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A NEW BLADE ELEMENT METHOD FOR CALCULATING

THE PERFORMANCE OF HIGH AND

INTERMEDIATE SOLIDITY FANS

Henry V. Borst

SUMMARY

A method is presented to design and predict the performance of axial

flow rotors operating in a duct. The same method is suitable for the design

of ducted fans and open propellers. The new unified method is based on the

blade element approach and the vortex theory for determining the three-

dimensional effects, so that two-dimensional airfoil data can be used for de-

termining the resultant force on each blade element. Resolutzon of this force

in the thrust and torque planes and integration allows the total performance

of. the rotor, fan or propeller to be predicted. Three different methods of

analysis, one based on a momentum flow theory; another on the vortex theory

of propellers; and a third based on the theory of ducted fans, agree and re-

duce cascade airfoil data to single line as a function of the loading and in-

duced angle of attack at values of constant inflow angle. The theory applies

for any solidity from .01 to over i and any blade section camber. The effects
of the duct and blade number can be determined so that the procedure applies

over the entire range from two-blade open propellers, to ducted helicopter

tail rotors, to axial flow compressors with or without guide vanes, and to

wind tunnel drive fans. The performance of the rotors can be computed over

the range of loadings with good demonstrated accuracy as compared with test

results.

INTRODUCTION

The procedures and theories used to calculate the performance of axial

flow compressors, ducted fans and open propellers are all different. This is

especially true in the case of the methods used for axial flow compressors and

propellers. While there are many differences in the detailed characteristics

of propellers and axial flow compressors, they both have the same function to

provide an increase in pressure downstream, which will result in a thrust

force. Thus, the methods of analysis of each type should be based on the same

concepts.

With the increased use of axial flow fans for many different applications,

such as tail rotors for helicopters and lift fans for V/STOL aircraft, prob-

lems indesign have developed. The solidity of the fans needed often fell in

the range between that where cascade and isolated airfoil theory applied.

Thus, in the design and analysis of the fans where a low solidity is encoun-

tered outboard on the blade and a high solidity inboard, it is necessary to

use two different design approaches. Thus, isolated airfoil theory has been



used to determine the blade performance outboard and cascade theory to find
the characteristics inboard. As a result, a region existed on the blade
where there is considerable uncertainty.

Because the function of propellers and axial flow fans are the same, a
unified method should apply that can be used to calculate the performance of
any configuration from a single blade open propeller to a multi-bladed axial
flow fan in a duct. An investigation was conducted to develop such a method
and the corresponding calculation procedures with the primary purpose of elim-
inating the uncertainties when low solidity fans are used.

Wallis (ref. I) studied the "isolated airfoil" methodused in the analy-
sis of propellers for use in the design of axial flow compressors. This work
dependedon empirical corrections to develop corrections to the slope of the
lift curve as a function of rotor solidity and air inlet angle. This led to
someunrealistic results which could not be explained. While this work is
considered to be an important step in the development of a unified method, it
did not recognize the true separation of the profile and induced losses that
are considered in propeller and wing theory. Thus to apply the "isolated air-
foil" concept, further work is required to find the profile and induced loss
encountered by axial flow fans. This will permit two-dimensional airfoil data
to be used in the design of fans and should eliminate the problems encountered
at low and intermediate rotor solidities in the design of ducted helicopter
tail rotors, V/STOLlift fans and other fan applications.
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drag coefficient
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advance ratio = V/nD

circulation function, (eq. 15)

lift force, N (Ibs)

mass flow

rotational speed, rps

power, Nm/sec

static pressure, N/cm 2 (ib/in. 2)

torque, Nm (Ib ft)

½pV 2, N/m 2 (ib/in. 2)

rotor or propeller radius, cm(ft)

resultant blade force, N (ib)

blade station radius, cm(ft)

temperature, K

thrust, N (ib)

axial induced velocity, m/sec (ft/sec)

freestream velocity, m/sec (ft/sec)

rotational induced velocity, m/sec (ft/sec)

velocity relative to rotor blade, m/sec (ft/sec)

displacement velocity, m/sec (ft/sec)

induced velocity, m/sec (ft/sec)

w/V

fractional blade radius, r/R

B

angle of attack, deg

induced angle of attack, deg

air angle, angle between air velocity and axial direction, deg
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r(x)

A

N

4_o

)t

P

o"

tan -1 (CD/CL)

strength of circulation

change

axial loss ratio

efficiency

true wind angle, deg

apparent wind angle, deg

mass coefficient

blade setting angle rotors, deg

pitch of final wake, (V+w)/_nD w

fluid density, kg/m 2 (slugs/ft 3)

solidity, ratio of chord to spacing

Subscripts

c calculated

D duct

i induced

m mean

t test

w wake

o upstream

i inlet

2 exit rotor

3 stator inlet

4 stator exit

infinity



EXISTING DESIGN METHODS

The existing methods for the design of axial flow compressors, fans and

propellers have been developed over the years and are reviewed to provide

background for the development of the unified design procedure.

Axial Flow Compressors

The procedures currently used in the design of axial flow compressors

depend to a large degree on empirical methods for determining the blade in-

terference loss as well as the profile drag. These methods (ref. 2) depend

on extensive test data of airfoil cascades, which give the profile and blade

interference drag losses. Cascade data has been run _o cover a large number

of different types of airfoils, design lift coefficients or camber and a

range of solidities. To obtain the data necessary a large matrix of tonfig-

urations must, and have been, tested (ref. 3).

The application of the cascade data for the design of the axial flow

rotors, prerotation vanes and stator vanes depends essentially on determining

the turning angle required at each station from the velocity triangle and the

power input. So that the required turning angle is obtained, charts have been

set up where the best camber can be found for the selected solidity. The

blade setting angle required is then determined and the performance calculated.

The losses in terms of the diffusion factor are then found as a function of

the radial station.

The procedure described above is much more involved when the actual ra-

dial flow path through the blades is considered as well as the optimum radial

loading and compressibility considerations. Other factors, such as blade

stall, effecting surge must also be accounted for in a practical compressor

design and evaluation. While the procedures available work extremely well for

designing and evaluating the performance of an optimum compressor at a speci-

fied condition, difficulty is experienced in calculating the performance at

off-design conditions. Also, if the solidity is low or if it is desired to

determine the effects of airfoil design variables, problems are encountered

in calculating the performance as the basic test data does not cover the re-

quired range of operation.

