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SYMBOLS 

A acceleration error, referred to path axes 

normal applied specific force, g 

transformation from runway to path axes 
% 
A 

A, longitudinal applied specific force, g 
PS 

-9-9- a a* ac actual, reference, and commanded accelerations, respectively 

act total feed-forward and feedback acceleration command 
_I 

-- ad steady acceleration disturbance 

- zd random acceleration disturbance 

am 9 %  
minimum, maximum operational values of path axis acceleration (i> (i) 

components 

- C location of center of circular path 

(E1 ,E2+)  position, velocity, and acceleration error relative to the 
next reference trajectory leg, referred to path axes 

(“1 ’e2 ,e3) 
(enl,en2,en3) 

transition dynamics position, velocity, and acceleration states 

difference between position, velocity, and acceleration of 
two successive reference trajectory legs, referred to path 
axes 

(er Y ev Y ea> position, velocity, and acceleration command errors 

e e  -2m ’-2M 
e e bounds of initial values of components of g2 -2 Om’-2 OM 

e e  acceleration excursion saturation parameters -3m ’-3M 

e e bounds of initial values of components of g3 -3 Om ’-3 OM 
6 6  acceleration rate saturation parameters 3m’ 3M 
F aerodynamic force -a 

f , fc Y fcT 

minimum and maximum velocity excursion saturation parameters 

applied specific forces of aircraft, of trajectory command, 
and of total acceleration command, respectively 

G plant dynamics 

V 



II a c c e l e r a t i o n  of g r a v i t y  

g i ( ~ , ~ , ~ , ~ )  o p e r a t i o n a l  c o n s t r a i n t  func t ions  

I u n i t  m a t r i x  

I C T D  t r a n s i t i o n  i n i t i a l i z a t i o n  swi tch ing  parameter 

l i n e a r  c o n t r o l  l a w  ga ins  k, 'k, 

L locus  of p o s s i b l e  i n i t i a l  cond i t ions  f o r  a t r a n s i t i o n  

m e i t h e r  r e f e r e n c e  t r a j e c t o r y  l e g  counter  o r  order  of p l a n t  
dynamics 

P op t imal  c o s t  func t ion  m e t r i c  of TD l i n e a r  mode c o n t r o l  l a w  

(p1,p2,p3) pa th  axes  r e f e r e n c e  frame 

h o r i z o n t a l  p lane  r a d i u s  of cu rva tu re  
RC 

r , r* , rc  a c t u a l ,  r e f e rence ,  and commanded a i r c r a f t  p o s i t i o n ,  r e s p e c t i v e l y  

r o  i n i t i a l  p o s i t i o n  

- -_  

- 

S set of parameters  de f in ing  r e f e r e n c e  t r a j e c t o r y  

S e i t h e r  a r c  l eng th  or  Laplace ope ra t ion  

(s1,s2,s3) runway a x i s  r e fe rence  frame 

T optimum t r a n s i t i o n  i n i t i a l i z a t i o n  t i m e  

t t i m e  

i n i t i a l  time f o r  a t r a j e c t o r y  l e g  

v e c t o r  of a i r c r a f t  c o n t r o l  commands - uc 

- UYU t r a n s i t i o n  dynamics c o n t r o l  l a w  

VM maximum c o s t  i n  r eg ion  of l i n e a r  c o n t r o l  i n  TD 

VYVN c o s t  f u n c t i o n  of l i n e a r  TD c o n t r o l  law 

_ _ - -  v,v*,vc,va a c t u a l ,  r e f e rence ,  commanded i n e r t i a l  v e l o c i t y ,  and a i r  v e l o c i t y ,  
r e s p e c t i v e l y  

v,v*,vc,va a c t u a l ,  r e f e rence ,  commanded i n e r t i a l  speeds and a i r speed  of 
a i r c r a f t ,  r e s p e c t i v e l y  

v i  



. .  
v ,vc  

B 

YYY*YYC 

A a  

A t  

- 

A t *  

a c t u a l ,  commanded speed rates of a i r c r a f t  

i n i t i a l  v e l o c i t y  

runway axis C a r t e s i a n  coord ina te s  

canon ica l  states f o r  t r a n s i t i o n  dynamics 

canon ica l  states f o r  p l a n t  dynamics 

system t r a c k i n g  e r r o r  states 

a i r c r a f t  ang le  of a t t a c k  

a i r c r a f t  s i d e s l i p  ang le  

a c t u a l ,  r e f e r e n c e ,  commanded f l -ght-pat-  a n g l e ,  respec- 
t i v e l y  

c o r r e c t i v e  feedback a c c e l e r a t i o n  command 

t i m e  r e l a t i v e  t o  c u r r e n t  t i m e  

optimum t r a n s i t i o n  i n i t i a l i z a t i o n  t i m e  r e l a t i v e  t o  
c u r r e n t  t i m e  

a x i s  i n i t i a l i z a t i o n  i n d i c a t o r  

v e l o c i t y  and a c c e l e r a t i o n  th re sho ld  va lues  

damping r a t i o  

bounded i n t e r v a l s  con ta in ing  i n i t i a l  v a l u e s  of 

a i r  d e n s i t y  

TD non l inea r  mode c o n t r o l  l a w  switching f u n c t i o n  

c h a r a c t e r i s t i c  t i m e s  of l i n e a r  dynamic elements 

r o l l  a n g l e  measured about a i r c r a f t  v e l o c i t y  v e c t o r  

commanded r o l l  a n g l e  

commanded r o l l  r a t e  

a c t u a l ,  commanded heading of t h e  a i r c r a f t  v e l o c i t y  v e c t o r  

t r a n s i t i o n  dynamics l i n e a r  mode r e g i o n s  

-2 e '-3 e 

v i i  



Subscripts, Superscripts, and Special Symbols 

(-1 vector quantity 

vector given in path axis Cartesian coordinates 

vector given in runway axis Cartesian coordinates 

ith component of a vector, ( ) 

( )P 

( 1s 
( )(i) 

[ [ ( - ) ] I  the value of ( ) limited by bounds noted in context 

(3 
( IT 
Abbreviations 

estimated value of ( ) 

vector or matrix transpose 

AWJSRA 

CG 

CTOL 

DMJ3 

MLS 

STOL 

VTOL 

TD 

TR 

Augmentor Wing Jet STOL Research Aircraft 

Command Generator 

Conventional Takeoff and Landing Aircraft 

Distance Measuring Equipment 

Microwave Landing System 

Short Field Takeoff and Landing Aircraft 

Vertical Takeoff and Landing Aircraft 

Transition Dynamics 

Trajectory Regulator 
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A n o n l i  

A NONLINEAR TRAJECTORY COMMAND GENERATOR FOR A 

DIGITAL FLIGHT-CONTROL SYSTEM 

L u i g i  S. C ico lan i  and S t e i n  Weissenberger* 

Ames Resear.ch Center 

SUMMARY 

ear Command Generator (CG) i s  synthesized f r a d i  i t a1  auto- 
p i l o t  capable  of c o n t r o l l i n g  VSTOL a i r c r a f t  t o  t r a c k  complex four-dimensional 
r e f e r e n c e  t r a j e c t o r i e s  i n  an  advanced t e rmina l  area a i r  t r a f f i c  c o n t r o l  
environment. The r e f e r e n c e  t r a j e c t o r y  is  assumed t o  c o n s i s t  of a sequence 
of s t r a i g h t - l i n e  o r  c i r c u l a r  arc "legs" wi th  d i s c o n t i n u i t i e s  a t  t h e  l e g  
j u n c t i o n  t i m e s .  The CG gene ra t e s  smooth t r a n s i t i o n s  from one l e g  t o  t h e  next  
wh i l e  maintaining a v a r i e t y  of o p e r a t i o n a l  c o n s t r a i n t s  on maneuvering as 
d i c t a t e d  by s a f e t y ,  a i r c r a f t  l i m i t a t i o n s ,  and passenger comfort ,  i nc lud ing  
bounds on v e l o c i t i e s ,  a c c e l e r a t i o n s ,  and a c c e l e r a t i o n  rates.  

The b a s i c  approach r e g a r d s  t h e  d i s c o n t i n u i t y  as an  e r r o r  from t h e  next  
l e g  of t h e  r e f e r e n c e  t r a j e c t o r y  which is  then relaxed t o  zero i n  accordance 
w i t h  a s u i t a b l e  c o n t r o l  l a w .  A dual-mode c o n t r o l  l a w  i s  syn thes i zed ;  i t  i s  
g l o b a l l y  a sympto t i ca l ly  s t a b l e ,  has  a maximal r eg ion  of i n i t i a l  cond i t ions  
us ing  l i n e a r  c o n t r o l ,  and uses  minimum-time-to-origin c o n t r o l  o u t s i d e  the  
l i n e a r  region.  S e l e c t a b l e  c o n t r o l  l a w  parameters inc lude  t h e  damping and 
s e t t l i n g  t i m e  of t he  l i n e a r  mode dynamics, s a t u r a t i o n  l i m i t s  on v e l o c i t y  
and a c c e l e r a t i o n  excursions,  and an a c c e l e r a t i o n  ra te  l i m i t .  

T r a n s i t i o n  maneuvers are generated independently a long l o n g i t u d i n a l ,  
l a t e ra l ,  and normal f l i g h t - p a t h  axes,  and the  complete t r a j e c t o r y  command is  
given by s u p e r p o s i t i o n  of t h e s e  t r a n s i t i o n s  wi th  t h e  r e f e r e n c e  t r a j e c t o r y .  
Maneuver c h a r a c t e r i s t i c s ,  such as d u r a t i o n ,  overshoot of t h e  r e f e r e n c e  f l i g h t  
c o n d i t i o n ,  and c o n t r o l  a c t i v i t y ,  are optimized wi th  r e s p e c t  t o  t h e  t i m e  of 
i n i t i a t i n g  t h e  t r a n s i t i o n  from one l e g  t o  t h e  n e x t ,  and t h i s  op t imiza t ion  is  
done independently on each a x i s .  

Opera t iona l  a p p l i c a t i o n  of t h e  CG w a s  examined i n  d e t a i l  i n  a s imula t ion  
of a f l i g h t - c o n t r o l  system wi th  t h e  augmentor wing j e t  STOL resea rch  a i r c r a f t ;  
t h e  b a s i c  r e p e r t o i r e  of s i n g l e - a x i s  maneuvers and o p e r a t i o n a l  c o n s t r a i n t s  
are d i scussed ,  and t h e  system behavior i s  t e s t e d  on a r i g o r o u s  STOL approach 
pa th  and as a f f e c t e d  by v a r i o u s  approximations i n  t h e  CG s y n t h e s i s  and types 
of d i s t u r b a n c e s  found i n  t h e  o p e r a t i o n a l  environment. The s imula t ion  r e s u l t s  
i n d i c a t e  t h a t  a s a t i s f a c t o r y  non l inea r  system wi th  gene ra l  maneuvering 
c a p a b i l i t i e s  w a s  developed which satisfies t h e  b a s i c  des ign  o b j e c t i v e s  while  
maintaining a p r a c t i c a b l e  degree of s i m p l i c i t y .  

*National Research Council  P o s t d o c t o r a l  Research Assoc ia t e .  



INTRODUCTION 

Problem O u t l i n e  

Th i s  r e p o r t  d e s c r i b e s  a t r a j e c t o r y  Command Generator (CG) f o r  a n  
advanced d i g i t a l  f l i g h t - c o n t r o l  system whose s t r u c t u r e  w a s  develop-ed i n  
r e f e r e n c e  1. 
p i l o t s  f o r  a wide range of a i r c r a f t ,  i nc lud ing  CTOL, STOL, and VTOL, w i t h  
c a p a b i l i t i e s  of execut ing complex four-dimensional (one time and t h r e e  space 
coord ina te s )  terminal-area f l i g h t  pa ths  as d i r e c t e d  by an  a i r  t r a f f i c  c o n t r o l  
and guidance system o r  as s e l e c t e d  by a p i l o t .  Although t h e  CG des ign  i s  
formulated h e r e  i n  t h e  con tex t  of t h e  s t r u c t u r e  of r e f e r e n c e  1, i t s  f u n c t i o n  
could be embedded i n  most automatic  f l i g h t - c o n t r o l  systems independent of 
i n t e r n a l  s t r u c t u r e .  Fu r the r ,  t h e  s t r u c t u r e  of t h e  command gene ra to r  i s  
independent of t h e  a i r c r a f t  being c o n t r o l l e d .  

T h i s  s t r u c t u r e  provides  a l o g i c a l  framework f o r  designing auto- 

The c o n t r o l  s t r u c t u r e  of r e f e r e n c e  1 i s  o u t l i n e d  i n  f i g u r e  1. The 
Force Trimmap i s  t h e  c e n t r a l  element of t h e  s t r u c t u r e  and computes t h e  air- 
c r a f t  c o n t r o l  command = necessary t o  ach ieve  a n  i n p u t  commanded accelera- 
t i o n  act. These computations are based on a model of t h e  aerodynamic and 
engine f o r c e s  of t h e  a i r c r a f t  being c o n t r o l l e d  ( c f .  r e f .  2 ) .  The nex t  l e v e l  
of t h e  s t r u c t u r e  i s  t h e  T r a j e c t o r y  Regulator (TR), which produces compensatory 
a c c e l e r a t i o n  commands - A a  on t h e  b a s i s  of t h e  e r r o r  between t h e  commanded 
and est imated t r a j e c t o r i e s .  The TR i s  intended t o  o p e r a t e  on r e l a t i v e l y  s m a l l  
p a t h  e r r o r s  and hence i s  designed as a continuous-time l i n e a r ,  cons t an t  
c o e f f i c i e n t  compensator, whose bandwidth is  l a r g e  compared t o  t h a t  of t h e  
command s i g n a l s  i t  r e c e i v e s  from a higher  l e v e l  of t h e  c o n t r o l  s t r u c t u r e .  The 
combined Trimmap and TR form an  a c c e l e r a t i o n  c o n t r o l l e r  s t r u c t u r e  t h a t  can 
execute  and t r a c k  commanded t r a j e c t o r i e s :  

where rc  and E are  three-dimensional i n e r t i a l  commanded p o s i t i o n  and 
v e l o c i t y ,  provided t h e s e  commands are k inemat i ca l ly  c o n s i s t e n t ,  w i t h i n  t h e  
a i r c r a f t  f l i g h t  envelope l i m i t s  on v e l o c i t y  and a c c e l e r a t i o n ,  and provided 
t h a t  t h e  t r a j e c t o r y  e r r o r s  remain s u f f i c i e n t l y  s m a l l  t h a t  t h e  t o t a l  accelera- 
t i o n  command act and a c t u a l  v e l o c i t y  a l s o  s a t i s f y  t h e s e  l i m i t s .  

It i s  t h e  f u n c t i o n  of t h e  t r a j e c t o r y  Command Generator (CG) a t  t h e  nex t  
l e v e l  of t h e  s t r u c t u r e  t o  ensure t h a t  t h e s e  cond i t ions  are m e t .  The CG i s  a 
feed-forward c o n t r o l l e r  w i th  p o s i t i o n  and v e l o c i t y  commands passed forward t o  
the  r e g u l a t o r  and an a c c e l e r a t i o n  command t o  t h e  Trimmap. I f  t r a j e c t o r y  
e r r o r s  become too l a r g e  a t ,  s ay ,  to,  t h e  CG can i n i t i a t e  a t r a n s i t i o n  maneuver 
t h a t  begins  a t  t h e  c u r r e n t  es t imated a i r c r a f t  s t a t e  - ; ( t o ) ,  ;( to) and r e l a x e s  
t h e  corresponding e r r o r s  from t h e  r e f e r e n c e  s ta te  t o  zero i n  accordance w i t h  
a c o n t r o l  l a w  t h a t  bounds t h e  v e l o c i t y  and a c c e l e r a t i o n  excursions of t h e  
t r a n s i t i o n  maneuver w i t h i n  s p e c i f i e d  l i m i t s .  The s y n t h e s i s  of t h i s  c o n t r o l  
l a w  i s  a c e n t r a l  a n a l y t i c a l  problem of t h i s  paper.  

2 
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The CG r e l i e v e s  t h e  T r a j e c t o r y  Regulator and maintains  accep tab le  
commands i n  t h e  fol lowing p r i n c i p a l  s i t u a t i o n s :  (1) when ve ry  l a r g e  t r a c k i n g  
e r r o r s  develop due t o  a per iod of l a r g e  wind d i s t u r b a n c e s  and i t  i s  d e s i r e d  
t o  r e t u r n  t o  course;  (2)  when t h e r e  has  been a switch from one nav iga t ion  
sensor  t o  ano the r  w i th  a s i g n i f i c a n t  change i n  t h e  est imated t r a j e c t o r y  s ta te  
and i t  i s  d e s i r e d  t o  reduce t h e  newly sensed e r r o r  from the  r e f e r e n c e ;  o r  
( 3 )  when a d i s c o n t i n u i t y  i n  t h e  inpu t  r e f e r e n c e  t r a j e c t o r y  i s  imminent and i t  
i s  d e s i r e d  t o  maneuver t o  t h e  new r e f e r e n c e  t r a j e c t o r y .  I n  t h i s  las t  s i t u a -  
t i o n ,  t h e  CG f i l l s  a r o l e  in t e rmed ia t e  between t h e  a c c e l e r a t i o n  c o n t r o l l e r  
and the  i n p u t  r e f e r e n c e  t r a j e c t o r y .  The source of t h e  r e f e r e n c e  t r a j e c t o r y  
i n p u t s  may be a t e rmina l  area a i r  t r a f f i c  c o n t r o l  and four-dimensional 
guidance system ( r e f .  3 )  o r  a t r a j e c t o r y  t r a c k i n g  mode s e l e c t i o n  panel  used 
by t h e  p i l o t .  These i n p u t s  are assumed t o  be a set of parameters s u f f i c i e n t  
t o  d e f i n e  t h e  t r a j e c t o r y  on t h e  t i m e  i n t e r v a l  [ t o ,  t f ]  as a sequence of 
c i r c u l a r - a r c  o r  s t r a i g h t - l i n e  segments w i t h  cons t an t  pa th  a c c e l e r a t i o n ;  each 
segment i s  de f ined  from i t s  i n i t i a l  p o s i t i o n  and v e l o c i t y ,  t h e  a c c e l e r a t i o n  
on t h e  segment, and t h e  corresponding i n i t i a l  t i m e .  A complete r e f e r e n c e  
t r a j e c t o r y  i s  then  generated from a sequence S of such i n p u t  parameters 

< t  < .  
0 2  

s = {(to , r o i , v o i , ~ i , ~ c . ) ,  i = 1 , 2 ,  . . ., M ;  to = 
1 i 

. .  < t M <  t f}  

where and Rc r e f e r  t o  t h e  speed r a t e  and h o r i z o n t a l  plane r a d i u s  of 
c u r v a t u r e  and are assumed cons t an t  on each segment [toi ,  toi+l]. The inpu t  

t r a j e c t o r y  is assumed t o  b e  piecewise f l y a b l e ;  t h a t  i s ,  each segment o r  l e g  
corresponds t o  a s t eady  o r  slowly varying f l i g h t  c o n d i t i o n  w i t h i n  t h e  f l i g h t  
envelope of t h e  a i r c r a f t ,  b u t  d i s c o n t i n u i t i e s  i n  p o s i t i o n ,  v e l o c i t y ,  and 
a c c e l e r a t i o n  can occur a t  each leg-switching t i m e  { t o  1. i 
t h e  i n p u t  t r a j e c t o r y  t o  provide f l y a b l e  t r a n s i t i o n  maneuvering between 
success ive  l e g s  by regarding t h e  d i s c o n t i n u i t y  as an e r r o r  from t h e  new l e g  
of t h e  inpu t  r e f e r e n c e ,  which is  then  r e l axed  t o  zero i n  accordance wi th  a 
s u i t a b l e  c o n t r o l  l a w  designed t o  s a t i s f y  o p e r a t i o n a l  c o n s t r a i n t s  on a i r c r a f t  
maneuvering and provide command t r a j e c t o r i e s  i n t e rmed ia t e  i n  bandwidth 
between t h e  inpu t  commands and t h e  t r a j e c t o r y  r e g u l a t o r  commands. The 
r e f e r e n c e  leg-switching t i m e s  { t o i l  are  u s u a l l y  known i n  advance s o  t h a t  a 
l e g  t r a n s i t i o n  maneuver can a l s o  be i n i t i a t e d  i n  advance of t h e  r e f e r e n c e  
switching t i m e  i n  o rde r  t o  minimize t h e  r equ i r ed  maneuver a c c e l e r a t i o n  
ac t i v  i t  y . 

The CG modif ies  

Command Generator S t r u c t u r e  and T r a n s i t i o n  Dynamics 

The s t r u c t u r e  of t h e  CG i s  shown i n  f i g u r e  2 .  F i r s t ,  t h e  p o s i t i o n ,  
v e l o c i t y ,  and a c c e l e r a t i o n  t r a j e c t o r y  e r r o r s  are formed i n  p a t h  axes:  

er = Aps(ls - r:) 

ev = Aps(Gs - v;) 

ea = A ( a c t s  - a i )  

P 

P 

P PS 



where (r:, v:, a:) and (Is7 G ) r e p r e s e n t  t h e  r e f e r e n c e  and est imated 
t r a j e c t o r y  states i n  a runway axis system wi th  o r i g i n  a t  t h e  runway ( f i g .  3 ) .  
The a c c e l e r a t i o n  e r r o r  i s  de f ined  from act i n  equa t ions  (1) t o  o b t a i n  a 
d e s i r e d  c o n t i n u i t y  p rope r ty  i n  t h e  o u t p u t ,  as i s  noted below. 
are transformed i n t o  t h e  p a t h  axes system used by t h e  t r a n s i t i o n  dynamics; 
t h e  p a t h  axes  are sketched i n  f i g u r e  3 and are or thogonal  w i th  axes  along t h e  
tangent  of t h e  commanded p a t h  ( l o n g i t u d i n a l  a x i s ) ,  normal t o  t h e  tangent  i n  
t h e  h o r i z o n t a l  p l ane  ( lateral  a x i s ) ,  and normal t o  t h e  t angen t  i n  t h e  v e r t i c a l  
plane (normal a x i s ) .  

S 

These e r r o r s  

The t r ans fo rma t ion  m a t r i x  from runway axes  t o  p a t h  axes 
i s  given by 

A =  
PS 

cos  y c o s  Y cos  y s i n  Y - s i n  y 

- s i n  Y cos  Y 0 

s i n  y cos  Y s i n  Y s i n  y c o s  y 

V V 

V V 

V V 

where Yv and y 
v e c t o r  ( f i g .  3 ) .  

s p e c i f y  t h e  heading and f l i g h t - p a t h  a n g l e  of t h e  v e l o c i t y  

The e r r o r  states (eqs.  (1) )  provide i n i t i a l  v a l u e s  f o r  t h e  t r a n s i t i o n  
dynamics states a t  t h o s e  d i s c r e t e  t i m e s  (to } s p e c i f i e d  by t h e  i n i t i a l i z a t i o n  
switching l o g i c  i 

e l ( t o >  = e r p ( t o )  

e,(to> = ev ( t o >  

e 3 ( t o >  = e a p ( t o )  

P ( 3 )  

The t r a n s i t i o n  dynamics (TD) c o n s i s t s  of t h r e e  autonomous dynamic systems, 

where t h e  i t h  system governs the  r e l a x a t i o n  of p o s i t i o n ,  v e l o c i t y ,  and 
a c c e l e r a t i o n  e r r o r s  a long t h e  i t h  pa th  a x i s ,  and t h e  s ta te  v e c t o r  f o r  each 
system is  

The complete maneuver command is  cons t ruc t ed  by combining t h e s e  e r r o r  
r e l a x a t i o n  maneuvers de f ined  by t h e  TD f o r  each a x i s  i n t o  t h e  p o s i t i o n ,  
v e l o c i t y ,  and a c c e l e r a t i o n  v e c t o r s  
runway axes and summing wi th  t h e  r e f e r e n c e  t r a j e c t o r y  

el ,  e2, g 3 ,  and then  t ransforming t o  
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T 
rc ( t )  = r i ( t )  + A e ( t )  

S PS 1 

v c s ( t >  = v;(t> + AT e , ( t )  

ac ( t )  = a c ( t )  + AT e ( t )  
S PS 3 

PS 

C o r i o l i s  a c c e l e r a t i o n s  a s s o c i a t e d  wi th  t r a n s i t i o n s  can b e  neg lec t ed ,  as 
i n  equat ions ( 6 ) ,  f o r  t h e  passenger ope ra t ions  considered here .  These 
a c c e l e r a t i 9 n s  depend on t h e  combination of p a t h  a x i s  angu la r  v e l o c i t y  (due 
t o  qV o r  y)  and t r a n s i t i o n  excursions;  however, r o t a t i o n  rates are he ld  t o  
s m a l l  v a l u e s  i n  passenger o p e r a t i o n s ,  t h e  e f f e c t  i s  of s h o r t  du ra t ion ,  and t h e  
s i z e  of t h e  e f f e c t  can be bounded by bounding t h e  s i z e  of t h e  i n i t i a l  e r r o r s  
t h a t  are t o  be r e l axed  by t h e  TD. I n  summary, t h e  CG s t r u c t u r e  i n  f i g u r e  2 
c o n s t r u c t s  a maneuver command t h a t  begins  a t  
p o s i t i o n  and v e l o c i t y ,  and a c c e l e r a t i o n  command 

to and a t  t h e  then-current 

1 K(t-k,) = - ; ( t o )  

a c ( t g )  = =( to)  J 
and r e l a x e s  t h e s e  s ta tes ,  by means of t h e  TD, t o  t h e  r e f e r e n c e  t r a j e c t o r y ,  

Path axes  are used i n  t h e  TD because a i r c r a f t  maneuvering can be 
s p e c i f i e d  independently f o r  each a x i s  because of t h e  n e a r l y  decoupled c o n t r o l  
t h a t  convent ional  a i r c r a f t  have over motion along t h e s e  axes.  The p a t h  a x i s  
components of a c c e l e r a t i o n  are r e l a t e d  t o  kinematic  v a r i a b l e s  of i n t e r e s t  i n  
a i r c r a f t  t r a j e c t o r i e s  by 

so  t h a t  a c c e l e r a t i o n s  along each of t h e  t h r e e  axes c o n t r o l ,  r e s p e c t i v e l y ,  
speed, heading, and f l i g h t - p a t h  ang le .  A i r c r a f t  maneuvering can then be 
cons t ruc t ed  as a s u p e r p o s i t i o n  of s ing le -ax i s  motions; f o r  example, t h e  
inpu t  r e f e r e n c e  t r a j e c t o r y  is  t y p i c a l l y  a sequence of l e g s  t h a t  may b e  i n  
s t a t i c  equ i l ib r ium (2 = c), cons tan t  r a d i u s  t u r n s  ( cons t an t  Rc), o r  cons t an t  
speed rate f l i g h t  ( cons t an t  c )  o r  combinations of t h e  l a t t e r  two. The t r an -  
s i t i o n  dynamics modify t h i s  i n p u t  t r a j e c t o r y  by adding bounded time-varying 
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a c c e l e r a t i o n s  a long  a l l  t h r e e  pa th  axes  as r equ i r ed  f o r  good execut ion  of 
t h e  r e f e r e n c e  i n p u t  pa th .  For passenger  o p e r a t i o n s ,  on ly  modest a c c e l e r a t i o n s  
are permi t ted ;  t y p i c a l  limits are 

I 
Out l ine  of Development 

The main a n a l y t i c a l  t a s k s  of t h i s  work are t h e  s y n t h e s i s  of t h e  t r a n s i -  
t i o n  dynamics (eqs.  ( 4 ) )  and t h e  development of t h e  TD i n i t i a l i z a t i o n  switch- 
i ng  l o g i c .  The t r a n s i t i o n  dynamics are  n e c e s s a r i l y  nonl inear  because t h e  
t r a j e c t o r y  i s  requ i r ed  t o  s a t i s f y  f l i g h t - o p e r a t i o n a l  bounds on v e l o c i t y ,  
a c c e l e r a t i o n ,  and a c c e l e r a t i o n  ra te .  A dual-mode c o n t r o l  i s  used t o  
syn thes i ze  t h e s e  dynamics, g iv ing  a l i n e a r  system f o r  s u f f i c i e n t l y  s m a l l  
i n i t i a l  e r r o r s  and a nonl inear  system f o r  l a r g e r  e r r o r s .  I n  a d d i t i o n  t o  
s a t i s f y i n g  t r a j e c t o r y  bounds, t h e  t r a n s i t i o n  dynamics are r equ i r ed  t o  b e  
g l o b a l l y  a sympto t i ca l ly  s t a b l e ;  t h a t  is, e r r o r s  must r e l a x  t o  zero s t a r t i n g  
from any i n i t i a l  va lue .  Fu r the r ,  t h e  dynamic system should be parameter ized 
t o  permit  adjustment  of maneuver c h a r a c t e r i s t i c s .  Our approach t o  achieve  
t h e s e  o b j e c t i v e s  uses  an  i d e a  f i r s t  r epor t ed  by Kuznetzov ( r e f .  4 ) ,  who 
def ined  t h e  r eg ion  of l i n e a r  c o n t r o l  us ing  as a Lyapunov func t ion  t h e  
opt imal  c o s t  func t ion  from t h e  l i n e a r  op t imal  c o n t r o l  problem. The method is  
adapted t o  t h e  p r e s e n t  problem by a modi f ica t ion  due t o  W i l l e m s  ( r e f .  5 ) ,  
which permi ts  a s i g n i f i c a n t  and s t r a igh t fo rward  enlargement of t h i s  r eg ion  
of l i n e a r  c o n t r o l .  A s i m i l a r  goa l  of l i n e a r  reg ion  enlargement w a s  achieved 
by Zachary e t  a l .  ( r e f .  6)  where t h e  approach, wh i l e  d i r e c t ,  w a s  a n a l y t i c a l l y  
less s imple and less e a s i l y  app l i ed  t o  a v a r i e t y  of systems than t h e  p re sen t  
method. Addi t iona l  dev ices  i n  t h e  s y n t h e s i s  of t he  c o n t r o l  l a w  i nc lude  
Jordan canonica l  t ransformat ions  and phase-plane a n a l y s i s .  A gene ra l  approach 
t o  t h e  des ign  of dual-mode c o n t r o l l e r s  i s  developed i n  d e t a i l  i n  appendix A ,  
modified t o  impose v e l o c i t y  bounds i n  appendix B y  and app l i ed  t o  t h e  p r e s e n t  
TD s y n t h e s i s  i n  t h e  next  s e c t i o n .  

The s imples t  i n i t i a l i z a t i o n  swi tch ing  l o g i c  f o r  t h e  TD i s  t o  i n i t i a l i z e  
a t  those  t i m e s  {toi} a t  which d i s c o n t i n u i t i e s  occur i n  t h e  r e fe rence  i n p u t  
t r a j e c t o r y ;  t h i s  r e s u l t s  i n  a unique t r a n s i t i o n  f o r  any given p a i r  of 
success ive  l e g s .  However, i t  i s  p o s s i b l e  t o  opt imize t h e  commanded maneuvers 
regard ing  c o n t r o l  a c t i v i t y  and overshoot  of t h e  r e fe rence  f l i g h t  cond i t ion  
by a d j u s t i n g  t h e  t r a n s i t i o n  i n i t i a l i z a t i o n  t i m e s  from t h e  r e fe rence  t i m e s .  
Such opt imiza t ion  i s  a l s o  a necessary  proper ty  of an o p e r a t i o n a l l y  accep tab le  
f l i g h t  system and corresponds t o  good " p i l o t i n g  technique" i n  manual f l i g h t  
ope ra t ion  when advance warning of a l e g  j u n c t i o n  i s  a v a i l a b l e  (e .g . ,  
r e f .  7 ) .  Any l e g  of  t h e  r e fe rence  can be ex t r apo la t ed  beyond i t s  d u r a t i o n  
i n  t h e  r e fe rence  t r a j e c t o r y  so t h a t  t h e  i n i t i a l  cond i t ions  (eqs.  7) 



f o r  t h e  t r a n s i t i o n  t o  t h e  next  l e g  i n  t h e  sequence are  de f ined  f o r  any t i m e  
ear l ier  o r  l a te r  than  t h e  r e f e r e n c e  switching t i m e s .  Consequently, t h e  
i n i t i a l i z a t i o n  times can b e  v a r i e d  from t h e  { to i l  t o  improve p r o p e r t i e s  of t h e  
ensuing t r a n s i t i o n .  General switching c r i t e r i a  and closed-form s o l u t i o n s  f o r  
t h e  corresponding optimum switching t i m e s  are de r ived  f o r  t h e  dual-mode TD i n -  
t he  f o u r t h  s e c t i o n  of t h i s  paper .  The r e s u l t s  are given f o r  a r b i t r a r y  leg-  
j u n c t i o n  d i s c o n t i n u i t i e s  and are app l i ed  independently on each pa th  a x i s ;  
t h a t  is ,  t h e  t h r e e  autonomous dynamic systems of t h e  TD are i n i t i a l i z e d  
independently and t h e  r e s u l t s  f o r  each a x i s  superposed as i n  equa t ions  ( 6 )  t o  
y i e l d  an  ou tpu t  command wi th  t h e  p r o p e r t i e s  (eqs. ( 7 )  and (8)) a t  each 
i n i t i a l i z a t i o n  and i n  s t eady  state.  An a l t e r n a t i v e  approach ( r e f .  8) consid- 
ers two success ive  l e g s  extended i n d e f i n i t e l y  i n  time, w i t h  t h e  f i r s t  l e g  
de f ined  on ( t  G t o )  and t h e  second on ( t  > t o )  and then fo rmula t e s  t h e  
t r a n s i t i o n  as the  s o l u t i o n  of a l i n e a r  opt imal  t r a c k i n g  problem o n . ( - m < t < m ) .  
While t h e  approach i n  r e f e r e n c e  8 a l lows  sys t ema t i c  trade-off of r e f e r e n c e  
path t r a c k i n g  excursions w i t h  c o n t r o l  e f f o r t ,  i t  r e q u i r e s  two sets of 
t r a n s i t i o n  dynamics and, based as i t  i s  on l i n e a r  theory,  f a i l s  t o  en fo rce  
t h e  v a r i o u s  state and c o n t r o l  c o n s t r a i n t s  necessary f o r  o p e r a t i o n a l  accepta- 
b i l i t y  of t h e  CG. 

