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SWMMARY

A prediction method is found for the noise reduction through
a cavity-backed panel. The analysis takes into account only cavity
modes in one direction. The results of this analysis are used
to find the effect of acoustic stiffness of a backing cavity on
the panel behavior. The resulting changes in the noise reduction
through the panel are significant. The results of this analysis
show good agreement with the results of the method of Guy and
Bhattacharya (Ref. 8). The agreement with e%perimental results
obtained with the test facility described in Ref. 1, however, is

poor.
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CEAPTER 1

INTRODUCTION

This report describass part of the work performed under a National
Aeronautics and Space Administration (NASA) funded research project
on the transmission of sound through general aviation airplane struc-
tures.

The project started on April 15, 1976, when the Flight Reseaxrch
Laboratory of the Umiversity of Kansas began work on the grant for
NASA, Langley Research Center, entitled "A Research Program to Reduce
Interior Noise in General Aviation Airplanes," NASA Grant No. NSG 1301.
The main objectives of this first phase were to develop a noise re-
search team at the University of Kansas and to define a long-range
follow-up research program in interior noise.

At the end of April 1977, the ending of the preparation phase,
the grant was extended to carry out the continuing work, which was
defined and partially prepared during the first phase of the project.
During this second phase a test facility was designed and built. In
Ref. 1 the ieét facility is described thoroughly. The latter made it
possible to determine the sound transmission loss characteristics
of wvarious struétural panels and panel treatments.

It was assumed that the receiving chamber, in the tube behind
the test panel, was a termination which absorbed all of the sound
passing through the test panel. In that way the receiving chamber
would affect the transmission of sound through the test specimen in
the same manner as an infinite space of air. However, vwhen testing

of panels started, several apparent anomalies were observed. One



problem which appeared was that the measured resonance frequencies

of most test panels did not agree with the caleulated resonance fre-
quencies. Another point was negative transmission loss at the funda—
mental resonance frequency.

It appeared that the receiving chawmber behind the panel behaved
as a finite cavity and affected the panel behavior. This cavity
effect raised the resonance frequencies and caused the negative trans-
mission loss. Im spiée of the large amounts of absorbing materials
in the tube, the receiving chamber did not have the same Impedance
as an infinite space -of air.

In this repeort an attempt will be made to explain the effect
of the cavity on the panel behavior. Expressions will be derived
for the prediction of the noise reduction through free and cavity-

backed panels. The influence of cavity damping will also be considered.



CHAPTER 2

HISTORIC REVIEW

According to Pretlove (Ref. 2) there are two types of pamel cavity
systems. The first type is a system in which the effect of the cavity
on the panel behavior is negligible. The panel stiffness is consid-
erably greater than the acoustic stiffness, and the fundamental reso-
nance frequenciles are not affected. by the cavity behind the plate.

The second type is a system in which the effect of the cavity on the
panel is considerable. This happens when the acoustic stiffpess of
the cavity is equal to or greater than the stiffness of the panel.
The panel mode shapes and natural frequencies change considerably.
For this system it is necessary to include the effect of the cavity
in the analysis .of the noise transmission through the panel in the
cavity.

The manner in which the acoustic cavity modes affect the flexible
panel depends very much on the length of the cavity. When the length
of the cavity is greater than the larger panel dimension, two acoustic
cavity depth modes will occur before any other.

The first acoustic cavity mode is called the "open-ended' mode.
The depth of the cavity is one quarter of the acoustic wavelength.

In this case, the cavity affects the panel as if there were no cavity
at all. The acoustic stiffness due to the cavity has dropped to

zero at this frequency. The second acoustic cavity mode, which
occurs at about twice the frequency of the “open—énded" mode, is

the "closed-end" acoustic depth mode. In this case, the acoustic

stiffness approximates minus infinity.



When the in vacuo value of the panel natural frequency (the
natural frequency of the panel when backed by an infinite space) is
less than the "open—ended'" acoustic mode frequency, then the cavity
acts as a stiffness and the natural frequency of the panel is increased.

The second possibility is that the in vacuo panel resonance fre-
quency falls between the "open-eﬁded“ and the "closed-end" acoustic
modes. Then the cavity acts as a negative stiffness, and the panel
fundamental frequency is decreased.

If the depth of the cavity is less than one-half of the larger
panel dimension, then the effect of the transverse acoustic modes of
the cavity becomes more important.

If the depth of the cavity becomes less than one-quarter of
the larger panel dimension, then the lowest acoustic mode in the
frequency scale is the transverse acoustic mode and infinite values
of acoustic stiffness occur before zero values.

The problem of a cavity-backed panel has already been studied
by several persoms. One of the first articles about this subject
was written by Dowell and Voss in 1963 (Ref. 3). It treats
a case in which the cavity acts as a stiffness to the fundamental
panel mode. The effect of the cavity on the second (anti-symmetric)
panel mode is that of a negative stiffness. According to this theory
the cavity effect becomes more noticeable with decreasing cavity
length.

Lyon (Ref. 4) treats the noise tramsmission problem for
the situation in which the panel vibration is not affected by the
cavity. The acoustic stiffness because of the cavity is assumed

negligible, compared with the stiffness of the panel. The usual



pracitical situation is considered: the in vacuo panel fundamental
frequency is lower than the first acoustic cavity mode. The noise
reduction study is divided into three frequency ranges: at "low"
frequencies, where both the panel and the cavity are stiffness con-
trolled; at "intermediate" frequencies, where the pamel is in the
resonance controlled region and the cavity is still stiffness con-
trolled; and at "high" frequencies, where both the panel and the
cavity are in the resonance controlled region.

Pretlove discusses, in Ref. 2 and 5, the free .and .the forced
vibrations of a panel-backed cavity. The model used by Pretlove
considers a cavity with all walls perfect acoustic reflectors,
except for the flexible panel. The sclution derived in Ref. 2 is
exact.

The problem of a room- or cavity-backed panel has also been
studied by Kihlman (Ref. 6) and Bhattacharya and Crocker (Ref. 7)
using models somewhat similar to the ones used by Pretlove (Ref. 2
and 5) and Dowell and Voss (Ref. 3).

Guy and Bhattacharya (Ref. 8) discuss the influence of a finite
cavity on the transmission of sound through a panel backed by that
cavity. The model considered consists of an acoustically hardwalled
rectangular cavity having at one face a flexible viﬁrating panel.
The same model is alsoc considered by the above-mentioned authors.
The effect of panel damping can be introduced. Cavity damping,
however, is not considered in this model. The theoretical pre&ictions
show. good agreement with experimental results and with Pretlove's

results (Ref. 5).



One .of the latest articles about sound transmission through
cavity-backed panels is Ref. 9. Dowell has developed a theoretical
model for interior sound fields which are created by flexible wall
motion resulting from exterior sound fields. Included in the model
are the mass, stiffness and damping of the panel, as well as the
mass, stiffness and damping (due to absorbing walls inside the cavity)

)

of the acoustic'cavity. Comparisons of the theoretical prédictions

with experimental results show good agreement. Contrary to Guy and

| 1

Bhattacharya (Ref. 8), however, Dowell does not compare experimental
noise reduction data with theoretical predictions.

Barton (Ref. 10) presents some experimental findirgs on the
effects of panel stiffness .and receiving space.absorption on low-
frequency sound transmission through panels in&o closed spaces. Also
a simple method for predicting the low—frequency noise reduction of
a panel-backed by a closed, absorbent ¢avity is presented. The
analytical model used by Bartom is analogous to that described in
Ref. 11 (page 82), except for the absorbing backing wall. The model
uses only one panel mode and consists of a rigid, infinite panel
supportad on springs and backed by a wall having a frequency-dependent
impedance. The theoretical predictions show fair agreement with
the experimental data.

In Ref. 12 ap attempt is made to predict the effect of an ab-
sorbing cavity on the panel dynamics. Although the results show
good agreement with experimental results, a number of comments must
be made. The model used is the same as the one derived in Ref. 8.

To account for the absorbing materials in the receiving chamber, a

resistive part is added to the cavity impedance, which in Ref. 8



only consists of a reactive part. However, the absorbing materials
also cause a change in boundary conditions, and the equations as derived
in Ref. 8 (and used in Ref. 12) do not satisfy those boundary conditions.
In Ref. 12 an effective cavity length has been used which decreases
with increasing- frequency. Physically this is not quite right because
with inereasing frequency the absorbing materials become more and more
effective, and less and less sound will be reflected by the walls. This
means that the cavity becomes larger with increasing frequency; and at
high frequencies no sound at all will be reflected by the walls, and
the cavity behaves like an infinite space. Hence, the cavity must
become larger with increasing frequency instead of smaller as suggested
in Ref. 12,

In the following chapter, the tranemission of sound through a free

panal will be discussed.



CHAPTER 3

NOISE REDUCTION THROUGH A FREE PANEL

In this chapter the transmission of sound through a panel which
is backed by an infinite space will be discussed. This chapter will
be an introduction to the one in which the effect of a finite space

(cavity) behind the panel will be discussed.

3.1 Transmission of Sound through Panel

When a progressive plane wave in a fluid medium impinges on the
boundary of a contiguous second medium, a reflected wave is generated
in the first medium and a transmitted wave in the second medium. Here
the boundary between the two mediums comnsists of a thin, flexible panel.