Propellers

The methods used for the design and analysis of propellers depend on the

blade element approach where the vortex theory is used to find the three-

dimensional flow effects and thus the induced losses. This then allows two-

dimensional airfoil data to be used for finding the lift and drag forces at

each blade station. By resolving these forces in the thrust and torque planes



and integrating over the blade span, the performance of the propeller is found
(ref. 4). This procedure has manyadvantages as it makespossible the use of
any available two-dimensional airfoil data and allows theory to be used for
finding the effects of blade numberand blade load distribution. This is sim-
ilar to wing analysis where theory is used to find the losses due to three-
dimensional effects.

The vortex theory is used to find the induced losses and the equivalent
two-dimensional flow condition. This theory was developed by Goldstein
(ref. 5) and was extended by Theodorsen (ref. 6) and others (ref. 7 & 8). It
depends on the concept of an optimum load distribution and the so-called rigid
wake concept. This theory has proven very effective for calculating the ef-
fects of blade numberand predicting the induced losses. The application of
the theory is given later in this report.

Ducted Propellers

The theory of propellers has been extended to include the effects of en-
closing the propeller or rotor with a duct having a finite length (refs. 9
through ii). This theory allows the calculation of the three-dimenslonal ef-
fects of the rotor and duct. As a result, equivalent two-dimensional flow
conditions are found so that two-dimensional airfoil data can be used to find
the operating lift and drag characteristics, the induced losses and, therefore,
the performance. The theory depends on the concept of the optimum load dis-
tribution for finding the losses and requires finding the vortex load distri-
bution of the duct to satisfy the condition of the rigid wake. In finding
the equivalent two-dimensional flow conditions at each station of the rotor,
the velocity induced by the duct and the rotor must be determined. In appli-
cation, this theory is similar to that of the open propeller and has the same
advantages.

BASICAPPROACH

The blade element approach used for analyzing propellers and ducted fans
has proven to be very effective in providing a meansfor determining the best
design configuration and its corresponding performance. It has given the de-
signer the source of the losses and, therefore, a meansfor correcting the
problem, With the vortex theory for calculating the induced losses, the ef-
fects of blade numbercan easily be determined and this has thus eliminated
the need for conducting extensive tests for evaluating this parameter. For
these reasons the blade element approach, using two-dimensional airfoil data
or theory for finding the forces at each blade station, has been selected as
the basis for the unified design procedure of axial flow compressors, ducted
fans and propellers.



THEBLADEELEMENTTHEORY- AXIAL FLOWCOMPRESSORS

The blade element method for determining the performance of axial flow
compressors dependson determining the equivalent two-dimensional flow condi-
tions so that two-dimensional airfoil data can be used to find the forces on
the blade sections. This involves finding the change in the apparent velocity
vector as caused by three-dlmensional effects. This change in velocity is
given by a change in the flow direction relative to the airfoil through an
angle of attack _i, the induced angle of attack. The flow velocity and force
diagram for a blade section shownon figure 1 illustrates this velocity change.
The lift and drag vectors, determined from the two-dimensional airfoil data
at the angle of attack relative to the airfoil section, are normal and paral-
lel to the two-dimensional velocity vector Wm. To find the true three-
dimensional lift and drag vectors, the two-dimensional values must be resolved
to be normal and parallel to the apparent velocity WI. This results in an in-
crease of drag as shownon figure 1 relative to the two-dimensional drag.
This changebetween the two- and three-dimensional drag is defined as the in-
duced drag in the samemanneras with three-dimensional wings. As seen on
figure i, once the induced angle of attack is knownand the two-dimensional
values of lift and drag are determined, the thrust and torque forces on the
blade section can be determined.

The flow conditions on the blade element of a rotor are generally differ-
ent from a wing and a propeller with regard to three-dimensional effect. There
appears to be no flow about the blade tips and, if an element blade section is
considered, no flow between elements. On this basis it would appear that the
flow is two-dimensional and the induced drag is zero. However, when a com-
parison of the flow past a rotor section is madein relation to that of a
two-dimensional airfoil, a change is noted that will lead to losses. In con-
ventional theory of a two-dimensional airfoil, the true velocity is that far
upstream and the lift and drag vectors are given normal and parallel to this
vector. The upwash is considered equal to the downwashpast the airfoil and
the lift forces are reacted by an increase of pressure transmitted to the
stream. Whenan airfoil section is rotating in a constant area duct, as in
the case of an axial flow fan, only the velocity in the axial direction re-
mains constant relative to the section. This is due to continuity consider-
ations assuming an incompressible fluid. Thus, in the axial direction, the
lift force is reacted by an increase in pressure. In the rotational direc-
tion, the flow is not restrained so there can be an increase of velocity v as
is shown on figure i. The flow condition then becomesdifferent than in a
two-dimensional tunnel.

As a result of the production of lift on a rotor, a pressure increase and
a change in flow direction are obtained. The change in the flow direction is
the result of a three-dimensional condition since the flow is not restricted
in the rotational direction. Thus, there is an induced loss as a result of an
induced angle of attack change. The amount of this induced loss depends on
the proportion of the lift vector in the plane of rotation, which is measured
by the turning angle given to the flow AB (figure i). The velocity change in
the torque direction is equivalent to a downwashvelocity aft of the airfoil.



If half this velocity change takes place at the airfoil and half downstream,

then the equivalent two-dimensional flow velocity vector is W m and the in-

duced angle of attack _i is equal to half the change in flow angle AB.

So that two-dimensional airfoil data can be applied for finding the for-

ces on a blade section, it becomes necessary to find the induced angle as a

function of the lift and inlet angle. If this can be done, the vast store of

two-dimenslonal wind tunnel airfoil data and theory can be used for the design

and analysis of axial flow compressors. This will eliminate the need for cas-

cade airfoil data. Thus, it becomes possible to find the performance with

two-dimensional airfoil data, and the effects of Reynolds and Mach numbers can

be properly evaluated for the entire range of angle of attack.