The a p p l i c a t i o n  t a s k s  of t h e  r e p o r t  are t o  d e r i v e  a Command Generator 
a lgori thm f o r  u se  i n  an a p p l i c a t i o n  of t h e  f l i g h t  c o n t r o l  s t r u c t u r e  of 
f i g u r e  1 t o  the  A m e s  experimental  powered-lif t  a i r c r a f t ,  t h e  augmentor wing 
j e t  STOL r e s e a r c h  a i r c r a f t  (AWJSRA), and t o  e v a l u a t e  t h e  a lgo r i thm i n  
s imula t ion  tests. A computer implementation i s  o u t l i n e d  and parameter 
v a l u e s  are s e l e c t e d  t o  impose t h e  kinematic c o n s t r a i n t s  of t h e  assumed 
passenger o p e r a t i o n a l  domain and t h e  l i m i t s  of AWJSRA c a p a b i l i t i e s .  The out- 
put commands f o r  t h e  b a s i c  r e p e r t o i r e  of s ing le -ax i s  maneuvers are examined 
t o  determine the  e f f e c t i v e n e s s  of t h e  non l inea r  TD i n  imposing t h e  d e s i r e d  
c o n s t r a i n t s  and of t h e  TD i n i t i a l i z a t i o n  switching l o g i c  i n  opt imizing t h e  
maneuvers, and t o  determine t h e  e f f e c t  of  approximations i n  t h e  theory and 
design.  F i n a l l y ,  t h e  execut ion of a STOL approach t r a j e c t o r y  i s  examined 
wi th  a s imula t ion  of t he  f l i g h t  c o n t r o l  system and the  AWJSRA. The r e s u l t s  
i l l u s t r a t e  t h e  gene ra l  c a p a b i l i t y  of t h e  CG and of t h e  f l i g h t  c o n t r o l  system 
t o  g e n e r a t e  and execute  s a t i s f a c t o r y  m u l t i a x i s  maneuver commands. The test  
examines t h e  e f f e c t s  of such f e a t u r e s  of t h e  o p e r a t i o n a l  environment as 
o f f - r e fe rence  i n i t i a l  c o n d i t i o n s  due t o  uncompleted ear l ie r  maneuvering, 
sensor  switching even t s ,  and b o t h  random and s t eady  d i s t u r b a n c e s .  These tests 
inc lude  t h e  p r i n c i p a l  d i s t u r b a n c e s  t o  which t h e  o p e r a t i o n a l  system w i l l  be  
s u b j e c t .  Future  eva lua t ion  and development of t h e  CG and system l o g i c  wi th  
i n c r e a s i n g l y  real is t ic  s imula t ions  and w i t h  p i l o t  e v a l u a t i o n  i s  planned. 

The s t r u c t u r e  and even many parameter v a l u e s  of t h e  CG element of t h e  
f l i g h t  c o n t r o l  system are independent of t h e  s p e c i f i c  a i r c r a f t  f o r  which i t  
is  designed. Thus, d e t a i l s  of t h e  AWJSRA are suppressed i n  most of t h e  
d i s c u s s i o n  i n  t h i s  r e p o r t  and t h e  design and tes t  conc lus ions  are Largely 
a p p l i c a b l e  t o  a c l a s s  of a i r c r a f t  (CTOL and STOL) and t o  a c l a s s  of opera- 
t i o n s  (passenger) .  
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TRANSITION DYNAMICS 

Figure  4 i s  a block diagram of t h e  t r a n s i t i o n  dynamics c o n s i s t i n g  of 
t h r e e  decoupled dynamic systems t h a t  govern t h e  e r r o r  dynamics along each of 
t h e  f l i g h t - p a t h  axes  ( t h e s e  dynamics are i n i t i a l i z e d  i n  accordance w i t h  
eq. ( 3 ) ) .  For a s i n g l e  a x i s ,  t h e  system c o n s i s t s  of a c o n t r o l  l a w ,  

u ( ~ )  ( e ( i ) ) ,  - which i s  t h e  b a s i c  a c c e l e r a t i o n  command t h a t  d e f i n e s  t h e  maneuver , 
and a f i l t e r ,  (T:~) + 1 ) - l ,  which produces a smooth a c c e l e r a t i o n ,  e,. The 
r e s u l t i n g  p o s i t i o n  ( e l ) ,  v e l o c i t y  (e,), and t h e  a c c e l e r a t i o n  (e,) commands 
from t h e  t h r e e  axes  are combined w i t h  t h e  r e f e r e n c e  t r a j e c t o r y  t o  produce t h e  
ou tpu t  commands t o  t h e  r e g u l a t o r  and Trimmap elemen-is of t h e  a u t o p i l o t .  

The c o n t r o l  l a w ,  ~ ( ~ ) ( e ( ~ ) ) ,  developed i n  t h i s  s e c t i o n ,  i s  l i n e a r  f o r  
s m a l l  e r r o r s  bu t  s a t u r a t e s  a t  l i m i t  v a l u e s  f o r  l a r g e  e r r o r s  and is  a l s o  
designed t o  l i m i t  v e l o c i t y  excursion,  .hi). Parameters of t h e  l i n e a r  mode of 
t h e  c o n t r o l  l a w  are s e l e c t e d  t o  o b t a i n  t h e  d e s i r e d  damping and response t i m e ,  
wh i l e  t h e  s a t u r a t i o n  l i m i t s  and switching boundaries  of t h e  non l inea r  mode 
are designed t o  impose o p e r a t i o n a l  l i m i t s  on t h e  a c c e l e r a t i o n  and v e l o c i t y  
excursions which can be used f o r  maneuvering i n  t h e  neighborhood of t h e  
r e f e r e n c e  t r a j e c t o r y  state.  Because t h e  c o n t r o l  u ( i )  can be discont inuous,  

a f i l t e r  is  introduced t o  o b t a i n  continuous a c c e l e r a t i o n  commands 
Fur the r ,  t h e  f i l t e r  parameter,  ~ ( i )  , is  s e l e c t e d  t o  l i m i t  maneuver acce le ra -  

t i o n  rates, ; i i) ,  i n  accordance w i t h  t h e  rate l i m i t s  of a i r c r a f t  c a p a b i l i t i e s  
t o  va ry  engine and aerodynamic f o r c e s .  

( i )  
e3 . 

The th i rd -o rde r  t r a n s i t i o n  dynamics system f o r  each a x i s  seen i n  
f i g u r e  4 w i l l  b e  used i n  t h e  a p p l i c a t i o n s  work. However, i t  i s  p o t e n t i a l l y  
u s e f u l  to add a p r e d i c t i v e  modeling element t h a t  accounts  f o r  t h e  p r e d i c t a b l e  
c o n t r o l  l a g  e f f e c t s  on maneuver t r a c k i n g ;  t h i s  expanded s t r u c t u r e  i s  o u t l i n e d  
i n  t h e  next  s e c t i o n .  The remainder of t h i s  s e c t i o n  cons ide r s  t h e  c o n t r o l  l a w  
design f o r  a s i n g l e  a x i s ,  and t h e  a x i s  s u p e r s c r i p t  ( ) ( i )  i s  dropped from 
t h e  n o t a t i o n .  

T r a n s i t i o n  Dynamics Design Ob jec t ives  

The v a r i o u s  c o n s t r a i n t s  t o  be imposed on t h e  TD and t h e  o b j e c t i v e s  of 
t h e  control-law s y n t h e s i s  are de f ined  nex t .  F i r s t ,  t h e  s ta te  equat ion f o r  t h e  
TD is 

where 

A =  
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These dynamics are initialized to (1) reduce the regulator feedback error 
to zero, and (2) retain continuity of the total acceleration command to the 
Trimmap; that is, the components of g are initialized as 

It can be assumed that both the reference and current states in equations (12) 
are within the finite operational limits of the aircraft in velocity and 
acceleration. However, the acceleration command, act (to), might be outside 
the aircraft capabilities and should be bounded by the operational limits on 
acceleration (e.g., eqs. (10)) in order to ensure initialization at an 
admissible acceleration command. The bounded value is indicated by the 
bracket notation, [[ I], which is defined as 

[[XI] maxIx ,min(x,x 1 1  (13) min max 

where xmin, sax are understood to be known extreme values of x. The 
initial TD states are, therefore, contained in some bounded region denoted 
as 

The transition dynamics generate the maneuver as an error from the 
reference state and then the CG command, referred to path axes, is 

Con tr ints 

ac a* 
P 

imposed on the TD states based on operational 
These can be written in the form 

1 1 E 5, 5 [-e2m’e2M 

E! (t) E [ -6  i? 3 
3 3m’ 3M J 

onsiderations. 

These impose bounds on excursions about or overshoot of the reference 
trajectory; the velocity constraints limit the excursions in speed (or 
direction or flight-path angle) required to change position longitudinally 

9 



.. ... .. . .. __ . . .. -- 

( o r  l a t e r a l l y  o r  i n  a l t i t u d e )  and a l s o  l i m i t  any overshoot  i n  maneuvering 
t o  a r e f e r e n c e  speed ( o r  d i r e c t i o n  o r  f l i g h t - p a t h  a n g l e ) .  S i m i l a r l y ,  t h e  
l i m i t s  on e3 
r e f e r e n c e  a c c e l e r a t i o n  as, f o r  ex?mple, when e n t e r i n g  a t u r n .  L a s t l y ,  
bounds on t h e  a c c e l e r a t i o n  rate, e3, are imposed i n  o rde r  t o  l i m i t  t h e  
corresponding r e q u i r e d  a i r c r a f t  c o n t r o l  rates i n  accordance w i t h  t h e  limits 
of a i r c r a f t  c o n t r o l  rate c a p a b i l i t i e s .  

bound t h e  a c c e l e r a t i o n  overshoot  i n  maneuvering t o  a new 

The bounds E , ,  5, i n  equat ions (16) are g e n e r a l l y  i n t e r i o r  t o  t h e  
bounds on i n i t i a l  states i n  equa t ions  (14) ,  as i l l u s t r a t e d  i n  ske tch  ( a ) .  

R E G I O N  OF POSSIBLE 
I N I T I A L  S T A T E S  (e2, e3)  I e3 / 

Sketch (a) . -  Bounds on TD states. 

5, and 5 s o  t h a t  t h e  TD 
3 

Thus, i n i t i a l  v a l u e s  of (e,, e3)  can be o u t s i d e  
should d r i v e  t h e s e  states i n t o  t 2  and 5, i n  such cases .  The bounds i n  
equat ions (16) d e f i n e  t h e  d e s i r e d  ranges of v a l u e s  i n  which t h e  TD states are 
t o  be confined once en te red ;  t h a t  is ,  t h e  TD should have t h e  p rope r ty  

If e 2 ( t o )  E 5, then e , ( t )  E 52 ,  t > to I 
The d e s i r e d  behavior  f o r  e3 i s  obtained by bounding t h e  c o n t r o l  u as 

shown nex t .  Solving t h e  state equat ion f o r  e3 y i e l d s  

from which i t  fo l lows  t h a t ,  i f  u i s  bounded by 

then e ( t )  s a t i s f i e s  
3 
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Generally,  i f  e 3 ( t o )  is  o u t s i d e  t h e  bounds, then i t  is  d r i v e n  i n t o  5, and, 
once s a t i s f i e d ,  t he  bounds remain s a t i s f i e d  f o r  a l l  f u r t h e r  t i m e .  

CG 
con 

The rate c o n s t r a i n t s  {E?,,, E ? 3 ~ )  a l s o  l i m i t  t h e  a c c e l e r a t i o n  rate of t h e  
t r a j e c t o r y  i n  equa t ion  (15) ,  assuming t h a t  t h e  r e f e r e n c e  command has  
s t a n t  pa th  a x i s  a c c e l e r a t i o n .  Note t h a t  a i r c r a f t  c o n t r o l  rates requ i r ed  

f o r  t h e  maneuvers are p r o p o r t i o n a l  t o  t h e  commanded a c c e l e r a t i o n  rates; hence 
t h e  r a t e  limits i n  equa t ions  (16) r e f l e c t  a i r c r a f t  l i m i t s  on t h e  rates a t  
which engine and aerodynamic f o r c e s  can b e  v a r i e d .  The d e s i r e d  rate l i m i t s  
can be imposed by t h e  s e l e c t i o n  of T. I f  u i s  bounded by equa t ion  (191, 
then i t  can be shown from equa t ions  (11) and (18) t h a t  t h e  maneuver rate i s  
bounded by 

R a t e  l i m i t s  may then be imposed by r e q u i r i n g  

9 + 3M ‘-> 
+ e  e 

3m -3-0M 

T max { e30:3m ; 

Thus f a r ,  i t  has  been shown t h a t  t h e  s t r u c t u r e  of t h e  t r a n s i t i o n  
dynamics permits  maintenance of some of t h e  c o n s t r a i n t s  (eqs.  (16))  provided 
t h a t  u and T are bounded according t o  equat ions (19) and (21). It remains 
t o  i n d i c a t e  how v e l o c i t y  c o n s t r a i n t s  are  imposed and t o  complete the  
s y n t h e s i s  of t h e  t r a n s i t i o n  dynamics c o n t r o l  l a w  
fou r  important c o n s t r a i n t s  and o b j e c t i v e s  t h a t  u must m e e t :  (1) u € E 3 ,  
(2)  t h e  equ i l ib r ium of t h e  r e s u l t i n g  dynamic system (eqs.  (11)) must be 
a sympto t i ca l ly  s t a b l e  i n  t h e  l a r g e ,  and ( 3 )  because of t h e  s i m p l i c i t y  and 
smoothness of l i n e a r  c o n t r o l ,  t h e  l i n e a r  c o n t r o l  r eg ion  should be as l a r g e -  
as p r a c t i c a b l e .  Furthermore, t h e  t i m e  spen t  under non l inea r  c o n t r o l  should be 
minimized and t h e r e  should be no t  more than a s i n g l e  t r a n s f e r  from non l inea r  
t o  l i n e a r  c o n t r o l .  F i n a l l y ,  ( 4 )  v e l o c i t y  excursion c o n s t r a i n t s  must be 
imposed. 

u ( e l ,  e2,  e 3 ) .  There are 

Control  Law Syn thes i s  

To accomplish t h e  o b j e c t i v e s  l i s t e d  above f o r  t h e  c o n t r o l  l a w  des ign ,  
i t  is  convenient t o  f i r s t  t ransform t h e  s ta te  space t o  Jordan canon ica l  form 
( c f .  r e f .  9 ) ,  changing from t h e  system d e s c r i p t i o n  of equa t ions  (11) t o  

(22a) 
x = x  

1 2 

G2 = U(X1’X2) 
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and 
u - x3 

x =  
3 T 

via t h e  t r ans fo rma t ion  equa t ions  

where t h e  new s ta te  v a r i a b l e s  are (xl, x2, x3). The i n v e r s e  t r ans fo rma t ion  is 

Figure 5 i s  a block diagram of a TD s t r u c t u r e  employing t h e s e  transforma- 
t i o n s .  U s e  of t h e  canon ica l  form g r e a t l y  s i m p l i f i e s  t h e  des ign  s i n c e  t h e  
a c t u a l  third-order  system may now be c o n t r o l l e d  by a second-order l a w ,  
u(x l ,  x,), as a l r e a d y  i n d i c a t e d  by t h e  n o t a t i o n  i n  equa t ions  (22a).  This  
b e n e f i t  is  a l s o  r e t a i n e d  when higher-order t r a n s i t i o n  dynamics are t r e a t e d .  
Although t h e  c o n t r o l  i s  now independent of 
f o r  t h e  x dynamics i s  s e l e c t e d  by t h e  des igne r  and, more impor t an t ly ,  i f  
t h e  contro? is  syn thes i zed  s o  t h a t  t h e  (xl, x2) subsystem is asympto t i ca l ly  
s t a b l e ,  then t h e  e n t i r e  system i s  s t a b l e  s i n c e  u -f 0 impl i e s  x3 -f 0. 

x3, t h e  c h a r a c t e r i s t i c  r o o t  T 

A c o n t r o l  l a w  u(xl, x2) s a t i s f y i n g  t h e  fou r  o b j e c t i v e s  l i s t e d  above is 
The der ived i n  d e t a i l  i n  appendices A and B and i l l u s t r a t e d  i n  f i g u r e  6 ( a ) .  

state plane (xl, x2) i s  d iv ided  i n t o  a r eg ion  of l i n e a r  c o n t r o l  RL,  which - i s  
compact and c o n t a i n s  t h e  o r i g i n ,  and t h e  remainder of t h e  s ta te  p lane  RL, 
on which t h e  c o n t r o l  i s  non l inea r .  The l i n e a r  c o n t r o l  l a w  i s  de r ived  from 
q u a d r a t i c  opt imal  c o n t r o l  theory arid t h e  r e g i o n  RL 
s t a b i l i t y  theory modified t o  o b t a i n  a l a r g e  l i n e a r  r eg ion  w i t h  t h e  p rope r ty  
t h a t  a l l  t r a j e c t o r i e s  s t a r t e d  i n  RL remain i n  i t ,  t h a t  is ,  

is  computed from Lyapunov 

I f  x ( t o )  E QL then  x(t )  E RL, t > to 

w i t h  

where 
m 

1 2  



The - non l inea r  c o n t r o l  is  designed f o r  minimum time-to-origin from p o i n t s  i n  
RL w i t h i n  t h e  c o n t r o l  c o n s t r a i n t s .  This  d i f f e r s  from a minimum time-to-QL 
c o n t r o l  l a w  b u t  t h e  d i s t i n c t i o n  i s  n o t  s i g n i f i c a n t .  

u(x)  = 4 

The r e s u l t i n g  c o n t r o l  l a w  and switching boundaries  are summarized as 
fol lows:  L e t  k = (k l ,  k2 )T  be t h e  ga ins  of t h e  l i n e a r  c o n t r o l  l a w .  The 
r eg ion  of l i n e a r  c o n t r o l  i s  given by t h e  fol lowing combination of t h r e e  
r e g i o n s  of t h e  s ta te  p lane  

- 
-e3m x E RL and [{o > 0,x2 -e 1 o r  co = o y x 2  > 011 

2m 
( 2 7 )  

0 x E EL and [{o > 0,x2 < -e 1 o r  co < 0,x > e 11 
2m 2 2M 

e x E E and [{o < 0,x2 G e > o r  ( 0  = 0,x < 011 
3M L 2 M  2 

t 

QL 3 {x:xTPx G Vm> n [{x:-kTx E [0,e3M] and x2 G e2M1 

u {x:-k T x E [-e3m,0] and x2 2 -e 11 2m 

The switching parameter f o r  t h e  minimum time-to-origin s a t u r a t e d  c o n t r o l  i s  
given as 

(e3mx1 + 1 x22 , x > o 
2 

and t h e  c o n t r o l  l a w  is  

The boundaries of RL, t h e  non l inea r  r eg ion  c o n t r o l  switching l i n e s  (o = 0,  
x2 = -e2my e2M), and t h e  c o n t r o l  l a w  
Some t y p i c a l  t r a n s i t i o n s  t h a t  r e s u l t  from t h i s  c o n t r o l  are shown i n  f i g -  

t h e  s ta te  i s  d r iven  by t h e  u r e  6 (b ) .  From an i n i t i a l  s tate i n  RL ( a t  xol)  
l i n e a r  c o n t r o l  t o  t h e  o r i g i n  without  l eav ing  RL. S t a r t i n g  i n  RL, t h e  s t a t e  
may be d r iven  a t  s a t u r a t e d  c o n t r o l  i n t o  RL (from 
l i n e  f i r s t  (from zo3), where t h e  s a t u r a t e d  c o n t r o l  switches s i g n  and t h e  
s t a t e  is  then d r iven  i n t o  
l i m i t  (from 
boundary i s  encountered; o r ,  f i n a l l y ,  t h e  t r a n s i e n t  may begin i n  t h e  r eg ion  
of s a t u r a t e d  v e l o c i t y  and n u l l  c o n t r o l  ( a t  xo5), i n  which c a s e  t h e  c o n t r o l  
remains n u l l  u n t i l  t h e  switching boundary i s  encountered. 

u(x) are i l l u s t r a t e d  i n  f i g u r e  6 ( a ) .  

- 

xo2) ;  o r  i n t o  t h e  switching 

RL a long t h e  switching l i n e ;  o r  i n t o  t h e  v e l o c i t y  
xo4) where t h e  c o n t r o l ' i s  simply n u l l e d  u n t i l  t h e  switching 

For t h e  l i n e a r  mode, t h e  g a i n s  k of t h e  c o n t r o l  l a w ,  as w e l l  as t h e  
m e t r i c  P and t h e  parameter Vm used  t o  d e f i n e  RL, can a l l  be given i n  
t e r m s  of t h e  parameters of t h e  c h a r a c t e r i s t i c  r o o t s  of t h e  maneuver dynamics, 
p ,  -cL (damping r a t i o  and t i m e  c o n s t a n t ) ;  s u i t a b l e  expres s ions ,  der ived i n  
appendix A ,  are 

1 3  



? 3m’ e 3 M  
24  c 2  + 6)max{e 

Thus, d e s i r e d  l i n e a r  mode maneuver c h a r a c t e r i s t i c s ,  such as c r i t i c a l  
damping, are e a s i l y  imposed. For a i r c r a f t  maneuvering, damping i n  t h e  range,  
0.707 G < G 0.1,  i s  d e s i r e d  wh i l e  -rL, t he  d e s i r e d  maneuver s e t t l i n g  t i m e ,  i s  
based on passenger comfort r e s t r i c t i o n s  o r  a i r c r a f t  response limits on each 
a x i s .  (The d e r i v a t i o n  of t he  l i n e a r  c o n t r o l  l a w  i s  r e s t r i c t e d  by t h e  condi- 
t i o n ,  p > 0.5,  b u t  t h i s  i s  no t  a s i g n i f i c a n t  r e s t r i c t i o n  he re . )  I n  t h e  u s e f u l  
s p e c i a l  ca se  of c r i t i c a l  damping ( 5  = 0.707)  t h e  c o n t r o l  has  some s p e c i a l  
p r o p e r t i e s .  Assuming equa l  c o n t r o l  bounds (e3m = e 3 M  = e3e )  i t  can be shown 
t h a t  t h e  end p o i n t s  of t h e  p i e c e s  of t h e  boundary enc los ing  RL have t h e  
simple coord ina te s  shown i n  f i g u r e  6 ( c ) .  From t h i s ,  i t  i s  apparent  t h a t  t h e  
l i n e a r  c o n t r o l  r eg ion  expands wi th  

T ~ ;  
s p e c i f i e d ,  then l a r g e r  i n i t i a l  s ta te  e r r o r s  are r e l axed  wi th  l i n e a r  dynamics. 
I n  a d d i t i o n ,  t h e  switching boundaries ,  0 = 0,  i n t e r s e c t  t hose  s i d e s  of t h e  
boundary of on which t h e  l i n e a r  c o n t r o l  s a t u r a t e s  so t h a t  no d i scon t inu -  
i t y  i n  
those  t r a n s i t i o n s  which e n t e r  RL along t h e  switching curve.  

t h a t  i s ,  i f  slower dynamics are 

RL 
u ( t )  occurs  a t  t h e  switch from non l inea r  t o  l i n e a r  modes f o r  a l l  

The v e l o c i t y  excursion l i m i t s ,  {-e2m, e2M), are imposed on t h e  canon ica l  
v e l o c i t y  x2 i n  t h i s  c o n t r o l  l a w  by t h e  two r e g i o n s  of n u l l  c o n t r o l .  Noting 
t h a t  
Ix21 whenever x2 is  o u t s i d e  t h e  l i m i t s ;  t h a t  i s ,  

k2 and u are equa l  by c o n s t r u c t i o n ,  t h e  c o n t r o l  l a w  g i v e s  nonincreasing 

d 
d t  

I f  x2 4 5, then - Ix21 0 

so  t h a t  during a maneuver t h e  s ta te  cannot v i o l a t e  t h e s e  l i m i t s  once they are 
s a t i s f i e d ;  t h a t  i s ,  

I f  x 2 ( t o )  E 6, then x 2 ( t )  E E 2 ,  t > to ( 3 0 )  

The maneuver may i n i t i a l i z e  a t  any va lue  o f  
bounds i t  remains t h e r e ,  b u t  i f  n o t ,  then e i t h e r  Ix21 i s  reduced a t  t h e  
maximum p o s s i b l e  rate o r  t h e  s ta te  moves with cons t an t  v e l o c i t y ,  x 2 ( t o ) ,  t o  
t h e  switching boundary i n  f i n i t e  t i m e ,  and then Ix21 i s  reduced a t  t h e  
maximum ra te  and e n t e r s  6, a t  some f i n i t e  t i m e ,  t l  

x 2 ;  i f  x 2 ( t o )  is  w i t h i n  t h e  
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If x 2 ( t 0 >  $ 5, then x 2 ( t )  E E 2 ,  t 2 t l  > to 

Thus, t h e  canon ica l  v e l o c i t y  i s  d i r e c t l y  l i m i t e d  by t h e  v e l o c i t y  bounds. 

The corresponding e f f e c t  of t h e  c o n t r o l  l a w  on t h e  a c t p a l  speed 
excursions,  e2, can be de r ived  from equa t ions  (11) and (23) ,  which y i e l d  

x - e = T e 2  
2 2 

2 
from which it  fo l lows  t h a t  e i s  always moving toward x 

2 

then e2 < 0 
2’ I f  e2 > x J 

Then, as a r e s u l t  of equa t ions  (30) ,  (31) ,  and (33) ,  t h e  a c t u a l  speed a l s o  
s a t i s f i e s  p rope r ty  (eq.  ( 3 1 ) ) ,  except  t h a t  t h e  t i m e  a t  which e2 e n t e r s  
may d i f f e r  from t h e  time a t  which x2 e n t e r s .  

52 

To summarize, t h e  c o n t r o l  l a w  w a s  synthesized t o  s a t i s f y  t h e  fou r  objec- 
t i v e s  l i s t e d  a t  t h e  s ta r t  of t h e  s y n t h e s i s  and t h e  c o n s t r a i n t s  (eqs.  (16 ) ) .  
The s y n t h e s i s  u t i l i z e d  a Jordan canon ica l  t r ans fo rma t ion  (eq.  (24)) which 
reduced t h e  problem t o  one of s t a b i l i z i n g  and c o n t r o l l i n g  a second-order sub- 
system i n  ( x l ,  x2) (eqs.  (22a ) ) .  I n  t h e  r e s u l t i n g  c o n t r o l  l a w  (eqs.  (25)-127)) 
t h e  x-plane w a s  d iv ided  i n t o  r e g i o n s  of l i n e a r  and non l inea r  c o n t r o l ,  R L ,  RL. 
I n  both r eg ions  t h e  c o n t r o l  u i s  bounded 

so t h a t  on any t r a n s i t i o n ,  e , ( t )  s a t i s f i e s  t h e  s a m e  bounds i n  accordance wi th  
equat ion (20);  the c o n t r o l  i s  such t h a t  t h e  v e l o c i t y  excursion c o n s t r a i n t s  
on x 2 ( t )  and e 2 ( t )  are s a t i s f i e d  i n  f i n i t e  t i m e  from any p o i n t  i n  t h e  x-plane 
and, once s a t i s f i e d  they remain s a t i s f i e d .  The l i n e a r  r eg ion  RL is  compact, 
c o n t a i n s  t h e  o r i g i n ,  is  i n v a r i a n t  (no t r a j e c t o r y  can e x i t  R L ) ,  and t h e  l i n e a r  
c o n t r o l  provides  asymptot ic  s t a b i l i t y  f o r  t h e  system from any p o i n t  i n  R L ,  as 
is  shown i n  appendix A .  F i n a l l y ,  f o r  p o i n t s  n o t  i n  RL, t h e  c o n t r o l  provides  
minimum t i m e  t o  t h e  o r i g i n  and f i n i t e  t i m e  t o  RL; t h u s  t h e  equ i l ib r ium of t h e  
system (eqs. (11) o r  (22)) is  g l o b a l l y  a sympto t i ca l ly  s t a b l e .  

Vertical  Axis T r a n s i t i o n  Examples 

R e s u l t s  are now given t h a t  i l l u s t r a t e  t h e  c o n t r o l  l a w  and i t s  a p p l i c a t i o n  
t o  v e r t i c a l  a x i s  maneuvers t o  execute  a l t i t u d e  and f l i g h t - p a t h  a n g l e  changes. 
The r e q u i r e d  maneuvering f o r  t h e s e  cases is  almost e n t i r e l y  a long t h e  normal 
p a t h  a x i s ;  v a l u e s  of t h e  t r a n s i t i o n  dynamics p a r a m e t e r s  f o r  t h i s  a x i s  are 
taken as 
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e = e = 0.125 g 3m 3M 

e = e = 4.25 m / s  
2m 2M 

Figure  7 (a )  shows t h e  t r a n s i t i o n  maneuver generated t o  execu te  a s t e p  drop 
of 60 m i n  t h e  r e f e r e n c e  a l t i t u d e  f o r  level f l i g h t ;  i n i t i a l  c o n d i t i o n s  are 

( e l  ( t o ) , e 2 ( t o ) , e 3 ( t o ) )  = ( -60 ,0 ,0 )  

The t r a n s i t i o n  i s  shown as t i m e  h i s t o r i e s  of t h e  ou tpu t  command (rc: (3) , 
s -  

V C $ ~ ) ,  a ~ $ ~ ) ) ,  t h e  r e f e r e n c e  command ( r s  * ( 3 )  , vs * ( 3 )  , a * ( 3 ) ) ,  and t h e  t r a n s i t i o n  
a c c e l e r a t i o n  c o n t r o l  u .  I n  t h i s  example, t h e  e r r o r  s ta tes  ( e l ,  e2, e3)  
are t h e  d i f f e r e n c e s  between t h e  r e f e r e n c e  and ou tpu t  commands shown. A s  seen 
i n  f i g u r e  7 ( a ) ,  t h e  a i r c r a f t  descends t o  t h e  new r e f e r e n c e  a l t i t u d e  without  
overshoot and a t  a descen t  rate t h a t  s a t u r a t e s  a t  t h e  speed l i m i t ,  e2M. 
t h e  v e l o c i t y  excursion l i m i t s  f o r  t h i s  a x i s  a c t  as t h e  maximum descen t  and 
climb rates a t  which t h e  CG executes  a l t i t u d e  changes. The e f f e c t i v e n e s s  of 
t h e  v e l o c i t y  Limit ing l o g i c  i n  bounding bo th  i s  a l s o  seen i n  t h e  
s t a t e -p l ane  p l o t s  of ( x l ,  x2) and ( e l y  e 2 ) .  
of a pushover per iod w i t h  s a t u r a t i o n  a t  
which t h e  descent  rate i s  s a t u r a t e d  a t  
t h a t  is  i n i t i a l l y  s a t u r a t e d  a t  -e and t e rmina te s  i n  t h e  l i n e a r  c o n t r o l  

391 regime. Although u ( t )  is  d i scon t inuous ,  t h e  corresponding f i l t e r e d  
a c c e l e r a t i o n  command a c s ( t )  are continuous and rate- 
l i m i t e d .  The c h a r a c t e r  of t h e  e n t i r e  maneuver i s  dominated by t h e  non l inea r  
speed and a c c e l e r a t i o n  s a t u r a t i o n  f e a t u r e s  of t h e  c o n t r o l  l a w ,  a phenomenon 
necessary t o  ach ieve  a c c e p t a b l e  maneuvering w i t h i n  o p e r a t i o n a l  l i m i t s  even 
f o r  t h e  p re sen t  modest a l t i t u d e  s t e p  example. A summary view of t h e  CG 
f u n c t i o n  i n  t h i s  example i s  obtained by comparing t h e  ou tpu t  command h i s t o r y  
(rcsy vcs, ac,) w i th  t h e  inpu t  r e f e r e n c e  commands (r,", vz, ai)  i n  f i g u r e  7 ( a ) .  

S 

Thus , 

x2  and e2 
The c o n t r o l  h i s t o r y  u ( t )  c o n s i s t s  

e 3 ~ ,  followed by a n u l l  pe r iod  du r ing  
e2My and ending w i t h  a pu l lup  per iod 

e 3 ( t )  and t h e  ou tpu t  

The s a m e  a l t i t u d e  s t e p  example w i t h  t h e  a d d i t i o n  of a l a r g e  a l t i t u d e  
rate t r a c k i n g  e r r o r  of 6 m / s e c  and an  a c c e l e r a t i o n  e r r o r  of 0.125 g (due t o  
TR a c t i v i t y  a t  the  i n i t i a l  time) a t  t h e  maneuver i n i t i a l i z a t i o n  t i m e  i s  shown 
i n  f i g u r e  7 (b ) .  
i n  accordance w i t h  equa t ion  (12) a t  

The t r a n s i t i o n  dynamics adapt  t o  t h i s  e r r o r  by i n i t i a l i z i n g  

T - e ( t o )  = (-60,-6,0.125 g) 

This  i n i t i a l i z a t i o n  n u l l s  t h e  apparent  t r a c k i n g  e r r o r s  seen by t h e  t r a j e c t o r y  
r e g u l a t o r  a t  and ma in ta ins  c o n t i n u i t y  of t h e  a c c e l e r a t i o n  command t o  t h e  
Trimmap, act ,  w i t h i n  the  bounds {e30m, e30M).  
are now discont inuous a t  
t h e  behavior of (res, vc,) compared t o  f i g u r e  7 (a )  i n  o rde r  t o  r e l a x  t h e  
i n i t i a l  v e l o c i t y  e r r o r .  

t;f 
The ou tpu t  commands (vcsy a c s ) ,  

to, and t h e  e a r l y  p a r t  of t h e  maneuver d i f f e r s  i n  
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Figure 8(a) shows a f l i g h t - p a t h  ang le  change maneuver; t h e  r e f e r e n c e  
i n p u t  p a t h  changes a t  to from l e v e l  f l i g h t  t o  descen t  a t  4.3 m / s e c .  The 
i n i t i a l  c o n d i t i o n s  f o r  t h e  t r a n s i t i o n  dynamics states f o r  t h i s  case are 

e ( t o )  = (0,-4.3,0)T - 

The commanded a l t i t u d e  h i s t o r y  l a g s  t h e  r e f e r e n c e  p a t h  and even tua l ly  c a t c h e s  
i t  without  overshoot.  The commanded descen t  rate n e c e s s a r i l y  overshoots  t h e  
r e f e r e n c e  descen t  rate t empora r i ly  t o  a t t a i n  t h e  r e f e r e n c e  g l i d e  path.  
However, i t  i s  p o s s i b l e  t o  e l i m i n a t e  t h e  descent  rate overshoot by i n i t i a l i z i n g  
t h e  t r a n s i t i o n  t o  a new g l i d e  s l o p e  i n  advance of t h e  r e f e r e n c e  switching 
time as is  commonly done i n  a c q u i r i n g  t h e  ILS beam f o r  f i n a l  approach. 
Cr i te r ia  and formulas f o r  a p p r o p r i a t e l y  advancing t h e  switching t i m e  are d i s -  
cussed later i n  t h i s  r e p o r t .  The c o n t r o l  u ( t )  i n  f i g u r e  8 (a )  corresponds t o  
a p i t chove r  s a t u r a t e d  a t  
p a t h  a n g l e  s a t u r a t e d  i n i t i a l l y  a t  
reversals of t h e  a c c e l e r a t i o n  command and a i r c r a f t  c o n t r o l s  can a l s o  b e  
e l imina ted  by i n i t i a t i n g  t h e  p i t chove r  i n  advance of t h e  r e f e r e n c e  switching 
t i m e  . 

e3M followed by a pu l lup  t o  t h e  r e f e r e n c e  f l i g h t -  
-e3m. This  pu l lup  and i t s  a s s o c i a t e d  

Figure 8(b)  compares t h e  p i t chove r  maneuver f o r  f i v e  sets of t r a n s i t i o n  
dynamics parameter v a l u e s  l i s t e d  i n  t a b l e  1 f o r  t h e  cases i n  f i g u r e  8 ( b ) :  

TABLE 1.- PARAMETER VALUES FOR EXAMPLE PITCHOVER MANEUVERS 

Case 
. . . . . . . 

