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SUMMARY 

An a n a l y t i c a l  method of canput ing t h e  averaging e f f e c t  of wing-span s i z e  on 
t h e  load ing  of a  wing induced by random turbulence  was adapted f o r  use on a  dig- 
i t a l  e l e c t r o n i c  ccmputer- The turbulence  i npu t  was assumed to have a  Dryden 
power s p e c t r a l  dens i ty .  The computations were made f o r  l i f t ,  r o l l i n g  moment, 
and bending moment f o r  two span load  d i s t r i b u t i o n s ,  rec tangular  and e l l i p t i c -  

The r e s u l t s  show t h a t  t h e  wing-span averaging e f f e c t  increased  wi th  both 
span s i z e  and turbulence  frequency, The r ec t angu la r  wing-span loading  showed a  
s l i g h t l y  g r e a t e r  averaging e f f e c t  than d id  t h e  e l l i p t i c  loading. I n  t h e  £re- 
quency range most bothersome to a i r p l a n e  passengers ,  t h e  wing-span averaging 
e f f e c t  can reduce t h e  normal l i f t  load ,  and t h u s  t h e  a c c e l e r a t i o n ,  by about  
7 percent  f o r  a  t y p i c a l  medium-sized t r anspo r t .  The bending moment e x h i b i t e d  
r e s u l t s  s i m i l a r  t o  those  f o r  t h e  l i f t  bu t  t o  a  lesser degree. The r o l l i n g  
moment exh ib i t ed  i t s  g r e a t e s t  e f f e c t  a t  low f requenc ies  and smal l  wing-span 
s i ze s .  Some c a l c u l a t i o n s  were made t o  eva lua t e  t h e  e f f e c t  of us ing  a  Von Karman 
turbulence r ep re sen t a t i on .  These r e s u l t s  showed t h a t  using the  Von Karman 
r e p r e s e n t a t i o n  g e n e r a l l y  r e s u l t e d  i n  a  span averaging e f f e c t  about  3 pe rcen t  
l a r g e r .  

INTRODUCTION 

The g u s t  loads  on a i r p l a n e s  f l y i n g  through randcm turbulence  a r e  a t t e n -  
uated by two e f f e c t s  £ran those  t h a t  would have been obta ined  i f  t h e  ang le  of  
a t t a c k  developed by t h e  g u s t s  encountered along t h e  f l i g h t  pa th  had been app l i ed  
d i r e c t l y  to t h e  a i r p l a n e ,  One of t he se  a t t e n u a t i o n  e f f e c t s ,  c a l l e d  t he  unsteady 
l i f t  e f f e c t ,  accounts  f o r  t h e  p e n e t r a t i o n  of t h e  g u s t  by t h e  wing and f o r  t h e  
bu i ldup  of c i r c u l a t i o n .  I n v e s t i g a t i o n s  i n  t o  t h i s  p e n e t r a t i o n  e f f e c t  a r e  d i s -  
cussed i n  r e f e r ences  1 and 2. The o t h e r  e f f e c t ,  c a l l e d  spanwise averaging,  
r e s u l t s  f r m  the  f a c t  t h a t  i n  f l i g h t  through a  r a n d m  turbulence f i e l d  t h e r e  is 
a  v a r i a t i o n  i n  t h e  gust-induced ang le  of a t t a c k  a c r o s s  t h e  span a s  w e l l  a s  a long 
the  f l i g h t  path,  This  i n v e s t i g a t i o n  is concerned wi th  t he  l a t t e r  e f f e c t ,  

A method f o r  c a l c u l a t i n g  t h e  e f f e c t  of spanwise averaging on t h e  l i f t ,  
r o l l i n g  moment, and wing bending moment about t h e  wing r o o t  chord of a  wing 
i n  f l i g h t  through random turbulence  is given i n  r e f e r ence  3. This method is 
appl ied  i n  r e f e r ence  4 to a  more d e t a i l e d  c a l c u l a t i o n  of t he  l i f t  f o r  a  number 
of tu rbulence  s p e c t r a  and f o r  va r ious  types  of span load d i s t r i b u t i o n .  S imi l a r  
c a l c u l a t i o n s  f o r  t h e  r o l l i n g  moment a r e  given i n  r e f e r ence  5. 

The d a t a  presen ted  i n  r e f e r ences  3 ,  4 ,  and 5  a r e  l i m i t e d  to a  r e l a t i v e l y  
sma l l  number of va lues  of t h e  wing-span parameter B ,  t h e  r a t i o  of wing span t o  
. s c a l e  of tu rbulence ,  a l l  of which a r e  much l a r g e r  than those  f o r  c u r r e n t  a i r -  
planes.  The minimum va lue  of @ f o r  which d a t a  a r e  given i n  r e f e r ence  4 is 
0.25, whereas va lues  f o r  a c t u a l  a i r p l a n e s  range from 0,03 t o  0a15a For t h i s  
reason, a  set of c a l c u l a t i o n s  of the  l i f t ,  r o l l i n g  moment, and bending moment, 



covering a wider range of va lues  of  B and encompassing those  f o r  c u r r e n t  a i r -  
planes,  was undertaken, Ca lcu l a t i ons  were made f o r  a range of  B from 0.001 
t o  0,250 f o r  both t h e  r ec t angu la r  and e l l i p t i c  span load d i s t r i b u t i o n s .  I n  
performing the  c a l c u l a t i o n s ,  a Dryden power s p e c t r a l  d e n s i t y  r e p r e s e n t a t i o n  of 
t h e  tu rbulence  was assumed a s  t h e  input .  A p o r t i o n  of t he se  c a l c u l a t i o n s  was 
used a s  t he  b a s i s  f o r  a s tudy  ( r e f .  6 )  which compared t h e  r e l a t i v e  magnitudes 
of  t h e  e f f e c t s  of  t h e  unsteady l i f t  and spanwise averaging on l i f t .  

The purpose of the  p re sen t  r epo r t ,  t he re fo re ,  is to make a v a i l a b l e  t he  f u l l  
set of  r e s u l t s  ob ta ined  from t h e  c a l c u l a t i o n s  of spanwise averaging e f f e c t s  on 
l i f t ,  r o l l i n g  moment, and r o o t  chord bending moment f o r  span r a t i o s  cover ing  cur- 
r e n t l y  used a i r p l a n e s ,  and t o  compare t h e  r e s u l t s  f o r  t w o  span load d i s t r i b u -  
t i ons .  The r e s u l t s  a r e  presen ted  i n  the  form of  p l o t s  of the  spanwise averaging 
e f f e c t  f o r  combinations of nondimensional wing-span and frequency parameters ,  
The d a t a  a r e  app l i cab l e  to unswept wings i n  incompressible  flow. 

A p a r a l l e l  set  of  computations was made f o r  a l i m i t e d  number of  span r a t i o s  
using a Von Karman r e p r e s e n t a t i o n  of the  turbulence.  A comparison of the  r e s u l t s  
f o r  t h e  two inpu t  s p e c t r a l  d e n s i t i e s  is presen ted  i n  t h e  appendix. 

