t r i b u t i o n s   o f  scalars  such as p are g e n e r a l l y  much 
s i m p l e r   t o   h a n d l e   t h a n   v e c t o r   d i s t r i b u t i o n s   s u c h  as v o r t i c i t y .  

Concentrated Vortex Loop Constant  Density Doublet Surface 
(p + Strength/Area) 

Figure 6. Equivalency Between Vortex Loops and Doublet Surfaces 

F o r   a n y   b o u n d e d   p o t e n t i a l   f l o w   f i e l d ,   t h e r e   e x i s t s  a s u r f a c e  
s o u r c e   d i s t r i b u t i o n  o a n d   d o u b l e t   d i s t r i b u t i o n  p t h a t  will i n -  
d u c e   t h e   f i e l d .   I n t e g r a l   e q u a t i o n  ( 9 )  d e s c r i b e s   t h e   r e s u l t a n t  
p o t e n t i a l  a t  any f i e l d   p o i n t  P ,  and in   accordance   wi th   equa-  
t i o n  ( 3 )  , t h e   g r a d i e n t   o f   e q u a t i o n  ( 9 )  w i l l  g ive   t he   f l ow  ve lo -  
c i t y  a t  p o i n t  P.  A s  d iscussed  above,   equat ion ( 9 )  s a t i s f i e s  
t h e   L a p l a c e   e q u a t i o n   r e g a r d l e s s   o f   d i s t r i b u t i o n s  0 and u. I t  

remains t o  d e t e r m i n e   t h e   a p p r o p r i a t e   d i s t r i b u t i o n s ,   a n d   t h i s  i s  
accomplished by s a t i s f a c t i o n   o f   b o u n d a r y   c o n d i t i o n s .  

Boundary  Conditions 
W i t h i n   c e r t a i n   c o n s t r a i n t s  on geomet r i c   s lope   con t inu i ty  

( r e f e r e n c e  l), a bounded,   s imply  connected  veloci ty   f ie ld  i s  

un ique ly   de t e rn ined  by t h e   d i s t r i b u t i o n  on  flow  boundaries  of 
e i the r   t he   no rma l   componen t   o f   t o t a l   f l ow  ve loc i ty  V @ n o r  

t h e  t o t a l  p o t e n t i a l  @. These  boundary  value  problems are res- 
p e c t i v e l y   d e s i g n a t e d  Neumann and   D i r i ch le t   p rob lems   i n   t he  clas- 
s i ca l  l i t e r a t u r e .   I n   t h i s   s t u d y ,   p r i m a r y   c o n s i d e r a t i o n  w i l l  be  
given t o  Neumann problems,   because   mos t   p rac t ica l  cases invo lve  
p re sc r ibed   no rma l   ve loc i ty   boundary   cond i t ions .   In   pa r t i cu la r ,  
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t h e  f l o w  t angency   a s soc ia t ed   w i th   so l id   bod ie s  i s  expressed '\ 
mathematical ly  as V@-n = 0 .  A l l  f o rmula t ions   i n  t h i s  s tudy  

are s u f f i c i e n t l y   g e n e r a l  t o  a l l o w   d i r e c t   e x t e n s i o n   t o   a r b i t r a r y  

Neumann , D i r i c h l e t ,  or mixed  Weumann-Dirichlet  boundary  condi- 
t i o n s .  

+ +  

The r e l a t ionsh ip   be tween   p re sc r ibed  Neumann boundary  condi- 

t i o n s   a n d   t h e  unknown s o u r c e - d o u b l e t   d i s t r i b u t i o n  i s  genera ted  

b y   t a k i n g   t h e   g r a d i e n t  of equat ion  ( 9 )  and   t hen   a l lowing   f i e ld  
p o i n t  P t o  approach  the  boundary  surface a t  a rb i t r a ry   boundary  

p o i n t  B. The normal  velocity  component a t  B i s  des igna ted  VN. 

-+ -+ 

-b 

where nB i s  t h e  u n i t  no rma l   vec to r   a t   boundary   po in t  B .  

The l imi t ing   p rocedure   avo ids   con tac t ing  the s i n g u l a r i t i e s ;  t h i s  

i s  necessa ry   s ince   t he   Lap lace   equa t ion  i s  s a t i s f i e d   a r b i t r a r i l y  

close t o  a source  or  d o u b l e t   l o c a t i o n ,   b u t  n o t  a t   t h e   l o c a t i o n  

p r e c i s e l y .  
T h e r e   e x i s t s  a s o l u t i o n   d i s t r i b u t i o n  0 and !-I f o r   a n y   a r b i -  

t r a r y   n o r m a l   v e l o c i t y   d i s t r i b u t i o n  VNl p r o v i d e d   t h a t  jj v,ds = 0. 

The i n t e g r a l   c o n s t r a i n t   e x p r e s s e s   t h e   f a c t   t h a t   t h e   n e t   f l u i d  
mass  surrounded by the  boundaries   cannot   change  with t i m e  f o r  

incompressible  f low. A t  each  boundary  point  B t h e r e   a r e  t w o  
unknowns, 0 and p ,  w h i l e   t h e r e  i s  one  boundary  condi t ion,   the  

p r e s c r i b e d   v a l u e  V A s  one  might   expect ,  f o r  any set of N' 
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boundary   condi t ions ,   there  i s  no l i m i t  t o   t h e  number  of d i f -  
f e r en t   so lu t ion   combina t ions   o f   sou rce -doub le t   d i s t r ibu t ions .  

I n   o t h e r   w o r d s ,   t h e r e  is no l i m i t  t o   t h e  number o f   d i f f e r e n t  
s u r f a c e   s i n g u l a r i t y   d i s t r i b u t i o n s   t h a t   c a n   t h e o r e t i c a l l y   i n d u c e  
t h e   e x a c t  same f i e l d .  The d i scuss ion  t o  fo l low is in tended  t o  
e s t a b l i s h   t h e   p a r t i c u l a r   s o u r c e - d o u b l e t   c o m b i n a t i o n   m o s t   s u i t a b l e  
f o r   a p p l i c a t i o n   t o  a numer i ca l   so lu t ion   fo rmula t ion .  

One p o s s i b l e   c a n d i d a t e  i s  a s o u r c e - o n l y   d i s t r i b u t i o n ,   w i t h  
1.1 set  t o   z e r o  a p r i o r i .  The d isadvantage  i s  tha t   sou rce -on ly  
s o l u t i o n   m e t h o d s   c a n   g e n e r a t e   s t r o n g   n u m e r i c a l   i n s t a b i l i t i e s  
a n d   u n r e l i a b l e   p r e d i c t i o n s .  The exp lana t ion  i s  t h a t   f o r   t h i n  
b o d i e s   a t   i n c i d e n c e ,   t h e   s o l u t i o n   s o u r c e   d i s t r i b u t i o n   t e n d s   t o  
i n c r e a s e   i n   m a g n i t u d e   l i n e a r l y   w i t h   r e s p e c t   t o  t h e  i n v e r s e   o f  
t h i c k n e s s ,   w h i l e   t h e  n e t  f l ow  ve loc i ty   changes   on ly   s l i gh t ly .  
P r e d i c t i o n   e r r o r s   t e n d  t o  b e   p r o p o r t i o n a l   t o   t h e   s i n g u l a r i t y  
s t r e n g t h s .  For a t h in   body ,  t h e  average  magnitude  of  source 
d e n s i t y   c a n   b e   s e v e r a l  times t h a t   o f  t h e  i nduced   ve loc i ty ,   w i th  
a s u b s e q u e n t   m a g n i f i c a t i o n   o f   p r e d i c t i o n   e r r o r .  An analogous 
s i tua t ion   cou ld   occu r   i n   m .easu r ing   t he   d i s t ance  AB i n  f i g u r e  7 .  

The d i s t a n c e   c o u l d   b e   d e t e r m i n e d   i n d i r e c t l y  by s u b t r a c t i n g   t h e  
measured  dis tance frorr: measured E. In   the   absence  of mea- 
s u r i n g   e r r o r s ,  AB i s  e x a c t l y  = - =. However, i f  t h e  r e l a t i v e  
e r r o r   i n   t a k i n g  a measurement i s  E ,  t h e  indirect   measurement  would 
gene ra t e  t h e  f o l l o w i n g   e r r o r  Am: 

- 

e - a 
A B C 

- 
~ 

Direct: Measure AB -> Small Error  

Indirect: II$ Large Error 

Figure 7. Direct and Indirect Measurements 
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I f  i s  s u f f i c i e n t l y  large, t h e   e r r o r   i n   m e a s u r i n g  AB would  be 

g r e a t e r - t h a n  1 0 0 % .  Obvious ly ,   one   would   be   fa r   be t te r   o f f  mea- 
s u r i n g   t h e   d i s t a n c e  = d i r e c t l y .   I n   t h e  same s p i r i t ,   o n e  would 

p r e f e r  t o  u s e   s i n g u l a r i t y   d i s t r i b u t i o n s   o f   a p p r o x i m a t e l y   t h e  same 
magnitude as the   i nduced   f l ow  ve loc i t i e s .  

This  can be accomplished  by  applying  Green 's   thi rd  ident i ty  

( r e f . 3 ,   p . 2 1 9 ) .   I f   t h e   s o u r c e   d i s t r i b u t i o n  i s  e s t a b l i s h e d  a 

p r i o r i  by s e t t i n g  a e q u a l   t o  VN a t  each  boundary  point ,   and  then 

i f   e q u a t i o n  (11) i s  s a t i s f i e d ,  it can   be   p roved   tha t  1-1 = @ a t  

each  boundary  point .  By m a k i n g   t h e s e   s u b s t i t u t i o n s  for 0 and 

i n   e q u a t i o n  ( 9 ) ,  G r e e n ' s   i d e n t i t y  i s  e s t a b l i s h e d .  

The u t i l i t y   o f   G r e e n ' s   i d e n t i t y  i s  t h a t   t h e   s i n g u l a r i t i e s  are 

no   s t ronge r   t han   t he  f l o w  f i e l d  which  they  induce:   indeed,   there  

i s  a loca l   equa l i ty   regard less   o f   geometry   o r   boundary   condi t ions .  

T h i s   c o n t r a s t s   s h a r p l y   w i t h   s o u r c e   o n l y   s o l u t i o n s   f o r   t h i n  geome- 

tr ies s u b j e c t e d   t o   h i g h   l i f t .   F o r   t h e   f l o w   a r o u n d   c o n v e n t i o n a l  

s l o t t e d   f l a p   h i g h   l i f t   d e v i c e s ,   t h e   s o u r c e   d e n s i t i e s   c a n   b e   o r d e r s  

of   magni tude   g rea te r   than   the   induced   f low  ve loc i t ies .  

The d e m o n s t r a t i o n   t h a t   s e t t i n g  0 = V r e s u l t s  i n  1-1 = @ i s  N 
s t r a i g h t f o r w a r d   i f   c o n s i d e r a t i o n  i s  g iven   to   the   imaginary   f low 

f i e l d   i n s i d e   t h e  real  f low  boundar ies   ( f igure  8 ) .  S u b s c r i p t s  

E and I are u s e d   t o   d e s i g n a t e   t h e  real  ex terna l   and   imaginary  

i n t e r n a l   f i e l d s ,   r e s p e c t i v e l y .  The f o l l o w i n g   d i s c o n t i n u i t i e s  

a p p l y   t o  any shee t   o f   sou rces   and   doub le t s .  

" I  
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E -> Fluid Side of Boundary 
(External) 

I E> Imaginary Flow 
(Internal Side 
of Boundary) 

Figure 8. Two Sides of  a  Flow  Boundary Surface 

Both V N ~  and V N ~  a r e   c o n s i d e r e d   p o s i t i v e   t o w a r d  the real  flow 
( d i r e c t i o n   n ) .   S i n c e  IS = V N ~ ,  it fol lows  f rom  equat ion (13) 

t h a t  V N ~  = 0 .  The imaginary  f low  must  be  stagnant  because  the 
normal  velocity  component a t   a l l  boundary  points  i s  zero  and 
because  such Neumann boundary   condi t ions   genera te  a unique s o l u -  
t ion .   Therefore ,a1  i s  a cons t an t ,   wh ich   can   be   s e l ec t ed   a s   ze ro .  
F i n a l l y ,   e q u a t i o n  ( 1 3 )  i n d i c a t e s   t h a t  @E = p ,  completing t h e  

demonstrat ion.  

-+ 
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I n  most p r o b l e m s   o f   i n t e r e s t   t h e  f l o w  i s  unbounded. I n   t h a t  3 

case, the  surrounding  boundary i s  allowed t o  i n c r e a s e   i n d e f i n i t e l y  
and i t s  e f f e c t  i s  r ep laced  by adding a f r e e  stream of  uniform 

v e l o c i t y  Vm. However, Green ' s  i d e n t i t y ,  as expressed  by equa t ion  
( 1 2 )  , still a p p l i e s .   I n d e e d ,   i f   s o l i d   b o d i e s  are immersed i n   t h e  
f r e e  stream, equa t ion  ( 1 2 )  i n d i c a t e s   t h a t  CI = 0 on t h e   s o l i d  body 
su r faces   and  a d o u b l e t   o n l y   r e p r e s e n t a t i o n   r e s u l t s .  A s  w i l l  be 
d e m o n s t r a t e d   l a t e r ,   c o n v e r g e n c e   d i f f i c u l t i e s  arise when doub le t  
me thods   a r e   app l i ed   t o   des ign   p rob lems .  

-b 

B y  a p p l y i n g   G r e e n ' s   i d e n t i t y   t o   t h e   p e r t u r b a t i o n   p o t e n t i a l  

i n s t e a d  of t o  t h e  t o t a l   p o t e n t i a l  0 ,  a p a r t i c u l a r l y  u s e f u l  com- 
b ined   sou rce -doub le t   r ep resen ta t ion  i s  def ined   (Reference  1). The 

r e p r e s e n t a t i o n  w i l l  be  shown t o   p r o v i d e   r e l i a b l e   s o l u t i o n s   f o r   b o t h  

ana lys i s   and   des ign   problems.  The p e r t u r b a t i o n   p o t e n t i a l  r$ i s  

de f ined  as fo l lows  (see f i g u r e  9 ) :  

Z 

r 

Figure 9. Body  Immersed in an Unbounded Flowfield 
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To a p p l y   G r e e n ' s   i d e n t i t y   t o   t h e   p e r t u r b a t i o n   p o t e n t i a l ,  u 
i s  replaced  by $4.; ( r a t h e r   t h a n  ?@-;) and 1-1 i s  r ep laced  by 4 
( r a t h e r   t h a n  a ) .  

where V4.g = VN - Vm .n ;  vm .n i s  a s imple   func t ion   of  

local  geometry.  Because 4 approaches   zero  a t  i n f i n i t y ,   t h e r e  i s  
no  need t o  i n c l u d e  a surrounding  boundary,  which  considerably 
s i m p l i f i e s   t h e   f o r m u l a t i o n  of a numer ica l   so lu t ion   method.   In  
equa t ion  ( 1 5 )  t h e   s i n g u l a r i t y   d e n s i t i e s  u and LI a r e   e q u a l   t o  
t h e   p e r t u r b a t i o n   n o r m a l   v e l o c i t y   a n d   p e r t u r b a t i o n   p o t e n t i a l ,  
r e s p e c t i v e l y .   I f   t h e   p e r t u r b a t i o n   f l o w   v a n i s h e s ,  so do t h e  
s i n g u l a r i t i e s   w h i c h   i n d u c e  t h e  f low.   Here ina f t e r ,   t he  t e r m  

" G r e e n ' s   i d e n t i t y "   r e f e r s   t o   e q u a t i o n  (15)  . 

-f + + +  + 

The s i n g u l a r i t i e s   o f   G r e e n ' s   i d e n t i t y   a r e   m i l d ,  and. t h e r e  
are no  more  unknowns t h a n   f o r  a source  only  formulat ion.   For  
Neumann p rob lems   t he   sou rce   dens i ty   d i s t r ibu t ion  i s  known -a p r i o r i  

+ - +  
a = V$.n = VN - V,.n 

+ +  

and  the   double ts  are to   be  determined.   For  D i r i c h l e t  problems, 
t h e   o p p o s i t e   o c c u r s :   t h e   d o u b l e t   d i s t r i b u t i o n  i s  known from  the 
p r e s c r i b e d   p o t e n t i a l   d i s t r i b u t i o n  on the   boundar i e s ,   and   t he  
s o u r c e   d i s t r i b u t i o n  i s  t o  be  determined. The approach  of  apply- 
i n g   G r e e n ' s   i d e n t i t y  t o  a numerical   solut ion  method i s  b e l i e v e d  
t o  have  been f i r s t  employed by Morino, e t  a1 ( r e f e r e n c e  4 ) .  

The equivalency  between a d o u b l e t   d i s t r i b u t o n   a n d   v o r t i c i t y  
as expressed  by equa t ion  ( 1 0 )  r e s u l t s   i n  a u s e f u l   e q u a l i t y   f o r  
G r e e n ' s   i d e n t i t y .   S i n c e  p = 4 on  boundary  surfaces  and  since 
V = V, + V 4 ,  it fo l lows   t ha t   t he   t angen t i a l   componen t  of p e r t u r -  
b a t i o n   v e l o c i t y  on t h e   s u r f a c e  w i l l  be   equal   in   magni tude  and 
normal i n   d i r e c t i o n  t o  t h e   v o r t i c i t y   d e n s i t y   v e c t o r  ;. Figure  

+ + -+ 
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1 0  i l l u s t r a t e s   t h e   s i t u a t i o n  

s i o n a l  f l o w .  The t o t a l  flow 
sist of  components VT and VN 

vT 

vN 

f INVISCID FLOW 
BOUNDARY 

f o r   t h e   s p e c i a l  case of two-dimen- 

v e l o c i t y   v e c t o r  V i s  s e e n   t o  con- 
where 

+ 

= 'T, + Y  

- - VN, + 0 

Figure IO. Surface Velocity Corresponding to Green's Identity 

An i l l u s t r a t i o n   o f   t h e   n a t u r e   o f   t h r e e   d i f f e r e n t   s i n g u l a r i t y  
d i s t r ibu t ions   wh ich   i nduce   exac t ly   t he  Same f l o w  f i e l d  i s  p resen t -  

e d   i n   f i g u r e  11. The problem i s  t o  c a l c u l a t e   t h e   f l o w   a b o u t  a 

so l id   two-d imens iona l   c i r cu la r   cy l inde r   immersed   i n  a uniform 

s t ream Vw. The a n a l y t i c a l   s i n g u l a r i t y   d i s t r i b u t i o n s  are  pre-  

s e n t e d   f o r  a s o u r c e   o n l y   s o l u t i o n ,   d o u b l e t   o n l y   s o l u t i o n  

( G r e e n ' s   i d e n t i t y   a p p l i e d   t o  t o t a l  p o t e n t i a l  @ I ,  and  the  combined 
source -doub le t   d i s t r ibu t ion   co r re spond ing  t o  G r e e n ' s   i d e n t i t y  

( a p p l i e d  t o  p e r t u r b a t i o n   p o t e n t i a l  6 ) .  F o r   c l a r i t y ,   t h e   e q u i v a l -  
e n t   v o r t e x   d e n s i t y  y is  p r e s e n t e d   i n s t e a d   o f   d o u b l e t   d e n s i t y .  

+ 

2 0  

L 
" 



I t  is  notewor thy   tha t   the   combined   source-vor tex   so lu t ion  i s  
the   average   o f   the   source   on ly   and   vor tex   on ly   so lu t ions .  
G r e e n ' s   i d e n t i t y   t y p i c a l l y   p r o v i d e s  a s o u r c e   d i s t r i b u t i o n  more 
mi ld   t han   t he   sou rce   on ly   so lu t ion   and  a v o r t e x   d i s t r i b u t i o n  
more mi ld   t han   t he   vo r t ex   on ly   so lu t ion .  

Representation 

@ Source distribution  only - - - -@ Vortex  distribution  only - - -0 Green's identity 

SOURCE 
DENSITY 

U 
- 

- 
v,= 1 

DENSITY 

Y 
0 60 120 180 

e - DEG 

Figure 11. Equivalent Singularity Representations 
for a Circular Cylinder 

G r e e n ' s   i d e n t i t y   a l s o   o f f e r s  t h e  prospec t  f o r  u s i n g   i n t e r n a l  
i nd i r ec t   boundary   cond i t ions   ( r e fe rence  4 ) .  I n   s o l v i n g  Neumann 
p r o b l e m s ,   t h e   f i r s t   s t e p  i s  t o  se t  CI = vN - vW.n,  where 

Vw n i s  a funct ion  of   geometry  only.  The s e c o n d   s t e p   f o r  
d i r e c t   b o u n d a r y   c o n d i t i o n   s a t i s f a c t i o n  i s  t o  s o l v e   f o r  LI by 

- + +  
-+ -+ 

s a t i s f y i n g   e q u a t i o n  (11) a t  each  boundary  point .  However, it 

can  be shown t o  b e   t h e o r e t i c a l l y   e q u i v a l e n t   t o   e s t a b l i s h  z e r o  
p e r t u r b a t i o n   p o t e n t i a l  on t h e   i m a g i n a r y   o r   i n t e r n a l   s i d e   o f  a l l  

f low  boundaries .  The proof follows immediately  from  equation 

(13). 



The a d v a n t a g e s - o f   G r e e n ' s   i d e n t i t y   i n   t h e   a p p l i c a t i o n  t o  a 
numerical   solut ion  method are summarized  below. 

Mi ld   combined   source-double t   d i s t r ibu t ions   suppress  
n u m e r i c a l   i n s t a b i l i t i e s ,   w h i c h   c a n   o t h e r w i s e  be pre-  

v a l e n t   f o r   t h i n   h i g h   l i f t   g e o m e t r i e s .  
S i n g u l a r i t y   d i s t r i b u t i o n s   v a n i s h  as t h e   p e r t u r b a t i o n  

f i e l d   v a n i s h e s ,   t h e r e b y   e l i m i n a t i n g   p o s s i b l e   r e s i d u a l  

error. 
Direct r e l a t i o n s h i p s   b e t w e e n   v e l o c i t y   a n d   s i n g u l a r i t y  

s t r e n g t h s  on   boundary   sur faces   ex is t   which   s impl i fy  

c a l c u l a t i o n s .  
P o s s i b i l i t y   e x i s t s   o f   a p p l y i n g   i n d i r e c t   i n t e r n a l  
boundary  condi t ions t o  simplify  CalcUlatiOnS. 

One add i t iona l   advan tage  i s  i n   t h e   a p p l i c a t i o n  t o  d e s i g n   o r  

inverse  problems,   for   which  the  geometry  most   near ly   correspond-  

i n g   t o  a p r e s c r i b e d   v e l o c i t y   d i s t r i b u t i o n  i s  to   be   de t e rmined .  

Even  though  doublet   only  analysis   problem  solut ions are rela- 
t i ve ly   mi ld ,   t hey   t end   t o   be   unsu i t ab le   fo r   i nve r se   p rob lem 
appl ica t ion   in   l ead ing   edge   reg ions .   Suppor t ing   two-dimens iona l  

examples   and  the  explanat ion w i l l  b e   f u r n i s h e d   i n  t h e  n e x t   s e c t i o n .  
Wakes 

I t  i s  p o s s i b l e   t o   p r o v e   t h a t   t h e   n e t   f o r c e  on a l l  bodies  

immersed i n  a s t e a d y ,   i n c o m p r e s s i b l e ,   p o t e n t i a l   f l o w   f i e l d  i s  

z e r o   ( r e f e r e n c e  1) .  In   o ther   words ,   an   a i rp lane   would   have   no  

lift i n  a f u l l y   p o t e n t i a l   f l u i d .  On t h e  other   hand,  it i s  common- 

p lace   to   so lve   aerodynamic   p roblems by r e p r e s e n t i n g   l i f t i n g  

a i r p l a n e s  as s o l i d   b o d i e s  immersed i n  a p o t e n t i a l   f l u i d .  The 

r e p r e s e n t a t i o n  i s  made reasonable  by the   i n t roduc t ion   o f   an  

add i t iona l   f l ow  boundary ,   t he   s emi - in f in i t e   t r a i l i ng  wake. 

The need   for  a wake c a n   b e   i l l u s t r a t e d  by cons ide r ing  

f l o w  c i r c u l a t i o n .   C o n s i d e r  a s e c t i o n  of an a i r p l a n e  wing 

( f i g u r e  1 2 ) .  The c i r c u l a t i o n  r i s  de f ined  as 

2 2  
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Path of Integration 
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Figure 12. Circulation  Around a Wing Section 

where   t he   pa th   o f   i n t eg ra t ion  i s  a c l o s e d   c o n t o u r   i n   t h e   f l u i d  
surrounding  the  wing. If  t h e   f l u i d  were t o   s a t i s f y   L a p l a c e ' s  
equation  everywhere,   then  equation ( 3 )  c o u l d   b e   s u b s t i t u t e d   i n t o  
equa t ion  ( 1 8 ) .  

r =  
@A- 

The c i r c u l a t i o n  would  be  zero  because 0 would  have t o  be  con- 
t i nuous  a t  A t o  s , a t i s fy   Lap lace ' s   equa t ion .  Of course ,  a l i f t i n g  
wing  possesses  c i r c u l a t i o n , a n d t h e r e f o r e  t h e   f l u i d   c a n n o t  
r e a l i s t i c a l l y   b e   d e s c r i b e d  by Laplace ' s   equa t ion   a lone .  The 
m i s s i n g   i n g r e d i e n t  i s  t h e   e f f e c t   o f   v i s c o s i t y  a t  sharp  edges.  

