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A MULTILEVEL SYSTEM OF ALGORITHMS FOR DETECTING
AND ISOLATING SIGNALS IN A BACKGROUND OF NOISE

L. S. Gurin, K. A. Tsoy

ABSTRACT. In a number of cases (in parti-
cular when conducting a controlled space experi-
ment), the problem of detecting and isolating
signals in a background of noise should be solved
in several stages. To start with, the information
is processed with the help of less laborious algo-
rithms, and then on the basis of such processing,
a part of the information is subjected to further
processing with the help of more precise algo-
rithms. In this paper, such a system of algo-
rithms is studied, a comparative evaluation of a
series of lower level algorithms is given, and
the corresponding algorithms of higher level are
characterized.

1. Statement of the Problem

An experiment in oubter space, in particular a controlled experi-
ment, is a complex system with many levels of hierarchies from many
aspects. As is well-known, three types of hierarchies are distin-
guished [1]: strata (levels of description and abstraction), layers
(levels of complexity of the given solutions), and echelons (organi-
zational levels). Let us consider one stratum — the statistical
processing of information. It consists of several layers and eche-
lons; moreover, the levels are not independent with regard to these
aspects. We are only interested in the layers.

*Numbers in the margin indicate pagination in the foreign text.



Assume that in the spacecraft, results from the measurement of
a random process are obtained which are an additive mixture of signal
and nolse.: These results are processed onboard by means of a specifilc
algorithm, and then the processed materials are transmitted for sub-
sequent processing on the ground by means of other algorithms. The
purpose of the processing is to detect and isolate the signal with
maximum accuracy and reliability. Here it is necessary to take into
account the limitagﬁons on the high-~speed response of the electronic
computers onboard and on the ground and the carrying capacity of the
telemetric channels. The development of a multilevel system of algo-
rithms for the solution of this problem 1s required.

The establishment of such a system of algorithms is subdivided
into several stages.

1) Various models of the slgnals and noise are considered. To
work out the methodology, the simplest model 1s chOsen,

2) Various algorithms for working out the lower level are
considered. Their characteristics (reliability of detection, the
time for realization on an electronic computer) in the assumed models
of the signals and the noise are studied. It turns out that even in
the simplest cases such an 1lnvestigation can be‘only partlially com-
pleted analytically. Therefore, the universal method of statistical
modeling is applied (even though it is very laborious). /4

‘The characteristics obtained depend on certain selected para-
meters of the tuning (threshold values). These parameters are ’
selected during the solution of the system problem, i.e., at one of
the later stages; therefore, at the first stages it 1s desirable for
the characteristics to achleve 1ndependence from the parameters.
This increases the volume of the calculations investigated, as well
as the volume of fixed results.

3) All this 1s repeated for the algorithms of higher level —
~only more precisely and more laboriously. ”



4y A concrete physical p}oblem is consi@éred. Based on the
processing of the flrst results of the measufements, conclusions are
drawn concerning the adequacy of the models of the signal and the
noise which were considered. If necessary, stages 1) - 3) are
repeated for models which are in better agreement with the physical

problem.
5) On the basis of all of the preceding, a concrete system of
algorithms for the gilven physical problem is developed, including a

determination of the tuning parameters, etc.

In the present paper, we discuss the first results obtailned
during the completion of stages 1), 2), and in part 3).

2. Models of the Signal and the Noise

In connection with the discrete character of the measurements
and the finite length of the realization, the following form of
representation is convenient. Given the values:

Y = fE)+E;=5+E; . (1)
on the segment f= i,..., N , Where Sv.=f@:'i):f is the signal, and F,i

is the noise. For various models of the signal and the noise, it is
. F

convenient to introduce provisional notation. The model .A.L- /f(x)

1s a triangular splash, 1.e., o

S,- =0 when ['{—io‘ >/(‘5

. s : (2)
'8 =C(l - L'l__’_'l_n.l_) when I‘.i-#io'<'i";

k

“ ‘s 2 ’ ‘
gi-‘-N(Qi,O'i ) are independent, normally-distributed random quan-
tities, where:

. . .
aia— aox2+ q‘x +a,; 0
o =6 % +6‘x + ba )



Let us consider the following particular cases of the model Al'

-2 2
‘4“"‘0.1. =0, Gi =0, k are known, i, 1s unknown but
determinate. g;G“"‘L 14
oF PO ©

the rest similarly Here

£ 18
AGE
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2
Aiz ara xr +a X +tQ,.,
Q a1 a2 are determinate but unknown.
?

2 2
A “Q =0; O: =0 ; [t i1s known, C and 1 are unknown, but
determlnate h

A'

Alu — the same as 1n A13; only k is also unknown. Al 132

11°
1 —
Alu the same as All’ A13, Alh’ respectively, but the

unknowns (io; io and C; k, io and C) have given laws of dis-
tribution and unknown parameters.

The set of particular cases of the modelvA:.L may be lncreased.

The general characteristic feature 1is the uncorrelatedness of the

noise. For the present we shall consider 02 to be known

The nodel A2. In contrast to the model Al, the nolse gi is a
normally distributed random vector with mathematical expectation

A= (Qi' Vo ,ay)' and covariant matrix:
. 2 o
B=lojilyx - (1)

Here, can be determined in accordance with (3).

a3
In the particular case (stationary random process), we obtain

the model A2:

SRR, - 2,. . : |
a/i/_-.-o; 0'; =°'(/'7‘) o (5)

For the present we shall assume that the function (5) 1s known.
The presence of a prime 6r a second subscript in the designation of
the model A2 (e.g., '23) has the same meaning as in’the case of the
model A '

4



3. Algorithms of the Lower Level

A) The algorithm of moving summation. Let us introduce here
the average:

19 E

ch’$ ! i ik

L\ S Y = Z
\l\““ﬁ &Q’“ Yi 2Fk+i Y, - (6)

O™ 00 . = d
os' j’!‘k
' !

for the models A“ 7A02 ,AB,A" « ... as k assumes 1ts known value.
The question as to the models Alu’ Ala’ ++. We shall not consider at

present for the given algorithm. It is clear that i;, is determined
¢t

for AF+1é-i£s]J‘;k.