Cascade Flow

At any given blade station a series of airfoils with a spacing corres-

ponding to the distance between the rotor blades and operating at an inlet

angle corresponding to the operating inlet angle duplicates the flow condi-

tions of a rotor. The relationship between a cascade and a rotor is illus-

trated on figure 2. A sufficient number of blades must be used in the cas-

cade so that when measurements are made th_ spacing between blades and the

flow conditions at the rotor are duplicated. Further, at the ends of the

blades wall interference must be avoided (ref. 2).

Because of the interference between blades of a rotor with a high solidi-

ty, the technique for finding the forces on a blade section has been to use

cascade airfoil data. These data were used instead of two-dimensional airfoil

data so as to properly simulate operating conditions and the blade interfer-

ence losses. Cascade data are available for a number of different airfoil

types (ref. 3). For any given airfoil type the data generally covers a wide

range of solidities, camber and inlet angle BI.

Since the flow conditions of a rotor are duplicated by a cascade and the

resulting data contain the sum of the two- and three-dimensional effects,

these data were examined to determine if suitable corrections could be found.

With such corrections it would be possible to separate out the three-

dimensional effects and thus eliminate the need for cascade data.

As shown on figure 2, the flow conditions of a cascade are identical to

the rotor; the flow is turned through an angle A8 and the inlet and exit vel-

ocities in each case are W 1 and W 2. Assuming the duct has a constant area in

the axial direction, the relative velocity can only change in the rotational

direction since continuity must be maintained. As a result, the lift and

drag forces on the airfoil are partly reacted by a velocity change and partly

by a pressure change. If the flow were allowed to expand, the pressure in-

crease would become a velocity increase. Thus, the pressure rise across the

cascade and rotor results from the lift and drag forces, which also give the

flow a rotational velocity component.

In the cascade tunnel the forces on the blade sections can be related to

the measured turning angle AB using the momentum equation, since the mass



flow is known based on the inlet conditions.

Thus, the mass flow in the tunnel is

m = PAIWI (i)

By the momentum equation, the mass flow times the change in velocity in

the torque direction is equal to the resultant forces on the blade, figure 2.

PAIWIAV = R'cos(Bm - y) (2)

The angle Bm is the angle of the mean velocity _ector Wm. This velocity

vector is considered to be the true velocity of the two-dimensional airfoil

section with the lift measured normal to W m. The lift and drag coefficients

are, therefore, based on qm = ½pW2m •

The force vector R includes the profile drag force so

R = L/cos y (3)

and

PAlWlAV = L cos(B m - y)/cos y

At any given station, x, on the rotor the equivalent cascade area is

A I = _xDAxR cosBl

Now as indicated on figure 2

sin _ i = _nDx/Wl

(4)

So

(5)

and sin B2 = (_nDx-Av)/W 2 (6)

Av = W I sin81 - W 2 sin_2

Combining equations 4, 5 and 7 and letting

P
L = CL _ W2 m BcAxR and

(7)

mc

o = _xD (8)

the expression is obtained for the loading parameter oC L

oC L

2 cos y cosB I Wl2(sinBl - cosSl tanS2)

Wm2 cos(B m - y )

(9)

Since

Equation 9 becomes

Wm = W I cosBl/COSB m
(i0)



o CL

2 cos28m cos y (tanBl - tan_2 )

cos (Bm-¥)

For the case of zero drag ¥ = 0 and equation (Ii) reduces to

oC L = 2 cOSBm(tanBl - tanB2)

(11)

(12)

and

Theoretical vs Test Comparisons

Based on the concept that the induced angle _i

_i = (BI - B2)/2 (13)

Bm = Bl - _i (14)

The variation of oC L as a function of the induced angle of attack _i was

calculated from equation (12) for inlet angles 81 of 30, 45, 60 and 70 degrees.
The results of these calculations are compared with the cascade test data for

NACA 65 series sections operating below the stall on figures 3 through 6.

Plotted in this form, the cascade test data is reduced to lines that are only

a function of the solidity as the effect of camber is essentially zero. It

should be noted that data for variations of design CLfrom 0 to 2.7 are in-

cluded on these plots. To obtain the proper comparison it was necessary to

convert the lift coefficient given in reference 2 to the value based on the

lift defined normal to Wm and a q corresponding to Wm. The CL given in ref-

erence 3 was defined as normal to the vector Wm with the q based on W I.

A comparison of the theoretical values of oC L vs ai with those measured

show generally excellent agreement. The differences bsetween the calculated

values assuming zero drag and the test results can easily be due to the dif-

ference in drag. For instance if equation (Ii) is used to find oC L with

finite values of CD, a reduction in oC L is obtained. Noted on figure 4 for

Bl = 45o are the values of oC L for y = 2, 4, and 6 degrees, which correspond

to a lift/drag ratio of 29, 14.3, and 9.5. Thus, the drag vector turns the

flow through an additional angle, which can be calculated using equations
(ii) and (12).

The good agreement between the calculated values of oC L using equation

(12) and the measured quantities from cascade data shows the induced angle is

a reliable measure of the three-dimensional effects. This would indicate that

two-dimensional airfoil data can be corrected to apply at solidities up to at

least 1.25 and that the blade element theory can be applied to calculate the

performance of an axial flow compressor. Since the blade element theory is

used to calculate the performance of propellers with good results, it is re-

viewed to determine if it is compatible with equation (12) and the cascade
test data.

I0



BLADEELEMENTTHEORY- PROPELLERS

So that the forces can be determined at any blade element on a propeller,
it is necessary to find the angle of attack change due to three-dimensional
effects. As indicated above, this angle is defined as the induced angle of
attack and for propellers must include the change due to tip losses, as well
as the change due to blade numberand loading. To calculate the induced angle
of attack at the propeller, the vortex theory has been used. This theory as-
sumesthat at each blade station a vortex is shed in the wake which forms,
along with all the shed vortices, a helical vortex sheet. Such a helical vor-
tex sheet is shed by each blade of the propeller and the vortex sheets extend
from the propeller blade to infinity. For a propeller operating with an op-
timum load distribution, the helical sheets will be rigid and moveaft rela-
tive to the disk with an axial velocity u and a rotational velocity v as ills-
trated on figure 7. For the purpose of simplifying the solution, an equiva-
lent velocity w is used instead of u and v. The velocity w is referred to as
the displacement velocity and with the free stream and rotational velocity
componentsdetermines the pitch of the shed vortex sheet (ref. 6).