P o t e n t i a l   f l u i d s   t h e o r e t i c a l l y   g e n e r a t e   i n f i n i t e   v e l o c i t y  
g r a d i e n t s  a t  sharp  convex  corners   such as a t  wing t r a i l i n g   e d g e s .  
Rega rd le s s   o f   f r ee  stream Reynolds  number,   the   act ion  of   vis-  
c o s i t y  w i l l  b e   f e l t   i f   v e l o c i t y   g r a d i e n t s   a r e   s u f f i c i e n t l y  
s ' trong.  Therefore,   even  what i s  conven t iona l ly   des igna ted   an  
i n v i s c i d   f l u i d  w i l l  d e m o n s t r a t e   t h e   e f f e c t s   o f   f r i c t i o n   a t  a 

s h a r p   t r a i l i n g   e d g e .  The f l u i d  w i l l  s e a r c h   f o r  a f i n i t e   v e l o c i t y  

2 3  



at the  sharp  edge,  corresponding  to what is  referred  to  as 
the  Kutta  condition.  The  fluid in this  localized  trailing  edge 
viscous  region will be  carried  downstream  to  form a region which 
cannot  be  described by  Laplace's  equation. This  viscous  region 
is,  of course, the wake. 

As free  stream  Reynolds  number  increases,  the  thickness of 
the  wake  region  diminishes  and  is  often  assumed  to  be  zero. 
Nonetheless,  the  fluid  properties  are  discontinuous  across  the 
wake  and  the  wake  itself  cannot  be  neglected.  Usually  the wake . 

is  modelled  as  a  stream  surface  having  zero  pressure  loading 
imposed by the  surrounding  flow.  These two free  stream  surface 
conditions  are  sufficient  to  determine  the  two  sets  of  unknowns, 
wake  geometry  and  wake  singularity  distribution. 

A frequently  used  assumption  for  wake  geometry  that  is 
approximately  correct  for  sufficiently  high  Reynolds  numbers  and 
small flow perturbations  is  that  the wake is  a  flat  surface 
emanating  from  the  trailing  edge  and  parallel  to  the  free  stream. 
The  condition  of  zero  loading is represented by the  small  distur- 
bance  approximation of zero  vortex  strength  along  lines  normal  to 
the  free  stream  (Figure 13). Equivalently,  the  streamwise  gradi- 
ent  of  wake  doublet  density  is  assigned  the  value  zero. 

The  two-dimensional  flow  analogue  to a wake  is  a  streamline 
along  which  velocity is continuous  but  potential  is  discontin- 
uous.  The  strength  of  the  discontinuity  is  equal  to  the  circula- 
ation  and  is  dictated  by  the  Xutta conditionof finite  trailing 
edge  velocity.  In  its  simplest  form,  the  Kutta  condition  is  to 
be  considered  an  approximation  to  the  viscous  part of the  flow 
problem. 

In  this  study,  the  wakes  are  represented by a  doublet  sheet 
having  zero  thickness  and  zero  streamwise  doublet  gradient.  The 
wake  geometry,  though  not  necessarily flat, is  specified.  In  the 
case of multi-component  wings  such as slats and  slotted flaps, 
each  component  is  assigned  a  separate  wake. 
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Figure 13. Simple Wake Model 
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RESEARCH  ON  GREEN'S  IDENTITY  FORMULATION 

A study was made  in a two-dimensional  surface  paneling 
formulation to give  a  better  understanding of the Green's 
identity  method, as a  basis  for  selecting the numerical  methods 
to  be  used  in  applying  the  Green's  identity  formulation  in  the 
3-D  program. A large  number  of  formulations  could  be  compared 
using  available  programs,  and  essentially "exact" calculations 
could  be  made  by  transformation  methods  (references 5, 6) to 
compare  the  accuracy of  the  different  methods. 

The  classical  potential  theory of the  previous  section 
reduces  an  arbitrary  flow  problem to a  surface  integral  equation 
relating  boundary  conditions  to  an  unknown  singularity  distri- 
bution.  Numerical  techniques  are  then  used  to  calculate an 
approximate  solution  to  the  integral  equation.  Paneling  methods 
do this by dividing  the  surface  into  a  number of panels  with  a 
source  or  doublet  singularity  density  distribution of unknown 
magnitude on each  panel.  The  singularity  densities are then 
calculated by solving  a  set of equations  satisfying  boundary 
conditions  at  control  points on each  panel  plus  additional  Kutta 
conditions  for  the  circulation  to  give  smooth flow at Kutta 
points on the  trailing  edge  of  lifting  surfaces. 

Many  conceivable  approaches  are  available  for  formulating 
surface  paneling  methods  (references 2, 4, 7-18). At  the  level 
of potential  theory,  an  unlimited  number of combinations of 
source  and  doublet  singularity  distributions  can  induce  a  given 
external  flow  field.  Our  main  interest  in  this  study  is  in  the 
particular  source-doublet  combination  defined by Green's  iden- 
tity, as well as the  source  only  method  used  in  the  original 3-D 
Douglas  Neumann  program.  Additional  choices can be made of the 
numerical  techniques  to  be  used.  The  results of a  study  into 
the  merits of the  various  approaches  are  presented  in  this 
section. 
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Comparison  of  Surface  Paneling  Methods 

The p r i n c i p a l   d i s t i n g u i s h i n g   f e a t u r e s   o f   s u r f a c e  paneling 

methods  are  (1) c h o i c e   o f   r e p r e s e n t a t i v e   s i n g u l a r i t y   d i s t r i b u -  

t i o n ,  ( 2 )  n u m e r i c a l   s c h e m e   f o r   d i s t r i b u t i n g   t h e   s i n g u l a r i t i e s ,  

(3)   type  of   boundary  condi t ions  employed,   and ( 4 )  conversion  of 

s o l u t i o n   s i n g u l a r i t y   d e n s i t i e s   t o   v e l o c i t y .  A s tudy  w a s  made 

t o   d e t e r m i n e   w h i c h   s e l e c t i o n s   i n   t h e   a b o v e   f o u r   c a t e g o r i e s   p r o -  

v i d e   t h e   m o s t   d e s i r a b l e   c h a r a c t e r i s t i c s   i n  terms o f   p r e d i c t i o n  

accuracy ,   computa t iona l   e f f ic iency ,   and   numer ica l   s tab i l i ty   for  

bo th   ana lys i s   and   des ign .  

S p e c i a l   a t t e n t i o n  w a s  g iven   t o   p rob lems   fo r   wh ich   t he   Green ' s  

i d e n t i t y   f o r m u l a t i o n  showed  promise  of s i g n f i c a n t  improvement 

compared t o   t h e   o r i g i n a l  Douglas Neumann source  method. The 

Douglas Neumann method  uses f l a t ,   c o n s t a n t   d e n s i t y   s o u r c e   p a n e l s ,  

p l u s  a c o n s t a n t   v o r t i c i t y   ( o r   l i n e a r   d o u b l e t )   d i s t r i b u t i o n  
around  an a i r f o i l   o r  wing t o  give t h e   c i r c u l a t i o n  which satis- 
f i e s  a Kut ta   condi t ion   o f   equa l   p ressure  on the  upper  and  lower 

s u r f a c e   p a n e l s   n e x t   t o   t h e   t r a i l i n g   e d g e .   R e f e r e n c e  8 d i s c u s s e s  

some problems w i t h  t h i s  method r e s u l t i n g   f r o n  large source  den- 

s i t ies o n   t h i n ,   h i g h l y   l o a d e d   s u r f a c e s .  The accuracy  can also be  

poor when t h e  pane l  number around a s e c t i o n  i s  r e d u c e d   t o   t h e  

range  of 20 t o  4 0 ,  t y p i c a l   o f  3-D app l i ca t ions ,   due   t o   i naccuraqe  

c i r cu la t ion   and   pane l   cu rva tu re  effects. A s  d i s c u s s e d   l a t e r   i n  

t h i s   s e c t i o n ,   t h e  Douglas Neumann. method  e r roneous ly   p red ic t s  un- 

/ 

bounded v e l o c i t i e s  as a sharp,   concave  corner  i s  approached. 
These c h a r a c t e r i s t i c s   p r e s e n t   d i f f i c u l t i e s   i n   a p p l y i n g   t h e  method 

t o  p r o b l e m s   o f   c u r r e n t   i n t e r e s t ,   s u c h   a s   s u p e r c r i t i c a l   a i r f o i l s  

and  strongly  cambered  high l i f t  dev ices   such  as slats and  vanes.  

Accordingly,  t he  s tudy   i nc luded   ana lys i s   and  test c a s e s   r e l a t e d  

t o  (1) accuracy   vs   pane l  number a n d   p a n e l   d i s t r i b u t i o n ,  ( 2 )  

t h i n   s u r f a c e s ,   w i t h  a small v a l u e   o f   t h e   r a t i o   o f  distance 
be tween  pane ls   to   pane l   l ength ,  (3) method  of  applying the Kut ta  I 

condi t ion ,   and  ( 4 )  f l ow  in   concave   co rne r s .  

. .  
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Table I ind ica t e s   t he   combina t ions  of formulat ion  approaches 

which were tested  on  two-dimensional  sample  problems  during the 

s tudy .  The des igna t ions  ' ' l o w  order"   and   "h igh   order"   re fe r  t o  
the   numer i ca l  scheme for   model ing  t h e  s u r f a c e   s i n g u l a r i t y   d i s -  

t r i b u t i o n s .   I n   e v e r y  case, t h e  l o w  o r d e r  scheme i n c o r p o r a t e s  

a p i e c e w i s e   c o n s t a n t   s t r e n g t h   s o u r c e   d i s t r i b u t i o n ,  a cont inuous 

p i e c e w i s e   l i n e a r   v o r t e x   s t r e n g t h   d i s t r i b u t i o n ,  and f l a t  s u r f a c e  

pane ls .  The h i g h   o r d e r   s c h e m e   i n c l u d e s   c o r r e c t i o n s   f o r   l o c a l  

sou rce   g rad ien t   and   pane l   cu rva tu re   i n   acco rdance  w i t h  reference 
8. Boundary  conditions are  n o r m a l l y   a p p l i e d   d i r e c t l y   a t   o n e  

c o n t r o l   p o i n t   p e r   p a n e l .  For both   the   double t   and   Green ' s  

i den t i ty   app roaches ,  theoretical r e l a t i o n s h i p s   e x i s t   b e t w e e n  

l o c a l   s i n g u l a r i t y   s t r e n g t h   a n d   l o c a l   v e l o c i t y   w h i c h   c a n   b e   u s e d  

t o  p r o v i d e   e i t h e r   a n   e q u i v a l e n t   i n t e r n a l   p o t e n t i a l   b o u n d a r y  
c o n d i t i o n   i n   l i e u   o f   p r e s c r i b e d   n o r m a l   v e l o c i t i e s   o r  a convenient  

means fo r  c a l c u l a t i o n   o f   v e l o c i t y   f r o m   s i n g u l a r i t y   s t r e n g t h .  

TABLE I. 2-D  SURFACE  SINGULARITY  METHODS  TESTED 

Surface Paneling Boundary Conditions 
I I I 

Low High 
Singularity 

Normal Internal I Order I Order I Velocity I Potential 
~ 

1 .  Source 

3. Combined 

X X 2. Doublet 

X X X 

Source-Doublet 

a. Least Squares 
(Reference 17) X X 

b. Symmetric 
Singularities 

X x (1) 

(Reference 18) 
X X 

c. Green's 
Identity (2) 

X X (Ref 19-21 ) (3) 

X X 
. 

2 8  

Velocity Calculation 

Influence 

Mode Strength Summation 
Solution Singularity Coefficient 
inverse Local 

X 

X X X 

. L  
. .  



Existing  computer  programs w e r e  a v a i l a b l e   t o  MCAIR f o r  a l l  

t h e   c o m b i n a t i o n s   l i s t e d   i n   T a b l e  I ,  e x c e p t   f o r   t h e   a p p l i c a t i o n  

o f   i n t e r n a l   p o t e n t i a l   b o u n d a r y   c o n d i t i o n s   t o  a G r e e n ' s   i d e n t i t y  I 

formulation  (which was developed as p a r t   o f   t h i s   c o n t r a c t   e f f o r t ) ,  

and the  i n v e r s e   ( o r   d e s i g n )   c a p a b i l i t y   f o r   t h e   G r e e n ' s   i d e n t i t y  

f o r m u l a t i o n   w i t h   i n t e r n a l   p o t e n t i a l   b o u n d a r y   c o n d i t i o n s  (which 

was r ecen t ly   deve loped   i n  a s e p a r a t e  MCAIR s u p p o r t e d   e f f o r t . )  

Documentation  of t h e  e a r l i e r  programs is a v a i l a b l e   i n   r e f e r e n c e s  

17-20 ,  as n o t e d   i n   T a b l e  I ,  and t h e  two new G r e e n ' s   i d e n t i t y  

programs a r e   d i s c u s s e d  l a te r  i n   t h i s   s e c t i o n   ( a l s o  see Reference 21). 
Detailed discussion  and  supporting  examples  comparing  most 

o f   t he   fo rmula t ion   approaches   i nd ica t ed   by   Tab le  I have  been 

p rov ided   i n   r e f e rences  1 7 ,  1 9 ,  and 20 and w i l l  n o t  be d u p l i c a t e d  

h e r e .  However, t h e  more s i g n i f i c a n t   c h a r a c t e r i s t i c s  are repea ted  

below. 

1. Source  methods are n u m e r i c a l l y   u n s t a b l e   f o r   t h i n   h i g h l y  

loaded   geometr ies ,  which r e s u l t s   f r o m   u s i n g   u n n e c e s s a r i l y  

s t r o n g   s i n g u l a r i t y   d e n s i t i e s   t o   i n d u c e  a flow f ie ld .  

(See f i g u r e  1 4 ) .  

2 .  Doublet  methods f a i l   n e a r   l e a d i n g   e d g e s   i n   d e s i g n  

problem i t e r a t i v e   s o l u t i o n s .  T h i s  i s  the consequence 

o f   t he   t heo re t i ca l   equ iva lence   be tween   doub le t   g ra -  

d i e n t  and l o c a l   v e l o c i t y .   I n  low  speed  regions, the  

combinat ion  of   low  f low  veloci ty   and  low  s ingular i ty  

s t r eng th   numer i ca l ly   decoup les   t he  effect  o f   l o c a l  
geometry  from  velocity,  and t h e  r e s u l t  i s  numerical  

i n s t a b i l i t y .  (See figure 1 5 ) .  

3 .  The  combined  source-doublet  combination  obtained  by 

t h e  least squares  approach  of reference 1 7  i s  numeri- 

c a l l y  stable f o r   b o t h   a n a l y s i s   a n d   d e s i g n .  However, 

t h e  least  s q u a r e s   p r o c e d u r e   r e s u l t s   i n  a s i g n i f i c a n t  

i nc rease   i n   computa t iona l   expense   by   i nc reas ing  t h e  

number of  unknowns. 

4 .  The symmetr ica l   s ingular i ty   approach   of   r . e fe rence  1 8  

is u n s t a b l e   f o r   d e s i g n .  
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Figure 15. Circular Cylinder Inverse Solution 
(Vor tex - Only Method) 
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Y 5 .  The mi ld   combined   source-double t   d i s t r ibu t ion   cor res -  
ponding t o  G r e e n ' s   i d e n t i t y   g e n e r a t e s   n u m e r i c a l l y  

stable resul ts  with  none of t h e   a d d i t i o n a l   e x p e n s e  
a s s o c i a t e d   w i t h  least  squa res .  

6 .  The h igh   o rde r   numer i ca l  scheme a p p l i e d  t o  f low  tan-  
gency  boundary  condi t ions  provides   increased  accuracy 

compared t o  low o r d e r  a t  on ly  a s l i g h t   i n c r e a s e   i n  com- 

puta t iona l   expense   and  w i t h  no i n c r e a s e   i n   n u m e r i c a l  

i n s t a b i l i t y .  (See f i g u r e  16). 
7 .  If f low  t angency   boundary   cond i t ions   a r e   app l i ed   t o  

t h e   h i g h   o r d e r   G r e e n ' s   i d e n t i t y   m e t h o d ,   t h e   v e l o c i t y  

ca l cu la t ed   by  summing t h e   i n d i v i d u a l   c o n t r i b u t i o n s   o f  

each  panel  i s  s i g n i f i c a n t l y  more accu ra t e   t han   app ly ing  

t h e  r e l a t ionsh ip   be tween   l oca l   ve loc i ty   and   l oca l  

s i n g u l a r i t y   d e n s i t y .  

- Exact  (Williams, R e f .  61 
0 MCAl R (Higher Order) 

FRACTION  CHORD 

Figure 16. Two-Element  Airfoil Inviscid Solution 
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8. The m i l d   s i n g u l a r i t y   d i s t r i b u t i o n   n e a r   t h e   t r a i l i n g  
edge  f rom  Green 's   ident i ty   permits   improved  accuracy  of  
c i r c u l a t i o n ,  by a Kut ta   condi t ion   o f  wake tangency  (zero 
normal  v e l o c i t y )   a t  a p o i n t  on t h e   t r a i l i n g   e d g e   b i s e c t o r  
a f e w   p e r c e n t   o f   t h e   t r a i l i n g   e d g e   p a n e l   l e n g t h  down- 
stream o f   t h e   t r a i l i n g   e d g e .  

I n t e r n a l - P o t e n t i a l  Boundary  Condition  FQrmulation 
Inasmuch as no  computer  program  which  could  handle  internal 

po ten t i a l   boundary   cond i t ions  w a s  a v a i l a b l e   t o  MCAIR a t  t h e  
s t a r t  Of th i s   con t r ac t   s tudy ,   t he   above   enumera ted   cha rac t e r i s -  
t i c s  o f   su r f ace   s ingu la r i ty   me thods   do   no t   i nc lude   cons ide ra t ion  
o f   po ten t i a l   boundary   cond i t ions .   The re fo re ,   an   appropr i a t e  
computer  program w a s  fo rmula t ed   and   t e s t ed   du r ing   t h i s   r epor t ing  
pe r iod .  The r e m a i n d e r   o f   t h i s   s e c t i o n  i s  ded ica t ed  t o  a b r i e f  
exp lana t ion   o f  t h e  program  formulation, t h e  p r e s e n t a t i o n   o f  
i l l u s t r a t i v e   e x a m p l e s ,   a n d   t h e   r e s u l t i n g   c o n c l u s i o n s .  

A s  implied  by  equat ion ( 1 7 )  a n d   i l l u s t r a t e d  i n  f i g u r e  1 0 ,  

G r e e n ' s   i d e n t i t y   i m p l i e s   t h a t   i f   t h e  source d e n s i t y  u everywhere 
on a g e o m e t r y   s a t i s f i e s   t h e   r e l a t i o n s h i p  

u = VN - VN 
m 

then it f o l l o w s   t h a t  t h e  v o r t e x   d e n s i t y  y w i l l  s a t i s f y   t h e   f o l -  
lowing  equation 

Here s u b s c r i p t s  N and T r e f e r   t o  t h e  surface  normal  and  tangen- 
t i a l   d i r e c t i o n s   r e s p e c t i v e l y ,  V i s  v e l o c i t y ,   a n d  m r e f e r s   t o   f r e e  
stream c o n d i t i o n s .  I t  i s  s imple t o  d e m o n s t r a t e   t h a t   i f   e q u a t i o n s  
( 1 9 )  and ( 2 0 )  are  s a t i s f i e d ,   t h e   f l o w   f i e l d   i n s i d e  t h e  body i s  
un i fo rm  wi th   ve loc i ty  V = V, ( r e f e r e n c e  19) . E q u i v a l e n t l y ,   t h e  
d i s t u r b a n c e   p o t e n t i a l  4 i n s i d e   t h e  body w i l l  be a cons tan t ,   and  
t h i s   f a c t   c a n   b e   u t i l i z e d  t o  g e n e r a t e   e q u i v a l e n t   i n t e r n a l   p o t e n -  
t i a l  boundary  condi t ions.  The p r o c e d u r e ,   f i r s t   a p p l i e d  by Morino, 
e t  a l ,  ( r e f e r e n c e  4 )  i s  as fo l lows:  

+ +  
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1. 

2. 

3 .  

For 

C a l c u l a t e   t h e   s o u r c e   d e n s i t y  u on  each  panel   f rom 
equa t ion  (19). VN i s  known a p r i o r i  from p r e s c r i b e d  
Neumann boundary  condi t ions  and VN, i s  a f u n c t i o n  of 
local  s u r f a c e   s l o p e   o n l y .  

C a l c u l a t e   t h e   l o c a l   v o r t e x   d e n s i t y  on  each  panel   by 

s o l v i n g  a system of l i n e a r  equa t ions   co r re spond ing  to a 

c o n s t a n t   i n t e r n a l   p e r t u r b a t i o n   p o t e n t i a l  a t  each  

p a n e l   c o n t r o l   p o i n t .  

C a l c u l a t e   t h e   v e l o c i t y  a t  any f i e l d   p o i n t   d i r e c t l y  from 

t h e   s o l u t i o n   s o u r c e - v o r t e x   d i s t r i b u t i o n .  
a i r f o i l s   h a v i n g   s u f f i c i e n t l y  small  camber and   th ickness ,  

it can be demons t r a t ed   t ha t   t he   above   so lu t ion   p rocedure  i s  equiv- 

a l e n t   t o  small d i s tu rbance , .   l i nea r i zed   boundary   cond i t ion   f l ow 

t h e o r y .  The demonst ra t ion  i s  based   on   t he   f ac t   t ha t   a long   any  
i n t e r n a l   p a t h   c o n n e c t i n g   a n y  t w o  c o n t r o l   p o i n t s   t h e   a v e r a g e   p e r t u r -  

b a t i o n   v e l o c i t y   c o m p o n e n t   p a r a l l e l   t o   t h e   p a t h  i s  ze ro .   Th i s  i s  
a d i r e c t   c o n s e q u e n c e   o f   h a v i n g   t h e  same p e r t u r b a t i o n   p o t e n t i a l   a t  

a l l  i n t e r n a l   c o n t r o l   p o i n t s .  Along a path  connect ing  upper   and 

l o w e r   s u r f a c e   c o n t r o l   p o i n t s  a t  a g i v e n   c h o r d w i s e   s t a t i o n ,   t h e  
average   per turba t ion   ve loc i ty   component   normal   to   the   chord  w i l l  
be   ze ro .  The s o u r c e   c o n t r i b u t i o n   t o   t h i s   z e r o   a v e r a g e  i s  approx- 
i m a t e l y   e q u a l   t o   t h e   f r e e  stream v e l o c i t y  component  normal ' to t h e  

loca l   camber ,  a f a c t   w h i c h  i s  e a s i l y   v e r i f i e d  by   cons ide r in?   t he  

d i f f e rence   be tween   t he   uppe r   and   l ower   su r f ace   sou rce   dens i t i e s  

(Equat ion 1 9 ) .  The source   induced   normal   ve loc i ty   mus t   be   o f fse t  
b y   t h e   v o r t e x   c o n t r i b u t i o n   i n   o r d e r   t o .   a t t a i n   t h e   m a g n i t u d e   o f   z e r o .  

The re fo re   t he   ave rage   o f   t he   uppe r   and   l ower   su r f ace   vo r t i c i ty  is 
uniquely   de te rmined   by   the   camber   and   inc idence   in   the  same manner 

as f o r  l i nea r i zed   f l ow  theo ry .   Th ickness   e f f ec t s   can   be   unde r s tood  

by c o n s i d e r i n g   t h e   a v e r a g e   p e r t u r b a t i o n   v e l o c i t y   a l o n g  a chord- 
wise pa th   be tween   two   i n t e rna l   con t ro l   po in t s  on e i t h e r   t h e  
upper   o r   lower   sur face .   Because   the   average   o f   the   upper   and  
lower   su r f ace   sou rces  i s  a p p r o x i m a t e l y   e q u a l   t o   t h e   t h i c k n e s s   s l o p e  

(Equat ion 19) I t h e   s o u r c e   c o n t r i b u t i o n   t o   t h e   i n t e r n a l   c h o r d w i s e  
v e l o c i t y  i s  t h e  same as t h e   t h i c k n e s s - i n d u c e d   t a n g e n t i a l   v e l o c i t y  
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of linearized  flow  theory. The vortex-induced  internal  velocity 
along the chord  line  will  offset  the  source  contribution,  with  the 
result  that  the  difference  between  upper and  lower  surface 
vorticity is twice  the  thickness-induced  velocity of linearized 
flow  theory. The consequence  of  the  similarity  between  the appli- 
cation  of  internal  potential  boundary  conditions and  small 
disturbance  linearized  flow  theory  is  that  for  sufficiently  thin, 
planar  geometries,  both  approaches  will  generate  similar  numerical 
behavior. In that  regard,  the  uniform  strength  source-doublet 
quadrilateral  panel  method of Morino  (Ref 4 )  actually  reduces  to 
conventional  vortex  lattice  method as thickness  approaches  zero. 