The model used is sketched in Figure 3.1.
x
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Figure 3.1l: Sketch of Panel Geometry



The panel is assumed to be very thin. The length of the sound wave,

A, is much greater than the panel thickmess, h. In thaL case any

wave transmission through the panel can be ignored. An acoustic imped-

ance at z = 0 is the only effect of the plate on the acoustic waves.
The panel at z = 0 forms the boundary between medium I; of charac-

teristic-impedance Py Cp> znd medium II of characteristic impedance

Py Cos where p refresents the undisturbed equilibrium density of the

mediuym and ¢ the speed of sound of the medium. Consider an imcident

plane wave traveling in medium I in the positive z-direction. This

incident wave may be represented by:

Py =aed(F Tk P (3.1)

where A is a real constant representing the pressure amplitude of

the wave, W, is the angular frequency and:

“3
k- = — (302)
i ¢y
Upon striking the panel which is for convenience at z = 0, a
reflected wave:
Er =Be Jcmrt * kr 2) {3.3)
and a transmitted wave:
b, =Ce W T 2) (3.4)

are produced. The reflected wave has a frequency w., a complex pressure

amplitude B and a wavelength constant:

E

ko= = (3.5)
r C

I._l



The transmitted wave has a frequency of’mt, a complex amplitude C
and a wavelength constant:
w

_ t
kt = :, (3.6)

There are two boundary conditions that must be satisfied at all
times and at all points on the panel surface. The conditions are
continuity of pressure and continuity of particle velocity at z = 0.
These two conditions can be combined and become instead a condition

of continuity of their ratio:

el
..I.
|

(3.7)

e
]
& 1|

=
£
+
el
H
el
+

at z = 0, where Eé represents the normal specitric acoustic panel
impedancé. The incident, reflected and transmitted wave are assumed
to be plane progressive waves. The sum of the incident and reflected
wave can be a standing wave, however. For plane progressive waves
the folléwing expressions are valid for the particle velocity of the

incident, reflected and transmitted wavé, respectively:

_ Py
u, = (3.8)
i Py Sy
_ D
u = - L3 (3.9)
P14
_ P
S (3.10)
L Py &

The normal specific impedamce Eé of the panel may be written as

follows:

10



"'z'p =T +ix (3.11)
where rp represents the panel resistance and ip the panel reactance.
The normal specific acoustic impedance is defined as the complex ratioe
‘of the driving acoustic pressure to the resulting velocity of the
plate surface. Substitution of the Eqs. 3.8, 3.9, 3.10 and 3.11 in

Eq. 3.7 results in the following expression:

f

Py + Pr
Py Pr
or:
o SpEe el tin (3.13)
;; (rp +py cy Ty cl) + %y
By taking the magnitude of both sides of Eq. 3.13 the following
expression can be derived:
(r_ +psc, -p, c)% +x 2 1/2
B 22 11 pz:l (3.14)
A (rp + P, Cy + pl cl) + Xp
See Appendix A for the complete derivation of Eq. 3.14.
Substitution of Egs. 3.1 and 3.3 in Eq. 3.13 results in
(at z = 0):
jlw_t +8_)
B e 3 T’ o_ (3.16)
Ae Jwit
2 2 2 2 ;
rp + Z;P Py €y + (p2 cz) -—(p1 cl) -kxp + 32 xp 01 &

2 2
(rp + Py €y + Py cl) + xp

11
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When the assumption is made that the f£requency of the incident wave

is identical to the frequency of the reflected wave:

then the phase angle Br can be derived from Eq. 3.16 and may be

written as:

2x p, ¢
8 = arctan p 1 1 (3.17)
¥ (x_ +op C)Z—(p C)2+x2

p 2 72 171 P

At z = 0 also the Tollowing boundary condition must be satisfied:
the particle velocities normal to the surface are equal. This i5 true
when the panel damping is zero. This boundary condition can be

written as follows:

uy + v = U {3.18)

Substitution of Eqs. 3.8, 3.9 and 3.10 in Eq. 3.18 results in:

P, - P P,
i r. ¢t (3.19)
P14 Pa ©2
When the assumption is made:
w; =W, =0 T
Eq. 3.19 becomes:
— Py C¢
A-B = t 1 C (3.20)
Pa S

12



or:

=lol
|

Py C =y
- p?- cz (1 _%) (3.21)
1 %1

The ratio B/A follows from Eq. 3.13. Substitution of this expression

in Bq. 3.21 results in:

c_ P2% i e (3.22)
A Py ©y (rP 4 Py Coy + 04 cl) + j xp
By taking the magnitude of both sides of Eq. 3.22, the following
expression is obtained:
2 p, C
%z 2 2 (3.23)

2 2
1J(rp + Py €y + o cl) + xp

With the above expressions, the transmission loss and the noise
reduction of a free panel can be determined. The transmission loss

of a panel can be written as:

I, = 10 log é—L (3.24)

t

where the sound power transmission coefficient:

2
=L
“ T2 (3.25)

b

Transmission loss is defined as 10 times the logarithm, to base 10,
of the ratio of sound power incident onr the panel to the sound power
transmitted by the panel (Ref. 13). Transmission loss is a useful
analytic conecept, but its measurement is hampered by the lack of

acoustic watt meters. Sound power can he derived from measurements

13
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of sound pressure only under certain limited circumstances, e.g. when
the acoustic waves are plane. The formation of a reflected wave with
the same frequency as the incident wave will generate a pattern of
standing waves in the fluid. These standing waves make it difficult
if not impossible to measure the pressure amplitude of the initially
incident plane progfessive wave.

Tnstead of transmission loss, noise reduction is .a more useful
term. Noise reduction is defined ds the difference in sound pressure

level at the source side and the receiver side of the panel (Ref. 13):

= — 2
NR SPL1 SPL2 (3.26)

where SPLl and SPL2

side and the receiver side of the panel, respectively. The sound

represent the sound pressure level at the source

pressure level SPL is defined as:

P 2
e

2
ref

SPL = 10 log

(3.27)

where ?e is the measured effective pressure of the sound wave (root-

mean-square pressure) and Pref is the effective reference pressure.
- 2?2 .

A reference pressure Pref =2 x 10 5 N/m~ is commonly used for com-

puting sound pressure levels in air. The effective pressure amplitude

may be written as:

P o= {3.28)

£
S
where P is the peak pressure amplitude. Now Eq. 3.26 can be written

as follows:

14



NR = 10 log —== (3.29)

where Pl and P2 are root-mean—square (rms$) pressure amplitudes at the
source side and the receiver side, respectively.
At the source side at a fixed position 21’ the acoustic pressure

p; is the sum of the real part of the incident wave and the reflected

Py = A cos (wit = kizl) 4+ B cos (mrt + krzl + Gr) (3.30)
where Gr is a phase angle defined as:
B=Be (3.31)

This angle Br measures the amount by which the reflected pressure
leads or lags the incident pressure. To obtain the rms pressure,

first the square of Py (Eq. 3.30)} has to be taken:

2
2 _ A2 + BZ . AT cos 2 (mit - kizl)+
Py 7 2

2
+
B” cos 2 (mrt + kr%l Br)
2

+ (3.32)

- (
2 A B cos (mit kizl)cos (w_t + krzl+ Gr)

Secondly, the time average of plz (Eq. 3.32) has to be taken. The
time average of a function is defined as:

1
—+

<£> = um 35 J £ (0)dt (3.33)
T _T'

15



The time average of each of the single cosines in Eq. 3.32 is zero.

It can be shown that the time average of the cosine product is also

zero when the frequencies w; and w_ are not identical (see Appendix B).
The rms pressure for a combination of two tones of different

frequencies is:

Po= W = (w; # w.) (3.34)

the rms pressure amplitude becomes:

P =

Az + 32 + 2 A B cos (Br + 2 k
(3.35)

1 %1)
2

This is shown in Appendix C.
At the receiver side (position 22) of the free panel, only the
transmitted wave exists. The acoustic pressure Py is the real part

of the transmitted wave:
P, = C cos (mtt - kt z, + St) (3.36)

where Bt represents the phase differemce between the iIncident wave

and the transmitted wave or:

C=Ce (3.37)

The rms pressure amplitude at the receiver side can be derived and

ig:

P =

) £ (3.38)
ol

16



Substitution of Eqs. 3.35 and 3.38 in Eq. 3.29 results in the following

expression:

A? + B2 + 2 A B cos (Br + 2k

02

1 %)

NR = 10 log (3.39)

in the case w, =W = 0. The expression may also be written in the

following manner:

AZ -B2 B
NR = 10 log ) i+ ~§'+ 2 3 cos (Sr + 2 kl zl) F- (3.40)
Cc A

where the ratio BfA follows from Eq. 3.14, C/A follows from Eg. 3.23
and the phase angle Gr from Eq. 3.17. 1In Eq. 3.40 2, indicates the

soufce microphone position. The noise reduction of a free panel is

a function. of the panel resistance, panel reactance, frequency of

the sound, the source microphone position and the density and speed

of sound of the air at both sides of the panel.

17



3.2 Panel Tmpedance of a Free Flexible Panel with Simply Supported

Boundary Conditions

The differential equation of forced motion of an isotropic flat
plate is obtained from Ref. 14 and may be written as:

_ 2
B v2v2 w (x, y, ) + m 2 (Xi ¥, 8 p, (x, ¥, £) (3.41)

gt

where x and y are Cartesian coordinates in the plane as indicated by
Figure 3.1. The complex flexural rigidity D can be computed with the

following expression:

D= E n’ = £ h3 (L +3n) =D (1 + jn) (3.42)

12¢1 - v3&)  12(1 - v2)
where n = the internal loss factor of the plate

h = plate thickness [m]

v = Poisson's ratio of plate material

E = Young's modulus [N/mz]

m_ = mass of plate per unit area [kg/mz}

w = plate deflection [m]

p_ = forcing pressure [N/mz]

The first term on the left-hand side of Eq. 3.41 represents the
structural stiffness of the ﬁlate. The second term at the same side
represents the structural inertia. On the right-hand side of Eq. 3.41
there is the pressure loading.