SYMBOLS 

The c a l c u l a t i o n s  of t h i s  i n v e s t i g a t i o n  were made i n  t h e  U.S. Customary 
Units.  Both t he  U.S. Customary and SI Uni t s  a r e  presented.  

b wing span, m ( f t )  

bm 

span averaging f a c t o r  f o r  bending moment, 
@we 

Fbm 

C 

span averaging . f a c t o r  f o r  l i f t ,  , , , 

r m  

Frm ' 

@we span averaging f a c t o r  f o r  r o l l i n g  moment, - 
cr 

@ w e  

Hl (kg) frequency response func t ion  of l i f t  due t o  s i n u s o i d a l  v e r t i c a l  gus t  
v e l o c i t y  a long  f l i g h t  pa th  

H r m ( k W )  frequency response func t ion  of  r o l l i n g  moment due t o  s i n u s o i d a l  v e r t i -  
c a l  gus t  v e l o c i t y  a long f l i g h t  pa th  



K t ape r  r a t i o  c o r r e c t i o n  f a c t o r  

WL* 
nondimensional frequency along span, - 

u 

L * r e f e rence  s c a l e  length  of tu rbulence ,  assumed 365,76 m (1200 f t )  
- 
M bending-noment in£ luence func t ion  

M1 (0) = n *  f o r  n * > O  and 0 f o r  r l * s O  

M2(0,rl*) = T l *  f o r  ?I* > 0 and 0 f o r  rl* 2 0 

r  c o r r e l a t i o n  d i s t a n c e  between two v e r t i c a l  gus t  v e l o c i t i e s  

U v e l o c i t y  along f l i g h t  path, m/sec ( f t / s ec )  
- 
w2 mean square of v e r t i c a l  g u s t  v e l o c i t y ,  (m/sec) 2 ((f t / s e c )  2) 

Y d i s t a n c e  along span measured from cen te r  l i n e ,  m ( f t )  

Y '* nondimensional v a r i a b l e  of i n t e g r a t i o n  along spanwise d i r e c t i o n  used 
only  i n  computing MI 

b  
wing-span r a t i o ,  - 

L * 

Y (Y*) l i f t  or  rolling-moment d i s t r i b u t i o n  weighting func t ion  

n * nondimens i o n a l  v a r i a b l e  of i n t e g r a t i o n  along spanwise d i r e c t i o n  

5 = m ,  m ( f t )  

'I time i n t e r v a l  between c o r r e l a t i o n  p o i n t s ,  s e c  

@bm(k') power s p e c t r a l  d e n s i t y  of bending moment, (N-m)2 (( lb-f t )2)  

@ 2 ( k g )  power s p e c t r a l  d e n s i t y  of l i f t ,  N2 (1b2) 

mrm ( k ' )  power s p e c t r a l  d e n s i t y  of r o l l i n g  moment, (N-m)2 ( ( lb- f t )  2) 

(k  ' ) power s p e c t r a l  d e n s i t y  of v e r t i c a l  g u s t  ve loc i ty ,  (m/sec) ( ( f  t / s ec )  2, 

3  



Q w e ( k W )  e f f e c t i v e  pa re r  s p e c t r a l  d e n s i t y  of v e r t i c a l  g u s t  v e l o c i t y  a c t i n g  on 
wing, (m/sec) ( ( f t / s e c )  

bm 
Qwe ( k ' )  e f f e c t i v e  power s e c t r a l  d e n s i t y  of gust-induced upwash f o r  bending 

moment, (m/sec)q ( ( f t / s e c )  2, 
c r  

@,,(kt) e f f e c t i v e  power s p e c t r a l  d e n s i t y  o f  induced upwash assuming a g r a d i e n t  
a c r o s s  span equa l  t o  maximum g r a d i e n t  f o r  a s i n u s o i d a l  g u s t  of same 
ampli tude and frequency. (m/sec) ( ( f t / s e c )  ) 

1 
Qwe (k ' )  e f f  e c t i v e  power s p e c t r a l  d e n s i t y  of gust-induced upwash for l i f t ,  

(m/sec) ( ( f  t/sec) ) 
r m  

Qwe(kV e f f e c t i v e  power s c t r a l  d e n s ' t y  of  gust-induced upwash f o r  r o l l i n g  
moment, ( m / s e c ) y ( ( f t / s e c )  2f  

yw(  1 g u s t  c o r r e l a t i o n  func t ion  of term i n  paren theses  

Ywe(L*a) e f f e c t i v e  c o r r e l a t i o n  f u n c t i o n  of g u s t  in f luence  inc luding  wing 
loading  d i s  t r  i bu t  ion 

w c i r c u l a r  frequency, rad/sec 

PROCEDURE 

The procedure foilowed i n  t h e  p r e s e n t  work was t o  adapt  t h e  a n a l y t i c a l  
exp re s s ions  f o r  t he  power s p e c t r a  of l i f t ,  r o l l i n g  moment, and bending moment 
developed i n  r e f e r e n c e s  3 and 4 f o r  computation on an e l e c t r o n i c  d i g i t a l  com- 
puter.. The program included the  o p t i o n s  f o r  varying t h e  spectrum of tu rbulence  
and t h e  wing-span load  d i s t r i b u t i o n .  

The power s p e c t r a  were ob ta ined  by computing t h e  Four i e r  t ransform of t h e  
c o r r e l a t i o n  f u n c t i o n s  f o r  t h e  e f f e c t i v e  v e r t i c a l  gus t  v e l o c i t y  ( c a l l e d  upwash 
i n  r e f ,  3) on t h e  wing r e s u l t i n g  frcm the  i n f luence  of tu rbulence-  S ince  t h e  
development of t he se  equa t ions  has  been presen ted  i n  r e f e r ences  3 and 4, on ly  
those equa t ions  necessary  f o r  fol lowing t h e  work done h e r e i n  a r e  presen ted ,  

L i f t  Equat ions Used i n  Computation 

The power spectrum of t h e  l i f t  a s  de sc r ibed  i n  r e f e r ence  3 is w r i t t e n  h e r e  
a s  

where H1(k t )  is t h e  frequency response func t ion  r e l a t i n g  l i f t  t o  s i n u s o i d a l  
g u s t  v e r t i c a l  v e l o c i t i e s  a long the  f l i g h t  path and is assumed t o  be c o n s t a n t  
ac ros s  t h e  span. Hz ( k ' )  accounts  f o r  unsteady l i f t  e f f e c t s .  The term Qwe (k8) 



is an e f f e c t i v e  power s p e c t r a l  d e n s i t y  (PSD) of g u s t  v e l o c i t y  which accounts  f o r  
t he  s t a t i s t i c a l  e f f e c t s  of the  v a r i a t i o n s  of  g u s t  v e l o c i t y  ac ros s  t he  span. The 
term is of  primary concern throughout t h e  remainder of  t h e  paper,  s i n c e  it 

W e  

is this term t h a t  is used t o  o b t a i n  t he  spanwise averaging e f f e c t s  t h a t  a r e  d i s -  
cussed l a t e r  i n  t h e  paper .  

