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Numerical Method for Sclution of Systems of Won-Stationsry Spatially
One-Dimensional Nonlineay Differential Equations

We propose a computational scheme and a standard program for solving
systems of nonstationary spatially one-dimensional nonlinear differential
equations using Newton's method. The proposed scheme is valusble because
of its universality and the faect that it reduces to a minimum the work of
programming. We give a detailed description and present the bext of the
standard program which realizes this computational scheme. The program
is written in the FORTRAN language and can be used without change on
electronic computers of type YeS and BESRM=6. The standard program
described permits us to find nonstationary (or stationary) solutions
to systems of spatislly one~dimensional nonlinear (or linear) partial
differential equations. The proposéd' method may be used to solve a
series of geophysieal problems which take chemical reactions, diffusion,
. and heat conductivity into accounts to evaluate nonstationary thermal
fields in twi-dimensional structures when in one of the geometrieal
directions it can take a small number of discrete levels, and to solve
problems in nonstationary gas dynamicse

INTRODUCTION

In contemporary science and engineering practiee, one often encounters
situations when a specialist not familiar with the methods of computational
mathematics and the fine points of programming must solve on an electronic
computer one or another mathematical probleme In this case, he turns to
a library of standard programs. For example, standard programs have
yielded a great extension of the solution to the Cauchy problem for systems



of ordinary differentisl equabions by methods of Runge~Kutta type. The
level of the developments of present-day computational engineering permits
us to pose a question about the creation of standard programs for more
;complex mathematical problems. In this work, we propose a standard program
for solving the boundary problem for a system of nongtationary spatially
one~dimensional ecuationse A very wide class of physical problems can
be reduced to such a systeme For example, many models of geophysical
phenomena, in which diffusion (heat conductivity) is the dominant factor,
are often formulated mathématically as mixed problems for equations of
parabolic type? either initizl or boundary conditions are given. As a rule,
the unknowns are related to each other in a nonlinear mammer, which signi-
ficantly complicates the solution.

At the basis of the method is the use of the implieit difference scheme.
To solve nonlinear difference equations at each time step, we use Newton's
iterative methods AL each iterations a Iinear system of algebraic equations [h
is solved by a modified method of ®auss, taking into account the sparseness
of thesmatrix, by choosnlg a pivot element by column and a normalization
by rows. They ‘behave An an ‘analogous way in problems of mathematical
chemistry (see collect:.ons ,_[1_,21!) In gephysics a similar method was used
in work ?_[Ej.

The system of equations under consideration can be very stiff, "I.e.
it can contain time constants with essentially different values. For
example, in géophysical and astrophysical problems describing the distribubion

of atmospheric gaseous components by height (the determining processes are
chemical reactions and verticeal diffusion), the stiffness depends on the
great difference in the rates of chemical decay of the various components,
and also on the coefficients of diffusion at various heights. It is kmown
m that, on account of a stiff restriction intrinsic to them at a step of
time, it is unreasonable to use explicit difference schemes to solve stiff
systems of differential equations, because the utilization of such schemes
requires a large outlay of machine time while, in most cases, such systems
in practice cannot be solved by explicit methods on present-day electronic
computerse.

The proposed scheme is especially advantageous when the determinabion
of an exact solution in time is not required, but we are required to
find the steady~-state behaviors. In cases of the lack \,or the Smallness - ﬂ

of the coefficients of the spatial derivatives, as this often occurs in
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problems of mathema‘bzl.cal chemistry, the scheme can be shown to be unstable
(the scheme is A-stable- i)) In such cases, we need to wabch for negativity
of the eigenvalues or, at any rate, for positivity of the solution, and to
control the pace of time or to use further iterations, excluding the result
of the solution in the negative domain (see, for example, the article of
Yu.M. Volin et al. and the article of B.V. Pavlov in collection @-)

ILinearization by Newton's method permits us to provide an effective
iteration process for solving monlinear problems, to easily guarantee the
conservabivity of the difference scheme (a property of the scheme without
which it is often impossible to obtain a numerical solution to the original
system of &ifferential equations).

It is well-known how much work and time it takes to write down and
debug a programe. Therefore, by writing down the program, we set up the
problem, redueing to a minimum the work of programming and ensuring the
possibility of an operational introduction of changes in the original model
(for example, in geoPhysicai problams the addition of new components and
chemical reactions). This problem is solved by the caleulation of a Jacobian
matrix by means of numerical differentiation. In this way, we decrease the
probability of error in the written program, while the user is freed from
tiresome work and can concentrate ‘his attention on the physical formulation
of the problem and on the numbers of the experiment.