Aluminum, steel and plexiglass have, according tc Ref. 13, a
very low value for the internal loss factor n. The internal loss
factor for this type of materials is lower than 0.0%. Here the
assumption will be made that the effect of the structural damping
is negligible.

18



3.2.1 rree vioratiom OI »1mply ouppureeu rlate
For the case of a freely vibrating plate, the external force,

P, ig zero and the differential equation of motion becomes:

3% w (%, ¥, B) _ 4

D V2v2 w (%, ¥, t) +m . (3.43)
. s 2
3t
where v2v2 represente the two-dimensional Laplacian operator:
4 4 4
v2y2 = 24 3 23 =+ 34 (3.44)
x 8x~ oy~ oy
The solution of Eq. 3.43 can be put in the following form:
w (x, v, £t) = W {x, v} B {t) (3.45)
W (x, y) =X x) Y (¥) (3.46)
The time-dependency of the displacement B (t} is assumed to be
harmonic:
8 () =e I%F (3.47)
The solution w (x, v, t) must satisfy the boundary conditions of
the motion at t = 0.
These initial conditions of the plate are: (w)t =0 and (w'v)t -0

Substitute Eq. 3.45 into the differential equation of motion Eq. 3.43
and use primes to demote differentiation with respect to the variables
x and y, while dots indicate differentiation with respect to time t.

Now the governing differential equation of free vibration becomes:

DX Y(y) B(E) +2D X)) T'(y) B() +

D X(x) Y''U(y) B(E) - mw’ X() Y(y) B(E) = O (3.48)

19



or: .
m ow: XY

XY 42 XY A XY - S = 0 (3.49)

The boundary conditions are assumed to be simply supported; both the

displacement and the edge moment are zero:

- 9%w -

(w)x=0’x=au0 ( 2) =0
ox

x=0,x=a
{3.50)
and:

32w

) _ . =0 ( =) =0
y=0,y=b ay2

i}
o

y=0,y

The solution of the governing differential egquation Eq. 3.43 is ob-

tained by Navier's method as follows:

Wk, v) = X&)¥y) = & © W_ sin iz-’i sin n—gi (3.51)
m=1 n=1 i

which expression satisfies all the above stated boundary conditiomns.

Now Eq. 3.49 may be written as follows:

4 & 22 22 4 4 n
ﬁ n

(m4+2mgn12i’+ Z)"D_s“’2=0 (3.52)
a a b b
or: . mz nz 2 m
T ('—2—+—'2-) =3 w (3.53)
a b
which leads to:
2 2
mn a? b2 s

where m = 1, 2, 3, - - »andn=1, 2, 3, « * -
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From Eq. 3.54 the natural frequencies of a simply supported plate can

bea obtained.
3.2.2 TForced Vibration of Simply Supported Plate
The governing differential equation of motion is:

3% w (x, v, £) _
ar?

D V2 w (x, y, t) + m P, (%, v, t£) (3.41)
The assumption will be made that the forecing pressure on the plate

is not a function of x and y, but only a function of time. The
forcing pressure is the sum of the incident, the reflected and the

trausmitted sound pressure:

p, (t) =p, +p_-P, ~ {(3.55)

The differential equation of motion is linear. This means that
the differentizl equation of motion can be solved separately for ;;,
E} and E;. Except for this division, the solution of Eq. 3.41 can

also be divided into two parts:
w (x, vy, t) = Lt (x, vy, t) + i, (x, v, t) (3.56)

where Wy represents the solution of the homogéneous form of the equation
(Eq. 3.43) while Wy is the particular solution of Eq. 3.41. The homo-
geneous solution is associated with the free vibration of the plate at
its natural frequency. Here it is assumed that the free vibration is

successfully damped; consequently, only the particular solution is

congidered. The total steady-state deflection of the plate is:

W, =W, + . + LA (3.57)
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wnere Ei, 5; and Eé represent the complex deflectiom caused by the
incident wave, reflected wave and the transmitted wave, respectively.

In accordance with Navier's solution method, the particular

solution of Eq. 3.41 can be written as follows:

[=+] e
w.{x, v, t) = e O v 5§ sin X g4p 2 {3.58)
P mn a b

m=]1 n=1

which satisfies the boundary conditions of Eg. 3.50. The lateral

lcad P, (X, ¥, t) can also be expanded into a double sine series:

[+ [+l

- jwt , mMTX .,  nwy
pz(x, v, t) e I I Pmn sin —= sin == (3.59)

m=1 n=1

Substitution of Eqs. 3.58 and 3.59 in the governing differential

equation of motion, Eq. 3.41l, yields:

+ J-m_ow W _ = Pmn (3.60)

P
_ mn
W= 5 > (3.61)
D ﬁ4 ( LI )2 -n m2
2 2 s
a b
Substitute Eq. 3.54 in Eq. 3.61 and the result is:
Pun
Won = 2 7 (3.62)
m (0w - a)
s ° mn

According to Ref. 14 the coefficient of the double Fourier expansion

of the lateral load is:
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P =%

a b
: . mmx ._ OFy
o 3 b f f P, (x, y) sin L §in % dxdy {3.63)
0 0

Here the lateral load is assumed to be not a function cf ¥ and ¥y but

a constant:

p, (x; ¥) =p, (3.64)
From Eqs. 3.63 and 3.64 the following result can be derived:
16 ?,
5 both m and n are odd
P ={ a7 mn
nn
0 otherwise (3.63)

As mentioned above, the lateral load can be divided into three separate

loads: the incident, the reflected and the transmitted pressure wave.

At z = 0:
- Jwt
p, (t) =p_ e (3.66)
or:
Ju.t jwrt __ jmtt
P, {(t) = A e + B e -Ce (3.67)
which expression may also be written in the following manner:
jo.t i (w t +6.) j (w .t + et)
p ()=ae " +Be © T -ce (3.68)

where Gr and et are the phase angles between the incident and the
reflected wave and the incident and the transmitted wave, respectively.
In the case that the incident wave excites the panel as only

agne:
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From this

Secondly,

then:

3 a4

From Egs.

Third and

o (3.69)

(3.70)

the reflected wave is the only wave which strikes the panel;

J {w_t + 8.)
p % =pe T T (3.71)

P, cos wt = B cos (mrt + Br) (3.72)

[}

P, gin wt = B gin (mrt + ar) {3.73)

3.72 and 3.73 follows:

m=w + 8./t
T T
(3.74)

P~ B

last case is that the transmitted wave is the only wave

which hits the panel:

or:

(3.75)

£
il
£
+
fas]
]
~
rt

(3.76)
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Substitution of Egs. 3.58, 3.70, 3.74 and 3.76 in Eq. 3.57

results in:

jmit ® ® mUx nmw
W_. = e E L W sin —— sgin __X_+
. a b
m=1 n=1 i

j(mrt + Br) w©  w o
e z L W sin ~Z— sin
m=1l n=1 T

jlwt+8) =« ©
e t t X I W sin BIE gyn ZOY (3.77)
mn a

m=1 n=1 t

where:
_ 16 A
Yo, = 3 5 3 (3.78)
i moa mn {0 - w )
S i
_ 16 B
Wmnr = m 5 o 7 2) {3.79)
g™ M Won ~ Y
and:
- - 160 (3.80)
mn 2 2 2
t m w7 mn (6" -w. )
S mn t

which expressions follow from Egs. 3.62, 3.65, 3.70, 3.74 and 3.76.

3.2.3 HNormal Specifiec Acoustic Impedance of Panel
The normal specific acoustic impedance E£ of a plate is defined
as the ratio of the driving acoustic pressure to the resulting velocity

of the plate:

Z = = (3.81)
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where %P represents the panel velocity. The panel velocity can be

derived from Eq. 3.77 and may be written as follows:

wp = Juy W, FJe w3 e W (3.82)

Now the panel impedance can be written:

jo. t Flw t +8.) Flu, t + 6_)
Ae * +Be ° ¥ _ge °© t

'Ep = = — — (3.83)
j (wi wo bW tael wt)

‘Substitution of Egs. 3.77, 3.78, 3.79 and 3.80 in Eq. 3.83 results in

the following expression:

jw, b Jlu_ e+ 9) j(mtt + et)
Z = Ae + B e - C e
L 16 {Mieimit = b wmw,__ej(”f”e”) PO By _wteﬂwt) = Ly )
B, T m=1 n=1 (mm— Wy ) m=1 n=1 (mmn- £ )] mrt m=1 n=1(mmn- w, ) o
(3.84)
where:
1 mAx nny
by = — gin — sgin —& 3.85
lr,m.n mn a b ( )

To obtain a useful expression, the following assumption will be made:

In that case Eq. 3.84 simplifies to the following equation:

z = L : (3.86)
j 16 w x p S (mwx{ig 51n2(nwy/b)
m_ m=1 n=1 mn (w_ —w)
=1 I
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In Section 3.1 the panel impedance is defined as:

=z +j 3.11
T (3.11)

Combination of Eq. 3.11 and 3.86 leads to the following result:

r =0
P
(3.88)
-m W2/16 @
- S
X— [==] o0
P s 3 sin (mmx/a) sin (owy/b)
i T2 2
m=1 n=1 o (w” -w)
ma

The panel resistance rp is zerc. This results from the assumption

made earlier, that the internal damping of the plate is zero.
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CHAPTER 4

NOISE REDUCTION THROUGH A CAVITY-BACKED PANEL

In the preceding chapter the transmission of sound through a
panel backed by an infinite space has been discussed. In this chapter
the effect of a finite space behind the panel will be discussed. 4s

will be shown, this effect is quite noticeable, especially in the case

of a2 panel with a low stiffness..