The express ion  used to o b t a i n  t h e  power s p e c t r a l  d e n s i t y  of  t h e  e f f e c t i v e  
g u s t  v e l o c i t y  is t h e  Fourvier t ransform of the  corresponding c o r r e l a t i o n  func t ion ,  
a s  expressed by t h e  equa t ion  

The c o r r e l a t i o n  func t ion  YWe(L*a) is, i n  t u r n ,  given by 

1 1 1  
y w e *  = S1 Jl ( Y )  ( Y )  Y,(r) ~ Y T  d ~ ;  

where y is t h e  spanwise l i f t  d i s t r i b u t i o n  weight ing func t ion  and YW(r) is t h e  
g u s t  c o r r e l a t i o n  func t ion .  

The f a c t o r  y used t o  d e s c r i b e  t h e  spanwise l i f t  d i s t r i b u t i o n s  is 1  f o r  

r ec t angu la r  loading and QJ- f o r  e l l i p t i c  loading. The fol lowing expres- 
7T 

s i o n  fo r  YW is the  c o r r e l a t i o n  func t ion  f o r  t h e  Dryden g u s t  d i s t r i b u t i o n :  

The q u a n t i t y  r  is the  c o r r e l a t i o n  d i s t a n c e  between two v e r t i c a l  g u s t  v e l o c i t i e s  
i n  t h e  p l ane  of f l i g h t  and is obtained by t h e  equa t ion  

Flaw c h a r t s  of t h e  programmed computations a r e  shown i n  f i g u r e  1, 

Rolling-Moment Equat ions Used i n  Canputat ion 

The rolling-moment PSD on t h e  wing due to t h e  spanwise g u s t  d i s t r i b u t i o n  
was obtained by a procedure s i m i l a r  t o  t h a t  f o r  t h e  l i f t -  The o n l y  d i f f e r e n c e s  



were t h e  terms used f o r  t h e  spanwise d i s t r i b u t i o n  weighting func t ions .  For 
r ec t angu la r  load ing  the  term was 

and f o r  e l l i p t i c  load ing  t h e  term was 

Bend ing-Moment Equation Used i n  Computation 

The bending-moment PSD computations followed much t h e  same procedure a s  
f o r  the  l i f t  and r o l l i n g  moment; however, t he  express ion  f o r  the  gus t - co r r e l a t i on  
func t ion  was much more complicated. The development of t he se  exp re s s ions  is 
descr ibed  in  g r e a t e r  d e t a i l  on page 14 of r e f e r ence  3. The c o r r e l a t i o n  f u n c t i o n  
f o r  t h e  bending moment is 

where k is t h e  bending-moment i n f l u e n c e  func t ion ,  and Y ( r )  is t h e  same a s  
f o r  t he  l i f t  cases ,  The bending-moment in f luence  func t ion  is obta ined  from 

where t h e  y term is the  same a s  t h a t  used fo r  l i f t .  The terms M1 (y*) and 
M2 (y*,q*) fo r  t h e  r o o t  bending moment a r e  given by 

and 

M~ (o,n*) = n* f o r  n* > 0 

M2 (O,n*) = 0 f o r  n* 5 0 



The term K is a  c o r r e c t i o n  f o r  t h e  e f f e c t s  of wing t a p e r  r a t i o .  T h i s  term, 
d i s c u s s e d  i n  r e f e r e n c e  5, e n t e r s  t h e  p r e s e n t  c a l c u l a t i o n s  o n l y  i n  t h e  c a s e  o f  
e l l i p t i c  load ing .  I n  t h i s  c a s e ,  t h e  v a l u e  is 

The c o e f f i c i e n t s  C1, C2, and C3 a r e  f u n c t i o n s  of t h e  a s p e c t  r a t i o  and were 
o b t a i n e d  f r m  p l o t s  of t h e s e  c o e f f i c i e n t s  v e r s u s  a  planform parameter  p r e s e n t e d  
i n  r e f e r e n c e  7. 

COMPUTATIONS AND RESULTS 

Computations were made of t h e  e f f e c t i v e  g u s t - v e l o c i t y  power s p e c t r a l  den- 
s i t y  Owe f o r  l i f t ,  r o l l i n g  moment, and bending moment about  t h e  r o o t  chord,  

For each o f  t h e  above f a c t o r s ,  t h e  power s p e c t r a l  d e n s i t i e s  were computed f o r  
two span  l o a d  d i s t r i b u t i o n s ,  r e c t a n g u l a r  and e l l i p t i c ,  through a range of span  
r a t i o s  @ from 0 to 0.25 f o r  l i f t  and 0.001 t o  0.25 f o r  bo th  r o l l i n g  moment 
and bending moment, The Dryden power spectrum was used a s  t h e  t u r b u l e n c e  i n p u t -  - 
The magnitude of t h e  mean s q u a r e  of t h e  g u s t  v e l o c i t y  w2 was 0,3048 m/sec 
(1 f t / s e c )  , and t h e  s c a l e  of t u r b u l e n c e  L* was assumed t o  be 365.76 m 
(1 200 f t )  , I n  nondimens iona l iz ing  t h e  f requency paramete r  (k' = wL*/u) t h e  
v a l u e  f o r  t h e  r a t i o  L*/u was assumed t o  be e q u a l  t o  1 ,  

The r e s u l t s  a r e  p r e s e n t e d  i n  t h r e e  groups ,  The power s p e c t r a l  d e n s i t i e s  
of t h e  e f f e c t i v e  upwash f o r  t h e  l i f t  f o r  v a r i o u s  combinat ions  o f  @ and span  
l o a d  d i s t r i b u t i o n  a r e  p r e s e n t e d  i n  f i g u r e s  2 and 3 ,  and a  comparison of t h e  
normalized d a t a  f o r  t h e  two span l o a d  d i s t r i b u t i o n s  is shown i n  f i g u r e  4, 
S i m i l a r l y ,  r e s u l t s  f o r  t h e  rolling-moment computa t ions  a r e  shown i n  f i g u r e s  5 
and 6, and t h e  comparison i n  f i g u r e  7, The bending-moment r e s u l t s  a r e  shown 
i n  f i g u r e s  8 and 9 ,  and t h e  comparison i n  f i g u r e  10,  

The span  averag ing  e f f e c t  is shown by t h e  normalized power s p e c t r a l  den- 
s i t ies  f o r  v a r i o u s  v a l u e s  of @ p l o t t e d  a g a i n s t  a  nondimensional span-frequency 
parameter k 'Be The v a r i o u s  power s p e c t r a l  d e n s i t i e s  have been normal ized a s  
fo l lows :  

(1) The g u s t - v e l o c i t y  power s p e c t r a l  d e n s i t y  f o r  l i f t  f o r  v a r i o u s  v a l u e s  
o f  was normal ized w i t h  r e s p e c t  t o  l i f t  f o r  a  span  r a t i o  of 0  ( g u s t  c o n s t a n t  
a c r o s s  t h e  s p a n ) ,  



(2)  The gus t -ve loc i ty  power s p e c t r a l  d e n s i t y  f o r  r o l l i n g  moment f o r  v a r i o u s  
va lues  o f  f3 was normalized with r e s p e c t  t o  the  ca se  of r o l l i n g  g u s t s  (sinu- 
s o i d a l  g u s t s  with v e l o c i t y  i nc reas ing  l i n e a r l y  wi th  d i s t a n c e  from t h e  c e n t e r  
l i n e ) .  