To determine the acceptance of the solution concerning the
presence of the signal or its absence, one of the following decision
rules can be applied.

Decision rule Al. Let

ko< ia M-k,

Let us introduce two decision functions (for the models Al and 52):

I N -7 S
F‘ Z/max m ’
C20

Fz“jmar‘,/m"{’ ’

where €,>C, , i.e., F1 >F2,, and the cases F2>o,i".<o are impossible.

(8)

The decision rule has the form:

F ¢ 0 / — there is no signal

£ )

i; > ogf — there is a signal (9)
'F>O‘,'F"‘<O — the situation is
A -2 indeterminate
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E% is possible to write analytic expressions for the charac-
teristic of this algorithm. Henceforth we shall consider groups of

Ni<]\f points, i.e., in formula (7) the limits of variation of i
will be still narrower. For the probability of a false alarm, we have:

. -M+2£'
L f,
oy = tmrssyer \exp (= X ad ) dlidtyuas s o0
- Q

where the region © in the space tp. .. 't]V‘i'ZIE is deflned by the
system of inequalities:

Zt C 2k+i o ’ H’:l’_zv'":N{ - (11)

The formulas for the probability of the admission of the signal and

' for the situation of indeterminacy are obtained by algorithms. Since
the computation of integrals of high multiplicity reduces, one way or
another, to statistical modeling, it 1s more convenient to apply
statistical modeling to the direct calculation of the characteristics
of interest to us. The results of such calculations will be dis-
cussed below. -

Decision rule A,. In place of (8), we introduce twe functions

of the number of the point j:

(i)=g -9 . .
A . a2

Let us designate two further whole numbers ny and No,. The
~decision rule has the following form:

- if the number vy of points of the group for which 15'1 (j)>/0

is less than’or equal to nqs there is no signal;



- 1if the number Vo of points of the group for which /8
1s greater than or equal to Ny, there 1s a signal;

- in all the remaining cases, the situation is indeterminate.

For this rule it is difficult to obtain analytically the proba-
bility of a false alarm or the admission of a signal. However, we
shall present some estimate, or more precisely, the mathematical
expectation of the numbers vy and Vs for various groups of points
(containing or not containing the signal). Let u denote a number

’which equals 1 or 2. Then in the case of the model All where there
+is no signal, the probablility of the event 17 C/) O is:

-~'_-_._i__ %—2 - (13)
P, (J) &rﬁge dt -1-D(cy) .-
- ®

In connection with the fact that the theorem about the mathe-
matical expectation of the sum is also valid for the independent random
variable, we have:

ﬁ/jvy_ =.N; (1“@((:“))- (14)

If there is a signal and it is (has a maximum) at the point numbered
io’ then we have for y (J)O):

i(J 42 C - .
: -ﬁ% ] 1‘:(2!¢+1)’ J=0 4.k ;
=l {2 (QA 2-j) C L (15)
'y,i 4 {{{M__L + FEET) j= j;ﬂ,.,,,ak
Next,
Py ligi)=1-@ly9,; ;). (16)
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Let Qi denote the set of value *j for which the point numbered id*j
lies in the group of Ni pointg under consideration, and let wy be the
number of points of Qi. Then for the model Al1 in case there 1s a
signal we have:

Mvuz(]v1 i)(1 q‘)(c“) Z‘)h D, y“” 17
e

Decision rule Ag. This rule differs from rule A, in that the /9
numbers X1 and Xo replace vy and Vos respectively, where xu is the

maximum length of the series of events FH (/) 2 O for the group of

“must

points Nl’ It is natural that for rule A3 the values Cu and n,

be selected differently than for rule Aé.

For decision rule A3 also, it is possible to obtain analytic
expressions for some estimate of the characteristics (for the charac-
teristics themselves, this is difficult). We shall present some of
themn.

In order to estimate the mathematical expectation of a number of
series (in the present case we also include a series consisting of a
single point), note that each series begins with a jump in the corre-

i-1)< O F ({)20 .
sponding level, i.e., for example, FH(', 1) O; F“(J)/O

Let us find the probability of a jump at the given point j in
case there 1s no signal. When the value Cu is given, we have for
the desired probability:

P ‘Q_fS "’@[ﬂ(z C“]M”)}ll cpuﬂ'(z—c,‘;/z—;-)J z, (18)

/

where, as usual,
//T
@(t)-rzg e sz

| -0

(19)
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For the mathematical expectation of the number of series 1n the
group of N1 points, we obtain the value Nle Since the total number
of points above the given level in the absence of a signal is fur-
nished by the formula (14), then according to a familiar theorem
of the theory of restoration, for the provisional mathematical
expectation m of the length of a series (provided the series occurs)

we have:

- q)(cgl) (2o>
b; )

m =

Thus, when ‘C}‘ =2.C, calculation gives ]}-‘:0.0208, i.e.,

7 =4 ,099. Hence the provisional probability of obtaining a series
of length greater than unity 1s very small. This is confirmed by
experimental results. Note, however, that formula (20) is imprecise.
The reason for the imprecision of formula (20) lies in the fact that
the random viuriables which appear in the application of the theorem
from the theory of restoration do not satisfy the condition of
independence.