Whenthe propeller has an optimum loading, the displacement velocity is
constant with respect to radius in the final wake. This leads to a rigid he-
lical wake of the vortex sheets for the optimumefficiency (ref. 6). This is
referred to as a Betz loading for propellers and a vortex-free loading in
compressors. Thus for the optimum loading condition, the load is distributed
uniformly spanwise as in the case of a wing with an elliptical distribution.
The use of the optimum load distribution for determining the inflow conditions
of any propeller operating with a non-optimum distribution can only be justi-
fied for the design condition where peak efficiency is desired. In this case,
the best load distribution is being sought so that conditions do approach the
ideal case. In effect, we are assuming that at each blade radius the condi-
tions are independent of the other stations. This is the concept of indepen-
dence of blade stations.

Vortex Wake

The vortex wake determines the strength and magnitude of the induced ve-
locity vector at each blade station. This allows the determination of the
induced angle due to three-dimensional effects and, thus, the conditions for
two-dimensional flow. Knowing the equivalent two-dimensional velocity and its
direction, the lift and drag of the airfoil can be found from which the torque,
power thrust and efficiency is calculated. The characteristics of the final
wake are, therefore, of primary importance for finding the operating conditions
and the performance of any rotor, fan or propeller.

For any axial flow, rotor vortices are shed at each station due to the
change in blade spanwise circulation. Thesevortices form a vortex sheet or
discontinuity, which in an ideal fluid extend to infinity. The potential dif-
ference across the vortex sheet or helical surface at a radius x is equal to
the strength of the circulation F(x) at that point. Based on finding the
strength of the circulation F(x) across the helical surface of a given pitch

ii



and blade number, a factor K(x) is defined which allows the determination of

the operating CL for a given or assumed wake condition. Thus, the variation

of CL can be found as a function of the induced angle of attack. This then

allows the application of the two-dimensional airfoil data for finding the
forces on the blade.

Circulation Function

The circulation function K(x) is determined by the characteristics of the

propeller and the condition of operation. Theodorsen defines K(x) by the re-
lationship

BF(x)n

K(x) =
(V+w)-$ (i5)

The displacement velocity w is not the real axial velocity of the vortices

in the wake, but defines the wake helix angle along with the velocity V and the

rotational speed _nDx. The circulation function K(x) depends on the blade num-

ber, blade station, the helix angle of the wake and the duct configuration.

For the case of optimum loading, w/V = w = constant, and the condition where

the pressure in the wake is equal to the free stream pressure, K(x) has been

determined as a function of blade number, station and helix angle for both

ducted and open propellers. For the open propeller Theodorsen (ref. 6) mea-

sured the potential using the electrical analogy technique, and thus deter-

mined K(x). This work has been confirmed by the Goldstein results (ref. 5)

and by others (refs. 7 and 8) by direct calculation and was extended by

Wright and Gray (refs. 9 and i0) to the case of ducted propellers. In the

case of ducted propellers K(x) was determined for conditions in the wake that

represent the optimum distribution of load between the rotor and duct.

Properties of K(x)

The term K(x) represents a measure of the mass flow handled by a section

of the propeller. When K(x) is integrated over the blade span, a term defined

as the mass coefficient is obtained. Thus

o5°= 2f IK(x) xdx (16)
o

The mass coefficient times the projected wake area, the corrected dis-

placement velocity and the density represents the mass handled by the propel-

ler in a unit time. Thus, the thrust can be calculated using the momentum

equation. In this case, the increased velocity is the displacement velocity
w in the final wake.

Thus, the thrust as determined by the conditions in the wake is

T = p_'wA[V + w(½ + _)] (17)

12



This equation was developed by Theodorsen (ref. 6).

The circulation function at a given blade station increases with blade
number and decreases with an increase in the helix angle. For a single rota-
tion open propeller with an infinite numberof blades

x2
K(x) - (18)

x2+_2

For a dual rotating propeller K(x) = i. Thus, the mass handled is de-

fined by the projected helix area and the actual velocity, as in the case of

the simple momentum theory. The significance of a single rotation propeller

with an infinite number of blades is that this is the upper limit and repre-

sents the case where there are no blade or tip losses. In this case, only the

rotational losses are found.

The K(x) term can be used to determine the operating lift at any station

that corresponds to a wake shape as determined by its angle and blade number.

To find the lift or lift coefficient it is necessary to project conditions in

the wake, where the pressure corresponds to free stream conditions, back to

the rotor. When this is done the equivalent two-dimensional flow conditions

are determined. For the propeller, the conditions at the blade are determined

approximately from those in the wake by the momentum equations.

The equation for determining the oC L at any propeller blade station is

found using the procedure given by Theodorsen (ref. 6) as follows:

From equation (15) for the circulation function, the ideal circulation

at blade station x is

(V+w)w
F(x) = K(x) (19)

Bn

Now L = FpW = ½pW2CL c (20)

so F = ½ W CLC (21)

From figure 7 and noticing that the displacement velocity at the prope_er

is equal approximately to _fw, then the velocity at the blade section

equals

W = 1 (V+_w)-½w sin_ (22)
sin_

W

From equations (21) and (23)

1
(V+½w cos2_) (23)

sin_

13



F ½CLc i (V+_w cos2_)
sin_

Thus

V+w 2sin
cC L - wK(x)

Bn V+B_w cos 2

Letting w = w/V and a = cB/2_r

the equation for the blade loading oC L for a propeller is

i + w sin2_
CL = 2wK (x)

(i+_) (i+_ cos2_) cos

(24)

(25)

(26)

In equation (26) the K(x) term is a function of the blade number, helix

angle in the final wake _ and the radial blade station x. The variation of

K(x) with helix angle and x is given on figures 8 through ii for 2, 3, 4, and
6 blade propellers.

Since the difference between the apparent wind angle 4o and the true

wind angle _ is the induced angle of attack (figure 7) a relationship exists

for finding the operating lift coefficient and, therefore, the forces on the

blade element. To do this the lift coefficient calculated from equation (26)

must equal the CL for that of the airfoil at the given blade section, operat-

ing at the same angle of attack as found from two-dimensional airfoil data.

The two-dimensionsl airfoil data used is adjusted to consider any change in

the slope of the lift curve due to mutual blade interference effects. So,

CL @ _ = _-_o-_ i from two-dimensional airfoil data must equal
CL @ _ = 4o + _i from equation (26).