1. THE MATHEMATICAL. METHOD

Let there be given the system of equat:.ons

- —~ 2
3 . 9, 9z x5 3 3:9')
where Kyi == Jyeae,M (1.e. 1nto :E'k enter 'terms m.’bh different i = Lyeee,M),
M is the number _of equations, Ve is an unknown function, t is time, and x
is the spatial coordinate.

We are given some initial conditions

¥) The definition of A-stablity can be found, for example, in the abticle
et
by L.Ss Polsk et al. in the collection,f2lw.



9 (0 a:) e fsc) K’: e (2)

We seek a solubion on the interval a < x < b.
The boundary conditions have the form:

o)y (
?/(5((&),3]/) _.,O, 3)

Y (Yo, ‘;’i’“’ =0 , )

W'here i’k = 1,I'O’MO

We pass from continuous variables to discrete ones. TFor this we choose

a uniform mesh in x!

z, =a+(n- /)a:;c n= / /v AJC (6- a)/m/-/) (5)

{if it is necessary to introduce a nomuniform mesh, we can usually make a
substitution of x by x', so the mesh in x' will be uniform). The time

steps will be numbered by means of the index j, while the moments of time
corresponding to the steps will be denoted 'bj. By means of y'lj{,n we denote

approximate values of the continuous variable yk('b,x) at the point (tj,xn).

The derivatives entering into fk are approximated by difference relations
of not more than three points X e For example?

' 3.’7/1 (i‘}’ %’@) ~ gf,m-{ - yz;n-{ (6)

dx o 242 ?

3 ; F 4

0 Y (b, @) ) Yipu=2Ydnt Iiumt
3 x¥ ' K a x®

while the derivatives entering into “.% and pr are approximated by the

relations

T ‘ ‘
t,al yaz 5’ " (2)



ORIGINAL PAGE B
OF POOR QUALITY

25/(6,8) _ Yi,- i o)

In order to avoid restrictions on the time step & t connected with

instability, we make use of a two~tiered implicit schemes

¢ ydt
__E_Ef_f,‘ﬁ yxll} —_ %ﬁ' n (JI R."o“‘f ,n nﬂ“{) (10)
4 '(;'d' R -

>

where ffc n is an approximate value of fk at the point n at moment of time
L

'bj, which is obtained by the substitution of expressions(6) and (7) into
fk for n= 2,---,N—lo

The boundary conditions can be approximated by the expressions
é —
SUK (y'l- s7 5 7:,2) —O ’ (1)
¢
Lf (yz N-ij /v) O 2 (12)

where Elug and Hp( are approximste expressions for %‘» and %{ ’

which are used in the substitution of expressions (8),(9) into (3),(4).
Equation (10) has first-drder accuracy in time. To increase
the accuracy in times, we can put the right-hand side in the form

S > | _
ﬁ.}{:’n?.({uﬁ))-?:’“ , where ﬁ30,5 (13)

For § =0.5, equation (10) approximates the differentisl emation (1) with
double precision in time. For B < 0.5, the difference scheme becomes
unstables
To increase the accuracy of apprommatlng the boundary conditions,
the derivatives entering into fSL;’{ and L,V o ¢an be writien in the
forms
dY; (t;,a) N/ ~39 ot «:-‘/Hfz J

b ST

(14)
dx / 2AX




Y (£:.8) [ Yliwes ~4 Y we DY u
9% ~ ax R (15)

In this case the derivatives mentioned gbove are approximated with double
precision in x.

Equations (10), (11), and (12) form a nonlinecar system of algebraic
equations, consisting of N-M equations and N3M unknowns. We will solve this
system by Newton's method, i.e., at each iteration S we solve the following

system of Iinear algebra.ic equations

-S *
J,S*f yit 3 Pl f
‘s ds*

: ayde , 16
A G‘ :{ ! y'f,}_{?ﬁ-e-z - - ; (16)
i A 1
5 Z }‘ S"f (yg,sff yéS )y wds g .
. — K = >
L isr L=f 35’%, tan
M B npdiS '
Z Z _‘2_%:?%__ y 1%+t qd-'
C ot -1 Y b+ L Vi d-
- ?_':{_..zf,:_{ —_— _:?\;;f‘/-;-g—j ‘}2 S 1’ 24 +£5M e (18)
For 8 =0, at the zero—th approxn.mation the values begin with the previous
time period: yk g = yf: 31‘ The derivatives of the functions f !Tﬁ( ,» and

[70 P with respect to the unknowns {of the Jacobi matrix) are found by pumeri-
“¢al differentiation.

