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THE ALTERATION OF PROFILE ANALYSIS TO

ACCOMMODATE TESTING FUNCTIONS

‘The purpose of this task is to develop a methodology for testing for
differences between several pilot describing functions, where the data
points represent averages at various frequehcies. . Typically a functions
represents a treatment or treatment combinations which are to be compared.
Data are taken in replicates and an output is measured for each frequency.
It is not unusual to experience 4-8 functions representing a like number
of experimeﬁtal conditions in a real-time piloted aircraft simulation.
Typically, as many as 8-16 frequencies may be involved.

Consider the following plot for the special case of two functions.
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Here, the u,, represents the population mean for the jth frequency under

ij
th

the i function. The problem is to determine whether or not, simultaneously,

the means for function 1 are equal to the means for function 2, across

frequencies. The extension to more than two functions is also of con-

siderable interest.

Specifically the goals of the task are as follows:
(1) Develop and describe the methodology for testing for differences

between functions.



(ii) Determine how to approach the problem of assessing the power of
the test. Supply charts or tables for power.

(iii) Use the power results to recommend how to design such experiments;
for example determine an effective number of frequencies; in additionm,
what is the maximum number of functions that will allow a reasonably
sensitive test. Also what is a reasonable number of replicates?

(iv) Discuss software considerations.

Basic Assumptions for the Experiment

In this section we shall discuss the distributional and data structure
proposed for the test on k functions (k22). Consider initially two func-

tions, in the context of Figure I. Suppose that we have two random vectors

1 %21

*12 %22
X = : and x, = :

X1t X21;

where xip is the scalar output for the ith function and the pth frequency.
These are basic output measurements. It is assumed that each of the
vectors follows a multivariate normal distribution with common.variance—
covariance matrix I, the latter a tXt matrix. The practical implication

here is that within each function the observations are correlated and the




correlation structure is the same for each of the two functions. For the

first function ny independent vectors are taken and for the second function

n2 vectors are observed.

The extension to more than two functions is obvious. It is assumed

that there are k-multidimensional vectors 51, 52,...,§k ’

_ . ) . .
*11 %21 - X1
*12 X2 *)2

i e |, Xt ] %kt

The assumption is made that x; is multivariate normal with mean »y

(1=1,2,...,k) and variance-covariance matrix I.

Hypothesis

Consider again the case of two functions illustrated in Figure I.

A reasonable hypothesis that accomplishes the goals outlined here, is

given by
Hyt 1H11 T Vo1
U =u
12 - Y22
: @)
H13 T Ha3
Hi4 T Ho4

or, in terms of vectors,



th . .
where By is the mean vector for the i~ function. One can easily see
that this is the hypothesis that the experimenter needs to test.. Namely,
the null hypothesis states that the mean value of the two functions are

equivalent at each frequency. In the general case of k functions and t

frequencies the hypothesis is
(2)

where each vector is t-dimensional. We need a test procedure for testing
the joint statement given in (2). In addition, we need guidelines on
the experimental design that will adequately give evidence in favor of the

alternate hypothesis when it is appropriate.

Profile Analysis

The problem posed here appears to be very similar to Profile Analysis

[2] which is a multivariate technique in which a "repeated measures"
design is used and the treatments are broken into groups. Basically,
measurements on individuals (or individual items) are conducted for each
of say t treatments, with the observations correlated from treatment to
treatment. The purpose of the experiment is to determine if there are
differences in treatment means. When the treatments are put into an
additional classification variable called "groups" then the procedure

becomes what is called Profile Analysis. Consider, again Figure I and

allow the functions to take the role of the groups and frequencies take
the role of the treatments. This would appear to be an application of

Profile Analysis.




In a Profile Analysis the test on treatments is not valid unless no
interaction exists between treatments and groups. Thus, initially a test
for parallelism (no interaction) is usually conducted before the test on
treatments is attempted. The hypothesis of the test on parallelism is

given by

- = - ]
o P11 T Y12 T ¥21 T M22

M3 T W3g T Ma3 T Ha2

Mg T M3 T Pog T M3

The test involves a Hotelling's 12 [2] and is quite easy to extend to

more than two groups.

Alteration of Profile Analysis to Accommodate
Testing Functions

One can easily see (easier to visualize in the case of two functions
or groups) that if groups and interactions between groups and frequencies
(functions and frequencies) are not statistically significant, one can
interpret this as implying that functions are not significantly different

point by point or frequency by frequency. One mode of verfication of this

is toAnote that if two functions are parallel between frequencies the only
way that the two function averages can be the same is for the two functions
to coincide. On the other hand, function averages might be very close
together but because of non-parallelism (interaction).the two functions

ma& be far from coincidental. Thus neither a significance test on groups
(function) averages or interaction will suffice for our purposes. Rather

it is the joint hypothesis of the two that is relevant.