Once the operating CL above has been determined, the profile drag is

found from two-dimensional airfoil such as refs. ii and 12, and the forces can

be resolved in the thrust and torque directions as shown on figure 7 to give
the equations which are derived in ref. 4.

CT =/I

0

.0 _x [l+_(l_sin2_) ] 2aC e _- J2 L- _ _ (cos+-tany sin_)dx (27)

CQ =/i.

0

OOCL 8L--JZl_x2-r l+W(l-sin2__---) ]
sin

2

(sln¢ + tanycos¢)dx (28)

Thus, by solving for dC T and dCQ at each blade station as shown above, the

total forces on the propeller can be found for any condition.

14



Rotor in a Duct

A rotor operating in a duct can be treated in the same manner as a pro-

peller for finding the thrust, power required and efficiency. That is, cir-

culation functions K(x) can be found for the distribution where the loading is

optimum. In this case, the wake consists of the helical vortex sheets pro-

duced by the rotor with a cylindrical sheet produced by the duct. _e cylin-

drical sheet of the duct encloses the vortex sheets of the rotor. This outer

sheet must be of sufficient strength to neutralize the radial flow on the

blades.

Due to the rotational speed of the blade, the velocity on each blade sec-

tion increases as a function of radius. This results in a change in loading

with radius and the shedding of a vortex element at each blade station. Thus,

a vortex sheet is formed by each blade in much the same manner as with a pro-

peller. The distribution of vorticity, however, is different even for the

optimum case, as is illustrated on figure 12. As in the case of a propeller,

the optimum distribution for peak performance for a ducted rotor occurs when

= w/V in the final wake is constant over the effective disk.

Again, as in the case of an open propeller, the key to the calculation of

the performance using the blade element method is finding the circulation func-

tion K(x) as a function of the wake parameters, helix angle and blade number.

This requires extensive calculations with involved computer programs. Based

on the above concept of the optimum load distribution, T. Wright and R.B.

Gray (refs. 9 through ii) determined the variation of K(x) with blade number

and advance ratio as a function of blade radius. The results of these calcu-

lations are given on figures 13 through 18 for rotors with 2, 3, 4, 6, 8 and

12 blades. The variation of K(x) for a rotor operating in a duct compared

with the open propeller (figures 8 through i0) indicates that higher values of

K(x) are generally obtained at any given x and helix angle for the ducted

configuration (figure 12). Comparison of the K(x) for rotors operating in a

duct having 8 and 12 blades indicates little difference in K(x) compared with

that for an infinite number of blades, equation (18).

The circulation function for a rotor operating in a duct can also be used

to find the operating value of C L. Since, however, K(x) is known for the equi-

valent helix angle in the final wake, a means must be found to convert the

conditions in the final wake to those at the rotor. Then the equivalent two-

dimensional airfoil operating conditions can be found, along with CL and CD,

to allow the application of the blade element method of analysis.

15



DUCTEDROTORFLOWCHARACTERISTICS

The conversion of the flow conditions in the final wake to rotor will
allow the use of the circulation function K(x) for finding CL and _i" To make
this conversion consider the velocity diagram of a rotor operating in a con-
stant area duct. For convenience in this development the usual axial flow
compressor notation will be used. Consider a rotor with an infinite numberof
blades operating in a constant area duct in an incompressible fluid. Let B1
be the entrance angle (figure 19). The rotor imparts a rotational velocity
componentv to the fluid as a result of the power imput. The velocity in the
axial direction remains equal to the upstream value V, due to continuity with
the force componentof the lift developed on the airfoil reacting into a pres-
sure increase. Thus, aft of rotor there is a pressure increase and the devel-
opment of a rotational velocity component.

Relative to the rotor the inlet velocity is W1 and the exit velocity is
W2, B2being the exit angle. The meanvelocity relative to the rotor is Wm,
which represents the equivalent two-dimensional conditions, as the upwash is
assumedto equal the downwash. Thus, the lift coefficient is defined based on
a q corresponding to Wm and is normal to Wm.

At the exit of the duct, the pressure increase aft of the rotor can no
longer be supported and is converted to a velocity increase u' when the pres-
sure decreases to the ambient pressure Po. The resulting axial velocity in-
crease in the wake is equal to u and is determined from Bernoulli's and the
continuity equations. Thus, based on the notation given on figure 19

Ho = HI, H2 = H3; T/A = H3- Ho (29)

By continuity

PAIVo = PA2Vo = PA3V3 = PA3(Vo + u)

Vo +u
D2 /D 3 = Vo - (i + H)½ (30)

wh e re

u = u/V

The axial velocity increase in the wake u combined with the rotational

velocity v determines the pitch of the rigid vortices in the final wake when

combined with the forward and rotational vectors (figure 19). The apparent

velocity vector w, the displacement velocity, describes the effective pitch of

the wake as in the case of propellers (ref. 6). Even though the diameter of

the wake is less than that of the duct, the rotational velocity _nDx remains

constant between the wake and the rotor by the law of the conservation of

angular momentum. Based on this concept, the Theodorsen procedure can now be

used to calculate oC L for any blade station of a ducted fan knowing the con-
ditions in the final wake.

16



The circulation function K(x) relates to the strength of the circulation
F. Thus, from equation (15)

K(x)(V+w)w
= (3i)

Bn

Since the circulation will not change between the rotor and the final wake

F = ½ Wm cC L (32)

From equations (31) and (32) and the definition o = Bc/(_xD)

o C L =

2K(x) (l+w)w

tanBiW m

(33)

From equation (18) the circulation function for an infinite number of blades is

and can be written as

K(x)

x 2 1

x2+% 2 l+tan2#w

= cos2_w = sin2B2w

where 1 = the pitch of the wake = V+w/_nD w

Thus, equation (33) becomes for an infinite blade number

2sin2B2w(l+_)w cosB m

oC L =
tanB 1

(34)

Based on the velocity triangles at the rotor and in the final wake

_nDx-Av _nDx _

tanB2 - V1 V1 w sin_2wCOS _2w

_nDx

tan6l -
V 1

_nDx =
tanB2w =

V 1 (l+w) (l+w)

and so w =

tanBl - tanB2

sinB2wCOS 82w

Substituting these relations in equation (34)

oC L = 2cOSBm(tan81 - tanB2)

=

17



This equation is identical to equation (12) which was derived based on
the analysis of the airfoil cascade. Thus, the simplified approach used for
calculating oCL based on momentumanalysis of the flow through a cascade com-
pares directly with the propeller and ducted fan theory for the case with an
infinite number of blades. Since the test data of the flow through a cascade
confirms both equations (12) and, thus, (34), it is now possible to calculate
blade interference losses for rotors operating in a duct. Theseblade inter-
ference losses actually correspond to induced losses and are independent of
section type and camber. Thus, it becomespossible, using equation (12) or
(34), to calculate the induced losses of an axial flow compressor and find the
corresponding operating conditions for the application of two-dimensional air-
foil data from test or calculation, such as references 12 through 14, to find
the profile losses.