(1) Reference case 

(2) Slower l i n e a r  dqnamics 

(3) Reduced a c c e l e r a t i o n  
ra te  l i m i t  

(4) Reduced speed l i m i t  

(5) Reduced a c c e l e r a t i o n  
l i m i t  

(P 9 TL) 

0.73,2 

.73,6 

.73,2 

.73,2 

.72,2 

e2m*e2M* 
m / s e c  

4.3 

4.3 

4 .3 

1 . 2 5  

4.3 

e 3" e 3M 

0.125 g 

.125 g 

.125 g 

.125 g 

.06 g 

Reference c a s e  (1) i s  i d e n t i c a l  t o  t h a t  i n  f i g u r e  8 ( a ) .  Case (2) shows t h e  
e f f e c t  of i n c r e a s i n g  t h e  t i m e  c o n s t a n t  TL of t h e  l i n e a r  mode dynamics from 
2 t o  6 sec. This  expands t h e  l i n e a r  r eg ion  RL cons ide rab ly  ( a s  noted i n  
f i g .  6 ( c ) ) ,  and t h e  t r a n s i e n t  now occur s  e n t i r e l y  i n  t h e  l i n e a r  mode. I n  t h e  
r e s u l t i n g  maneuver, peak a c c e l e r a t i o n  and v e l o c i t y  overshoot have decreased,  
b u t  t h e  maneuver d u r a t i o n  has  lengthened. General ly ,  i nc reased  TL g ives  a 
smoother t r a n s i e n t  by expanding t h e  l i n e a r  mode r eg ion ,  b u t  a t  t h e  expense of 
i nc reased  maneuver t i m e .  
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I n  case ( 3 ) ,  t h e  t i m e  cons t an t  t h a t  l i m i t s  a c c e l e r a t i o n  rate T i s  
inc reased  t o  6 sec. This  expands t h e  i n i t i a l  canon ica l  s ta te  and t h e  e n t i r e  
x-plane t r a n s i t i o n .  Peak a c c e l e r a t i o n  rate i s  markedly reduced as i s  peak 
a c c e l e r a t i o n ,  b u t  a pe r iod  of speed s a t u r a t i o n  appea r s ,  a long wi th  t h e  l a r g e s t  
speed overshoot among t h e  cases shown; t h e  p o s i t i o n  e r r o r  state i s  a l s o  
inc reased  everywhere, and t h e  maneuver i s  lengthened.  I n  gene ra l ,  T i s  
e f f e c t i v e  i n  c o n t r o l l i n g  peak a c c e l e r a t i o n  rates and should no t  be set h ighe r  
t han  necessa ry  t o  ach ieve  t h i s  o b j e c t i v e .  

I n  case ( 4 1 ,  t h e  speed excursion l i m i t  i s  reduced t o  1 .25 m / s e c ,  and t h i s  
is  seen t o  be e f f e c t i v e  i n  reducing t h e  v e l o c i t y  overshoot ,  bu t  w i th  a 
lengthened maneuver. 

Acce le ra t ion  l i m i t s  are reduced i n  case ( 5 ) ,  e f f e c t i v e l y  reducing t h e  
peak a c c e l e r a t i o n .  The e n t i r e  maneuver i s  slowed down and p o s i t i o n  e r r o r  i s  
inc reased  everywhere due t o  t h e  lower a c c e l e r a t i o n  l i m i t .  These l i m i t s  should 
thus  be s e l e c t e d  s o l e l y  t o  c o n t r o l  t h e  peak a c c e l e r a t i o n .  

MANEUVER TRACKING PROPERTIES OF THE SYSTEM 

In  t h i s  s e c t i o n  t h e  t r a n s i t i o n  dynamics are  considered i n  t h e  con tex t  of 
t h e  complete f l i g h t - c o n t r o l  system. Maneuver t r a c k i n g  e r r o r s  are analyzed 
and t h e  u s e  of p r e d i c t i v e  modeling of t h e  a i r c r a f t  response i n  the  t r a n s i t i o n  
dynamics i n  o rde r  t o  prevent  t h e  use  of feedback f o r  maneuver execut ion i s  
considered.  The i n i t i a l i z a t i o n  r u l e s  and c o n t r o l  l a w  f o r  t h e  expanded t r a n s i -  
t i o n  dynamics are a l s o  given. 

The maneuver commands are executed and t r acked  by t h e  a c c e l e r a t i o n  con- 
t r o l l e r  shown i n  f i g u r e  1. Tracking e r r o r s  develop du r ing  a l l  maneuvers due t o  
c o n t r o l  response l a g ,  and t h e s e  e r r o r s  a c t i v a t e  t h e  T r a j e c t o r y  Regulator feed- 
back i n  t h e  s a m e  manner as p a t h  e r r o r s  due t o  e x t e r n a l  d i s tu rbances .  Since 
t h e  feedback i s  added t o  t h e  maneuver a c c e l e r a t i o n  command, s u f f i c i e n t l y  l a r g e  
t r a c k i n g  e r r o r s  due t o  c o n t r o l  l a g s  can cause t h e  t o t a l  a c c e l e r a t i o n  command 
t o  t h e  Trimmap t o  exceed t h e  a c c e l e r a t i o n  l i m i t s  t h a t  w e r e  c a r e f u l l y  imposed 
on the  t r a j e c t o r y  command. W e  consider  h e r e  how t o  modify t h e  t r a n s i t i o n  
dynamics des ign  s o  t h a t ,  i n  t h e  absence of e x t e r n a l  d i s tu rbances ,  t h e  correc-  
t ive  feedback a c c e l e r a t i o n  command during maneuvering i s  nu l l ed  o r  minimized. 
One approach, explored i n  t h e  next  s e c t i o n  and app l i ed  i n  t h e  AWJSRA system, is  
t o  reduce o r  minimize t h e  a c c e l e r a t i o n  a c t i v i t y  (and, hence, c o n t r o l  l a g s )  
r equ i r ed  t o  t r a n s i t i o n  between any success ive  p a i r  of t r a j e c t o r y  l e g s .  Another 
approach, explored h e r e ,  i s  based on p r e d i c t i n g  t h e  t r a c k i n g  e r r o r s  from a 
model of t h e  a i r c r a f t .  I f  such a model i s  included i n  t h e  t r a n s i t i o n  dynamics 
then t h e  p o s i t i o n  and v e l o c i t y  commands t r a n s m i t t e d  t o  t h e  T r a j e c t o r y  Regulator 
are t h e  p r e d i c t e d  a i r c r a f t  response t o  t h e  feed-forward maneuver a c c e l e r a t i o n  
commands and t h e  feedback commands e x c i t e d  by maneuvering a re  e l imina ted  t o  t h e  
accuracy of t h e  model. Furthermore, t h e  bounds on excursion v e l o c i t y  and 
a c c e l e r a t i o n  and on a c c e l e r a t i o n  rates can now be imposed on t h e  p r e d i c t e d  
a i r c r a f t  states as w e l l  as t h e  commanded states. 
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The block diagram of figure 9 represents the complete system of figure 1 
for a single path axis (the superscript (i) indicating the axis is dropped 
from the notation throughout this section). Estimation errors and Coriolis 
accelerations are neglected in the discussion. The element G ( s )  denotes the 
transfer function between the commanded and actual accelerations. For conven- 
tional aircraft, G ( s )  principally models the engine, roll, and pitch dynamics, 
respectively, for the longitudinal, lateral, and normal path axes. The 
steady-state gain of G ( s )  is taken as unity. The acceleration disturbance 
ad includes the inevitable error in the Trimmap's model of the aircraft 
forces. This error is assumed constant or slowly varying here and, together 
with G(s) ,  represents the combined Trimmap and aircraft elements of figure 1 
for a single axis. 
the effects of wind turbulence. 
include an approximate model of the plant dynamics G ( s )  and an estimate of 
the Trimmap mismatch, id. The dimensions of G and 6 are assumed equal, 
ignoring possible dimensional mismatch, and denoted as m. In the modified 
transition dynamics e3 is the commanded maneuver acceleration while yl, e2, 
el 
of the aircraft. The third-order transition dynamics of the previous section 
are a special case of figure 5 with 

An additional random disturbance noise, sd, represents 
The transition dynayics have been expanded to 

are now the pred ic t ed  acceleration, velocity, and position excursion states 

Finally, the linear feedback law of the TR is seen in figure 9 and, for 
generality, it includes acceleration error feedback. 

An inspection of figure 9 suggests that the tracking errors z l ,  z2, z3 
can be eliminated in the absence of external disturbances provided all 
modeling is perfect ( e  = G ,  iid = ad); the transition dynamics are properly 
initialized to match corresponding aircraft states; the regulator gains, k,, 
k,, k, 
acceleration, a* is constant. Thi.s is actually the case, as is shown next. 

are chosen to stabilize the acceleration controller; and the reference 

P '  

Maneuver Tracking 

To determine tracking properties, a complete set of state equations for 
the system of figure 5 is necessary. For the TD these can be given as 
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and for the aircraft, 

r = v  
P P  

m 

i= 1 
= -C aiyi + al(ap * + e3 - ad + k l z l  + k2z2 + k3z3) Ym 

Here, G ( s )  and e ( s )  have been given state.variable representations in phase- 
canonical coordinates {yi} and {?i], and the model parameters {ai, ai, 
i = 1, . . ., m}. Tracking errors for the complete system are now defined as: 

* z l = r  +el-' 

z = v  + e  - v  

z3 = a; + 6, - y1 - ad - id 
z4  = Y, - Y2 

P P 

2 P 2 P  
* 

n 

Differentiating equations ( 3 6 )  and using equations ( 3 4 )  and (35) gives the 
error state equation: 

2 z = z  
1 

3 2 

3 4 

i = z  

k = z  + a * -  ad 

5 
z = z  4 

m 

, (37 )  

from which the following tracking properties are obtained. 
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Assume  : 

1. P e r f e c t  modeling: {iil = {ai) , ad = ad 

2. Constant  d i s tu rbance  and r e f e r e n c e  a c c e l e r a t i o n :  

ad = A* = o , a d = O  

3 .  k,, k, s t a b i l i z e  equa t ions  (37)  ( t h e  r o o t s  of t h e  ma t r ix  

0 

0 

A = [  -lkl ;- 
I 

I 

I 

I 

I 

I 

I 

I -  - - 
I -  a,k 1 - a  

' 2  

are a l l  i n  t h e  l e f t  h a l f  of t h e  complex p l a n e ) ,  

then  

1. I i m  z ( t )  = 0 
t + w  

Under t h e  s t a t e d  cond i t ions ,  t h e  e r r o r s  tend t o  zero  and t h e  a i r c r a f t  asymptot- 
i c a l l y  approaches t h e  CG t r a j e c t o r y  independent of i n i t i a l  cond i t ions  and t h e  
t r a n s i t i o n  maneuver. F u r t h e r ,  by i n i t i a l i z i n g  t h e  TD t o  n u l l  t h e  e r r o r s ,  
- z ( t o ) ,  i d e a l  t r a c k i n g  wi th  nu l l ed  e r r o r s  a t  a l l  times i s  obta ined ,  independent 
of t h e  t r a j e c t o r y .  Under i d e a l  t r a c k i n g ,  t h e  feed-forward commands would then  
e x c i t e  no r e g u l a t o r  a c t i v i t y  and o p e r a t i o n a l  bounds imposed on t h e  CG trajec- 
t o r y  would be  s a t i s f i e d  by t h e  a c t u a l  t r a j e c t o r y  of t h e  a i r c r a f t  as w e l l .  The 
TD i n i t i a l i z a t i o n  r u l e s  f o r  t h i s  i d e a l  t r a c k i n g  are,  us ing  equa t ions  ( 3 6 ) ,  

. .  
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This provides initialization rules for all TD states except the acceleration 
command which can be initialized for continuity of the total acceleration 
command to the Trimmap to obtain continuous commands to the aircraft controls: 

e3 

+ Gd - a*(to) 
Here, the bracket notation [[*]J indicates that the operational bounds on air- 
craft accelerations are imposed on 
continuity condition. e3 and supersede, if necessary, the 

A case of practical interest occurs if no estimate of ad is used 
(sd = 0) and ad 
of equations (38) hold. Then; 

has a nonzero constant value, but otherwise the assumptions 

’* If ;,=a = O  then 
P 

Here, the trajectory regulator compensates 

( +(k) 
for any constant disturbance or 

Trimmap model error at the cost of a steady position tracking error. However, 
the steady-state regulator output is now 

and is itself an estimate of the disturbance. 

Control Law Synthesis 

In the synthesis of the control law for the expanded transition dynamics 
(eqs. ( 3 4 ) )  the objectives are the same as for the simpler third-order system: 
to achieve asymptotic stability with good transient properties and to satisfy 
the constraints (eqs. (16)), repeated here as: 

e2E [-e 2my e2M 1 

g 3 E  [-e E! ] 3m’ 3M 

Fortunately, the same synthesis procedure used in the previous section can be 
applied to the more complex system (eqs. ( 3 4 ) ) ,  as is demonstrated next. 

The constraints on acceleration excursion and rate, e3, G 3 ,  are again 
satisfied by bounding the control u as in equation (19) and selecting the 
filter time constant T in accordance with equation (21). These results 
occur because e3 in equations ( 3 4 )  satisfies the same state equation as 
does e3 in equations (11). 
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For t h e  c o n t r o l  l a w  s y n t h e s i s  i t  i s  a g a i n  convenient  t o  decompose t h e  
s ta te  equat ions  i n t o  Jordan  canon ica l  form. 
v a r i a b l e s ,  w e  o b t a i n  

- 1 -  - 1 -  - - -  
I I  

0 ' A ' O  
I I 

I I 

I I 

- 1 -  - 1 -  - - -  
0 I 0 I-+ 

Transforming t o  canon ica l  s ta te  

1 X 

x2 

"3 

X 

X 

m+2 

m+3 

+ 

where ( A ,  b )  are of t h e  Jordan  form ( r e f .  9 ) .  S ince  
a sympto t i ca l ly  s t a b l e  t h e  c h a r a c t e r i s t i c  r o o t s  of A 

U 

k ( s )  i s  assumed 
are a l l  i n  t h e  l e f t  

ha l f  p lane  and t h e  unforced dynamics of (x3, . . ., xm+2) are s t a b l e .  The 
s t r u c t u r e  of equa t ion  ( 4 1 )  c o n t a i n s  t h r e e  independent subsystems, each d r i v e n  
by u ( t ) ,  so t h a t  t o  o b t a i n  asymptot ic  s t a b i l i t y  of t h e  e n t i r e  s t a t e  i t  
s u f f i c e s  t o  syn thes i ze  u f o r  s t a b i l i t y  of t h e  ( x l ,  x2 )  subsystem 
( ( x l ,  x2 ,  u)  ; (0 ,  0 ,  0 ) ) .  Thus, t h e  c o n t r o l  can aga in  be  taken as a func t ion  
of on ly  two s ta tes ,  u ( x l ,  x2), w i t h  p r e c i s e l y  t h e  s a m e  r e s u l t  p rev ious ly  given 
by equa t ions  ( 2 5 ) - ( 2 7 ) .  The corresponding canonica l  s t r u c t u r e  of t h e  t r a n s i -  
t i o n  dynamics i s  shown i n  f i g u r e  10.  

The v e l o c i t y  c o n s t r a i n t s  are imposed by t h e  c o n t r o l  l a w  on t h e  canonica l  
v e l o c i t y  x2 which a g a i n  s a t i s f i e s  t h e s e  c o n s t r a i n t s  i n  accordance wi th  
equat ion  ( 3 1 ) .  The commanded maneuver, as d i s t i n g u i s h e d  from t h e  p red ic t ed  
maneuver, is  given by i n t e g r a t i n g  t h e  a c c e l e r a t i o n  command t o  t h e  Trimmap; 
t h a t  i s ,  by t h e  states (e ; ,  e;) i n  t h e  a u x i l l i a r y  equat ions :  

6 ;  = e3 

1 
3 - r  

;t = - (u - e3)  

The s ta tes  { e l ,  e2,  y l }  i n  equa t ions  ( 3 4 )  are t h e  p red ic t ed  a i r c r a f t  response  
t o  t h e  command e3.  S ince  t h e  system (eqs.  ( 4 2 ) )  i s  i d e n t i c a l  t o  equa t ions  (11) 
i t  fo l lows  t h a t  t h e  commanded v e l o c i t y  excurs ion  e; s a t i s f i e s  t h e  v e l o c i t y  
c o n s t r a i n t s  e x a c t l y  as d i d  e2 
equa t ions  ( 3 0 )  and (31).  The behavior  of t h e  p red ic t ed  v e l o c i t y  e2 r e l a t ive  
t o  x2 i s  governed by t h e  fo l lowing  t r a n s f e r  func t ion  (obtained us ing  expres- 
s i o n s  f o r  2 2 , & 2  from eq. ( 4 1 )  and t h e  b lock  diagram of f i g .  9 )  

i n  t h e  prev ious  s e c t i o n  i n  accordance w i t h  
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e2m During s a t u r a t i o n  of t h e  c a n o n i c a l _ v e l o c i t y ,  x 2 ( t )  i s  cons t an t  a t  e i t h e r  

o r  e2v G ( s )  h a s  a s t eady  s ta te  v a l u e  of u n i t y ,  
equat ion  ( 4 3 )  y i e l d s  the d e s i r e d  s t eady- s t a t e  s a t u r a t i o n  of t h e  p red ic t ed  
v e l o c i t y ,  t h a t  is, 

- 
and then ,  r e c a l l i n g  t h a t  

I f  x , ( t )  i s  cons t an t  then  l i m  e , ( t )  = x2 
L L 

t-t m 

F i n a l l y ,  f o r  r e fe rence ,  t h e  canonica l  system w a s  
f o r  two u s e f u l  example cases: 

1 (a )  e(,) = 
T l S  + 1 

1 
(TIS + 1)2 e ( s )  = 

where T # T ,  and T ~ ,  T # 0. The r e s u l t s  are l i s t e d  
t h e  fol lowing page).  

1 

der ived  (us ing  r e f .  9 )  

i n  t a b l e  2 (shown on 

TRANSITION I N I T I A L I Z A T I O N  SWITCHING CRITERIA 

Thus fa r ,  t h e  t r a n s i t i o n  maneuvering h a s  been cons t ruc t ed  on t h e  b a s i s  
of a s i n g l e  l e g  of  t h e  r e f e r e n c e  inpu t  t r a j e c t o r y .  The d i s c o n t i n u i t i e s  a t  
any l e g  swi tch  are viewed as i n i t i a l  e r r o r s  w i t h  r e s p e c t  t o  t h e  new l e g ,  which 
are t o  be  r e l axed  by t h e  TD, beginning a t  each of  t h e  r e f e r e n c e  l e g  swi tch  
t i m e s  ( tdm) ,  m = 1, 2 ,  . . ., M ) .  However, maneuver c h a r a c t e r i s t i c s  can o f t e n  
be  improved by i n i t i a t i n g  t h e  t r a n s i t i o n  i n  advance of t h e  r e f e r e n c e  l e g  
swi tch  t i m e ,  and c r i t e r i a  f o r  s e l e c t i n g  t h e  swi tch ing  t i m e  are ind ica t ed  next .  
The p r a c t i c a l  v a l u e  of such advance i n i t i a l i z a t i o n  i s  a l r e a d y  w e l l  known i n  
manual f l i g h t  c o n t r o l  f o r  such ope ra t ions  as i n t e r c e p t i n g  t h e  f i n a l  g l i d e  
s l o p e  j u s t  be fo re  l and ing  as w e l l  a s  f o r  t h e  more complex maneuvers of r e f e r -  
ence 8. W e  seek a g e n e r a l i z a t i o n  of t h e s e  manual f l i g h t  t ac t ics ,  s u i t a b l e  f o r  
our  automatic  f l i g h t - c o n t r o l  system and a p p l i c a b l e  t o  t h e  broader  c lass  of 
i npu t  commands cons idered  here .  

It i s  u s e f u l  t o  adopt  n o t a t i o n  which d i s t i n g u i s h e s  t h e  sequence of l e g s  
from which t h e  r e f e r e n c e  t r a j e c t o r y  i s  de f ined .  Th i s  sequence i s  de f ined  by a 
se t  of i npu t  parameters  

The elements  of S are  t h e  s ta tes  of leg-m a t  t i m e  tAm). The t r a j e c t o r y  f o r  

l e g  m can be  de f ined  a t  a l l  t i m e s  and i s  denoted ( r ( m ) ( t ) ,  ~ ( ~ ) ( t ) ,  a ( m ) ( t ) ) .  

The r e f e r e n c e  t r a j e c t o r y  swi tches  from l e g  m t o  l e g  m + 1 a t  t i m e  t P + l )  and 
is  thus  def ined  on some f l i g h t  d u r a t i o n  [ t d ' ) ,  t F ]  by 

- - - 
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TABLE 2 .  - CANONICAL EQUATIONS FOR P R E D I C T I V E  MODELING CASES 

j ,  = x  

x2 = u 

x3 = (u - X ~ ) / T ~  

1 2  
S t a t e  
equa- . 
t i o n s  

~ x4 = (U - X4)/T 



( 4 5 )  
where = t - tF .  

0 

The leg-switching problem is  i l l u s t r a t e d  i n  f i g u r e  11 f o r  t h e  p i t chove r  
example; t h e  a l t i t u d e  h i s t o r i e s  f o r  two success ive  l e g s  of t h e  r e f e r e n c e  tra- 
j e c t o r y  are shown, with t h e  r e f e r e n c e  switch time 
t i m e  of equal  a l t i t u d e  f o r  t h e  two l e g s ;  t h e  two l e g s  are v i s u a l i z e d  as 
extending i n d e f i n i t e l y  f a r  backward and forward i n  t i m e .  The re la t ive e r r o r  
between t h e  c u r r e n t  t r a j e c t o r y  and t h e  nex t  l e g  i s  de f ined  a t  a l l  t i m e s  by 

t i m + l )  corresponding t o  t h e  

Thus a set of e r r o r  states i s  de f ined  from which the  t r a n s i t i o n  can be 
i n i t i a t e d ,  and t h e  i n i t i a l i z a t i o n  t i m e  can be s e l e c t e d  from t h i s  set t o  o b t a i n  
t h e  most f avorab le  i n i t i a l  s ta te  f o r  t h e  subsequent t r a n s i e n t .  The p o s s i b i l -  
i t y  t h a t  t h e  ex tens ion  of leg-switching t i m e s  t o  a l l  t w i l l  b r i n g  t h e  switch 
i n t o  c o n f l i c t  w i th  o t h e r  l e g s  of t he  r e f e r e n c e  can be neg lec t ed  h e r e  s i n c e  
i n  p r a c t i c e  t h e  parameters of 
t o  t h e  optimum switching t i m e s  compared t o  t h e  l e g  d u r a t i o n s .  F igu re  11 shows 
t h r e e  t r a n s i t i o n s  generated by t h e  TD p rev ious ly  d e f i n e d ,  assuming p e r f e c t  
t r a c k i n g  and e s t i m a t i o n  a t  t h e  t i m e  of i n i t i a l i z a t i o n .  T r a j e c t o r y  ( a ) ,  which 
i n i t i a l i z e s  a t  
r e f e r e n c e  and, more s i g n i f i c a n t l y ,  a f l i g h t - p a t h  ang le  overshoot t o  rendezvous 
wi th  t h e  r e f e r e n c e  t r a j e c t o r y  and maximum i n i t i a l  j e r k .  I n  c o n t r a s t ,  
t r a j e c t o r y  ( b ) ,  i n i t i a t e d  a t  t i m e  T p r i o r  t o  to, reduces t h e  t r a c k i n g  
excursions,  e l i m i n a t e s  t h e  v e l o c i t y  overshoot ,  and reduces t h e  implied acce l -  
e r a t i o n  excursions and a c c e l e r a t i o n  rates f o r  t h e  maneuver, compared t o  ( a ) .  
F i n a l l y ,  t r a j e c t o r y  (c)  i s  i n i t i a t e d  too  e a r l y  and t h e  TD a t t empt s  t o  climb t o  
t h e  backward e x t r a p o l a t i o n  of t h e  next  l e g .  A s  i n  case  ( a ) ,  t h i s  r e q u i r e s  
maximum i n i t i a l  j e r k  followed by a c o n t r o l  r e v e r s a l  and a l s o  t h e  f l i g h t - p a t h  
a n g l e  excursion exceeds t h e  i n i t i a l  e r r o r  t h a t  w a s  t o  be r e l axed .  Thus, t h e  
i n i t i a l i z a t i o n  t i m e  g e n e r a l l y  has  a s i g n i f i c a n t  e f f e c t  on t h e  c h a r a c t e r i s t i c s  
of t h e  ensuing t r a n s i t i o n  synthesized by t h e  CG.  Cr i ter ia  f o r  t h e  s e l e c t i o n  
of t h i s  t i m e  are developed nex t .  

S are s e l e c t e d  such t h a t  t h e  { t i m ) }  are c l o s e  

tAm+l), r e q u i r e s  s i g n i f i c a n t  p o s i t i o n  excur s ion  from t h e  

I n i t i a l i z a t i o n  T i m e  C r i t e r i a  

I n  t h i s  s e c t i o n ,  c r i t e r i a  are e s t a b l i s h e d  t o  opt imize leg-switch t r a n s i -  
t i o n s  wi th  r e s p e c t  t o  t h e  p o s s i b l e  i n i t i a l  e r r o r  states f o r  t he  TD de f ined  i n  
equat ion ( 4 6 ) .  A t  any t i m e  t t h e s e  s ta tes  a re  def ined by 
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where kPs i s  t h e  t r ans fo rma t ion  to pa th  axes  from runway axes  (eq. ( 2 ) ) .  
Then, f o r  a s i n g l e  p a t h  a x i s ,  t h e  corresponding i n i t i a l  v a l u e s  of t h e  
canon ica l  TD states are, from equa t ion  (24) 

The n a t u r a l  a c c e l e r a t i o n  e r r o r  A ,  i n  equat ions (47a) ,  governs t h e  l o c a l  
evo lu t ion  of t h e  states E l ,  E,, and is  d i s t i n g u i s h e d  from t h e  cons t ruc t ed  
a c c e l e r a t i o n  s ta te ,  E 3 ,  used t o  i n i t i a l i z e  t h e  TD. 
f o r  t h e  canonical  states above assumes t h e  third-order  t r a n s i t i o n  
dynamics al though t h e  c r i t e r i a  e s t a b l i s h e d  h e r e  are  v a l i d  f o r  t he  higher  
o rde r  TD of t h e  previous s e c t i o n .  

For s i m p l i c i t y ,  t h e  formula 

x l ,  x2  

The c r i t e r i a  f o r  s e l e c t i n g  a b e s t  i n i t i a l i z a t i o n  t i m e  T f o r  a s i n g l e  
pa th  a x i s  depend on c h a r a c t e r i s t i c s  of t h e  ensuing t r a n s i t i o n  maneuver and 
d i f f e r  f o r  t h e  non l inea r  and l i n e a r  modes. For the  non l inea r  mode t r a n s i t i o n s ,  
t he  c o n t r o l  u ( x ( t ) )  may undergo a discont inuous change wi th  a s i g n  reversal 
du r ing  t h e  t r a n s i t i o n .  The r e s u l t i n g  commanded a c c e l e r a t i o n  ra te  magnitude o r  
j e r k  I 6ii )  I of t h e  t r a n s i t i o n  and t h e  corresponding a i r c r a f t  c o n t r o l  rates 
( i . e . ,  engine t h r u s t ,  r o l l - a n g l e ,  and pi tch-angle  command r a t e s )  are a l o c a l  
maximum a t  such a d i s c o n t i n u i t y .  I n  a d d i t i o n ,  c o n t r o l  s i g n  r e v e r s a l s  imply 
t h e  p o s s i b i l i t y  of v e l o c i t y  r e v e r s a l s  and unnecessa r i ly  l a r g e  v e l o c i t y  and 
a c c e l e r a t i o n  excursions.  Thus, t h e  smoothness of t h e  non l inea r  mode t r a n s i e n t  
s t r o n g l y  depends on whether t h e r e  i s  a c o n t r o l  s i g n  r e v e r s a l  during t h e  t r an -  
s i e n t  and, consequent ly ,  a good c r i t e r i o n  f o r  i n i t i a l i z a t i o n  t i m e  s e l e c t i o n  i s  
simply t o  prevent  such r e v e r s a l s ;  t h a t  i s ,  s e l e c t  T so  t h a t  

i .  where a i s  given by equa t ion  (26)  and x ( t )  i s  given from equat ions (47).  
This  c r i t e r i o n  ignores  t h e  c h a r a c t e r  of t h e  f i n a l  l i n e a r  mode p o r t i o n  of t h e  
t r a n s i e n t  s i n c e  maneuver c h a r a c t e r i s t i c s  of i n t e r e s t  are dominated by t h e  
non l inea r  p o r t i o n .  F u r t h e r ,  t h e  locus  of p o s s i b l e  i n i t i a l  s ta tes  x ( t )  de f ined  
i n  equat ions (47) may n o t  i n t e r s e c t  t h e  switching curve,  b u t  t h i s  occurs  only 
i n  c a s e s  such t h a t  t h e  nominal t r a n s i t i o n  i s  ,independent of t h e  i n i t i a l i z a t i o n  
t i m e  . 
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The e f f e c t s  of t h i s  cho ice  of i n i t i a l i z a t i o n  t i m e  are i l l u s t r a t e d  i n  
f i g u r e  12 (a )  f o r  t h e  p i t chove r  maneuver. Maneuvers i n i t i a l i z e d  a t  0, 4 ,  
and 1 0  s e c  p r i o r  t o  t h e  r e f e r e n c e  l e g  switch time are compared, assuming no 
e r r o r s  i n  t r a c k i n g  t h e  r e f e r e n c e  pa th  a t  i n i t i a l i z a t i o n .  Reference t i m e  
i n i t i a l i z a t i o n  (a)  shows c o n t r o l  s i g n  r e v e r s a l  i n  
overshoot.  Case ( b ) ,  which i n i t i a l i z e s  4 set earlier and f o r  which t h e r e  is  
no c o n t r o l  s i g n  reversal, i s  a n  obvious improvement over ( a ) ;  t h e  v e l o c i t y  
excursion f o r  t he  maneuver does n o t  exceed t h e  d i s c o n t i n u i t y  on t h e  r e f e r e n c e  
path,  and t h e  per iod a t  s a t u r a t e d  c o n t r o l ,  maneuver d u r a t i o n ,  and peak accel- 
e r a t i o n  rates are a l l  cons ide rab ly  reduced. F i n a l l y ,  (c )  begins  too  e a r l y  and 
in t roduces  c o n t r o l  s i g n  and v e l o c i t y  r e v e r s a l s  e a r l y  i n  t h e  t r a n s i e n t  where 
i t  a t t e m p t s  t o  climb t o  t h e  backward e x t r a p o l a t i o n  of t h e  nex t  l e g .  These 
t h r e e  t r a n s i t i o n s  are f u r t h e r  compared i n  t h e  x-plane i n  f i g u r e  1 2 ( b ) .  The 
switching curves and boundaries  s e p a r a t i n g  r e g i o n s  of l i n e a r  and non l inea r  
t r a n s i t i o n s  are  shown as dashed l i n e s ,  and the  locus  of p o s s i b l e  i n i t i a l  
cond i t ions  f o r  t h e  t r a n s i t i o n ,  def ined from equa t ion  ( 4 6 ) ,  i s  given by t h e  
l i n e  L. Only non l inea r  t r a n s i t i o n s  can occur i n  t h i s  example because L never 
e n t e r s  RL. The r e f e r e n c e  t i m e  i n i t i a l i z a t i o n  ( a t  a )  shows x2  overshoot ing 
zero u n t i l  t h e  switching curve,  (5 = 0,  is  reached; a c o n t r o l  s i g n  r e v e r s a l  
and r educ t ion  of t h e  canon ica l  speed fo l lows .  For t h e  earliest  i n i t i a l i z a -  
t i o n  ( c ) ,  t h e  speed Ix21 i n c r e a s e s  u n t i l  t h e  switching boundary i s  encountered, 
followed by c o n t r o l  r e v e r s a l  and speed r educ t ion .  I n  both cases, t h e  speed 
excursion on t h e  t r a n s i e n t ,  ( x ~ ) ~ ~ ~  - (X2)min, g r e a t l y  exceeds t h e  i n i t i a l  
speed d i s c o n t i n u i t y  t o  be r e l axed .  F i n a l l y ,  ( b ) ,  which i n i t i a l i z e s  when L 
encounters  t he  switching curve,  e n t e r s  t h e  l i n e a r  r eg ion  without  c o n t r o l  s i g n  
o r  speed r e v e r s a l s  and a l s o  r e q u i r e s  t h e  least maneuver t i m e ,  t i m e  a t  
s a t u r a t e d  c o n t r o l ,  and speed excursion among t h e s e  cases .  Thus, t h e  t r a n s i t i o n  
i n  t h i s  example i s  optimized ( i n  t h e  above sense)  by i n i t i a l i z i n g  a t  t h e  con- 
t r o l  switching curve.  

u ( t )  and e , ( t )  and v e l o c i t y  

For t r a n s i t i o n s  i n i t i a ’ l i z e d  i n  t h e  l i n e a r  r eg ion ,  t h e  i n i t i a l i z a t i o n  t i m e  
can be s e l e c t e d  t o  e l i m i n a t e  o r  minimize t h e  magnitude of i n i t i a l  j e r k  t o  
o b t a i n  the  ( l o c a l l y )  smoothest maneuver. Some consequences of t h i s  cho ice  i n  
t h e  pi tchover  example are seen i n  f i g u r e  1 2 ( c ) .  Here t h e  locus  L of p o s s i b l e  
i n i t i a l  cond i t ions  c r o s s e s  t h e  l i n e a r  mode region.  T h e  z e r o - i n i t i a l - j e r k  
t r a n s i t i o n  begins a t  (d) and uses  t,he lowest  v e l o c i t y  and p o s i t i o n  excur s ions  
and peak a c c e l e r a t i o n  command compared t o  earlier i n i t i a l i z a t i o n  ( a t  e )  o r  
l a te r  i n i t i a l i z a t i o n  ( a t  a ,  c ,  o r  t he  r e f e r e n c e  l e g  switching time, b) and 
a l l  non l inea r  t r a n s i t i o n s  are poorer i n  t h e s e  measures than some l i n e a r  t r a n s i -  
t i o n s  t h a t  can be i n i t i a l i z e d  from L. Consequently, minimum i n i t i a l  j e r k  i s  
t h e  c r i t e r i o n  used t o  i n i t i a l i z e  l i n e a r  t r a n s i t i o n s ;  t h a t  is, t h e  linear-mode 
j e r k  a s soc ia t ed  wi th  i n i t i a l i z i n g  a t  t i s  given from equa t ions  ( 4 7 )  as 

and then T i s  s e l e c t e d  such t h a t  

Jo ( t )  i s  minimized and x(T) E RL ( 4 9 )  
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An a l t e r n a t i v e  linear-mode i n i t i a l i z a t i o n  c r i t e r i o n ,  s t u d i e d  i n  r e f e r e n c e  8, 
would minimize t h e  c o s t  f u n c t i o n  of t h e  l i n e a r  opt imal  c o n t r o l  w i th  r e s p e c t  
t o  t h e  set of p o s s i b l e  i n i t i a l  cond i t ions .  Cr i te r ia  have been s t a t e d  f o r  t h e  
i n i t i a l i z a t i o n  t i m e  f o r  bo th  l i n e a r  and non l inea r  modes of t h e  TD. By 
applying t h e s e  c r i t e r i a ,  t r a n s i t i o n s  are smoothed, e l i m i n a t i n g  e i t h e r  i n i t i a l  
a c c e l e r a t i o n  rate o r  unnecessary c o n t r o l  s i g n  reversals. Such choices  of 
i n i t i a l i z a t i o n  time a l s o  approximately minimize t h e  extremes of a c c e l e r a t i o n  
and v e l o c i t y  excursions as w e l l  as, roughly,  t h e  o v e r a l l  a c c e l e r a t i o n  a c t i v i t y  
and maneuver d u r a t i o n  r e q u i r e d ,  compared t o  o t h e r  i n i t i a l i z a t i o n  t i m e s .  The 
cr i ter ia  given h e r e  l e a d  t o  closed-form r e s u l t s  f o r  t h e  i n i t i a l i z a t i o n  time 
which can be inco rpora t ed  i n  t h e  CG s t r u c t u r e  of f i g u r e  2 as t h e  i n i t i a l i z a -  
t i o n  switching algori thm; t h e s e  are der ived nex t .  