4.1 Transmission of Sound through Panel

The model which will be considered in this chapter is sketched in

Figure 4.1,

1
}
_ I
pi_______+ |
1:'r'-t:—---- Pt i
= —— |
Ptr-€ !R,
______ e i L B R ]
\
~
~
~
| .
~
B >,

Figure 4.1: Sketch of Panel and Cavity Geometry

At z = 0 the side of the box consists of a flexible panel which has

a normal specific acoustic impedance E;. At z = & the rear wall of
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the cavity is situated, and this wall has a normal specific impedance
E%. The model used only considers sound waves in ome direction: the
z~directions. Thus cavity modes in the x-direction ‘and the y-direction
will be omitted. This assumption is reasonable as long as the length
(depth) of the cavity is much larger than the width and height of the
cavity.

Again there is an incident sound wave in mediﬁm I which may be
represented by tﬂe following expression:

_ Jlw,t - k.2)
P, =Ae + t (4.1)

where A is the amplitude of the sound wave and the wave length constant

is:

g

_i
i c
1

(4.2)

When the sound wave strikes the panel, a reflected wave and a trams-
mitted wave will be produced. The reflected wave may be written as

follows:

_ et + k_z)
Pr = B a T E (4.3)

where B represents the complex amplitude of the reflected sound wave

and the wavelength constant is:

£

= L
k, = e (4.4)
The transmitted wave is:
il t -k oz
p.=Ce = t (4.5)
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where C is the complex amplitude of the wave and:

_ _t
kt = = (4.6)

w

Now the panel is not backed by an infinite space, as in Chaptexr 3.
Because of the backing wall, a reflected wave will be produced when
the transmitted wave strikes the backing wall. This transmitted-

reflected wave may be represented by the following expression:

j(mtrt + ktrz)

Pep =D e (4.7
where:
w
tr
fer TS, (4.8

and D is the complex pressure amplitude of the transmitted-reflected
wave.

The normal specific acoustic impedance of the wall at z = § is:

z, = Ty, +3ix {(4.9)

where T represents the resistive component and X, the reactive com-
ponent of the wall impedance. Here it will be assumed that the wall
is very stiff and does not vibrate, in which case X, = 0. When the
wall is a perfect reflector, the impedance of the wall z, = =

However, when the wall also consists of absorptive materials, themn

z = T, # =, In this sgction the wall impedance will be written as:
z, =T, {(4.10)
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The separate boundary conditions of continuity of pressure and
continuity of partiecle velocity at z = % become a condition of conti-

nuity of their ratio:

=z (4.11)

at z = 2. In Eq. 4.11 Gé and Gér represent the partiele velocity

of the transmitted wave and the tramsmitted-reflected wave, respectively.
The transmitted wave and the transmitted-reflected wave both are assumed
to be plane progressive waves. In that case the particle velocity of

the transmitted wave may be written as:

_ &
u, = 5,55 (4.12)

-thile the particle velocity of the transmitted-reflected wave is:

_ Per
)

u {(4.13)

jubstitution of the Eqs. 4.10, 4.12 and 4.13 in Eq. 4.11 results in

‘he following expression:

P, +P r
t tr = W (&.14)
D, - D P2
Pp = Py
from Eq. 4.14 the following expression may be derived:
Per - w7 Pa% (4.15)
E; rW + pZCZ
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Substitution of Egs. 4.5 and 4.7 in Eq. 4.15 leads to the following

result:

o, t+k_ 2 +8_) ~
D e tr tr tr ) T, = PoCy
. ej(wtt - ktz + et) T + PyCs

(4.16)

where etr is the phase angle between the transmitted-reflected wave
and the incident wave and Bt represents the phase angie between the
transmitted wave and the incident wave. By taking the magnitude of
both sides of Eq. 4.16, the following result is obtained:

D _ Sw T P2%

T T T (4.17)

w " P2%2
According to Eq. 4.15 the ratio Sér/ E; is resl and does not

have an imaginary part. Eq. 4.16 may be written as follows:

D (cos o + j sin a) _ Tw ~ PaCs

— = (4.18)
C (cos B+ j sin B) T, + P5Cs
where:
o = m‘trt + ktrﬂ. + etr
(4.19)
B = mtt - ktl + St
Now from Eq. 4.18 the following expression can be derived:
D s s -
E-(cos o+ j sin a){cos B - j sin B) =
%-{ cosa cosf + sino sinB + j(sinc cosB - sinf cosa) } =
I = pac
rw - 2c2 = real (4.20)
P2%2
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This means that the imaginary part in the left-hand side of Eq. 4.20

has to be zero:

tan ¢ = tan B (4.21)

or:

mtrt + ktr2 + Btr = mtt —-ktE + at (4.22)
When the assumption is made:
e T Ber T %2
then Eqg. 4.22 becomes:
2 W 2
et - etr = ——E;-"— (4.23)

From this expression follows that the phase difference between the
transmitted wave and the transmitted-reflected wave is determined
by the frequency of the sound wave and the cavity depth. This occurs
when the speed of sound of air is assumed to be a constant.

At z = O the impedance of the incident and reflected wave is
identical to the sum of the normal speciflic acoustic impedance of
the plate and the impedance of the transmitted and the transmitted-

reflected wave:
=7 = _tr (4.24)

where E; represents the panel impedance. This impedance will be

written as follows:
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= = 4+ 1 4,257
ZP I.'p 3 Xp ( )

The Eqs. 4.12 and 4.13 alreaay give the partiecle velocity of the
transmitted and the transmitted-reflected wave. The incident wave
and the reflected wave are also assumed to be plame progressive

waves. Then the particle velocity of the incident wave is:

_ 1
u, = - (4.26)
P1%

while the particle velocity of the reflected wave may be written

as follows:

_E
o = - (&.27)
P1%1

Substitution of Eqs. 4.12, 4.13, 4.25, 4.26 and 4.27 into Eq. 4.24

results in the following expression:

Pi +p ) +

T _ t tr
- - piCy = rp + ]XP + = = PyCy (4.28)
P; = P t ~ Per
or:
. +p 1+, /p
= Loc, =1 + jx_ + LA A (4.29)
- — 171 P 4.3 7 272
Py - Py Per! Py

The ratio of the tramsmitted-reflected sound pressure to the trans-—

nitted sound pressure at z = 0 is:

(4.30)
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H

With the assumption g, = o arnd the use of Eq. 4.16, Eq. 4.30

tr “‘2

‘becomes:

P Pocy, —23k.8
tr=De' =rw 22e 2 (4.31)
w T P2%2

Substitution of Eq. 4.31 in Eq. 4.29 results in the following expres-

sion:
-23k, 2 —2jk22
5£'F5; T, te ) +pyeyl-e )
= 5 Pey = Ty HIR, T ST TTk,e P2%2
1 r rw(l -e ) + 9202(1+e )
(4.32)
or:
;.-4—5 . +j p.c, tan kL .
i r w 272 2
—— py¢, = r_+ix_+ : - p,C {(4.33)
5. - 171, “p 1] p2c2-+3 T, tan k2£ 272
i “r
The right-hand side, RHS, of Eq. 4.33 may be written as follows:
(1 + tanzk 2y (p,c )2 T
- . 2 272 W
RHS = rp =+ 3 3 > +
(9202} +r " tan k, 0
2 2
- { (pzpz) - T, } p,yc, tan k,f
ilx + ‘ {(4.34)
P {o,c 2 +r 2 tan2 [ A
272 w 2
or:
RHS =x + J A (4.35)
Eq., 4.33 may now be written as:
P, + D
i T
= 3 4,36
- = chl K+ 3 A ({ )
P; ~ Po
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From Eq. 4.36 follows:

g - + 3 A

+ 3 A

P11
K + plcl

ﬁ?}lﬂ l

(4.37)

By taking the magnitude of both sides of Eg. 4.37 (in the same way

as done in Appendix A) the following result is obtained:

1/2

2 2
B _ [(K-plcl) + A ]
A (k + plcl)2 + 12

The sound power reflection coefficient is:

2

2 (¢ - 2 + A

B U A b
b A2

2 2
(x + plcl) + A7

a

where ¥ and A follow from Eq. 4.34.

At z = 0 Eq. 4.37 may also be written as follows (mi = g

B Jer _ K = pgcq + 3 A
a® -

K + P1eq + 3 A

(4.38)

(4.39)

T = wl):

(4.40)

where Br represents the phase angle between the reflected wave and

the incident wave. From Eq. 4,40 follows:

. 2 2. 2.,
je _ Koo~ (plcl) + A7+ jZAplcl

2

2
(¢ + plcl) +_k

With this expression the phase angle er can be derived:
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2 A plci l

2 2
¥ - (plcl) + A 5

Gr = arctan { (&4.42)

At z = 0 also the following boundary condition must be satisfied:
the particle velocities normal to the surface of the plate are equal.
This is true when the panel dawping is zero. This boundary condition

can be written as follows:

uy + u. = ug + u (4.43)

Substitution of Egqs. 4.12, 4,13, 4.26 and 4.27 in Eq. 4.43 results

in the following expression:

pi - pr _ 1:'t B Ptr

= (4.44)
1%y P2¢2
Now the assumption will be made:
w, TO,T e Fa, T
'In that case Eq. 4.44 becomes:
— Py
A-B-= lcl (C - D) (4.45)
2%
or:
— op.c —
C_"2"2 (1 - B/A)
n (4.46)

P1%1 a - D/O)

The ratio BfA follows from Eq. 4.37, while D/ C comes from Eq. 4.3L.