V 

t 

Actual Geometry 

Figure 17. Two-Dimensional Panel Modeling 
(F la t  Panels) 

In the  present  formulation,  a low order  modeling was used 
(piecewise  uniform  source,  continuous  piecewise  linear  vorticity, 
flat  panels). See  figure 17. At  the  center  or  control  point  of 
each  panel i, the  internal  perturbation  potential  is  designated 

Oi' Uniform  internal  perturbation  potential at each  control  point 
is  obtained  by  satisfying  the  following  system of equations: 



where  n  is the number  of  panels  used  to  model  the  airfoil  element. 
An  additional  equation  is  introduced  to  fix the circulation.  At 
the  discretion of the  user,  the  circulation can either  be  prescribed 
explicitly or generated  implicitly  by a Kutta  condition. The un- 
knowns  are  the  vortex  densities  at  the  n  panel  endpoints. The 
source  densities  are  known  a  priori  from  equation (19). 

After  solving  the  system of linear  equations for the  unknown 
vortex  densities,  the  surface  velocity can be  computed  either  by 
summing  the  effects of the  individual  panel  singularity  distribu- 
tions or by resorting  to  equations (19) and ( 2 0 ) ,  which  provide 
a  direct  relationship  between  local  velocity  and  local  singularity 
density. 

In  order  to  solve  equation (211, .  it is  first  necessary  to 
establish  the  linear  relationship  between  potential  and  the  source- 
vortex  distributions on a panel. Consider  a  panel  of  length s in 
Figure 18. The following  equation  provides  the  potential  at an arbi- 
trary  point ( to,q0) induced  separately by a  constant  source  density, 
constant  vortex  density,  and  linear  vortex  density on the panel. 

E 

Figure 18. Coordinate System for a  Panel of Length s 
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It is  noteworthy  that  the  vortex  induced  potential  is  dis- 
continuous  at n = 0 for co > 0 .  In  establishing  for  equation 
(211, it is necessary  to  eliminate the effect  of  the  discontinuity. 
This can  be  accomplished  by  interpreting A +  as the line  integral 
of  velocity  along  any  internal  path  between  control  points  i  and 
i+l. For convenience,  the  selected  path  follows  the  surface  of 
panels  i and  i+l. If  this  path  crosses no = 0 for 5, > 0 ,  then 
a  value  equal  in  magnitude  to  the  potential  discontinuity  is 
subtracted to eliminate  the  effect  of  the  discontinuity. 
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S p e c i a l   t r e a t m e n t  i s  a p p l i e d  if t h e r e  are any   s lope   d i scon-  

t i n u i t i e s  on t h e   a i r f o i l   s u r f a c e ,   s u c h  a s  a s h a r p   t r a i l i n g   e d g e .  
A t  e ach   pane l   endpo in t   t ha t  i s  des igna ted  a s h a r p   c o r n e r ,  a d i s -  

c o n t i n u i t y  i s  a l l o w e d   i n   t h e   v o r t e x   d e n s i t y .   T h i s   c o r r e s p o n d s  
t o  t h e   f a c t   t h a t   t h e o r e t i c a l l y   t h e   p e r t u r b a t i o n   v e l o c i t y . ' i s   d i s -  

cont inuous a t  a co rne r .  The magnitude of t h e   v o r t e x   d e n s i t y   h o p  
a t  t h e  pane l   endpoin t  i s  a n   a d d i t i o n a l  unknown which i s  determined 

th rough   t he   i n t roduc t ion   o f   an  i n t e r n a l  c o n t r o l   p o i n t  a few p e r c e n t  

of pane l   l eng th   f rom  the   co rne r .  The imposit ion  of  uniform 
i n t e r n a l   p e r t u r b a t i o n   p o t e n t i a l  i s  a p p l i e d   t o   e a c h   s h a r p   c o r n e r  
c o n t r o l   p o i n t ,  as w e l l  as t o  t h e  p a n e l   c e n t e r   p o i n t s .  

Computing t i m e  i s  near ly   independent   of   the   type  of   boundary 
c o n d i t i o n   a p p l i e d .  For e i t h e r  t he  d i r e c t   f l o w   t a n g e n c y   o r  
i n d i r e c t   i n t e r n a l   p o t e n t i a l   m e t h o d s ,   e s s e n t i a l l y  t h e  same terms 

are req-uired f o r  i n f l u e n c e   c o e f f i c i e n t   c a l c u l a t i o n   a n d   t h e  same 
number of l i nea r  equa t ions  m u s t  be   so lved .  

Comparison  of  Green' .s   Identity  Formulations 
The p r e s e n t  l o w  o rde r   Green ' s   i den t i ty   pane l   me thod   u s ing  

po ten t i a l   boundary   cond i t ions  h a s  been  compared  with  both  the low 

a n d   h i g h   o r d e r   G r e e n ' s   i d e n t i t y   f o r m u l a t i o n s   o f   r e f e r e n c e s  1 9  and 
2 0 ,  i n  which t h e  conven t iona l   p re sc r ibed  normal  ve loc i ty   boundary  
cond i t ion  i s  a p p l i e d  a t  e a c h   p a n e l   c o n t r o l   p o i n t .  I t  i s  noted 

t h a t  i n  eve ry  test case f o r  which   ve loc i ty  or p r e s s u r e  i s  
i l l u s t r a t e d   i n   t h e   r e s u l t s   t o   b e   p r e s e n t e d   b e l o w ,   e q u a t i o n  ( 2 0 )  

was a p p l i e d   f o r  t h e  poten t ia l   boundary   condi t ion   method  and   the  
i n d i v i d u a l   e f f e c t s   o f  t h e  pane ls  were summed f o r   t h e   o t h e r  two 

methods.   This   corresponds  to   what   has   proved  to   generate   the 
b e s t   p r e d i c t i o n   a c c u r a c y   i n   e a c h   c a s e .   I n   s e l . e c t e d   c a s e s ,  re- 
s u l t s   a r e   a l s o   p r e s e n t e d   f o r  t h e  l o w  order   Douglas  Neumann 

source  method  which u s e s  p i ecewise   cons t an t   sou rce   dens i ty ,  

u n i f o r m   s u r f a c e   v o r t i c i t y ,   a n d   f l a t   p a n e l s .  T h i s  source  method 
i s  analogous t o  the   ex i s t ing   t h ree -d imens iona l   Doug las  Neumann 

. .. _. 

Program of r e f e r e n c e  2.  I n  every  example  for   which  there  i s  

l i f t ,   t h e  same n e t   i n t e g r a t e d   v o r t i c i t y  w a s  u s e d   f o r   a l l   t h e  
methods i n   o r d e r   t o   a v o i d   t h e   c l o u d i n g   e f f e c t s   o f   d i f f e r e n t  

Kut ta   condi t ions .  
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The tes t  case sol id-body  geometr ies   cover  a wide  range  of 
shapes   and   th icknesses .   Inc luded  are a c i r c u l a r   c y l i n d e r ,  
Karman-Trefftz a i r f o i l ,   s u p e r c r i t i c a l  a i r f o i l ,  n e a r l y  f l a t  

p l a t e   w i t h   n o i s y   c o o r d i n a t e   d e f i n i t i o n ,   a n d  a th in   symmetr ica l  
a i r f o i l  a t  zero   inc idence .  The symbols  used i n   t h e   f i g u r e s   f o r  
a l l  cases are  de f ined  as fo l lows:  

0 Low o r d e r   G r e e n ' s   i d e n t i t y   w i t h   p o t e n t i a l   b o u n d a r y  
c o n d i t i o n s  

A Low o r d e r   G r e e n ' s   i d e n t i t y   w i t h   n o r m a l   v e l o c i t y  boun- 
da ry   cond i t ions  

0 High   o rde r   Green ' s   i den t i ty   w i th   no rma l   ve loc i ty  
boundary  condi t ions 

0 Low order   Douglas  Neumann 
For the   example   involv ing  a c i r c u l a r   c y l i n d e r ,   t h e   o b j e c t i v e  

w a s  t o   de t e rmine   p red ic t ion   accu racy   ve r sus   pane l   dens i ty .  Two 

panel  models were es tab l i shed ,   one   us ing   twenty   and   the   o ther  

u s i n g   f o r t y   e q u a l l y   s p a c e d   p a n e l s .  By compar ing   the   ca lcu la ted  

s u r f a c e   v o r t e x   d e n s i t y  Y a g a i n s t  t h e  e x a c t   a n a l y t i c a l   v a l u e  
c o r r e s p o n d i n g   t o   G r e e n ' s   i d e n t i t y ,  it w a s  p o s s i b l e   t o   e s t a b l i s h  
the   roo t -mean- squa re   e r ro r   i n   vo r t i c i ty   a round   t he   cy l inde r .  
The r e s u l t s  are as a n t i c i p a t e d   f o r   t h e   c a s e   i n v o l v i n g   p r e s c r i b e d  
normal   ve loc i ty   boundary   condi t ions ,  i . e . ,  f low  tangency   ( f igure  
1 9 ) .  C o n s i s t e n t   w i t h   t h e   e x p l a n a t i o n   o f   r e f e r e n c e  2 0 ,  t h e  l o w  
o r d e r   p r e d i c t i o n   e r r o r  i s  p r o p o r t i o n a l   t o   t h e   i n v e r s e  of pane l  
d e n s i t y   a n d   t h e   h i g h   o r d e r   e r r o r  i s  p r o p o r t i o n a l   t o   t h e   s q u a r e  
o f   t h e   i n v e r s e   o f   p a n e l   d e n s i t y .  What w a s  un fo reseen   ( a s  shown 
i n   f i g u r e  1 9 )  i s  t h a t   t h e   p r e d i c t i o n   e r r o r   f o r   t h e  l o w  o r d e r  
s o l u t i o n   w i t h   i n t e r n a l   p o t e n t i a l   b o u n d a r y   c o n d i t i o n s   e x h i b i t s  
h i g h e r   o r d e r   c h a r a c t e r i s t i c s ;   t h a t  i s ,  t h e   e r r o r   v a r i e s   p r o p o r -  
t i o n a t e l y   t o   t h e   s q u a r e  of t h e   i n v e r s e   o f   t h e  number of   panels .  

S i m i l a r  t r e n d s  are  a p p a r e n t   f o r  a th in ,   h igh ly   l oaded  
Karman-Trefftz a i r f o i l   ( f i g u r e s  2 0  and 2 1 ) .  The v i r t u a l l y  
exact   conformal   mapping  technique  of   Catheral l -Sel ls   ( reference 
5)  w a s  used t o  provide  a s tandard   o f   compar ison .   Both   in   the  2 5  

p a n e l   r e p r e s e n t a t i o n   o f   f i g u r e  2 0  and i n   t h e   s t a g n a t i o n   r e g i o n  
o f  a 5 0  p a n e l   r e p r e s e n t a t i o n   ( f i g u r e  211, t h e   c a l c u l a t e d   v e l o c i t y  
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Figure 19. Prediction  Accuracy for  a Circular  Cylinder 

a n d   p r e s s u r e   d i s t r i b u t i o n s   f o r   t h e  l o w  o rde r   po ten t i a l   boundary  
c o n d i t i o n   s o l u t i o n   a r e   v e r y   a c c u r a t e   a n d   n e a r l y   i d e n t i c a l  t o  t h e  

h igh   o rde r   f l ow  t angency   so lu t ion .  On t h e   o t h e r   h a n d ,   t h e  

accuracy   of   the  low o r d e r  f l o w  tangency   so lu t ion  i s  cons iderably  

worse.  
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F o r   t h e   s u p e r c r i t i c a l   a i r f o i l   o f   F i g u r e  22,  t h e  low o rde r  
Po ten t i a l   boundary   cond i t ion   me thod   aga in   p rov ides   exce l l en t  results. 
The  Douglas Neumann c o n s t a n t   s o u r c e   s o l u t i o n  i s  also presented  i n  
t h e   f i g u r e  t o  i l l u s t r a t e   t h e  well-known t h i n   a i r f o i l   i n s t a b i l i t y  
a s s o c i a t e d   w i t h   s o u r c e   s o l u t i o n s .  T o  account  f o r  t h e  lift of   t he  

s u p e r c r i t i c a l  a i r f o i l ,  the   usua l   approach   of   adding  a uniform 
v o r t e x   d e n s i t y   a r o u n d   t h e   a i r f o i l  w a s  implemented i n   t h e   D o u g l a s  

Neumann method. I t  i s  no tewor thy   t ha t   fo r   t h i s   example  much of,  
t h e  error as soc ia t ed   w i th   t he   sou rce   so lu t ion   cou ld   have   been  
e l imina ted  by r e p l a c i n g   t h e   u n i f o r m   v o r t e x   d i s t r i b u t i o n  by a 
d i s t r i b u t i o n   p a r a b o l i c   i n  terms of   sur face   d i s tance   (Reference  2 2 ) .  
F o r   c e r t a i n   g e o m e t r i e s ,   t h e   p a r a b o l i c   d i s t r i b u t i o n   a l l o w s   w e a k e r  
sou rce   s t r eng ths   and   t he re fo re   improves   t he   p red ic t ion   accu racy .  

I n   o r d e r   t o   d e t e r m i n e   s e n s i t i v i t y   t o   c o o r d i n a t e   n o i s e ,   t h e  
u p p e r   s u r f a c e   v e l o c i t y   d i s t r i b u t i o n  was c a l c u l a t e d   f o r  t h e  non- 
l i f t i n g   n e a r l y   f l a t   p l a t e  of F igure  2 3 .  I d e a l l y ,   t h e  smooth  upper 
sur face   should   be   insu la ted   f rom  the   j agged   lower   sur face   and   the  
c a l c u l a t e d   r e s u l t s   s h o u l d   a g r e e   c l o s e l y   w i t h   t h e   s o l u t i o n   f o r  

a n o n l i f t i n g   f l a t   p l a t e   a t  -9OO incidence.   Such is  t h e   c a s e  

f o r  a l l  t h r e e   G r e e n ' s   i d e n t i t y   s o l u t i o n s ,   w h i c h  are n e a r l y  
i d e n t i c a l .   A g a i n ,   t h e   s o u r c e   s o l u t i o n  re f lec ts  t h e  t h i n   a i r f o i l  
i n s t a b i l i t y .  

The f i n a l  example   explores   the   l imi t ing   behavior   o f  a 
s y m m e t r i c a l   a i r f o i l  a t  z e r o   i n c i d e n c e   a s   t h i c k n e s s   r a t i o  

approaches   zero   ( f igure  2 4 ) .  The p e r t u r b a t i o n   v e l o c i t y   f o r  
t h e  l o w  o rde r   po ten t i a l   boundary   cond i t ion   me thod   and   fo r   t he  

h i g h   o r d e r  f l o w  tangency  method  share   approximately  the same 
a v e r a g e   p r e d i c t i o n   e r r o r ,   w h i c h  i s  much less t h a n   t h e   e r r o r  from 

t h e  low o rde r   f l ow  t angency   so lu t ion   ( f igu re   25 ) .  A s  a f u n c t i o n  
o f   p a n e l   d e n s i t y ,   t h e   v o r t e x   d e n s i t y  a t  50% chord   fo r  a l l  t h r e e  
m e t h o d s   a p p r o a c h e s   t h e   a n a l y t i c a l   l i n e a r i z e d   t h e o r y   v a l u e   a s  

p a n e l   d e n s i t y   i n c r e a s e s   ( f i g u r e  2 6 ) .  However, o n l y   t h e   v o r t i c i t y  
f r o m  p o t e n t i a l   b o u n d a r y   c o n d i t i o n s   e x h i b i t s  good accuracy.  
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From the   above   examples ,   one   reaches   the   here tofore   unex-  
p e c t e d   c o n c l u s i o n   t h a t ,   e v e n   i n  a l o w  o r d e r   f o r m u l a t i o n ,   t h e  
a p p l i c a t i o n   o f   i n t e r n a l   p o t e n t i a l   b o u n d a r y   c o n d i t i o n s   p r o v i d e s  
p r e d i c t i o n   a c c u r a c y   t h a t  i s  i n  most p r a c t i c a l   c a s e s   e q u i v a l e n t   t o  
a h i g h e r   o r d e r   f o r m u l a t i o n .   T h i s   a p p l i e s   o n l y  t o  t h e   v e l o c i t y  
c a l c u l a t e d  by equa t ion  ( 2 0 ) ;  v e l o c i t y   c a l c u l a t e d  by summing t h e  
p r o d u c t   o f   v e l o c i t y   i n f l u e n c e   c o e f f i c i e n t s   a n d   s i n g u l a r i t y   d e n s i t y  
i s  s i g n i f i c a n t l y  less accura te .   The   pre l iminary   explana t ion  i s  
t h a t   t h e   i n c r e m e n t   i n   p o t e n t i a l   b e t w e e n   a d j a c e n t   c o n t r o l   p o i n t s  
i s  nea r ly   i ndependen t   o f   bo th   sou rce   g rad ien t   and   su r f ace   cu r -  
v a t u r e   e f f e c t s   f o r  a wide  range  of  geometric  shapes.   Therefore,  
t h e   p r o s p e c t   e x i s t s   f o r   o b t a i n i n g   h i g h e r   o r d e r   p r e d i c t i o n  
accu racy   w i thou t   t he   add i t iona l   complex i ty   o f   ca l cu la t ing  
h i g h e r   o r d e r   c o r r e c t i o n s  t o  t h e   i n f l u e n c e   c o e f f i c i e n t s .  

Accuracy  of  Concave  Corner  Solutions 

On t y p i c a l   a i r c r a f t   c o n f i g u r a t i o n s ,   t h e   i n t e r s e c t i o n   o f  
t h e  wing  and  fuselage  generates  a s h a r p   c o n c a v e   c o r n e r   i n   t h e  
c ross - f low  p lane .  The ex is t ing   Douglas  Neumann s u r f a c e   s o u r c e  
method p r e d i c t s  a v e l o c i t y   d i s t r i b u t i o n   t h a t  increases wi thou t  
bounds a s   t h e   c o r n e r  i s  a p p r o a c h e d ,   r a t h e r   t h a n   t h e   f i n i t e  
v e l o c i t y  l i m i t  c o r r e s p o n d i n g   t o   t h e   c o r r e c t   i n v i s c i d   f l o w  

t a n g e n c y   s o l u t i o n .   T h i s   c h a r a c t e r i s t i c   o f  t h e  Douglas Neumann 
method is  discussed  by H e s s  i n   r e f e r e n c e  2 3  f o r   t h e   s p e c i a l  case 
of  two-dimensional  flow. 

I n   o r d e r  t o  ascer ta in   whether   implementat ion  of   Green 's  
i d e n t i t y   o f f e r s   t h e   p r o s p e c t  of improving  predict ion  accuracy 
nea r   sha rp   concave   co rne r s ,   an   i nves t iga t ion  was conducted  for  
the  s imple  two-dimensional   geometry  of   f igure 27.  This  
geometry w a s  i n i t i a l l y   u s e d  by Hess i n   h i s   s t u d y   o f  source 
m e t h o d   p r e d i c t i o n   c h a r a c t e r i s t i c s .  H e  compared the   numer ica l  
and   exac t   ana ly t i ca l   so lu t ions   nea r   t he   concave   co rne r  a t  S = 0 .  
The p r e s e n t   s t u d y   r e p e a t s   h i s   p r o c e d u r e   w i t h   t h e   i n c l u s i o n   o f  

P r e d i c t i o n s  by t h e   h i g h e r   o r d e r   G r e e n ' s   i d e n t i t y   p a n e l  method 
us ing  f l o w  tangency  boundary  condi t ions.  
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Figure 27. Simple  Geometry  with  a Concave Corner 

Hess provided  the  solutions  from  his  low  order  Douglas 
Neumann  source  method.  The  geometry of figure 27 modeled  by 
Hess  incorporates 56 equal  length  panels  between S = 0 and 
0 . 3 0  and 66 equal  length  panels  between S = 0.30 and 1 - 0 0 .  

Identical  paneling  was  used on the  lower  half of the  geometry. 
For  the  Green's  identity  panel  method, we used  essentially  the 
same  panel  distribution,  but  only  one-half  the  panel  density 
in  order  to  avoid  increasing  the  dimension  limits of the pro- 
gram. 

Both  the  symmetric (0 '  a )  and  anti-symmetric (90 '  a )  solu- 
tions  were  investigated. At any  intermediate  angle of attack, 
the solution is simply  a  linear  combination of these t w o  

solutions.  In  the  vicinity  of a concave  corner,  Hess  states 
that the exact  velocity  varies  as V % S 3  for  symmetric  flow  and 
v Q S for  anti-symmetric  flow. 

The calculated  velocity  distribution  for  symmetric  flow  is 
presented in figure 2 8  as  a  function of surface  distance S. 
The Douglas  Neumann  and  Green's  identity  solutions  are  virtually 
identical  except  near  the  concave  corner, where the  former  blows 



up. On the o t h e r   h a n d ,   t h e   G r e e n ' s   i d e n t i t y   s o l u t i o n  i s  seen 
t o  approach   s tagnat ion  a t  t h e   c o r n e r ,  as does the e x a c t   a n a l y t i -  
ca l  s o l u t i o n .  The d e t a i l e d   b e h a v i o r  of t h e   G r e e n ' s   i d e n t i t y  
s o l u t i o n   v e r y   n e a r   t h e   c o r n e r  i s  e v i d e n t   i n   f i g u r e  2 9 ,  where 

v e l o c i t y   h a s   b e e n   p l o t t e d   v e r s u s   s u r f a c e   d i s t a n c e  on a log-log 
scale. Notice t h a t   t h e   n u m e r i c a l   s o l u t i o n   a g r e e s  w e l l  w i t h   t h e  
e x a c t   s o l u t i o n  (V % S')  excep t   w i th in  t w o  pane l   l eng ths  of t h e  
c o r n e r ,   w h e r e   t h e   v e l o c i t y  error i s  approximately 0 . 0 0 1  V,. 

This  error i s  ins ign i f i can t   and   wou ld   no t   be   no t i ceab le  if a 

loga r i thmic  scale w e r e  no t   used .  

I M  
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Figure 28. Calculated  Velocity  Distribution for Symmetric Flow 
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Figure 29. Velocity  Distribution  Near A Concave Corner 
(Symmetric Flow) 

Simi lar   g raphs   for   an t i - symmetr ic   f low are p r e s e n t e d   i n  

f i g u r e s  30 and 31. Here the   d i screpancy   be tween  the  two  methods 
i s  much smaller, a l though   t he   Green ' s   i den t i ty   app roach  s t i l l  
provides  a s i g n i f i c a n t l y   b e t t e r   v e l o c i t y   d i s t r i b u t i o n   n e a r   t h e  

concave  corner.  
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Figure 30. Calculated  Velocity  Distribution for  Anti-Symmetric  Flow 
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, I  The concave  corner  example w a s  r e p e a t e d   f o r   t h e  l o w  o r d e r  
! Y  

i n t e r n a l   p o t e n t i a l   a p p r o a c h ,   a n d   t h e   r e s u l t s   a r e  similar t o  t h e  
s o l u t i o n  for  the .   h - igher   o rder   f low  tangency   Green ' s   ident i ty  
formulat ion.  

It  i s  concluded  that   for   two-dimensional   f low,   Green 's  
i den t i ty   p rov ides   an   improved   f l ow  mode l   i n   t he   v i c in i ty  of a 
concave  corner when compared t o   t h e  Douglas Neumann s o l u t i o n .  
I t  i s  e x p e c t e d   t h a t   t h i s   b e n e f i t  w i l l  c a r r y   o v e r  t o  t h e  wing- 
f u s e l a g e   i n t e r s e c t i o n   r e g i o n   i n   t h e   m o d e l i n g   o f   a n   a i r c r a f t .  