The above cri teria (eqs.  ( 4 8 )  and (49 ) )  apply independently on each pa th  
a x i s  and, i n  gene ra l ,  d i s t i n c t  optimum switching times ( T ( i ) ,  i = 1, 2 ,  3)  are 
obtained.  The d e t a i l s  of syn thes i z ing  t h e  3-axis command during t h e  per iod 
between i n i t i a l i z i n g  t h e  t r a n s i t i o n  on one a x i s  and on a l l  t h r e e  axes are 
given las t  i n  t h i s  s e c t i o n .  

Linear  Mode T r a n s i t i o n  I n i t i a l i z a t i o n  T ime  

Throughout t h e  d e r i v a t i o n  of t h e  i n i t i a l i z a t i o n  t i m e  formulas,  only a 
s i n g l e  a x i s  i s  considered and t h e  a x i s  s u p e r s c r i p t  i s  dropped from t h e  
n o t a t i o n .  Third-order t r a n s i t i o n  dynamics are assumed ( G ( s )  = 1) and t h e  
formulas are der ived f o r  t h e  time-to-go, AT, t o  t h e  optimum i n i t i a l i z a t i o n  
t i m e  f o r  t h e  convenience of on-line u s e  of t h e s e  r e s u l t s  i n  t h e  CG. I f  t i s  
t h e  c u r r e n t  t i m e ,  t hen  optimum i n i t i a l i z a t i o n  t i m e  T i s  

T = t + A T  (50) 

For l i n e a r  t r a n s i t i o n s ,  AT i s  c a l c u l a t e d  t o  minimize t h e  j e r k  t h a t  
occurs  immediately fol lowing i n i t i a l i z a t i o n ;  t h a t  i s ,  t o  minimize over a l l  
A t ,  t he  q u a n t i t y  

T 1-k x ( t  + At) - E 3 ( t  + A t ) [  
J o ( t  + At) = - .  . .  

T 

To e v a l u a t e  t h e  dependence of t e r m s  i n  equat ion (51) on A t ,  l e t  
E 2 ( t ) ,  E 3 ( t ) ,  A ( t ) )  be t h e  c u r r e n t  e r r o r  from t h e  next  l e g  and l e t  t h e  f u t u r e  
behavior of t h i s  e r r o r  s t a t e  b e  p red ic t ed  assuming c o n s t a n t  r e l a t i v e  accel-  
e r a t i o n ,  A( t )  : 

( E l ( t ) ,  
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and constant relative acceleration command, E3(t + At) = E3(t). This assump- 
tion is valid nominally (no disturbances, perfect tracking) and locally valid 
otherwise. 

The evolution of the corresponding canonical coordinates and initial 
TD acceleration and control are given from equation (52) using 

xl(t + At) = El(t + At) + TE2(t + At) 
x2(t + At) = E2(t + At) + .rE3(t) 
e3(t + At) = E3(t) 

u(t + At) = -klx,(t + At) - k2x2(t + At) 

(53) 

The time-to-go, AT, which nulls initial jerk, is obtained by substituting 
equations (52) and (53) in (51) and solving 

0 = klEl(t) + (k2 + Tkl)E2(t) + (-rk2 + 1)E3(t) 

I n  the remaining derivation the variable t is dropped from El(t), E2(t), 
etc. when denoting conditions at the current time. 
tion (54) yields the following cases: 

The solution of equa- 

undefined If AYE2 = 0 

If A = 0, E2 # 0 

If A # 0 -b + { m z }  

where 

Tk2 + 1 
(El + (T + 2) E2 + kl E 3  

E2 k2 

A kl 
b = - + - r + -  

-rk2 + 1 
(El + (T + 2) E2 + kl 

A c = 2  

(55) 
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Three cases are d i s t i n g u i s h e d  i n  equa t ion  ( 5 5 ) .  I n  t h e  f i r s t  case 
(E2, A = 0) on ly  a p o s i t i o n  s t e p  d i s c o n t i n u i t y  occurs  between t h e  c u r r e n t  
state and t h e  nex t  l e g  as, f o r  example, when a s t e p  change i n  a l t i t u d e  o r  
la teral  o r  l o n g i t u d i n a l  p o s i t i o n  occurs  a t  t h e  r e f e r e n c e  l e g  switch and t h e r e  
i s  p e r f e c t  t r a c k i n g .  I n  t h i s  ca se ,  t h e  i n i t i a l  c o n d i t i o n s  f o r  t h e  TD are 
f i x e d  and independent of t h e  i n i t i a l i z a t i o n  time; t h e  i n i t i a l i z a t i o n  t i m e  
i s  s e l e c t e d ,  t h e r e f o r e ,  on some b a s i s  o t h e r  t han  minimum i n i t i a l  j e r k .  

I n  t h e  second case (E2 # 0,  A = 0 )  a v e l o c i t y  and, poss ib ly ,  a p o s i t i o n  
d i s c o n t i n u i t y ,  occu r s  b u t  no a c c e l e r a t i o n  change as, f o r  example, where a 
d i s c o n t i n u i t y  i n  speed o r  f l i g h t - p a t h  a n g l e  o r  d i r e c t i o n  occurs  a t  t h e  
r e f e r e n c e  l e g  switching t i m e  and t h e r e  is  p e r f e c t  t r a c k i n g  (e.g. ,  f i g .  1 2 ( c ) ) .  
I f ,  i n  a d d i t i o n ,  t h e  r e f e r e n c e  l e g s  are posi t ion-cont inuous a t  
as i s  o f t e n  t h e  case, then  equa t ion  ( 5 5 )  g ives  t h e  optimum i n i t i a l i z a t i o n  t i m e  
as 

t o ( E l ( t o )  = 0 ) ,  

T = to - (T +2) 
This  v a l u e  is  always ear l ier  than  ("leads") t h e  r e f e r e n c e  t i m e  and is  
independent of E 2 ( t o ) .  This l ead  can be incorporated i n  the  r e f e r e n c e  
t r a j e c t o r y  i t s e l f  by s p e c i f y i n g  a p o s i t i o n  d i s c o n t i n u i t y  a t  to such t h a t  T 
and to are  i d e n t i c a l ;  from equat ion (55) t h e  r equ i r ed  d i s c o n t i n u i t y  i s  

E l ( t o )  = -E2(to) T + - ( 3 
I n  t h e  l as t  c a s e  i n  equa t ion  ( 5 5 )  an  a c c e l e r a t i o n  d i s c o n t i n u i t y  occurs  

on t h e  r e f e r e n c e  t r a j e c t o r y  a t  to as,  f o r  example, when one of t h e  l e g s  i s  a 
t u r n  or  executes  a c o n s t a n t  a c c e l e r a t i o n  speed change. H e r e ,  t h e  q u a d r a t i c  
equa t ion  ( 5 4 )  has two s o l u t i o n s  which are e i t h e r  rea l  o r  complex. They a re  
complex i f  t h e r e  i s  no t i m e  A t  a t  which t h e  c o n t r o l ,  u ( t  + At) given by 
equa t ions  (53) can n u l l  t h e  j e r k .  I n  t h i s  c a s e ,  j e r k  i s  minimized by i n i t i a l -  
i z i n g  a t  t = -b and.consequent ly  t h i s  i s  taken as t h e  optimum i n i t i a l i z a t i o n  
t i m e .  

I f  two rea l  s o l u t i o n s  occur ,  i n i t i a l  j e r k  is  n u l l e d  a t  both t i m e s ,  b u t  
i t  can be shown t h a t  t h e  a c c e l e r a t i o n  magnitude I e3 I i n c r e a s e s  fol lowing 
i n i t i a l i z a t i o n  a t  t he  earlier t i m e  and dec reases  fol lowing t h e  la ter  i n i t i a l i -  
z a t i o n .  Thus, t h e  ear l ie r  s o l u t i o n  produces a t r a n s i t i o n  on which t h e  

a c c e l e r a t i o n  d i s c o n t i n u i t y  E 3  between t h e  two l e g s ;  consequently t h e  l a te r  
i n i t i a l i z a t i o n  has  been s e l e c t e d  i n  equat ion ( 5 5 ) .  

a c c e l e r a t i o n  excursion e3max - e3min n e c e s s a r i l y  exceeds t h e  i n i t i a l  

Frequent ly ,  r e f e r e n c e  t r a j e c t o r i e s  w i t h  an a c c e l e r a t i o n  d i s c o n t i n u t i y  
have continuous p o s i t i o n  and v e l o c i t y  a t  t h e  r e f e r e n c e  l e g  switch t i m e  ( E l ( t o ) ,  
E2( to )  = 0) and then  equa t ion  ( 5 5 )  g ives :  
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Thus, t he  optimum t i m e  l e a d s  t h e  r e f e r e n c e  l e g  switch t i m e  by a n  amount t h a t  
i s  independent of t h e  magnitude of E 3 ( t o ) .  

For on-l ine u s e  of equa t ion  (55) i t  should b e  noted t h a t  i f  AT i s  
nega t ive ,  t hen  t h e  optimum i n i t i a l i z a t i o n  time has  been passed and t h e  i n i t i a l  
j e r k  i s  a n  i n c r e a s i n g  f u n c t i o n  of t ime; consequent ly ,  j e r k  i s  minimized by 
i n i t i a l i z i n g  t h e  t r a n s i t i o n  immediately, and equa t ion  (50) i s  modified t o  

T = t + max{O,AT} ( 5 8 4  

Fur the r ,  t h e  formulat ion i n  equat ion (55) i s  computat ional ly  s e n s i t i v e  a t  t h e  
boundaries between t h e  t h r e e  cases t o  t h e  s m a l l  nonzero v a l u e s  of 
which occur as  a r e s u l t  of t r a c k i n g  e r r o r s  and d i s tu rbances .  
zero on t h e  r e f e r e n c e  t r a j e c t o r y ,  then s m a l l  t r a c k i n g  e r r o r s  have a l a r g e  
e f f e c t  on AT b u t  t h e  r e s u l t i n g  t r a n s i t i o n  maneuver remains i n s e n s i t i v e  t o  
t h e  i n i t i a l i z a t i o n  t i m e .  I f  t h e  r e f e r e n c e  t r a j e c t o r y  i s  a v e l o c i t y - s t e p  case 
then  t h e  optimum time i s  not  s e n s i t i v e  t o  s m a l l  nonzero v a l u e s  of A ,  b u t  t h e  
formulat ion i n  equat ion (55) becomes i l l - c o n d i t i o n e d .  Two dev ices  are used 
i n  t h e  a p p l i c a t i o n s  work of t h i s  paper t o  avoid t h e s e  two d i f f i c u l t i e s .  
F i r s t ,  t h e  l e g  i n i t i a l i z a t i o n  time i s  l i m i t e d  t o  a s h o r t  pe r iod ,  ( t o  - Tl, 
to + T2),  i n  t h e  neighborhood of t h e  r e f e r e n c e  switch time so  t h a t  
equat ion (50) i s  f u r t h e r  modified t o  

E2 o r  A 
I f  (A, E2)  are 

T = max{[to - T1, m i n i t  + max{O,AT), to + T q l l }  
Secondly, t h e  t h r e e  cases i n  equa t ion  (55) are d i s t i n g u i s h e d  on t h e  b a s i s  of 
approximate n u l l i n g  of (A,  E2) r a t h e r  than exac t  n u l l i n g  by t h e  use  of thresh-  
o l d  va lues ,  ~ 2 ,  ~ 3 .  The cond i t ions  f o r  each case are t h e r e f o r e :  

Nonlinear Mode T r a n s i t i o n  I n i t i a l i z a t i o n  T i m e  

For non l inea r  t r a n s i t i o n s ,  i n i t i a l i z a t i o n  i s  taken a t  t h e  i n t e r s e c t i o n  of 
t h e  locus  of p o s s i b l e  i n i t i a l  states wi th  t h e  c o n t r o l  switching boundary i n  
accordance wi th  the  c r i t e r i o n  given i n  equat ion (48).  Th i s  p reven t s  c o n t r o l  
s i g n  r e v e r s a l s  a t  s a t u r a t e d  levels. The i n t e r s e c t i o n  occurs  a t  AT such t h a t  
a [ x ( t  + AT)] is  n u l l e d ,  where, as de f ined  earlier,  

D i f f e r e n t  f u n c t i o n s  d e f i n e  a (x )  depending on whether t h e  state x ( t )  i s  
above o r  below t h e  xl-axis  and t h e s e  are d i s t i n g u i s h e d  i n  t h e  n o t a t i o n  as 
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o ( + ) ,  ~ ( - 1 .  
e v a l u a t e  t h e  v a r i a t i o n  of u a long t h e  locus:  

Equations (52) and (53) are s u b s t i t u t e d  i n  equat ion (60) t o  

a ( + ) ( x ( t  + At)) = ( e 3mX1 + 3 X22) [E2(e3m + A) + TA(e3m + E3)]At 

1 u ( - ) ( x ( t  + At)) = e3Mx1 - 2 x22) + [E2(e3M - A) + TA(e3M - E3)]At 

A t 2  
(61b) 

( 
+ - A) 2 

The a p p r o p r i a t e  i n i t i a l i z a t i o n  t i m e  i s  s e l e c t e d  from those t i m e s  which n u l l  
u i n  equa t ions  (61) and t h i s  s e l e c t i o n  r e s u l t s  i n  t h e  following cases: 

I f  A Y E 2  = 0 f undefined 
AT = { -al I f  E2 # 0 ,  A = 0 

\ -b1  + dmax{0,b12 - c1} I f  A f O  

where 

u x + 0.51x21x2 0 
=--- 0 1  a = -  

u E  UoE2 0 2  
1 

x > o  
x < o  

2 

3M 2 

e 
u = { e3m 
0 

1 A - E  U 
3 __- + T  

u + 8 E 3  - x2 

u1 + IAl 
- -  

A u, + IAl A 
+ T  b, = A E2 

8 = s i g n  (A) 

e A > O  

e A < O  
3M 

Three cases occur i n  equat ion (62).  F i r s t ,  i f  t h e r e  is  only a p o s i t i o n  
d i s c o n t i n u i t y  between t h e  c u r r e n t  s ta te  and t h e  nex t  l e g  (A, E2 = 0) t h e  
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i n i t i a l  cond i t ions  f o r  t h e  TD are f i x e d  and independent of t h e  i n i t i a l i z a t i o n  
t i m e ,  and no optimum t i m e  i s  de f ined .  

Secondly, i f  t h e r e  i s  a v e l o c i t y  d i s c o n t i n u i t y  b u t  no a c c e l e r a t i o n  change 
(E2 # 0, A = 0) then  t h e  l o c u s  of i n i t i a l  c o n d i t i o n s  i s  p a r a l l e l  t o  t h e  
xl-axis  and equa t ions  (61) y i e l d  a s i n g l e  t i m e  a t  which t h e  l o c u s  i n t e r s e c t s  
t h e  switching boundary ( f i g .  1 2 ( b ) ) .  If t h e  r e f e r e n c e  t r a j e c t o r y  has  cont inu-  
ous p o s i t i o n  a t  t h e  r e f e r e n c e  leg-switching t i m e  and t r a c k i n g  e r r o r s  are 
ignored, t hen  t h e  optimum i n i t i a l i z a t i o n  time always l e a d s  t h e  r e f e r e n c e  
switching-t ime as given by 

The r equ i r ed  l ead  depends on t h e  s i z e  of t h e  v e l o c i t y  d i s c o n t i n u i t y  IE21 .  
A v e l o c i t y  change can be s p e c i f i e d  i n  t h e  r e f e r e n c e  t r a j e c t o r y  simply as a 
v e l o c i t y  s t e p  a t  some t i m e  to, o r ,  if v e r y  l a r g e  l e a d  time i s  requ i r ed  i n  
equat ion (63) ,  as a cons t an t  a c c e l e r a t i o n  l e g  of d u r a t i o n  E,/A beginning a t  

to. I n  e i t h e r  c a s e  t h e  t r a n s i t i o n  dynamics f i l l  i n  t h e  remaining d e t a i l s  of 
t h e  maneuver. The l e a d  t i m e  i n  equat ion (63) can a l s o  be inco rpora t ed  i n  t h e  
r e f e r e n c e  t r a j e c t o r y  by s p e c i f y i n g  a p o s i t i o n  d i s c o n t i n u i t y  a t  to such t h a t  
T and t, co inc ide ,  as given by 

F i n a l l y ,  i n  t h e  case of a c c e l e r a t i o n  s t e p s  (A # 0 )  t h e  locus  of p o s s i b l e  
i n i t i a l  t r a n s i t i o n  dynamics s ta tes  i s  a parabola  w i t h  a x i s  of symmetry p a r a l l e l  
t o  t h e  xl-axis  ( s e e  s k e t c h  ( b ) )  and, from equa t ions  (52) and (53) ,  can be 
given i n  t h e  form 

( x 2 ( t  + At) - x 

2 ' x l ( t  + A t ) .  - x 
) 2  

A = -  1 -. 2v- 
1v 

wi th  t h e  t i m e  and l o c a t i o n  of t h e  v e r t e x  given by 

A - E 3  

A T 
- x2 

A t v  - - - - A 

For p o s i t i v e  (negat ive)  v a l u e s  of A ,  t h e  locus  is  t r a v e r s e d  wi th  i n c r e a s i n g  
(decreasing)  v e l o c i t y ;  t h e  x l - ax i s  c r o s s i n g  occurs  a t  t i m e  

X - 2 A t x  - - -  A 
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Sketch (b).- Evolut ion of p o s s i b l e  i n i t i a l  t r a n s i t i o n  dynamics states; 

and x1 reaches a minimum (maximum) a t  t h e  v e r t e x .  I n  p e r f e c t  t r a c k i n g ,  t h e  
v e r t e x  f a l l s  on t h e  xl-axis .  
(o(x) = 0) c o n s i s t s  of two half-parabolas  w i t h  v e r t e x e s  a t  t h e  o r i g i n  and 
a c c e l e r a t i o n s ,  e3m and e3M. 

A > 0. 

It is  a l s o  noted t h a t  t he  switching curve 

The r o o t s  of equa t ions  (61) provide v a r i o u s  p o s s i b i l i t i e s  f o r  0, 1, o r  
2 p o i n t s  a t  which o(x)  i s  n u l l e d ,  as i s  i l l u s t r a t e d  i n  ske tch  (b) by t h e  l o c i  
L1: L 2 ,  L 3 ,  Lb  and t h e i r  i n t e r s e c t i o n s  w i t h  t h e  two branches of t h e  c o n t r o l  
switching curve.  I f  A is  p o s i t i v e ,  a s i n g l e  s o l u t i o n  is  s e l e c t e d  i n  equa- 
t i o n  (62) t o  minimize lo(+)l. 
(as f o r  L3, Lq i n  s k e t c h  (b) )  t h e  l a t e r  one i s  s e l e c t e d  and t h u s  n u l l s  
I f  equat ion (61a) has  complex r o o t s  ( a s  f o r  L1, L2) then t h e  real  p a r t  of 

t h e  r o o t  i s  s e l e c t e d  (At = -bl)  ; t h i s  minimizes Io(+) I and corresponds t o  a 
p o i n t  on t h e  l o c u s  between t h e  xl-  a x i s  c ros s ing  and t h e  v e r t e x -  

Thus, i f  equat ion (61a) has  two real  r o o t s  
IS(+). 

These choices  are  based on t h e  fol lowing r a t i o n a l e .  I f  t h e  l o c u s  i n t e r -  
s e c t s  both branches ( L 3 ) ,  t r a n s i t i o n s  i n i t i a l i z e d  on e i t h e r  branch prevent  
r e v e r s a l s  i n  u ,  b u t  t hose  i n i t i a l i z e d  on t h e  lower branch have i n c r e a s i n g  
I e3 I i n i t i a l l y  so  t h a t  t h e  a c c e l e r a t i o n  excursion f o r  t h e  t r a n s i t i o n ,  
e3max - e3min, n e c e s s a r i l y  exceeds t h e  o r i g i n a l  d i s c o n t i n u i t y  t h a t  w a s  t o  b e  
r e l axed ,  E3. 
a t  t h e  maximum ra t e  i n i t i a l l y .  I f  t h e  locus  i n t e r s e c t s  only t h e  lower branch 
(L2) , t r a n s i t i o n s  i n i t i a l i z e d  on t h e  lower branch have slowly dec reas ing  I e3 I 
i n i t i a l l y  and t h e  l o c a t i o n  and timing of t h e  i n t e r s e c t i o n  is  s e n s i t i v e  t o  
t r ack ing  e r r o r s .  I n  t h i s  and a l l  c a s e s  f o r  which no i n t e r s e c t i o n  of t h e  upper 
branch occurs ,  i n i t i a l i z a t i o n  is  taken a t  minimum Io(+) 1 .  
r e v e r s a l  i n  u during t r a n s i t i o n ,  b u t  t h e  d u r a t i o n  of t r a n s i t i o n ,  t h e  t i m e  
spen t  a t  s a t u r a t e d  c o n t r o l ,  and t h e  excursions i n  x l ,  x2 
are a l l  approximately minimized, and t h e  i n i t i a l i z a t i o n  t i m e  i s  r e l a t i v e l y  
i n s e n s i t i v e  to t r a c k i n g  e r r o r s .  

T r a n s i t i o n s  i n i t i a l i z e d  on t h e  upper branch decrease I e3 I 

This  produces a 

f o r  t h e  t r a n s i t i o n  

For n e g a t i v e  v a l u e s  of A ,  an analogous r a t i o n a l e  occurs  by r e v e r s i n g  
t h e  r o l e s  of t h e  upper and lower branches of t h e  switching curve,  and t h e  
corresponding cho ice  of r o o t s  of equat ion (61b) i s  contained i n  equa t ion  ( 6 2 ) .  
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I f  t h e  r e f e r e n c e  t r a j e c t o r y  has  cont inuous p o s i t i o n  and v e l o c i t y  a t  
t h e  l e g  switch t i m e  (E l ( to )  = E 2 ( t o )  = 0) and t r a c k i n g  e r r o r s  are neg lec t ed ,  
equat ion (62) g i v e s  

= to - + - 3 
H e r e ,  T 
than T. 

always l e a d s  t h e  r e f e r e n c e  l e g  swi t ch  t i m e  b u t  by an amount less 

The s a m e  remarks noted f o r  on-l ine u s e  of t h e  l i n e a r  case r e s u l t s  a g a i n  
apply t o  on-l ine u s e  of equat ion (62);  t h e  t r a n s i t i o n  i s  i n i t i a l i z e d  as soon 
as t h e  optimum t i m e  i s  passed (eq. (58a ) ) ,  b u t  t h e  t iming adjustment from 
t h e  r e f e r e n c e  t i m e  is  l i m i t e d  t o  a s h o r t  pe r iod  con ta in ing  to, as i n  
equat ion (58b). 
t i o n  (62) on t h e  b a s i s  of approximate n u l l i n g  of 

Fur the r ,  i t  i s  u s e f u l  t o  d i s t i n g u i s h  t h e  cases i n  equa- 
A o r  E, as i n  equa t ions  (59). 

Syn thes i s  of Three Axis T r a n s i t i o n  

The preceding r e s u l t s  d e f i n e  t h e  i n i t i a l i z a t i o n  t i m e  f o r  t h e  t r a n s i t i o n  
along a s i n g l e  p a t h  a x i s .  These apply s t r a i g h t f o r w a r d l y  i n  c a s e s  when t h e  
d i s c o n t i n u i t i e s  on t h e  r e f e r e n c e  t r a j e c t o r y  are along only one p a t h  a x i s ,  as 
i n  t h e  pi tchover  example. For maneuvers w i t h  d i s c o n t i n u i t i e s  a long two o r  
t h r e e  axes  ( e .g . ,  simultaneous turn-entry,  p i t c h o v e r ,  and speed-change) t o  b e  
r e l axed  by t h e  t r a n s i t i o n ,  t h e  i n i t i a l i z a t i o n  time op t imiza t ion  cri teria 
apply t o  each a x i s  independently and r e s u l t  i n  d i f f e r e n t  optimum t i m e s  f o r  
each a x i s .  I n  t h i s  case, t h e  TD can be i n i t i a l i z e d  independently f o r  each 
a x i s  b u t  t h e  r e f e r e n c e  t r a j e c t o r y  must a l s o  b e  switched t o  t h e  nex t  l e g  f o r  
t h a t  a x i s .  The method of c o n s t r u c t i n g  t h i s  modified r e f e r e n c e  t r a j e c t o r y  
during t h e  per iod between i n i t i a l i z i n g  one a x i s  and a l l  t h r e e  axes is  given 
nex t ;  t h e  process  c o n s i s t s  of a x i s  by a x i s  s u p e r p o s i t i o n  of t he  r e l a t i v e  
t r a j e c t o r y  between t h e  two success ive  l e g s .  

F i r s t ,  s p e c i a l  formulas are given f o r  e x t r a p o l a t i n g  t h e  next  l e g  
( l e g  m + 1 )  backward i n  t i m e  from t h e  l eg - junc t ion  a t  tSm+l). The discon- 
t i n u i t y  between t h e  two l e g s  a t  t h e  r e f e r e n c e  switching t i m e  is  given by 

as r e f e r r e d  t o  p a t h  axes  of l e g  m c a l c u l a t e d  from ~ ( ~ ’ ( t y l ) ) .  
t h e  d i f f e r e n c e  between t h e  two l e g s  f o r  
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a c c e l e r a t i o n  i n  p a t h  axes  
t (m+i) ; t h a t  i s  

en3 ,  and us ing  equa t ions  ( 6 5 )  as t h e  d i f f e r e n c e  a t  

0 

( 6 6 )  

e n 3 ( t )  = en3 b + l )  

2 e n 2 ( t )  = en 

0 
e n , ( t )  = enl  

and t h e  e x t r a p o l a t i o n  of l e g  m + 1 backward i n  time from t y l )  is  
cons t ruc t ed  from t h e  s u p e r p o s i t i o n  of l e g  m and t h e  r e l a t i v e  t r a j e c t o r y  

Equations ( 6 6 )  res t r ic t  t h e  r e l a t i v e  t r a j e c t o r y  i n  p a t h  axes  t o  one of 
cons t an t  r e l a t i v e  a c c e l e r a t i o n  during t h e  per iod p r i o r  t o  
l e g s  are s t r a i g h t  l i n e s  wi th  c o n s t a n t  i n e r t i a l  a c c e l e r a t i o n ,  then the  r e s u l t  
i n  equat ion (67)  i s  i d e n t i c a l  t o  e x t r a p o l a t i n g  l e g  m + 1 from i ts  inpu t  
parameters.  I f  e i t h e r  l e g  i s  a c i r c u l a r  arc t h i s  i s  n o t  t h e  case ,  b u t  
t h e  cons t an t  r e l a t i v e  a c c e l e r a t i o n  e x t r a p o l a t i o n  is t h e  a p p r o p r i a t e  one f o r  
u s e  with t h e  a n t i c i p a t i o n  t i m e  formulas p rev ious ly  de r ived .  

tAm+’) ; i f  both 

The TD can b e  i n i t i a l i z e d  a t  any t i m e  t < to (m+l) on t h e  b a s i s  of e r r o r s  
from t h e  e x t r a p o l a t e d  nex t  l e g  given,  u s ing  equa t ions  ( 4 7 )  and ( 6 7 ) ,  as 

The f i r s t  t e r m  i n  equa t ion  ( 6 8 )  i s  t h e  d i f f e r e n c e  between t h e  est imated state 
and t h e  s ta te  on l e g  m of t h e  r e f e r e n c e  t r a j e c t o r y  and is  nonzero due e i t h e r  
t o  t r a c k i n g  e r r o r s  o r  t o  t r a n s i t i o n s  which w e r e  i n i t i a t e d  ear l ier  b u t  have n o t  
y e t  been completed. 
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F i n a l l y ,  i f  a x i s  i i s  i n i t i a l i z e d  a t  t ime T(i) ,  t h e  i n i t i a l  c o n d i t i o n s  
f o r  i t s  t r a n s i t i o n  dynamics are 

and t h e  r e f e r e n c e  p a t h  i s  switched t o  t h e  nex t  l e g  f o r  a x i s  
t h e  s u p e r p o s i t i o n  

i by means of 

1 r * ( t )  = r ( m ) ( t )  + G s ( t ) D ( t ) e n l ( t )  
S S 

v * ( t )  = v ? ) ( t )  + AT ( t ) D ( t ) e n , ( t )  
S PS 

where 

This  r e f e r e n c e  t r a j e c t o r y  co inc ides  w i t h  t h e  p r i o r  l e g  f o r  t i m e s  earl ier 
than i n i t i a l i z a t i o n  of t h e  f i r s t  a x i s  and w i t h  t h e  nex t  l e g  f o r  t i m e s  l a t e r  
than i n i t i a l i z a t i o n  of t he  t h i r d  a x i s .  

A COMMAND GENERATOR ALGORITHM 

A Command Generator (CG) has  been designed from the  preceding t h e o r e t i c a l  
a n a l y s i s  f o r  u se  i n  an  a p p l i c a t i o n  of t h e  c o n t r o l  system s t r u c t u r e  of f i g u r e  1 
t o  Ames’ experimental  powered-lif t  a i r c r a f t ,  t h e  augmentor wing j e t  STOL 
r e s e a r c h  a i r c r a f t  (AWJSRA). 
equa t ions  f o r  t h e  b a s i c  s t r u c t u r e  of t h e  a lgo r i thm ( f i g .  13) and i t s  p r i n c i p a l  
elements;  t he  r e f e r e n c e  t r a j e c t o r y  gene ra to r  (eqs.  (73)  and (75)) ,  t h e  t r a n s i -  
t i o n  i n i t i a l i z a t i o n  algori thm ( f i g .  1 4 ) ,  and t h e  t r a n s i t i o n  dynamics 
( f i g .  1 5 ) .  A number of s p e c i a l i z i n g  choices  occur i n  t h i s  a p p l i c a t i o n ,  and 
t h e  r a t i o n a l e  f o r  t h e s e  cho ices  i s  noted i n  t h e  d i scuss ion .  The s e l e c t i o n  of 
parameter v a l u e s  i s  d i scussed  i n  t h e  next  s e c t i o n .  This  a lgo r i thm has  been 
sub jec t ed  t o  and i s  t h e  r e s u l t  of t h e  s imula t ion  tests desc r ibed  i n  t h e  
fol lowing two s e c t i o n s .  It is  noted t h a t  t h e  CG design s t r u c t u r e ,  many 
parameter va lues ,  and t h e  conclusions drawn from t h e  s imula t ion  tests are 
independent of t h e  s p e c i f i c  a i r c r a f t  being c o n t r o l l e d  w i t h i n  t h e  c l a s s  of CTOL 
and STOL a i r c r a f t ,  and f o r  passenger ope ra t ions ;  t h e r e f o r e ,  d e t a i l s  of t h e  
AWJSRA are omitted i n  most of t h e  d i scuss ion .  