(3) The gus t -ve loc i ty  power s p e c t r a l  d e n s i t y  f o r  bending moment f o r  va r ious  
va lues  of B was normalized wi th  r e spec t  t o  the minimum B (0.001) f o r  each 
span load  d i s t r i b u t i o n .  A span r a t i o  of zero  could n o t  be used because t h e  y* 
term i n  t h e  weighting f a c t o r  causes  t he  bending moment t o  go to zero,  

The comparisons f o r  t he  two span load  d i s t r i b u t i o n s  a r e  made f o r  t h e  same 
t o t a l  l i f t  f o r  t h e  two loadings.  I t  is assumed t h a t  t h e  l i f t  is p ropor t i ona l  
t o  t h e  wing a r e a ;  then, f o r  t h e  same wing span,  t he  a spec t  r a t i o  w i l l  be t h e  
same. 

DISCUSS ION 

L i f t  
1 

The e f f e c t  of span r a t i o  on t h e  l i f t  g u s t  power s p e c t r a l  d e n s i t i e s  'we 
f o r  t h e  two span load ings  is shown i n  f i g u r e s  2 and 3. The p a t t e r n  of t he  d a t a  
f o r  va r ious  span r a t i o s  is e s s e n t i a l l y  t h e  same f o r  both cond i t i ons ;  t h e  va lues  
d i f f e r  on ly  s l i g h t l y  i n  magnitude. 

The e f f e c t  of span r a t i o  on averaging o u t  g u s t  angles  of a t t a c k  can a l s o  
be seen i n  f i g u r e s  2 ( a )  and 3 ( a )  by t h e  dec reas ing  va lue  of t h e  power s p e c t r a  
with an i nc rease  i n  span r a t i o ,  which is heightened wi th  increas ing  frequency 
(decreas ing  wavelength). This  e f f e c t  of span r a t i o  is shown d i r e c t l y  on t h e  
c r o s s  p l o t s  p resen ted  i n  f i g u r e s  2 (b) and 3 (b) , For smal l  f r equenc i e s  (long 
wavelengths) ,  t h e  e f f e c t  of span r a t i o  is n e g l i g i b l e  because both t h e  l a r g e  
and smal l  wings a r e  immersed more or less i n  a s i m i l a r  g u s t  f i e l d ,  However, a s  
t h e  frequency inc reases  ( t h e  tu rbulence  wavelength decreases)  o r  t h e  wing span 
inc reases  t h e  wing is a f f e c t e d  more and more by t h e  randomness of t h e  turbu-  
l ence  f i e l d s ,  



The d a t a  shown i n  f i g u r e s  2 (c) and 3 ( c )  a r e  t h e  r a t i o s  of t h e  e f f e c t i v e  
gus t -ve loc i ty  power s p e c t r a l  d e n s i t i e s  f o r  the  va r ious  va lues  of B normalized 
with r e s p e c t  t o  t h e  power s p e c t r a  f o r  B = 0 (gus t  spectrum) a t  each frequency 
p l o t t e d  a g a i n s t  a f a c t o r  k g @ ,  which is a nondimensional frequency based on wing 
span wb/U. F igures  2 (d)  and 3 (d)  a r e  merely expansions of t h e  upper l e f t  cor-  
n e r s  of f i g u r e s  2 (c) and 3 (c) to o b t a i n  a b e t t e r  s epa ra t i on  of t he  cu rves  i n  t h e  
region,  

F igu re s  (2 (c )  and 3 ( c ) )  show t h a t ,  except  f o r  very  low va lues  of  k 8 B ,  t h e  
d a t a  f o r  v a r i o u s  va lues  of t he  span r a t i o  f a l l  on a s i n g l e  curve. This  curve 
r ep re sen t s  t h e  a t t e n u a t i o n  of l i f t  due t o  t h e  spanwise averaging e f f e c t  a s  a 
func t ion  of reduced frequency. I n  r e f e r ence  6 ,  t h e s e  da t a  a r e  compared wi th  
t he  a t t e n u a t i o n  of l i f t  a s  a f u n c t i o n  of  frequency caused by unsteady l i f t  
e f f e c t s .  A t  very  low va lues  of k ' B ,  f i g u r e s  2 (d)  and 3 ( d ) ,  t h e r e  is a decrease  
i n  t h e  r a t i o  of the  g u s t  power s p e c t r a l  d e n s i t i e s  with i nc reas ing  s i z e ,  Th i s  is 
bel ieved t o  be due, a s  explained i n  r e f e r ence  6 ,  t o  t h e  p r o b a b i l i t y  of occasion-  
a l l y  encounter ing a g u s t  which is not  uniform ac ros s  t h e  span. Th i s ,  of course ,  
is more l i k e l y  t o  occur  with a l a r g e r  wing than with a sma l l e r  wing s i n c e  a 
l a r g e r  p o r t i o n  of t h e  atmosphere is encountered. 

A co ipa r i son  of t h e  a t t e n u a t i o n s  due t o  t h e  spanwise averaging e f f e c t  f o r  
e l l i p t i c  and r ec t angu la r  wings is shown i n  f i g u r e  (4).  This  comparison shows 
t h a t  t h e  e l l i p t i c  span d i s t r i b u t i o n  has somewhat less a t t e n u a t i o n  than t h e  rec- 
t angular  span d i s t r i b u t i o n *  This  r e s u l t  should be expected,  s i n c e  f o r  t h e  
e l l i p t i c  wing a l a r g e r  p o r t i o n  of t h e  t o t a l  l i f t  is d i s t r i b u t e d  inboard toward 
the  c e n t e r  of t h e  wing, caus ing  it t o  behave l i k e  a s l i g h t l y  smal le r  wing. 