_The,numerical differentiation is effected by the formula

é};-xn (#vn(yww ffm Ayz,r%_,yz,w) Jm Z,W f/m ym,’)/a ym .

For clarity and convenience of our further presentation we represent

the system of equations (16), (17) _and (18) in matrix form:

it =

WaBs oo - - - o0 olofls]]ow]

An-t Byt Cat O ... 0O 0 0 | 0 Fy.{ ",
O | ﬂﬂaz B}J.g Cﬂ_z 0 G 0 0 FN-E @/V'Z

- hd - . * @ * '

LY

.

(19)

i

o o o
oo o
o
o
i
LS I &
o
5>
b
R

o O
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Here A, G, and C are squave mabrices of size M*M, and F and D are M-dimensional
vectors. 1In this form, the matrix has a block-tridiagonal form under the condi-
tion that each of its block elements, in turn, is a square matris. In the upper
and lower rows -of the matrix equation (19) we write equations (18) and (17),

while in the interior rows is equation (16)}. The vector

F_n (Hd)s” ——HJ,SH) N 22. f -_' ..

1.1 ) .- ‘_ —
Expressions for “the elements of the matrlces A, B, and C and the compo-

nents of the vector D have the form:
1) forn =N and i,k = 1,...,M

dﬁ .EJ__;{;E , é - S:f,'z. 9 Kﬁ , " - 9 K, !
o Qyhs BOAT: gyds T Qyds
1, n+/ E 2: n i’n:{
. aﬁ
it 35 £
At oo, 997 me-z : ‘

vhere ak + is the Kronecher delta symbol:
2

3) forn =1 and ik = 1,...,M )
PE: A S s
L S iR 1
)2 de';s 7 2{)'2, ayg;}z p) K‘,Z gy(}s N
. . 1‘}{

& LY

=5 o —E Yy

dﬁ fZ:/ £=4 95/3? Hl/g
y

The linear system ..{19) at each iteration S is solved by a modification
of the.method Gauss, which takes into account the tridiagonality of the matrix,
with the choice of a pivot element by row and a normalization by column [5]. The
basic idea of the elimination method consists of the fact that we use a linear

transformation to make the diagonal elements of the

{10
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matrix into ones, and the below-diagonal elements zeros. This
is done sequentially from top to bottom. To demonstrate the
recurrence formula.for passing from n to n-l, we introduce
the rectangular matrix

| -*\E- . 0 9.
(A 6,,, C{«v-{ _sz-f

The meaning of the matrices 'ﬁ, 'E and the vector D will become

clear from further presentations.

We take the first column of the matrix BZ, find in it the
maximal element as a model, and place the row in which it is
found in the first position of the matrix BZ. We divide each
element of this row by its first element, Now, subtracﬁing the
first from fhe other rows, after multiplying by an approprlate
Ffactor, we obtain zeros in the first column of these rows, We
find the maximal element in the second column among all rows
except the first, and by means of this row we obtain zeros in
the second column of all rows except the first. We conduct an
analogous transformation, further, with the third column, etec.
As a result the matrix BZ is reduced to the form

e R G
BZ= S
/ 0 &n*f ;C -{ @n-{ &

where E is the identity matrix,
For n = N, we have

Rn

"‘Béz’g”qf“ b Cﬂ Dy
1_8”‘{ Byt Cﬁi-i’.@ﬂ-f

and the passage from N to N-1 is included in the standard scheme
of the passage from n to n-1.

For n = 1, before the standard scheme of passage is applied,

Al is eliminated by means of the identity matrix obtained for
n =2, In other words, the matrix

8

[11
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by meens of bhe matrix LA m
91__ | P, 03 Rﬁg!

reduces to the form

O@Cﬁ.ﬂ

Then the standard scheme is applled to the matrix

BCO@
X C"O@ -

As a resuli, we obtain

5’—3 g

B2 =

from which

;o o~ mf 2
F.; _‘VR;;bz'S

And finally the recurrence formula for finding the solution has the

and then

form

0 s T Y T e T S
Fn/""Rn p}z E’z—zf Q’E rn-z ?n 5;,..-)’%/.
Fhus we find an approximate solution to the boundary value problem

(1-4) at the moment of time tj in S+l iterations. If the iterations

correspond to a given precision, then we can continue iterating equation
(1) in time.

2+ DESCRIPTION OF THE PROGRAM

The program permits us to find a nonstationary solution yi(t,x) and
a steafy-state. solution yi(x)- The nonstationary solution can be found by
integrating equation (1) with a constant step in t or with an automatic

9
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choice of steps In the case of an "automatic ehoice of step", the time
step is chosen depending on the number of iterations with respect to
nonlinearity at the given steps Thus, the controls on precision do not
depend on time.