Searching into the structure of the problem more closely suggests
that the condition of coincidental functions we have described here is
jdentical to the hypothesis in (1) or (2) for the general case. Thus it
can be said that we have a profile analysis in which we are attempting
to simultaneously detect parallelism and group (function) effects but we
are doing it with a single hypothesis and thus a single test and not with

two tests.

Test Statistic and Procedure

For the hypothesis in (1), we are simply testing the equality of
two mean vectors. For the jth function, nj independent vectors (replicates)
are obtained and we have two averageslgl, 22 which are joint estimates of

the mean vectors u, and Yy (t-dimensional). The sample data is used to
compute an estimate of the variance-covariance I. Thus we have for the
first function, n, independent vectors, and n, independent vectors for
the second function. The estimate of I is found by obtaining sample

variances and covariances for each function and pooling over functions.

Thus the estimates have n. + n, — 2 degrees of freedom. The test statistic

1 2
is given by [2]

T2 = (x,-%,)87 (&, K,) €

where




The statistic in equation (3) follows Hotelling's T2 distribution with

nl + n2

taken for each function, say n, then of course n, + n, - 2 is replaced

- 2 degrees of freedom. If the same number of replicates are

by 2(n-1). The statistic

(n,4n,~-t~1)
1 2 7 2
@ o, Dt (4)

follows a F distribution with t and n, + n, -t - 1 degrees of freedom.
This fact allows us to handle the power quite easily.
The extension to more than two functions is quite easily done.

Consider the hypothesis of equation (2), which, written in expanded form

is given by
Hy: Myq S Hyp T M3y T o0 T ¥
Mg T Wap T H3p T ¢ T Mo
P1e = Hoe T H3e T vt T o Mke

Once again, there are vectors of averages gi, 32,..., ik , t—dimensional.

This data is used to compute a pooled estimate of the variance-covariance

matrix L. In addition a txt matrix (hypothesis matrix) is given by

51

' n
3

h =

1
-rs TN Gr Gs :

j=1 Trj Tjs

Here '1‘jr is the sum of the data on the rth.frequency for function j.
kY
th

I n
=1
frequency. The test statistic is the largest eigenvalue of the matrix.

N = Gr is the grand total of all observations on the r

HE'I, where E is the error sum of squares matrix, which is given by



E=3% - d.f.

where d.f. are the degrees of freedom for estimating the variance-
k

covariance matrix (d.f. = I n, - k).
i=1
Examples of the computation for both the special case and the general
case will be given in a later section. Charts for the use of the largest

root statistic can be found in Morrison [2]. A computer program for the

computation of the test statistic will be found in the Appendix.

Power of Tests

The power associated with the case of two functions is quite easy to
handle from a theoretical point of view. 1In a practical sense there are
some difficulties that are not insurmountable. The test statistic in

(3) follows F under the hypothesis of equality of means

t,nl+n2—t—l

stipulated in H One can immediately notice that the denominator

0
degrees of freedom automatically imply an experimental restriction,

namely that nl + n, > (t+1). The test procedure, of course, involves

rejection of H, if the calculated test statistic in (4) exceeds the

0
upper tail percentage point of the F-distribution. If My # Hy the test

statistic follows the non central F-distribution [1] with degrees of

freedom t and n, + n, -t - 1, and with non centrality parameter
n.n
2 -
62 = Lt (g Ty )

12




"Thus for a specific difference ol between the mean vectors and a
specific variance covariance matrix , the power is given by the prob-

ability

Pr(r! > F
[ t,n1+n2-t-1,62 a,t,nl+n2-t-l

]

] .
where Ft,nlfnz-t-l,Gz is a non central F variate and Fa is

the upper ath percentage point of the F distribution. Thus the probability

,t,n1+n2—t~1‘

distribution of the non central F is needed. This distribution is
discussed in detail in Graybill [1]. Power charts are offered in
Morrison [2] and are quite easy to use. An explanation of their use is
given in the text.

In order to compute the power one must know I, or at least have an
estimate of it. For the study described here, hypothetical values for
the variance-covariance matrices are used, these values generally taken
from previous studies at NASA Langley. A power study is described in
the following.section. This study was done to arrive at appropriate
values of sample sizes (number of replicates) and number of frequencies
fhat provide good power for specific values (in terms of order of magnitude)
of the'differénces (gl-gz) that are being detected between the functions.