The probability of obtaining a series of length ¥, beginning at
the point numbered j, is given by the following formula:

. 2)§fx02
x i (21)
PJ- :(‘/::?jr__cf)Qk’xﬂ2 eXp( 2612 1. - (7“ CI?!’\"‘X"’ :
$2y
where the region Qx’is defined by the inequalities:
\‘c‘?k “ : )
2 ,=>Cy 6&7A+i AV =2 K
; e % N (22)

T+ 2 __,_______7
2 ,1,'<_C!‘ Uy"2k+4 , Vo=4 u vo=y+2,

As regafds formula (21), we may repeat the same reasoning which was
stated above regarding formula (10).
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Using the decislon rules introduced, it is possible to draw the
followlng conclusion relative to a data array N: if there is a signal
and a situation of indeterminacy arises in, say, even one of the
groups of Nl — informatlon is transmitted to a higher level. So far
we have consldered the model All' If 1t 1s necessary to evaluate
the quantity C (in the model A

)
137°?
applied, we proceed 1n the appropriate manner. For example, for rule

then, depending on which rule is

Al we may assume that:

A . - ‘
G _2tk+s, ( ORIGINAL PAGE 1$23)
I Y max OF POOR QUALITY

In the case of the model A12’ before applying the algorithm 11
described, it is necessary to eliminate the trend (3) by the usual
methods, after which we obtain the model without trend, e.g., All'
Let us call such a procedure the algorithm of moving summation for a

model with a trend. By contrast, we shall call the following algo-

rithm the more precise algorithm of moving summation for a model

with a trend.

a) Let us apply the usual algorithm of moving summation for a
model with a trend: 1.e., as a preliminary measure we exclude the
trend.

b) If we have obtained the solution "no signal'™ or "indeter-
minate", the calculation ends.

c) If we have obtained the solution "there is a signal" — we
estimate the parameters of the signal and subtract the signal from the
initial process with the trend and repeat the calculation. The newk
solution is definitive.

B) The algorithm "forward-backward". This algorithm was worked
out and used to solve another problem concerning the subject, and it
is discussed 1n [2]. It consists of the following. For each value
of i from /;+j$ 'isN-ﬁ_‘ , let us draw two straight lines of
regression, forward and backward, through the A”Fl polnts:

10




: (1 (1) .
y{/f”:a ). {; (/-1), J i,... %k
’ (24)

(2) 2) 5(2) s ey L e -
yc :a’ - g (’Z""/ ? R "—:z * e . 2*.&.

J ’la 1 //A ) \/ 4 )
As a statistic, on the basis of which the decision rule is constructed,
let us take:

/- (a) (4)
A(") ~&; (25)
For the dispersion Cz:'of the random gquantity Zb(i), we have [cf. /12
[21):
o 24 g° |
AT k(kaNk2) - (26)

We shall construct the decision rule by analogy with the algorithm A),

g2
only we shall replace y by [34/2) and an"— by the expression (26).

Decision rule Bl‘ Let:

A =max A(i) | (27)

mia. .
T ﬁ#]él‘N‘A’

Let us introduce two decision functions (’H =1,2):

fg ,Ama:r -C O,l/i(kﬂ)(k-m) (28)

and apply the decision rule (9).

Decision rule B,. The same as A,, except that in place of (12),
we write:

!

- . ~ Y
FH(J;)-A;‘(,}»CRG;M}M)mg) (29)

Decision rule B3. Anal@gous to A3, except that the function
: i :
(29) is used. \ S

Ig
1

11
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The advantage of the algorithm B is that in the caséiz} the
model A12’ the preliminary elimination of a trend is not required.

C) An optimal filter. It is easy to see that the algorithms
discussed above are linear filters. If k is known exactly, then

it is possible to use an optimal filter, giving the maximum signal tqﬁis

noise ratio at the output. It is easy to show that it has the form:

i+k-4 R

Yi=2; GY (30)

: d=i-kel )
where

RERVORLEL

CJ = :{:(i T— - (31)
Here in formulas (8) and (12) we must write C a" 2 325 instead
of (3p(f | |

Y2kt
Formula (15) is replaced by the following:

- —

C(2A32k*21) Cj [5A2-4w ok +3(/"—1} J=ot bt

T643

-n

ST %%5(2& J)Rkrj)(2k-j+1) ; j=k,...,g&-’g

2,
I
e NG

(32)

. o, | | joek-2.

For the algorithm A) the signal to noise ratio is g; Vod+l.° and for

the algorithm C) it 1is -V 2%+ 47

%,n
(2A°+J)(2k+l)_

1 3L 3 times, which equals 1.21 times when k = 6. This

insignificant increase does not compensate for the substantial

, 1.e., we obtain an increase of

increase in the labor of calculating with C) in comparison to A).
Moreover, for C) it is mandatory to know the parameter k. Therefore
we did not consider the algorithm C) in more detail.