The steady-state solubion can be found by the method of settling dowm,
i.e. we integrate in time up to the moment of time exceeding the maximal
characteristic time of the problem (better with an automatic choice of ‘
step)s or by iterations without settling down in time. In the labter
case, we can solve directly a system of stationary equations, i.e.
equations (1) without time derivatives.

Intéhthe standard part of the program, we introduce three subroutiness
HOK, OUT, and TSCL.

The subroutine HOK controls the iterationss the choice of step in
time,. . I the prinking of the result, etc.

The subroutine OUT effects the printing of the result.

In the subroutine ISCL [ve |caleulate]|the coefficients for the unkmowns
in 2 linear system of difference equations, and this system is solved by
Gaués;‘ method.

The user writes the subroutine FF, where the difference equations are
writtenddown, and the basic program, where values are given to the physical
constants and from which originates the access to the standard part of the
programs

The access to the subroutine has the form: -

| CALLHOK W JIB,ITAU,ITER,ITB, EPS, TKOH TﬂUY@ W;"" J) .

T i —

Here N is the number of partition p01nts of the x-interval.

M is the mamber of equations.

IB. is the number of steps TAU in time, across which the printout of
“of the solution is produced. When it is necessary to print out
the results at fixed moments of time t , we need to sequentially LlB
access the subroutine HOK, giving TKOH = tne

ITAU = 0 is the signal of a calculation with constant step TAU in time.

ITAU # O is the signal for a calculation with sutomatic choice of time
step. The step is increased by 1.5 times when the mumber [of iter-]
ations at the previous step equals 1 and decreases by 2 times
when it is greater than 3. Thus, there is no linear relationship
between the choice of step and the accuracy of the solution in time.
When we need to obtain a steady-state solution by the method of

10



settling down, then we should set ITAU # O.

ITER is

ITB=1

the maximum allowable number of iterations at the step TAU:
when the number of iterations IT exceeds ITER, there occurs
a decrease in the step TAU by two times.

is the signal to print the solution at each iteration.

EPS is the relative accuracy of the convergence of the iterations. The

TKOH is

magnitude of the increment Ay —in the numerical differentiation

—.__

is given by -the formula

A mEECSL f !
73R §7 \fﬂa{%wa,mf;h“ﬁm- A5 0: .P;r:,D

When I_ly. n = 0 {for example, when the initial approximation.

Y6 = 0) y = EPS ( in a progran with double precision Ayi ,\1\1‘
(EPS)E)

the end of the interval of integration in timej when TAU >

TKOH/lO » the step TAU does not increasej when TAU < '.[‘KOI-I/II.O5 s

the caleculation ceases and the stabement "THE TAU IS SMALLIR

THAN ALIOWED" is printed, and the values of the current moment

of time and TAU are given.

TAU is the value of the time step?® the initial step or constant step,

depending on the value of the parameter ITAUs When TAU = O, we
seek a sbeady-state solution of the system directly by iterations
without a settling-down in time. In this case, when the number
of iterations IT > ITER, the statement “IT = TTER ITERATIONS DO
NOT CONVERGE WITH THE GIVEN ACCURACY EPS" is printed and the
values of the next two iterations are givene.

Y} is the dimensionality file H-M of the initial conditions ;i | o

B &

ISCL is

for. the oubput of the suvbroutine HOK,YP is a solution for
t = TKOH or in case TAU = O < a steady=state solution.

is the left endpoint of the interval of x's.
is the right endpoint of the interval of x's.

The subroutine HCK works with the subroutines ISCL, OUT, FF,
and the library subroutine ABS.

the subroutine for solving the system of linear algebraic
equations .« 4#n accidental result of the form "MATRIX IS
DEGENERATEessssassscasss’ is possibles Such a result, as a
rule, indicates an improper formulation of the problem (an

“incorrect assignment of initial or boundary conditions) or

errors in the subroutihe FF (improperly written equations, errors

in the coefficients, etec.)
11
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OUT is the subroutine of printing the solution. The value of the current

12

moment of time is printed BP = ...3 the colum of x values and
the columns of values of the unknown functions ¥, are also printed.
the subroutine which is written by the user. In it are given the

formulas for computing the right-hand side of i‘k and also of

% and (ﬂ;{ « In this subroutine we must describe the

general block HIF:

COMMON /HIF /88,1, TAUL, xH(21), F (10),
Y (24,70),Y (21,70), Yi’(2f )

where BP is the moment of time tj; H is the coordinate step;:

TAUL is the reciprocal value of the time step TAU; XH. ‘
vis the file of x. for == 1,...,N; ¥¢ is the value of

the functloﬁ at level tj 1, and Y is the value of the funct:.on

at level tj of the previous iteration.