Inverse   (Des ign)   Capabi l i ty  
The approach   of   re fe rence  1 7  w a s  u s e d   t o   f o r m u l a t e   t h e  

c o m p l e t e   p a r t i a l   d e r i v a t i v e   d i s t r i b u t i o n   o f   s u r f a c e   v e l o c i t y  
w i t h  r e s p e c t  t o  su r face   geomet ry ,   fo r   t he  low o r d e r ,   i n t e r n a l  
p o t e n t i a l   b o u n d a r y   c o n d i t i o n   f o r m u l a t i o n   o f   G r e e n ' s   i d e n t i t y .  
Then, by p r e s c r i b i n g   a n   a r b i t r a r y   c h a n g e   i n   s u r f a c e   v e l o c i t y  
d i s t r ibu t ion ,   t he   p rog ram  de t e rmines   t he   co r re spond ing   f i r s t   o rde r  
change i n  geometry  by  solving a s y s t e m  of l i n e a r   e q u a t i o n s .  By 
i t e r a t i o n ,   t h e  program  des igns   the   mul t ie lement   a i r fo i l   geometry  

having a s p e c i f i e d   v e l o c i t y   d i s t r i b u t i o n  on  one o r  more e l emen t s .  
For  each  element t o  be  designed i n  a m u l t i - e l e m e n t   a i r f o i l  
system  (up t o  f ive   e l emen t s ) ,   t he   fo l lowing   s t eps   a r e   i nvo lved :  

The u s e r  p r e s c r i b e s  a des ign   p re s su re  o r  v e l o c i t y  
d i s t r i b u t i o n   a r o u n d   t h e   s u r f a c e s  of one o r  more of t h e  

v a r i o u s   a i r f o i l  elements. The geometry  of  the  remain- 
i n g  e l e m e n t s  w i l l  be   f ixed .  
The u s e r   p r e s c r i b e s  a s t a r t i n g   g e o m e t r y   t o   i n i t i a l i z e  
the   ca l cu la t ions   and   t he   l oca t ion   o f   one   po in t   on   each  
element t o  b e   f i x e d   i n   s p a c e ,   s u c h  as t h e   t r a i l i n g  

edge. 
The p r o g r a m   s o l v e s   t h e   d i r e c t   p r o b l e m   f o r   t h e   s t a r t i n g  
geometry i n   o r d e r   t o   d e t e r m i n e   t h e   c h a n g e   i n   v e l o c i t y  
d i s t r i b u t i o n   r e q u i r e d   t o   a c h i e v e   t h e   p r e s c r i b e d   v a l u e s  

The p rogram  ca l cu la t e s   t he   r a t e   o f   change   o f   su r f ace  
v e l o c i t y   w i t h   r e s p e c t   t o  an a r b i t r a r y   c h a n g e   i n   s u r f a c e  
a n g l e   d i s t r i b u t i o n .  The element  perimeter  remains 

55 



f i x e d .  If t h e   t a n g e n t i a l  component of v e l o c i t y  a t  t h e  
c o n t r o l   p o i n t  of t h e  ith pane l  i s  des igna ted  V T ~ ,  and 
i f   t h e   s u r f a c e   a n g l e   o f   t h e  jth panel  is des igna ted  O j  , 
t h e n   t h e   a r r a y  A i j  i s  ca l cu la t ed   where  

avT, 

( 5 )  The c h a n g e   o f   s u r f a c e   a n g l e   d i s t r i b u t i o n  i s  c a l c u l a t e d  

i n   a c c o r d a n c e   w i t h   t h e   p r e s c r i b e d   v e l o c i t i e s   a n d   t h e  

f o l l o w i n g   f i r s t   o r d e r   e x p r e s s i o n .  

-L J 

( 6 )  The geometry i s  c o r r e c t e d  by the   p rogram,   and   s teps  
( 3 )  - ( 5 )  a r e   r e p e a t e d   a s  a series o f   i t e r a t i o n   c y c l e s .  

The most d i f f i c u l t   a n d   i m p o r t a n t   s t e p  i n  f o r m u l a t i n g   t h e   i n v e r s e  

c a p a b i l i t y  i s  t o   g e n e r a t e   t h e   m a t r i x  A i j .  I t  i s  n o t e d   t h a t  a l l  

terms were i n c o r p o r a t e d   i n   d e r i v i n g   t h e   p a r t i a l   d e r i v a t i v e ,  

i n c l u d i n g   s i n g u l a r i t y   s t r e n g t h   c h a n g e s   a n d   t h e   d i s p l a c e m e n t   o f  
p a n e l s   j + l ,  j + 2 ,  e tc .  co r re spond ing   t o   t he   su r f ace   ang le   change  
A O j .  The co r re spond ing   s ingu la r i ty   s t r eng th   changes  are obta ined  
by a f i r s t   o r d e r   e x p a n s i o n   t o  t h e  boundary   condi t ion   equat ion .  

A t y p i c a l   i n v e r s e   s o l u t i o n   r e q u i r e s   f i v e  i t e r a t i o n  c y c l e s ,  
where  each  cycle   requires   approximately  four  times the  computing 

t i m e  of a d i r e c t   p r o b l e m   s o l u t i o n .  On t h e  CBC  CYBER 173, a 
t y p i c a l   t w o - e l e m e n t   a i r f o i l   i n v e r s e   p r o b l e m   w i t h   s e v e n t y   p a n e l s  

u ses  20 seconds  computing time per   cycle .   This   compares  w i t h  

1 5 0  seconds   pe r   cyc le  f o r  t h e   e a r l i e r   l e a s t   s q u a r e s  method 
( r e f e r e n c e  1 7 ) .  

Two examples   a re   d i scussed   here in  t o  i l l u s t r a t e   i n v e r s e  
problem  so lu t ion   convergence   charac te r i s t ics .  
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The o b j e c t i v e   o f   t h e   f i r s t   e x a m p l e  i s  t o  des ign  a c i r c u l a r  
c y l i n d e r  by us ing  a n e a r l y  f l a t  p l a t e   f o r   t h e   s t a r t i n g   g e o m e t r y  
( F i g u r e   3 2 ) .  The e x a c t   a n a l y t i c a l   s u r f a c e   v e l o c i t y   d i s t r i b u t i o n  w a s  

/j prescr ibed,   and  the  converged  solut ion  geometry of f i g u r e  32 
; j  

;I ,  w a s  o b t a i n e d   a f t e r   f o u r   i t e r a t i o n   c y c l e s .  The panel   endpoin ts  
4 are  w i t h i n  a maximum d i s t a n c e   o f  0 .002  x r a d i u s   o f   l y i n g  on a 

4 c i r c l e .  T h e   c o m p l e t e   p a r t i a l   d e r i v a t i v e s  of v e l o c i t y   w i t h  

,,! 

I! 
1 

1 

r e s p e c t  t o  sur face   angle   change  are n e c e s s a r y   b u t   n o t   s u f f i c i e n t  
fo r   ob ta in ing   conve rgence   abou t   t he   pe r iphe ry   o f  t h i s  example. 
The u s e  of mild combined s o u r c e - v o r t e x   s i n g u l a r i t i e s  i s  a l s o  a 

?!I 

i fac tor .  To i l l u s t r a t e ,   t h e  example w a s  r e p e a t e d ,   b u t   t h i s  t i m e .  
o n l y   v o r t e x   s i n g u l a r i t i e s  were used t o   i n d u c e   t h e   f l o w   f i e l d ,   i n  
acco rdance   w i th   t he   ana lys i s  method of Woodward-Dvorak ( r e f e r e n c e  
11). The geometry  never   converged  ( f igure 15 )  b u t   o s c i l l a t e d  
- +30° i n   t h e   l e a d i n g   e d g e   r e g i o n  f r o m  o n e   i t e r a t i o n   c y c l e   t o  the  
n e x t .  

The  second  example  demonstrates t h e  i n v e r s e   s o l u t i o n   f o r  t h e  

two-element Williams a i r f o i l   p r e s e n t e d   e a r l i e r  i n  f i g u r e  1 6 .  The 

s imple   s t a r t i ng   geomet ry  shown i n   f i g u r e  33 was u s e d   t o   i n i t i a l i z e  
t h e   c a l c u l a t i o n s ,   a n d   t h e   e x a c t   s u r f a c e   v e l o c i t y   d i s t r i b u t i o n  of 
Williams w a s  p r e s c r i b e d  on both  e lements .  The geometry  converged 
and  agreed w i t h  t h e  t a r g e t   g e o m e t r y   t o   w i t h i n  a tolerance  of   one-  
t e n t h  of   one  degree  surface  angle  on a l l  p a n e l s   i n   f i v e   i t e r a t i o n s .  

T h i s  approach t o  t h e  design  problem i s  s u i t a b l e   f o r   e x t e n -  
s i o n   t o  3-D. The 2-D i n v e r s e  method  based  on t h e  Green 's  
ident i ty   formula t ion   has   demonst ra ted  low c o s t  combined w i t h  

c o n s i s t e n t   a c c u r a c y   a n d   s t a b i l i t y .  The  low c a l c u l a t i o n   c o s t  w i l l  
be   even more i m p o r t a n t   i n  a 3-D method. The e f f o r t   o f   d e v e l o p i n g  
a 3-D method i s  reduced   s ince   the   modi f ied  3-D analysis   program 
uses  the same l o w - o r d e r   s i n g u l a r i t i e s   a n d   i n t e r n a l   p o t e n t i a l  
boundary   cond i t ions   a s   t he  2-D inverse   method.  The modified 3-D 
p rogram  can   be   u sed   d i r ec t ly   fo r   t he   ana lys i s   s t eps .  The i n v e r s e  
c a p a b i l i t y  would  play  an  obvious  role  i n  f u t u r e   h i g h - l i f t   d e v i c e  
design,  and  would also be   va luable   in   ana lyz inq   f low f i e lds  wi th  
s t r o n g   v i s c o u s - i n v i s c i d   i n t e r a c t i o n s .  
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Starting Geometry 

After 2 
Iterations 

After 4 
Iterations 

(Converged) 

Figure 32. Circular  Cylinder Inverse Solution 
(MCAI R Method) 
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Prescribed  Points 
for Fixed Gap 

Starting  Geometry 

Prescribed  Points 

- 
v, / 

After 2 Iterations 

After 5 Iterations 

(Indistinguishable from Target Geometry) 

Figure 33. Two-Element  Airfoil Inverse Solution 
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Selec ted   Formula t ion  

Overa l l ,   t he   r e sea rch   i n to   two-d imens iona l   pane l   me thod  
f o r m u l a t i o n s   i n d i c a t e s   t h a t   o n l y   t h r o u g h   t h e   a p p l i c a t i o n  of t h e  
combined   source-double t   d i s t r ibu t ion  of G r e e n ' s   i d e n t i t y  w i l l  
o n e   c o n s i s t e n t l y   o b t a i n   n u m e r i c a l l y   s t a b l e   c a l c u l a t i o n s   i n   b o t h  
ana lys i s   and   des ign  modes w i t h o u t   a n y   s i g n i f i c a n t   i n c r e a s e   i n  
computational  expense  compared t o  e i t h e r  a sou rce  or  doub le t  

on ly   fo rmula t ion .   Wi th   h iqhe r   o rde r   co r rec t ions ,   f l ow  t angency  
boundary   cond i t ions   cons i s t en t ly   p rov ide   accu ra t e   p red ic t ions .  

Competi t ive  accuracy  can  be  obtained for  a wide  range  of  shapes 
w i t h o u t   s u c h   c o r r e c t i o n s   i f   i n t e r n a l   p o t e n t i a l   b o u n d a r y   c o n d i -  

t i o n s  are  a p p l i e d .  
For i n i t i a l  development  of a 3-D Douglas Neumann Program 

m o d i f i c a t i o n ,   t h e   i n t e r n a l   p o t e n t i a l   b o u n d a r y   c o n d i t i o n   f o r m u l a -  

t i o n   h a s   t h e   a d v a n t a g e  of us ing   the   low-order   source   pane l  
s i n g u l a r i t i e s   a l r e a d y   i n   t h e   p r o g r a m ,   w h i l e   t h e   f l o w   t a n g e n c y  

boundary  condition  approach  would  require t h e  a d d i t i o n a l   e f f o r t  
o f   i n c o r p o r a t i n g   t h e   h i g h - o r d e r ,   c u r v e d   p a n e l   s i n g u l a r i t i e s  
still under  development  by  Douglas  Aircraft  Company. The i n t e r n a l  
p o t e n t i a l  method i s  a l s o  a c o n s i s t e n t   a n a l y s i s  method f o r  ex tending  
t h e  2-D i n v e r s e  method t o  a 3-D c a p a b i l i t y .   T h e r e f o r e ,   t h e   i n t e r -  

n a l   p o t e n t i a l   f o r m u l a t i o n  was s e l e c t e d   f o r  the 3-D program  modifi- 

c a t i o n .  
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lllf 
i 4 NUMGRICAL SOLUTION FOWlULATION 

d 
The formula t ion  i s  p resen ted  as a ' m o d i f i c a t i o n  t o  t h e   e x i s t -  

.,' ing  Douglas Neumann Program  ( re ference  2 )  t o  improve   t he   e f f i -  
,"' c i e n c y   a n d   r e l i a b i l i t y   o f   p r e d i c t i n g  component i n t e r f e r e n c e   a n d  h '  

h i g h   l i f t   c h a r a c t e r i s t i c s   o f  wing-body c o n f i g u r a t i o n s .  The p r i -  
mary mod i f i ca t ion  i s  the   subs t i t u t ion   o f   t he   mi ld   combined   sou rce -  

; d o u b l e t   d i s t r i b u t i o n   o f   G r e e n ' s   i d e n t i t y   f o r   t h e   f u n d a m e n t a l  
s o u r c e - o n l y   d i s t r i b u t i o n   o f   t h e   e x i s t i n g   p r o g r a m .  The advantages 
associated  with  combined  source-doublets  were e x p l a i n e d   i n  terms 

, I! of  c lass ical  t h e o r y   i n   t h e   s e c t i o n  on P o t e n t i a l  Flow Theory  and 
j w e r e  demonstrated  for   two-dimensional   f low  in   the  examples   of   the  
1; 

, ,  
sec t ion   Research  on Green ' s   Ident i ty   Formula t ion .  

' 2  ii: 
1 w i t h   t h e  c lass ica l  t h e o r y   i n   o r d e r  t o  provide  a r e l i a b l e   p r e d i c -  
' :  t i o n  too l .  It  i s  assumed t h a t   o n e  or more bodies  are immersed i n  
1 ;  

a s t eady ,   i ncompress ib l e ,   i nv i sc id  stream o f   v e l o c i t y  V,. The 
b o d i e s   c a n   b e   e i t h e r   l i f t i n g  or  n o n l i f t i n g ,  which  means t h a t  wakes 
can   be   e i the r   i nc luded  or o m i t t e d .   C o n s i s t e n t   w i t h   t h e   e x i s t i n g  
program,   the   p resent   formula t ion  assumes s o l i d  body  tangency 
boundary   condi t ions .   In   accordance   wi th   the   c lass ica l   theory ,  it 
would  be a simple matter t o  ex tend   the   formula t ion  t o  a l l o w   e i t h e r  
a rb i t r a ry   no rma l   ve loc i ty   boundary   cond i t ions   o r   D i r i ch le t   p re -  
s c r i b e d   p o t e n t i a l   d i s t r i b u t i o n .  The aim i s  t o   c a l c u l a t e   f l o w   p r o -  
p e r t i e s   a t   t h e   s o l i d  body s u r f a c e s ,   p a r t i c u l a r l y   t h e   p r e s s u r e ,  
which i s  i n t e g r a t e d  t o  provide   force   and  moment. 

The o b j e c t i v e  i s  t o  couple   contemporary  numerical   techniques 

-+ 

The se l ec t ion   o f   t he   mode l ing  i s  d i c t a t e d  by the   fo l lowing  
gu ide l ines :  

1. I f   t h e  body  geometry  approaches  the  shape  of   an  inf ini te  
a s p e c t  r a t i o  wing   w i th   un i fo rm  c ros s - sec t ion ,   t hen   t he  
numer ica l   double t   model   should   re f lec t   the   p iecewise  
l i n e a r   v o r t e x   r e p r e s e n t a t i o n  employed by t h e  two-dimen- 
s iona l   Green ' s   i den t i ty   pane l   me thod   o f   t he   p reced ing  
s e c t i o n .  
Experience  in   solving  two-dimensional   problems demon- 
strates t h a t   s u c h  a v o r t e x  model  provides  good  accuracy 
and   numer i ca l   s t ab i l i t y ,   and  it would   be   unfor tuna te   to  
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2 .  

3 .  

s a c r i f i c e   s u c h   c h a r a c t e r i s t i c s   i n   t h e   t h r e e - d i m e n s i o n a l  

formula t ion .  
The d o u b l e t   d i s t r i b u t i o n  model shou ld   be  as near ly   con-  

t i nuous  as p o s s i b l e .   D i s c o n t i n u i t i t e s   i n   d o u b l e t   d e n s i t y  
correspond  to   concentrated  vortex  f i laments   which  coun-  

t e r a c t   t h e   m i l d   v e l o c i t y   g r a d i e n t s   a s s o c i a t e d   w i t h  
d i s t r i b u t e d   s u r f a c e   s i n g u l a r i t y   m e t h o d s .  
The e n t i r e   d o u b l e t   d i s t r i b u t i o n   s h o u l d   b e   d e s c r i b e d  by 
a set  of   sca la r   parameters   wi th   approximate ly   the  same 
number of  members a s  there a r e   p a n e l s .  These parameters  
are  t h e   b a s i c  unknowns t o  be determined.   Determinat ion 
o f   add i t iona l   pa rame te r s   cou ld   l ead  t o  e x c e s s i v e l y   l a r g e  

computat ional   expense,   s ince  computing t i m e  v a r i e s  as 
t h e   t h i r d  power  of t h e  number of unknowns. 

There are  f o u r   b a s i c   s t e p s   i n   t h e   s o l u t i o n   p r o c e s s ,  (1) geo- 
m e t r y   d e f i n i t i o n ,  ( 2 )  i n f l u e n c e   f u n c t i o n   c a l c u l a t i o n ,  ( 3 )  s o l u t i o n  

to   l inear   s imul taneous   boundary   condi t ion   equat ions   for   the  un- 

known s i n g u l a r i t y   d e n s i t y   d i s t r i b u t i o n ,   a n d  ( 4 )  c a l c u l a t i o n   o f  

su r f ace   f l ow  p rope r t i e s .   These   s t eps   co r re spond   t o  a d i r e c t  

a p p l i c a t i o n   o f   t h e   t h e o r y ,   e x c e p t   t h a t   t h e   c o n t i n u o u s   i n t e g r a l  

t h e o r e t i c a l   r e l a t i o n s h i p s   a r e   d i s c r e t i z e d  t o  al low  numerical  
s o l u t i o n s   t o   a r b i t r a r i l y  complex   problems.   Pred ic t ion   e r ror  i s  

de f ined  as the   d i f f e rence   be tween  t h e  e x a c t   a n a l y t i c a l   s o l u t i o n  

and   the   numer ica l   ca lcu la t ions .   Because   no  small d i s t u r b a n c e  

a s sumpt ions   a r e   employed ,   p red ic t ion   e r ro r s   r e su l t   f rom  the  
d i s c r e t i z a t i o n   p r o c e s s   o n l y .  Therefore, o n e  cou ld   gene ra t e  

a r b i t r a r i l y   a c c u r a t e   n u m e r i c a l   p r e d i c t i o n s  a t  the   expense  of t h e  

increased  computing time commensurate   with  the  i .n t roduct ion  of  

a d d i t i o n a l  unknowns. 

The g e o m e t r y   d e f i n i t i o n   i n v o l v e s   r e p l a c i n g   t h e   a c t u a l   c o n t i n -  

uous  boundaries by a s e t  o f   t r a p e z o i d a l   p a n e l s .   I n   t h e   e x i s t i n g  
program  of R e f  2 ,  each   pane l  i s  i d e n t i f i e d  b y  one   o f   fou r   ca t egor i e s ,  

(1) n o n l i f t i n g ,  ( 2 )  l i f t i n g ,  ( 3 )  i n t e r n a l   l i f t i n g ,  and ( 4 )  wake. 

Non l i f t i ng   sou rce   on ly   pane l s  are t y p i c a l l y   d i s t r i b u t e d  on 
fuse l age - type   su r f aces  w h i l e  t h e   l i f t i n g   p a n e l s  model  wings  and 

aerodynamic   cont ro l   sur faces .  The i n t e r n a l   l i f t i n g   p a n e l s  are 
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designed to pass   through  fuselages  and  connect   the  exposed  wing 2 r o o t s   i n   o r d e r  t o  p r o v i d e   f u s e l a g e   l i f t - c a r r y o v e r .   I n   t h e   p r e s e n t  
i l  
i 

i f o rmula t ion ,   t he   combined   sou rce -doub le t   d i s t r ibu t ion   pane l s  
a l low a n a t u r a l   c a r r y o v e r   o f   f l o w   p r o p e r t i e s  f r o m  wing t o  
f u s e l a g e   s u r f a c e s .   T h e r e f o r e ,   t h e   f i r s t   t h r e e   p a n e l   c a t e g o -  
ries o f   t h e   e x i s t i n g   p r o g r a m  are rep laced  by t h e   s i n g l e   c a t e g o r y  
" b o d y   p a n e l s " .   I n   t h e  same s e n s e   t h a t   t h e   t h e o r y   r e c o g n i z e s  no 
fundamen ta l   d i s t i nc t ion   be tween   fu se l ages ,   w ings ,   and  t a i l s ,  t h e  
body pane l s   a r e   u sed  t o  represent   any   so l id   f low  boundary .  A s  

i n   t h e   e x i s t i n g   p r o g r a m ,  wake pane l s  are used t o  model l i f t i n g  
c o n f i g u r a t i o n s .  

The con t inuous   su r f ace  source a n d   d o u b l e t   d i s t r i b u t i o n s   o f  
t he   t heo ry  are respec t ive ly   modeled   by   p iecewise   cons tan t   and  
p i e c e w i s e   q u a d r a t i c   d i s t r i b u t i o n s   o n   t h e   t r a p e z o i d a l   p a n e l s .  
Seven  parameters   descr ibe t h e  c o m p l e t e   s i n g u l a r i t y   d e n s i t y  
d i s t r i b u t i o n  on  each  panel.  One parameter i s  the  uniform  source 
d e n s i t y .  The r e m a i n i n g   s i x   a r e   t h e   c o e f f i c i e n t s   o f  t h e  s i x  terms 
i n   t h e   e x p r e s s i o n   f o r   q u a d r a t i c   d o u b l e t   d e n s i t y .  The p o t e n t i a l  
and   ve loc i ty   induced  a t  any f i e l d   p o i n t  by t h e  p a n e l   s i n g u l a r i t y  
d i s t r i b u t i o n   c a n   b e   e x p r e s s e d  as the  product   of   each  of  t h e  

seven  parameters   with i t s  a p p r o p r i a t e   i n f l u e n c e   f u n c t i o n .  Each 
in f luence   func t ion   depends   so l e ly   on   pane l   geomet ry   and   f i e ld  
po in t   l oca t ion   and  i s  w r i t t e n   i n   c l o s e d   a n a l y t i c a l   f o r m .  One 
i n f l u e n c e   f u n c t i o n   d e s c r i b e s   t h e   e f f e c t  of a u n i t   s t r e n g t h   u n i f o r m  
d o u b l e t   d i s t r i b u t i o n ,   a n o t h e r   d e s c r i b e s   t h e   e f f e c t  of a u n i t   l i n e a r  

d o u b l e t   d i s t r i b u t i o n ,  e tc .  
Of t h e   s i x   p a r a m e t e r s   t h a t   d e s c r i b e  t h e  d o u b l e t   d i s t r i b u t i o n  

on a panel ,   only  one  can  be  considered an independent   var iab le  
r e s e r v e d   f o r   b o u n d a r y   c o n d i t i o n   s a t i s f a c t i o n .  The remaining 
f i v e   a r e   f a l l - o u t s  whose v a l u e s   a r e   d i c t a t e d  by a leas t  squa res  
s u r f a c e  f i t  t h rough   ne ighbor inq   con t ro l   po in t s .  

There i s  approximately  one  boundary  condi t ion  control   point  
a l loca t ed   pe r   pane l .   Because   Green ' s   i den t i ty  i s  employed,  the 
s o u r c e   d e n s i t y   f o r   e a c h   p a n e l  i s  a func t ion   of   loca l   geometry  
on ly   ( eq .  1 6 ) .  I t  remains t o  determine t h e  d o u b l e t   d e n s i t y .  
Ra the r   t han   p re sc r ib ing  Neumann boundary   cond i t ions   d i r ec t ly ,  
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t h e  t h e o r e t i c a l l y   e q u i v a l e n t   z e r o   i n t e r n a l   p e r t u r b a t i o n   p o t e n t i a l  

boundary  condi t ions are appl ied.   In   two-dimensional   f low,   such 

po ten t i a l   boundary   cond i t ions   cons i s t en t ly   p roduce   ve ry  good 
predic t ion   accuracy   even   though  pane l   curva ture   and   source   g ra-  

d i e n t   e f f e c t s  are neglected.   Furthermore,   the   two-dimensional  
des ign   boundary   condi t ions   for   inverse   p roblems were easy  t o  
d e r i v e  when c o u p l e d   w i t h   i n t e r n a l   p o t e n t i a l   c o n d i t i o n s   a n d   l e d  t o  
except iona l ly   rap id ,   s tab le   convergence .   Based   on   the   exper ience  

t h a t   t h r e e - d i m e n s i o n a l   n u m e r i c a l   c h a r a c t e r i s t i c s   s h o u l d   r e f l e c t  

t h o s e  of two-dimensional f l o w ,  t h e   s e l e c t i o n  of i n t e r n a l  p o t e n t i a l  
boundary  condi t ions was  made. 