The power computation for the.test for more than two functions is
extremely difficulf and is wrought with practical difficulties that
actually prohibit its use. Approximations are available {3]. However,
the approximations involve many quantities that must be estimated from
the data. The non éentral F prqbabilities are monotonic increasing
functions of the non centrality parameter which, if one. investigates

the structure of 62, is very pleasing. That is, 62 represents "how
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false" the null hypothesis is before we would wish to reject HO with a
high probability, and as §2 grows large we would expect the power to
increase monotonically. However, the structure of the approximations
of the power of the "largest root test" is such that several non centrality
parameters appear and the power is not a monotonic function of them which
suggests that for at least some cases the approximation is not partiCuIarly
good.

It would seem reasonable then that sample sizes and other recommenda-

tions should be done for testing two functions at a time. In addition,

the user can assess his own power in a particular case by computing the
power through the use of tables of the non central F. This will be

reasonable as'long as one does not study too many functions simultaneously.

This does not mean that one must restrict the number of functions in the
test, but rather in a power assessment it would only be accurate if the

number of functions were kept low, say four or less. It should be

emphazised here that the value, t, the number of frequencies, n,, the

number of replicates are more crucial than k, the number of functions.

Example of Test Computation

In this section we present some hypothetical data and numerical
examples of the computation for cases of two functions and three functions.
The output here is not what NASA Langley personnel has at its disposal
but it does represent a representative type format for the output. For

the case of two functions there are t = 5 frequencies and n, =mn, = 4,
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STATISI ICAL ANALYSIS SYSTEM 8153 TUESDAY, MARCH 7, 1978 2
ANALYSLS OF VARIANCE PRUCEDURE )
CLASS LEVEL INFORMATION
CLASS LEVELS VALUES
GRUUP 2 1 2

NUMBER OF UBSERVATIUNS In DATA S5eT = 8

(4"



STAT1ISTICAL ANALYSIS SYSTEHM 8353 TUESDAY, MARCH T, 1978 3
ANALYSIS UF VARIANCE PRUCEDURE
EPENDEN] vAnlaoLE: Y1

vu~Ct . UF SUN UF SUUAKES MEAN SUUAKE F vVALUE PR > F K=SWUAKE . CaV,
yutl: 1 17.11125000 17.11125000 717.34 0.0001 0.928005 4,1125
KHURr . 6 1.52750000 V221259000 STL LEV Y1l MEAN
OnRECTED TOUTAL ! 18,45875000 : ) © 0.4703721Y9 11.,43750000
QuxCE . LF ARUVA S8 - F VALUE PR > F
ROUP 1 17.11125v00 17.34 0.0001

€1



TEPEINOENT VARIASLLES Y2

idJu=Ct Uk
'O0kEL 1
KGR . ]
J0m~cCTED TUTAL /
juu=Ce 714
yRUUP 1

S TATISTI1ICAL ANALYSIS SYSTEM

SumM UF SWUAKES
2.420000UV0
V. 0bLVULUULLY
3.080V0000

ANUVA §38
2.b420000VVY

ANALYSIS UF VARIANCE PROCEVURE

MEAN SQUARE F VALUE
2.42000000 22.00
011000000

F VALUE PR > F
22,0V 0.9034

8153 TUESDAY, MAKCH 7, 1978 4

PR > F KR=SWUARE C.Ve.
Ve0034 t.785714 3.4912

S§10 VeV YZ MEAN
D.55166248 9.50000000

91



DEFPENDENNT VAKIAﬁLt:VYi
SOUKCE

“ovel

Ennu=

COnRECTED TUTAL

SUUNLCE

GROUP

STATILISTICAL ANALYSIS SYSTEM 8353

ANALYSIS UF VARIANCE PROCEQURE

SuM UF SuULAKES MEAN SOUARE F VALUE
18,91125v0v © 18491125000 203.53
Vab5575uu00 V.V92916067
19.46675000
ANUVA 88 F VALUE PR > F
18.,91125u00 2L3.548 0.0001

PR > F
0.0001
STO LV
0.50d82255

TUESDAY, MARCH 7, 1976 5
R=SWUARE CoV,
0.971364 2.25%59

Y3 MEAN
13.51250000

ST



S 1 A1 18

DEPENDENT var[AplE: Y4

SOuUKCe UF SUM UF SWQUAKES
Mgbed 1 7.60500000
EnxUn 3 0.235000600
CunmECTED TUTAL 7 T.684U00v0Y
SOuKCe (114 ANUVA §S
wrROUP 1 7T.6U500V0V