Access to the subroutine FF originates from the standard
part by means of the operator CALL FF{N,NN), where N is the
current index - of the point X9 NN is the collection of partition
points X 1 <N <NN. Correspondingly, the first operator of
the subroutine FF must have the form: SUBROUTINE FF(N,NN), where
N, NN are formal parameters having the sghove-mentioned meanings.
The commection between the subroutine FF and the basic program
can be effected through additional general blocks {alse including

unmarked ones). o v

On the basis of the datas, we calculate the
of F of dimension M, the elements of which are given by the m
numerical values of expressions representing themselves or " either.!
difference approximations of the right-hand sides of the
equations at the point X2 0r a difference approximation of the
boundary ednditions.

The varigbles entering into the general block HIF cannct
be used in the subroutine FF as identifiers of other variables.

To economize machine time, it follows that we should avoid
in the subroutine FF calculations of expressions not depending

on j and n, because to calculate the Jacobian matyix at each

iteration at each point % is the result of M#l accesses to the
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subroutine FF. Furthe;_"mre, if these expressions enter the sub-

routine FF, then they also are computed ML times.

In the operators of description COMMON and DIMENSION, the
of the verisbles are written so that we can use the program when ¥ < 21 and Llé
M < 10. When it is necessary to increase N or M, it follows that we should
insert corresponding changes into these operators. In different programs
the operators have the following form?

Y RoMMON JHIF/ 8P, H,TAUL, XH(K) | F (1),
Y@ (r,05), Y (W,r1), Y1 (W, /w) L

1 i e ———

in the subroutines HOK, ISCL, FF and OUT;

2) DIMENSION Y@(N,M) in the basic program;
3) DIMENSION YW(N,M) in the subrqut:me HOK 3

W I DIMENSION B2 (25M 3“/"7’+{) PZ(N-1,M, /‘7,)
Q2 (v-2,0,M); (22} F ()

L —— - - — —

‘4in the subroutine ISCL.

Here the variables N and M and expressions containing them need to be replaced

by appropriate numbers because the sizes of the |dimensions of the filds are 4

given by integer constants without sign.
For example, if N == 51 and M = 5, the the operator DIMENSION in the
subroutine ISCL needs to be replaced by the operator

 DIrsewsIon Bz //67; P2150,5,5) Q2(19,55), C2(2), FIL5)

We need to make analogous changes in operators I=3. After we have made these
changes, we can use the program for a‘xsbitrary N < 51 and M < e

,,,,,

The necessity of changing 'bhe*operators oi—‘ descmptlon COMMON and
DIMENSION for increaséscin N or M creates definite inconveniences in the
work and is related to the limitations of the programming language Fortran,

in which, in contrast to programming in Algol, we cannot use dynamic

k]

files. To eliminate this deficiéncy and also to |increase| v

the economy of the programs.we should transfer from multidimensional
‘files. to one-dimensional ones, as for example is done in the " / Zl‘?
IBM library of standard programs {6} The authors hope to return to this

question at some time in the #mmediate future.

13



Example
Tet there be given a system of linear differential equations of para-

bolic type? . “/
d Y, 9 _;’4
-
at ~ ax* TR
- ' (20)

“\U P

¢y _ J &

s - 2

where 0.5 < x <1, t ?. O.
We put on this system of equations the following boundary and initiszl

conditionss
"}5{' 7£. 5) I o
i :(,r:,O, =0 5 Hf[j ;}'—‘O b
G /
n (21)
aba (8.0,5)
o ( 2 - P JQ f) O .
dx
Y, (9};(,} =0 4,0, T)=311 (Flx
The analytié-zsolutiﬁn to the problem formulated has the form:
T3t 4
9 (=
..;1(5 uv/ t ‘L uu/’; { f) (22)
A

oA (i,;c)-—‘-eJ K sin (Siz) .