Substitution of these expressions in Eq. 4.486 results in:

37



201¢

T._ P2% st N : (4. 47)
A plcl ~2jk22 —ijzﬂl -
T, (1L -e ) f P,y (l.+_g _ ;
Te T 0%

or:
1+ 3 tan k22
PoCs) - — -
2727 (g + PiCq + j A)(pzc2 + jrtan kzi)

C _
A P2t (rw +

(4.48)
The denominator of the right-hand side of Eq. 4.48 may be written

as follows:
- 2
(szcz + 084050, = Ar tan ky2)
j(xr#‘tan ko +pycg T, tan ko + p,ye, ) (4.49)

Now the magnitude of Eq. 4.48 may be taken. This leads to the

following result:

1

1+ 1:am2 kzﬂ.

[+

== p,e,(r _Tp,c,) -

A 2¥2Vw  F272 ‘v 2 2
(xpzcz-l-plclpz?z-)trwtan kzﬂ.) +(|<rdtan kzﬂ.-{-plclrwtan kzi-{-pzczk)

(4.50)

}

1+ tan2k22 (4.51)

C _
- = p,c(r_+p,c,) -
A 272w T272 1V{(K+plcl)-uz}"{rftanzkzz-;(pzcz)‘z}

With above expressions the noise reduction through a cavity-backed
flexible plate can be determined. Noise reduction is the difference
in sound pressure level at the source side of the panel and the

recelver side, or:
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NR = SPL, - SPL (4.52)

2

where SPLl is the sound pressure level at the source side and SPL2

the sound pressurs level at the receiver side of the panel, inside

the cavity. Sound pressure level is defined as:
P 2
e

2
Pref

SPL = 10 log

(4£.53)

where Pe represents the measured effective pressure (rms) of the
sound wave and Pref is the reference effective pressure. nge the
rms sound pressure at the sourée sgide is Pl’ while the rms sound
pressure at the receiver side is Pz. Now Eq. 4:52 may be written
in thé following manner:

P 2

¥R = 10 log —li- (4.54)
By

The acoustic pressure Pp at a point zq at the source side of the

panel is given by the sum of the real part of the incident sound

wave_ﬁi and the real part of the reflected sound wave E;. Thexre—

fore:

Py = A cos (mit - ki zl) + B cas (wrt + kr 24 + Br) (4.55)

where er indicates the phase difference between the incident wave
and the reflected wave. In thé same manner as done in Section 3.1,
the ¥rms pressure can be derived.

When the frequency of the ipncident wave is not the same as the
frequency of the reflected wave (mi # mr), then the rms pressure at

the source side may be writtem as follows:
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P. = —F (4.56)

In the case that the frequencies of the incident wave and the reflected

wave are identical (mi =w, = ml), the rms pressure is:
T, v
AT + B 4+ 2 AB cos (ar + 2 kl Zl)
Pl = 3 (&.57)

This expression indicates clearly the importance of the microphone
position.

At the receiver side of the panmel (inside the cavity) the
acocustic pressure P, at a fixed point Zy is the sum of the real part
of the transmitted sound pressure and the transmitted-reflected

sound pressure. Therefore:

P, = C cos (mtt-kté24-9t) + D cos (wtrt + ktrz2 + etr)
(4.58)

where et indicates the difference in phase between the transmitted
wave and the incident wave, while Btr indicates the phase difference
between the transmitted-reflected wave and the incident wave. In
the case that the frequency of the transmitted sound wave is not
identical to the frequency of the tranSmitted-feflected sound wave,
no standing waves will occur ingide the cavity and the rms sound
pressure is not a function of the microphone positien as shown by

the following expression:

P, =Y 5 (mt # .. (4.59)
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When the frequencies of the transmitted sound wave and the transmitted-

reflected sound wave are identical, then the rms sound pressure is:

P. =

7 2 ' Y
¢ 4+D°"+2CDcos (8, -06__ -2k, z,)
%/ i t tr 2 72 (4.60)

2

Substitution of Egqs. 4.57 and 4.60 in Eq. 4.54 gives the following

result:

Az + B? 4+ 2 A B cos (er 4 2 kl zl)
NR = 10 log — 3 < (4.61)
CT+ D"+ 2 CD cos (et - Btr -~ 2 k2 22)
B2 B
A2 1+:2—+2 3 cos (6r+2 kl Zl)
NR = 10 log = 5 (4.62)
C D D
l+-(—:'—2-+‘2 T cos (et—etr 2 kz 22)

where B/A follows from Eq. 4.38, 0. from Eq. 4.42, D/C from Eq. 4.17,
St - etr from Eq. 4.23 and C/A from Eq. 4.51.

Eq. 4.62 is valid when the frequency of the incident sound wave
and the reflected sound wave are identical and the frequency of ‘the
transmitted wave is identical to the frequency of the transmitted-
reflected wave. However, to derive the expression for the ratio
C/A, the assumption is made that the frequency of the sound waves

at the source side is the same as the frequency at the receiver side

or:

Tn the following sections expressions will be derived for the

impedance of the panel and the backing wall.
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4.2 Panel Impedance of a Cavity-Backed Flexible Panel with Simply

Supported Boundary Conditions

The derivation to obtain the normal specific acoustic impedance
of a cavity-backed flexible panel is basically identical to the one
in Section 3.2, the impedsnce of a free flexible panel. In this
section, too, the structural damping of the plate will be ignored.
According to Ref. 14 structural damping usually has little or no
effect on the natural frequencies and on the steady-state amplitude
of the plate.

The governing differential equation of motion of an isotropic

flat plate is:

32 w (x, vy, £) _

D V2v2 w (x, v, t) + m P, (x, ¥, t)

be? (4.63)
This equation is based on the small deflection plate theory.
In the following sub-sections the free vibration and the forced
vibration of a simply supported cavity-backed flexible plate will
be discussed.
4.,2.1 Free Vibration of Simply Supported Plate
When the plate is vibrating freely, the external force, P,
is omitted and the differential equation of motion is:
2
D V22w (x, y, &) + m 2 G, ¥, 8) _ (4.64)

Btz

This expression is identical to Egq. 3.43, Therefore, the
solution will also be identical. Eq. 3.54 gives the natural fre-

guencies of a freely vibrating plate, namely:
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(4.65)

wherem =1, 2, 3, ., . .;n=1, 2, 3 . . .; D represents the

bending stiffness and m, the surface mass of the plate.

4,2,.2 TForced Vibration of a Cavity-Backed Simply Supported Plate
The governing differential equation of motion of the plate is
given by Eq. 4.63. The assumption will be made that the plate will
be hit by plane waves only. In that case the forcing function is
not a function of the coordinates x and y any more, but only a
function of time. When discussing the forcing function of the
free panel, it was concluded that the forcing pressure was the sum
of the incident, reflected and the transmitted sound pressure.
However, a cavity-backed panel is also excited by the transmitted-

reflected wave or:
p (t) = (p; +p.) - (p, T P..) (4.66)

The differential equation of motion is linear. This means that
Eq. 4.63 can be solved separately for E;, 5}, E; and E;r' In that
case the total solution is the sum of the partial solutioms. The
total plate deflection can be divided in the transient deflection
Wi and the steady-state deflection Vg Here only the steady-state

deflection will be considered. The total steady-state deflection

of the plate will be:

v, = W, + W + v, + LA (4.67)
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In the same manner as done in Section 3.2.2 for the free panel,

the steady-state deflection of a cavity~backed panel can be written

as:

. . Ty
=1 n=1 mn_ sin —E—-91n —B—-+
jlw,.t+8.) o o
e °© P 3 ¢ W sin EE g IV,
i2isl a b
m=1 n=1 t

e X I W s;inm——sin%z
m=1 n=1 tr
where:
W _ 16 A
any m wz mn &nz - 2)
s m i
W _ 16 B ]
mn 2 2 2
T m v mn (w - w_ )
mn T
N - 16 C
Wmnt “m ﬂzmn(mz-mz)
s mn t
_ - 16 D
W.mn\‘:r ) m “2 mn (mz - 2)
mn tr

With above expressions the normal specific impedance of the panel

can be obtained.

(4.68)

(4.69)

(4.70)

(4.71)

(4.72)

4,2.3 WNormal Specific Acoustic Impedance of a Cavity-Backed Panel

The normal specific acoustic impedance of a plate is defined as

the ratio of the driwving acoustic pressure to the resulting wveloecity

of the plate:
&4



; = 1 kN t tr (4.?3)

The panel velocity %P can be obtained from Eq. 4.68 znd may be written

as follows:

e F ?mtwt + jo, W, (4.74)

W, = dw.w. + oW
P 3 i1 4

where 5;, ﬁ;, W, and LA are given in Eq. 4.68. The panel impedance

may be written as:
3

Juw, E J(w_t + 8) i(w t + 8,_) jlw_t+6,_)
— _Ae * +Be T T -ce °© £ _pe T £x

L

i (wi w, + w_ w? ooy

1
(4.75).

Substitution of Eqs. 4.68, 4.69, 4.70, 4.71 and 4.72 in Eq. 4.75 results

in a very complicated expression. However, the assumption:

simplifies this expression and makes it more-useful. Because of this

agsumption the panel impedance is:

Z = S (4.76)
P i 16 o 53 sin(mrx/a) sin(unv/b)

m. T m=1 n=1 mn (m2 - wz)
s TN

This expression is identical to the expression of the panel impedance
of the free panel (see Eq. 3.86).