W i t h   t h e   a i d   o f  t h e  inf luence   func t ions   and   double t   con-  

t i n u i t y   c o n s i d e r a t i o n s  a t  p a n e l   e d g e s ,   t h e   i n t e r n a l   p o t e n t i a l  

boundary  condi t ions are  e s t a b l i s h e d  as  a system of l i n e a r   e q u a -  

t i o n s   w i t h   t h e   d o u b l e t   s t r e n g t h   p a r a m e t e r s  as unknowns.  There 

i s  e s s e n t i a l l y   o n e  unknown pe r   pane l .   So lu t ion  t o  t h e  system 

r e n d e r s   t h e   c o m p l e t e   s i n g u l a r i t y   d i s t r i b u t i o n  known, and it i s  
then  a s imple matter t o   c a l c u l a t e   t h e   n e t   i n d u c e d   v e l o c i t y  o r  
p o t e n t i a l   a t  any f i e l d   p o i n t .   P r e s s u r e   c o e f f i c i e n t s   a t  body con- 
t r o l  p o i n t s   a r e   d e t e r m i n e d  f r o m  B e r n o u l l i ' s   e q u a t i o n  ( 6 ) ,  and 

t h e  r e s u l t a n t   f o r c e   a n d  moment i s  determined by i n t e g r a t i o n  
unde r   t he   a s sumpt ion   t ha t   t he   p re s su re   on   each   pane l  i s  uniform. 

The formula t ion  is  p r e s e n t e d   i n   d e t a i l   b e l o w .  

Geometry  Panel  Modeling 

A l l  boundary   su r f aces   a r e   d iv ided   i n to   con t inuous   r eg ions  

d e s i g n a t e d   s e c t i o n s ,   a s   i l l u s t r a t e d   i n   f i g u r e  3 4 .  Each s o l i d  

body i n  the   f low  can   be   descr ibed  by  one o r  more s e c t i o n s ,   a n d  
t h e   . d i v i s i o n  i s  a t   t h e   p r e r o g a t i v e   o f   t h e   u s e r .   F o r   e x a m p l e ,  a 

sec t ion   cou ld   be   t he   uppe r   su r f ace   o f  a wing, a f u s e l a g e ,   o r  

bo th  t h e  fuselage  and  wing  s imultaneously.  The o n l y   r e s t r i c t i o n  
i s  t h a t  a s i n g l e   s e c t i o n   m u s t   c o n t a i n   e i t h e r  body r e g i o n s   o r  wake 

r eg ions   exc lus ive ly   and   no t   bo th   s imul t aneous ly .   Th i s   dev ia t e s  

f rom  the   o r ig ina l   p rog ram  bu t   p rov ides  a more c o n s i s t e n t  formu- 

l a t i o n .  I t  i s  assumed t h a t   a l l  body  s lopes   wi th in  a s e c t i o n  are 
con t inuous ;   t he re fo re ,   s ec t ion   edges   shou ld   be   a l igned   w i th  
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a n y   s l o p e   d i s c o n t i n u i t i e s   s u c h  as w i n g   t r a i l i n g  ed.ges  and  wing- 

f u s e l a g e   j u n c t u r e s .  

Figure 34. A Section of a Body Surface 

Each s e c t i o n  i s  s u b d i v i d e d   i n t o   p a n e l s   i n   t h e  same manner 
employed  by the   ex i s t ing   Doug las  Neumann Program. The s e c t i o n  
i s  desc r ibed  by a t o t a l   o f  N x M  po in ts ,   where   each   po in t  i s  iden- 
t i f i e d  by t h e   p a i r   o f   i n d i c e s  i and j (1 5 i 2 N ,  1 I j L M) . 
See f i g u r e  35. The p o i n t s   d e s c r i b e  a set  of (N - 1) x (M - 1) 

panels ,   where  each  panel  i s  i d e n t i f i e d  by t h e   p a i r   o f   i n d i c e s  
i, and j, (1 S i , I N - 1 ;  1 5 j, - < "1). See f i g u r e  3 6 .  Panel  
(i,, j,) i s  de f ined   by   t he   fou r   co rne r   po in t s  (i,, j , ) ,  ( ip, jp+l), 

(ip+l, jp+l), and (ip+l, j p ) .  The order   of   sequencing i s  such 
t h a t   t h e   p o s i t i v e   n o r m a l   d i r e c t i o n   ( p o i n t i n g   i n t o   t h e   f l u i d )  i s  

o u t  of t h e   p l a n e   o f   t h e   p a p e r .   I n   o t h e r   w o r d s ,   t h e   p o s i t i v e  
no rma l   d i r ec t ion  i s  i n   t h e   s e n s e   o f   t h e   i n c r e a s i n g   i - d i r e c t i o n  
c r o s s e d   w i t h   t h e   i n c r e a s i n g   j - d i r e c t i o n .  Any i n e r t i a l   ( x , y , z )  
Ca r t e s i an   coord ina te   sys t em i s  s a t i s f a c t o r y   f o r   d e s c r i b i n g   t h e  
geometry.  The f r e e   s t r e a m   v e l o c i t y  i s  assumed t o  have   un i t  
magni tude  and  to   be  descr ibed  by  the  fol lowing  components :  

6 5  



M 

2 

1 
1 2 

Number of Corner  Points = N x M 
Number of Panels = (N-I) X ("1) 

Figure 35. Corner  Point  Indexing  Convention  for  a  Section 

Figure 36. Panel Indexing  Convention  for  a  Section 
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3 + 
V = axex -b a e -f 3 

m Y Y  + azez 

where ex, e e are  u n i t   v e c t o r s   i n   t h e   x ,   y ,   a n d  z - d i r e c t i o n s ,  
+ -+ + 

Y'  
2 r e s p e c t i v e l y  . 

k nonp lana r   quadr i l a t e ra l .   Fo r   compa . t ib i l i t y  w i t h  e x i s t i n g  
.'$ 

I '. are made i n   o r d e r   t o   g e n e r a t e   t h e   t r a p e z o i d   t h a t  i s  most   near ly  

The f o u r   c o r n e r   p o i n t s   o f  a p a n e l   i n   g e n e r a l   d e s c r i b e  a 

$ i n f l u e n c e   f u n c t i o n s ,   a d j u s t m e n t s   t o  t h e  c o r n e r   p o i n t s  

r .  
1 .  d e s c r i b e d   b y   t h e   o r i g i n a l   f o u r   p o i n t s .  The procedure i s  iden- 

t i c a l  t o  t h a t  of t h e  e x i s t i n g   p r o g r a m   ( r e f e r e n c e  2 ) .  
! 

i 
I C o n s i d e r   t h e   a r b i t r a r y   p a n e l  of f i g u r e  3 7 .  F o r   c l a r i t y ,   t h e  
I f o u r   c o r n e r   p o i n t s  are i d e n t i f i e d  by ind ices  k = 1, 2 ,  3 ,  4. 

The ad jus tmen t s   t o   de t e rmine   t he   t r apezo ida l   pane l   i nvo lve  
making t h e  l i n e  between p o i n t s  1 and 2 p a r a l l e l   t o   t h e   l i n e  be- 
tween p o i n t s  3 and 4 .  If the   unadjus ted   coord ina tes   o f   corner  
p o i n t  k a r e   (xk ,   yk ,   z , ) ,  t h e n  d e f i n e  v e c t o r  Pk a s  

+ 

i 

-+ 
Pk : X k e x  + . y  e + z k e z  (1 - k 5 4 )  

-+ -+ -+ < 
k Y  

Y A d i u s t e d  

Figure 37. Adjustment of the  Input Points to  Form a Plane 
Trapezoidal Panel 
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and ,   u s ing   subsc r ip t s  'IF" and " S "  t o  d e s i g n a t e  f irst  and  second, 
d e f i n e  

-+ 
PF $2 - 3, 

-+ 
Ps E s3 - S4 I 

+ -+ 
The weighted  average  of PF and Ps i s  u s e d   t o   d e f i n e   t h e  

d i r e c t i o n   o f   t h e   p a r a l l e l   s i d e s  of t he   t r apezo id ,   wh ich  i s  a l so  

s e l e c t e d   a s   t h e   < - d i r e c t i o n   o f   t h e   t r a p e z o i d a l   p a n e l   c o o r d i n a t e  

s y s  t e m  

I f   t h e   a d j u s t e d   c o r n e r   p o i n t s  are  i d e n t i f i e d  by a n   a s t e r i s k  *, 
t h e n t h e   f o l l o w i n g   d e f i n i t i o n s  are a p p l i e d :  

I t  i s  notewor thy   tha t   the   midpoin ts   and   lengths  of l i ne   s egmen t s  

1 - 2  and 3-4 remain  unchanged a f t e r  the   ad jus tmen t .  
The no rma l   d i r ec t ion  i s  de f ined  as t h e   d i r e c t i o n   o f   t h e  

<-axis   o f   the   pane l   coord ina te   sys tem 

(S4* - -+ P2*) x (S3* - 'hl*) 
- -+ P2*) x (P3* -+ - -+ P1X) I 

-+ e r  
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The t h i r d   C a r t e s i a n   c o o r d i n a t e   o f   t h e   p a n e l   s y s t e m  i s  des igna ted  
Q and i s  a s s i g n e d   t h e   u n i t   v e c t o r  e where 

+- 

Q 

A 3 x 3 t r ans fo rma t ion   ma t r ix  a i s  generated  from  the  above 

d e f i n i t i o n s   s u c h  t h a t  
ij 

-t 

+ 
e 

Y 

e, 
-t 

The c e n t r o i d   o f  t h e  t r a p e z o i d  i s  taken as t h e   o r i g i n   o f   t h e   p a n e l  
coord ina te   sys tem ( 5 ,  rl, c ) .  See f i g u r e  3 8 .  

(ip, 

2 

1 

7) Centroid , 

(ip, i,) 

Figure 38. Panel Coordinate System ( t , ~ )  

Several impor tan t   geometr ic   parameters   assoc ia ted  w i t h  each 
t r apezo ida l   pane l   such  as  area, maximum d iagona l ,  e tc . ,  are 
c a l c u l a t e d  for  f u t u r e   r e f e r e n c e .  These are d e s c r i b e d   i n  d e t a i l  
i n   r e f e r e n c e  2 and are no t   r epea ted   he re .  
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P a n e l   S i n g u l a r i t y   D i s t r i b u t i o n  
The t h e o r e t i c a l   s i n g u l a r i t y   d i s t r i b u t i o n   o n   t h e   a c t u a l  bo'und- 

a r y   s u r f a c e  i s  modeled  by a uniform source dens i ty   and   quadra t -  

i c a l l y   v a r y i n g   d o u b l e t   d e n s i t y   o n   e a c h   t r a p e z o i d a l   p a n e l .  A s  

p a r t   o f   t h i s   c o n t r a c t u a l   e f f o r t ,   J o h n  Hess o f   Doug las   A i rc ra f t  
Company fu rn i shed  a computer  program  code t o  c a l c u l a t e   b o t h   t h e  
v e l o c i t y  and po ten t i a l   i nduced  a t  a n y   s p e c i f i e d   f i e l d   p o i n t   b y  
a un i fo rm  sou rce   dens i ty   and   a rb i t r a ry   quadra t i c   doub le t   dens i ty  

d i s t r i b u t i o n   o n   a n   a r b i t r a r y   t r a p e z o i d a l   p a n e l .   I n   o r d e r   t o  

g e n e r a t e   r e a s o n a b l e   d o u b l e t   c o n t i n u i t y   m o d e l i n g   a t   p a n e l   e d g e s ,  

a n  approach  developed  by  Boeing  ( reference 1 6 )  has   been  appl ied.  
T h i s   a p p r o a c h   e s t a b l i s h e s   l i n e a r   r e l a t i o n s h i p s   b e t w e e n   t h e   c o e f -  

f i c i e n t s  of t h e   q u a d r a t i c   d o u b l e t   d i s t r i b u t i o n   o n   e a c h   p a n e l   w i t h  

t h e   c o e f f i c i e n t s  on t h e   a d j a c e n t   e i g h t   p a n e l s .  An a l t e r n a t e  

approach  which i s  b e l i e v e d   t o   p r o v i d e   b e t t e r   c o n t i n u i t y   p r o p e r -  
t i e s  a t  the   expense   o f   s l i gh t ly   i nc reased   comput ing   e f fo r t   has  

b e e n   f o r m u l a t e d   a s   p a r t   o f   t h e   c o n t r a c t u a l   s t u d y ,   b u t   h a s   n o t  y e t  
been  coded  for a computer. These  developments are  d i scussed  

below. 
Inf luence  Funct ion  Formulas  - Consider  a t r a p e z o i d a l   p a n e l  

wi th   the   geometry   o f   f igure  38. The uniform source d e n s i t y  i s  

o a n d   t h e   q u a d r a t i c   d o u b l e t   d i s t r i b u t i o n  p ( < , n )  on t h e   p a n e l  i s  
desc r ibed   a s   fo l lows :  

lJ = !Joe + + + P 2 0 5 2  + lJl15rl + 
2 

u 0 2 n  

where t h e  c o e f f i c i e n t s  p o o ,  ..., u o 2  a r e   a r b i t r a r y .  The formulas 
fu rn i shed  by Hess p rov ide   t he   i nduced   po tenk ia l   and   ve loc i ty  a t  
an  a r b i t r a r y   f i e l d   p o i n t  ( E o ,  no, co). I n  Hess' formulas ,   the  

coord ina te s  (to, q o r  co) are des igna ted  ( x ,  y ,   z ) .  I t  i s  impor- 

t a n t   t o   i n t e r p r e t   t h e   c o o r d i n a t e s   a s   b e i n g   i n   t h e   p a n e l   s y s t e m ,  

( < ,  n ,  c ) .  The t e r m  G S  i s  de f ined  as the   po ten t i a l   i nduced   by  
a uniform  source  densi ty   of  u n i t  s t r e n g t h ,   w h i l e  @mn r e f e r s   t o  

t h e   p o t e n t i a l   i n d u c e d  by t h e   d o u b l e t   d e n s i t y   d i s t r i b u t i o n  

l ~ ( < , n )  = 5 n . Then t h e  p o t e n t i a l  4 induced  by a l l  t he   s ingu-  
l a r t i e s  on  the  panel  i s  expres sed   a s   fo l lows :  

m n  
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I + = a+s + ~ O O + O O  + %0+10 + ~01+01 + ~ 2 0 9 2 0  + %+ll %2+02 ( 3 4 )  
+ 

Q' 
1. 

The v e l o c i t y  i s  g e n e r a t e d   b y   t a k i n g   t h e   g r a d i e n t   o f  + wi th  
r e s p e c t   t o  ( e , ,  r l o r  5 , )  I i . e . ,  w i t h   r e s p e c t   t o   ( x ,   y ,  z )  i n  H e s s '  

formulas - 1: 
'b 

i: 

:$ a +  I - a 4  a?S a $ o o  a + l o  a + o l  

+ a +  -+ a 4  -f a 4  -f v = -  + -  e + -  
3 5 0  a n o  n 35,  

a g o  ax ax + "0 ax + ''10 ax ax (35 )  
"- - - a- + 

I '  

a 4 2 0  '$02 J 
+ u20  ax + u 0 2  

Analogous   expres s ions   ex i s t   fo r  - " and - . a 4  .I a n O  a c 0  
i The r e q u i r e d   i n f l u e n c e   f u n c t i o n s   a r e  @ s r  @oat - - - I  $ 0 2 1  ! 

3 a @ o o  a @ 0 2  . Each  of   these  twenty-eight   funct ions 
ax ax "' a z  

depend   so l e ly   on   t he   coord ina te s   o f   t he   f i e ld   po in t   and   t he   fou r  
c o r n e r   p o i n t   c o o r d i n a t e s   o f   t h e   t r a p e z o i d a l   p a n e l  ( c l , n . l )  , 
( c 2 , n 2 )  , ( c 3 , n 3 )  , ( e 4 , n 4 ) .  Some o f   t h e   f u n c t i o n s  are  provided 
i n   r e f e r e n c e  ( 2 ) ,  a long   wi th   in te rmediary   func t ions   o f   the   four  
co rne r   po in t s .   Us ing   t he  same de f in i t i ons   f rom  pages  77-84  of  
r e f e r e n c e  ( 2 ) ,  t h e   r e m a i n i n g   i n f l u e n c e   f u n c t i o n s   a r e   p r e s e n t e d  
below. I t  is  impor tan t  t o  r e a l i z e   t h a t  Hess' d e f i n i t i o n s   o f  
p o t e n t i a l   a n d   v e l o c i t y   i n f l u e n c e   f u n c t i o n s   d i f f e r   f r o m   t h o s e  of 

t h i s   r e p o r t  by t h e   f a c t o r s  - 4 ~  and + 4 ~ ,  r e s p e c t i v e l y .  To avoid 
confus ion ,  H e s s l  formulas w i l l  be   des iqna ted  by  an a s t e r i s k ,  
where 

@ *  -4iT$ 

V* +4TV 
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$E = -z  V; ( s o u r c e )  

+ mf2 

- 
ax I 

+ m32 2 4 + m41 2 

= - v; ( s o u r c e  1 

G O  
= V* ( sou rce )  

Z 

$:1 = -ZV* ( sou rce )  + yv; ( sou rce )  
Y 

i ( 3 6 )  

'r 

> ( 3 7 )  

J 
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" aJ20  - aH02  
ax -v: ( source)  - - ax 

aH02 
" aJ20  - -v*' ( sou rce )  - - 

" a J 2 ~  - - v ~  (source)  - - 

aY Y aY 

aH02  
az az 

- a G O  2 a G o  * 
" aJ20  + 2 x  - - X "  2 z v X  (source)  

a G o  - a J 2 0  a @ 1 0  x 2 a G o  

" @So - aJ20  a G o  x 2 a G o  

ax ax ax ax 

* 
" 

a Y  a Y   a Y  a Y  
+2X" 

a z  az  a z  a z  + J20 + 2 X "  

To c o n v e r t   v e l o c i t i e s   f r o m   t h e   p a n e l   c o o r d i n a t e   s y s t e m   t o  
t h e  body  system  of  f igure 3 4 ,  t h e  t r a n s f o r m a t i o n   m a t r i x   [ a i j ]  

i s  employed. 
I t  i s  t o   b e   n o t e d   t h a t   t h e   i n f l u e n c e   f u n c t i o n s  are e x a c t   f o r  

any f i e ld   po in t   l oca t ion .   Approx ima te   i n t e rmed ia t e - f i e ld   and  far-  

f i e l d   f o r m u l a s  w e r e  n o t   f u r n i s h e d  by H e s s  and  have  not   yet   been 
inco rpora t ed .  The advantage of such  approximations  would  be 
a s i g n i f i c a n t l y   r e d u c e d   c o m p u t i n g   e f f o r t  a t  no a p p r e c i a b l e  loss 
of a c c u r a c y   f o r   p o i n t s   n o t   i n   t h e   i m m e d i a t e   v i c i n i t y   o f   t h e  
p a n e l .   F o r   e x a m p l e ,   i n   t h e   f a r   f i e l d   r e p r e s e n t a t i o n   t h e   e f f e c t  
o f   t he   un i fo rm  sou rce   dens i ty  o on  t h e   t r a p e z o i d a l   p a n e l   o f  area 
A i s  r ep resen ted  by a p o i n t   s o u r c e   o f   s t r e n g t h  o A  p o s i t i o n e d  a t  

t h e   p a n e l   c e n t r o i d .  The fo rmulas   fo r  a po in t   sou rce  are,  of 
course, f a r   s i m p l e r   t h a n   t h o s e   f o r  a d i s t r i b u t e d   s u r f a c e   s i n g u -  
l a r i t y .  
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- Double t   D i s t r ibu t ion   Su r face   F i t   Approaches  - On each   pane l  
t h e   d o u b l e t   d i s t r i b u t i o n  i s  d e s c r i b e d   b y   t h e   s i x   q u a d r a t i c  ' 

c o e f f i c i e n t s  u o o ,  . . . , u o 2 .  Several approaches were cons i -  
de red  f o r  m a t c h i n g   t h e   d i s t r i b u t i o n s   o n   n e i g h b o r i n g   p a n e l s   i n  
o r d e r   t o   a c c u r a t e l y  model t h e   a n a l y t i c   d o u b l e t   d i s t r i b u t i o n   a n d  
t o  min imize   doub le t   d i scon t inu i t i e s  a t  pane l   edges .  An approach 

developed  by  Boeing  (Reference 1 6 )  w a s  s e l ec t ed   fo r   imp lemen ta -  

t i o n   i n   t h e  Douglas Neumann Program  modi f ica t ions .  The e s sence  
o f   t h i s   a p p r o a c h   i n v o l v e s   p a s s i n g  a l eas t  s q u a r e s   q u a d r a t i c  
t h rough   t he   boundary   cond i t ion   con t ro l   po in t   o f  a panel   and 
t h r o u g h   t h e   c o n t r o l   p o i n t s   o f   t h e   a d j a c e n t   e i g h t   p a n e l s .  An .. _ .  . . .  . .  . . . 

a l te rna te   Boeing   approach   for   genera t ing   improved   double t   con-  . ." 

t i n u i t y   c h a r a c t e r i s t i c s  w a s  a l so   coded   and   t e s t ed ,   bu t   p roved   t o  
be   numer ica l ly   uns tab le  i f  the   pane l   ne twork  i s  n o t  composed of 

n e a r l y   s t r a i g h t   g e n e r a t o r   l i n e s .  A new approach   tha t   improves  

b o t h   t h e   c o n t i n u i t y   a n d   a c c u r a c y   o f   t h e   q u a d r a t i c   d o u b l e t  
r e p r e s e n t a t i o n s   w i t h o u t   i n t r o d u c i n g   n u m e r i c a l   i n s t a b i l i t i e s  
w a s  deve loped   unde r   t h i s   s tudy   bu t   has   no t   ye t   been   coded   fo r  
the  computer .  A d i scuss ion   on   t he   va r ious   fo rmula t ions  i s  

presented  below.  

. .  . .:' : - 7  

The numer ica l   requi rements  for  ach iev ing   con t inu i ty   can  be 

i l l u s t r a t e d  by c o n s i d e r i n g  a broken   l ine   segment  model of  a 
con t inuous   func t ion  y = f ( x )  . See f i g u r e  39.  Over   each  inter-  

v a l  i ,  t h e  model i s  d e s c r i b e d  by y = aix + bi ,   where  the 

c o e f f i c i e n t s  ai and  bi are a n a l o g o u s   t o   t h e   s i x   q u a d r a t i c  

c o e f f i c i e n t s  p o 0 ,  . . ., u o 2  o f  a p a n e l   i n   t h e   s u r f a c e   d o u b l e t  
d i s t r i b u t i o n .   C o n s i s t e n t   w i t h   t h e   c o n t i n u i t y   o f   f u n c t i o n  f ( x ) ,  
t he   b roken   l i ne   s egmen t  model i s  r e q u i r e d   t o  be cont inuous  a t  
i n t e r v a l   e n d p o i n t s .  If xi i s  t h e   e n d p o i n t   b e t w e e n   i n t e r v a l s  

i and i+l, c o n t i n u i t y  i s  imposed by t h e   c o n d i t i o n :  

a . x  
1 i  

+ = a  i+lxi + 

which  can  be  re-expressed as:  
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A p p r o x i m a t i o n 7  

Figure 39. Broken  Line Segment Approximation to Function f (x)  

R e g a r d l e s s   o f   t h e   f u n c t i o n   f ( x ) ,   e q u a t i o n  ( 4 2 )  e x p r e s s e s   t h e  
c o n t i n u i t y   c o n s t r a i n t   t h a t  ai+l i s  a l i n e a r   f u n c t i o n   s o l e l y   o f  
a i ,  b i ,   and   b i+ l .   In   o ther   words ,   there  i s  approximately  one 
f r e e   p a r a m e t e r   p e r   i n t e r v a l   f o r   a d j u s t i n g   t h e   b r o k e n   l i n e   s e g -  
ment  model t o  mos t   nea r ly   ma tch   t he   cu rve   f (x ) .  The remaining 
c o e f f i c i e n t s  a re  e n t i r e l y   d i c t a t e d   b y   c o n t i n u i t y .  