We choose a uhiform grid in x and t:

am mame PRSPV e i m— me

:s,,;'(fz 1):42+0,5 nn{u-,z{; AZ=0,025 3

At =0001"

J 4l 4L =0,...,700;

The differentisl equations (20) may be approximated by the difference

relations:
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i ) . - B Ho;l_: R “\r_:: ‘._” .— .
H 9 ( J {,nﬁ yfir&r:’ F oo
:.’3 C 0,55° . ag +y£,m) :
~{ ! o
01/5 (yﬂnﬂ /iﬁz b/m 1-f yg-*‘) , | o (23)
| y -2y ‘

‘ - Lyt
/ -_055 Hszaigz, J:an_—i 4

n+1f ~2 y:e ru + éﬁ;’;_f_

The difference expressions for the boundary and initial conditions
(21) have the form

/.-3 _(JH -@-L/H,, E/,f,"g,_ =0, yf' =O a _

_ 2 AL 2. i
| “*'17'922"523 0 d- (24)
- fj \ b
: Zﬂx _ | 2N 0 L .
Hzn::{] “ | Jzn"’ﬂiﬂ(ﬂ xn),

where j =0,00D’ 1003 n=l,--., 21,

1Whe_n we accessed the standard program HOK, the following actual parameters

were - givent

N=21, M=2 I8=5, ITAU=0, ITER= 17, ITB= 0,
'£PS= 0,001, TKOA=.0,1, TAUV=0,00I, ¥f= 0.5 ¥{= 1.,

In the subroutine FF, the rlght-hand S:Ldes of equations (23) and the
boundary conditions (24) are written down. In the appendix we present the
the text of the subroutine FF, where H= Ax, H2 = (Ax)?, ¥(K,N) = y% 0’
¥3(¥,n) = y‘] n> W=ns N =1 corresponds to x = xP, and N = NN COI‘I'BSPO;IdS
to x=x1, 1<I\I_<_NN.

The initial conditions are assigned in the basic program (see the text
of the basic program in the appendix).

In the table we cite the approximate and exact solutions at the moment
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‘ Solution ¥i

i
|

\ Solution Yo \-

0,0 -

Coordinate \Approximateii [ Exact _\i [:&_pproxh;;: Exact ] )
0, 50000 0,037264 | 0,037271 0, 37300 0, 37271
0,52500 | 0,037I49 | 0,057I56 | 0, 37186 c, 37156 .
0,55000 ~ | .0,036805 | 0,0%68I2 | 0,%es2 | 0,368I2
0,57500 . | 0036235 .} .0,0%241 | 0,36271 0, 36241
0,6C000 0,035441 . | 0,035447 0, 35476 0, 35447
0,62500 | -0,03u428 .| 0,034434 | 0,34462 0, 34434
0,65000 | 0,033203 | 0,033209 | 0.3323% 0, 33209 °
0,67500 | 0,031773~ | 0,031779 | .0, 31805 0, 31779
0,70005 | 0,0%0148 | 0,0%0I53 | 0,30I7€ 0, 30153
0,72500 | 0,02839 | 0,02634I | §,28365 0,28341
0,75000 | 0,026350 | 0,026355 | 0,26376 0,26355
0,77500 . | 0,024202 | 0,024206 | Q,24226 0, 24206
0,80000 | 0,021904 | 0,021907. | ©,21926 | 0,2I907
10,82500 -} 0,01947T | 0,0I9474 | 0,I9490 | . 0,I9474. .
70,8500 | 0,0169T8° | 0,01692I ' | Q,16935 0, 16921
0,87500 | 0,0T426T | 0,014263' | 0,T4275 0, 14263
0,90000 | 0,0II5I5 .| 0,0II517, | O, 1II527 0, IT5I7
| 0,92500 | 0,008699 | 0,00870I | 0,08708 0,08701
| 0.95000 - | 0,005829 | 0,00531.| 0,05835 | .0,0583I
0,97500 | 0,002024 | 0,002924 | 0,02927 0,02924
1,00000 0,0 ] 40,0 0,0

16

A




Before solving complicated problems by the standard program described 120
here, we recommend to the user that he solve one or more simple problems,
the solutions are which are well-knowun.

CONCLUSTON

The method described here was shown to be effective in solving stiff
systems of differential equations for modeling the chemical composition
of the atmosphere of Marsa;_f'?_f] Systemi@of equations of parabolie type
was® solved. An implicit conservative difference scheme of second-order
accuracy in @was uged. Steady~state and nonstationary solutions were
found. The characteristic times of chemical decay for different components
in this problem varied between the limits ZI_O'"8 to 1012 seces while the
characteristic times for the establishment of diffusion equilibrium varied
depending on . ° height within the limits lO2 to ILO'7 secs In caleulations
with usual accuracy on electronic computers of type YeS and BESMwb6, we obtain
larger roundoff errors for time steps At of 105 to 107 secs These errors
can be explained by poor conditioning 6n the system of equations (19), which
is a consequence of the great difference in characteristic times of the pro-
blem. Tt turns out that a steady-state solution is obtained only when
caleulating to double precision . TIn this case there are no restrictions
on the time step &'Ei')f, because the corresponding linear problem (19), which
is obtained as a result of linearizing the nonlinear difference equations, is
stable. We consider the steady-state solution to be I:op_:tfa:ined when t ~ 1016
sece (the maximal characteristic time of the problem ~ 1012 SeCs)e )

Using the given method to solve the described system of equations 121
permits us to obtain a series of new results on the chemical composition

of the atmosphere of Mars.