The panel resistance rp and reactance xp are:
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P (4.77)
2
- _ msTr 1
P 16 o

sin (mrx/a) sin (ﬁwy/b)

[+4] 2]

E z

m=ln=l wm=n (m2 - wz)
mn

. .

These two expressions are identical to Egq. 3.88.
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4.3 Normal Specific Acoustic Impédance of the Backing Wall

In Ref. 15 (page 448) is mentioned that the simplest and most
direct procedure to introduce cavity damping is to consider the

absorbing characteristics of the wall as being determined by its

normal specific acoustic impedance, E%, the ratio of pressure to
normal velocity at the surface of the wall. Ref. 15 expresses the
normal specific acoustic impedance of a material relative to air

by the expression:

“z'w = (g, +3 %) p,e, (4.78)
Many of the materials, however, used for wall surfaces are charac-
terized by T, >> X and r, >> 1. The imaginary part of the wall
impedance may be omitted in most cases.
In the model used in Ref. 9, the absorption characteristiﬁs are
modeled by an impedance Z For representative acoustic marerials:

zZ

¥ -1-10 (4.79)
p2C2

In Ref. 9 also experimental results are presented for the damping
ratio of the cavity as function of the frequency. The cavity wall
absorption causes the damping. The curve obtained for the damping
ratio of the cavity suggests that the cavity damping ratio at a
constant cavity depth varies as the inverse cf the frequency squared.
This result, as mentioned by Dowell, is incomnsistent with the theory.
No explanation can be given for this damping result, other than

this behavior indicates a more complex damping mechanism than that
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of the panel. Also in this reference the wall reactance is assumed
to be much smaller than the wall resistance.

In Ref. 10 the cavity has an absorptive wall, too. The impedance
of the absorptive wall is assumed to be PoCy at high frequencies.
At low frequencies, however, the absorption material does not have
any effect and the normal specific impedance of the wall will approach
infinity as the f;:equency tends to zero. Therefore, a real relation-—
ship for z, is assumed that varies from infinity at zero frequency

to PyCy at high frequencies:

%100 2

2w )

z_ = {1+ ( } (4.80)

w P2

where “100 represents the f£irst cavity depth mode:

= (4.81)

where % represents the cavity length (depth).
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CHAPTER. 5

RESULTS AND COMPARISONS

In Chapter 3 the transmission of sound through a free panel
has been discussed, while in Chapter & the transmission of sound
through a cavity-backed panel has been examined. As can be expected,
these two cases do not stand om their own. The noise reduction through
a free panel can be seen as a special case of the noise reduction
through a cavity-backed panel. The cavity behind a £ree panel
can be counsiderad to have an infinite size, or the backing wall

has the same impedance as air:

r. = p,c, (5.1)

where PyCsy is called the characteristic impedance (resistance) of
the air at the receiver side. Substitution of Eq. 5.1 in Eq. 4.17

results 'in:

alg
i
o

(5.2)

or the pressure amplitude of the transmitted-reflected wave is
zero, which means no reflection from the backing wall. Substitution
of Eq. 5.1 into Eq. 4.39 gives the following result for the sound

power reflection coefficient:

) . 2 2
BZ (rp T pyey - plcl) + xp
o =3 - (5.3)
T A2 ¢ tope, +opie ) bx 2
p T P2C2 TP P

which expression is identiczl to Eq. 3.14. The same happens when

Eq. 5.1 is used in Eq. 4.42, the expression for the phase angle:
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2 xp plcl

6 = arctan {

} (5.4)
2 2 2
(rp + 0,00 - (pyey) x,

This equation is the same as the one derived for a free panel,
Eq. 3.17. As a last check Eq. 5.1 can be substituted into Eq. 4.51.
This results in the following expression for the sound power trans—
mission coefficient:
2
? é(plcl)

Q TR m—

t 2 2 2
A (rP + 0,8, + plcl) + Xp

(5.5}

which expression is identical to Eq. 3.23, thes sound power transmis-
sion coefficient of a free panel.

With Eq. 3.24 the transmission loss of a free panel can be
computed. In Figure 5.1 the transmission loss for an 0.635 mm, (0,025
in.) thick aluminum panel is shown. The size of the panel is 0.4572
x 0.4572 m,2(18 x 18 in.z). The number of panel modes considered
is seven. The material values given in Kinsler and Frey (Ref. 15)
are used. The fundamental resonance frequency of the simply supported
panel will be at 14.98 Hz. At that frequency the transmission loss
of the panel will be zero. This will also happen at the higher
odd, odd pane; modes. At high frequencies, in the mass-controlled
region, the transmission loss increases by 6 db for a doubling of
frequency, as predicted by the "mass-law"” {Ref. 13):

2
wm

TL = 10 log [1 + (53 i ) ] (5.6)
: 2%2

According to this expression an 0.635 mm. thick aluminum panel will

have a transmission loss, TL, of 28.3 db at a frequency of 2000 Hz.
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The value computed with Eq. 3.24 compares well with the above value,
as shown in Figure 5.1. WNot shown in Figure 5.1 but demonstrated
in Table 5.1 is the behavior of a free 1.016 mm. (0.040 in. ) thick

aluminum panel at low frequency.

Table 5.1: Sound Transmission through an 1.016 mm. Thick

Aluminum Panel

FREL, (HZ) MR(ERY  TL(BRY  RYL(RAYLE)
1o oI5 1755 L dar
. 2.7 1, .64 11.75 15,07
o RN N o0 5 0w
¥ 00 11.57 5.7 L= ro
5. 00 a7 u_ " nis 07

ORIGINAIL PAGE IS
OF POOR QUALITY

Low frequency means that the frequency is far below the fundamental
rescnance frequency of the panel. At low frequencies, in the stiffness-
controlled regiom, the transmission loss will increase-by 6 db for

each halving of frequency. This behavior, too, is well predicted

by the method of Chapter 3.

The noise reduction prediction which can be obtained with the
expressions of Chapter 4 are compared with the results of the pre-
diction method of Guy and Bhattacharya (Ref. 8). This method is
briefly discussad in Chapter 2, while the expressions which are
derived in Ref. 8 are recalled in Appendix D. 1In Appendix E a
Fortran IV time-sharing computer program of the prediction model
of Guy and Bhattacharya is given. This model, however, is only valid
for peffect reflecting cavities; thus, cavity damping is not considered.

To make a comparison between the two models possible:
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r = 1,000,000 kg/mz.sec (5.75

has been entered in the model.of Chapter 4. In that case the backing
wall can be c?nsidered to be- a perfect reflector. In Appendix F a
Fortran. IV time-sharing prograﬁ of the prediction model discussed

in Chapters 3 and & is given. By using both computer programs,

Figure 5.2 has been gensrated. Figure 5.2 shows noise reduction

curves of the following model:

Panel:  thickness 0.635 mm. (0,025 in.)
material. aluminum -
length along x-axis 0.4572 w. (18 in.)
length along y-axis 0.4572 m.

Cavity: 1length along x-awxis 0.4572 m.
length along y-axis 0.4572 m,

length along z-axis 2.7 m. (106.3 in.)

The source and thé receiver microphones both are situated at the

axial-axis of the cavity. The source microphone position is 0.01 m.

in front of the panel, while the receiver micgophone is placed

0.216 m. behind the panél, inside the cavity. ‘Also in this case

the material values given in Ref. 15-are used. For both ﬁodels

7 unsymmetrical (odd, odd) panel modes are considered, and for the

model of Guy and Bhattacharya 2 cavity modes are taken into account.
Especially above the frequency of 100 Hz the agréement between

‘the resﬁlts_of both models is very good. Below the frequency of

100 Hz, the results of the model discussed in this report show fair

agreement with the results of the model of Guy and Bhattacharya (Ref. 8).
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In Ref. 8 .a° comparison is shown between experimental resdlts, results
of the model of Ref.8 and results of the prediction method of Ref, 3.
These results show good agreement with each other. This means that
the behavior of a panel backed by a perfect reflecting cavity is
fairly well predicted by the model‘of Chapter 4.

In Figure 5.3 an experimental noise reduction curve is shown
of a lead vinyl panel: The flexural rigidity of lead vinyl is very
low, which means that the fundamental resonance frequency is very

low, or:

Wyq = 0 (5.8)

In Figure 5.3, however, the noise reduction curve shows a major dip:
at 45 Hz. This frequency indicates the first axial cavity mode.

Substitution of this frequency in the following expression:

<,
100 T 28 (5.9

results in a value for the "effective'" cavity length. The "effective"
.cavity ‘length appears to be £ = 3.8 m., which wvalue is quite different
from the actual cajity length & = 2.7 m. Around the frequency of
700 Hz, severe dips and peaks start showing up in the noise reduction
curve. This indicates that the cavity modes in x~ and y-directlons
(see Figure 4.1) start showing up. -The frequency of 750 Hz indicates
an 0, 2, 0 cavity mode. This. is the first cavity mode which will
show up Because of the position of the receiver microphone.

In-Figu;é 5.4 an experimental noise reduction curve is .compared
With'results o% the predictién model of Chapter 4. The panel/cavity

3 4 . + - - . -
model used is almost the same as the one mentioned before in this
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section. The only differences are that effective cavity length is
used instead of the real length and that the impedance of the backing
wall is a function of the frequency:

2
V)
{1+ ( ;go )} (5.10)

rw = pZCZ

The agreement between the experimental and the. predicted noise reduc~
tion curve is poor. One cause for this poor agreement in the un~-

known behavior of the absorbing materials in the receiving chamber.