12
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Note that for the algorilthm B), the signal to noise ratio )
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When k = 6, this 1s 4.5% less than for the algorithm A). However,
we consider thils algorithm, since when k increases, 1t improves in
comparison to the algorithm A) (when k = 2, 1t is already 1.25 times
better). Moreover, as was polnted out above, it does not require
the exclusilon of a trend. The final concludions will be presented
below. Rinally, note that some Increase in the signal to nolse ratio
for the smoothlng algorithm can be obtained without an increase in
the labor involved, due to the proper cholce of the wldth of the
smoothing interval. In formula (6) we shall take k; in place of k
(assuming 1t 1s known); it also replaces k in formulas (8) - (12),
etc. In formula (15), when J = 0, we obtain:

"/"t7 ,ﬁ n[ +(fc+1)(1-—#)] (33)

Here the signal to noise ratio equals:

& hut () (1= A

9 e

(34)

Let us find the maxlmum of expression (34), assuming that kl is
contlnuous and ranglng over the interval (1, k). Thus, we obtain:

k. m 2 hi=5+1[PRTAV=3 gk
l.opt 6

(35)

In our example when k = 6, we must take Kl = 4, This improves
the signal to noise indlcator by 10%. :

13
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4, Upper Level Algorithms

Various reallzations of methods for detecting and separating
signals from the noise (with precision with respect to optimization,
the number of iterations, etec.) based on the study of probability
functions, which are familiar from the literature (cf., 3.g., [3, 41)
may be taken as upper level algorithms. For the model Al’ we have
the followilng expressions for the probability functions éo in the
case of a null hypothesis (there 1s no signal), and {‘ in the case
a signal is present:

i‘ Yy Ql ,
z N /0{ 2—-——-"—

T RI)Mg, .. O;

. - S \2
{ — A exp -+ (Yi=Si- Qi)l
{ =S N2 ~ 2 o2 ) (37)
()™= 0,. .. Oy | vl ;
Note that these formulas are not applicable to the model Ai In the
case A{ and equally for the case A2, 1t is possible to obtain other
expressions for t and { , in which event the following discussion

is to be changed somewhat.

First of all, by whatever means the problem of detection is
solved, it 1s necessary to estimate the parameters, i.e., 1in essence,
to solve the problem of isolating the signal. This has led to a large
set of algorithms. Let us consider the method of maximum plausibility
only, which reduces for constant ¢ to the method of least squares.

The maximum plausibility f; corresponds to the maximum of the
quantity:

A 2
S=(y~5;-a;) . (38)
1=4 -

Depending on the model assumed, the guantity S is a function
of the following parameters:

14
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- in the model A“ 8§ =3 (70«) :
- in the model A 2 ' S = S (iO-ao-Qi,a‘z);

- in the model A i3 | S = S (C, io); ORIGINAL PAGE N
’ .o\, . OE POOR QUALI
- in the model A“' S :Sv({i,cg lo)'o ' R QUALITY
and also possible is the variant A12 y> where | ‘ , ‘(‘y/ ;4
— 2 ?‘!“kﬂa ’
S *S(k,u,ﬁzo,ao,ai,ae). pE P00

To minimize. S it is possible to apply arbitrary algorithms. ‘The
choice of the best of them depends on the number of unknown para=
meters: for one parameter (case All) the "golden section" method may
be used; for two parameters, the Gauss-Seidel method may be used, etc.
We shall make only two comments.

In the first place, the problem of minimizing S may turn out to
be multi-extremal, in which case one of the methods of global optimi-
zation which is described in [5] may be employed.

Secondly, in connection with the fact that estimating the para-
meters is subordinate to the general problem of detection, the
requisite precision of the estimation algorithm depends on the results
of combaring the hypotheses. Here we have our own hierarchy of algo-
rithms: after having estimated the unknown parameters in the first
apgfoximation, we solve the detection problem with the help of two
deﬁision functilons FO and Fl as this was done at the lower level, and
only in the event of indeterminacy do we proceed to a more precise
estimate of the parameters. When performing the last-mentioned esti-
mate it was possible to have used only one decision rule (excluding
the possibility of indeterminacy), provided we did not have in view a
‘further type of hierarchy (e.g., wilth respect to the number of
realizations to be used).

Let us proceed to the solution of the detection'problem, assuming

that the parameters are known. As is well knowngkin the case of a
single decision function, this problem 1s solved as follow§: let us

15
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find the plausibility ratio:
‘{-— tc (39)

and let us assign a certain threshold ¢. A solutlon concerning the
presence of a signal is assumed 1f:

{s C . (10)

In the contrary case, we shall assume that there 1s no signal. As
regards the choice of the threshold ¢, this depends on the solution

of a system of problems as a whole: the criteria, the limltations, and
the avallable information.

In the case of two decision functions (at the lower or inter-
mediate stages of the hierarchy) let us assign two thresholds c1 and
¢y (c2> C‘) , and let us define:

P O R T PO

Fo=t=¢:3
Fi::f—c.?,’ . ‘ ‘,-

(41)

Everything that follows corresponds to what was discussed above.

For systematic calculations, it is necessary to know the proba-
bility characteristics of the algorithms obtained. In the simplest
cases they can be written out in expliclt form in terms of the
quantity #&. Taklng into account, however, the fact that the true
values of these characterilstics still depend on the accuracy of the

preliminary parameter estimates, we shall not write down these
formulas. The method of statistical modeling is successful in the
case of various models and concrete algorithms in obtalning the
characteristics, taking into account all the decisive circumstances.

5. The Results of Statistical Modeling

Statistical modeling was carried out on the model A12 with the
number of polnts N = 100. All together, there were 100 realizations

16




with a constant value for 02 and a random trend (3), the coefficients
ag, aq and as in the expression

N

2 .
Q(_a0144%l*a2

being chosen uniformly distributed on the intervals:

ap- (~0,0005; 0.0005); ¢ @, - (~0,05; 0,05); az',.(o‘S)‘

The signal was formed 1n accordance with (2) for io=50 v ,{‘:6 H
the coefficient C assumed three values, depending on the version of

the calculation: C =30 ; C=0 and C=0330 .

Next, when using the moving summation algorithm, the trend was
excluded in advance with the aid of the least. squares method. The
trend was not excluded when the "forward-backward" method was used.