) For an sbrupt change in the solution at a given time At, the emergence
of negative concentrations and instablity is possible. In this case, the
iterations do not converge, and the program automatically changes the time
step until the concentrations become positive.

17



The proposed method is adaptable to the solution of problems
of nonstationary gas dynamics. For example, to solve two-dimen-
sional problems of the atmospheric heat circulation of planets
[8,9,10], an implicit scheme was used in which the angular
derivatives were taken with preceding iterations. However, to
solve the one-dimensional boundary problems obtained from it
along vertical lines, a variant of the proposed method in which
the Jacobian matrix was calculated analytically was used. This
method is also adaptable to the calculation of thermal fields
in two-dimensional structures and other problems,.

In conclusion, we enumerate the basic merits and defects of
the proposed method, and we give recommendations about its use.
Regarding the merits of the method, we can list

1. The possiblity of using the program for solving-a wide

variety of physical problems, among which are those
having a large range of characteristic tumes.,

2. Rapid convergence of the iterations for nonlinearity,

owlng to the use of Newton's method.

3. The possibility of easily constructing a conservative

difference scheme.

45 The automatic linearization of nonlinear difference

equations by means of numerical differentiation, which
significantly reduces the work of programming.

It follows that we should consider as an essential defect
of the method the fact that the calculational time (the number
of arithmetic operations) in solving a system of M equations
is proportional to MS. it follows that we should stress that
this defect is related to the use of Gauss} method, i.e., it
turns out to be closely interrelated with the merits of our
method.

Owing to, on the one hand, the stability and rapidity of 122
convergence of the iterations, and on the other hand - the
reduction to a minimum of the programming work of the described
method, it can find wide application in scientific and engineering
computations. We note that more economical methods, in which the
calculational time is proportional to MZ, for example, often
possess slower rates of convergence of the iterations and, as a
result, can prove less economical,

18
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Recommendations for Use . OoF ¥

1. Linear equations.
a. Stationary equations.

To solve such problems, it is necessary to solve only once
a corresponding systemsof difference equations, i.e. we need one
iteration. For that one iteration to be made, it follows that
we should set ITER = 1. However, by convention, it is useful
to set ITER > 1 (for example, IIER = 5) and ITB = 1. Then when

there are no errorS, one superfluous iteration will be made. If,

however, there is an error, then with a significant probability,
the iterations will not converge, <The result of each iteration
will be presented in print. B

b. Nonstationary equations. '

Because there is in the program no control offer the time
precision, then in‘order.téaguarahtee it, it follows that we
should solve the problem several times with different constant
timé steps J[At] and should equalxze the results obtained.

2, Nonlinear equations.
a. Stationary equations.

If the equatlons are strongly nonlinear and the form of
the solution is unknown beforehand, then it is necessary to
solve the problem by the method of bisection. In other words,
it is necessary to give'an arbitrary initial approximation and
time step [At), which must De smaller than the minimal charact~
‘erisitic time of the problem. We need to undertake the calculé
ation with an automatic choice of step up to a moment of time
larger -fhan the maxxmal characteristic time of the problem.

b. Nonstationary equafEBﬁE__T

Here the same remarks as those in item "b" for linear

equations are valid.

We can use the method to solve multidimensional problems
by methods of coordinate-wise decomposition, |

In the case of solv1ng systems of equatlons having a lgrge
dlfference in characterlstlc times for different functions, i.e.
stiff systems, we grecommend the use of a program with double
pre0131on, the text of which can be found in the appendlx. K >
follows, in view of this, that such a program will occupy twice

as much space in the machlne § memory. On an electronlc computer

-of type YeS the calculation time for such a program cannot be

19
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practically incressed, but on a BESM-6, the space is inoreased
five-fold. On the BESM-6, a number with ordinary precision has
12 decimal places, but on a computer of type feS only 7. There-
fore, for calculations on a computer of type YeS} we always
recommend the use of double precision, because, on account of
the restricted number of spaces, round-6ff errors which are too
large can occur in numerical differentiation and in solving

a system of algebraic equatiéns; .