An attempt ﬁas been made to model this behavior with Eq. 5.10. However,
the results generated with this expression, but also with other expres-
sions, compare po;rly with the experimental results. A second cause

is that the panel resonance frequencies show up too strong. Adding
panel damping te the model will weaken the influence of the panel
resonances. A third cause is that the boundary conditions for the
model are simply supported, while the boundary conditons for the
experimental results are somewhere between simply supported and

clamped.
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CHAPTER 6

CONCLUSIONS AND RECOMMENDATIONS

In this report a method has been discussed to predict the noise
reduction through a cavity—ﬁacked‘flexible plate. The transmission
of sound through a panel backed by a finite space is completely dif-
ferent”frém the ttransmission of sound through a panel backed by an
infinite space. Figures 5.1 and 5.2 provide a good indication of
this effect.

A comparison of the results obtained with the prediction method
of Guy and Bhattacharva (Ref. 8) and the results obtained with the
method of this report show good agreement. Experimental results ob-
tained with the test facility of Ref. 1, and results of the prediction
method of Chapter 4 show poor resemblance. This, however, must be
attributed partly to the experimental results.

In the first place the boundary conditions of the test panels
in the test facility are not known exactly. The edge conditions
are scmewhere between clamped and simply supported. Secondly, the
behavior of the absorbing materials in the receiving chamber is not
known. Thirdly, the cavity is not sealed airtight. A small air leak
can change the panel behavior considerably.

In the prediction method no panel damping has been included.
Although the internal damping in thin aluminum and steel plates is
not much, it has its effect on the size of the peaks and dips in the
noise reduction curve, Damping decreases the size of the peaks and
dips. According to Figure 5.4 the influence of the panel resonances

is too great. The use of the panel impedance equation derived by
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Barton (Ref. 10) will omit the effect of the panel resonances in
the noise reduction cur;e. Better results may be expected then.

The prediction method derived in Chapters 3 and 4, however,
is very useful in the investigation of 1) the effect of a change
in the angle of incidence of the sound waves on the transmission
of sound through a panel, and 2) the effect of a difference in air
‘pressure acrogs a cavity-backed panel. In the first case, Kinsler
and Frey (Ref. 15) indicate how to incorporate the angle of inci-
dence of the sound waves into the expressions of éhapters 3 and 4.
In the latter case, the normal specific acoustic impedance of the
flexible panel also becomes a function of the pressure differential
across the panel, The forecing function in the differential equation
of motion of the plate will consist of a sound pressure term and an
air pressure term. In Ref. 16 the effect of internal pressurization

is discussed in the case of a curved plate.
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APPENDIX A

DERIVATION OF EQ. 3.14

The following expression is known at z = 0:

(rp + Py = plcl) + 3 xp
-7 — (a.1)
rp 49Cy + pP1Cq) T 3 Xp

cIINCY

i
This expression may also be written as follows:

J(mrt-ker)

B e ] (rp + 09Cy = plcl) + 3 xp a.2)
N ejwit (rP + PyCy + plcl) + g XP
or:
B (cos o + j sina) _a+ jb (A.3)
A (cos B + j sin B) c + jb *
where: a=wt+ 8o
r T
g = wit
a= rp + PyCy = P18y (A.4)
b =x
P
c = rp + p2c2 + plcl
From Eq. A.3 the following equation can be derived:
Ez(a+ﬁ0&—j&(mss+jﬂn@(wsa—jﬁnu) (A.5)
A c2 + b2
or:
B _ {ac+b’+ib(e-a)Hcos(a=8) -1 sim(a-8)} (5. 6)
A c2 + b2 )

64



which results din:

§d=(ac-sz)cos(a—B)4-b(c~a)sin(a—8)4—j{b(c-a)cos(a—s)—(ac4—b2)sin(a—6)}

A c2 + b2

A.7)

Taking the magnitude of the right-hand side of Eg. A.7 leads to the

following resulrt:

3 2 1
-E: —ﬁ Wac + b2+ (be - ab)? (A.8)
c +D
or:
3 3
:%: az 4 b2 . (A.9)
¢ +b

Substitution of Eqs. A.4 in Eq. A.9 results in:

2 2%
{rp + PyCy = plcl) + xp

B _
== 3 (A.10)

2
(rp + pycy F plcl) + x,
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.APPENDTX B

TIME AVERAGE OF COSINE PRODUCT:

Different Frequencies

In this appendix it will be shown that the time average of

the function:

f(E) = 2AB cos (mit - ki zl) cos (mrt + kr z. + Gr) (B.1)

1

is zero, if wi% mr. The time average of a function is given as:

1 +7T
<f>= lim w= [ £(2) dt (8.2)
T + = =T
The integral:
+T
J;cos(wit—kizl)cos(mrti-krzl4-Sr)dt =
+T
-IT {cos w;t cos k;z, +sin w;t sin k,z,}
{cos w_ .t cos (krzl+9r)—sin w t sin(krzl-!-er)} dt =
+T
(1) cos kizl cos(krzl+6r) _fT cos w;t cos w t dt +
+T
(2) -cos kizl 51n(krzl+ Br) _fT coes wit sin wrt dt +
+T
i i +
(3) sin kizl cos(k.rzl+6r) -{_{' sin .t cos w_t dt
+T
{4) -sin kizl 51n(krzl+6r) dfT sin mit sin wrt dt (E.3)
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The solution of integral (1) is:

+T sin(w, +w )t sin(w.-w )t +T
i’ r i “r
fcos mit cos mrt dt = Tm. F o) + To.—0)
-T i £ i 7
-T
B s:r.n(wi + mr)T ) ssln(mi - mr)‘l‘
(mi + wr) (mi - mr)
The solution of integral (2) is:
+T ’ cos (wi- mr)t cos(wi-!-wr)t +
fcos mit sin wrt de = XCTET) - ACRETR) =0
~T I 7% 4,
In that case the solution of integral (3) is:
+T
fsin w,t cos w_t dt =70
i T
-T
The solution of integral (4) is:

‘ +
+T sin(mi—mr)t sin(wi+wr)t <
fsinw.t sin w_t dt = -

T i r 2(w.~w_) 2(w, +w_)
- i “r i r _p

8i - i i
B srn(ml mr)T s:l.n(ml mr)T

(wi— wr) (wi + wr)
The solution of Eq. B.3 becomes:

sin (mi-}- wr) T sin (mi— wr) T

cos k.z, cos(k _z, +8_){ - -~ }
i®1 "l Tr (mi+mr) (mi mr)
sin{w,—w )T sin(w,+w )T
~ sin k. z, sin(k_z.-+8_){ L. to
i1 ™l r (mi— mr) (mi+mr)
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(B.6)

(B.7)
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According to Eq. B.2, Eq. B.8 has to be divided by the factor 2T.

Then the limit for T + « has to be taken:

2AB
27

«{Eq. B3.8) = 0 (3.9)

T+ o
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APPENDIX C

TIME AVERAGE OF COSINE PRODUCT:

Identical Frequencies

The time average of the function:

f(t) = 2AB cos (wit —-kizl) cos (mrt + krz1 + Br) (c.1)
is not equal to zero when:

Wy T Ty
Then Eq. C.l1 becomes:

f(t) = 2AB cos (wlt - kizl) cos (wlt 4 klzl + er) {C.2)
The time average of £{t) is defined as:

_ +T
<f£>= lim 2= [£(t) dt (c.3)
T
T+ w ~T

_The integral:

+T

.ngS(mlt - klzl)cos(mlt + klzl + er)dt =

+T

J;{cos w, € cos klzl + sin w.t sin klzl}

{ecos wlt cos (klzl + er) - gin w t sin(klzl + er)}dt =
+T )
(1) cos klzl cos(klzl + Br) J;cos w t dt +
+T sin Zwlt
(2) =-cos klzl s:m(klzl + Sr) f 5 dt +

~T
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4T sin 2w, t

. 1

(3) sin klzl cos(klzl + Sr) J; — dt +
+T

{4) -sin- klzl s:i.n(klz1 + Br) _fT sin wlt dt

The solution of integral (1) is:

+T 9 r sin Zwlt +T
ICOS mltdt= "2-+‘“*-Z'E-—— =T +
~T 1

The solution of integral (2) and (3) is:

. +T
f? sin Zwlt [_ cos Zwlt ]
-7

= =0
Zg 2 gl
The solution of integral (4) is:
4T ) ¢ sin Zmlt +T sin 2w,T
fsin“wtdt=|5-—F——| =T - —5——
1 2 4 2w
-T 1 1
-T
The total solution of Egq. C.4 is:
sin 2w1T
cos k,yzy cos(klzl + Br){T + Ty } o+
sin ZmlT
- sin klzl sux(klzl + er){T - ——E;I——— }

The time average:

<f>= 1lim —23@--(Eq. C.8)
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(C.6)
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(c.9)



- - * K] 1

<£> = AB{cos klzl cos (klz1 + er) sin klzl SLn(klzl + Sr)f
(€.10)

<f>= AB cos(klzl + klzl + 61_) (C.11)
<f> = AB cos(2 ‘klzl + er) (C.12)
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APPENDIX D

NOISE REDUCTION PREDICTION METHCD

BY GUY AND BHATTACHARYA

The model considered by Guy and Bhattacharya is shown in Figure
D.1 and consists of an acoustically hard walled rectangular cavity

having at one face (x = 0) a flexible vibrating plate.