A s  an example of t h e  a t t e n u a t i o n s  e f f e c t ,  due t o  span averaging,  on t h e  
l i f t  and thus  on t h e  normal a c c e l e r a t i o n  of  an a i r p l a n e  r e s u l t i n g  from gus t -  
induced a n g l e s  of a t t a c k ,  cons ider  t h e  response of an a i r p l a n e  a t  about 1 Hz, 
Motion a t  t h i s  frequency is very bothersome t o  t h e  passengers  and, unfortu-  
n a t e l y ,  both t h e  g u s t  energy and t h e  response of t h e  a i r p l a n e  g e n e r a l l y  a r e  
high a l so .  For a s p e c i f i c  example, cons ider  a t y p i c a l  moderate s i z e  t r ans -  
p o r t ,  b = 45-72 m (1 50 f t )  and U = 223.52 m/sec (733.33 f t / s e c )  , fo r  which 
the  va lue  of  k 'B would be 1.28. From f i g u r e  4 t h e  r a t i o  of t h e  power spec- 
t r a l  d e n s i t i e s  f o r  t h e  e l l i p t i c  span d i s t r i b u t i o n s  is  about 0.86, Since  t h e  
l i f t  is p r o p o r t i o n a l  t o  t h e  squa re  r o o t  of t he  power s p e c t r a l  d e n s i t y ,  t h e  
reduc t ion  i n  t h e  l i f t  increment due t o  a cons t an t  ang le  of a t t a c k  by t h e  span 
averaging can  be ob ta ined  £ran t h e  express ion  1 - PL. For t h e  a i r p l a n e  
descr ibed  above, t h i s  reduc t ion  is about 7 percent .  

Ro l l i ng  Moment 

The power s p e c t r a l  d e n s i t i e s  of t h e  e f f e c t i v e  gust-induced a n g l e  of a t t a c k  
r m  

f o r  t h e  r o l l i n g  moment Qwe f o r  t h e  r e c t a n g u l a r  and e l l i p t i c  wings a r e  presen ted  

i n  f i g u r e s  5 and 6 ,  r e spec t ive ly .  For t h e  r o l l i n g  moment, a s  f o r  t h e  l i f t ,  t h e  
p a t t e r n s  of  v a r i a t i o n s  f o r  t h e  r ec t angu la r  and e l l i p t i c  load ings  a r e  s i m i l a r  
with on ly  minor d i f f e r e n c e s  f o r  t he  va r ious  cond i t i ons ,  A s  would be expected,  
t h e  v a r i a t i o n s  of t h e  s p e c t r a  wi th  frequency parameter k' a r e  s i m i l a r  t o  



those presen ted  i n  r e f e r ence  3.  The d i f f e r e n c e  between the va lues  presen ted  
i n  t h i s  r e p o r t  and those in  r e f e r ence  3 is due to the  d i f f e r e n t  f a c t o r s  used 
f o r  normal iza t ion ,  

The r a t i o  of t he  PSD of the  e f f e c t i v e  r o l l i n g  moment due t o  g u s t s  t o  t h a t  
f o r  a wing sub jec t ed  t o  s i n u s o i d a l  r o l l i n g  g u s t s  is shown i n  f i g u r e s  5 ( c )  and 
6 (c) , The magnitude of the  r o l l i n g  gus t  a t  each frequency corresponds t o  t h e  
assumption t h a t  t h e  g r a d i e n t  a c r o s s  t h e  span is equa l  t o  t h e  maximum g r a d i e n t  o f  
gus t  v e l o c i t y  with d i s t a n c e  f o r  a s i n u s o i d a l  g u s t  of the  sane ampli tude and f r e -  
quency, It is immediately apparen t  t h a t ,  i n  c o n t r a s t  t o  t h e  ca se  f o r  l i f t ,  t h e  
va lues  f o r  t h i s  r a t i o  a r e  very smal l  f o r  a l l  the  va lues  of k 8 B B ,  Th i s  r e s u l t  
i n d i c a t e s  t h a t  t h e  r o l l i n g  moments generated by f l i g h t  through t h e  random g u s t  
f i e l d  a r e  much lower than those fo r  the  assumed r o l l i n g  gus ts .  The h i g h e s t  
va lues  of  t h e  r a t i o  occur a t  t h e  h igher  va lues  of k ' B ,  where randomness of t h e  
g u s t s  t ends  to in t roduce  an uneven angle-of-attack p a t t e r n  with some r e s u l t a n t  
r o l l i n g  moment. A t  t h e  low va lues  of k v B ,  which r ep re sen t  smal l  wings o r  l m g  
wavelengths, the  va lue  of t he  r a t i o  is lowest s ince ,  f o r  t he se  s i t u a t i o n s ,  t h e  
wing is more l i k e l y  to be immersed i n  a more n e a r l y  uniform f i e l d ;  t h e r e f o r e ,  
t he re  is l i t t l e  r o l l i n g  moment. 

A comparison of t h e  spanwise averaging e f f e c t  on t h e  r o l l i n g  moment f o r  
t h e  t w o  l oad ing  c o n d i t i o n s  is shown i n  f i g u r e  7 f o r  t h r e e  r e p r e s e n t a t i v e  wing- 
span r a t i o s .  The r a t i o s  of power s p e c t r a l  d e n s i t i e s  a r e  s l i g h t l y  lower f o r  t h e  
e l l i p t i c  l i f t  d i s t r i b u t i o n  than f o r  t h e  rec tangular .  Both sets of d a t a  were 
normalized by t h e  same q u a n t i t i e s  ( s teady  r o l l i n g  r e p r e s e n t a t i o n )  and, s i n c e  
t h e  rec tangular  l oad ing  has a load ing  r ep re sen t a t i on  c l o s e l y  resembling t h e  
normalizing term, i t s  r a t i o  shows d i r e c t l y  t h e  e f f e c t  of span averaging. The 
e l l i p t i c  load ing ,  because of i t s  m d i f i c a t i o n  of t h e  load  shape, r e s u l t s  i n  a 
s h o r t e r  moment arm and, thus ,  l e s s  r o l l i n g  moment f o r  a comparable va lue  of 
k 8 @  than does t h e  rec tangular  loading.  

Bend ing Moment 

The power s p e c t r a l  d e n s i t i e s  f o r  t he  e f f e c t i v e  g u s t  v e l o c i t y  f o r  t he  bend- 
ing moment about t h e  r o o t  chord a r e  presen ted  i n  f i g u r e s  8 and 9. The p a t t e r n  
of the  power s p e c t r a l  d e n s i t y  f o r  t h e  bending moment c l o s e l y  resembles t h a t  of 
t h e  l i f t ,  s i n c e  t h e  bending moment is p ropor t i ona l  t o  t h e  l i f t  f u n c t i o n  on t h e  
f r e e  semispan. 