Rotor of Finite Blade Numberin a Duct

Since the propeller theory, cascade approach and cascade test data agree,
the effect of blade numbercan be determined using equation (12) or (34) modi-
fied, using the values of K(x) found by T. Wright and R.B. Gray (refs. 9
through 11). This is done by modifying equation (12) by the ratio of K(x) for
the given blade number, figures 13 through 18 by the K(x) for an infinite num-
ber of blades. Thus,

K(x)
°CL = 2c°s(Bl-_i)(tanBl-tan(Bi-2ai)) K(x)_ (35)

From the above, a method exists where the blade element theory can be used to
determine the variation of the loading term oCL with the induced angle of
attack for open propellers and rotors operating in a duct. The theory applies
for solidities in the range up to 1.0.

APPLICATION

The excellent agreement of the two theoretical approaches for finding the
induced angle of attack as a function of loading oCL and the further agreement
with the cascade test data indicates that the blade element theory can be used
to calculate the performance of axial flow fans. This, then, makes it poss_le
to use two-dimensional airfoil data for finding the performance of an axial
flow compressor operating in a duct, an open propeller or any axial flow device
in between, using the samebasic approach. The theory allows the separation
and identification of the induced and profile losses and gives the designer
the opportunity of optimization to obtain peak performance. The elimination
of the need for cascade data makesdirect application of two-dimensional air-
foil data possibl_ either from test or from computer calculations.

The blade element theory can be used to find the thrust and torque char-
acteristics of a single rotor with or without prerotation or stator vanes.
Knowing the initial flow direction, the turning angle through the rotor can
also be determined. To do this it is necessary, as in the case of propellers,
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to find the operating lift coefficient at each blade station knowing the rela-
tive velocity in the blade setting angle and the airfoil section used. The
two-dimensional angle of attack is thus found from the equation

(36)

Using equations (35) and (36) and two-dimensional airfoil data, the operating
CL can be found at each blade station. Thus, the CL at an angle of attack
found in equation (34) from two-dimensional airfoil data must agree with the
CL of equation (35), and the induced angle of attack in both equations must
be identical. Using two-dimensional airfoil data to find the drag, the resul-
tant force can be found at each blade station. These forces are then resolved
into the thrust and torque direction to find the total rotor performance.

Rotor Torque

The equation for finding the torque of a rotor is developed as follows:
Consider the lift force on a blade element -- it is normal to the meanvel-
ocity Wm as shown on figure I. The addition of the drag force to lift gives
the resultant force R which, resolved in the torque direction, gives

dQ = rB(cos(Bm-Y )) dR (37)

since dR = dL/cos y

P
dL = CL _ W2mc dr

dCQ = dQ/(pn2D5)

o = cB/_xD

and from the velocity diagram Wm/nD = JD /c°sBm

and integrating over the blade span, equation (37) becomes

2 j2
1.0 _x D

CQ =S °CL 8 coS2Bm

0

(cosB m + sinBm tany)dx
(38)

Rotor Thrust

By resolving the resultant force in the thrust direction, the equation

for the thrust coefficient becomes

/i wx J2D
CT °CL 4 coS2Bm

0

(sinBm- cosB m tany)dx
(39)
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In equations (38) and (39) it should be noted that JD is based on the velocity
in the duct ahead of the rotor. Nowsince

Cp = 2_CQ = p/(pn3D5 (40)

The thrust power of the rotor can be determined for any rotor operating in a
duct using the methods described above, as long as the equivalent free stream
velocity conditions and fluid density are known.

Duct Induced Velocity

A rotor operating in a duct having a finite shape will be effected by the
velocity induced in the rotor plane by the duct. This induced axial velocity
is a function of the duct shape, the free stream velocity and rotor thrust.
From theory this velocity and duct thrust can be determined, using the proce-
dures developed in references 15 and 16. Computerprograms are also available
to calculate the inflow velocity of duct (ref. 17_.

PREROTATIONANDSTATORVANES

The performance of prerotation and stator vanes can be calculated based
on the sameprocedures and theory used to find rotor performance. The ob-
jective of the fixed vanes is to eliminate the rotational velocity component
in the final wake and thus recover the rotational losses. As a result, the
pressure ratio or thrust of the system will be increased.

To calculate the performance of a stator vane, consider the vector dia-
gram, figure I. The relative inlet velocity vector W3 is the sameas the
relative exit velocity of the rotor W2, figure i. The relative inlet angle
is B3 and the exit angle B4. The equivalent two-dimensional velocity vector
W1m is at an angle 81m as shown. So

= 8183 - _i m (41)

The resultant of the lift and drag vectors dR resolved in the thrust plane
gives

dT = Bsin(Blm -y )dR (42)

Since cos y = L/R, dL = CL_W122 m c dr,

o = cB/_xD, J3 =

CT = T/pn2D4, n =

V3/nD

the rotor revolutions per second.
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j2dCT x 3
- oCL

dx 4 cos26im
(sinBlm - cosBlmtany) (43)

Equation (43) integrated across the span gives the thrust recovery of the
stator. The effect of prerotation vanes can be determined in a similar manner.
In this case, however, the vanes give rotational component to the flow, which
results in negative thrust. The rotor removes this rotation with a corres-
ponding thrust increase. The torque developed by the prerotation or stator
vanes can be calculated by resolving the forces in the torque plane and find-
ing the torque coefficient in a similar manner. Since the torque developed by
the stator vanes is reacted by the duct system, its value is of little inter-
est and is not normally calculated.