Then portions of length N1 = 25 were processed, using various
decision rules. Here when there was a signal each of the versions
" represented 100 realizations, and when there was no signal — 200
realizations (since in the general interval N = 100, a central por-
tion with a signal, and two extremes without signal, were selected).
On each portion in each realization, the values of imax (correspond-
ing to Amax for the "forward-backward" algorithm), the number of
rejections vu and the maximum length of the series xu of the criteria
y (or, correspondingly, A) for the levels C equal to the following
set of values: 2 O" y 2.0 0”', 3,0 0"; 3,50’ and 4 Cf' , were fixed,
where by o' 1is meant o§ for moving summation, and O for the
"forward-backward" algorithm.

~N
=
o0

|

In Table 1 - 14 below are given the estimates of the proba-
bilities: |

PUmax?ly)i P(Opae>1a); P20, ) P(x,2Ly)

for various versions. Versions which have no interest from the point
of view of obtaining conclusions are not presented.

17




Since the smaller values of Cu turned out to be more effective,
the versions C =0330 and C =3 g were calculated for y when

’
cp =0 and Cuz‘i,s O" . The corresponding results are presented
in Tables 15 - 18.

The following experiment was performed regarding the upper
level algorithm. In the model with a trend which was previously
described, the trend was elimlnated. Next, by the method of maximum
plausibility io and C were estimated and the detection problem was
solved according to the criterion of the plausibility ratio (40). The
distribution of the plausibility ratio & for the cases when the signal
was present or absent with respect to the 100 realizations (as well
as for the signals 0.33 o, 0 and 30) was outstanding for the choice
of the threshold C.

The results obtalined are presented in Tables 19 - 20.
The distribution lio"SCDl(the true value of io is 50) is pre~
sented in Table 19 when there is a signal for the versions C = o /19

and C = 30.

In Table 20, the distribution of & is given in the absence of a
signal and for three versions when it is present.

Besldes the results presented in the tables, the required
computing time was estimated. An analysis of the results obtained

and some preliminary conclusions are presented in section 6.

6. Analysis of the Results Obtained and Conclusions

Before analyzing the results obtalned, it is necessary to
comment on accuracy. As 1s well known, when estimating some proba-
bility p concerning an empirical frequency which was obtailned as
the result of N trials, 5% of the confidence interval equals

ti,96 /552 . (42)
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" In our case, when there is no signal, i.e., when N = 200, for
\probabilities of a false alarm which are nearly zero, the estimate
turns out quite crude; thus, for example, for p = 0.10 we obtain an
error of + 0.025. However, account must be taken of the fact that
when two estimates obtalined by different algorithms are compared,
the situation turns out more favorable because the trials, on the
basis of which these estimates are obtained, are dependent, since
all the algorithms are subjected to exactly the same realizations.

The basis for this position is in [6] (and in earlier works of Yu. G.

Polyak).

Further, if the results obtained by statistical modeling are
compared with certain theoretical results presented in section 3,
it must be kept in mind that the former are obtained on a model with
a trend, and the lattef — on a model without a trend. Therefore,
the degree of their coincidence makes it possible to judge the
quality and the influence of the trend exclusion.

Finally, it must not be forgotten that the results obtained
pertain to a case of uncorrelated noise and a concrete value of the
number k. Here we are limited by the preliminary analysis, making
it possible to obtain some conclusions with regard to the investi-
gation of a concrete system.

The difficulty of the preliminary analysls consists in the fact

that the comparison must take a number of criteria into account:

the time required to realize the algorithms on an electronic com-
puter, the probability of a flase alarm aI,and the probability of
the admission of a signal P However, in individual cases, the
realization times for versions being compared are practically iden-
tical. In the first place, realization occurs durlng the comparison
of various decision rules and various threshold values for one and
the same lower level algorithm. Moreover, it occurs with sufficilent
accuracy in practice even for different algorithms of lower level,
since the operation of trend exclusion turns out not to effect cal-
culation time significantly. Therefore, the preliminary analysis

of lower level algorithms can be performed without taking the time
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criterion into account. As regards the criteria o and Oy for

the preliminary analysis, one of them could be fixed and compared with
the other. Unfortunately, this approach isrimpractical in view of
the fact that usually the values of oy and 0y do not agree for the
versions to be compared (cf. the tables). This difficulty may be
avolded as follows. Suppose for one of the versions we have the
values oq
consider an hypothetical system such that for the first version m

and PY and for another, the wvalues ai and aé. Let us

independent detection channels are used, and the signal 1s assumed

to be detected if it is detected in at least one of the channels;

for the second version, let the corresponding number of channels be /21
m'. Then the probability of a false alarm is mal for the first

system, and m'a'l for the second. Let us select m and m' from the
condition:

mee, ::m'oéi' ) | (43)

Now it is possible to compare the systems with respect to the general
probability of the admission of a signal: the first system is
preferable if: ‘

P i
Oy 2° 7
i.e., DRIGINAL PAGE rs
" "OR BOOR QUALIT
- o(,'%]‘{'x' R EOSR QU ,Y.‘
d’z 2
- or
& 4
aa; ' & G'zq. , (4Y)

Thus, for example, for the decision rule A2, let us compare

the threshold ;Levels Cp"'kG'ﬂ (Table 15) and Cp=26,g (Table 2)
when a weak signal C=032 ¢ is detected. In the first case (for

{,’v"—"'-? ) we obtain C)L/La— 008 , and in the second case (for £‘V= i)
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3 d’1= ©,05. The corresponding values of a, are 1l = 0.26 = 0.74
and 1 - 0.14 = 0.86. Comparison according to formula (44) shows
that the first version is to be preferred.

As the result of a similar analysis, the following conclusions
are obtained.

1. The best of the lower level algorithms is the algorithm A)
with decision rule A, and _C_#"-E.O:,}.

Here the cholce of the number £V is determined by the solution
of the network problen.