The d i f f e r e n c e  i n  magnitude of t h e  e f f e c t i v e  power s p e c t r a l  d e n s i t i e s  
between the  e l l i p t i c  and rec tangular  l i f t  d i s t r i b u t i o n s  is probably due t o  t h e  
r e l a t i v e  inward loading  f o r  t h e  e l l i p t i c  d i s t r i b u t i o n ,  d i scussed  p rev ious ly ,  
which r e s u l t s  i n  a s h o r t e r  e f f e c t i v e  moment arm, 

The spanwise averaging e f f e c t  shown i n  f i g u r e s  8 (c) and 9 (c) is, aga in ,  
s i m i l a r  t o  t h a t  f o r  t h e  l i f t  cases ,  The bending-moment r a t i o  shown is t h a t  £of 

where ( h, is t h a t  f o r  t he  s m a l l e s t ,  o t h e r  than 
B=min 

zero,  span considered @,in = 0,001). Zero span could no t  be used s i n c e  t h e  
moment has  a term p ropor t i ona l  t o  t h e  span; thus,  t h e  power s p e c t r a l  d e n s i t y  



would be ze ro  a t  z e ro  span. A t  high enough va lues  of k'B, t h e  averaging e f f e c t  
decreased the  power s p e c t r a l  d e n s i t y  to about  30 percent  of t h a t  f o r  t he  l o w  
values .  The bending moment a t t e n u a t i o n ,  which is p ropor t i ona l  t o  t h e  square  
r o o t  of t he  power s p e c t r a l  d e n s i t y  a t t enua t ion ,  reduced the  va lue  t o  about  
55 pe rcen t ,  The expansion of  t h e  cu rves  a t  l o w  va lues  of k q B  i n  f i g u r e s  8 (d)  
and 9 (d)  shows a  s i m i l a r  e f f e c t  t o  t h a t  d i sp layed  by the  l i f t  power s p e c t r a l  
d e n s i t i e s ;  t h a t  is, f o r  t h e  l a r g e  wing spans t h e  r a t i o s  d i d  no t  reach a l l  t h e  
way up to  1.0. This  decrease  probably occurs  f o r  t he  same reason, i n  t h a t  a  
l a r g e  wing sampling a  l a r g e r  p o r t i o n  of  t h e  atmosphere is more l i k e l y  t o  
encounter a  patch of i r r e g u l a r  gus t  d i s t r i b u t i o n  with a  consequent r educ t ion  
i n  o v e r a l l  load.  A comparison of t h e  power s p e c t r a l  d e n s i t i e s  f o r  t h e  e f fec-  
t i v e  g u s t  v e l o c i t i e s  f o r  bending moments is shown i n  f i g u r e  10 f o r  t he  t w o  
span load d i s t r i b u t i o n s ,  Thus, some o f  t h e  e f f e c t  of t h e  span load d i s t r i -  
bu t ions  was absorbed i n  t he  normal iza t ion  procedure because the  d a t a  f o r  
13 = 0,001 conta in  some of  t h e  span load  e f f e c t ;  i f  it were p o s s i b l e  t o  use 
B = 0 f o r  normal iza t ion ,  t he  d i f f e r e n c e  between t h e  curves might be somewhat 
g r e a t e r ,  However, t h e r e  is still. some e f f e c t  of t h e  span load ing  shape, a s  
exemplif ied by t h e  scmewhat g r e a t e r  a t t e n u a t i o n  f o r  rec tangular  l oad ing  than 
f o r  t h e  e l l i p t i c  load ing .  The reason f o r  t h i s  is s i m i l a r  t o  t h a t  f o r  l i f t  c a se ,  
i n  t h a t  f o r  t h e  e l l i p t i c a l l y  loaded wing, i ts r e l a t i v e l y  h igher  inboard l oad ing  
causes  it t o  behave l i k e  a  somewhat smal le r  wing. 

Von Karman Turbulence Representa t ion  

The r e s u l t s  of  computations made using t h e  Von Karman turbulence  repre-  
s e n t a t i o n s  were very s i m i l a r  to those f o r  t h e  Dryden r e p r e s e n t a t i o n  and, con- 
sequent ly ,  complete d a t a  a r e  n o t  p resen ted .  A comparison of t h e  r e s u l t s  f o r  
the  t w o  i npu t  s p e c t r a l  d e n s i t i e s  is presen ted  i n  the  appendix. 

CONCLUDING REMARKS 

The e f f e c t i v e  power s p e c t r a l  d e n s i t i e s  cf t h e  gus t  i npu t  t o  t h e  l i f t ,  r o l l -  
ing moment, and r o o t  chord bending moment of wings of var ious  spans as  a  r e s u l t  
of randcm turbulence  i npu t  were canputed. The inpu t  tu rbulence  was represen ted  
by t h e  Dryden power s p e c t r a l  d e n s i t y  and t h e  r a t i o s  of wing span t o  s c a l e  of 
tu rbulence  encanpassed t h e  range of c u r r e n t  a i r p l a n e s ,  The wing spans a r e  pre- 
sen ted  a s  r a t i o s  of t he  span t o  t he  s c a l e  of turbulence,  

The r e s u l t s  developed i n  t h i s  i n v e s t i g a t i o n  a r e  presented p r i m a r i l y  t o  pro- 
v ide  da t a  on t h e  span averaging e f f e c t  f o r  wing-span r a t i o s  encompassing c u r r e n t  
a i r p l a n e  s i z e s ,  and t o  provide a  canparison between e l l i p t i c  and r ec t angu la r  
span load  d i s t r i b u t i o n s ,  

The r e s u l t s  f o r  t h e  l i f t  c anpu ta t i ons  showed t h a t  t h e  averaging e f f e c t  of  
t he  wing span was increased  wi th  both wing span and t h e  i nve r se  of t he  turbu- 
l ence  c h a r a c t e r i s t i c  wavelength, A s  a  r e s u l t  of t h i s  l i f t  averaging e f f e c t ,  
the  l i f t  l c a d  on a  wing and consequent ly  t h e  normal a c c e l e r a t i o n  of a  t y p i c a l  
passenger a i r p l a n e  due t o  randcm turbulence  i n  t h e  frequency range most bother- 
some t o  passengers  can be about 7 pe rcen t  l e s s  than t h e  load  i n d i c a t e d  by con- 
s i d e r i n g  t h e  turbulence-induced angle  of a t t a c k  cons t an t  ac ros s  t h e  span. The 



e f f e c t s  f o r  both e l l i p t i c  and r ec t angu la r  span l o a d  d i s t r i b u t i o n s  were s i m i l a r ,  
with t h e  r ec t angu la r  d i s t r i b u t i o n  showing a s l i g h t l y  ( 4  pe rcen t )  g r e a t e r  averag- 
i ng  e f f  e c t ,  

The r o o t  chord bending moment, s i n c e  it is d i r e c t l y  r e l a t e d  t o  t h e  l i f t  
loading,  shows a spanwise averaging e f f e c t  s i m i l a r  t o  t h a t  f o r  t he  l i f t ,  How- 
ever ,  i t  is somewhat smal le r ,  showing on ly  a 2-percent decrease  i n  t h e  bending 
moment over t h a t  which might be expected when t h e  turbulence-induced ang le  of  
a t t a c k  is considered cons tan t ,  The e f f e c t s  f o r  both an e l l i p t i c  span l o a d  d i s -  
t r i b u t i o n  and r ec t angu la r  d i s t r i b u t i o n  a r e  s i m i l a r  wi th  t h e  r ec t angu la r  d i s t r i -  
bu t ion  showing a s l i g h t l y  (1 pe rcen t )  g r e a t e r  averaging e f f e c t .  