Th i s  des ign  i s  de f ined  next  w i th  flow c h a r t s  and 
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Inpu t  Parameters and Reference T r a j e c t o r y  Generator 

F igu re  1 3  shows a flow c h a r t  of t h e  CG l o g i c  executed each computation 
c y c l e  i n  f l i g h t .  The f i r s t  element gene ra t e s  t h e  r e f e r e n c e  t r a j e c t o r y  f o r  
t h e  c u r r e n t  time and l e g .  The r e f e r e n c e  t r a j e c t o r y  i s  assumed def ined 
i n i t i a l l y  by a set of parameters  which are t h e  i n i t i a l  cond i t ions  f o r  a set 
of M l e g s  of t h e  t r a j e c t o r y :  

These are t h e  i n i t i a l  p o s i t i o n  and v e l o c i t y  i n  runway coord ina te s  and t h e  
speed rate and h o r i z o n t a l  plane r a d i u s  of c u r v a t u r e  f o r  t h e  l e g .  A number of 
p r o p e r t i e s  are s a t i s f i e d  by t h e s e  parameters and are assumed i n  t h e  CG design.  
The set of i n i t i a l  l e g  t i m e s  (tAm)} is ordered and s t r i c t l y  i n c r e a s i n g  and 
t h e  r e f e r e n c e  p a t h  is  intended t o  sequence through hese l e g s  switching from 
l e g  m - 1 t o  l e g  m a t  thm).  The l e g  d u r a t i o n s ,  ( t o  Fm+l) - thm)) are normally 
longer  than t h e  t r a n s i t i o n  s e t t l i n g  time implied by t h e  leg- junct ion discon- 
t i n u i t i e s ,  ( roim+l)  - rS ( m ) ( t & m + r ) ) ) ,  e t c .  , and t h e  l e g  switching t i m e s  are 
normally c l o s e  t o  t h e  optimum t r a n s i t i o n  i n i t i a l i z a t i o n  t i m e s  implied by t h e  
l eg - junc t ion  d i s c o n t i n u i t i e s .  These l a s t  two p r o p e r t i e s  are not  necessary 
c o n d i t i o n s  f o r  t h e  func t ion ing  of t he  CG l o g i c  of f i g u r e  13, bu t  are expected 
p r o p e r t i e s  of t h e  class of o p e r a t i o n a l  i n p u t s  which have motivated t h e  t r a n s i -  
t i o n  dynamics concept and which underly t h e  e f f e c t i v e n e s s  of t h e  t r a n s i t i o n  
dynamics i n i t i a l i z a t i o n  algori thm. It i s  a l s o  assumed t h a t  l eg - junc t ion  
d i s c o n t i n u i t i e s  are l i m i t e d  i n  magnitude t o  avoid s i g n i f i c a n t  i n c o n s i s t e n c i e s  
i n  t h e  t r a n s i t i o n  kinematics  due t o  neg lec t ed  C o r i o l i s  a c c e l e r a t i o n s .  F i n a l l y ,  
t h e  r e f e r e n c e  t r a j e c t o r y  i s  assumed t o  s a t i s f y  o p e r a t i o n a l  c o n s t r a i n t s  on t h e  
t r a j e c t o r y  de r ived  from passenger comfort c o n s i d e r a t i o n s  and t h e  l i m i t s  of 
a i r c r a f t  c a p a b i l i t i e s .  

An a n a l y s i s  of t h e  sou rces  and d e f i n i t i o n  of t h e  r e f e r e n c e  t r a j e c t o r y  i s  
beyond our scope, b u t  i t  can b e  generated by an  ATC-4D guidance system, such 
as t h a t  descr ibed i n  r e f e r e n c e  3. A t  t h e  s tar t  of an  approach t o  an  a i r p o r t ,  
such a guidance system can d e f i n e  a r e f e r e n c e  p a t h  beginning a t  t h e  c u r r e n t  
l o c a t i o n  of t h e  a i r c r a f t  and pass ing  through a sequence of way-point p o s i t i o n s  
(roAm)) corresponding t o  t h e  e s t a b l i s h e d  approach r o u t e s  of t h e  a i r p o r t ;  t i m e s  
and v e l o c i t i e s  a t  each way-point ( to(m) , vogm)) and corresponding a c c e l e r a t i o n  
pa rame te r s  (;(m) , RAm)-l) f o r  each l e g  s a t i s f y  o p e r a t i o n a l  c o n s t r a i n t s  f o r  
s t eady  and near ly-s teady f l i g h t  cond i t ions .  

The r e f e r e n c e  t r a j e c t o r y  is  generated from t h e  i n p u t  parameters l i s t e d  
i n  equat ion (71).  These parameters s p e c i f y  each l e g  as e i t h e r  a s t r a i g h t  
l i n e  wi th  cons t an t  i n e r t i a l  a c c e l e r a t i o n  o r  a h e l i c a l  pa th  wi th  cons t an t  
r a d i u s  of cu rva tu re .  This  se t  accommodates t h e  r e s t r i c t e d  domain of passenger 
a i r c r a f t  r e f e r e n c e  t r a j e c t o r i e s  and of r e l a t e d  guidance systems such as those  
of r e f e r e n c e  3. 
cons t an t  and a l igned  wi th  t h e  f l i g h t  d i r e c t i o n  s o  t h a t  t h e  r e f e r e n c e  trajec- 
t o r y  is  generated by t h e  equa t ions  

For s t r a i g h t  l e g s  (RZl = 0 ) ,  t h e  a c c e l e r a t i o n  v e c t o r  i s  
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To gene ra t e  h e l i c a l  pa ths  (Ril f 0) ,  t h e  t r a j e c t o r y  coord ina te s  are 
sepa ra t ed  i n t o  vertical axis and h o r i z o n t a l  p l a n e  coord ina te s .  The ver t ical  
a x i s  components (denoted z he re )  are governed by c o n s t a n t  a c c e l e r a t i o n :  

where (21, 3, s 3 )  are t h e  runway axes.  
governed by a c o n s t a n t  r a d i u s  t u r n ,  where Rc 
r ight-hand ( lef t -hand)  t u r n s .  It i s  convenient t o  d e f i n e  t h e  u n i t  tangent  
and r a d i a l  v e c t o r s  i n  t h e  h o r i z o n t a l  plane (u,  - -  m ) ,  t h e  c e n t e r  of t h e  c i rc le ,  
- c y  and t h e  arc l e n g t h  from t h e  i n i t i a l  p o s i t i o n ,  s,  i n  ske tch  ( c ) .  The ho r i -  
z o n t a l  p l ane  coord ina te s ,  (denoted x,  y he re )  are given i n  t e r m s  of  t h e s e  
q u a n t i t i e s  by 

The h o r i z o n t a l  p l ane  coord ina te s  are 
i s  p o s i t i v e  (nega t ive )  f o r  

The r e q u i r e d  q u a n t i t i e s  i n  equa t ions  (74) are c a l c u l a t e d  from the  i n p u t  
parameters of equat ion (71) as fol lows:  
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5 2  

I 
Sketch (c )  .- Hor izon ta l  p lane  coord ina te s  -Jr he 

(m> ) & ( t >  = Go + s ( t  - to 
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T r a n s i t i o n  I n i t i a l i z a t i o n  Algorithm 

The t r a n s i t i o n  i n i t i a l i z a t i o n  a lgo r i thm i n  f i g u r e  13 i s  awakened and 
executed du r ing  a r e s t r i c t e d  per iod neighboring t h e  r e f e r e n c e  l eg - junc t ion  
t i m e ,  tSm+'); w i t h i n  t h i s  pe r iod  t h e  a lgo r i thm op t imizes  t h e  time of i n i t i a t -  
i n g  the  t r a n s i t i o n  t o  t h e  nex t  l e g  and does so  independent ly  on each p a t h  
a x i s .  

The t iming adjustment  per iod should be confined.  t o  t h e  d u r a t i o n  of t h e  
two l e g s  being sequenced, b u t  can b e  f u r t h e r  confined i n  t h e  p r e s e n t  app l i ca -  
t i o n  t o  a s h o r t  pe r iod ,  AT, on t h e  o rde r  of 1 0  sec, i n  advance of 
This  cho ice  is based on t h e  s impl i fy ing  p r a c t i c e  adopted h e r e  and elsewhere 
( r e f s .  3 and 8 ) ,  of s p e c i f y i n g  r e f e r e n c e  t r a j e c t o r i e s  w i th  only s i n g l e - s t a t e  
d i s c o n t i n u i t i e s  a t  t h e  l e g  j u n c t i o n  ( f o r  each a x i s ,  on ly  one of { E ( i ) ,  E L i ) ,  

E e ) ]  is  nonzero a t  t $ & l ) ) .  
of r e f e r e n c e  t r a j e c t o r y  d i s c o n t i n u i t i e s  always precedes o r  "leads" 
by s m a l l  amounts, as noted i n  equa t ions  (56 ) ,  (57 ) ,  (63 ) ,  and (641, so t h a t  
t h e  r e s t r i c t e d  adjustment  per iod accommodates t h i s  class and provides  a margin 
f o r  a d a p t a t i o n  t o  o f f - r e fe rence  cond i t ions .  The r e s t r i c t i o n  on t h e  cho ice  of 
l eg - junc t ion  d i s c o n t i n u i t i e s  due t o  t h e  above p r a c t i c e  i s  n o t  o p e r a t i o n a l l y  
s i g n i f i c a n t  and, i n  any case, t h e  a lgo r i thm a c t i v a t e s  t h e  t r a n s i t i o n  a t  t h e  
b e s t  t i m e  i n  (tAm+l) - AT, t im+l))  r e g a r d l e s s  of t h e  d i s c o n t i n u i t i e s  
encountered. 

t$m+l). 

1 
The optimum i n i t i a l i z a t i o n  time f o r  t h i s  class 

tAm+') 

The t r a n s i t i o n  i n i t i a l i z a t i o n  a lgo r i thm i s  shown i n  d e t a i l  i n  f i g u r e  14 
and u s e s  equa t ions  d i scussed  i n  t h e  preceding s e c t i o n .  The a lgo r i thm,  when 
awakened, p r e d i c t s  t h e  optimum t i m e  t o  i n i t i a t e  t h e  t r a n s i t i o n  t o  l e g  m + 1 
on each a x i s ,  and whenever t h e s e  t i m e s  are reached t h e  TD i n i t i a l i z a t i o n  i n d i -  
c a t o r  (ICTD) i s  turned on and w i l l  subsequent ly  cause  t h e  TD t o  i n i t i a l i z e .  
The i n t e r n a l  i n d i c a t o r  6 ( i )  i s  a l s o  set f o r  u s e  i n  modifying t h e  r e f e r e n c e  
t r a j e c t o r y  f o r  t h i s  a x i s  during t h e  remainder of t h e  adjustment  per iod.  If  an 
a x i s  i s  found t o  be ambiguous ( I E, I , IE, I are below t h e i r  t h re sho ld  v a l u e s ' s o  
t h a t  t h e  t r a n s i t i o n  i s  n e g l i g i b l y  dependent on i t s  i n i t i a l i z a t i o n  t i m e ) ,  t hen  
another  i n d i c a t o r ,  s ( i ) ,  is  used t o  postpone i n i t i a l i z a t i o n  u n t i l  t h e  a lgo r i thm 
t u r n s  i t s e l f  o f f .  Termination occurs  i f  a l l  t h r e e  axes have been switched o r  
are ambiguous (C(6 ( i )  + s ( i ) )  = 3 ) ,  o r  i f  t h e  adjustment  pe r iod  has  ended 
( t  = t i m + l ) ) ,  and c o n s i s t s  of incrementing t h e  l e g  coun te r  
t h e  i n t e r n a l  i n d i c a t o r s .  A minor d e t a i l  is  t h e  omission i n  equat ion (68) of 
t h e  est imated a c c e l e r a t i o n  t r a c k i n g  e r r o r s  i n  e v a l u a t i n g  t h e  a c c e l e r a t i o n  A ,  
t h a t  governs t h e  p r e d i c t e d  locus  of p o s s i b l e  TD i n i t i a l  states. The omit ted 
s i g n a l  is  +aminated by random wind turbulence and is  no t  u s e f u l l y  accommodated. 

m and t u r n i n g  o f f  

T r a n s i t i o n  Dynamics 

The las t  element r equ i r ed  f o r  t h e  CG i s  t h e  t r a n s i t i o n  dynamics, which is  
shown i n  d e t a i l  i n  f i g u r e  15 and u s e s  equa t ions  p rev ious ly  d i scussed  i n  t h e  
f i r s t  two s e c t i o n s .  Third-order t r a n s i t i o n  dynamics wi th  no modeling of p l a n t  
dynamics are used; t h i s  cho ice  w a s  found adequate  f o r  t h e  modest maneuver 
a c c e l e r a t i o n  rates permit ted i n  t h e  passenger o p e r a t i o n s  p o s t u l a t e d  f o r  t h i s  
a p p l i c a t i o n .  The e f f e c t s  of t h i s  cho ice  on system performance w i l l  be  noted 
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i n  t h e  s imula t ion  r e s u l t s .  I n i t i a l i z a t i o n  of t h e  TD i s  c o n t r o l l e d  by t h e  
f l a g  I C T D ,  which can be turned on e i t h e r  by t h e  i n i t i a l i z a t i o n  algori thm 
desc r ibed  above o r  e x t e r n a l l y  as a r e s u l t  of p o s i t i o n  sensor  switching and 
a s s o c i a t e d  l a r g e  changes i n  sensor  b i a s  and i n  
parameters of t he  TD 

;s. The numerous inpu t  

remain t o  be s e l e c t e d  f o r  each a x i s  on t h e  b a s i s  of o p e r a t i o n a l  c o n s i d e r a t i o n s .  
Their  s e l e c t i o n  i s  d i scussed  i n  t h e  nex t  s e c t i o n  a long  wi th  i l l u s t r a t i v e  
t r a n s i t i o n  examples f o r  t h e  b a s i c  s i n g l e - s t a t e ,  s i n g l e - a x i s  l eg - junc t ion  
d i s c o n t i n u i t i e s .  

( i >  
2m' 

The s a t u r a t i o n  parameters ( e  . . ., a p ) )  are denoted i n  f i g u r e  15 
simply as f u n c t i o n s  of t h e  r e f e r e n c e  s ta te  t o  b e  c a l c u l a t e d  a t  t h e  beginning 
of each l e g ,  and a p p r o p r i a t e  equa t ions  are de r ived  i n  t h e  nex t  s e c t i o n  f o r  t h e  
p re sen t  design problem. This  r e f l e c t s  t h e  gene ra l  n a t u r e  of t h e  o p e r a t i o n a l  
c o n s t r a i n t s  t o  be imposed i n  practice;  they a re  l i m i t s  on func t ions  of t h e  
t r a j e c t o r y  states from which corresponding s a t u r a t i o n  l i m i t s  on t h e  t r a n s i t i o n  
s ta tes  can be c a l c u l a t e d  i n  t e r m s  of t h e  r e f e r e n c e  f l i g h t  cond i t ion .  

OPERATIONAL CONSTRAINTS, PARAMETER VALUES, AND BASIC TRANSITIONS 

The s e l e c t i o n  of pa rame te r  v a l u e s  f o r  t h e  AWSJRA a p p l i c a t i o n  i s  discussed 
next  i n  t h e  l i g h t  of kinematic d e t a i l s  of t h e  s imples t  and o p e r a t i o n a l l y  most 
s i g n i f i c a n t  c l a s s  of maneuvers; t h a t  i s ,  t r a n s i t i o n s  f o r  s i n g l e - a x i s ,  s i n g l e -  
s t a t e  l eg - junc t ion  d i s c o n t i n u i t i e s .  The TD s a t u r a t i o n  l i m i t s  are used t o  
en fo rce  o p e r a t i o n a l  c o n s t r a i n t s  on both s t eady  s ta te  and t r a n s i e n t  va lues  
of v a r i o u s  kinematic v a r i a b l e s .  These c o n s t r a i n t s  may be g e n e r a l l y  a p p l i c a b l e ,  
such as  those  based on passenger comfort ( r e f .  8 ) ,  o r  der ived f o r  t h e  s p e c i f i c  
a i r c r a f t  from s a f e t y  margin c o n s i d e r a t i o n s  and a i r c r a f t  performance c a p a b i l i -  
t i e s  ( r e f s .  2 and 10 ) .  The l i s t  of c o n s t r a i n t s  enforced below is  considered 
prel iminary.  Considerable l a t i t u d e  f o r  i t s  expansion and e l a b o r a t i o n  i s  
provided i n  the  CG s t r u c t u r e ,  however, i n  which t h e  TD s a t u r a t i o n  l i m i t s  can 
be c a l c u l a t e d  as f u n c t i o n s  of t h e  r e f e r e n c e  f l i g h t  c o n d i t i o n  and can be given 
d i f f e r e n t  v a l u e s  f o r  p o s i t i v e  and n e g a t i v e  excursions.  

Lateral  Axis Parameters 

Lateral  a x i s  TD parameter v a l u e s  w e r e  s e l e c t e d  as 

4 3  



For convenience, t h e  n o t a t i o n  e2e, e3e is  used t o  denote  both minimum and 
maximum excursion l i m i t s  when t h e s e  are equal .  I n  a d d i t i o n ,  parameters of 
t h e  r e f e r e n c e  t r a j e c t o r y  are i n d i c a t e d  by t h e  s u p e r s c r i p t  ( )*. The v e l o c i t y  
excursion l i m i t ,  e(2),  is  given as a f r a c t i o n  of t h e  r e f e r e n c e  a i r c r a f t  speed 
a t  t h e  i n i t i a l  t i m e  f o r  t h e  l e g ,  v*(tAm)), i n  o r d e r  t o  l i m i t  t h e  d i r e c t i o n  
excur s ions ,  (Yvc - Y*) , used du r ing  t r a n s i t i o n s .  
r e l a t e d  by 

2 e  

These q u a n t i t i e s  are V 

and t h e  s e l e c t e d  f r a c t i o n  l i m i t s  d i r e c t i o n  excur s ions  below 14" a t  a l l  speeds.  
During a s i d e s t e p ,  t h e  a i r c r a f t  d e p a r t s  no more than 14" from t h e  r e f e r e n c e  
f l i g h t  d i r e c t i o n  and du r ing  a d i r e c t i o n  s t e p  t h e  overshoot ,  i f  any, of t h e  new 
d i r e c t i o n ,  is  l i m i t e d  t o  14".  

The la teral  a c c e l e r a t i o n  excur s ion  l i m i t  e ( 2 )  i s  s e l e c t e d  p r i m a r i l y  3e t o  l i m i t  r o l l  a n g l e  and heading rate commands a p p r o p r i a t e l y .  
are r e l a t e d  by 

These q u a n t i t i e s  

(78) V 5 = v c0.s y It = (g c o s  y - 2 E ) t a n  Q 
V 3 

Desired o p e r a t i o n a l  l i m i t s  on r o l l  ang le  commands are 20" i n  s t eady  s ta te  and 
30" t r a n s i e n t l y  ( r e f .  8 ) .  E x p l i c i t  heading rate limits are n o t  p r e c i s e l y  
known, b u t  3 .5"/sec is  a t y p i c a l  maximum s t e a d y - s t a t e  v a l u e  f o r  passenger 
ope ra t ions .  I n  t h e  p r e s e n t  con tex t ,  equat ion (78) can be w r i t t e n  i n  terms of 
r e f e r e n c e  and t r a n s i t i o n  a c c e l e r a t i o n s :  

and yc 
noted later i n  t h i s  s e c t i o n .  
t hen  obtained as 

can b e  assumed a s m a l l  ang le  wh i l e  I e i 3 )  I i s  l i m i t e d  t o  0.125 g ,  as 
Maximum r o l l  a n g l e  and heading rate commands are 
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* *  
During s i d e s t e p  and d i r e c t i o n  s t e p  t r a n s i t i o n s  (g* 2 2 '  2VY .ov = 01, t h e  
s e l e c t e d  v a l u e  of e ( 2 )  l i m i t s  r o l l  commands t o  13" and heading rates are 
below 3.5"Isec f o r  speeds above 65 knots .  
assumed t h a t  t h e  r e f e r e n c e  t r a j e c t o r y  s a t i s f i e s  s t e a d y - s t a t e  l i m i t s ,  @Ce, 
( t aken  as 20" and 3.5"Isec he re )  o r ,  e q u i v a l e n t l y ,  t h e  r e f e r e n c e  a c c e l e r a t i o n  
sat i s  f ies : 

3e 
For a c c e l e r a t i o n  s t e p s  i t  can be 

Then, u s ing  t h e  s e l e c t e d  v a l u e  of 
below 33" i n  t h e  worst  case and maximum t r a n s i e n t  heading rate commands are 
below 6.6"Isec f o r  speeds above 65 knots.  O r d i n a r i l y ,  however, t h e  TD i n i t i a l  
t i m e  op t imiza t ion  e f f e c t i v e l y  e l i m i n a t e s  o r  minimizes overshoot of t h e  
s t e a d y - s t a t e  r o l l  a n g l e  and heading ra te  during a c c e l e r a t i o n  s t e p s  and t h e  
margin f o r  t r a n s i e n t  excursions is  used by t h e  TD only t o  adapt  t o  o f f -  
r e f e r e n c e  i n i t i a l  cond i t ions .  

e ( 2 )  l i m i t s  t r a n s i e n t  r o l l  a n g l e  commands 3 e  

The parameters ah2) l i m i t  t h e  i n i t i a l  a b s o l u t e  a c c e l e r a t i o n  com- 
mand. Its s e l e c t e d  va lue  l i m i t s  t h e  i n i t i a l  r o l l  command t o  30", approxi- 
mately,  i n  accordance with equat ion (78)  and t h e  d e s i r e d  t r a n s i e n t  r o l l  com- 
mand l i m i t s .  

The f i l t e r  t i m e  cons t an t  T ( ~ )  i s  s e l e c t e d  p r i m a r i l y  t o  l i m i t  r o l l  r a t e  
commands w i t h i n  t h e  d e s i r e d  o p e r a t i o n a l  l i m i t  f o r  passenger o p e r a t i o n s ,  
1 0 ° / s e c  ( r e f .  8 ) .  T r a n s i t i o n a l  j e r k  is  given from equa t ions  (11) by 

and, from t h e  d e r i v a t i v e  of equa t ion  (79 ) ,  t h e  extreme r o l l  r a t e  command is  
given by 

For p o s i t i o n  and d i r e c t i o n  s t e p  t r a n s i t i o n s ,  t h e  maximum j e r k  and worst-case 
r o l l  ra te  command occur a t  s a t u r a t e d  c o n t r o l  r e v e r s a l s :  

o r  

For t u r n  e n t r y  o r  e x i t  w i t h  good t r a c k i n g ,  t h e  maximum p o s s i b l e  j e r k  and r o l l  
rate command occur i n i t i a l l y  i n  t h e  t r a n s i t i o n  
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o r  

F i n a l l y  , 
oppos i t e  
t h e  j e r k  

i n  t h e  worst-case i n i t i a l  cond i t ions  (maximum t u r n  from s a t u r a t e d  
r o l l  and simultaneous unfavorable  normal a x i s  maneuver commands) 
and r o l l  rate are 

l;i2)j < - (g t a n  30" + g t a n  @:e + e ( 2 ) >  = 0.38 g / s e c  
( 2  1 3e 

T 

These estimates are, however, p e s s i m i s t i c  because t h e  TD i n i t i a l i z a t i o n  t i m e  
op t imiza t ion  r e s u l t s  i n  i n i t i a l  cond i t ions  f o r  which t h e  i n i t i a l  c o n t r o l ,  e3, 
reduces t h e  i n i t i a l  j e r k ,  and i n i t i a l  rates are below 5" / sec  f o r  t u r n  e n t r y  
and e x i t ,  and below 16" / sec  i n  t h e  worst  ca se .  

The t i m e  c o n s t a n t  yA2) scales t h e  s i z e  of t h e  l i n e a r  mode r eg ion  of 
t h e  s ta te  plane RL, as d i scussed  p rev ious ly .  I n  t h e  p r e s e n t  work, TL i s  
s e l e c t e d  on each a x i s  t o  be slower than  t h e  c h a r a c t e r i s t i c  t i m e s  of t h e  p l a n t  
dynamics i n  t h e  s imula t ion .  This  l i n e a r  r eg ion  i s  shown i n  f i g u r e  16  f o r  t h e  
l a t e ra l  a x i s .  S i d e s t e p  t r a n s i t i o n s  are i n i t i a t e d  on t h e  xl-axis ;  s i d e s t e p  
d i s t a n c e s  g r e a t e r  t han  16  m r e q u i r e  non l inea r  t r a n s i t i o n s ,  such as those  
i n i t i a t e d  a t  x o l  o r  x o 2  
commands and can encounter  s a t u r a t e d  c o n t r o l  r e v e r s a l s  (from x o l )  w i th  
corresponding r o l l  r a t e  extremes under lO"/sec.  
of 
such as L1 o r  L2 
a t  which p o i n t  t h e  t r a n s i t i o n  is  i n i t i a t e d  i n  accordance w i t h  t h e  optimum 
i n i t i a l i z a t i o n  t i m e  a lgo r i thm and u s u a l l y  u s e s  maximum excursion r o l l  a n g l e  
t o  t u r n  t o  the  new d i r e c t i o n .  Optimum i n i t i a l i z a t i o n  of d i r e c t i o n  s t e p s  up 
t o  tan-l[(AT - -r>e$E>/v*] i s  accommodated by t h e  advance pe r iod ,  AT, as 
determined from (63) .  F i n a l l y ,  f o r  t he  given parameter v a l u e s ,  a l l  accelera- 
t i o n  s t e p  t r a n s i t i o n s  are i n i t i a t e d  i n  t h e  l i n e a r  r eg ion ;  t h e  state fo l lows  
a l o c u s ,  such as L 3  i n  f i g u r e  16,  u n t i l  i t  e n t e r s  R L ,  a f t e r  which t h e  
t r a n s i t i o n  is  i n i t i a t e d  a t  t h e  p o i n t  of minimum i n i t i a l  j e r k ;  t h i s  occurs  a t  
t h e  boundary of 
e ( 2 ) .  These a c c e l e r a t i o n  s t e p  t r a n s i t i o n s  r e q u i r e  very l i t t l e  r o l l  command 
o%rshoot and r o l l  rates are  w e l l  below 5" / sec  as a r e s u l t  of t h e  i n i t i a l i -  
z a t i o n  op t imiza t ion .  The l a t e ra l  a x i s  s i n g l e - s t a t e  r e f e r e n c e  t r a j e c t o r y  
d i s c o n t i n u i t i e s  - p o s i t i o n ,  v e l o c i t y  and a c c e l e r a t i o n  s t e p s  - correspond, 
r e s p e c t i v e l y ,  i n  f l i g h t  o p e r a t i o n s  t o  s i d e s t e p s  t o  a p a r a l l e l  path,  s t e p  
changes i n  d i r e c t i o n  of s t r a i g h t  f l i g h t  p a t h s ,  and e n t r y  t o  o r  e x i t  from 
s t eady  tu rn?  o r  reversals of t u r n s .  
r o t a t i o n s ,  
a c t i v i t y  i n  some of t h e  b a s i c  t r a n s i t i o n s  t o  b e  d i scussed  nex t .  

and u s u a l l y  u s e  maximum excur s ion  r o l l  a n g l e  

D i r e c t i o n  s t e p s  i n  excess  
tan-l  [-r,e(2) /v*] r e q u i r e  non l inea r  t r a n s i t i o n s ;  t h e  s t a t e  fo l lows  l o c i ,  

3e i n  f i g u r e  16 ,  u n t i l  t h e  swi t ch ing  boundary i s  encountered 

RL i n  t h e  common case t h a t  t h e  a c c e l e r a t i o n  s t e p  exceeds 

Lateral a x i s  t r a n s i t i o n s  r e s u l t  i n  
Yv, of t h e  p a t h  axes  and r e l a t e d  l o n g i t u d i n a l  a x i s  cross-coupling 
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S i d e s t e p  T r a n s i t  i o n s  

Some kinematic v a r i a b l e s  from a t y p i c a l  s i d e s t e p  t o  a p a r a l l e l  p a t h  a t  
a d i s t a n c e  of 250 m are shown i n  f i g u r e  1 7 ( a ) .  A s  seen  i n  t h e  x-y t r a j e c t o r y  
p l o t ,  t h e  TD gene ra t e s  a t u r n  away from t h e  r e f e r e n c e  d i r e c t i o n ,  followed by 
a s t r a i g h t  pa th  t o  t h e  p a r a l l $  p a t h  and a r e t u r n  t o  t h e  r e f e r e n c e  d i r e c t i o n .  
T ime  h i s t o r i e s  of Yvc,  Qvc, aVc demonstrate t h e  e f f e c t i v e n e s s  of t h e  TD i n  
l i m i t i n g  t h e s e  v a r i a b l e s  du r ing  t h e  t r a n s i t i o n  i n  accordance wi th  t h e  s e l e c t e d  
bounds. 

The s i d e s t e p  d i s t a n c e  f o r  which t h e  p re sen t  TD can gene ra t e  accep tab le  
t r a n s i t i o n s  i s  l i m i t e d  by several e f f e c t s  of neg lec t ed  l o n g i t u d i n a l  a x i s  
c r o s s  coupl ing and C o r i o l i s  a c c e l e r a t i o n s .  F i r s t ,  a r educ t ion  i n  speed i s  
commanded as a r e s u l t  of t h e  combined l a t e ra l  v e l o c i t y  excur s ion  and p a t h  
a x i s  r o t a t i o n ,  Yv,  du r ing  t h e  maneuver (see vc i n  f i g .  1 7 ( a ) ) .  However, i t  
i s  necessary t o  i n c r e a s e  speed during t h e  s i d e s t e p  i n  o rde r  t o  maintain 
p o s i t i o n  along t h e  r e f e r e n c e  t r a j e c t o r y ,  b u t  no l o n g i t u d i n a l  a x i s  t r a n s i t i o n  
is  generated t o  provide t h e  proper speed v a r i a t i o n s  s i n c e  t h e  i n i t i a l  condi- 
t i o n s  f o r  t h e  l o n g i t u d i n a l  a x i s  t r a n s i t i o n  a re  zero.  These e f f e c t s  must t hen  
be compensated by t h e  c o n t r o l  system feedback; t h a t  is ,  p o s i t i o n  e r r o r s  and 
corresponding c o r r e c t i v e  feedback a c c e l e r a t i o n  commands (A5 n.,) develop 
i n  order  t o  i n c r e a s e  speed (v) as r equ i r ed .  This  e f f e c t  i s  p r o p o r t i o n a l  
t o  t h e  d i r e c t i o n  change and i s  l i m i t e d  by t h e  TD bound on e2.  

Secondly, t h e  TD excursion t r a j e c t o r y  (Arc,, Avcs, Aac,) i s  k inemat i ca l ly  
incompatible  l o n g i t u d i n a l l y  s i n c e  t h e  neg lec t ed  C o r i o l i s  t e r m s  are  nonzero 
and p r i n c i p a l l y  i n  t h e  l o n g i t u d i n a l  d i r e c t i o n  i n  t h i s  case. A s i g n i f i c a n t  
l o n g i t u d i n a l  p o s i t i o n  discrepancy develops a t  t h e  rate 
g r e a t e s t  during t h e  i n i t i a l  t u r n  from t h e  r e f e r e n c e  d i r e c t i o n  and dominates 
t h e  feedback s i g n a l  A a  p du r ing  t h i s  pe r iod ;  t h e  discrepancy i s  
p r o p o r t i o n a l  t o  s i d e s t e p  d d t a n c e  so t h a t  t h e  a i r c r a f t  l o n g i t u d i n a l  acce le ra -  
t i o n  c a p a b i l i t y  is  s a t u r a t e d  by t h e  feedback a t  s u f f i c i e n t l y  l a r g e  s i d e s t e p  
d i s t a n c e s .  However, s a t i s f a c t o r y  s i d e s t e p s  t o  ve ry  l a r g e  d i s t a n c e s  can be 
obtained a l t e r n a t i v e l y  by i n c o r p o r a t i n g  i n  t h e  r e f e r e n c e  t r a j e c t o r y  t h e  
s t r a i g h t - l i n e  segment j o i n i n g  t h e  two para l le l  p a t h s ;  t h i s  reduces t h e  t r a n s i -  
t i o n s  generated by t h e  TD t o  d i r e c t i o n  s t e p s  w i th  much reduced C o r i o l i s  
e f f e c t s .  I n  any case ,  t h e  u s e  of feedback t o  accomplish t r a j e c t o r y  commands 
is  undes i r ab le .  

tvel(') which i s  

Direction-Step T r a n s i t i o n s  

The TD gene ra t e s  a t u r n  t o  t h e  new r e f e r e n c e  d i r e c t i o n  i n  t h i s  ca se ,  w i t h  
i n i t i a l i z a t i o n  t i m e  s e l e c t e d  according t o  equa t ions  (56) o r  (63).  Kinematic 
v a r i a b l e s  of i n t e r e s t  from a t y p i c a l  d i r e c t i o n  change of 30" during l e v e l  
f l i g h t  a t  100 kno t s  are shown i n  f i g u r e  1 7 ( b ) .  
correspond t o  i n i t i a l i z a t i o n  a t  (1) t h e  r e f e r e n c e  l e g  switch t i m e ,  (2) t h e  
optimum i n i t i a l i z a t i o n  time, and ( 3 )  an  in t e rmed ia t e  t i m e .  The e f f e c t i v e -  
n e s s  of t h e  i n i t i a l i z a t i o n  t i m e  op t imiza t ion  i n  reducing o r  e l i m i n a t i n g  
excur s ions  from t h e  r e f e r e n c e  p a t h ,  overshoot of t h e  r e f e r e n c e  d i r e c t i o n ,  r o l l  

, command a c t i v i t y  and r e v e r s a l s ,  r o l l  ra te  peaks and a c t i v i t y ,  and maneuver 

Three cases are shown; they 
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duration are apparent as well as the effectiveness of the TD in bounding 
peak values of roll rate, roll angle, and direction overshoot in accordance 
with the selected parameter values and for all cases shown. The algorithm 
allows initialization up to 10 sec in advance of the reference leg switch time, 
and this period allows for optimum initialization of direction steps up to 
tan-1(20/v*). The 30"-step example uses most of this advance period. Larger 
direction changes can be accommodated with larger advance periods, but these 
transitions are better accomplished in the present application by including a 
constant radius turn in the reference input trajectory. 