COMPRESSIBILITYEFFECTS

The theory used to calculate the performance of axial flow compressors,
with or without prerotation and/or stator vanes, is based on incompressible
flow. For low pressure ratios, such a theory can be used directly as long as
there is an insignificant change in density. With rotors developing high
pressure ratio, the effect of the density changewill becomeimportant and
must be considered, especially when determining the exit velocity vectors
across each stage. While the overall effects of compressibility are not
accounted for in the analysis, their influence will present no difficulty to
the analysis.

Equations (38) and (39) can still be used to find the thrust and torque
produced by the rotor when operating in a compressible fluid. Then, based on
the thrust and torque developed, the pressure and temperature increase aft of
the rotor stage can be found. The density ratio across the stage can thus be
calculated from the equation from the gas law

pl/p 2 = (p1 /p2) (T2/T1) (44)

In the axial flow direction the continuity equation must be satisfied so, in-

stead of a constant velocity across the rotor stage, the axial velocity be-

comes

V2 = Vl pl/02 (45)

This change becomes of interest when it is necessary to determine the charac-

teristics of stator vanes aft of the rotor.
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COMPARISONOFTESTVS CALCULATEDPERFORMANCE

To determine the accuracy of the blade element method, the calculated
performance was comparedwith test results for rotors operating over a range
of conditions. The results of this comparison are given on Tables i and 2.

On Table 1 the calculated performance is comparedwith test for a 6-foot
diameter rotor with 15 blades. The blade characteristics of this rotor are
given on figure 20. It has a blade solidity varying from 1.06 at the spinner
to .35 at the tip, so that it represents the range that is of interest. Com-
parisons are madefor a range of conditions of blade setting angle _ and
throttle settings, so that the results apply over a range of loadings. The
performance was calculated based on a constant inlet velocity ahead of the
rotor that was considered to be known. The given rotational speed and blade
characteristics then were used to solve equations(35) and (36) to find the
operating lift coefficient at each blade station. The thrust and torque were
then found from equations (38) and (39). The calculated performance compared
with the test results given in reference 18 indicates good agreement over the
operating range. I Since this rotor was designed for low noise, the tip speed
is low. For this reason the effects of compressibility can be expected to be
low, and good agreementbetween test and calculated results would be expected.

Table 2 gives the results of a comparison with a 20-inch diameter run in
the NASAcompressor facility. The test data and characteristics of this rotor
are given in reference 19. The rotor considered has a solidity of .99 inboard
and .5 at the tip, and was tested over a wide range of conditions. The re-
suits of the test data are presented in compressor notation in terms of total
temperature and pressure ratio, and were converted to values of power and
thrust for comparison with the calculated data. As before, the rotor perform-
ance was calculated using blade element theory; equations (35), (36), (38)
and (39); and two-dimensional airfoil data for finding the lift and drag coef-
ficients at each blade section.

The results of this comparison indicate that good accuracy is obtained
when the rotor is operating at lift coefficients corresponding to the linear
portion of the lift curve. At the upper and lower extremes the accuracy of
the calculation method is poor, indicating further work is needed. The ac-
curacy problem at these conditions could be due to the lack of good two-
dimensional airfoil data. At the 120%design speed condition the agreement
of the calculated performance with that measured is poor. This lack of agree-
ment is due to the compressibility losses that are not considered in the
calculations.

1 The accuracy of the calculated performance was improved when the mutual
section interference corrections given in reference I were used.
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DUCTEDTAIL ROTOR

The performance of a helicopter tail rotor operating in a duct can also
be found using the calculation procedures described in this report. To apply
these analysis methods,it is first necessary to determine the velocity just
ahead of the rotor as induced by the duct. Since the rotor influences this
flow, the velocity must be determined with the rotor operating at its pro-
jected thrust level. That is, the pressure rise across the rotor must be
considered. For these conditions, the velocity induced by the duct can be
calculated using the procedures given in references 15 and 16 or the computer
program described in reference 17. Since the methods given in references 15
and 16 apply only for operation at a velocity greater than zero, the method of
reference 17 must be used for analysis at the static condition.

The thrust produced by the rotor is then calculated knowing the velocity
ahead of the rotor, the rotational speed, and the blade characteristics,using
equations (35) and (36) to find the operating CL at each blade station and
then equations (38) and (39) to find thrust and torque. If the velocity
ahead of the helicopter is operating at a forward velocity greater than zero,
the velocity at each azimuth location must be used for finding the rotor per-
formance,and the results integrated to find the total.

Calculated vs Test Performance

Test data on the performance of a ducted helicopter tail rotor is given
in references 20 and 21. For the zero speed condition, the performance of
the duct and the rotor was measuredusing load cells. The rotor thrust was
found from the test data using the pressure distribution to estimate the
forces generated by the surrounding surfaces and the spinner. For the case
where the blade angle is equal to 25 degrees, the ratio of the thrust to power
coefficients was calculated to be six percent lower than the measuredvalues.
This comparison was madefor the case where the power of the test and calcu-
lated configurations agree. Based on the methods used to estimate velocity
in the plane of the rotor, the accuracy of the comparison of test and calcu-
lated performance is considered to be good. Additional test data of ducted
tail rotors is needed, however, for evaluation of the calculated method of
analysis.

CONCLUDINGREMARKS

A unified theory and method of analysis has been developed which is suit-
able for calculating the performance of axial flow rotors operating with or
without a duct. This analysis method applies for the entire range of solidi-
ties up to over i, and so covers the intermediate range between that of pro-
pellers and axial flow compressors. It is shown that the analysis procedure
eliminates the need for blade cascade data for finding the interference or
induced losses, and these losses can be found based on theory. The induced
losses are a function of the blade loading, inlet angle, radial station and
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blade number. The identification of equivalent two-dimensional flow condi-
tions on a blade element allows the use of two-dimensional airfoil data for
finding the profile losses. Thus the designer can use calculated or test
two-dimensional airfoil data to find performance, which thus allows the appli-
cation of advance airfoils without the need to dependon cascade airfoil test
data. For a blade section of any solidity the operating lift coefficient re-
quired can be determined, which makespossible the selection of the airfoil
with the best camber for minimumdrag. Since the profile and induced drag
losses can be determined at each station, the optimum spanwise loading dis-
tribution can be found to minimize the total of these losses and so develop
the optimum configuration.