The rolling-moment span averaging e f f e c t  was oppos i t e  t o  t h a t  f o r  t h e  l i f t  
or bending moment. Most of t h e  e f f e c t  occurred a t  t h e  longer  wavelengths r a t h e r  
than a t  t h e  s h o r t e r  wavelengths, 

Using the  Von Karman turbulence r e p r e s e n t a t i o n  i n s t ead  of t h e  Dryden had 
only  a minor e f f e c t  on t h e  r e s u l t s .  The p a t t e r n  of  t h e  d a t a  was t h e  same and 
the  magnitude d i f f e r e d  only  s l i g h t l y ,  The span averaging e f f e c t  on t h e  l i f t  
and r o o t  chord bending moment was s l i g h t l y  g r e a t e r  f o r  t h e  Von Karman d a t a  (about  
2 t o  3 pe rcen t )  than f o r  t he  Dryden da ta ,  The r o l l i n g  moments f o r  t h e  Von Karman 
spectrum were s l i g h t l y  l a r g e r .  
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J u l y  6, 1978 



APPENDIX 

SPAN AVERAGING EFFECTS USING A VON KaRMAN 

REPRESENTATION OF THE TURBULENCE 

A set o f  span averaging e f f e c t s  s i m i l a r  t o  those  f o r  t h e  Dryden turbulence  
r e p r e s e n t a t i o n  d i s cus sed  i n  t he  main body of  t h e  r e p o r t ,  bu t  us ing  the  Von Karman 
r e p r e s e n t a t i o n  of  t h e  tu rbulence ,  were made f o r  both r ec t angu la r  and e l l i p t i c  
span load  d i s t r i b u t i o n s .  The computat ional  procedure was p a r a l l e l  f o r  t h e  two 
sets of  d a t a  and t h e r e f o r e  is n o t  repeated;  t h e  d i f f e r e n c e  c o n s i s t e d  of s u b s t i -  
t u t i n g  t h e  fol lowing c o r r e l a t i o n  func t ion  f o r  t h e  Von Karman g u s t  d i s t r i b u t i o n  : 

r 
QW ( r )  = w2 (0.59253) ( )  - - 211.3391 K2/3 1 - 

f o r  the  Dryden f u n c t i o n  i n  equa t ion  (4 )  . 
The terms K1/3 i n  t h e  Von Karman c o r r e l a t i o n  

func t ion  a r e  modified Bessell f u n c t i o n s  of t h e  second kind of  argument - 
and o rde r  1/3 and 2/3, r e s p e c t i v e l y ,  ( I  .:39) 

The computations f o r  t h e  Von Karman d a t a  were made f o r  on ly  5 span r a t i o s  
(6 = 0.0, 0.031, 0.063, 0.125, and 0,250) r a t h e r  than t h e  10 f o r  t h e  Dryden 
because t h e  Bessel f u n c t i o n  computations increased  the  computer run t i m e  by more 
than a f a c t o r  of 5, 

The r e s u l t s  of t he  computations us ing  the  Von Karman g u s t  r e p r e s e n t a t i o n  
were very s i m i l a r  to those  ob ta ined  f o r  t h e  Dryden r ep re sen t a t i on ,  d i f f e r i n g  
only by a r e l a t i v e l y  smal l  magnitude. A p r e s e n t a t i o n  of t he  e n t i r e  body of  d a t a  
was not ,  t h e r e f o r e ,  cons idered  necessary.  However, f i g u r e s  showing comparisons 
f o r  t he  t w o  tu rbulence  r e p r e s e n t a t i o n s  a r e  presented.  

A comparison of  t h e  t w o  i n p u t  tu rbulence  s p e c t r a l  d e n s i t i e s  is shown i n  
f i g u r e  11. 

The comparisons of  t h e  e f f e c t i v e  g u s t  power s p e c t r a l  d e n s i t y  f o r  l i f t  f o r  
the  four  c o n d i t i o n s  - e l l i p t i c  and r ec t angu la r  span load  d i s t r i b u t i o n s  f o r  both 
t h e  Dryden and Von Karman g u s t  r e p r e s e n t a t i o n s  - a r e  shown i n  f i g u r e  12, The 
span averaging e f f e c t  ob ta ined  when the  Von Karman r e p r e s e n t a t i o n  of t h e  turbu- 
l ence  f i e l d  was used was s l i g h t l y  g r e a t e r  than  when t h e  Dryden r e p r e s e n t a t i o n  
was used, For t he  example a i r p l a n e  d i s cus sed  i n  t h e  main body of  t h e  t e x t ,  t h i s  
i nc rease  i n  span averaging e f f e c t  was about  3 pe rcen t  (10 pe rcen t  compared wi th  
7 p e r c e n t ) ,  This  r e s u l t  is i n  agreement wi th  t h e  r e s u l t s  d i s cus sed  i n  r e f e r -  
ence 8 where on ly  t h e  a c c e l e r a t i o n  was cons idered  and where it was mentioned t h a t  
t he  normal a c c e l e r a t i o n  weight ing f a c t o r  was somewhat less f o r  t h e  Von Karman 
than f o r  t h e  Dryden r e p r e s e n t a t i o n ,  
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The comparisons of t he  e f f e c t i v e  g u s t  i npu t s  f o r  t h e  r o o t  chord bending 
moment f o r  the four  condi t ions  a r e  presented i n  f i g u r e  13. Here, a s  i n  t he  
case  of  t h e  l i f t ,  t h e  Von Karman d a t a  showed a s l i g h t l y  g r e a t e r  span averaging 
e f f e c t  than the  Dryden da t a  (4 percent  compared with 2 percent  f o r  the  same 
a i r p l a n e  example), 

The comparisons of the e f f e c t i v e  gus t  inputs  f o r  the  r o l l i n g  moments f o r  
t he  four  cond i t i ons  a r e  shown i n  f i g u r e  14. The comparison here  showed t h a t  
the Von Karman r ep resen ta t ion  of the turbulence r e s u l t e d  i n  s l i g h t l y  g r e a t e r  
r o l l i n g  d i s tu rbances  than d i d  t h e  Dryden r ep resen ta t ion .  
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Auxiliary equations 
I I 

J y 2 d d y * ] :  

rl ,,* = - 
b/2 

Q = u T/L*  = t / L *  

Constants 

5 = U T  

k' = L* L q U  

Bending moment M1 fo r  station Y ? ,  Y; 
I I I t 

Bending-moment influence function 

Correlation function f o r  gust influence 
Correlation distance Gust correlation function of effective upwash 

Chord about which bending moment is taken 

M ~ ( Y ? ,  qf)  = - y f ,  fo r  TI > y? 1 

Weighting functions 

o r  elliptic loading 

* 1  l 1  .- 
--g/l Jl G ( Y ? ,  vg) M(Y;, ~ 5 )  *w(r) duf dq; 

- 

t 

power spectral  density 
of effective upwash Power spectral  density 

of bending moment 

*we(E) e (k') m 
L* we 2 - \ ~ ~ b * ) l  eWe(kr) 

e 

*w(r...) 