A longitudinal axis transition is also generated for the direction step 
and has initial conditions corresponding to the apparent longitudinal velocity 
step at the leg-junction: 

(E:') (to) ,E:1) (to) ,E:') (to)) = (O,v*(l - cos AYv) ,O) 

The discontinuity size increases with IAYvI and is of significant size at 
3 0 " .  This transition is shown in figure 17(c) for the present example and 
significant acceleration and velocity activity is commanded. Since the trajec- 
tory velocity command results from the combined lateral and longitudinal 
transitions, 

vc = v* + 
S S 

the speed command variation, vc, (shown in fig. 17(c)) depends on the 
transition velocity coordinates of both axes. In principle, a direction step 
can be accomplished with no speed variation or corresponding longitudinal 
axis activity. In the present design the speed variation results from 
neglected Coriolis terms, whose effects are seen in the inconsistency of the 
variations of the actual and commanded speeds. 

Lateral Acceleration-Step Transitions 

Lateral axis acceleration steps occur at any change in the turn radius of 
the reference flight path, such as at entry to a steady turn from a straight 
flight path or at exit from a turn. Figure 18 shows results from entry to a 
level turn at 100 knots, with radius such that the maximum bank angle allowed 
for trajectory commands (20") is required. The TD initial conditions corre- 
spond to the leg-junction trajectory discontinuity 

(E:2) (to) (to) (to)) = (0 ,0 ,0 .36  g) 

The TD generates a brief transition which essentially smoothes out the roll 
step command of the reference path in accordance with the roll rate limits 
and adjusts the transition initialization time to avoid roll or direction 
overshoot in tracking the reference path (see fig. 18(a)). In this example, 
the transition acceleration command ei2) initializes outside the bounds 
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on c o n t r o l  (20.2 g ) ,  b u t  is r e l a x e d  t o  zero monotonically w i t h  ve ry  l i t t l e  
overshoot  of zero.  

Fu r the r  d e t a i l s  of t h i s  t r a n s i t i o n  are shown i n  t h e  x-plane p l o t  
( f i g .  1 8 ( b ) ) .  The locus ,  L ,  of p o s s i b l e  i n i t i a l  c o n d i t i o n s  f o r  t h e  t u r n  
e n t r y ,  and t r a n s i t i o n s  are shown, beginning from t h r e e  p o i n t s  corresponding 
t o  (1) t h e  r e f e r e n c e  l e g  j u n c t i o n  t i m e ,  to, (2)  t h e  optimum t i m e  (to - 2), 
and (3 )  an  ear l ie r  t i m e  ( t o  - 6 ) .  The optimum t r a n s i t i o n  begins  where L 
e n t e r s  RL and is  e n t i r e l y  i n  t h e  l i n e a r  mode; t h e  i n i t i a l  j e r k  i s  minimized 
a t  t h i s  p o i n t  b u t  i s  n e c e s s a r i l y  nonzero because 
e$:). The l o c u s  L has  t h e  p rope r ty  i n  t h i s  exampje t h a t  n e i t h e r  i n i t i a l -  
i z a t i o n  cr i ter ia  ( ( 4 8 ) ,  (49))  can be s a t i s f i e d ;  t h a t  i s ,  i f  
optimum l i n e a r  and n o n l i n e a r  mode i n i t i a l i z a t i o n  t i m e s  then 

E(2 )  is  o u t s i d e  t h e  bounds 

* tt, tNL are t h e  

and 

For such c a s e s  t h e  on-l ine i n i t i a l i z a t i o n  a lgo r i thm selects t h e  earliest t i m e  
t h a t  one of t h e  fo l lowing  c o n d i t i o n s  'is s a t i s f i e d  

1. t > tt and x ( t )  E RL 

2. t > t& and x ( t )  E EL 

3. t 2 to 

I n  t h i s  i n s t a n c e ,  (1) is s a t i s f i e d  a t  e n t r y  t o  RL and a minimum i n i t i a l - j e r k  
t r a n s i t i o n  i s  generated wi th  very l i t t l e  r o l l  ang le  overshoot.  The advance 
t i m e  r equ i r ed  f o r  optimum l i n e a r  mode i n i t i a l i z a t i o n  of a c c e l e r a t i o n  s t e p s  i s  
independent of t h e  s i z e  of t h e  s t e p s  ( s e e  eq. ( 5 7 ) )  and, f o r  t h e  l a t e r a l  
a x i s ,  i s  w i t h i n  t h e  10-sec advance pe r iod  used i n  t h e  algori thm. 

The e f f e c t s  of i n i t i a l i z a t i o n  t i m e  on t h e  c o n t r o l  ( u ) ,  on r o l l  a n g l e  
(Ovc,  G v c ) ,  and on t h e  p o s i t i o n  t r a c k i n g  excursion ( e ( 2 ) )  are a l s o  shown i n  
f i g u r e  18 (b ) .  The t r a n s i t i o n  i n i t i a t e d  a t  t h e  r e f e r e n c e  time i s  n o n l i n e a r ;  
maximum n e g a t i v e  c o n t r o l  i s  used i n  an e f f o r t  t o  "catch up" w i t h  t h e  s t e p  r o l l  
change of t he  r e f e r e n c e  t r a j e c t o r y  and corresponding r o l l  rate command exceeds 
t h e  d e s i r e d  lO"/sec l i m i t .  The r o l l  command a l s o  overshoots  t h e  r e f e r e n c e  
r o l l  a n g l e  t o  t h e  excur s ion  l i m i t  and i n t o  t h e  margin r e se rved  f o r  t r a n s i e n t  
a c t i v i t y  . 

1 

I n  c o n t r a s t ,  t h e  optimum time i n i t i a l i z a t i o n  reduces r o l l  rates w e l l  
below t h e  d e s i r e d  l i m i t s  and v i r t u a l l y  e l i m i n a t e s  t h e  r o l l  overshoot ;  and, i n  
comparison wi th  o t h e r  t r a n s i t i o n s  i n  f i g u r e  1 8 ( b ) ,  i t  r e q u i r e s  t h e  Peast 
d u r a t i o n ,  c o n t r o l  a c t i v i t y ,  r o l l  overshoot and a c t i v i t y ,  and pa th  excur s ions  
from t h e  r e f e r e n c e .  

F i n a l l y ,  i t  i s  noted t h a t  no l o n g i t u d i n a l  a x i s  a c t i v i t y  is  generated 
du r ing  t h e s e  a c c e l e r a t i o n  s t e p s  e i t h e r  from t h e  TD o r  from feedback due t o  
neg lec t ed  c r o s s  coupl ing.  
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Longitudinal  Axis T r a n s i t i o n s  

For t h e  l o n g i t u d i n a l  a x i s ,  t h e  s i n g l e  s ta te  r e f e r e n c e  t r a j e c t o r y  
d i s c o n t i n u i t i e s  correspond r e s p e c t i v e l y  t o  p o s i t i o n  s t e p s  forward o r  backward 
along t h e  f l i g h t  pa th ,  s t e p  changes i n  a i r s p e e d ,  and speed rate s t e p s .  The i r  
t r a n s i t i o n s  are q u a l i t a t i v e l y  the  same as t h e  corresponding p o s i t i o n ,  v e l o c i t y ,  
and a c c e l e r a t i o n  s t e p  t r a n s i t i o n s  f o r  t h e  o t h e r  axes  and need be reviewed only 
b r i e f l y .  
The fo l lowing  parameter v a l u e s  w e r e  s e l e c t e d  f o r  t h e  AWJSRA: 

Pa th  a x i s  r o t a t i o n s  and r e l a t e d  cross-coupling e f f e c t s  are absen t .  

These v a l u e s  r e f l e c t  t h e  limits of a i r c r a f t  c a p a b i l i t i e s  r a t h e r  t han  
passenger comfort r e s t r i c t i o n s .  
used, f o r  example, du r ing  p o s i t i o n  adjustments .  Th i s  bound w a s  s e l e c t e d  as a 
f r a c t i o n  of t he  r e f e r e n c e  speed; i t  s a t i s f i e s  t h e  s m a l l  speed r educ t ion  margin 
a v a i l a b l e  a t  minimum o p e r a t i n g  speeds and, a t  h ighe r  speeds,  i t  bounds t h e  
implied a i r c r a f t  c o n t r o l  a c t i v i t y .  

The a c c e l e r a t i o n  l i m i t s  

The v e l o c i t y  bound limits speed excur s ions  

e3e ( 1 ) ,  p, ah’) are s e l e c t e d  i n  r e l a t i o n  
t o  the  a i r c r a f t  c a p a b i l i t y  t o  gene ra t e  l o n g i t u d i n a l  f o r c e s .  These are  t h e  
s t a t i c  engine and aerodynamic f o r c e s  and they ba lance  a i r c r a f t  weight ,  as 
w e l l  as supply t h e  t r a j e c t o r y  a c c e l e r a t i o n ,  - a c ;  t h a t  i s ,  

f = a c - g  c -  - 

where f c  is t h e  r e q u i r e d  app l i ed  a c c e l e r a t i o n  f o r  t h e  t r a j e c t o r y  and i s  
t o  be supp l i ed  by t h e  a i r c r a f t  engine and aerodynamic f o r c e s .  The l o n g i t u d i -  
n a l  component, f c - p l ,  is  denoted Au and is  given ( i n  g ’ s )  by 

- - 

s i n  y + ;C 
.. . C 

g 
fhC = 

L e t  {Aum, AuM} denote  t h e  a i r c r a f t  l i m i t s  on l o n g i t u d i n a l  s p e c i f i c  f o r c e  
c a p a b i l i t y .  
a i r c r a f t  c o n t r o l  usage and margin requirements and, i n  g e n e r a l ,  va ry  w i t h  t h e  
r e f e r e n c e  f l i g h t  c o n d i t i o n s  ( r e f .  2 ) .  For passenger a i r c r a f t  g e n e r a l l y  t h e s e  

These are determined from a v a r i e t y  of o p e r a t i o n a l  c o n s t r a i n t s  on 
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l i m i t s  are modest and f o r  t h e  AWJSRA they are about kO.15 g o r  less. It can 
b e  assumed t h a t  t h e  r e f e r e n c e  f l i g h t  cond i t ions  (y*, ;*) provide a margin f o r  
t r a n s i e n t  l o n g i t u d i n a l  f o r c e s ,  on t h e  o r d e r  of 0.06 g ,  and t h i s  v a l u e  i s  
s e l e c t e d  as t h e  l o n g i t u d i n a l  a c c e l e r a t i o n  excursion l i m i t  e,’;). However, i t  
should b e  noted from equa t ion  ( 8 4 )  t h a t  t h i s  margin i s  shared by both normal 
and l o n g i t u d i n a l  a x i s  v a r i a b l e s ,  y ,  c .  O r d i n a r i l y ,  i n  v e l o c i t y  o r  a c c e l e r a t i o n  
s t e p s ,  t h e  i n i t i a l i z a t i o n  t i m e  i s  optimized t o  prevent  overshoot of t h e  r e f e r -  
ence v a l u e s  of e i t h e r  
cases of o f f - r e fe rence  i n i t i a l  cond i t ions .  The i n i t i a l  l o n g i t u d i n a l  accelera- 
t i o n  command is  l i m i t e d  by 
approximate limits on t h e  l o n g i t u d i n a l  s p e c i f i c  f o r c e .  

y*, ;*, and .the t r a n s i e n t  margin i s  used only i n  some 

4’1, ah’) i n  equa t ions  ( 8 3 )  t o  r e f l e c t  t h e  

The r a t e - l i m i t i n g  t i m e  cons t an t  T(’) is  w e l l  above t h e  t i m e  cons t an t  f o r  
t h e  a i r c r a f t  response t o  l o n g i t u d i n a l  a c c e l e r a t i o n  commands, which are var-  
i o u s l y  provided i n  t h e  case of t h e  AWJSRA by t h e  engine,  nozzle ,  and a n g l e  of 
a t t a c k  v a r i a t i o n s  depending on conf igu ra t ion .  

The r eg ion  of l i n e a r  c o n t r o l  and switching boundaries  f o r  t h e  l o n g i t u d i n a l  
a x i s  TD is  shown i n  f i g u r e  1 9 ( a ) .  P o s i t i o n  s t e p s  i n  excess  of 11 m r e q u i r e  
non l inea r  t r a n s i t i o n s  and maximum a c c e l e r a t i o n s .  The v e l o c i t y  bound is  u s u a l l y  
encountered; t h i s  bound i n c r e a s e s  with speed and i n t e r s e c t s  RL a t  speeds 
below 109 knots .  Speed s t e p s  i n  excess  of 7 kno t s  a l s o  r e q u i r e  non l inea r  
t r a n s i t i o n s .  

Some r e s u l t s  from a backward p o s i t i o n  s t e p  of 80 m dur ing  l e v e l  f l i g h t  a t  
100 kno t s  are shown i n  f i g u r e s  19 (a )  and (b) . The p o s i t i o n  e r r o r  e f ’ )  i s  
r e l axed  from i t s  i n i t i a l  v a l u e  t o  zero monotonically by t h e  TD with ve ry  l i t t l e  
overshoot ;  t he  speed command vc i s  reduced t o  t h e  va lue  permit ted by t h e  
excursion l i m i t ,  where i t  is  he ld  u n t i l  t h e  p o s i t i o n  e r r o r  i s  reduced s u f f i -  
c i e n t l y ,  and then r e t u r n s  t o  t h e  r e f e r e n c e  speed wi th  ve ry  l i t t l e  overshoot.  
The a c c e l e r a t i o n  commands i l l u s t r a t e  t h e  e f f e c t i v e n e s s  of t h e  a c c e l e r a t i o n  
and a c c e l e r a t i o n  ra te  l i m i t s  of t h e  non l inea r  t r a n s i t i o n  dynamics. 

A 20-knot speed-step t r a n s i t i o n  du r ing  l e v e l  f l i g h t  i s  shown i n  f i g -  
u r e s  19 (a )  and ( c ) .  These r e s u l t s  i n d i c a t e  t h e  e f f e c t i v e n e s s  of t h e  TD 
i n i t i a l i z a t i o n  a lgo r i thm i n  e l i m i n a t i n g  s a t u r a t e d  c o n t r o l  r e v e r s a l  and corre-  
sponding overshoot of t he  new r e f e r e n c e  speed. I t  can be c a l c u l a t e d  t h a t  t he  
10-sec advance per iod provided i n  t h e  p r e s e n t  des ign  a l lows  optimum i n i t i a l -  
i z a t i o n  of speed s t e p s  up t o  19 kno t s .  Larger speed changes are b e t t e r  
accomplished by inc lud ing  a c o n s t a n t  a c c e l e r a t i o n  segment i n  t h e  r e f e r e n c e  
t r a j e c t o r y .  I n  a d d i t i o n ,  t h e  10-sec advance per iod a l s o  accommodates a l l  
a c c e l e r a t i o n  s t e p s .  

Normal Axis 

T r a n s i t i o n s  corresponding t o  a l t i t u d e  and f l i g h t - p a t h  a n g l e  s t e p s  f o r  
t h e  normal a x i s  w e r e  d i scussed  i n  a previous s e c t i o n .  T r a n s i t i o n  dynamics 
parameter v a l u e s  s e l e c t e d  f o r  t h e  AWJSRA are 
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I 

min{v*(to)s in  Ay 

0.125 g 

61 = min(0.052 v * ( t O ) , 6 I  
max ' 

( 3 )  = 0.2 g M a 

2 sec 

(0.707,2) 

i s  designed t o  l i m i t  f l i g h t  p a t h  a n g l e  excursion ampli tudes 
re la t ive  t o  t h e  r e f e r e n c e  va lue  t o  3" and t o  l i m i t  a l t i t u d e  ra te  excur s ions  
t o  6 m / s e c .  
a n g l e  and a l t i t u d e  ra te  during a l t i t u d e  s t e p  t r a n s i t i o n s .  F u r t h e r ,  i t  is  
assumed t h a t  v a l u e s  of 
v i d e  a margin f o r  such f l i g h t - p a t h  ang le  excur s ions  w i t h i n  the  l i m i t s  of 
a i r c r a f t  l o n g i t u d i n a l  s p e c i f i c  f o r c e  c a p a b i l i t i e s ,  i n  accordance wi th  
equat ion ( 8 4 ) .  

These are a p p r o p r i a t e  passenger o p e r a t i o n  l i m i t s  on f l i g h t  p a t h  

on t h e  r e f e r e n c e  p a t h  are r e s t r i c t e d  t o  pro- y*, ;* 

The a c c e l e r a t i o n  l i m i t  i s  a passenger comfort c o n s t r a i n t  ( r e f .  8 )  and i s  
w e l l  below t h e  minimum a i r c r a f t  l i f t  margin c a p a b i l i t y  of 0.4 g t o  0.7 g 
r equ i r ed  f o r  s a f e t y  a t  a l l  r e f e r e n c e  f l i g h t  c o n d i t i o n s .  

The r eg ion  of l i n e a r  c o n t r o l  RL is  t h e  smallest  f o r  any of t h e  t h r e e  
axes  and is  such t h a t  non l inea r  t r a n s i t i o n s  w i t h  s a t u r a t e d  c o n t r o l  are used 
f o r  a l t i t u d e  s t e p s  above 2.5 m and a l t i t u d e  ra te  s t e p s  above 2.5 m / s e c .  

The 10-sec advance per iod a l lows  optimum t r a n s i t i o n  i n i t i a l i z a t i o n  of 
a l l  f l i g h t - p a t h  ang le  s t e p s  w i t h i n  t h e  AWJSRA c a p a b i l i t i e s  so t h a t  i t  is 
unnecessary t o  cons ide r  t h e  u s e  of any c o n s t a n t  normal a c c e l e r a t i o n  l e g  i n  
t h e  r e f e r e n c e  i n p u t  t r a j e c t o r y .  

F i n a l l y ,  i t  i s  noted t h a t  a d i s c u s s i o n  of t h e  important  l and ing  f l a r e  
maneuver is  omit ted from t h i s  paper.  The r e f e r e n c e  t r a j e c t o r y  command is  
s p e c i a l l y  t a i l o r e d  i n  t h i s  c a s e  s o  t h a t  t h e  t r a n s i e n t  t r a j e c t o r y  response 
of t h e  a i r c r a f t  s a t i s f i e s  more d e t a i l e d  requirements  t han  f o r  t h e  t r a n s i t i o n s  
s o  f a r  d i scussed  and more than are necessary elsewhere on t e rmina l  area f l i g h t  
pa ths .  

Remarks 

A t a s k  of t h i s  s e c t i o n  has  been t o  d e f i n e  t h e  d e s i r e d  o p e r a t i o n a l  con- 

For t h i s  purpose, v a r i o u s  kinematic v a r i a b l e s  of concern (v,  A,, Y ~ v ,  Qv, 
s t r a i n t s  on t r a j e c t o r y  commands and relate them t o  t h e  excursion l i m i t ?  of t h e  
TD. 
ivy y ,  a p3) and c o n s t r a i n t s  on t h e i r  s t e a d y - s t a t e  and t r a n s i e n t  v a l u e s  w e r e  
introduced.  These are c o n s t r a i n t s  on f u n c t i o n s  of t h e  CG command and can be 
g e n e r a l i z a t i o n  t o  a l i s t  of t h e  form 

- 
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Igi(rc,vc,ac,a 'c)  2 o , i = 1,2,. . ., N) 
which r e f l e c t  o p e r a t i o n a l  p r a c t i c e s .  

The inpu t  r e f e r e n c e  t r a j e c t o r y  i s  assumed t o  s a t i s f y  t h e  c o n s t r a i n t s  on 
s t e a d y - s t a t e  kinematics  

{gi(r-*,x*,g*,g) = 0 , i = l , Z , .  . ., N) 
The c o n s t r a i n t s  can a l s o  b e  given i n  terms of t h e  r e f e r e n c e  t r a j e c t o r y  and 
t r a n s i t i o n  states 

{gi(r*,v*,a*; e l , e 2 , e 3 , 6 3 )  > 0 , i = 1,. . ., N) 

from which boundaries on t h e  excursion states and corresponding s a t u r a t i o n  
parameter v a l u e s  can be de f ined  as f u n c t i o n s  of t h e  r e f e r e n c e  f l i g h t  cond i t ion .  

The TD parameters w e r e  demonstrated t o  be e f f e c t i v e  i n  gene ra l  i n  
imposing t h e  d e s i r e d  l i n e a r  mode t r a n s i e n t  c h a r a c t e r i s t i c s  and t h e  d e s i r e d  
bounds on commanded v e l o c i t y  and a c c e l e r a t i o n  excur s ions  about t h e  r e f e r e n c e  
f l i g h t  cond i t ion .  F u r t h e r ,  t h e  t r a n s i t i o n  i n i t i a l i z a t i o n  time algori thm w a s  
demonstrated t o  be e f f e c t i v e  i n  approximately minimizing c o n t r o l  a c t i v i t y  
and overshoot of t h e  r e f e r e n c e  a c c e l e r a t i o n ,  v e l o c i t y ,  and p o s i t i o n  during 
t h e  t r a n s i t i o n .  These c h a r a c t e r i s t i c s  are  considered necessary cond i t ions  
f o r  an o p e r a t i o n a l l y  accep tab le  t r a j e c t o r y  command g e n e r a t o r ;  they are 
f e a t u r e s  of good p i l o t i n g  technique which t h e  p r e s e n t  design a t t empt s  t o  
g e n e r a l i z e  f o r  u s e  by an automatic f l i g h t - c o n t r o l  system coupled t o  an  A i r  
T r a f f i c  Control/&D Guidance system having a broad r e f e r e n c e  t r a j e c t o r y  
command se t  a t  i t s  d i s p o s a l .  

The use  of t h e  CG as p a r t  of t h e  f l i g h t - c o n t r o l  system of f i g u r e  1 and 
t h e  system behavior du r ing  t h e  execut ion of an approach t r a j e c t o r y  and i n  t h e  
presence of off-nominal even t s  and d i s t u r b a n c e s  i s  examined i n  the  next  
s e c t i o n .  

SIMULATION TEST RESULTS ON A STOL APPROACH TRAJECTORY 

T e s t s  have been c a r r i e d  ou t  u s ing  a s imula t ion  of t h e  s y s t e m  shown i n  
f i g u r e  1, inc lud ing  t h e  AWJSRA p l a n t  and corresponding a c c e l e r a t i o n  c o n t r o l l e r  
as w e l l  as t h e  Command Generator.  Detai ls  of t h e  p l a n t  and i t s  a c c e l e r a t i o n  
c o n t r o l l e r  are found i n  r e f e r e n c e s  2 and 11 b u t  can be omit ted from t h e  
p r e s e n t  d i s c u s s i o n  s i n c e  t h e  s t r u c t u r e  of t h e  Command Generator i s  independent 
of t h e s e  d e t a i l s .  The a i r c r a f t  dynamics are s imulated i n  a s i m p l i f i e d  form 
as desc r ibed  i n  r e f e r e n c e  1 2 ;  t h a t  is ,  t h e  dynamics and t h e  c o n t r o l  l o g i c  are 
p a r t i t i o n e d  i n t o  t r a n s l a t i o n a l  and r o t a t i o n a l  degrees  of freedom and the  
r o t a t i o n a l  degrees  are replaced wi th  a simple second-order model of a t t i t u d e  
response t o  a t t i t u d e  commands wh i l e  t he  t r a n s l a t i o n a l  degrees  of freedom a r e  
a c c u r a t e l y  r ep resen ted .  I n  a d d i t i o n ,  t h e  e s t ima t ion  subsystem of f i g u r e  1 is 
n o t  s imulated;  t h e  i n p u t  s i g n a l  t o  t h e  c o n t r o l  l o g i c ,  (i?s, O s ,  S s )  omits 
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es t ima t ion  e r r o r s  due t o  random measurement n o i s e  b u t  s imula t e s  t h e  s i g n i f i c a n t  
d i s c o n t i n u i t i e s  i n  es t imated  p o s i t i o n  t h a t  can  occur  dur ing  a n  approach as a 
r e s u l t  of swi tch ing  from senso r s  w i t h  l a r g e  unknown measurement biases (e .g . ,  
TACAN-DME, barometr ic  a l t i m e t e r )  t o  more a c c u r a t e  s e n s o r s  (e .g . ,  microwave 
l and ing  system). Th i s  s imula t ion  is  w e l l  s u i t e d  t o  t e s t i n g  t h e  o p e r a t i o n  of  
t h e  CG and t h e  t r a j e c t o r y  c o n t r o l  subsystem i n  response  t o  v a r i o u s  r e f e r e n c e  
t r a j e c t o r y  commands, and t o  t h e  Trimmap model e r r o r s ,  sensor  swi tch ing  e v e n t s ,  
and e x t e r n a l  d i s tu rbances  expected i n  o p e r a t i o n a l  use .  

The r e f e r e n c e  approach pa th  used f o r  t h e  t es t  is  shown i n  f i g u r e  20; i t  
i s  cons t ruc t ed  as a sequence of s imple l e g s ,  and t h e  corresponding parameters  
f o r  i npu t  t o  t h e  CG are inc luded  i n  f i g u r e  20. Th i s  p a t h  inc ludes  some 
a n t i c i p a t e d  f e a t u r e s  of p o s s i b l e  STOL a r r iva l  t r a j e c t o r i e s ;  compared t o  CTOL 
ope ra t ions  h igher  a l t i t u d e  i s  maintained u n t i l  c l o s e  t o  t h e  runway and then  
descen t s  are  s t e e p  and confined t o  l i m i t e d  a i r s p a c e  and w i t h  speed r e d u c t i o n  
t o  t h e  lower STOL l and ing  speeds dur ing  descending l e g s .  The tes t  inc ludes  
l e g  swi tches  r e q u i r i n g  m u l t i p l e  a x i s  maneuvering, s enso r  swi tch  e v e n t s  r e q u i r -  
i n g  unan t i c ipa t ed  i n i t i a l i z a t i o n  of t h e  CG from o f f - r e fe rence  cond i t ions ,  and 
bo th  s t eady  and random d i s tu rbance  i n p u t s  (e .g . ,  Trimmap model e r r o r s ,  wind 
turbulence)  r e q u i r i n g  a d a p t a t i o n  of t h e  t r a n s i t i o n  maneuver commands t o  t r ack -  
ing  e r r o r s .  

T i m e  h i s t o r i e s  from t h e  s imula t ion  r e s u l t s  are  shown i n  f i g u r e s  21  
and 22. F igure  21 covers  t h e  f i r s t  h a l f  of t h e  approach and i l l u s t r a t e s  t h e  
c a p a b i l i t y  of t h e  Command Generator t o  gene ra t e  accep tab le  four-dimensional 
maneuver commands, bo th  t o  execute  t h e  known r e f e r e n c e  approach p a t h  and i n  
response  t o  unan t i c ipa t ed  i n i t i a l i z a t i o n s  of t h e  CG t o  relieve t h e  feedback 
of s a t u r a t i o n  leve l  t r ack ing  e r r o r s .  F igure  22 covers  t h e  second h a l f  of t h e  
pa th  and i l l u s t r a t e s  t h e  behavior  of t h e  CG and t h e  system i n  t h e  presence  
of bo th  random and s t eady  a c c e l e r a t i o n  d i s tu rbances .  The v a r i a b l e s  i n  bo th  
f i g u r e s  are grouped i n t o  those  d e s c r i b i n g  t h e  TD and CG a c c e l e r a t i o n  command 
( e l ,  e2,  e3,  acp i n  f i g s .  21(a)  and 2 2 ( a ) ) ,  command and response h i s t o r i e s  
of v e l o c i t y  coord ina te s  ( ( V ,  y ,  Y v )  i n  f i g s .  21(b) and 2 2 ( b ) ) ,  t h e  t r a c k i n g  
e r r o r s  and c o r r e c t i v e  feedback a c c e l e r a t i o n  ( j ~ , ,  hp, &, 
2 2 ( c ) ) ,  and t h e  app l i ed  s p e c i f i c  f o r c e  commands and response  ((Au, AN, @v) 
i n  f i g s .  21(d) and 22 (d ) ) .  The v a r i a b l e s  (Au, AN, are  t h e  app l i ed  
s p e c i f i c  f o r c e  suppl ied  by t h e  engine and aerodynamic f o r c e s  of t h e  a i r c r a f t  
i n  o rde r  t o  f l y  t h e  commanded t r a j e c t o r y  and suppor t  t h e  a i r c r a f t  weight ;  
t h a t  i s ,  

i n  f i g s .  21(c)  and 

-I2 f - = - g  (86) 

I n  c y l i n d r i c a l  coord ina te s  and i n  g u n i t s ,  t h e  s p e c i f i c  f o r c e  a long  and 
normal t o  t h e  pa th  (Au and AN, r e s p e c t i v e l y )  and t h e  o r i e n t a t i o n  of t h e  normal 
f o r c e  from t h e  ve r t i ca l  p l ane  ( @ V I ,  are  given i n  t e r m s  of t h e  t r a j e c t o r y  and 
pa th  a x i s  a c c e l e r a t i o n  components by 

54 



h e r e ,  {E,, p2, p3) are t h e  u n i t  v e c t o r s  d e f i n i n g  t h e  p a t h  axes r e f e r e n c e  
frame. These f o r c e  c o o r d i n a t e s  are convenient measures of t h e  implied a i r c r a f t  
c o n t r o l  a c t i v i t y ;  t h e  c o n t r o l s  are f i x e d  o r  slowly va ry ing  i f  t h e  app l i ed  
f o r c e  i s  c o n s t a n t  and o the rwise  t h e i r  commanded ra tes  are p r o p o r t i o n a l  t o  t h e  
commanded s p e c i f i c  f o r c e  rates. For CTOL a i r c r a f t ,  (Au, AN, @v) are  con- 
t r o l l e d  n e a r l y  independently w i t h  t h r o t t l e ,  e l e v a t o r ,  and a i l e r o n s ,  respec- 
t i v e l y .  For STOL a i r c r a f t ,  such as t h e  AWJSRA, which may have powered-l i f t ,  
va r i ab le -conf igu ra t ion  and c o n t r o l  redundancy, t h e r e  can be s i g n i f i c a n t  cross-  
coupl ing of t h e  s p e c i f i c  f o r c e  components among t h e  c o n t r o l  v a r i a b l e s .  These 
d e t a i l s  need n o t  be considered i n  t h e  p r e s e n t  c i s c u s s i o n  s i n c e  no model of t h e  
p l a n t  dynamics w a s  included i n  t h e  CG design ( G  = I) and (Au, AN, Ov) can 
t h e r e f o r e  be taken as t h e  measure of t h e  c o n t r o l  a c t i v i t y  r equ i r ed  by t h e  
t r a j e c t o r y  commands. It is  noted t h a t  s t a t i c  equ i l ib r ium f l i g h t  cond i t ions  
(5 = 0) and s t eady  t u r n s  correspond t o  f i x e d  v a l u e s  of t h e  app l i ed  f o r c e  
components. F u r t h e r ,  each l e g  of a r e f e r e n c e  t r a j e c t o r y  i n  t h i s  work corre-  
sponds t o  a f i x e d  o r  ve ry  n e a r l y  f i x e d  v a l u e  of (&, AN, 0 ~ ) ;  t h e  complete 
approach p a t h  can t h e r e f o r e  be viewed as a sequence of such f i x e d  ope ra t ing  
p o i n t s  w i th  t h e  t r a n s i t i o n  dynamics supplying t h e  t r a n s i e n t  s p e c i f i c  f o r c e  
commands r e q u i r e d  t o  p a s s  from one o p e r a t i n g  p o i n t  t o  t h e  nex t .  

Basic Maneuvering Behavior 

The i n i t i a l  80 s e c  of t h e  test i l l u s t r a t e  t h e  m u l t i a x i s  maneuvering 
c a p a b i l i t y  of t h e  system i n  t h e  absence of e x t e r n a l  d i s t u r b a n c e s  and without  
t r a c k i n g  e r r o r s  a t  t h e  t i m e  of t r a n s i t i o n  i n i t i a l i z a t i o n .  The r e f e r e n c e  p a t h  
switches from l e v e l  f l i g h t  t o  a descending t u r n  a t  t = 1 1 . 6  and e x i t s  from 
t h i s  l e g  i n t o  a l e v e l ,  s t r a i g h t ,  d e c e l e r a t i n g  l e g  a t  t = 4 5 .  