2. The previous conclusion may be changed in favor of algorithm /22
C) in case:

a) the noise 1s correlated;
b) of smaller values of the number k;
¢) a trend has been eliminated in advance.

In each of these cases additional investigation is required,
analogous to that discussed above.

3. According to all the indicators, except for the calculation
time, the upper level algorithm is better than the best of the lower
level algorithms. In terms of calculation time, it is only half as
good.

I, Except for the preliminary conclusions mentioned, when a

physical problem is to be solved, the results presented in Tables
1l - 20 may be used.

\l GE I8
ORIGINAL PAGE I3
OF POOR QUALITY
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TABLE 1. DISTRIBUTION

PG> 0y ) *

) 1 Mesigmal 1 Q=088 ! C=6 ! Qa3 '
LA R N L
02 1,0 1,00 1,00 1,00 |
I 0% ' LI00 1,00 I,0 |
0.0 0,98 1,00 1,00 1,00 |
0,1 T ¢ 0,81 0,9 1,00  I,00
0,2 0,71 0,82 - 0,97 1,00
0,3 0,45 0,59 - 0,88 1,00
o4 0,23 | 0,36 0,70 1,00 .
, 0,5 0,I0 0,18 0,47 1,60
. 0,6 0,006 0,09 0,25 I,00
07 0,0 0,0 0,12 0,99
0,8 - ' - 0,05 0,91
0.9 - - 0,0 0,78
1,0 : . A - . 0,63
25 & SR - - - o8
1,2 - - - Vi 0,24
1,8 - - - - 0,14
- I.4 + - B - | - o 0,07
1.5 - = - 0,0

¥Translator's note. Commas in n‘umt\)lev)r's,vrépreSent Adé'ca"i‘rﬁéji“ﬁoi‘ht‘s.i



TABLE 2. DISTRIBUTION D(\Jf“;&’) ror (p=2675 " /21
‘/,«v 1/7-No'signal ' * C= 0_,336‘ C=S | | C -‘56
P TI ZRE Ie el Ren i I
o/ 100 . Lo 1,00 1,00
1 0,05 0,14 0,33 1,00
2 0,0 0,08 0,26 0,99
3 - . 0,05 0,20 . 0,99
§ .- e  0I4 - 0,99
5. - 0,0I 0,11 0,99
6 - 0,01 0,08 0,99
7 - 0,0 0,06 0,94
- 8 - o001 - 0,06 0,92
9 - 0,01 0,04 0,81
0 - - .0,0I 0,02 0,68
I - 0,0 - 0,0 0,41
2 - -~ " - - o2
1t - - | - oI
IO - - - o000
15 _— - « 0,00
16 B - - . 0,0

¥Translator's note. Commas in numbers represent decimal points.:



TABLE 3. DISTRIBUTION P( 9‘)’)_‘3 4) ror Cﬁ,"’QSE,*

0. ! No signal 10=0,336 ! C=§ ! C =36
g - o ; 1 ! ! .
0 1,00 1,00 1,00 1,00 -
I 0,05 0,14 0,33 1,00
2 0,0 0,06 0,24 0,99 .
3 - . 0,03 018 0,9 _
i . 0,02 0,12 0,9
5 - 0,01 0,09 0,99
6 - i o,0l 0,07 0,9% °
7 - | 0,01 0,06 0,92
8 .- - 0,0I 0,05 0,89
9 = - ~0,0I " 0,02 0,77
10 S | 0,0 . 0,02 0,68
T - - 0,0 0,41
12 - L, - - 0,24
13 - ./ - - = -0l
I4 - S - 0,01
s . -/ - - 0,0I
I6 . ) - ;’/ o | o 0.0

¥Translator's note. Commas in numbers represent decimal points.
4 i3 N

/ »‘J
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TaBLE 4. DpIsTRIBUTION P (¥, 2{, ) rom Cn=258y7 *

7 ! Yo sigal C=0361C=6 ! C=3§
ey | ! !
0 © 1,00 I,00 1,00  I,00-
1 0,0 0,01 0,12 1,00
2 - 0,0 - 0,09 0,98
3 - - 0,06 0,96
4 - - 0,04 0,93
5° - [ - 0,08 0,87
6 - - 0,02 0,82
i - - 0,0I 0,78
8 - - 0,0I 0,66
9 - - 0,01 0,54
10 - - 0,0 0,36
II - - - 0,17
I2 - | / - = 10,07
13 - - - 0,01
T4 - . - 0,0

¥Translator's note. Commas in numbers represent decimal points.
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TABLE 5. DISTRIBUTTION P(%,>{;) ror Cp=25 67 £

DRIGINAL PRGE 1S

8 BOOR QUALITY
s ! Nosigal 1 C=0,86 ! (=6 ! €=3§
h ! | ! ! :
0 1,00 1,00 1,00  1,00-
I 0.0 : 0,0I 0,12 0,99
2 - 0,0 0,09 0,97
-3 - - 0,05 0,93 -
4 S - 0,02 0,8
5 - - 0,02 0,8I
6 - - 0,02 0,75
7. - i - 10,0I 0,73
8 - | - 0,01 0,65
9 - - 0,0I 0,51
10 - - 0,0 0,36
II - - - 0,17
12 - - - 0,07
I3 - - - - 0,0l
I4 - / - - 0,0

#Tpanslator's note. Commas in numbers
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TABLE 6. DISTRIBUTION D(\’I.‘:», 0_«) FOR CP‘SGS ¥