The n e c e s s i t y   f o r   m i n i m i z i n g   d o u b l e t   d i s c o n t i n u i t i e s  i s  

appa ren t  upon examinat ion  of  a simple  numerical   example.  Con- 
s i d e r  a two-d imens iona l   doub le t   d i s t r ibu t ion   desc r ibed   by   t he  
e q u a t i o n  

3 u = s  

where i s  doub le t   dens i ty   and  s is  s u r f a c e   d i s t a n c e .  A cub ic  
has   been   s e l ec t ed   because  it cannot   be  model led  exact ly   by 
q u a d r a t i c   c u r v e s .  Now s u p p o s e   p i e c e w i s e   q u a d r a t i c   i n t e r p o l a t i n g  
curve  f i t s  are made t o   t h e   d o u b l e t   d i s t r i b u t i o n   b e t w e e n   i n t e g r a l  
v a l u e s   o f  s .  That  i s ,  t h e   e n d p o i n t s  a r e   a t  s = ..., - 2 ,  -1, 0 ,  +1, 

+2, . . . Of t h e  many p o s s i b l e   t y p e s   o f   q u a d r a t i c   f i t ,  two are  
i l l u s t r a t e d   i n   f i g u r e  4 0  o v e r   t h e   r a n g e  0 5 s 1. 2 .  The f i r s t  
curve  f i t  ( A )  i s  con t inuous   w i th   con t inuous   s lopes  a t  p a n e l  
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e n d p o i n t s ,   e q u i v a l e n t   t o   t h e   p i e c e w i s e   l i n e a r   v o r t e x   d i s t r i b u -  
t i o n  employed i n   t h e  method of r e f e r e n c e s  (.19-21). I n   t h i s   c a s e ,  
t h e   q u a d r a t i c   f i t  w a s  de t e rmined   such   t ha t   t he   exac t   s lope  i s  
a t t a i n e d   a t   a l l   p a n e l   e n d p o i n t s   a n d   s u c h   t h a t   t h e   c u r v e   f i t  

pas ses   t h rough   t he   exac t   va lue   o f   doub le t   dens i ty  a t  s = 1. The 

second  quadra t ic   curve  f i t  ( B )  was e s t a b l i s h e d  a t  e a c h   i n t e r v a l  

by pass ing  a pa rabo la   t h rough   t he   exac t   doub le t   dens i ty  a t  t h e  

in t e rva l   midpo in t   and  a t  the   midpoin ts   o f   the  t w o  a d j a c e n t   i n t e r -  
v a l s .  A t  t h i s   s t a g e  it i s  d i f f i c u l t   t o   p r e d i c t   w h i c h   t y p e   c u r v e  

f i t  would  be most accurate f o r  u s e  i n  a numer i ca l   su r f ace  
s ingu la r i ty   me thod .  Whereas t h e   d i s c o n t i n u i t y   i n   c u r v e   f i t  B a t  

s = 1 i s  o b v i o u s l y   n o n e x i s t e n t   i n   t h e   e x a c t   d i s t r i b u t i o n ,   s u c h  

d i s c o n t i n u i t i e s   d o   a l l o w   q u a d r a t i c  f i t  B t o  a t t a i n  a more a c c u r a t e  

ave rage   doub le t   dens i ty  i n  e a c h   i n t e r v a l   t h a n   c u r v e   f i t  A .  The 

a n a l y t i c   g r a d i e n t  of t h e   d o u b l e t   d i s t r i b u t i o n s   p r o v i d e s   t h e  
equ iva len t   vo r t ex   dens i ty   cu rve  f i t s  ( f i g u r e  4 1 ) .  For  curve f i t  

B ,  t h e   d o u b l e t   d i s c o n t i n u i t y  a t  s = 1 i s  r e f l e c t e d  by a d e l t a  

f u n c t i o n   i n   t h e   v o r t e x   d i s t r i b u t i o n .  

10 ~ 

~" 

Exact /..I = S 3 

8 -  - - - -@ Piecewise continuous  quadratic 
" -@ Piecewise discontinuous  quadratic 

.C 6 - > 
v) 

0" 
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n 
a 2 -  

w 

a 
3 
0 

0 - * A s  = 1 " 
r 

~~ ~" 

,o 
~~ 

1 

S - Surface Distance 

Figure 40. Two Curve Fits to a Doublet  Distribution 

7 6  



0 

Exact p = S 

Curve Fit  @ 
Curve Fit 

3 

"" "- 

1 

S - Surface Distance 
I 

Figure 41. Vortex  Distribution - Corresponds to Figure 40 

N e i t h e r   t h e   d o u b l e t   n o r   v o r t e x   d i s t r i b u t i o n s   r e v e a l   t h e   s i g -  
n i f i c a n t  numerical consequences   o f   t he   t ype   o f   cu rve   f i t .  How- 
e v e r ,   t h e   c o r r e s p o n d i n g   n o r m a l   v e l o c i t y   d i s t r i b u t i o n  i s  h iqh ly  
in fo rma t ive .  For b o t h   c u r v e   f i t s   a n d   f o r   t h e   e x a c t   d o u b l e t  
d i s t r ibu t ion . ,   t he   no rma l   ve loc i ty   i nduced  by t h e   s e c t i o n   o f  dou- 
b l e t   d i s t r i b u t i o n   b e t w e e n  s = 0 and s = 2 w a s  c a l c u l a t e d   a n a l y t -  
i c a l l y .  A f i n i t e   v o r t e x   f i l a m e n t  was i n c l u d e d   i n   e a c h   c a s e   a t  
s = 2 t o   c o u n t e r a c t   t h e   d o u b l e t   d i s c o n t i n u i t y   m a g n i t u d e  u = 8 .  

P l o t t e d   a s  a f u n c t i o n   o f   s u r f a c e   d i s t a n c e  s i n   f i g u r e  4 2 ,  

t h e   n o r m a l   v e l o c i t y   d i s t r i b u t i o n   c o r r e s p o n d i n g  t o  curve f i t  B 

i s  s e e n   t o   b e   t h e  more a c c u r a t e   i n   t h e   v i c i n i t y   o f  s = 1 / 2  and 
s = 3 / 2 ,  which  would  correspond t o  c o n t r o l   p o i n t   l o c a t i o n s   i n  a 

panel   method.   However ,   the   effect   of   the   concentrated  vortex 
a t  s = 1 l e a d s  t o  n u m e r i c a l   i n s t a b i l i t i e s   f o r   c u r v e   f i t  B .  The 
consequences   a r e   qu i t e  clear. N o  matter what   type   pane l   spac ing  
i s  used   o r  how close a c o n t r o l   p o i n t  i s  t o  a panel   edge,   curve 
f i t  A w i l l  p rovide  a r easonab le   app rox ima t ion   t o   t he   ac tua l   exac t  
normal   ve loc i ty   curve .  On t h e   o t h e r   h a n d ,   c u r v e   f i t  B i s  obvi- 
ously i n  error u n l e s s   t h e   c o n t r o l   p o i n t  i s  very close t o   t h e  



c 
n 

pane l   midpo in t .   The re fo re ,   e r roneous   ca l cu la t ions   cou ld  r e s u l t  
i f   p r e s c r i b e d   n o r m a l   v e l o c i t y   b o u n d a r y   c o n d i t i o n s  were used  with 
curve  f i t  B .  Although it i s  less o b v i o u s ,   t h e   a p p l i c a t i o n   o f  
i n t e rna l   po ten t i a l   boundary   cond i t ions   wou ld   no t   e l imina te   t he  
p r o b l e m .   I n   f a c t ,   f o r  a thin  wing  with  upper  and lower s u r f a c e  

p a n e l s   s h a r i n g  a common c h o r d   p l a n e   p r o j e c t i o n ,   t h e   u s e   o f   i n -  

t e rna l   po ten t i a l   boundary   cond i t ions   approaches   equ iva lency  t o  
l i f t i n g   s u r f a c e   t h e o r y  as wing   th ickness   vanishes .  I t  i s  con- 

c luded   t ha t   min imiz ing   doub le t   d i scon t inu i ty  i s  h i g h l y  b e n e f i c i a l  

t o  t h e  modelling  of a d o u b l e t   d i s t r i b u t i o n .  

Exact /J = S 3 

- - - - Curve Fit @ \ "- Curve Fit @ \ 

1 

\ 

\ 
1 3/2 

S - Surface  Distance 

Figure 42. Normal  Velocity  Distribution - Corresponds to Figure 40 

I f  a three-d imens iona l   double t   representa t ion  i s  t o   s a t i s f y  

t h e   t h r e e   g u i d e l i n e s   p r e s e n t e d   i n   t h e   i n t r o d u c t i o n   t o   t h i s  
s e c t i o n ,  it i s  n e c e s s a r y   t h a t   t h e   d o u b l e t   d e n s i t y  on each   pane l  

vary  as a second  order   polynomial   in  terms of c o o r d i n a t e s   i n   t h e  
p l a n e   o f - t h e   p a n e l .  The o b j e c t i v e  i s  t o   a d j u s t   t h e   c o e f f i c i e n t s  

such   t ha t   boundary   cond i t ions  are s a t i s f i e d   a t   a p p r o x i m a t e l y   o n e  
c o n t r o l   p o i n t   p e r   p a n e l   w i t h  a s  smooth a d o u b l e t   d i s t r i b u t i o n  

on  the  panel  network a s  p o s s i b l e .  
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A s c h e m a t i c   o f   t h e   s e l e c t e d   c o n t r o l   p o i n t   l o c a t i o n s  i s  

i f u r n i s h e d   i n   F i g u r e  4 3 .  F o r   e a c h   t r a p e z o i d a l   p a n e l   t h e r e  i s  
1 o n e   c o n t r o l   p o i n t  a t  t h e   c e n t r o i d .   A d d i t i o n a l   c o n t r o l   p o i n t s  

a r e   p l a c e d   a l o n g   t h e   e d g e s   o f  a sect ion a t  t h e   t r a p e z o i d a l   p a n e l  
s ide   midpo in t s   and  a t  s e c t i o n  corners. The purpose  of  the 
a d d i t i o n a l   p o i n t s  i s  t o  q e n e r a t e   d o u b l e t   c o n t i n u i t y   a t   a d j a c e n t  
s ec t ion   edges   w i thou t   r equ i r ing   two-s ided   su r f ace   f i t s  t o  t h e  
d o u b l e t   d i s t r i b u t i o n  across t h e   e d g e s .  

! 

Figure 43. Schematic of Panel Control  Point  Locations  on  a  Section 

The e n t i r e   d o u b l e t   d i s t r i b u t i o n  on a sect ion is  uniquely 
determined by t h e  se t  of d o u b l e t   d e n s i t i e s   a t   t h e   c o n t r o l   p o i n t  
l o c a t i o n s .  On each   pane l   the   d i s t r ibu t ion   which   has   been  
s e l e c t e d   f o r  u s e  i n   t h i s   s t u d y  is  generated  by a l e a s t   s q u a r e s  
q u a d r a t i c   f i t   t h r o u g h   n i n e   n e i g h b o r i n g   c o n t r o l   p o i n t s .   F o r  
example,   consider  any  panel (i j p )  I which i s  schemat i ca l ly  
i l l u s t r a t e d   i n   F i g u r e  4 4 .  The d o u b l e t   d e n s i t y  a t  t he   pane l  
c e n t r o i d   c o n t r o l   p o i n t   a n d  a t  t h e   e i g h t   a d j a c e n t   c o n t r o l   p o i n t s  
i s  i d e n t i f i e d  by s u b s c r i p t  k (1 - < k - < 9 ) .  I f   p a n e l  (ip, j p )  i s  

on the  edge  of  a s e c t i o n ,   t h e n  some o f   t h e   a d j a c e n t   c o n t r o l  
p o i n t s  w i l l  be  on panel   edges.  The fo l lowing   t ab le   p rov ides  

the   convers ion   be tween  cont ro l   po in t   index  k of   F igure  4 4  and 
i n d i c e s  ( i ,  j )  of   F igure  4 3 .  
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Figure 44. Indexing  Convention for p in Vicinity  of Panel (ip, jp) 

TABLE 11 - CONTROL POINT INDEX (i, j 1 
[Panel  Index  (i  jp)] P' 

k 
1 i 

2 i 

3 i 

4 i + 1  

5 i + 1  

6 i + 1  

7 i + 2  

8 i + 2  

9 i + 2  

- - i j 

P  jP 

P J P  

P jP 

P jP 

P J P  

P 1, 
P jP 

P j P  

P jP 

+ 1  

+ 2  

+ 1  

+ 2  

+ 1  

+ 2  

The  second  order  polynomial 11 ( E ,  q )  o f  Equation ( 3 3 )  is the 
doublet  distribution on panel (ip, jp). The  six  coefficients 
uoo, .  . . , p o 2  are  determined by minimizing  the  following  error 
function E 
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. 

9 2 

(ck, Q,) are t h e   c o o r d i n a t e s  ( 5 ,  n )  of t h e   k t h   c o n t r o l   p o i n t .  
F o r   c o n t r o l   p o i n t s  k t h a t   a r e   e i t h e r   a t   t h e   c e n t r o i d   o r  on t h e  

edge  of   panel  ( i  j , ) ,  a v e r y   l a r g e   w e i g h t   f a c t o r  Wk>>l is  

se lec ted .   Otherwise ,  W i s  chosen as un i ty .   Th i s   we igh t ing  
matches   the   func t ion  ~ ( 5 ,  0 )  t o  t h e   v a l u e s  uk a t   c o n t r o l   p o i n t s  
on the  panel  and  provides  approximate  matching a t   t h e   r e m a i n i n g  
c o n t r o l   p o i n t s .  

P' 
k 

Equation ( 4 3 )  is minimized   wi th   respec t  t o  e a c h   c o e f f i c i e n t  

u 0 o ,  - - - , p o 2 .  Th i s   l eads  t o  a system of s i x   l i n e a r   e q u a t i o n s .  
If  t h e   s i x   c o e f f i c i e n t s  u o o t  u19, u o l ,  u ' 2 0 ,  ul1, p o 2  

are r e s p e c t i v e l y   i d e n t i f i e d  by B1, B 2 , .  . . , B 5 ,  t h e n   t h e  
so lu t ion   t o   t he   sys t em  o f   equa t ions   can  be expres sed   i n  t h e  

fo l lowing  f 1 orm: 

9 
( l < E < 6 )  
" 

( 4 4 )  

The a r r a y  BEk is  determined by m a t r i x   i n v e r s i o n  and  depends 
So le ly  On the  panel   geometry,   not  on t h e   v a l u e s  uk. Therefore  
a r r a y  B can   be   de t e rmined   be fo re   so lv ing   fo r  t h e  double t  Ek 
s t r e n g t h .  

The above   su r f ace   f i t t i ng   approach  for e s t a b l i s h i n g   t h e  
d o u b l e t   d i s t r i b u t i o n  i s  e q u i v a l e n t   t o  method "B" i n  t h e  two- 
dimensional  example  of  Figures 40-42 .  A d m i t t e d l y ,   t h e   r e s u l t a n t  
d o u b l e t   c o n t i n u i t y   p r o p e r t i e s  a t  pane l   edges   a r e   no t   i dea l .  An 
a l te rna te   approach   deve loped  by  Boeing i n  an unpubl i shed   repor t  
reduces   to   method "A" f o r   t h e   s p e c i a l   c a s e  of two-dimensional 
f l ow.   Th i s   a l t e rna te   app roach  was coded  under   the  present   s tudy 
and i s  a v a i l a b l e   i n   t h e   m o d i f i e d   D o u g l a s  Neumann Program.  For 
cases   i n   wh ich . the   pane led   geomet ry   o f  a s e c t i o n  i s  de f ined  by 
( n e a r l y )   s t r a i g h t   g e n e r a t o r  l i n e s ,  t h e   a l t e r n a t e   a p p r o a c h  i s  
accura t e   and   has  good cont inui ty   p roper t ies .   Otherwise ,   however ,  
t h e   c a l c u l a t e d   a r r a y   a n a l o g o u s  t o  Bgk t ends  t o  be  numerically 
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uns tab le .   Therefore ,   the   former   approach  was s e l e c t e d   a n d  w a s .  
u s e d   i n  a l l  the  three-dimensional   examples  of t h i s   r e p o r t .  

A t h i r d   a p p r o a c h ,   p r e v i o u s l y   i n v e s t i g a t e d  by Boeing,   involves  
r e d u c i n g   t h e   d i s c o n t i n u i t i e s  a t  p a n e l   e d g e s   a f t e r   t h e   d o u b l e t  
d i s t r ibu t ion   has .   been   de t e rmined .  The computed   double t   dens i t ies  
a t  p a n e l   e d g e s   f r o m   t h e   i n i t i a l   d o u b l e t   d i s t r i b u t i o n  are averaged 

t o  gene ra t e  a new, n e a r l y   c o n t i n u o u s   d i s t r i b u t i o n .  Then a least  
squares   second  order  f i t  i s  passed   th rough  the  new edge  values .  
The  drawback i s  t h a t   t h e   d i s c o n t i n u i t i e s   s h o u l d   b e   e l i m i n a t e d  

p r i o r  t o  s a t i s f y i n g   b o u n d a r y   c o n d i t i o n s ,   n o t   a f t e r .  The s i g n i f i -  
c a n t   n u m e r i c a l   i n s t a b i l i t y   a s s o c i a t e d   w i t h   d o u b l e t   d i s c o n t i n u i t i e s  

i s  tha t   boundary   cond i t ions  become u n r e a l i s t i c a l l y   s e n s i t i v e   t o  
pane l   geomet ry   and   con t ro l   po in t   l oca t ion .  

An improvement t o   t h e   t h i r d   a p p r o a c h   h a s   b e e n   d e v e l o p e d  

u n d e r   t h i s   s t u d y ,  b u t  h a s   n o t   b e e n   c o d e d   a t   t h i s  t i m e .  The 

essense of  the  present  improved  approach  involves  minimizinq  doub- 
l e t  d i s c o n t i n u i t i e s   a t   e i g h t   p e r i p h e r a l   p o i n t s  on each   pane l   p r io r  

t o  s o l v i n g   f o r  t h e  unknowns. This  i s  p o s s i b l e   b e c a u s e   t h e   d o u b l e t  
d i s t r i b u t i o n  on  each  panel i s  a l i n e a r   f u n c t i o n   o f   t h e  unknowns, 

where  the unknowns a r e   t h e   d o u b l e t   d e n s i t y   a t   t h e   a d j a c e n t   c o n -  

t r o l   p o i n t s   o f   F i g u r e  4 3 .  Four of t h e   e i g h t   p e r i p h e r a l   p o i n t s  on 
a p a n e l   a r e   t h e   c o r n e r s   a n d   f o u r   a r e   t h e   s i d e   m i d p o i n t s   ( F i g u r e  4 5 ) .  

I n   o r d e r   t o   a s s u r e   t h a t   a d j a c e n t   p a n e l s   i n  a s e c t i o n  w i l l  s h a r e  

i d e n t i c a l   p e r i p h e r a l   p o i n t   l o c a t i o n s   a t  a co rne r   o r   edge ,   t he  
e i g h t   p o i n t   l o c a t i o n s   o f   F i g u r e  45 are t o   b e   i n t e r p r e t e d  as l y i n g  

on t h e  s ides   o f   t he   non-p lana r   quadr i l a t e ra l   pane l   wh ich  w a s  de- 

f i n e d   p r i o r  t o  the   t rapezoida l   approximat ion .   Double t   d i scont in-  

u i t i e s  a t  panel   edges  are   minimized by a t t e m p t i n g   t o   m a t c h   t h e  

d o u b l e t   d i s t r i b u t i o n s  of a d j a c e n t   p a n e l s  t o  a common d e s i r e d   v a l u e  

a t  each of  t h e   p e r i p h e r a l   p o i n t s   s h a r e d  by t h e   a d j a c e n t   p a n e l s .  
Details of   the   p resent   improved   approach   a re   d i scussed   be low.  

A s e c o n d   o r d e r   q u a d r a t i c   f i t  ( 5 ,  n) is  t o   b e   e s t a b l i s h e d  

on each panel  

+ 
+ B 3  n +  B 4 5  

2 + n + 
B 6  

2 n ( 4 5 )  

8 2  



FiClUre 45. Panel  Edge  Locations for Doublet Matching 

F o r   e a c h   p a n e l ,   t h e   c o e f f i c i e n t s  8 , ( 1 < 2 < 6 )  " are determined by a n  
exact   matching of u ( E , n )  t o  t h e  unknown cent ro id   va lue   and  a 
l e a s t   s q u a r e   e r r o r   m a t c h i n g   t o   d e s i r e d   d o u b l e t   v a l u e s   a t   t h e  
e i g h t   p a n e l   p e r i p h e r a l   p o i n t s .   F o r   a n y   p e r i p h e r a l   p o i n t s   t h a t  
a r e   o n   t h e   e d g e   o f   t h e   s e c t i o n ,   t h e   s q u a r e   e r r o r   w e i g h t i n g  is  

s e l e c t e d   t o  make t h e   m a t c h i n g   e x a c t .   I f  u c  i s  t h e  unknown 
c e n t r o i d   d o u b l e t   d e n s i t y   o f   t h e   p a n e l   a n d  ppk ( 1 5 k < 8 )  - i d e n t i f i e s  
t h e   d e s i r e d   d o u b l e t   d e n s i t y  a t  t h e   e i g h t   p e r i p h e r a l   p o i n t s ,   t h e n  
t h e  method o f   l e a s t   s q u a r e s   g e n e r a t e s  a r e l a t i o n s h i p   i n   t h e  

following  form: 

8 
- 

6 2  - Bc + C B  u 
R k = l  'Rk  'k 

The c o e f f i c i e n t s  BcR and BPRk a r e   func t ions   o f   on ly   t he   pane l  
c o r n e r   c o o r d i n a t e s   ( p r i o r   t o   t h e   t r a p e z o i d a l   a p p r o x i m a t i o n ) .  

By expres s ing  p p k  ( l < k < 8 )  " as a l inear   combina t ion   of   the  
unknown d o u b l e t   d e n s i t i e s  a t  s e v e r a l   n e i g h b o r i n g   c o n t r o l   p o i n t s  
a n d   t h e n   s u b s t i t u t i n g   t h e   e x p r e s s i o n   i n t o   E q u a t i o n  (46), t h e  
c o e f f i c i e n t s   o f  a pane l  w i l l  be i n  the   fo l lowing   form:  R 

where p m  r e f e r s  t o  t h e  unknown d o u b l e t   d e n s i t i e s  a t  c o n t r o l  
p o i n t s   i n   t h e   v i c i n i t y  of t h e   p a n e l .  
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To determine upk  as a l i n e a r   c o m b i n a t i o n   o f   t h e  unknowns, 
. I  

a n   i n t e r p o l a t i n g  least  s q u a r e s   s u r f a c e   f i t  i s  passed  through  the 
c o n t r o l   p o i n t   d o u b l e t   d e n s i t i e s   i n   t h e   n e i g h b o r h o o d   o f   t h e   p a n e l  

p e r i p h e r a l   p o i n t   k .   F o r   b e s t   i n t e r p o l a t i o n   a c c u r a c y ,   t h e  
g r e a t e s t  least  squa res   we igh t ing   shou ld   be   a s s igned   t o   con t ro l  
p o i n t s   c l o s e s t   t o   p o i n t   k .  

The a r r a y  B R m  of   Equat ion ( 4 7 )  i s  a func t ion   on ly   o f   the  
co rne r   po in t   coo rd ina te s   o f   ne ighbor ing   pane l s   and  i s  determined 
p r i o r   t o   s o l v i n g   f o r   t h e  unknowns 1-1,. The limits of m i n  

Equation ( 4 7 )  depend upon t h e  number o f   ne ighbor ing   con t ro l  

po in ts   used  i n  t h e   i n t e r p o l a t i o n   f o r  p p k .  The limits l<m<25 ” a r e  
expec ted   t o   be   adequa te .  

0 1 

S - Surface Distance 

Figure 46. Three  Quadratic  Curve  Fits to a Doublet  Distribution 

2 

The present   approach i s  expected t o  improve  both  the 

accu racy   o f   t he   doub le t   d i s t r ibu t ion   and   t he   con t inu i ty   p rope r -  

t i e s ,  a t   t h e   e x p e n s e  of s l i g h t l y   g r e a t e r   c o m p u t a t i o n a l   e f f o r t .  
However, it i s  e x p e c t e d   t h a t   t h e   i n c r e a s e d   e f f o r t  w i l l  be 

i n s i g n i f i c a n t  compared t o  what i s  r e q u i r e d   i n   e s t a b l i s h i n g  

in f luence   coe f f i c i en t s   and   so lv ing   t he   sys t em  o f   l i nea r   boundary  
cond i t ion   equa t ions .  
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I 1 
I The n u m e r i c a l   c h a r a c t e r i s t i c s  are a p t l y   i l l u s t r a t e d  by 
1 
il re-examining  the  simple  two-dimensional  example  of  Figures 40-42 

,I w i t h   t h e   i n c l u s i o n  of the   p re sen t   app roach   ( cu rve  C )  . It i s  
1; n o t e d   t h a t   i n  terms o f   doub le t   dens i ty   (F igu re  4 6 ) ,  v o r t e x  

d e n s i t y  o r  doub le t   g rad ien t   (F igu re  4 7 ) ,  and  induced  normal 
v e l o c i t y   ( F i g u r e  4 8 ) ,  t h e   p r e s e n t  method m o s t  near ly   matches 
t h e   a n a l y t i c   c u r v e .  The s i g n i f i c a n c e  i s  r e v e a l e d   i n   t h e   n o r m a l  
v e l o c i t y   d i s t r i b u t i o n   o f   F i g u r e  4 8 .  Regardless  of where  one ' 

might select a boundary   condi t ion   cont ro l   po in t ,   the   boundary  
v a l u e  i s  s u f f i c i e n t l y  close t o  e x a c t  t o  suppress  unwarranted 
n u m e r i c a l   i n s t a b i l i t i e s .   T h e r e f o r e l p a n e l   g e o m e t r y   a n d   c o n t r o l  
po in t   l oca t ion   can   be   expec ted   t o   have   on ly  a m i n o r   e f f e c t  on 
computed r e su l t s ,  which i s  compa t ib l e   w i th   s imp l i f i ed   u se r  
requirements .  