To solve systems of differential equations with derivatives
no higher than first order as part of the boundary conditions,
we can use difference equations written on one of the boundaries.
In this case, the difference analogue of the time derivative
is written down in a corresponding expression for ¢ or

97' (see formulas (11),(12)).

" If an equation not containing a time derivative entérs the
system, then it follows that we should multiply this equation
by a sufficiently small number.

We recall that the choice of a difference scheme belongs
to the user, We have only the following requirements for it:
a) a scheme of ordered pairs (tj-l'tj) in time,

b) in the coordinate X, we establish at each partition point
x, not more than three values of each of the unknown

: J J J
functions yk,n—l’ yk,n' yic,n+1a
Programs with ordinary and double precision were prepared

for electronic computers of type YeS and BESM-6 and tan be used
on them without aﬁy changes.,

QRIGINAL PACE I
OF POOR
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APPENDIX

Program with Ordinary Accuracy
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Program with Double Precision

B i e e Rl T U VR

Basic Program

DOUBLE PRECTISION Y0,

DINENSION 70¢24 .10

178=9 .

TER=7?

gTﬁu:D

18559

TA3§,001

7K =0 .4

15570601 )

X0=0.5 -

X157,

HP

N=21

DG, ¢ 1=t ,N

Y0<&127=6SIN{3.1415?'(Xo+(X1-X0}*FL0AT(1-§5/FLDAT(M*1)3J
2 yplI,92=9. '

ALl nsMDE Ll r M e tE, v T v TER.2Thn Eda . TR TareY. . ¥u_ Y- .
¢ Caleulatlen of exact solution of control exXample at moment TKDH
S ¥e¢ i:u? BERP (-9, g696% TKORI*pS TR, 1&159-<x0*(x1-xo>-

i .y FLOAT uw ) ‘
11 §0<z,<§ 165 ST TS AR ,

8 FORMAI (32H’Comparlson of obtajned and ‘exact
ZOH solutions at BP = TKOH)

1 L A A ] ;
WG 10 Izq, -
®RINT 9,¢ D(: J} J‘1.a3
FORMAT {4pis, 5,

END -

| 5L P
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TAU -1-"”\"
GOTO 43

2 TAU= TAU/Z
AUV =g,

1s<rau T£331100000.> GLrbhXrh3
FORMAI (341 Step TAU is smaller than the permztted time =

L3

T T i ey k. Raaat st

PRINT 8IBP TAU
sTQE
sO TF{TAU.EQ,O2 GOTO 52
T pb 54 I=1,N
po_51 J=t1 M
51-Y(Irg3=¥ollag
GOT0 42
I2 DRINT o
§ FORMAT (391 IT = ITER Iteratlons do not converge Wlth prec131on EPS)
PRINY 56, ITER °
CALL DOUT(HINY .
PRINT §e,:T
. po 33 I=q W j
DO 53 J=4 M
53 y4< Tyt
: cgé; DOUTCRINY
7
55 gRLNT 56,11
£5 FORMAT (10H 1teratlon =, 13)
PV N Tt ¥ ol ¥ it S il i\ | "
€070 34 ™ .
57 PRINT 54,17 , i
58 CONTInUE ’ :
CALL pOUTIN, N
pO 5¢ I=gq,N
50 S9 J’:‘)!M .
59 yooﬁg,J)=Y1(;oJi
RETWRYN
END
Subrouting DSCL
SUBROUTINE DSEL(MM NN,EPSS
DOUBLE gaggxszgn BgrEéTAU1é§H;§f¥8JV Y4
pouUBR, E 8 Bi: 1QZ . : 4
olﬂthsx ﬁ §5<50?31): zcge.1o,f0>,02<19f1o 10y, 82¢2),F91¢10)
coMroy 9H¥F/ 8p, K, FAlY,
TXRC21).F¢f0), Y0029, 100V (B 10 0yi821,10)
MzEMy
NIZENN-1
MZ21Vl=Ml%9
MZ20zz¥H7
Mz§1= tMZe
M 0=§ﬁMz
MZ31=3*Mzel
NaN&day
=Y. AR
c Cycle in N
162 1FM)410,506,505
140 DD 144 LaM%4 2,M220
DO 114, Jd=11HZ3
111 BZtI.JJ=o
101 DO 11z L=1.,MZ
A2 (1320
¢ Search for a prOt element
?F§DA§S<BicI tEYy. Ly 0ABS (CZ¢1ysy 6040 113
=
: €241r=B2¢1,1)
112 r.n_r.l]'e.u
¢ Pivot element is close to zero
© T TPSPABRACZMIILLLELYDP"5BY BOTO 300
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