0, ' e stgnal. : (:1033‘3‘ 1 ¢=6 ! C=3§
v ! ! !
0 1,00 1,00 1,00 1,00
I 0,0 0,0 0,04 0,90
2 - - T . 0,0I 0,85
3 - - 0,01 0,78
4 . i 0,0 0,70
5 - . . 0,64
6 - - . 0,58
7 . - 0,48
5 ) ) 0,29
Q - i 0,16
L 10 - . 0,07
g 1T ; - - 0,04
I2 - - 0,07
I3 - - - 0,01
14 - - - 0,0

¥Pranglator's note.  Commas

In numbers reprosont

¢ LT v
st i

~
o
o



PABLE 7. DISTRIBUTION [P (S‘/‘“ S Q% Yror Cye 35g *

Q‘h o No signal 1 0= 0,836 1 C S 1 C =5
C ! i !
0. 1,00 1,00 1,00 I,00
1 0,0 0,0 0,04 0,90
2 . _ i 0,0 0,83
3 - - 0,0 0,7
4 - - 0,0 0,67
5 - - - 0,60
6 : - R 0,54
" = - 0,42
8 ; - 0,26
3 . - 0,15
10 - - 0,07
II - - 0,04
12 - - 0,01
13 - . 0,01
14 - - - 0,0

#pans Lator's note.

Commas 1n numbers represent decimal points.
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¥Translator's note.

& ® TaBiE 8.

DISTRIBUTION £ (Amax = R )

Oﬂoﬁ:‘;f;w\i
Q. ! iNe signal, 1 (=0,33 1C=6 !1C0=3GC
> /i | ]
8,2 « . 1,00 1,00 1,00 1,00 -
03 09 0,97 0,8 1,00
0,4 e).,éa 0,86 0,94 1,00 |
0,5 " 0,66 0,61 0,77 1,00
b 0,44 ¢,60 . 0,87
22 0.%- 0,3 0,9
0,09 91T 0,21 0,8
0,03 9,07 0,00 0,71
0,01 0,08 0,04 0,6l
' 0,0 . 0,02 0,4¢
| - 0,0I 0,34
. - 0,0 0,22
T/4 - - 0,I3
%% - - 0,06
1.6 - - 0,02
L7, - - - 0,62
108 R - - - 0,0I
1,9 - - - 0,01
2,0 - < - 0,0

Commas in numbers represent decimal points.
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TABLE 9. DISTRIBUTION p(\)bk Qv) FOR Cl" =08,

/ 0, . signal 1 C=0,338 1¢C=0 1! c=38& E

) ! ! ! %
0/ 1,00 1,00 1,00 I,00
/o 9,55 0,59 0,68 0,99
2 0,29 0,35 0,41 0,97
. /3 0,11 0,03 0,21 0,89
J4 0,25 0,06 0,10 0,79
/5 0,01 0,02 0,04 0,46
A48 0,05 0,00 0,0 0,14
7 0,0 - - 0,01I-
8 - - - 0,0

TABLE 10. DISTRIBUTIONP(S‘,P.zQ,T)FOR C,.\ =264 "

(, Mo stensl 1 0=0,330 1t ¢c=6 1 ¢ =38
0 I,00 I,00 1,00 ~1,00
I 0,55 0,55 0,68 0,99
2~ - 0,1 0,25 0,35 0,94
3 0,03 0,07 0,14 0,85
4 0,05 1 0,0I 0, 04 0,75
5 0,0 0,0 - 0,0I 0,42
6 - 0,0 0,02
-7 - - 0,0

¥Translator's note. Commas in numbers represent decimal polnts.
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TABLE 11. DISTRIBUTION‘ ‘O’(x’r} Qi)é FOR C‘r =25 g'af*'f?

0, ! No signall 1 C=0,330 ! C=6 ! C=3G
v i ! i P

0 1,00 1,00 1,00 1,00

1 0,28 0,30 0,47 0,97

2 . 0,08 0,14 . 0,19 0,90

3 . 0,03 0,03 0,07 0,73

4 0,05 0,0I - 0,02 0,53

5 0,005 0,0 - 0,0 0,20

& 0,0 - - 0,20
7 FEERSE Ce - 0,0

TABLE 12. DISTRIBUTION P ( %PZ ky,) FOR Cr‘ < DB R,

y 1. YNosignal 1 =0,338 '¢=6 ' ¢=3€
0 " I,00 I,00 1,00 I,00
I 0,28 0,29 0,47 0,97
2 0,05 0,06 0,16 0,87
3 0,0I 0401 0,06 70,73
4 0,0 0,0 0,0I | 0,50
5 L - 0,0 0,16
6 v = o . L T | ) = . 0,0

*Translator's note. Commas in numbers represént decimal points.]
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TABLE 13. DISTRIBUTION P(\)P‘ = 0y) ror Cr, =50, * /33
Q 1 No signal !-C86,335 1 C=6 | 1 (=38
V ' ! s | A ? ' | ! | . ,,’! : . ]

X,00 : 1,06 © 1,00 1,00
0,095 . 9,11 0,26 0,86

0,0I5 0,0 0,87 8,71

0,05 0,6 = 9,02 0,47

.7 0,0 0,0 0,0 8,25

W o

o Ul
&
)
0

TABLE 14. DISTRIBUTION P (ﬁ,‘? (275) FOR C_[“""—S,GA *

@ ! No signal 100,336 ! C=S ! (=36

y ! /! ! Lo
! ! z !