The method of analysis developed for compressors is suitable for finding
performance over the entire operating range as well as at the rotor's design
conditions. The methods apply for the design of prerotation and stator vanes.
Comparisonsof the performance of rotors determined by test with that calcu-
lated indicated excellent agreement.

RECOMMENDATIONS

Further work is recommendedon the new theory of axial flow fans to ex-
tend its range of operation. To do this the following areas should be in-
vestigated:

I. Analyze the range of loading and operating lift coefficients to find

if compressor surge or stall Can be explained in terms of the stall

of two-dimensional airfoil sections. Develop the necessary correc-

tions to predict compressor surge.

2 . Determine the effects of pressure ratio on the lift curve slope based

on the analysis given in reference 22. Also, find any limits that

may be due to high pressure ratios.

3. Investigate the upper limits of rotor solidity for the application

of the unified theory.

o Through the study of low Reynolds number airfoil data and rotor test

data, evaluate the effects of Reynolds number on the efficiency of

compressors and the loading at surge.

5.

Using high speed rotor test data, develop procedures to account for

compressibility effects in calculating rotor performance using the

unified theory.

6. Develop the change in K(x) necessary to account for the effects of

tip clearance.
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7. Investigate meansof determining two-dimensional airfoil data from
rotor test data to increase the range of data available, especially
at the higher design lift coefficients.

8. Conduct studies to determine the possible errors when operating at
non-optimum loadings.

9. Using the theory, design a series of optimum rotors and check the
predicted performance by test.
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T_LE 1

CALCULATION OF PERFORMANCE

SUMMARY SHEET

Second Rotor

NASA 40x80 ftTUNNEL

B = 15 D = 6

Spinner = 32"

T

Set** _t

126 43.2

120 43.2

ii0 43.2

i00 43.2

90 43.2

80 43.2

70 43.2

Cpt J _t A% c

1.99 2. 268 77.6 0

-2.4

2.043 2.20 75.3 0

-2.1

2.081 75.0 0

-i. 3

1.971 1.775 75.1 0

1.915 1.658 73.0 0

1.873 1.579 71.7 0
+ .74

1.761 1.288 67.1 0
+1.2

+2.0

C
Pc

1.675

2.063*

1.750

2.087*

1.881

2.057*

1.973

1.986

1.99
1.92 *

1.943
1.855

1.798-

_C

77.9

77.O

77.4

77.1

78.0

76.9

76.4

75..%

74.1

74.9

68.1

69.7

70.6

A T

- .6

+1.8

+1.9
+1.3

+2.3

+3.2

+2.6

+3.5

120 40.9

i00 40.9

80 40.9

2.286 2.299 73.2 0

-1.12

2.1527 1.8515 73.6 0

2.0671 1.5745 69.4 0

+ .6

+1.5

2.060
2.244*

2.2129

2.1966
2.1570

2.0678*

77.3

76.3
75.09

71.64

71.56

72.95

+4.1
+3.4

+1.5

+2.24

+2.16

+3.55

80 52.9

70 52.9

60 52.9

1.2781 1.2824 76.1 0
-- .9

1.2241 1.0259 71.1 0

1.1824 .9888 73.1 0
+1.08

1.2271

1.2943"

1.2460

1.2428

1.1863-

78.72

78.03

73.97

72.84

73.76

+2.6

+1.9

+2.9

* Blade

power

** T/Set

setting angle adjusted until

agrees with test within + 4%

= throttle setting.

calculated
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%

Design

Speed

i00

TABLE 2

COMPARISON OF TEST AND CALCULATED

ROTOR P ERFORMANCE

Ref. NASA TM X-3052

_In Test Test Cal Cal

No. Cp CT Cp CT

1532 1.837 .4491 1.894 .5838

1400 2.255 .7807 2.237 .7730

1402 2.357 .8664 2.348 .8588

1404 2.393 .9073 2.408 .9211

1405 2.448 .8139 2.392 .9317

Test/Cal 81

cT/cp/cT/Cp @81

.7932 43.0

1.002 47.0

1.005 49.7

.9909 52.0

.8536 54.6

R

90 1540 i_859 .4302 1.641 .4733

1411 2.055 .7602 2.184 .7488

1412 2.201 .8445 2.320 .8330

1413 2.309 .9101 2.422 .9144

1415 2.391 .9331 2.423 .9796

.8023 410

1.079 467

1.068 490

1.044 517

.9654 554

ii0 1533 1.725 .4383 2.079 .6778

].534 2.180 .7038 2.232 .7687

1418 2.329 .8524 2.322 .8380

1420 2.505 .9538 2.406 .9091

1421 2.479 .9300 2.391 .9365

.7794 448

.9375 470

1.0142 490

1.008 517

.9579 528
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1538 i_827 .4354 2.195 .7444

1537 2.265 .6834 2.303 .8243

1536 2.547 .7964 2.385 .8912

1535 2.643 .8436 2.410 .9463

.7023 464

.8431 485

.8367 50.9

.8128 530



dL (2-dimensional) .-)'_
/ I

//HL(3-dimensional)/ / A 7--
// , / /_!

_'/ ," ///2 /
_._\ _os_ , ,i_'a- /
I_ k \ I j_///// _m- Vo

__ _,/," _

f\
I \ \

B4_d-D

v i dR

Figure I. Velocity and force diagrams for rotor and
stator blade sections operating in a
constant area duct.
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Figure 2. Duplication of the flow through a rotor

using a cascade of airfoils.
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Figure 3. Blade section loading parameter vs induced

angle of attack, inlet angle = 30 ° .
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Figure 4. Blade section loading parameter vs induced
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dL
dR

dT Differential Thrust

L_

Differential dQ

Torque r

=nDx = Section Rotational Velocity

V = Forward

Velocity

dQ/r = Section Torque

dL = Section Lift

dD = Section Drag

B = Blade Angle

= True Wind Angle

_/_ = Apparent Wind Angle= Displacement Velocity

W = Apparent Velocity

w' = Induced Velocity

w = Axial Inflow Velocity

v = Rotationai Inflow Velocity

z = tan-i cD

Figure 7. Propeller Velocity and Force.Diagram -

Single Rotation Propellers.
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Figure 13. Circulation Function K(x) vs Wake Advance Ratio
for a two-blade ducted propeller.
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