The TD f u n c t i o n s  by adding i t s  t r a n s i t i o n  states ( e l ,  e2, e3)  t o  t h e  
r e f e r e n c e  states;  t h e  i n i t i a l i z a t i o n  of t h i s  t r a n s i t i o n  i s  timed independently 
on each pa th  a x i s  t o  opt imize t h e  maneuver kinematics ,  and then t h e  th ree -ax i s  
maneuver i s  t h e  s u p e r p o s i t i o n  of t h e s e  s i n g l e - a x i s  t r a n s i t i o n s .  This  funct ion-  
i n g  is  i l l u s t r a t e d  i n  f i g u r e  21 (a ) ;  t h e  t r a n s i t i o n  i s  i n i t i a t e d  a t  s l i g h t l y  
d i f f e r e n t  t i m e s  f o r  each a x i s  i n  advance of t h e  r e f e r e n c e  l eg - junc t ion  t i m e s ,  
tA2) ,  t i 3 )  and t h e  components of t h e  a c c e l e r a t i o n  command, acp, are seen t o  
superpose t h e  t u r n  e n t r y  and e x i t  on t h e  la teral  a x i s  w i t h  t h e  p i t chove r  and 
pull-up on t h e  normal a x i s  and a s m a l l  d e c e l e r a t i o n  s t e p  on t h e  l o n g i t u d i n a l  
a x i s .  F u r t h e r ,  t he  d e s i r e d  c h a r a c t e r i s t i c s  r ega rd ing  minimal overshoot of t h e  
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r e f e r e n c e  c o n d i t i o n s  are seen  on a l l  t h r e e  axes  i n  t h e  behavior  of 
ac;’), ac(2) i n  f i g u r e  21(a) and (vc, yc, YC) i n  f i g u r e  21(b) .  
output  command r e t a i n s  t h e  d e s i r e d  kinematic f e a t u r e s  under s u p e r p o s i t i o n .  

e l ,  e2, 
Thus, t h e  CG 

P 

Tracking performance is  given by t h e  t r a c k i n g  e r r o r s  and c o r r e c t i v e  
feedback a c c e l e r a t i o n  shown i n  f i g u r e  21 (c ) .  Here, t h e s e  s i g n a l s  measure 
t h e  success  of t h e  CG design s t r u c t u r e  and parameter v a l u e s  i n  providing 
s u i t a b l e  feed-forward commands f o r  t h e  given p l a n t - a c c e l e r a t i o n  c o n t r o l l e r  
system. I d e a l l y ,  i t  is  d e s i r e d  t h a t  t h e s e  e r r o r s  be zero i n  t h e  absence of 
any o t h e r  d i s t u r b a n c e  than  t h e  CG command s i n c e  nonzero v a l u e s  imply t h a t  
c o n s t r a i n t s  enforced on t h e  CG command are n o t  n e c e s s a r i l y  s a t i s f i e d  by t h e  
a i r c r a f t  ou tpu t  and t h a t  t h e  t r a j e c t o r y  r e g u l a t o r  i s  r equ i r ed  t o  u s e  some of 
i t s  margin t o  execute  t h e  r e f e r e n c e  pa th .  The e r r o r s  s e e n . i n  f i g u r e  21(c) are 
nonzero temporar i ly  du r ing  t r a n s i t i o n s  and are due t o  c o n t r o l  l a g s  e x c i t e d  by 
nonzero a c c e l e r a t i o n  command rates. These rates and, hence, t h e  e r r o r s  are 
l i m i t e d  through t h e  TD parameter,  T .  These e r r o r s  can  a l s o  b e  n u l l e d  approxi- 
mately i f  a s u f f i c i e n t l y  a c c u r a t e  model of t h e  p l a n t  dynamics i s  included i n  
t h e  TD, as d i scussed  i n  t h e  s e c t i o n  on maneuver t r a c k i n g  p r o p e r t i e s .  The 
p resen t  CG des ign  omits  a p l a n t  model, b u t  t h e  observed t r a c k i n g  e r r o r s  and 
feedback a c c e l e r a t i o n  are accep tab ly  s m a l l  i n  magnitude and occur only 
t r a n s i e n t l y .  

Control  a c t i v i t y  i s  measured by v a r i a t i o n  i n  t h e  app l i ed  s p e c i f i c  f o r c e  
components (Au, AN, QV) de f ined  by equa t ions  (85) and shown i n  f i g u r e  Zl(d)  
f o r  t h e  CG command (&), t h e  t o t a l  a c c e l e r a t i o n  command t o  t h e  Trimmap (fct) ,  
and t h e  a i r c r a f t  response ( f ) .  During a t r a n s i t i o n ,  a i r c r a f t  c o n t r o l s  d i f f e r  
from t h e i r  s t e a d y - s t a t e  v a l u e s  f o r  t h e  l e g  i n  p ropor t ion  t o  t h e  d i f f e r e n c e  
of t h e  s p e c i f i c  f o r c e  from i ts  s t e a d y - s t a t e  v a l u e  so  t h a t  i t  is  d e s i r e d  t h a t  
t h e  t r a n s i t i o n a l  s p e c i f i c  f o r c e  commands r each  s t e a d y - s t a t e  v a l u e s  without  
unnecessary overshoot ,  r e v e r s a l ,  o r  a c t i v i t y .  However, t h e  command t i m e  
h i s t o r i e s  of t h e  s p e c i f i c  f o r c e  components can b e  more complex than those  
of t h e  pa th  a x i s  a c c e l e r a t i o n  components and f l i g h t - p a t h  ang le  from which 
they are composed, e s p e c i a l l y  f o r  mul t ip l e -ax i s  maneuvering. Re fe r r ing  t o  
LC i n  f i g u r e  21(d) ,  t h e  components Qvc, A,,, show l i t t l e  overshoot of steady- 
s ta te  v a l u e s  and t h i s  p a r a l l e l s ,  r e s p e c t i v e l y ,  t h e  behavior of 
from the  CG.  
a c c e l e r a t i o n s ,  drops t r a n s i e n t l y  a t  f i r s t  f o r  t h e  p i t chove r  and then rises t o  
i t s  s t e a d y - s t a t e  va lue  f o r  t h e  t u r n  without overshoot ,  and performs t h e  m i r r o r  
image maneuver a t  t h e  t u r n  e x i t .  Thus, t h e  r equ i r ed  c o n t r o l  a c t i v i t y  i s  
p o t e n t i a l l y  very complex i n  t h e  case of m u l t i p l e  a x i s  maneuvers bu t  t h e  
p re sen t  design economizes t h i s  a c t i v i t y  as a r e s u l t  of t h e  t r a n s i t i o n  
i n i t i a l i z a t i o n  a lgo r i thm which economizes t h e  a c c e l e r a t i o n  command a c t i v i t y  
from which fc i s  composed. The t o t a l  s p e c i f i c  f o r c e  command, f c t ,  shows 
modestly degraded behavior i n  f i g u r e  21(d) compared t o  t h e  CG command as a 
r e s u l t  of t r a c k i n g  e r r o r s ,  w i th  higher  amplitude excur s ions  from s t eady  s t a t e  
and some overshoot ,  b u t  t h e  s p e c i f i c  f o r c e  response of t h e  a i r c r a f t  r e t a i n s  
the  d e s i r e d  f e a t u r e s .  The magnitude of t h e  s p e c i f i c  f o r c e s  r equ i r ed  f o r  t h e  
maneuvers i n  f i g u r e  21 (d ) ,  remains w i t h i n  k0.2 g of t h e  s t a t i c  equ i l ib r ium 
l e v e l  f l i g h t  v a l u e s ,  and t h i s  range i s  t y p i c a l  of t h e  modest maneuvering 
domain of passenger ope ra t ions  g e n e r a l l y .  

a c ( 2 ) ,  yc 
However,  AN^, which i s  a f u n c t i o n  of both l a t e ra l  an3 normal 
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Response t o  Sensor Switching Events 

During t h e  time p e r i o d ,  [80, 1201, t h e  u s e  of t h e  CG t o  r e l a x  l a r g e  tra- 
j e c t o r y  e r r o r s ,  which would o the rwise  s a t u r a t e  t h e  feedback c o n t r o l ,  and t h e  
a b i l i t y  of t h e  TD l o g i c  t o  adap t  i t s  t r a n s i t i o n  maneuvers t o  o f f - r e fe rence  
i n i t i a l  cond i t ions  i s  t e s t e d .  The test c o n s i s t s  of a r e f e r e n c e  t r a j e c t o r y  
t u r n  e n t r y  ( a t  t = 96) surrounded by sensor  swi t ch  even t s ;  a swi t ch  i n  
x-y sensor  a t  85 sec s h i f t s  t h e  est imated p o s i t i o n  l a t e r a l l y  150 m and a t  
105 sec an  a l t i t u d e  senso r  swi t ch  s h i f t s  t h e  e s t ima ted  a l t i t u d e  20 m. A t  
t h e s e  sensor  swi t ches ,  t h e  CG is  s i g n a l e d  a u t o m a t i c a l l y  t o  i n i t i a t e  a t r a n s i -  
t i o n  back t o  t h e  r e f e r e n c e  t r a j e c t o r y .  

The fol lowing sequence of even t s  occurs .  F i r s t ,  a t  t h e  x-y sensor  switch 
t h e  TD i n i t i a t e s  an a p p r o p r i a t e  t r a n s i t i o n  back t o  t h e  r e f e r e n c e  t r a j e c t o r y ,  
which i n  t h i s  example is a t y p i c a l  s i d e s t e p  maneuver ( f i g .  2 1 ( a ) ) .  'Tracking 
e r r o r s  develop ( f i g .  2 1 ( c ) ) ,  p r i n c i p a l l y  i n  t h e  l o n g i t u d i n a l  d i r e c t i o n .  
Secondly, t h e  t u r n  e n t r y  of t h e  r e f e r e n c e  t r a j e c t o r y  is i n i t i a t e d  i n  mid 
s i d e  s t e p  (at  94 sec )  from states t h a t  are cons ide rab ly  o f f  t h e  r e f e r e n c e  
t r a j e c t o r y ,  bo th  i n  la teral  states, due t o  t h e  uncompleted s i d e s t e p  t r a n s i -  
t i o n ,  and i n  l o n g i t u d i n a l  states, due t o  t h e  t r a c k i n g  e r r o r s .  The TD a d a p t s  
both t h e  i n i t i a l i z a t i o n  t iming and i t s  i n i t i a l  c o n d i t i o n s  i n  a l l  t h r e e  dimen- 
s i o n s  t o  t h e s e  o f f - r e fe rence  cond i t ions  ( f i g .  2 1 ( a ) ) ;  f u r t h e r , '  t he  TR is  
r e l i e v e d  by t h e  CG i n i t i a l i z a t i o n  as seen  by t h e  d i scon t inuous  n u l l i n g  of a l l  
e r r o r  and feedback s i g n a l s  ( f i g .  21 (c ) )  a t  t h i s  and a l l  t r a n s i t i o n  i n i t i a l i z a -  
t i o n s  from o f f - r e fe rence  states. During t h e  t u r n  e n t r y ,  l o n g i t u d i n a l  t r a c k i n g  
e r r o r s  a g a i n  i n c r e a s e .  Th i rd ly ,  a t  t h e  a l t i t u d e  sensor  switch ( t  = 105) t h e  
TD i s  a g a i n  i n i t i a l i z e d  from o f f - r e fe rence  states and an  a l t i t u d e  s t e p  
maneuver is  superposed w i t h  t h e  t u r n  e n t r y  and wi th  t h e  l o n g i t u d i n a l  t r a c k i n g  
e r r o r  r e l a x a t i o n .  

Tracking e r r o r s  du r ing  t h i s  pe r iod  are p r i n c i p a l l y  l o n g i t u d i n a l  and due 
t o  kinematic cross-coupling neg lec t ed  i n  t h e  TD and aroused by la teral  a x i s  
t r a n s i t i o n s  as noted i n  t h e  p rev ious  s e c t i o n .  The t r a c k i n g  e r r o r s  a l s o  
inc lude  t h e  e f f e c t  of unmodeled p l a n t  dynamics; t h a t  is ,  t r a n s i e n t  nonzero 
t r a c k i n g  e r r o r s  develop i n  response t o  t h e  CG command and r e s u l t  i n  u s e - o f  
t h e  TR t o  execute  t h e  commanded t r a j e c t o r y .  These e f f e c t s  of t h i s  des ign  
approximation occur only t r a n s i e n t l y  and are of a c c e p t a b l e  magnitude i n  
t h e  p r e s e n t  a p p l i c a t i o n .  

The l a r g e s t  t r a n s i t i o n  a c c e l e r a t i o n  commands du r ing  t h i s  per iod are i n  
the  l a t e ra l  d i r e c t i o n .  The la teral  a c c e l e r a t i o n  and corresponding r o l l  
commands ( f i g s .  21(a) and ( d ) )  are seen t o  overshoot t h e i r  s t e a d y - s t a t e  v a l u e s  
f o r  t h e  t u r n ;  t h i s  overshoot does no t  occur f o r  t h e  r e f e r e n c e  i n i t i a l  condi- 
t i o n s  b u t  cannot b e  prevented f o r  t h e  unfavorable  i n i t i a l  c o n d i t i o n s  of t h i s  
t e s t ,  even by t h e  a d a p t i v e  i n i t i a l i z a t i o n  t iming l o g i c .  However, t h e  
a c c e l e r a t i o n  overshoot is l i m i t e d  by t h e  TD excur s ion  l i m i t  f o r  t h e  la teral  
a x i s  (0.2 g) and t h e  r o l l  ang le  command i s  correspondingly below i t s  30' l i m i t  
f o r  t r a n s i e n t  use.  

The l o n g i t u d i n a l  s p e c i f i c  f o r c e  v a r i a t i o n s  ( f i g .  21(d))  are dominated by 
o f f - r e fe rence  even t s  du r ing  t h i s  per iod of t h e  test ,  f i r s t  by t h e  l o n g i t u d i n a l  
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t r a c k i n g  e r r o r s  and la ter  by t h e  y -va r i a t ion  of t h e  a l t i t u d e  s t e p .  
s p e c i f i c  f o r c e  r e f l e c t s  t h e  combined lateral  and l o n g i t u d i n a l  a x i s  a c t i v i t y ;  
t h e  s i d e s t e p ,  t u r n  e n t r y ,  and t h e  s u p e r p o s i t i o n  of t h e  a l t i t u d e  s t e p  on t h e  
s t eady  t u r n  can a l l  be d e t e c t e d  i n  i t s  v a r i a t i o n s .  These s p e c i f i c  f o r c e s  
are complex compared t o  those  of t h e  f i r s t  test  per iod when o f f - r e f e r e n c e  
even t s  w e r e  absen t  and imply correspondingly complex u s e  of t h e  a i r c r a f t  
c o n t r o l s ,  b u t  t h e  a c c e l e r a t i o n  commands remain w i t h i n  a c c e p t a b l e  l i m i t s .  I n  
t h i s  test ,  fc, (corresponding t o  t h e  CG commands) i s  piecewise continuous w i t h  
d i s c o n t i n u i t i e s  a t  t h e  t r a n s i t i o n  i n i t i a l i z a t i o n s  due t o  o f f - r e fe rence  condi- 
t i o n s .  The t o t a l  command, f c ~ ,  which d e f i n e s  t h e  c o n t r o l  commands, i s  every- 
where continuous as a r e s u l t  of t h e  TD i n i t i a l i z a t i o n  r u l e s .  

The normal 

Wind Turbulence E f f e c t s  

The s imula t ion  test i n c l u d e s  a per iod of heavy wind tu rbu lence ,  
(135 t < 195) ,  during which t h e  r e f e r e n c e  p a t h  switches from a d e c e l e r a t i n g  
l e v e l  t u r n  t o  a s t e e p  g l i d e  s l o p e  ( a t  t = 161) and then t o  a s t e e p e r  
d e c e l e r a t i n g  t u r n  ( a t  t = 1 9 4 ) .  

Low a l t i t u d e  wind tu rbu lence  is a random v e c t o r ,  G, assumed generated 
independent ly  a long t h r e e  axes from p rocesses  t h a t  are s t a t i o n a r y  f o r  t h e  
f l i g h t  d u r a t i o n  and Gaussian wi th  v a r i a n c e s  t h a t  depend on a l t i t u d e  and 
d i r e c t i o n  ( r e f .  1 3 ) ,  b u t  are of t h e  same o rde r  of magnitude i n  a l l  d i r e c t i o n s .  
Wind tu rbu lence  is  converted i n s t a n t l y  i n t o  aerodynamic f o r c e  v a r i a t i o n s  t h a t  
provide the  random a c c e l e r a t i o n  d i s t u r b a n c e s  of t h e  system denoted i n  
t h e  system diagram, f i g u r e  9.  The aerodynamic l i f t ,  d rag ,  and s i d e  f o r c e s  
and t h e i r  dependence on t h e  a i r  v e l o c i t y  v e c t o r  can be given as 

ad 

where (&, j s ,  ks) are t h e  u s u a l  a i r c r a f t  s t a b i l i t y  a x e s ,  p i s  t h e  a i r  
d e n s i t y ,  (CE, Cy, CL) are t h e  drag,  s i d e  f o r c e  and l i f t  c o e f f i c i e n t s ,  and 
(va, a ,  B) are t h e  body axes  s p h e r i c a l  coord ina te s  of t h e  a i r c r a f t  v e l o c i t y  
w i t h  r e s p e c t  t o  t h e  a i r  m a s s  ( r e f .  13 ) .  Denoting t h e  body a x i s  frame as 
(+,, j b ,  kb) then (va,  a ,  6) are  de f ined  as - - 

and t h e  v a r i a t i o n  i n  aerodynamic f o r c e  due t o  wind tu rbu lence  is  

The f i r s t  two t e r m s  are a l i g n e d  n e a r l y  a long & s i n c e  a i r c r a f t  u s u a l l y  have 
l a r g e  va lues  of 
t hus ,  t h e  p l a n t  maps t h e  wind tu rbu lence  f i e l d  i n t o  a c c e l e r a t i o n  dis turbancZs 
t h a t  are p r i n c i p a l l y  normal t o  t h e  pa th ,  as i s  i l l u s t r a t e d  by t h e  d i s t u r b a n c e  

CL/C,, of t h e  o r d e r  of 10,  while  t h e  t h i r d  t e r m  is along j b ;  
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t i m e  h i s t o r y ,  (a-ac),  i n  t he  p re sen t  test ( f i g .  2 2 ( c ) ) .  The test case  d i s -  
turbances have l a r g e  bandwidth and peaks of 0.1 g i n  t h e  normal d i r e c t i o n .  
These r e s u l t  i n  modest t r a c k i n g  e r r o r s  and feedback commands, Aa, having 
s i m i l a r  o r i e n t a t i o n  b u t  t h e  lower bandwidth of t h e  a c c e l e r a t i o n  c o n t r o l l e r  
subsystem. 

The t r a n s i t i o n s  generated by t h e  CG ( f i g .  22 (a ) )  are l i t t l e  a f f e c t e d  by 
t h e  turbulence,  even though t h e i r  i n i t i a l  t iming and states are a d j u s t e d  t o  
r e l i e v e  t h e  TR, because on t h e  l o n g i t u d i n a l  and lateral  axes  only s m a l l  
d i s t u r b a n c e s  and t r a c k i n g  e r r o r s  occur wh i l e  on t h e  normal axis  t h e  t r a c k i n g  
e r r o r s  are s m a l l  compared t o  t h e  d i s c o n t i n u i t i e s  of t h e  r e f e r e n c e  t r a j e c t o r y  
p i t chove r s .  The r e s u l t i n g  t i m e  h i s t o r i e s  of t h e  t r a j e c t o r y  v a r i a b l e s  
(K, vc, yc,  'Yc) du r ing  t h i s  per iod show t h e  d e s i r e d  maneuver command behavior 
w i th  l i t t l e  o r  no overshoot i n  la teral  a c c e l e r a t i o n  o r  d i r e c t i o n  du r ing  
t u r n  e x i t  o r  e n t r y ,  o r  i n  normal a c c e l e r a t i o n  o r  f l i g h t - p a t h  ang le  during 
p i t chove r s ,  o r  i n  vc du r ing  speed ra te  changes. It is a l s o  apparent  i n  
f i g u r e  22(c) t h a t  i n i t i a l i z a t i o n s  of t h e  CG r e l i e v e  t h e  t r a c k i n g  e r r o r s  due 
t o  turbulence only momentarily, because t h i s  d i s tu rbance  f i e l d  is  p e r s i s t e n t  
i n  t i m e  and the  corresponding t r a c k i n g  e r r o r  s t a t i s t i c s  a re  promptly r ees t ab -  
l i s h e d .  

The d i f f e r i n g  c h a r a c t e r  of t h e  s p e c i f i c  f o r c e s ,  f_c, fcT, g, i n  t he  
presence of t u rbu lence  i s  seen  i n  f i g u r e  22(d) ,  e s p e c i a l l y  i n  t h e  normal 
a c c e l e r a t i o n  component. The CG command, f c ,  r e f l e c t s  t h e  l o w  f r equenc ie s  
of t h e  TD and t h e  cons t an t  s t e a d y - s t a t e  v a l u e s  of t h e  reference t r a j e c t o r y  
l e g s ,  and i s  una f fec t ed  by tu rbu lence  except f o r  d i s c o n t i n u i t i e s  a t  TD 
i n i t i a l i z a t i o n s .  The t o t a l  command, L c ~ ,  superposes t h e  TR feedback on f c  
and i t s  excursions p a r a l l e l  & i n  amplitude and frequency. F i n a l l y ,  t h e  
a c t u a l  f o r c e  f d i f f e r s  from f c ~  by t h e  combined e f fec ts  of p l a n t  dynamics 
and random a c c e l e r a t i o n  d i s t u r b a n c e .  

Acce le ra t ion  Disturbance E f f e c t s  

The f i n a l  tes t  i l l u s t r a t e s  t h e  e f f e c t s  of a c c e l e r a t i o n  d i s tu rbances  t h a t  
are cons t an t  o r  slowly va ry ing  compared t o  t h e  c h a r a c t e r i s t i c  t i m e s  of t h e  TD, 
and w e r e  denoted as ad i n  f i g u r e  9.  These d i s t u r b a n c e s  r e s u l t  from any 
uncompensated mismatch between t h e  a c t u a l  a i r c r a f t  f o r c e s  and t h e  a l g e b r a i c  
model of a i r c r a f t  f o r c e s  used i n  the  Trimmap element of t h e  c o n t r o l  system. 
These d i s t u r b a n c e s  can r e s u l t  from l a r g e  e r r o r s  i n  e s t i m a t i n g  t h e  v a r i o u s  
independent parameters of t h e  f o r c e  model, such as aerodynamic f o r c e  c o e f f i -  
c i e n t s ,  engine t h r u s t  model, mean wind, and a i r c r a f t  weight.  

The e f f e c t s  of such e r r o r s  i s  t e s t e d  i n  the  s imula t ion  r e s u l t s  by t h e  
a d d i t i o n  of cons t an t  drag and l i f t  d i s t u r b a n c e s  of 0.05 g beginning i n  mid- 
h e l i c a l  t u r n  ( a t  t = 250). These are s i g n i f i c a n t  e r r o r s  compared t o  t h e  
l o n g i t u d i n a l  a c c e l e r a t i o n  c a p a b i l i t i e s  of t h e  passenger a i r c r a f t  ( u s u a l l y  
under ?0.2 g) and compared t o  t h e  d e s i r e d  accuracy f o r  t he  f o r c e  model. 
The r e s u l t i n g  s t e a d y - s t a t e  behavior of t h e  a c c e l e r a t i o n  c o n t r o l l e r  subsystem 
is  seen i n  f i g u r e  22 du r ing  t h e  per iod p r i o r  t o  t h e  g l i d e  s l o p e  cap tu re ;  
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the disturbance is exactly cancelled by a steady feedback acceleration command 
(fig. 22(c)): 

Aa = - ad 
L - 

but this equilibrium requires a corresponding position standoff error on the 
longitudinal and normal axes in the amounts: 

where 
velocity standoff also occurs in the amount , v6r (i) /Rc , which reflects the 
steady-state position of the aircraft on the commanded turn but ahead of the 
commanded position by the longitudinal standoff distance, and which is 
nonzero only during turns. 

(k,(i)} are the position error feedback gains. An apparent lateral 

The above errors are present at the time of glide slope capture (t = 288), 
so that in the transition commands (fig. 22(a)) the basic turn exit and speed 
rate correction maneuvers required by the reference trajectory are modified to 
relax the longitudinal and normal position and acceleration feedback offsets 
of the TR. However, the acceleration controller feedback promptly restores 
the steady-state offsets, as seen in figure 22(c), by means of a transient 
which roughly cancels that portion of the feed-forward command intended to 
relieve the TR. The possibility of mutual cancellation or reinforcement 
by the two transients is apparent. This process of relieving and restoring the 
TR offsets due to model errors is repeated at each initialization of the TD. 

Further details of the disturbance effects are seen in the specific forces 
(fig. 22(d)). 
discontinuities at each initialization of the TD, followed by activity 
generated mostly to relax the TR offsets. The total coinmand, which governs 
the actual control activity, is better behaved, and shows both continuity 
and less activity as a result of the mutual cancellation of feedback and TD 
transients. The plant output also maintains these favorable properties and 
settles in steady state to the CG acceleration command as desired. 

The acceleration commands of the CG (Auc,  AN^) exhibit 0.05 g 

In these tests the steady disturbance was compensated by the feedback 
control; the resulting offsets of 6r and Aa interact with the adaptive 
initialization of the transition dynamics to produce ineffective transition 
commands from the CG on the longitudinal and normal axes as noted above. 
These can be removed, along with the offsets in - -  6r, Aa, by providing compen- 
sation for - ad in the Trimmap element of the control system, as noted in 
reference 2. Any residual uncompensated disturbance would, however, result in 
the interaction between CG and the tracking system at leg initialization times 
noted above and, if of a significant size, further disturbance estimation and 
compensation in the Command Generator would be useful. 
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DISCUSSION AND CONCLUSIONS 

This  r e p o r t  has  desc r ibed  t h e  development of a t r a j e c t o r y  Command Genera- 
t o r  f o r  a class of advanced d i g i t a l  f l i g h t - c o n t r o l  systems ( r e f .  l; f i g .  l) 
w i t h  c a p a b i l i t i e s  of execut ing complex four-dimensional t e rmina l  area f l i g h t  
p a t h s  as d i r e c t e d  by an  a i r  t r a f f i c  c o n t r o l  and guidance system ( r e f .  3 )  o r  
s e l e c t e d  by a p i l o t .  
o b j e c t i v e s ,  s t r u c t u r e ,  and a d e t a i l e d  s y n t h e s i s  procedure f o r  t h e  CG. The 
CG desc r ibed  h e r e  w a s  f u r t h e r  examined i n  a n  a u t o p i l o t  of t h e  type def ined i n  
r e f e r e n c e  1 a p p l i e d  t o  t h e  AWJSRA a i r c r a f t  and sub jec t ed  t o  s imula t ion  t e s t i n g .  
Fac to r s  s tud ied  inc lude  t h e  n a t u r e  of t h e  b a s i c  o p e r a t i o n a l  r e p e r t o i r e  of 
maneuvers and o p e r a t i o n a l  c o n s t r a i n t s ,  and t h e  system behavior i n  response t o  
four-dimensional maneuver commands and as a f f e c t e d  by v a r i o u s  CG design 
approximations and d i s t u r b a n c e s  found i n  t h e  o p e r a t i o n a l  environment. 
s imu la t ion  r e s u l t s  i n d i c a t e  t h a t  a s a t i s f a c t o r y  non l inea r  system w a s  developed 
which s a t i s f i e s  t h e  b a s i c  des ign  o b j e c t i v e s  wh i l e  maintaining a p r a c t i c a b l e  
degree of s i m p l i c i t y .  F u r t h e r ,  s i n c e  t h e  CG s t r u c t u r e  and many of t h e  opera- 
t i o n a l  c o n s t r a i n t s  are independent of t h e  a i r c r a f t ,  t h e  s imula t ion  r e s u l t s  are 
r e p r e s e n t a t i v e  of STOL and CTOL a i r c r a f t  and of passenger ope ra t ions  g e n e r a l l y .  

The des ign  Dethodology w a s  p re sen ted ,  i nc lud ing  t h e  

These 

The CG design problem i n  t h e  con tex t  of t h e  system of f i g u r e  1 i s  t o  
gene ra t e  s u i t a b l e  feed-forward t r a j e c t o r y  commands t o  a t r a j e c t o r y  t r a c k i n g  
subsystem i n  o r d e r  t o  execu te  an i n p u t  r e f e r e n c e  t r a j e c t o r y .  
i n p u t  r e f e r e n c e  t r a j e c t o r i e s  assumed f o r  t h e  problem is  t y p i c a l  of passenger 
o p e r a t i o n s ,  i nc lud ing  those  of advanced t e rmina l  area ATC systems. These are 
sequences of four-dimensional segments t h a t  can  be s t r a i g h t  l i n e s  w i t h  c o n s t a n t  
i n e r t i a l  a c c e l e r a t i o n  o r  c i r c u l a r  a r c s  wi th  cons t an t  r a d i u s  each of which 
s a t i s f i e s  o p e r a t i o n a l  c o n s t r a i n t s  on s t e a d y - s t a t e  f l i g h t .  
is t o  provide maneuvers t h a t  t r a n s i t i o n  t h e  a i r c r a f t  from one s t eady  f l i g h t  
cond i t ion  t o  t h e  nex t  and s a t i s f y  t h e  design o b j e c t i v e s  f o r  such maneuvers. 
The inpu t  sequence a l s o  possesses  c e r t a i n  approximate p r o p e r t i e s  i n  p r a c t i c e  
which i n f l u e n c e  t h e  des ign ;  t h a t  i s ,  t h e  d u r a t i o n  of each segment i s  u s u a l l y  
longer  than t h e  t i m e  r equ i r ed  t o  t r a n s f e r  from t h e  previous segment and t h e  
t r a n s f e r  between success ive  segments can u s u a l l y  be made opt imal ly  i n  t h e  
v i c i n i t y  of t he  segment j u n c t i o n  t i m e s .  
ou tpu t  are t h a t  t h e  a i r c r a f t  t r a j e c t o r y  s a t i s f i e s  o p e r a t i o n a l  c o n s t r a i n t s  
on s t e a d y - s t a t e  and t r a n s i e n t  kinematics ,  { g i ( r ,  1, -, a - A )  = 0 ,  i = 1, . . . ,N}, 
and t h a t  t r a n s i t i o n  maneuvering b e  optimized t o  reduce o r  minimize accelera- 
t i o n  a c t i v i t y  and overshoot of t h e  s t e a d y - s t a t e  f l i g h t  cond i t ions ;  t h e s e  are 
considered necessary c o n d i t i o n s  f o r  o p e r a t i o n a l  a c c e p t a b i l i t y  of t h e  system. 
While t h e s e  o p e r a t i o n a l  c o n s t r a i n t s  are t o  b e  s a t i s f i e d  by t h e  a c t u a l  a i r c r a f t  
t r a j e c t o r y  i t  s u f f i c e s  t o  en fo rce  them on t h e  feed-forward t r a j e c t o r y  commands 
of t h e  CG provided a c c e p t a b l e  t r a c k i n g  e r r o r s  are obtained from t h e  given 
a i r c r a f t  and t r a j e c t o r y  t r a c k i n g  system over t h e  d e s i r e d  o p e r a t i o n a l  domain 
of t h e  system. 

The c l a s s  of 

The t a s k  of t h e  CG 

The des ign  cr i ter ia  r e l a t i n g  t o  t h e  

The CG f u n c t i o n  i s  c a r r i e d  ou t  i n  t h e  proposed des ign  us ing  two p r i n c i p a l  
elements: t h e  t r a n s i t i o n  dynamics (TD) and i t s  i n i t i a l i z a t i o n  algori thm. 
The t r a j e c t o r y  d i s c o n t i n u i t i e s  between success ive  l e g s  are viewed as i n i t i a l  
e r r o r s  from t h e  new segment which t h e  TD is  t o  r e l a x  t o  zero i n  accordance 
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w i t h  t h e  d e s i r e d  o p e r a t i o n a l  c o n s t r a i n t s .  A TD w a s  syn thes i zed  t o  g e n e r a t e  
t h e s e  t r a n s i t i o n s  independently on each of t h e  a i r c r a f t  p a t h  axes  and a 
dual-mode c o n t r o l  l a w  w a s  synthesized f o r  each a x i s  which is  g l o b a l l y  asymp- 
t o t i c a l l y  s t a b l e  w i t h  (1) s e l e c t a b l e  damping and c h a r a c t e r i s t i c  t i m e  of t h e  
l i n e a r  mode t r a n s i e n t s  and a maximal r eg ion  of i n i t i a l  c o n d i t i o n s  u s i n g  l i n e a r  
c o n t r o l ;  ( 2 )  a non l inea r  mode w i t h  s e l e c t a b l e  parameters t o  l i m i t  v e l o c i t y  
and a c c e l e r a t i o n  excur s ions  about t h e  r e f e r e n c e  f l i g h t  cond i t ion ;  and (3)  a 
s e l e c t a b l e  l i m i t  on t h e  maneuver a c c e l e r a t i o n  rates i n  o r d e r  t o  en fo rce  band- 
width r e s t r i c t i o n s  on t h e  maneuver commands. System behavior  w i th  t h i s  TD 
w a s  examined i n  t h e  t h i r d  s e c t i o n  of t h i s  paper .  I n i t i a l  c o n d i t i o n s  f o r  t h e  
t r a n s i t i o n  w e r e  der ived t o  n u l l  i n i t i a l  t r a c k i n g  e r r o r s  and maintain cont in-  
u i t y  of t h e  a c c e l e r a t i o n  command t o  t h e  p l a n t .  F u r t h e r ,  i t  w a s  found t h a t  
p e r f e c t  t r a c k i n g  w a s  obtained i f  d i s t u r b a n c e s  w e r e  cons t an t  and exac t  models 
of t h e  p l a n t  dynamics and d i s t u r b a n c e s  w e r e  i nco rpora t ed  i n  t h e  TD. The TD 
s t r u c t u r e  and c o n t r o l  l a w  s y n t h e s i s  w e r e  extended t o  inc lude  t h e s e  models, 
e ( s ) ,  i d .  
u s e  of t h e  t r a j e c t o r y  r e g u l a t o r  t o  execute  t h e  feed-forward commands i s  
minimized so t h a t  i t s  c o n t r o l  margin is  re se rved  f o r  t h e  r e g u l a t i o n  of random 
unpred ic t ab le  d i s t u r b a n c e s ;  (2) t h e  kinematic c o n s t r a i n t s  are more a c c u r a t e l y  
imposed on t h e  p l a n t  ou tpu t ;  and (3)  t h e  bandwidth of t h e  TD commands f o r  
which accep tab le  system behavior can be ob ta ined  is  inc reased .  The app l i ca -  
t i o n s  work of t h i s  r e p o r t  omit ted such models ( e q u i v a l e n t l y ,  t h e  des ign  
assumes e ( s )  = 1, a; = 0) b u t  s a t i s f a c t o r y  r e s u l t s  can be expected w i t h  t h i s  
des ign  provided (1) t h e  p l a n t  dynamics are of s u f f i c i e n t l y  higher  frequency 
than  t h e  t r a n s i t i o n  dynamics and ( 2 )  t h e  s t eady  d i s t u r b a n c e s  are s u f f i c i e n t l y  
s m a l l .  The t r a n s i t i o n  i n i t i a l i z a t i o n  switching l o g i c  ( e s t a b l i s h e d  i n  t h e  
f o u r t h  s e c t i o n )  provides  op t imiza t ion  of t h e  t r a n s i t i o n  maneuver. The 
proposed op t imiza t ion  cr i ter ia  were t o  minimize i n i t i a l  j e r k  f o r  t r a n s i t i o n s  
i n i t i a t e d  i n  t h e  l i n e a r  mode, and t o  prevent  s a t u r a t e d  c o n t r o l  r e v e r s a l  and 
corresponding peak j e r k  i n  t h e  non l inea r  mode. I n  a d d i t i o n  t o  reducing t h e  
l o c a l  a c c e l e r a t i o n  a c t i v i t y  s p e c i f i e d  by t h e  c r i t e r i a ,  t r a n s i t i o n s  are 
obtained wi th  approximately minimum d u r a t i o n  and overshoot of t h e  r e f e r e n c e  
f l i g h t  cond i t ions  as w a s  shown i n  ex tens ive  examples. 