Y(,,*) 

(a) 

(b) Bending moment, 

Figure 1 .- Concluded, 

2L* 
L L * ~ Q ~ ~ J * J I *  1_ 

JQ* ,,)z + 0,- 



( a )  E f f e c t i v e  power s p e c t r a l  d e n s i t y  p l o t t e d  a g a i n s t  nondimensional  
f requency f o r  v a r  i o u s  span  r a t i o s ,  

F i g u r e  2,- E f f e c t i v e  g u s t - v e l o c i t y  power s p e c t r a l  d e n s i t i e s  f o r  l i f t  computed 
f o r  r e c t a n g u l a r  span  l o a d  d i s t r i b u t i o n  and a range o f  wing-span r a t i o s .  - 
The c u r v e s  have been nondimensional ized f o r  w2 = 0,3048 m/sec (1 f t/sec) 
and L* = 365.76 m (1 200 f t) .  
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(d) Ratio of effect ive power spectral  densi t ies  for various span 
r a t i o s  t o  that  for zero span rat io .  Expansion of upper l e f t  
corner of figure 2 (c) . 

x lo-' 

Figure 2, - Concluded. 



( a )  Ef fec t ive  power s p e c t r a l  dens i ty  p lo t t ed  agains t  nondimensional 
frequency for  various span r a t i o s ,  

Figure 3.- Ef fec t ive  gust-veloci ty power s p e c t r a l  d e n s i t i e s  f o r  l i f t  computed 
for  e l l i p t i c  span load d i s t r i b u t i o n  and a range of wing-span r a t i o s .  The - 
curves have been nondimensionalized for  w2 = 0,3048 m/sec (1 f t /sec)  and 
L* = 365.76 m (1200 f t ) ,  
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(c) Ratio of effective power spectral densities for various span 
ra t ios  to that for zero span ratio. 

Figure 3, - Continued, 



(d) Ratio of effective power spectral  densi t ies  for various span 
r a t i o s  to  tha t  for zero span rat io .  Expansion of upper l e f t  
corner of figure 3 (c) , 

Figure 3, - Concluded, 



Span load distr ibut ion 

0 Ell iptic 

Rectangular 

Figure 4,-  Comparison of wing-span averaging e f f e c t  on e f f e c t i v e  gus t  
power s p e c t r a l  dens i ty  for  l i f t  between rectangular  and e l l i p t i c  
span load d i s t r i b u t i o n s ,  



( a )  E f f e c t i v e  power s p e c t r a l  d e n s i t y  p l o t t e d  a g a i n s t  nondimensional 
frequency for  va r ious  span r a t i o s ,  

F igure  5,- E f f e c t i v e  gus t -ve loc i ty  power s p e c t r a l  d e n s i t i e s  f o r  r o l l i n g  
moment computed f o r  r ec t angu la r  span load  d i s t r i b u t i o n  and a  range 
of wing-span r a t i o s ,  The curves have been nondimensionalized f o r  - 
w2 = 0.3048 m/sec (1  f t / s e c )  and L* = 365,76 m (1 200 f t )  a 





(c) Ra t io  of  e f f e c t i v e  power s p e c t r a l  d e n s i t i e s  f o r  va r ious  span r a t i o s  
to t h a t  f o r  s t eady  r o l l i n g .  

F igure  5. - Concluded . 



( a )  E f f e c t i v e  power s p e c t r a l  d e n s i t y  p l o t t e d  a g a i n s t  nondimens i o n a l  
frequency f o r  va r ious  span r a t i o s ,  

F igure  6,- E f f e c t i v e  gus t -ve loc i ty  power s p e c t r a l  d e n s i t i e s  fo r  r o l l i n g  
moment computed f o r  e l l i p t i c  span load d i s t r i b u t i o n  and a range of 
wing-span r a t i o s ,  The curves have been nondimensionalized f o r  - 
w2 = 0,3048 m/sec (1 f t / s e c )  and L* = 365.76 m (1 200 f t  1 ,  
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(c) Ratio of effective power spectral densities for various span 
ra t ios  to  that for steady rolling. 

Figure 6, - Concluded, 
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Figure 7 . -  Comparison o f  wing-span averaging e f f e c t  on e f f e c t i v e  
gus t  power spec tra l  dens i ty  for  r o l l i n g  moments between 
rectangular and e l l i p t i c  span load d i s t r ibut ions .  



( a )  E f f e c t i v e  power s p e c t r a l  d e n s i t y  p l o t t e d  a g a i n s t  nondimensional 
frequency for  var  ious  span r a t i o s .  

F igure  8.- E f f e c t i v e  gus t -ve loc i ty  power s p e c t r a l  d e n s i t i e s  f o r  r o o t  chord 
bending moment computed f o r  r ec t angu la r  span load d i s t r i b u t i o n  and a  
range of wing-span r a t i o s .  The curves have been nondimensionalized - 
f o r  w2 = 0,3048 m/sec (1 f t / s e c )  and L* = 365.76 m (1 200 f t )  = 
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(c) Ra t io  'bf e f f e c t i v e  power s p e c t r a l  d e n s i t i e s  f o r  var ious  span r a t i o s  t o  
t h a t  f o r  minimum span r a t i o .  

F igure  8,- Continued, 



(d) Ratio of effective power spectral densities for various-span ra t ios  
to  that for minimum span ratios,  

Figure 8-  - Concluded. 
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(c) Ratio of effective power spectral densities for various span ratios 
to that for minimum span ratio, 

Figure 9,- Continued, 



(d )  Ratio of effect ive power spectral  densit ies for various span r a t ios  
t o  that for minimum span ra t io ,  

Figure 9,- Concluded, 



F i g u r e  10,- Comparison o f  wing-span a v e r a g i n g  e f f e c t  on e f f e c t i v e  g u s t  
power s p e c t r a l  d e n s i t y  f o r  r o o t  chord bending moments between rec- 
t a n g u l a r  and e l l i p t i c  span load  d i s t r i b u t i o n s .  
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Figure  12.- Comparison of wing span averaging e f f e c t  on e f f e c t i v e  
g u s t  power s p e c t r a l  d e n s i t y  f o r  l i f t  between r ec t angu la r  and 
e l l i p t i c  span load  d i s t r i b u t i o n s  f o r  both t h e  Dryden and 
Von Karman g u s t  i npu t  s p e c t r a l  r ep re sen t a t i ons .  
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Figure 13.- Comparison of wing span averaging e f f e c t  on e f f e c t i v e  
gus t  power s p e c t r a l  dens i ty  f o r  roo t  chord bending moment 
between rectangular  and e l l i p t i c  span load d i s t r i b u t i o n s  f o r  
both the  Dryden and Von Karman gus t  input  s p e c t r a l  representa t ions .  
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and elliptic span load distributions for both the Dryden and 
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