Figure D.1l: Sketech of Panel and Cavity Geometry

The following expression is derived for the acoustic pressure within |
the cavity:

N an[Zm(O)cav]coéh‘[(a—x)u(t)]

P (x, ¥, 2, £} = L K.K'. P qr e DT LyedvE
2% ¥, 2, 8) q=1KK lor T2, )cav +Z_jpanicoshian (0] cos (3 y)eosC - z)e
r=1
m=0
n+=0
(D.1)
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where:
K= 0.5 form=20 K=1form?>20

K'=0.5 forn =0 K'=1 forn>20

The assumption that the pressure wave on the surface of incidence,

Pl’ is a plane wave makes the following simplification possible:

Pl 16
— 5 for q and r odd
=T (D.2)
1 0 otherwise

The coupling coefficient an may be written as follows:

qr
_ 4 q T
B =— [cos{gm)cos(mnr)- L] {cos(xm)cos(nr)-1]
mn 2 2 2
qaF 7 (@ -q7) (n"-r")
(D.3)
The cavity impedance Zmn(O)cav is given as follows:
. . cothlac (t)]
w - > w: Zmn(O)cav =Je, v ———ETET—-— (D.4)

where:
a(t) =-§-%Jm2 - w? (D.5)
o mn
) _ . cotlac(t)]
w o < w3 Zmn(O)cav =-Je,u _-EYES__-_— (B.6)
where:

a(t) = —c%'—-a/mz - mnfn (®.7)
[¢]

According to Guy and Bhattacharya the following expression can

be used for the natural frequencies of the cavity:
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m 2 n 2’
w = e ( E‘) + ( E‘) (D.8)

The expression for the panel impedance is:

h , 2 2

)Y _
zlqr pan = j = (w wqr) (.9

where wqr is the panel natural frequency, which may be obtained from
the following expression in the case of simply supported boundary
conditions:

2 2 S b

= 9y £ (X -
B =T [ () + (20 1 oh (D.10)

where D represents the bending stiffness of the plate and p and h
. the density and the thickness of the plate.
When the acoustic pressure within the cavity is measured at an
arbitrary point on the axial centerline(of the cavity, Pz(x, b/2, /2, t),

then the term:

cos ( %?-y) cos ( %?-Z) form,n=0, 1, 2, 3, . . . (D.11)

can be changed into:

cos(Ezi)cos(nz—")form,n=o,1,z,3,... (D.12)

or:
m-n

-1) 2 form,a=0,2,4, ... (D.13)

Substitution of the expressions menticned above in Eq. D.1 and by taking

the magnitude of ‘this expression, the noise reduction can be computed:
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'....I

NR = 20 log

»n

Appendix D gives a computer program of this metnod.

Table D.1: List of Symbols

Svmbol Definition

a Room dimension in x~direction

h Room dimension in y-direction

an. Coupling ccoefficient between room and

qr
panel modes

c Room dimension in z-direction

c, Vslocity of sound in air

D Modulus of rigidity

h Thickness of panel

h V-1

K - Constant

K Constant

b} Room mode in y-direction

n Room mode in z-direction

Pl Acoustic pressure on the surface of
incidence

P2 Acoustic pressure within the cavity

q Panel mode in y-direction

r Panel mode in z-direction

t Time

% Model coordinate
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(D.14)

Dimension

in

i3

m/sec

Nm

N/m

N/=m

s5ac



Table D.1: List of Symbols (continued)

Definition
Model coordinate
Model coordinate
Cavity impedance of an’(m,'n) cavity mode
at the surface ‘of the panel at the re-
ceiver side
Panel impedance of the (g, r) panel mode
Density of panel material
Density of air
Forced angular frequency
Natural frequency for room mode (m, n)

Natural frequency for panel mode (g, x)
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Dimension

kg/mz.sec
kg/mz.sec
kg/m3
kg/m3
rad/sec
rad/sec

rad/sec
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APPENDIX E

TIME-SHARING PROGRAM OF METHOD OF

APPENDIX D

In this appendix a Fortran IV time—~sharing computer program

will be given, which computes the noise reduction through a cavity-

backed flexible panel as function of the frequency.

The method

used in this program is discussed in Appendix D, and the definition

of the wvariables can be found in Table D.1.

Table E.l provides a

listing of the variables used in this program, while Figure E.1

shows the flowchart.

of the program.

Symbol

ALPHA

BMNQR

ENR

c

CA
CoNST1
CONST2
CCONST3

COSHD

Table E.Ll: Variable Names in Program

Definition
Room dimension a in x—direction
Egs. D.5 and D.7
Room- dimension & in y—%irection

Coupling coefficient Bﬁn
aqr

Neige reduction NR

Room dimension ¢ in z-direction
Velocity of sound <, in air
Constant K

Constant K'

16/qrn?

Cosh[aa(t)}]
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Figures E.2, E.3 and E.4 give the listing

Dimension

db

m/sec



Symbol

COSHN

DUML
DUM2
E

F
FAGTOR
H
TCMAX
IPMAX
IHIGH
ILOW
ISTEP
OMG
OMGMN
OMGQR

PI

&

ROA

Table E.l: Variable Names in Program (continued)

Definition
Coshi{a - x)alt)]
Bending stiffness D
(a - x)a(r)
a-a(t)
Young's modulus E
Frequency £
Eq. D.l1 without summation sign
Plate thickness h
Number of cavity modes
Number of panel modes
Maximum frequency
Minimum frequency
Increase in frequency
Angular frequency
Natural frequency LI for room mode
Natural frequency wqr for panel mode
2
Panel mode g ‘in y-direction
Panel mode r in z-direction
Room mode m in y-direction
Room mode m in z-direction
Density of air %
Poisson's ratio v

Receiver microphone position in x-direction
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Dimension

Nm

N/m

Hz

Hz
Hz
Hz
rad/sec
rad/sec

rad/sec

k.g/m3



Table E.1l: Variable Names in Program {continued)

Symbol Definition Dimension
. R 2
ZMCAV Cavity impedance Zmn(O)cav kg/m”.gec
. . 2
ZQRPAN Panel .impedance qupan kg/n .sec
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()

INPUT

'DATA
CALL COUPLING Eq. D.3
CALL PANFUND Eq. D.10
CALL CAVFUND Eq. D.8
CALL COEF ' Eq. D.5 and D.7
CALL CAVIMP Eq. D.4 and D.6
| CALL PANIMP Eq. D.9
CALL AGAIN Eq. D.1

OUTPUT
DATA

= )

Figure E.1: Flowchart of Program
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APPENDIX F

TIME~-SHARING PROGRAM OF METHOD

OF CHAPTER 4

In this appendix a Fortran IV time-sharing computer program
will. be given to predict the transmission loss of a2 panel ard the
noise reduction through a panel. The panel can be either free or
cavity backed (I = 1 stands for cavity-backed; I # 1 stands for
a free panel). In the case of a free panel, some of the input
data are not relevant and will not be used by the computer program.
These data are: CL and ZZ2. Table F.l explains the different
variables of the program. Figure F.l gives a flowchart of the

program, and Figures F.2, F.3 and F.4 give a listing of the

program.
Table F.l: Variable Names in Program
Symbol Definition Dimension
A Room dimension a in x-direction m
ALABD Imaginary part A of Eq. 4.34 kg/mz.sec
ALPHAC DZ/CZ, see Eq. 4.17
ALPHAR BZIAZ, see Eq. 4.39
ALPHAT CZ/AZ, see Eq. 4.51
B . Room dimension b in y-direction ° m
BNR Noise reduction NR db
CAl Velocity of sound in air at source side ¢y m/sec
CA2 Velocity of scund in air at recediver
side ¢y m/sec
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Symbol
CAPPA

CL

THIGH
TLOW
ISTEP
MAX
OMG
OMG1
PI
ROAT
ROAZ

ROCL

ROC2

RCP

RW

TAN

TEETAR

Table F.l: Variable Names in Program (continued)

Definition
Real part Kk of Eq. 4.34
Room dimension 2 in z-directiomn
Bending stiffness D
Young's modulus E
Frequency £
Plate thickness h
Maximum frequency
Minimum frequency
Step in frequency
Maximum number of panel modes
Angular freguency
Fundamental cavity mede in z-direction
™
Density of air at source side ey
Density of air at receiver side Py
Characterisgtic impeda§ce of air at source
side P18
Characteristic impedance of air at receiver
side PyCy
Density of plate material p
Panel resistance
Wall resistance
Tan

Phase angle of reflected wave 6 _

. LU

Dimension
kg/mz.sec
m

N

N/m

Hz

Hz
Hz

Hz

rad/sec

rad/sec

kg/m3

kg/m3
kg/mz.sec
kg/mz.sec
kg/m3
kg/mz.sec

kg/mz.sec

rad



Table F.1: Variable Names in Program (continued)

Symbol Definition Dimeunsion
TL Pransmission loss ;ib
X Receiver microphone position im x-
direction m
X Panel reactance kg/mz.sec
Y Receiver microphone position in y-
direction m
zZl Source microphone pdsition in z-direction m
Z2 Receiver microphone position in z-
direction ™
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<i START

/ INPUT
{ DATA

RW = ROC2

CALL PANIIP Eq. &4.77
_—____74<: =1 yes
_ .CALL, SUBRW
L |
" CALL ALFR " £q. 4.38
CALL ALFT Eq. 4.51
CALL ALFC Eq. 4,17
CALL TETAR Eq. 4.42
CALL SNE Eg. 4,62
I, Eq. 3.24
OUTPUT
DATA

Figure F.1:

(o

)
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Flowchart of Program

Eq. 4.80
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Figure F.3 : Listing of Program (Continued)
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Figure F.4 : Listing of Program {(Continued)
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