0 

S -  

1 
I 

Surface Distance 

Figure 47. Vortex  Distribution - Corresponds to Figure 46 
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Figure 48. Normal  Velocity  Distribution - Corresponds to Figure 46 

Boundary  Conditions 
The i n d i r e c t   a p p r o a c h   o f   a p p l y i n g   i n t e r n a l   p o t e n t i a l   b o u n d a r y  

c o n d i t i o n s  i s  a p p l i e d   i n  v iew  of   the   good  accuracy   and   s tab i l i ty  

exhib i ted   in   the   two-dimens iona l   examples   p resented   ear l ie r .  

The  two s t e p s   t o   s a t i s f a c t i o n   o f   t h e   b o u n d a r y   c o n d i t i o n   a r e   t o  
se t  the   sou rce   dens i ty   on   each   pane l   equa l   t o   t he   nega t ive   o f  

the   loca l   f ree   s t ream  normal   ve loc i ty   component   and   subsequent ly  

t o  d e t e r m i n e   t h e   d o u b l e t   d i s t r i b u t i o n   c o r r e s p o n d i n g  t o  z e r o  
i n t e r n a l   p e r t u r b a t i o n   p o t e n t i a l  a t  s e l e c t e d   c o n t r o l   p o i n t   - l o c a -  

t i o n s .  A s  e x p l a i n e d   i n   t h e   s e c t i o n   P o t e n t i a l  Flow Theory,  such 

an  approach i s  t h e o r e t i c a l l y   e q u i v a l e n t  t o  p r e s c r i b i n g   s o l i d  
body f low  tangency  condi t ions.  

Severa l   o ther   approaches   for   apply ing   boundary   condi t ions  
a r e   c o n c e i v a b l e .   F o r   e x a m p l e ,   t h e   n e t   v e l o c i t y   f l u x   t h r o u g h  a 
control   surface  bounded  by  four   neighboring  panel   centroids  
cou ld   be   p re sc r ibed  as ze ro .   Th i s   wou ld   r equ i r e   ana ly t i ca l  
i n t e g r a t i o n   t o   f o r m u l a t e   v e l o c i t y   f l u x   i n f l u e n c e   c o e f f i c i e n t s  
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for   th ree-d imens iona l   geometr ies ,   bu t   would   reduce   to   the   suc-  
c e s s f u l  stream funct ion   approach   of  Oellers ( R e f  10) f o r  two- 
d imens iona l   f low.   However ,   the   p resent   in te rna l   po ten t ia l  
boundary  condition  approach i s  be l i eved  t o  p r o v i d e   t h e   b e s t  
compromise  with  respect t o  a c c u r a c y ,   n u m e r i c a l   s t a b i l i t y ,  compu- 
t a t i o n a l   e f f i c i e n c y ,   a n d   a v a i l a b i l i t y   o f   i n f l u e n c e   f u n c t i o n s .  

The source   dens i ty   on   each   body  pane l  i s  c a l c u l a t e d   f r o m   t h e  
d o t   p r o d u c t   o f   t h e   f r e e   s t r e a m   v e l o c i t y  ca w i t h   t h e   l o c a l   n o r m a l  
d i r e c t i o n  e i n   a c c o r d a n c e   w i t h   e q u a t i o n  ( 1 6 ) .  

-+ 
c '  

For wake p a n e l s   t h e   s o u r c e   s t r e n g t h  i s  p r e s c r i b e d  t o  be   zero ,  
corresponding t o  the  assumption of n e g l i g i b l e   v i s c o u s   d i s p l a c e -  
ment e f f e c t s  . 

A s c h e m a t i c   o f   t h e   c o n t r o l   p o i n t   l o c a t i o n s  was p re sen ted  
ear l ier  i n   F i g u r e  43. The edge   con t ro l   po in t s   do   no t  l i e  pre- 
c i s e l y  on the   t r apezo ida l   pane l   edges ,   bu t   a r e   i n s t ead  moved a 
few pe rcen t  of loca l   pane l   d imens ions   toward   the   cen t ro id .  
T h i s   r e p o s i t i o n i n g   p r e v e n t s   c o n t a c t   w i t h   t h e   c o n c e n t r a t e d  
vo r t ex   f i l amen t   t ha t   bounds   t he   edges   o f  a d o u b l e t   s h e e t .  

A t  e a c h   c o n t r o l   p o i n t  on a section of   body  panels ,   the  
boundary  condi t ion i s  imposed t h a t   t h e   i n t e r n a l   p e r t u r b a t i o n  
p o t e n t i a l   i n d u c e d   b y   t h e   s i m u l t a n e o u s   a c t i o n   o f   a l l   s i n g u l a r i t i e s  
i s  zero .  The i n t e r n a l   p o t e n t i a l  i s  e v a l u a t e d   a t  5 = 0-, i . e . ,  
on t h e   n o n - f l u i d   s u r f a c e  of t h e   p a n e l .  A t  t h e   c o n t r o l   p o i n t s  
a long  one  edge  of   each  sect ion  of  wake panels   (F igure  4 9 1 ,  t h e  
imposed  boundary  condition i s  t h a t   t h e  t o t a l  v e l o c i t y  component 
normal t o  t h e   p a n e l  i s  z e r o .  By a l i g n i n g   t h i s   s e c t i o n   e d g e   w i t h  
t h e   t r a i l i n g   e d g e   o f  a l i f t i n g  body,   the   Kut ta   condi t ion   o f  wake 
tangency i s  s a t i s f i e d .   Z e r o   d o u b l e t   g r a d i e n t  i s  p resc r ibed   a long  
t h e   j - d i r e c t i o n   o f   t h e  wake panels ,   cor responding   to   the   absence  
of wake load ing .   Th i s   e l imina te s   t he   need  t o  prescr ibe   boundary  
c o n d i t i o n s  a t  the  o t h e r  wake c o n t r o l   D o i n t s .  
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Figure 49. Schematic of Wake Boundary  Condition  Control  Points 

The present   approach  of p r e s c r i b i n g  z e r o  i n t e r n a l   p e r t u r b a -  

t i o n   p o t e n t i a l  a t  e d g e   c o n t r o l   p o i n t s   p r o v i d e s   f o r  a cont inuous 
ca r ryove r   o f   doub le t   dens i ty   f rom  one   s ec t ion   t o   ano the r .  On 

e a c h   s i d e   o f   t h e   i n t e r s e c t i o n   b e t w e e n  two s e c t i o n s ,   t h e   e d g e  
c o n t r o l   p o i n t  w i l l  have   t he  same v a l u e   o f   i n t e r n a l   p e r t u r b a t i o n  

p o t e n t i a l ,  z e r o .  B e c a u s e   t h e   d i f f e r e n c e   i n   p o t e n t i a l  across t h e  

i n t e r s e c t i o n  i s  dominated by the   magni tude   o f   the   loca l   double t  

d i scon t inu i ty ,   t he   absence   o f   any   d i f f e rence   a s su res   doub le t  

c o n t i n u i t y .  The d i s c o n t i n u i t y   i n   d o u b l e t   g r a d i e n t   ( v o r t e x  

d e n s i t y )  i s  d i c t a t e d  by the   change   in   po ten t ia l   be tween  the   edge  

a n d   c e n t r o i d   c o n t r o l   p o i n t s   o f  a p a n e l .   I n   f a c t ,   t h e   p r e s e n t  

approach i s  e q u i v a l e n t  t o  t h e   f o r m u l a t i o n   f o r   p r e d i c t i n g   t h e  

v o r t e x   d i s c o n t i n u i t y  a t  sharp   corners   which  was desc r ibed  i n  t h e  
sec t ion   "Research  on Green ' s   Iden t i ty   Fo rmula t ion . "   The re fo re ,  
t h e   p r e s e n t  method  can  be  applied t o  sharp   concave   corners  a t  
w ing- fuse l age   i n t e r sec t ions .  Whereas the   absence   o f  a sha rp  
co rne r   does   no t   nega te   t he   app l i cab i l i t y   o f   t he   app roach ,  it 
wou ld   p robab ly   be   p re fe rab le   t o   e l imina te   edge   con t ro l   po in t s  

i n  cases i n  which  the  body i s  smooth a t   t h e   s e c t i o n   e d g e .   T h i s  

wou ld   r equ i r e   t he   i n t roduc t ion  of s p e c i a l   i n d e x i n g   t o   c a r r y   t h e  

88  



d o u b l e t   d i s t r i b u t i o n   s u r f a c e  f i t  from one   s ec t ion  t o  another .  
I t  i s  a n t i c i p a t e d   t h a t   s u c h   i n d e x i n g  w i l l  b e   e s t a b l i s h e d   i n   t h e  
f u t u r e .  

The p resc r ip t ion   o f  z e r o  i n t e r n a l   p e r t u r b a t i o n   p o t e n t i a l  a t  
e d g e   c o n t r o l   p o i n t s  i s  b e l i e v e d  t o  be less s e n s i t i v e   t o   g a p s  
and   cont ro l   po in t   loca t ion   than   the   Boeing   approach  of p r e s c r i b -  
i ng   ze ro   no rma l   ve loc i ty  a t  t h e  same poin ts   (Reference  1 6 ) .  For 

example,   consider  a simple  two-dimensional  problem  in  which t w o  
a d j a c e n t   p a r a l l e l   p a n e l s   e x h i b i t  a s l i g h t   g a p   ( F i g u r e  5 0 ) .  
A s s u m e  t h a t   t h e r e  i s  a u n i t   s t r e n g t h   d o u b l e t   d e n s i t y   o n   b o t h  
pane l s .  The cor responding   po ten t ia l   and   normal   ve loc i ty  compo- 
nent   induced by t h e  t w o  doub le t   pane l s  i s  p l o t t e d  as a f u n c t i o n  
o f   p o s i t i o n   i n   F i g u r e  50.  Whereas   the   normal   ve loc i ty   d i s t r ibu-  
t i o n  i s  a s i n g u l a r   f u n c t i o n  of both  posi t ion  and  gap a t   t h e   p a n e l  
e d g e s ,   t h e   d i s t r i b u t i o n  of p o t e n t i a l  i s  well-behaved on both 
pane l s .   S imi l a r   behav io r  i s  e v i d e n t   r e g a r d l e s s  of t h e   a n g l e  
between t h e  two  panels.  Hence t h e  present   approach  should be 

c o n s i s t e n t l y   r e l i a b l e   e v e n   w i t h o u t  t h e  i n t r o d u c t i o n  of s p e c i a l  
a d d i t i o n a l   t r e a t m e n t  a t  section edges.  

4 "  

'u I 
0.04 0.02 L G A P 4  0.02 0.04 

PANEL  A 
0.05 

LENGTH 1.00 LENGTH 1.00 
/ l =  1 p =  1 

PANEL B 

! *  

Figure 50. Potential  and  Normal  Velocity in Vicinity of Adjacent Panel Edges 
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By combin ing   t he   i n f luence   func t ions  of equa t ions  ( 3 6 ) - ( 4 1 )  

w i th   equa t ions  ( 3 4 )  , it i s  p o s s i b l e  t o  e s t a b l i s h  a system of 

l i n e a r   e q u a t i o n s   r e l a t i n g   t h e  unknown set of c o n t r o l   p o i n t  
d o u b l e t   d e n s i t i e s  t o  the  imposed  boundary  condi t ions.  The  number 

of   equa t ions   and  unknowns are equa l ,   and   t he   so lu t ion   r ende r s  
t h e   c o m p l e t e   s i n g u l a r i t y   d i s t r i b u t i o n   f o r  a l l  pane l s  known. 

I n  o r d e r  t o  s i m p l i f y   t h e   s o l u t i o n  f o r  more than   one   f r ee  
s t r e a m   v e c t o r  V a l  th ree   r igh t -hand-s ides  t o  the   sys tem of -+ 

equa t ions  are so lved   s imul taneous ly ,  

denoted by a d i f f e r e n t   s u b s c r i p t .  

Vwl 5 ex 

Qm2 5 e 

Vw3 5 e 

j. -+ 

-+ 

Y 
-+ + 

z 

Then f o r  any  vector  qa, t h e   s o l u t i o n  

with  each  r ight-hand-side 

( 4 9 )  

s i n g u l a r i t y   s t r e n g t h s   c a n  

be   genera ted  as a s imple   l inear   combina t ion  of t h e   s o l u t i o n s   f o r  

C a l c u l a t i o n  of Flow P r o p e r t i e s  
A t  e ach   pane l   cen t ro id   t he   equa l i ty   be tween   t angen t i a l   pe r -  

t u r b a t i o n   v e l o c i t y  component  and  doublet   qradient i s  employed t o  

c a l c u l a t e   t h e   t o t a l   l o c a l   f l o w   v e l o c i t y  3. In   t he   pane l   coo rd i -  

na t e   sys t em ( < , n , < )  , 

The components i n   s y s t e m   ( x ,   y ,  z )  are o b t a i n e d   w i t h   t h e   a i d   o f  

t h e   r o t a t i o n   m a t r i x   [ a i j ] .  
P r e s s u r e   c o e f f i c i e n t  i s  c a l c u l a t e d  by B e r n o u l l i ' s   e q u a t i o n .  

v 2  c = 1 -  
P ( T I  

00 
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1 Force  and moment i n t e g r a t i o n  i s  performed  under  the  assump- 

1 ' t i o n   t h a t   t h e   c e n t r o i d   p r e s s u r e  .cf each   pane l  acts on t h e   e n t i r e  

i f l a t   t r a p e z o i d a l   g e o m e t r y .  The r e s u l t i n g   i n t e g r a t i o n   a c c u r a c y  
1, i s  c o n s i s t e n t   w i t h   t h e   b a s i c   s o l u t i o n   f o r m u l a t i o n .  
I 
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CALCULATED RESULTS 
S u r f a c e   p r e s s u r e   d i s t r i b u t i o n s  were c a l c u l a t e d   f o r   s e v e r a l  

th ree-d imens iona l   geometr ies   in   o rder  t o  assess t h e   r e l a t i v e  

merits of   the   modi f ied   p rogram  deve loped   under   th i s   s tudy   and  

t h e   e x i s t i n g   D o u g l a s  Neumann p rogram.   Here ina f t e r ,   t he  modi- 
f i e d  and   ex is t ing   p rograms are r e s p e c t i v e l y   d e s i g n a t e d   " p r e s e n t  
method"  and "Hess program." The a u t h o r s  are g r a t e f u l  t o  James 
Thomas of  NASA, Lang ley   Resea rch   Cen te r ,   f o r   h i s   i n t e re s t   and  
e f f o r t   i n   t h e   s e l e c t i o n  and t e s t ing   o f   t he   examples .  

The geomet ry   s e l ec t ion   i nc luded   shapes   fo r   wh ich   p red ic t ion  

accuracy by t h e  Hess program i s  c h a r a c t e r i s t i c a l l y  good a s  w e l l  
a s   shapes   for   which   the   p rogram  tends  t o  b e   u n r e l i a b l e .  The 
f o r m e r   c a t e g o r y   i n c l u d e s   i s o l a t e d   s o l i d   b o d i e s   o f   r e v o l u t i o n ,  

wings of convent iona l   sec t ion   geometry ,   and   typ ica l   wing-fuse lage  
combinations.  The l a t t e r   c a t e g o r y   i n c l u d e s   w i n g s   w i t h   t h i n ,  
h i g h l y   l o a d e d   t r a i l i n g   e d g e   r e g i o n s   a n d   i n t e r n a l   d u c t   f l o w .  

The f i r s t  example i s  i n t e n d e d   t o   r e v e a l   w h e t h e r   c a l c u l a t e d  

p r e s s u r e   d i s t r i b u t i o n s   f o r   w i n g s  of h i g h   a s p e c t  r a t i o  t e n d   t o  

r e f l e c t   t h e  2-D n u m e r i c a l   c h a r a c t e r i s t i c s   d i s c u s s e d  ear l ie r  i n  

the   s ec t ion   "Resea rch   on   Green ' s   Iden t i ty   Fo rmula t ion .  I' The 

supe rc r i t i ca l   geomet ry   o f   F igu re  51 was panel led   as   an   unswept  

wing   of   rec tangular   p lanform  wi th   cons tan t   c ross -sec t ion   and  
a s p e c t   r a t i o  1 0 0 .  Ten equa l ly   spaced   spanwise   s t r i p s   o f   pane l s  

were employed. Two chordwise   pane l   spac ing   d i s t r ibu t ions  were 
examined,  each  having a t o t a l  o f  4 0  p a n e l s   p e r   s p a n w i s e   s t r i p .  
Both  the  spacings,   cos?ne  and  cos/s inh,  are d e n s e   i n   t h e   t r a i l i n g  

edge   r eg ion ,   w i th   t he   fo rmer   be ing   t he   dense r   o f   t he  t w o .  The 
c a l c u l a t e d   c h o r d w i s e   p r e s s u r e   d i s t r i b u t i o n s   n e a r  tl?e r o o t   a r e  

p r e s e n t e d   i n   F i g u r e  5 1  f o r   t h e  t w o  p r o g r a m s   a n d   f o r   t h e   v i r t u a l l y  
e x a c t  2-D conformal   mapping   so lu t ion   of   Cathera l -Se l l s   (Reference  
5 ) .  The present   method  so lu t ion  i s  near ly   independent  of t h e  

pane l   spac ing ,   whereas   the  Hess program  so lu t ion  i s  h i g h l y  un- 

s t a b l e .  I t  i s  impor tan t  t o  c o n s i d e r   t h a t   i n   t h e  Hess program 
a u n i f o r m   c h o r d w i s e   s u r f a c e   v o r t e x   d i s t r i b u t i o n  i s  app l i ed .  Hess 

r e p o r t s   t h a t   h i s  l a tes t  3-D program  has a p a r a b o l i c   v o r t i c i t y  

opt ion  (analogous t o  t h a t  of Reference 22) a n d   t h a t   f o r   t h e  
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supe rc r i t i ca l   geomet ry   t he   pa rabo l i c   op t ion   wou ld   have  
subs t an t i a l ly   r educed   t he   numer i ca l   i n s t ab i l i t y .   None the le s s ,  
the   p resent   example   does   suppor t   the   conclus ion   tha t   combined  
source-doublet   methods are s i g n i f i % a n t l y  more r e l i a b l e   t h a n  
source   methods   for   th in   geometr ies   subjec ted  t o  s t r o n g   p r e s s u r e  
loading .  

40 PANELS PER SECTION 

-2.0 

0 A Hess program 

-1 .o 

cP 

0 

1.0 w 

Figure 51. Supercritical  Wing 
Effect  of Panel  Spacing,  Rectangular  Planform, AR = 100 

The second  example  a lso  involves   model l ing a 2-D a i r f o i l  
as a h igh   a spec t  r a t i o  wing. The Williams two-element a i r f o i l  
o f   F igure  1 6  w a s  s e l e c t e d   i n   o r d e r   t o   d e t e r m i n e   w h e t h e r   t h e  wake 
f rom  the   forward   e lement   d i s turbs   the  rear e lement   p ressure  
d i s t r ibu t ion .   In   v i scous   f l ow,   t he   geomet ry   o f   t he   fo rward  
element wake i s  s i g n i f i c a n t ;   h o w e v e r ,   f o r   p u r e l y   i n v i s c i d   f l o w  
w i t h  weak s p a n w i s e   g r a d i e n t s ,   t h e   p r e s s u r e   d i s t r i b u t i o n  i s  a n t i -  
c i p a t e d   t o   b e   n e a r l y   i n d e p e n d e n t   o f  wake shape. The reasonable  
bu t   c rude  wake geometry  of  Figure 52 was se l ec t ed ,   and   t he  wake 
w a s  al lowed t o  t r a i l  several   dozen  chords  downstream. The plan-  
form  and   spanwise   pane l   spac ing   def in i t ion  are similar t o  t h o s e  
of   the  preceding  example.  
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36 PANELS PER STREAMWISE  SECTION 

TRAILING  EDGE - 
30 PANELS  PER 

STREAMWISE  SECTION 

TRAILING  EDGE 

Figure 52. Williams  Two-Element Wing Geometry 
Rectangular  Planform AR = 100 

For   the   p resent   method,   the   chordwise   spac ing   of   F igure  16 
w a s  app l i ed .   Fo r   t he  Hess program, it w a s  n e c e s s a r y   t o   a d j u s t  
t h e   s p a c i n g   o f   t h e  rear e l e m e n t   t r a i l i n g   e d g e   p a n e l s   s u c h   t h a t  

t h e  upper  and lower s u r f a c e   c o n t r o l   p o i n t s   n e a r l y   a l i g n e d .  

W i t h o u t   t h i s   a d j u s t m e n t ,   t h e   c a l c u l a t e d   l i f t   c o e f f i c i e n t   b a s e d  

on t h e  Hess program  equal   pressure  Kutta   condi t ion i s  approxi- 
mately 2 5 %  t o o  low i n  compar ison   wi th   the   exac t   va lue .  The ca lcu-  
l a t e d   c h o r d w i s e   p r e s s u r e   d i s t r i b u t i o n s   n e a r   t h e   r o o t   p r e s e n t e d   i n  

F igu re  53 show t h a t   t h e   p r e s e n t  method  and  exact   solut ions 
compare w e l l .  Even w i t h   t h e   a d j u s t e d   t r a i l i n g   e d g e   p a n e l s ,   t h e  

Hess prog'ram s i g n i f i c a n t l y   u n d e r p r e d i c t s  l i f t .  The probable  

exp lana t ion  i s  t h a t  the  t r a i l i n g   e d g e   K u t t a   c o n d i t i o n  i s  
s e n s i t i v e   t o   t h e   l o c a l l y   s t r o n g   s o u r c e   s t r e n g t h s .  
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CQ 
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0 Hess program 1.86 
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Figure 53. Williams 2-Element Wing Pressure Distribution 

In  each of the  first two examples,  the  present  method 
generates  a  slightly  lower  lift  coefficient  than  the  exact 2-D 
solution.  This is characteristic of the  effects of spanwise 
gradients on a  finite  wing.  For  a  rectangular  wing of aspect 
ratio 100, downwash  reduces  the  root  section  lift  coefficient  one 
to  two  percent  below  the  two-dimensional  level. 
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Figures  54-56 p r e s e n t   t h e   c a l c u l a t e d   c h o r d w i s e   p r e s s u r e  

d i s t r i b u t i o n s   f o r   a n   u n s w e p t   w i n g  of r ec t angu la r   p l an fo rm,   a spec t  
r a t i o  s i x ,   a n d  NACA 0 0 1 2  cross sec t ion .   Us ing   t he  symmetry  plane 
o p t i o n ,   t h e   w i n g  semi!-span w a s  pane l l ed ,   w i th  8 e q u a l   s i z e   s t r i p s  

spanwise  and 40  p a n e l s   p e r   s t r i p  streamwise. Both   the  H e s s  and 

present   methods show  good  agreement  with  experimental   data a t  
6 .75"   angle   o f   a t tack   (Reference  2 4 )  . N o  v i s c o u s   c o r r e c t i o n s  

have  been  incorporated.  I t  i s  n o t e w o r t h y   t h a t   i n   t h e   t i p   r e g i o n  

t h e  Hess p r o g r a m   r e s u l t s  are  s u p e r i o r  t o  t h e   p r e s e n t   m e t h o d .   I n  

p a r t i c u l a r ,   t h e   u p p e r   a n d   l o w e r   s u r f a c e   p r e s s u r e   d i s t r i b u t i o n   o f  
t h e   p r e s e n t  method i n t e r s e c t  a t  approximately 70% chord.  I t  i s  
b e l i e v e d   t h a t   t h i s   b e h a v i o r  i s  a s s o c i a t e d   w i t h   t h e   q u a d r a t i c  

s u r f a c e   f i t   t o   t h e   d o u b l e t   d i s t r i b u t i o n .  A t  t h e   t i p   s t r i p  of 
pane l s   t he   spanwise   d i s t ance  t o  t h e   a d j a c e n t   s t r i p   c o n t r o l   p o i n t s  

i s  twice t h e   d i s t a n c e  t o  t h e   t i p   e d g e   c o n t r o l   p o i n t s .   T h i s  non- 

equa l   spac ing ,   coup led   w i th   t he   l a rge   doub le t   spanwise   g rad ien t s  
a t  t h e   t i p ,   g e n e r a t e s   s i g n i f i c a n t   e r r o r s   i n   t h e   s u r f a c e   f i t t i n g  
algori thm.  Future   implementat ion of t h e   i m p r o v e d   d o u b l e t   f i t  

a p p r o a c h   d e s c r i b e d   i n   t h e   s e c t i o n  "Numerical Solu t ion   Formula t ion"  
i s  e x p e c t e d   t o   e l i m i n a t e   t h e   d i f f i c u l t y .  Of c o u r s e ,   t h e  less 
e f f i c i en t   app roach   o f   i nc reas ing   t he   pane l   spanwise   dens i ty   nea r  

t h e   t i p  would a l s o   i m p r o v e   t h e   r e s u l t s .  

L& y. 