The p o t e n t i a l  va lue  of minimizing t r a c k i n g  e r r o r s  is  t h a t  (1) t h e  

The scope of a i r c r a f t  o p e r a t i o n s  t o  which t h i s  des ign  i s  a p p l i c a b l e  i s  
bounded i n  s e v e r a l  ways. F i r s t ,  t h e  problem formulat ion assumes a class of 
i n p u t  r e f e r e n c e  t r a j e c t o r i e s  t y p i c a l  of passenger ope ra t ions .  The p r o p e r t i e s  
of t h i s  c l a s s  are r e f l e c t e d  i n  t h e  CG design bo th  i n  t h e  concept of t r a n s i t i o n  
dynamics and i n  t h e  u s e  of segment i n i t i a l i z a t i o n  t i m e  c r i t e r i a .  However, 
t h e  f l i g h t - c o n t r o l  s t r u c t u r e  of r e f e r e n c e  1 i s  a p p l i c a b l e  t o  more g e n e r a l  
a i r c r a f t  ope ra t ions  and a l a r g e r  c l a s s  of i n p u t s  i s  generated by such opera- 
t i o n s  than can b e  accommodated by t h e  p re sen t  CG des ign .  Secondly, t h e  gener- 
a t i o n  of independent t r a n s i t i o n s  i n  p a t h  axes n e g l e c t s  C o r i o l i s  a c c e l e r a t i o n s  
which cross-couple t h e  excursion states dur ing  t r a n s i t i o n s  wi th  s i g n i f i c a n t  
pa th  a x i s  angu la r  v e l o c i t y .  
adequate f o r  ope ra t ions  o u t s i d e  t h e  modest maneuver domain and angu la r  
v e l o c i t i e s  of t h e  passenger ope ra t ions  p o s t u l a t e d  i n  t h i s  s tudy.  Th i rd ly ,  
t h e  pa th  axes frame i s  undefined a t  s p e c i a l  p o i n t s  i n  t h e  domain of h e l i c o p t e r  
and VTOL ope ra t ions  (hover and v e r t i c a l  f l i g h t )  and an a l t e r n a t i v e  cho ice  of 
axes  i n  which t o  gene ra t e  t r a n s i t i o n s  i s  a p p r o p r i a t e  f o r  t h e s e  classes of 
a i r c r a f t  . 

This  approximation i s  n o t  expected t o  remain 
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A n  a lgo r i thm f o r  s imula t ion  test and s tudy  w a s  p resented ;  i t  h a s  a 
s imple s t r u c t u r e  and u t i l i z e s  equa t ions  d i r e c t l y  from t h e  text .  The class of 
i npu t  r e f e r e n c e  t r a j e c t o r i e s  and i t s  p r o p e r t i e s  w e r e  examined i n  d e t a i l  and 
equat ions  f o r  an  a p p r o p r i a t e  continuous-time r e f e r e n c e  t r a j e c t o r y  genera tor  
w e r e  g iven.  
a lgo r i thm w a s  l i m i t e d  t o  about  1 0  sec i n  advance of t h e  r e fe rence  leg- junc t ion  
t i m e s  based on p r o p e r t i e s  of t h e  i n p u t  set. Fur the r ,  i t  w a s  noted t h a t  t h e  
d e s i r e d  v a l u e s  of parameters  c o n s t r a i n i n g  t h e  t r a n s i t i o n  excurs ions  w e r e  
func t ions  of t h e  r e f e r e n c e  f l i g h t  cond i t ion  arid t h e  a lgor i thm provides  f o r  
t h e i r  e v a l u a t i o n  a t  t h e  beginning of each l e g .  U s e  of a d e t a i l e d  model of 
p l a n t  dynamics, 6 ( s > ,  i n  t h e  TD w a s  n o t  inc luded  i n  t h e  p re sen t  s imula t ion  
s tudy  i n  v i e w  of lower bandwidth of t h e  t r a j e c t o r y  commands compared t o  p l a n t  
dynamic s . 

The per iod  over  which t h e  TD could be  i n i t i a t e d  by t h e  swi tch ing  

Parameter v a l u e s  f o r  t h e  TD w e r e  e s t a b l i s h e d  f o r  t h e  p re sen t  s tudy  on 
t h e  b a s i s  of o p e r a t i o n a l  c o n s t r a i n t s  on t r a j e c t o r y  k inemat ics .  I n  gene ra l ,  
t h e s e  c o n s t r a i n t s  are an  e s s e n t i a l  p a r t  of t h e  des ign  problem as soc ia t ed  w i t h  
t h e  ope ra t ions  f o r  which t h e  des ign  is  t o  b e  accep tab le ,  e s p e c i a l l y  du r ing  
approach and l and ing  when t h e  a i r c r a f t  o p e r a t e s  near  t h e  boundaries  of i t s  
performance c a p a b i l i t i e s .  These c o n s t r a i n t s  r e q u i r e  a CG s t r u c t u r e  t h a t  
recognizes  t h e  n o n l i n e a r i t y  of t h e  problem and provides  f o r  t h e i r  sys temat ic  
enforcement.  I n  t h e  CG des ign  problem, some c o n s t r a i n t s  are a p p l i c a b l e  t o  
t h e  class of ope ra t ions  (passenger  comfort c o n s t r a i n t s )  and some are der ived  
f o r  t h e  s p e c i f i c  a i r c r a f t  from s a f e t y  margin c o n s t r a i n t s  and a i r c r a f t  per for -  
mance l i m i t s .  The a p p r o p r i a t e  s a t u r a t i o n  parameters  f o r  t h e  TD can then  be 
de r ived  from t h e s e  c o n s t r a i n t s  as func t ions  of t h e  r e f e r e n c e  f l i g h t  cond i t ion .  
The b a s i c  r e p e r t o i r e  of s ing le -ax i s  maneuvers w a s  a l s o  examined t o  i l l u s t r a t e  
t h e  s i g n i f i c a n t  kinematic  v a r i a b l e s  i n  passenger  ope ra t ions  and t o  demonstrate  
t h e  gene ra l  e f f e c t i v e n e s s  of t h e  TD s a t u r a t i o n  parameters  i n  l i m i t i n g  excur- 
s i o n s  and of t h e  TD i n i t i a l i z a t i o n  swi tch ing  l o g i c  i n  opt imiz ing  these  
v a r i a b l e s .  The e f f e c t s  of C o r i o l i s  a c c e l e r a t i o n s  neglec ted  i n  syn thes i z ing  
t h e  t r a n s i t i o n s  w a s  a l s o  examined; t h e s e  r e s u l t  i n  kinematic  i n c o m p a t i b i l i t y  
of t h e  t r a j e c t o r y  commands and are s i g n i f i c a n t  only t r a n s i e n t l y  a s  l o n g i t u d i n a l  
t r ack ing  e r r o r s  du r ing  l a t e r a l  a x i s  t r a n s i t i o n s .  These e r r o r s  are p ropor t iona l  
t o  i n i t i a l  v a l u e s  of t h e  l a t e r a l  TD states,  bu t  can be  l i m i t e d  when l a r g e  s ide-  
s t e p  d i s t a n c e s  o r  l a r g e  d i r e c t i o n  s t e p s  are  t o  be  executed by e l a b o r a t i n g  t h e  
inpu t  r e f e r e n c e  t r a j e c t o r y .  

F i n a l l y ,  behavior  of t h e  CG and t h e  f l i g h t - c o n t r o l  system w a s  t e s t e d  on 
a STOL approach test t r a j e c t o r y  and i n  response t o  t h e  p r i n c i p a l  d i s tu rbances  
p r e s e n t  i n  ope ra t ions .  These tests i n d i c a t e  a number of conclus ions .  

F i r s t ,  f o r  t h e  p o s t u l a t e d  c lass  of i npu t  t r a j e c t o r i e s  t h e  CG can 
s y n t h e s i z e  s a t i s f a c t o r y  four-dimensional,  mu l t ip l e -ax i s  t r a n s i t i o n s  from t h e  
s ing le -ax i s  t r a n s i t i o n s .  The opt imal  t iming and excurs ion  s a t u r a t i o n  l i m i t s  
imposed independent ly  on each axis remain e f f e c t i v e  i n  t h e  mul t ip le -ax is  
command i n  minimizing overshoot  and l i m i t i n g  excur s ions  and rates of t h e  
kinematic  v a r i a b l e s  of  i n t e r e s t  and of t h e  corresponding a i r c r a f t  c o n t r o l  
a c t i v i t y  given by t h e  s p e c i f i c  f o r c e  commands. 
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Secondly, the transition dynamics adapt successfully to off-reference 
initial conditions of significant magnitude due either to unanticipated 
initializations as a result, for example, of sensor switch events, or of 
uncompleted earlier transitions. In the latter case, the optimal timing logic 
also adapts to the off-reference condition. The bounded set of initial TD 
conditions over which the system functions acceptably and for which these two 
conclusions are operationally valid cannot be established in the present 
simulation. However, the simulation test path from which these conclusions 
are drawn contains a rigorous set of example maneuvers of greater complexity 
than is expected operationally. 

Third, unmodeled or inaccurately modeled plant dynamics in the TD intro- 
duce tracking errors during all transitions and involve the regulator in 
executing the reference trajectory. Similar effects occur from unmodeled 
Coriolis accelerations as noted earlier. The effect on performance of these 
simplifying approximations were found acceptable in the simulation tests but 
of sufficient magnitude that further development of the theory and its 
application is of interest in both cases. 

Fourth, the CG adapts the initial conditions for transitions to any 
steady-state or time-varying tracking errors of the acceleration controller 
subsystem. If these tracking errors are due to persistent steady disturbances 
(e.g., uncompensated Trimmap model errors) or to random disturbances with 
persistent statistics (e.g., wind turbulence) then the trajectory tracking 
subsystem necessarily restores the same steady-state error or its statistics 
that prevailed before the transition. Thus, ineffective transient activity 
is added to the transition commands by this adaptation. The effect is 
proportional to the magnitude of the tracking errors and is acceptable for 
sufficiently small disturbances. The effects of wind turbulence were found to 
be small while steady disturbances can be compensated within the trajectory 
tracking system. Persistent large disturbances which saturate such compensa- 
tion cannot be effectively relieved by the CG and some other remedy, such as 
revising the reference flight condition, is indicated. However, the ineffec- 
tive transient command activity due to uncompensated steady disturbances 
can be minimized by inclusion of disturbance estimation and compensation in 
the Command Generator. This problem is also of interest for further study. 

Continued simulation study of the proposed CG algorithm is planned using 
increasingly realistic simulations of the flight-control system and aircraft, 
and including the estimation and attitude control subsystems. 

Ames Research Center 
National Aeronautics and Space Administration 

Moffett Field, California 94035,  May 2, 1978 
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APPENDIX A 

DERIVATION OF DUAL-MODE CONTROL LOGIC 

General S o l u t i o n  f o r  t h e  Region of Linear  Contrbl  

Consider t h e  system 

where x is a n  n-vector,  u a n  m-vector, and A; B are cons t an t  matrices 
of a p p r o p r i a t e  dimensions. Then t h e  c o n t r o l  l a w  u t h a t  minimizes t h e  
performance measure 

V =Jam (x T Qx + u T Ru)dt 

i s  given by r e f e r e n c e  14 

T u = - K x  

where 

K = P B R - ~  

(A3 

(A4 1 

and P is  t h e  p o s i t i v e  d e f i n i t e ,  symmetric s o l u t i o n  of t h e  Riccati  equat ion 

PA + A ~ P  - P B R - ~ B ~ P  + Q = o (A5 

and i t  i s  assumed t h a t  R > 0 and (A, Qk) i s  completely observable .  For t h i s  
c o n t r o l  l a w ,  t he  opt imal  c o s t  f u n c t i o n  is  

T V = x P x  

which is  a Lyapunov f u n c t i o n  f o r  (Al) and (A3) wi th  t h e  time d e r i v a t i v e  

(A7 
T T -1 T V = -X QX - x PBR B PX 

Suppose now t h a t  t h e  c o n t r o l  l a w  u(x)  i s  s u b j e c t  t o  s a t u r a t i o n  i n  t h e  
fol lowing way: 

where t h e  s u b s c r i p t  ( i )  r e f e r s  t o  t h e  i t h  component of a v e c t o r .  W e  can 
t h e r e f o r e  permit  t h e  c o n t r o l  t o  b e  given by 

T u . (x )  = -k. x 
1 1 

(410) 
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Here, k i  r e f e r s  t o  t h e  i t h  column of K. L e t  u s  now f u r t h e r  r e s t r i c t  u by 
f i n d i n g  a r eg ion  R - bin so  t h a t  i f  

then 
T x ( t )  E 52 and u = -K x , t 2 to 

stable 

A 
by t h e  

t h a t  is ,  R i s  a reg ion  of asymptotic s t a b i l i t y  as w e l l  as a r eg ion  i n  which 
t h e  c o n t r o l  i s  e n t i r e l y  l i n e a r ;  R is an invariant region of asymptotically 

linear contro 2 .  

simple and convenient way of f i n d i n g  one such r eg ion ,  
f u n c t i o n  V(x) i n  (A6) .  L e t  Xi be  t h e  two l i n e s  de f ined  by 

R, is  o f f e r e d  

and then compute 

m 
1 

x ki = umi , u ~ i  

which i s  found t o  be ( c f .  t h e  case m = 1 i n  r e f s .  15 and 1 6 )  

- min { (kiTP-lki)-l 
1 I i 5 m  

'M - 

where 

u = min(u ,uMit 
i mi 0 

Then : 

Now, a dual-mode c o n t r o l  scheme may be cons t ruc t ed  based on 52,: i n s i d e  
R, use the  l a w  (A3) and o u t s i d e  R, u se  a non l inea r ,  s a t u r a t i n g  c o n t r o l  l a w .  
Such a c o n t r o l l e r  w i l l  have t h e  p rope r ty  t h a t  ( i gnor ing  d i s t u r b a n c e s ) ,  once 
t h e  l i n e a r  r eg ion  i s  e n t e r e d ,  t he  c o n t r o l  remains l i n e a r .  Kuznetsov ( r e f .  4 )  
w a s  appa ren t ly  f i r s t  t o  u s e  such a method ( f o r  m = 1) t o  c o n s t r u c t  dual-mode 
c o n t r o l l e r s .  H e  e s s e n t i a l l y  used a s u r f a c e  l i k e  t h a t  i n  (A15) t o  d e f i n e  t h e  
boundary between c o n t r o l  r eg ions  and explored v a r i o u s  p o s s i b l e  c o n s t r u c t i o n s  
of t h e  non l inea r  c o n t r o l l e r .  The next  s e c t i o n  p r e s e n t s  t he  d e t a i l s  of a 
p a r t i c u l a r  dual-mode c o n t r o l l e r  f o r  t he  t r a n s i t i o n  dynamics of t h i s  paper.  
An i n v a r i a n t  l i n e a r  r eg ion  l a r g e r  than R, i s  de r ived  and t h e  c o n t r o l  l a w  
f o r  t he  non l inea r  mode is  given. 

6 6  
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Dual-Mode Control  Law f o r  m = 1, n = 2 

The i n v a r i a n t  l i n e a r  r eg ion  R, ob ta ined  i n  (A13) i s  g e n e r a l l y  only a 
subse t  of t h e  l a r g e s t  such r eg ion .  Since w e  pu t  a premium on l i n e a r  c o n t r o l ,  
i t  would b e  d e s i r a b l e  t o  be a b l e  t o  e n l a r g e  t h i s  r eg ion .  For t h e  c a s e  of 
i n t e r e s t  h e r e  (m = l), R, can b e  extended by v a r i o u s  methods, i nc lud ing  d i r e c t  
numerical  c a l c u l a t i o n  of t he  l a r g e s t  such r eg ion  as w a s  done, f o r  example, 
i n  r e f e r e n c e  6 .  W e  adapt  t h e  work of W i l l e m s  ( r e f .  5) t o  t h i s  purpose because 
of t h e  convenience of t h e  r e q u i r e d  c a l c u l a t i o n s .  

Consider then t h e  c a s e  m = 1. Using W i l l e m s ’  r e s u l t s ,  i t  can be shown 
t h a t  t he  r eg ion  R: 

T T R : { M  x:-u G k X G  um ; x P x G V i )  

is a n  i n v a r i a n t  r eg ion  of asymptotic s t a b i l i t y  f o r  t h e  l i n e a r l y  c o n t r o l l e d  
system, where 

7 
T -  -1-T -1 

VET 3 k AP A k[kTP-lkkTAP-lATk - (kTAP-1k)2] 
0 

I J T A - A - B k  

Vr; 2 VM 

and t h e  e q u a l i t y  i n  (A18) ho lds  only i n  s p e c i a l  c a s e s .  

A simple c o n t r o l  l a w  f o r  x q R ,  which s a t i s f i e s  t h e  s a t u r a t i o n  c o n s t r a i n t  
( A 8 ) ,  is  the  u s u a l  time-optimal c o n t r o l  ( i . e . ,  t h e  c o n t r o l  t h a t  would minimize 
t h e  t i m e  t o  t h e  o r i g i n  i n  the  absence of t h e  l i n e a r  c o n t r o l  mode i n  t h e  
r eg ion  R). This  c o n t r o l  provides  t h e  switching l o g i c  shown i n  f i g u r e  6 ( a )  
excluding t h e  mod i f i ca t ions  f o r  v e l o c i t y  l i m i t i n g .  This  c o n t r o l  a l s o  has  t h e  
v i r t u e  of approximately minimizing t h e  time spen t  o u t s i d e  R. The minimum 
t i m e  c o n t r o l  t o  t h e  r eg ion  R may a l s o  b e  found; i t  is  g e n e r a l l y  d i f f e r e n t  
from t h e  minimum t i m e  c o n t r o l  t o  t h e  o r i g i n ,  a l though t h e  inc reased  complexity 
does no t  j u s t i f y  i t s  u s e  i n  ou r  a p p l i c a t i o n .  

lour  b a s i c  method of c o n s t r u c t i n g  a dual-mode c o n t r o l  i s  n o t  e s s e n t i a l l y  
t i e d  t o  a q u a d r a t i c  opt imal  l a w ;  any a sympto t i ca l ly  s t a b l e  l i n e a r  c o n t r o l  l a w  
could be used, w i t h  any one of an a v a i l a b l e  set of q u a d r a t i c  Lyapunov func- 
t i o n s  used t o  d e f i n e  t h e  r eg ion .  The approach h e r e  is  f e l t  to be somewhat 
more motivated,  however, s i n c e  i t  g i v e s  r ise t o  a r eg ion  t h a t  has  s i g n i f i c a n c e  
i n  terms of a measure of c o n t r o l  performance. 
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Specific Control Law for Equation (22) Without Velocity Limiting 

Considerable simplification is achieved in the implementation of the 
dual-mode control law when applied to the system described by equations (22a), 
that is, the system 

x = x  
1 

2, = u 

Without loss o 
does not affec 
controlled sys 
expressing all 
instead of the 

If generality, we take R = 1. It can also be shown that Q,, 
t the locations of the characteristic roots X , , h ,  of the 
tem in this case; hence for simplicity we take Q,, = 0. Then, 
results in terms of the easily understood parameters ( 5 , ~ ~ )  
less intuitively appealing parameters Qll, Q22, we obtain 

where the characteristic roots are now 

and 

I 

and, after some calculation, 

= rLc2(32c4 - 2 4 c 2  + 6) 
vEI, 

These results all require that2 

5 '7 1 

,Although it is unlikely to be desired, characteristic roots with 5 < 112 
could be obtained by procedures different from the optimal quadratic synthesis 
above. 
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The minimum-time control for equation (22a) and for x $ R is now given 
by 

a > 0 or (a = 0, x2 2 0 )  
(A221 

UM a < 0 or (a = 0, x G 0) 
2 

where 
u x  + - x 2 2  1 x > o  

2 

2 2 x < o  u = { m l  U M x 1  - T x2 
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APPENDIX B 

VELOCITY-LIMITING MODIFICATION OF CONTROL ALGORITHM 

Appendix A desc r ibed  a dual-mode c o n t r o l  a lgo r i thm t h a t  ma in ta ins  
p re sc r ibed  s a t u r a t i o n  l i m i t s  on t h e  scalar c o n t r o l  u i n  t h e  form 

-k x f o r  x E R  

(A22) f o r  x € 5  
u = {  

where R i s  de f ined  by equa t ion  (A16). Here t h e  l a w  i s  modified ( f o r  n = 2) 
t o  maintain,  i n  a c e r t a i n  sense ,  bounds on t h e  v e l o c i t y  

The mod i f i ca t ions  a re  developed nex t  by cons ide r ing  d i f f e r e n t  types of i n i t i a l  
cond i t ions .  

I n  t h e  case t h a t  x(0)  i s  i n  and x2 (0 )  s a t i s f i e s  equa t ion  (B2), a 
review of phase plane t r a j e c t o r i e s  and t h e  b a s i c  c o n t r o l  a lgo r i thm equa- 
t i o n  (A22) shows t h a t  a t r a j e c t o r y  e i t h e r  e n t e r s  R o r  else encounters  a 
l i m i t  of equat ion (B2), s ay ,  x2  = X ~ M  ( s e e  f i g .  2 3 ) .  I f  equat ion (Bl) i s  
modified so t h a t  u = 0 a t  t h i s  p o i n t ,  x2 w i l l  remain c o n s t a n t  a t  t h e  
l i m i t  va lue ,  and t h i s  c o n t r o l  should be held u n t i l  t h e  f i r s t  oppor tun i ty  t o  
dec rease  x2 by r e i n s t a t i n g  t h e  b a s i c  a lgo r i thm (eq. ( B l ) ) .  This  can occur 
a t  e i t h e r  of two even t s ;  f i r s t ,  i f  t h e  switching curve 0 = 0 i s  encountered 
b e f o r e  t h e  boundary of 52 ( t r a j e c t o r y  ia i n  f i g .  2 3 ) ,  t hen  t h e  c o n t r o l  
simply switches t o  u = -um a t  t h e  switching curve i n  accordance w i t h  
equa t ion  (A22). Secondly, i f  t h e  boundary of R is  encountered b e f o r e  t h e  
curve 0 = 0, then t h e  c o n t r o l  remains n u l l  bu t  swi t ches  t o  the  l i n e a r  c o n t r o l  
l a w  of t h e  r eg ion  as given by equat ion ( B l )  when 
W e  need only demonstrate t h a t  t h e  modified l i n e a r  r eg ion  
f i g u r e  24 ( r eg ion  R w i th  t h e  "b i t e "  0,-0,-0, taken ou t  of i t )  as an  
i n v a r i a n t  one, t h a t  i s ,  t h a t  t r a j e c t o r i e s  cannot c r o s s  t h e  new boundary-line 
segments 0,-0, and 02-03 from i n t e r i o r  p o i n t s  of RL. This  i s  enforced f o r  
0,-02, a locus  of cons t an t  
a long t h i s  segment. For segment 0,-0,, observe t h a t  x1 i s  s t r i c t l y  
inc reas ing :  

R _ -  kTx = 0 ( s e e  f i g .  2 4 ) .  
QL as shown i n  

x2 ,  by t h e  nu l l ed  c o n t r o l  of t h e  modified l a w  

x < o ,  2 = x  > o  
1 1 2 

and t h e  t r a j e c t o r y  is  l o c a l l y  p a r a l l e l  t o  t h e  x1 a x i s :  

T 
dx2 -k x - - -  
dx 1 x2 
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s o  t h a t  a t r a j e c t o r y  n e c e s s a r i l y  evolves  i n t o  t h e  i n t e r i o r  of RL from any 
p o i n t  on 0,-0,. 
of RL a d j a c e n t  t o  0,-0,, t h e  v e l o c i t y  subsequent ly  dec reases .  To conclude 
t h i s  case, n o t e  t h a t  s i m i l a r  arguments apply t o  maintaining t h e  l i m i t  
i n  t h e  f o u r t h  quadrant  of t h e ' p h a s e  plane.  

Since t h e  l i n e a r  c o n t r o l  becomes n e g a t i v e  a t  i n t e r i o r  p o i n t s  

- x ~ ~  

- 
For i n i t i a l  c o n d i t i o n s , w i t h  x(0)  i n  Q b u t  'x2(0)  does n o t  s a t i s f y  

equa t ion  ( B 2 ) ,  t h e r e  are two subcases  t o  cons ide r ;  f i r s t ,  i f  

o r  

t h e  c o n t r o l  l a w  (eq. ( B l ) )  need n o t  be modified s i n c e  i t  a l r e a d y  d r i v e s  t h e  
v e l o c i t y  toward t h e  pe rmi t t ed  range (eq. ( B 2 ) )  as r a p i d l y  as p o s s i b l e .  The 
second subcase occur s  w i t h  

o r  

Here w e  can consider  modifying t h e  c o n t r o l  t o  reduce x a t  t h e  maximum ra t e  
as f o r  t h e  f i r s t  subcase,  b u t  t h e  p o s s i b i l i t y  of "cha t t e r " - l i ke  phenomena 
whenever t h e  v e l o c i t y  l i m i t  l i n e  (where u = 0) i s  encountered must be 
accounted f o r .  A l t e r n a t i v e l y ,  w e  s e l e c t  u = 0 f o r  t h e  e n t i r e  r eg ion  given 
by equat ions ( B 4 ) ;  t h e  r e s u l t i n g  f r e e  t r a j e c t o r y  must e x i t  t h i s  r eg ion  i n  
f i n i t e  t i m e .  

2 

F i n a l l y ,  t h e  remaining p o s s i b l e  i n i t i a l  c o n d i t i o n s ,  x (0 )  E R e i t h e r  
begin i n  t h e  "b i t e "  removed from t h e  l i n e a r  r eg ion ,  i n  which c a s e  the  c o n t r o l  
i s  aga in  nu l l ed  as i t  i s  on t h e  r eg ion  def ined by equa t ions  ( B 4 ) ,  o r  i t  
begins  i n  RL, where t h e  l i n e a r  c o n t r o l  l a w  of equa t ion  ( B l )  remains i n  f o r c e .  

I n  summary, equa t ion  ( B l )  i s  simply modified t o  g ive  n u l l  c o n t r a 1  on t h e  
fol lowing regions:  

u(x) = 0 

f o r  

x E R and {(-kTx < 0,x2 < - x ~ ~ )  o r  (-kTx > O,x, > x ~ ~ ) )  ( B 5  1 
o r  

x E EL and o r  ( 0  < 0,x > x ) I  
2 2M 
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Figure 1.- Structure for an automatic flight-control system. 
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Figure 2.- Trajectory command generator structure. 
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Figure 3.- Axis systems and transformation angles. 
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Figure 4.- Third-order transition dynamics structure. 

Figure 5.- Third-order transition dynamics structure using simplified control 
law construction. 
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u = -esm 

(a )  Cont ro l  l a w  and swi tch ing  boundar ies  i n  t h e  x-plane. 

F igu re  6.- T r a n s i t i o n  dynamics. 
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Figure 10.- Canonical t r a n s i t i o n  dynamics s t r u c t u r e  wi th  p r e d i c t i v e  modeling. 
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REFERENCE TRAJECTORY 

IN IT1 AL I ZAT ION 

PARAMETERS: 

AT* = min { AT, tbm+' - tb"' } 
AT = PRESELECTED TD INITIALIZATION PERIOD 

m = LEG NUMBER 

ICTD = TRANSITION DYNAMICS INITIALIZATION FLAG 

Figure 13.- Command genera tor  a lgor i thm.  
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I COMPUTE EXCURSION STATES RELATIVE 
TO THE NEXT LEG, E,, E*, E3, A 

EQS. 66,68 

. 
iST EACH AXIS, (i = 1,2,3), FOR SWITCHING 
1 THE NEXT LEG 

L 

1 NO 

TO-GO, At* 

1 

-~ 

flODlFY REFERENCE 
rf v:, a;, FOR THOSE AXES WHICH HAVE 

BEEN SWITCHED 
EQ. 70 + 

TEST FOR SWITCH TO NEXT LEG 

S(I) = 0, i = 1, 2, 3 

PARAMETERS : 

16(i), i = 1,2,3' SWITCHED-AXIS FLAG 

Is( i ) ,  i = 1.2.3, I AMBIGUOUS AXIS FLAG 
VELOCITY AND 
ACCELERATION THRESHOLDS 

€2' €3 

m LEG NUMBER 

ICTD TD INITIALIZATION FLAG 

(a) Computational f l o w  diagram. 

Figure 14.-  Transition initialization algorithm. 
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EXCURSION STATES RELATIVE TO NEXT LEG 

$m+l I 
en3 

erp = A~ CS - r;) 
BY = A  (3 - v g )  P PS s 
a;=A a* PS s 
ac = A  ac, P PS 
actp = Aps act, 

( fact 1 -a; ) 
P 

A = - e n 3 + a c  

OPTIMUM TIME-TO-GO: 

x,,l = (i) + ,(ilE2(i) 
xn = E (i) + (i) (i) 

2 2 7 E 3  
ULN = -k (il Xnl - k2(i) xn2(i) 

VN= kl(i) k 2 'il xn12 +2kl(i)xnl xn2 + k2(i) xnZ2 
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x :VN < VM(~! ULN E [-e$,,, e,, (i) I \  1 

x ~ f i ,  IAl S e3 

+{VI XE fi, IAl > e3 

xbfi,  IAl G e3 

-bl +~m,x).,bl2-C11xbfi,lAl>E3 

At* = 

I (i), kl(il, k2(i), VM(~), e!j,I,, , e!$/ -TRANSITION DYNAMICS PARAMETERS 
17 

REFEREN~E TRAJECTORY MODIFICATION FOR SWITCHED AXES: 

la, b, a, ,  blI - FUNCTIONS OF xnl, xn2. CF EOS. (55). (62) 

G = Aps i-6(il.l 

r;= r;+ G enl 

v;= v;+ G en2 

a;=a;+Gen3 

EO. (66) 

EO. (68) 

EO. (47) 

EO. (Al6)  

Ea. (55)  

EO. (62) 

EO. (70) 

(b) Summary of equations for transition initialization algorithm. 

Figure 14.- Concluded. 
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TRANSITION INITIALIZATION: 
COMPUTE SATURATION LIMITS 
& INITIAL TRANSITION 
STATES AND TRAJECTORY 
COMMANDS 

EQS. 7. 12,24 

ICTD = "NO" 

- 

TRANSITION DYNAMICS 

INTEGRATE TRANSITION 
STATES, e,, e2, e3 

I 

rcS, vcS, acs. 

COMPUTE PATH AXIS 

EO. 2 
TRANSFORMATION, ApS(x) 

rcs, vcS. ac, 

(TO ACCELERATION 
CONTROLLER) 

(a) Computational f l o w  diagram. 

Figure 15.- Transition dynamics algorithm f o r  simulation test. 
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REQUIRED INPUT PARAMETERS FOR TD: 

I(<"), TL(i), e$L, egk, et,),,, e j h ,  afi, a$ , i = I ,  2.31 

EXPRESSIONS FOR AUXILIARY PARAMETERS 

kl (i) = (TL(i)r(i))-Z 

k21i) = 2lTL(iI 

VM (i) = TL(i) 5") [6  + 32<(i) ( { ( i ~ ~  - J5)] 

TRANSITION INITIALIZATION 

eZm, eZM, e3,,,, e3M, am, aM - FUNCTIONS OFc*, y*, AS APEClFlED 

el = .(CS - r l )  

ea = (Cs - v;) 
act = A  acts P PS 

= [[actp] -Aps *a: 

x1 = el + [ 4 . 1  e; 

x2 = ea + ~ r ( i ? 1  e3 

A res = rs 
A vcs = v 

acS=a;+AT PS e 3 

where 

[actp] (max 1 -am(il, min I act:), aM(i)i , i = I ,  2, 31T 

TD CONTROL FOR it" AXIS, i = I ,  2,3 

= kl(i) k2(i) (i? + kl(i) xl(il x2(i) + k2(i) 
X1 X2 

(iP 
UL = -k ( i )  (il- k ( i )  (i) 

1 1  a x 2  

e3e 
= .5 lX2(i)l xa(i) + x1 (i) 

EO. (28) 

EQ. (12) 

EO. (24) 

EO. (7) 

EQ. (26) 

(b) Summary of transition dynamics equations. 

Figure 15.- Continued. 
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INTEGRATION OF TRANSITION STATES FOR ith AXIS, i = 1,2,3 

At CONTROL CYCLE STEP SIZE 

OUTPUT TRAJECTORY COMMANDS E PATH AXIS TRANSFORMATION 

(b) Concluded. 

EQ. (23) 

EQ. (2) 

Figure  15.- Concluded. 
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Figure  23.- Control  law mod i f i ca t ions  t o  l i m i t  v e l o c i t y .  

F igure  24.- Contro l  law when v e l o c i t y  l i m i t  i n t e r s e c t s  R .  
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