1,00 1,00 I,00- " 1,00
0,005 / ' 0,II 0,20 0,85
0,0 . 0,0I 0,07 0,68
0,005 ~ 0,0I 0,0I 0,48
0,0 . . 0,0 0,0 0,24

-/ - - 0,02

£

DU AW HO

*¥Translator's note. Commas in numbers represent decimal points.
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TABLE 15. DISTRIBUTION‘DA(\.\,’E;,QJ')FOR Cp = G+ i

ORIG %;‘?ﬁr o
" . .
9, ! Mestmal 1 203361 c=6' =36
- ! ! S !
| o 100 . °"1,00  I,00 1,00
I o2 060 08 1,00
2 .0,38. 054 08  I,00
3 0,3 . 0,44 - 0,7 1,00~
4 0,2 "~ o04T' 0,66 I,00
5 0,17 0,37 0,59 1,00
{
L6 0,13 - 0,31 0,57 - 1,00
. 0,08 0,26  .0,53 I,00
' 8 0,08 0,20 0,46 1,00
g Q 0,04 0,18 0,35  I,00 |
' 10 0,03 : 0,12 0,29 0,99 ;
|11 0,02 0,09 0,24 0,98 :
2 0,01 | 0,06 . 0,70 . 0,94 |
13 0,005 0,03 0,16 0,72 ;
14 0,0 0,0 . 0,I0 0,40 i
15 - - . 0,06 0,24 >
16 - s - 0,02 0II
17 - - 0,07 0,02
I8 . - | -0 0,0

¥Translator's note. Commas in numbers represent decimal points.
rep [
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TABLE 16. DISTRIBUTION P(%?QQ) FOR 'C,‘=!.565 "

1 Nosigal . 1 (=038 1¢=8 1 ¢=35
SRR S S R
0 1,00 I,00 1,00 1,00
1 0,52 . 0,60 0,86 1,00
2 0,36 0,48 0,79 1,00
3 0,24 0,41 0,7 1,00
4 0,16 0,36 6,59 1,60
5 0,12 0,27 0,54 1,00
6 0,10 0,22 0,50 1,00
o 0.07 0,17 0,44 1,00
8 (.04 ~0,J0 0,36 I,00
© 9 002 0,08 0,29 1,00
10 0,005 0,05 0,22 ¢,59
I 0,005 0,05 0,18 0,97
12 0,005 0,04 0,16 0,94
13 0,005 0,03 0,14 0,72
14 0,0 0,0 0,07 0,39
15 . - 0,04 0,23
16 - - 0,02 0,10
17 - - 0,0I 0,02
18 - - 0,0 0,0

‘¥Translator's note. Commas in numbers represent decimal points.

34




TABLE 17.

o

DISTRIBUTION P (\>r_>, Eg\) FOR Cl‘"‘ 156§ *

E. : ;é"sigﬁax;"' : c=0,336 : C=5 : cy=3?6 |
0 / 'I,ooff' 00 ! 1,0 1,0
1 /.01 - 03 067 1,0
2 | /013 0, 052 1,00
'8/ .08 - 0,I5 0,45  I,00
4 0,05 oI 03  I,00
.8 0,04 0,10 - 0,34 1,00
6 0,02 0,08 0,31 1,00
77 0,01 0,08 0,23 0,99
8 0,005 0,06 0,16 0,99
9 0,0 0,04 7 0,12 - 0,97
10 . 0,02 0,08 0,94
11 - 0,02 0,08 0,83
12 - 00 0,03 0,58
13 : - 0,02 0,32
14 - - - 0,01 0,17
15 - 2 0,0 0,03
I6 T - 0,0

‘#Ppanslator's note.

Commas in numbers represent decimal points.
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PAGH 15
Watzry 15,

DISTRIBUTION P “r 2 Q” ) FOR 'C'ﬁ-ﬁ i,

bl
Oy

/! Yo signall | C=0,3836 ! C =G !Cs3G
Sh . . r
70 1,00 1,00 1,600 1,80
T 0,19 0,25 0,67 1,69
2 0,12 0,20 . 0,5  I,09
37" - . 0,06 0,12 0,37 1,89
4 - 0,02 0,08 8,35 0,59
5 0,02 0,30 0,30 6,99
6 0,01 0,04 6,26 - 0,99
7 0,005 ° 0,03 0,17 6,99
8 0,0 0,02 0,12 0,99
9 0,02 0,09 6,97
10 0,01 0,08 0,91
I : 0,0I 6,67 9,83
12 - 0,0 0,63 0,58
I3 - - 0,02 0,32
I4 - - 9,0l 0,17
IS - - 0,0 0,03
R - - 9,0

¥Translator's

36

note.

Commas in numbers represent decimal points.
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TABLE 19._

DISTRIBUTION D(!lo‘50\> Q;) '

C=6 » é = 3§3 '
I,0 I,0
0,80 0,54
0,50 0,12
0,29 0,0I
0.16 0,0
0,10 |
0,05
0,0

#Tpranslator's note.

Commas in numbers represent decimal points.
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TABLE 20. DISTRIBUTION P ({ = 17,9,) "

/39
Q 3 [i«; signal 1 ¢ = 0,336 1¢ = 6 1 cu36.
Tt i i i
0 / 1,00 1,00 I,00 1,00
2/ 0,92 0.4 0,9 1,60
4 0,66 0,76 0.97 1,60
"6 0,46 Y- 0,98 1,00
8 0,30 0,45 8,8l 1,69
10 0I5 0,38 0,66 1,60
12 0,10 0,26 0,53 I,00
14 0,07 0,17 8,43 1,08 |
16 0,02 0,13 0,36 1,50
18 0,01 0,07 0,23 0,58
20 0,01 0,04 6,14 0,97
22 0.0 0,01 0,85 0,7
24 6,0 0,64 8,59
2% .- - T 0,61 0,40
28 | 0,0 . 6,22
30 0,15
32 0,0

¥Translator's note. ~Commas in numbers represent decimal points.
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