The f low  a round  the   pane l led   sphere   o f   F igure  5 7  w a s  ca lcu-  

l a t e d   b y   t h e   p r e s e n t  method.  Only  one-half   of  the  sphere w a s  
pane l l ed ,   and   t he  symmetry p l a n e   o p t i o n  was  employed. A h o l e  

approximately  one  percent   of   local   panel   dimensions w a s  l e f t  

a t  t he   , no r th   and   sou th   po le s   t o   p reven t   t he   exac t   co inc idence  
of t w o  e d g e   c o n t r o l   p o i n t s   o f   t r i a n g u l a r   p a n e l s .  The flow w a s  
s o l v e d   f o r  two f r e e  stream d i r e c t i o n s ,   o n e   p a r a l l e l   t o   t h e   x - a x i s  

and  one t o  t h e  z -ax is .  The l a t t e r  s o l u t i o n   ( F i g u r e  581 i s  of 
g rea t e r   i n t e re s t   because   non-ax i symmet r i c   pane l l i ng  i s  used   t o  

model  an  axisymmetric  f low.  For  both  free stream d i r e c t i o n s  

t h e r e  i s  good   ag reemen t   w i th   t he   exac t   ana ly t i ca l   so lu t ion .  I t  

i s  n o t e w o r t h y   t h a t   t h e r e  i s  a s l i g h t  scat ter  i n   t h e   c a l c u l a t e d  
r e s u l t s   f o r   p a n e l s  a t  t he   edge   o f  a s e c t i o n ,   a l t h o u g h   t h e  magni- 
t ude   o f   t he  scatter i s  smaller t h a n   t h e   s y m b o l   s i z e   i n   F i g u r e  53. 
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Apparen t ly   t he   edge   con t ro l   po in t s   do   no t   gene ra t e   su r f ace  \ 
i c o n t i n u i t y   p r o p e r t i e s  as w e l l  as t h e  direct  impos i t ion   o f   the  ia 

j q u a d r a t i c   s u r f a c e  f i t  be tween  ad jacent   pane ls .  The p r e s s u r e  
F 

d i s t r i b u t i o n   f o r   t h e  H e s s  program w a s  also ca l cu la t ed   and   ag rees  
w e l l  w i t h   t h e   e x a c t   s o l u t i o n ,   b u t  i s  n o t  shown here .  

F igu re  59  i l l u s t r a t e s   a n   i s o l a t e d   a x i s y m m e t r i c   f u s e l a g e   w i t h  
an  open base. I d e n t i c a l   p a n e l l i n g  w a s  u s e d   f o r   b o t h   t h e   p r e s e n t  
and H e s s  me thods ,   and   t he   ca l cu la t ed   p re s su re   d i s t r ibu t ion  w a s  
compared t o   t h e   s o l u t i o n   g e n e r a t e d  by Hess' higher  order  axisym- 
metric su r face   s ingu la r i ty   p rog ram  (Refe rence  2 5 ) .  The h ighe r  

" . 
I d  o r d e r   s o l u t i o n ,   c o n s i d e r e d  t o  b e   v i r t u a l l y   e x a c t ,  i s  n e a r l y  
1 -  matched  by  both  the  present   and Hess p rogram  so lu t ions .  
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Figure 54. Rectangular  Wing Pressure Distribution 
Root 
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Figure 55. Rectangular  Wing Pressure Distribution 
Midspan 
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Figure 56. Rectangular  Wing Pressure Distribution 
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Figure 57. Sphere  Paneling 
400 Panels  per  Semisphere 
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Figure 58. Pressure  Distribution  for a Sphere , 
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18  PANELS  STREAMWISE 
6 PANELS PER SEMI-CIRCULAR 

CROSS SECTION 
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Figure 59. RML51 F07 Body Alone 

The c a p a b i l i t y   t o   p r e d i c t   i n t e r n a l   f l o w   p r o p e r t i e s  was 

assessed by t e s t i n g   t h e   p a n e l l e d   d u c t   o f   F i g u r e  60 .  The geometry 

r e p r e s e n t s   t h e  body  of   revolut ion  generated by wrapping a NACA 

0010  a i r f o i l   a r o u n d  a c i r cu la r   cy l inde r   where   t he   cy l inde r  

l e n g t h - t o - r a d i u s   r a t i o  i s  t e n .  The minimum i n t e r n a l   c r o s s -  

s e c t i o n a l   a r e a  i s  a f a c t o r   o f   f o u r  smaller than   the   cor responding  

i n l e t  and e x i t  areas. The panel  dimensions were chosen t o  be 

u n u s u a l l y   l a r g e   i n   c o m p a r i s o n   t o   t h e   i n t e r n a l   d i a m e t e r   i n   o r d e r  

t o   a m p l i f y   n u m e r i c a l   d i f f i c u l t i e s ,   t h e r e b y   s i m p l i f y i n g   t h e  

assessment  of  the  methods.  A c y l i n d r i c a l  wake ex tending  
' approximate ly   t en   duc t   l engths   downst ream was p a n e l l e d   t o   a l l o w  

K u t t a   c o n d i t i o n   s a t i s f a c t i o n   a t   t h e   e x i t .  
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Figure 60. Duct Paneling 
Two Views 

The i n t e r n a l   p r e s s u r e   d i s t r i b u t i o n  i s  shown i n   F i g u r e  6 1  f o r  

t he   p re sen t   and  Hess programs. To v e r i f y   t h a t   t h e   s o l u t i o n  from 

t h e  Hess higher   order   axisymmetr ic   program i s  s u f f i c i e n t l y   c l o s e  

t o   e x a c t   t o   b e  so d e s i g n a t e d ,   b o t h   t h e   a x i a l   p a n e l   d i s t r i b u t i o n  
of   Figure G O  and a d i s t r i b u t i o n   o f   d o u b l e   d e n s i t y  were tested. 
The p r e s e n t  method c a l c u l a t i o n s   a g r e e   q u i t e  w e l l  w i t h  t h e   e x a c t  

s o l u t i o n .  It i s  n o t e w o r t h y   t h a t   t h e  minimum p r e s s u r e   c o e f f i c i e n t  

i s  C = -13, which  compares t o  the v a l u e  Cp = -15 corresponding 

t o  one-d imens iona l   f low  theory   appl ied   to  a c o n s t r i c t i o n   r a t i o   o f  

f o u r .  The Hess program  vas t ly   underpredic t s  the magnitude  of t h e  

i n t e r n a l   p r e s s u r e s .   T h i s  i s  c h a r a c t e r i s t i c   o f  low o rde r   sou rce  

methods ,   which   exhib i t   s ign i f icant   l eakage   be tween  cont ro l   po in ts  

f o r   i n t e r n a l  f l o w .  

- 
P 
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Figure 61. Duct Internal  Pressure Distribution 
Exit  Kutta  Condition  Applied 

Because it i s  conce ivable  t h a t  i n a c c u r a c i e s   a s s o c i a t e d   w i t h  
e x i t   K u t t a   c o n d i t i o n   s a t i s f a c t i o n   c o u l d   h a v e   a f f e c t e d   t h e   d u c t  
s o l u t i o n   o f   F i g u r e  6 1 ,  t h e  example was r epea ted   w i th  no  wake 

panel l ing   and   no   Kut ta   condi t ion   (F igure  6 2 ) .  A l though   t he   r e su l t -  
i ng   magn i tude   o f   i n t e rna l  f l o w  v e l o c i t y  i s  s i g n i f i c a n t l y   r e d u c e d ,  

t h e   r e l a t i v e   p r e d i c t i o n   a c c u r a c y  of the d i f f e ren t   me thods  i s  n o t  

subs t an t i a l ly   changed .  

Hess has demonstrated t h a t  t h e  i n c l u s i o n   o f   h i g h e r   o r d e r  

terms s i g n i f i c a n t l y   i m p r o v e s   s o u r c e   m e t h o d   i n t e r n a l   f l o w   p r e d i c -  

t ion   accuracy   (Reference  2 6 ) .  O f  c o u r s e ,   i n c r e a s i n g   p a n e l   d e n s i t y  

a l s o   i n c r e a s e s   t h e   a c c u r a c y .   F o r  t h e  Hess program,  doubling 

t h e  number of p a n e l s   p e r   u n i t   l e n g t h   ( q u a d r u p l i n g   t h e   t o t a l  number) 

r e d u c e s   t h e  leakage by  an  approximate factor of t w o .  I t  is  
i n t e r e s t - i n g   t h a t   e v e n   w i t h o u t   h i g h e r   o r d e r   c o r r e c t i o n s ,   t h e  

p r e s e n t   m e t h o d   p r o v i d e s   s a t i s f a c t o r y   i n t e r n a l   f l o w   s o l u t i o n s   f o r  
l o w  pane l   dens i ty .  
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Figure 62. Duct  Internal Pressure Distribution 
Zero  Circulation 

The o b j e c t i v e   o f   t h e   f i n a l   e x a m p l e  i s  to   de t e rmine   whe the r  

t h e   i n t e r f e r e n c e   e f f e c t   o f  a wing  on a f u s e l a g e   p r e s s u r e   d i s t r i -  

bu t ion   can   be   p red ic t ed   w i thou t   ex t end ing   t he   w ing   pane l l i ng  

th rough   t he   fu se l age   i n t e r io r .   Whereas   t he  Hess program  uses 

i n t e r n a l   f u s e l a g e   p a n e l l i n g ,   t h e   p r e s e n t   m e t h o d  relies e n t i r e l y  

o n   s u r f a c e   p a n e l s   t o   g e n e r a t e   t h e   f u s e l a g e   l i f t .  A d i sadvantage  

o f   t h e   i n t e r n a l   p a n e l l i n g   a p p r o a c h  i s  t h a t  it is n o t  clear 
how va r ious   h igh   o r   l ow  wing   conf igu ra t ions   shou ld  be modelled. 

F igure  6 3  i l l u s t r a t e s   t h e  wing-body  geometry selected f o r  
t h i s  example. The convent iona l  mid-wing c o n f i g u r a t i o n  i s  
c h a r a c t e r i s t i c   o f   g e o m e t r i e s   f o r   w h i c h   t h e  H e s s  program  predic- 

t i o n s  are very  accurate, thereby   provid ing  a s t a n d a r d  of compari- 

s o n   f o r   t h e   p r e s e n t  method.  Furthermore,   experimental   pressure 

d a t a   a r e   a v a i l a b l e   ( R e f e r e n c e  2 7 ) ,  which  provide a second  s tandard.  

I 
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Wing Details 

Airfoil Section 

Aspect Ratio 4 
Taper  Ratio 0.6 
Incidence, deg 0 
Dihedral, deg 0 
Geometric  Twist, deg 0 

NACA 65A006 

t 

\ 
.Axisymmetric 
Fuselage 

Figure 63. WingBody  Geometry 

The geometry i s  symmetric w i t h   r e s p e c t   t o   b o t h   t h e   w i n g  

c h o r d   p l a n e   a n d   t h e   z e r o   b u t t   l i n e   p l a n e .   P a n e l l i n g  was 
e s t a b l i s h e d  on   on ly   one   s ide   o f   t he   l a t t e r   p l ane   o f   symmet ry ,  

and  an  appropriate   symmetry  opt ion w a s  used  in  program  computa- 

t ions .   Outboard   o f   the   fuse lage ,   the   wing  w a s  modelled  by  nine 

streamwise s t r ip s   o f   app rox ima te ly   un i fo rm  wid th .  Each s t r i p  

contained  twenty  upper  and  twenty  lower  surface  panels.  The 

fuselage c r o s s   s e c t i o n   p a n e l l i n g  w a s  equa l ly   spaced ,   wi th   each  

panel   subtending  an arc of 30°. N i n e t e e n   f u s e l a g e   s t a t i o n  

l o c a t i o n s  were u s e d   t o   d e f i n e   t h e   f u s e l a g e   p a n e l l i n g .   F o r   t h e  

present   method  on ly ,  the  f u s e l a g e   p a n e l   d e n s i t y   i n   t h e   r e g i o n  of 

104 



,I t h e  w i n g   i n t e r s e c t i o n  w a s  i n c r e a s e d   a n d   t h e   p a n e l   d i s t r i b u t i o n s  
i modif ied   such   tha t   the   wing   and   fuse lage   pane l   edges   a l igned .  
i: Whether t h i s   p r e c a u t i o n  is b e n e f i c i a l  w a s  no t   de t e rmined   p r io r  
1 t o  t h e   p u b l i c a t i o n   o f   t h i s   r e p o r t .  
i 

I I n  o r d e r   t o   c o m p e n s a t e   f o r  a d e f i c i e n c y   i n   t h e   p r e s e n t  

f program, it was necessary  t o  model t h e   f u s e l a g e   a f t e r b o d y  as 
a c y l i n d e r .  For cons i s t ency ,   t he   mode l l ing  w a s  a lso u s e d   i n  di 
t h e  H e s s  program. The d e f i c i e n c y  i s  t h a t  i f  t h e   c e n t r o i d s  of a 
streamwise s t r i p   o f  wake pane l s  are n o t   c o l i n e a r ,   t h e   t r a i l i n g  1: 1'  v o r t e x   f i l a m e n t s  w i l l  no t   be  streamwise. I n  most cases it is  

I 
[. p o s s i b l e  t o  p a n e l   t h e  wake  by pa ra l l e log rams ,   wh ich   e l imina te s  

t h e   d i f f i c u l t y .   N o n e t h e l e s s ,   t h e   d e f i c i e n c y   i n   t h e   p r e s e n t  
i I program  should  be  e l iminated.  
I 
:I 
i 

i I a t t a c k .   N e i t h e r   c o m p r e s s i b i l i t y   n o r   v i s c o u s   c o r r e c t i o n s  were 
i made t o  t h e   c a l c u l a t e d   p r e s s u r e s .  The test  da ta   cor responds  t o  2 
\ f r e e  stream Mach number 0 . 6 0 .  

I The ca l cu la t ed   and   expe r imen ta l   fu se l age   p re s su re   d i s t r ibu -  

The flow  around  the  wing-body w a s  c a l c u l a t e d   a t  4 O  angle   of  

t i o n s  are  p r e s e n t e d   i n   F i g u r e  6 4 .  I n   s p i t e  of s i g n i f i c a n t l y  
d i f f e r e n t   a p p r o a c h e s   u s e d   t o   g e n e r a t e   f u s e l a g e  l i f t  ca r ryove r ,  
t h e  p r e d i c t i o n s   b y   t h e  t w o  programs  are  i n  close agreement. 
I n  f a c t ,  t h e   t o t a l   c o n f i g u r a t i o n  l i f t  c o e f f i c i e n t s   a g r e e  t o  
t h r e e   s i g n i f i c a n t   f i g u r e s   ( 0 . 2 5 6  CL a t  4 O o r ) .  F o r   t h e  Hess pro- 
gram, t h e   s l i g h t l y  milder g r a d i e n t s  a t  the  wing root  l ead ing  
edge   a r e   p robab ly   due   t o   t he  less dense   fu se l age   pane l l i ng .  The 

f ac t  t h a t  the p r e s e n t  method p r e s s u r e   d i s t r i b u t i o n  i s  o f   s l i g h t l y  
lower magnitude  immediately  above  and  below  the  wing  root  i s  

b e l i e v e d  t o  b e   a t t r i b u t a b l e   t o   e x c u r s i o n s   f r o m   t h e   n o m i n a l  
az imutha l   angles  0 of   F igure  6 4  ( 0  45O, 75O, 105O, 135'). 
For t h e   p r e s e n t   m e t h o d ,   t h e   p a n e l l i n g  a t  the   wing-fuse lage  
i n t e r s e c t i o n  i s  s u c h   t h a t   t h e   a c t u a l   v a l u e s   o f  0 are  approximate- 
l y  7 0 °  and llOo i n s t ead   o f   t he   nomina l   va lues  75O and 105O, re- 
spec t ive ly .   Bo th   t he   p re sen t   and  Hess methods  agree  reasonably 
w e l l  w i th   t he   expe r imen ta l   da t a ,  i n  s p i t e   o f   t h e   f a c t   t h a t  
n e i t h e r   v i s c o u s   n o r   c o m p r e s s i b i l i t y   c o r r e c t i o n s  w e r e  appl ied .  
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By running   the  H e s s  p rogram  wi th   and   wi thout   the   fuse lage  
a f t e r b o d y   c u r v a t u r e ,  it w a s  e s t a b l i s h e d   t h a t  more t h a n   h a l f  of 
the   d i f f e rence   be tween   ca l cu la t ed   and   expe r imen ta l   p re s su res  

i s  a t t r i b u t a b l e  t o  mode l l ing   t he   a f t e rbody  as  a c y l i n d e r .  

4 O  a 
Present  method - - - - Hess prog ram 

Exper imen t  (0.60 M A  
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Figure 64. Fuselage  Pressure Distribution  in Presence of Wing 
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I' The  wing s e c t i o n   p r e s s u r e   d i s t r i b u t i o n s  a t  th ree   spanwise  

1 1 

n' 
s t a t i o n s  are  p r e s e n t e d   i n   F i g u r e  65-67. The  two methods  agree 
w e l l  wi th   one   another ,   except   near   the   wing   t ip .  A s  d i scussed  
ea r l i e r ,  a more s o p h i s t i c a t e d   d o u b l e t   s u r f a c e   f i t t i n g   p r o c e d u r e  1 

I i s  needed t o  i m p r o v e   t h e   r e l i a b i l i t y   o f   t h e   p r e s e n t   m e t h o d   a t  
i 
I w ing   t ips .   Over   the   remainder  of t h e   w i n g ,   t h e   g r e a t e r   p a r t  
i 
I i s  a t t r i b u t a b l e  t o  n e g l e c t i n g   t h e   f u s e l a g e   a f t e r b o d y   c u r v a t u r e .  \ 

of   t he   d i f f e rences   be tween   ca l cu la t ed   and   expe r imen ta l   p re s su res  

The wing-body  example  demonstrates   that   the   panel   edge 
boundary   cond i t ion   con t ro l   po in t s   can   p rov ide   t he   p rope r   fu se -  
l a g e   l i f t   c a r r y o v e r ' w i t h o u t   t h e   e x t e n s i o n   o f   w i n g   p a n e l l i n g  
through t h e  f u s e l a g e .  

Based  on the  above  examples,  some d e f i c i e n c i e s   o f   t h e  
present   method  which  can  and  should  be  e l iminated  have  been 
uncovered. The only   one   no t   d i scussed   above   per ta ins  t o  t h e  
c a l c u l a t i o n   o f   t h e   i n f l u e n c e   c o e f f i c i e n t s .   O n l y   n e a r   f i e l d  
formulae   a re   cur ren t ly   used .  I t  i s  b e l i e v e d   t h a t   t h i s . i n c r e a s e s  
t h e  t i m e  spen t   comput ing   i n f luence   coe f f i c i en t s  by an order   o f  
magnitude  over  what  would  be  required i f   b o t h   f a r  and   in te rmedia te  
formulae w e r e  used. A s  a r e s u l t ,   t h e   t o t a l   c o m p u t i n g  t i m e  f o r  a 
wing-body c o n f i g u r a t i o n  i s  approximate ly   f ive  times g r e a t e r   t h a n  
what  would  be  required.   This i s  r e f l e c t e d  by comparing  the com- 
p u t i n g  times of t h e  Hess and  present  programs.  For  example,  on 
t h e  CDC CYBER 1 7 5 ,  t h e   d u c t   s o l u t i o n   r e q u i r e d  1 0 0  seconds com- 
p u t i n g  t i m e  i n  t h e  Hess program  versus   near ly  400  seconds   for  
the   p resent   method.   In   each   program,  360 body pane l s  were used. 
on   each   ha l f   o f   t he  symmetry p l a n e .   C l e a r l y ,   f a r   f i e l d   f o r m u l a e  
n e e d   t o   b e   i n t r o d u c e d .  

In   genera l ,   the   above   examples   conf i rm  tha t   the   combined  
source -doub le t   d i s t r ibu t ion   o f   Green ' s   i den t i ty   coup led   w i th  
i n t e r n a l   p e r t u r b a t i o n   p o t e n t i a l   b o u n d a r y   c o n d i t i o n s   p r o v i d e s  
a c c u r a t e   a n d   s t a b l e   n u m e r i c a l   f l o w   f i e l d   p r e d i c t i o n s   f o r  a wide 
v a r i e t y   o f  body  shapes ,   inc luding   th in   wings   and   duc t   in te r iors .  
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CONCLUSIONS AND FECOMMENDATIONS 
The u s e  of mi ld   combined   source-double t   sur face   s ingular i ty  

d i s t r i b u t i o n s   e l i m i n a t e s   t h e   n u m e r i c a l   i n s t a b i l i t i e s   a s s o c i a t e d  

w i t h   t h e   e x c e s s i v e l y   s t r o n g   s i n g u l a r i t y   m a g n i t u d e  of sou rce   on ly  
s o l u t i o n s   f o r   h i g h l y   l o a d e d   t h i n   g e o m e t r i e s .  Also, s i g n i f i c a n t l y  
improved   pred ic t ion   accuracy  i s  achieved a t  sharp   concave   corners .  
Even w i t h o u t   h i g h e r   o r d e r   c o r r e c t i o n s ,   t h e   u s e   o f   i n t e r n a l   p o t e n -  
t i a l  boundary   condi t ions   p roduces   surpr i s ing ly   good  accuracy   for  
a wide  var ie ty   of   body  geometr ies .  The implementation  of  Green's 

i d e n t i t y   o f f e r s   s e v e r a l   o t h e r   b e n e f i t s .   N o n l i f t i n g   c o n f i g u r a t i o n s  
a r e  made l i f t i n g  by t h e   s i m p l e   i n t r o d u c t i o n   o f  a wake. The con- 

f i g u r a t i o n   d o u b l e t   d i s t r i b u t i o n   a u t o m a t i c a l l y   r e a d j u s t s   t o   g e n e r a t e  

l i f t ,   t h e r e b y   e l i m i n a t i n g   t h e   r e q u i r e m e n t   f o r   s e p a r a t e   l i f t i n g   a n d  
n o n l i f t i n g   f o r m u l a t i o n s .   I n t e r n a l   p o t e n t i a l   b o u n d a r y   c o n d i t i o n s  

can   be   app l i ed ,   wh ich   t end   t o   improve   numer i ca l   s t ab i l i t y   fu r the r  

and ,   a s   demons t r a t ed   i n  t w o  dimensions,   lead t o  a s i m p l i f i e d  
r e l i a b l e   s o l u t i o n  method for   des ign   problems i n  wh ich   t he   p re s su re  

d i s t r i b u t i o n  i s  p resc r ibed .  A l l  boundary  f low  propert ies   can  be 

e v a l u a t e d   d i r e c t l y   f r o m   t h e  local  s i n g u l a r i t y   s t r e n g t h s ,   w h i c h  
s a v e s   t h e   e f f o r t   o f  summing t h e   i n d i v i d u a l   i n f l u e n c e s   o f   t h e  
s i n g u l a r i t i e s   o n  a l l  p a n e l s .   T h i s   f e a t u r e  a lso s i m p l i f i e s   t h e  
implementation  of  mixed  Neumann-Dirichlet   boundary  conditions.  

Two a r e a s   o f   f u r t h e r   s t u d y  are recommended, s p e c i f i c a l l y ,  

t h e  improvement   o f   double t   cont inui ty   p roper t ies   and   the   imple-  
mentat ion  of  a d e s i g n   f o r m u l a t i o n   f o r   a r b i t r a r y   b o d i e s .  

I t  i s  e x p e c t e d   t h a t   d o u b l e t   c o n t i n u i t y   p r o p e r t i e s  can be 
improved   s ign i f i can t ly  by us ing  common va lues  a t  ad jacen t   pane l  

e d g e s   p r i o r  t o  b o u n d a r y   c o n d i t i o n   s a t i s f a c t i o n .  A t  the   expense 
o f   s l i g h t l y   g r e a t e r   c o m p u t i n g  time, t h i s   t e c h n i q u e   s h o u l d   b o t h  

i n c r e a s e   p r e d i c t i o n   a c c u r a c y  a n d   r e d u c e   t h e   s e n s i t i v i t y   t o   t h e  
p a n e l   d i s t r i b u t i o n .   E l i m i n a t i o n   o f   t h e   t r a p e z o i d a l   p a n e l  restric- 
t i o n  by  implementing  more  comprehensive  influence  functions  should 

a l s o   i m p r o v e   c o n t i n u i t y   c h a r a c t e r i s t i c s .  
For inverse  design  problems  in   which  the  geometry m o s t  

n e a r l y   c o r r e s p o n d i n g   t o  a p r e s c r i b e d   p r e s s u r e   d i s t r i b u t i o n  is  
t o  be  determined, it is  e x p e c t e d   t h a t   t h e   c h a r a c t e r i s t i c s  of 
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efficiency and stability  demonstrated by the two-dimensional 
. method will carry over in an application to three-dimensional 

geometries. The two-dimensional  method  exhibits  unusual 
insensitivity to starting  geometry and good convergence  charac- 
teristics  even  in  the  difficult  leading  edge  regions. 

McDonnell  Aircraft  Company 
McDonne11  Douglas  Corporation 
St. Louis,  Missouri 63166 

, January 13, 1978 
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