1L C AL ANALY SIS
ANALYSLS OF VARIANCE PRUCEULURE

MEAN SUUARE F VALUE
7.60500000 19d.17
0.039160667

F VALUE PR > F
194,17 V.0001

SYSTEM

8353 TUESLAY, HMARCH 7, 1978 6

PR > F R=SQUARE C.V,

V. 0UUl 0970026 1.5224

STv LEV Y4 MEAN
0.1979u570 13,00000000

9T



LDEPEDeNT VAxlabLE: Y5
SUunCE

MUuCEL

E<nU=

CumneCTey TUITAL

SQunCtE
GrUUP

STallsSTICAL
ANALYSIS OF VARIANCE PROCEDURE

SUM UF SWUARES
13,00000000
UL 89500000
13,89500000

ANUVA §3§
18.0000V000V

ANALYSI

MEAN SQUARE
18.00000000
0.14916667

F VALUE
120,67

PR > F
0.0001

S

SYSTEM

F VALUE
120.67

PR > F
v.0001
STL DevV
0.38622101

8353 TUESDAY,

R=SUUARE
0.952653

MARCH 7, 1978 7

C.V.
2.8662

YS MEAN
13.47500000

L
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S TA

“«<<<=< C

r=l Yt Y3 Y4
1 17.11125000 6.4350 17.98875000 11.40750000
4 nald3bULUULY 2.420V 16500040 4,29000000
s 1793815000 6.7650 18:91125000 11:99250000
4 11.40750u00 4.290u 11299250000 7:6U500000
S 17 255000uvY 6.600Y 15.45000000 11270000000
CHARACTERISTIC RUUTS ARD VECTURS UF3 b INVERSE * H, WHERE H = ANUVA SS4CP MATKIX FOUK: GRUUP 3
LHAnACLE?ISTIC PERCEWT CHARACTERISTIC VECTUR  V'EV=1

x .
Y1 v2 Y3 Ya
201.51859391 10U.Uv 0.41787651 0.79418981 1.07215163% 0.44848U61
U.V0LOUULY [T 1Y) 0.903924%50 -4,05018675 =“2.51037663 5.22322795
(VIR V IRV ITY) VelU Q.554n87543 “U.51987437 -0).,2812%967 015670677
U.UUYUULUY V.00 “U,loul7u73 -0.32073506 0.810935019 D.24622078
V.UUULUUUD U.0U -1.18817472 2.25265548 0.13465891 0.05632777

11871 1¢C

ANALYSIS

ANALYSIS UF VARIANCE PROCEDURE
H = ANUVA SS&CP MATRIX FURS GROUP

SYSTEM

TUESUAY, MARCH 7, 1978

ERRUR SS&CP MATKIX

Ys
1.25686420
«0,21822003
-0,45645118
=0.71718513
V.15785824

9

61



S 1 AT 1STIUCAL ANALYSTIS SYSTEM 8:53 TUESDAY,
ANALYSLS UF VARIANCE PROCEDURE
rfANOVA eSS CUrifTerlA FUr THE HYFOTHESIS OF NO OVERALL GRUUP EFFECT

H = ANOVA SSECP MATRIX FUR: GRUUP
E = ERRUK 5SaCP MATH[X )
P = ukP. VARIABLES = S
) = KAWK OF H = 1
NE= UF UF E = -]
S = MIN(P,J) = 1
M= 9 (AsS(P=1)=-1) = 1.5
N = ,5(nk=-P=1) = 0.0

AUTELLING=LAALEY TKACE = Tr(bww=]xH) = 201.51859391 (SEE PILLAI'S TABLE #S)

F APPRUXIMA S 2{O*N+L)2TR(E*xr=LxH)/(SHSH(2M+5+1)) WITH S(2M+S+1) ANUD 2(Sx*N+1) UF
P(Sﬂilii~\‘:f:fiJJ PhuB > F = v,012%

OO W D R 0GR T D AR D S e T R R e T S S D T D R D D s WD W D WD D W D GY M D AP G R PP e G A ORGP R D T STy SR U e Gr W A Y AP TP G P UR g ED e GD D em BB W B ab OB Gy @

PILLAL®S TraCe v = TR(HALINV(H®E)) = 0.995ub218 (SEE PILLAL'’S TaoLE' #2)
FAPPOXLEATIUN = (2N+4Se1)/(2ned+1) * V/(§=V) WITH S(2M+5+1) AND S(2N+S+1) UF
F(Sy2) = av.061 Prkus > F = U.0123
wILAS® LkITERIUW L = vel(E)/DET(H+E) = 0.00895/82 (SEE BKA VOL 55 P 347)
W = e(Nbe.5(P=L+1))*Lii(L) = 18.5879
RUY 'O MAXLItUm OUT CRITEx]luin = 2U1.51859491 (SEE AMS VOL 351 P 625)
FINST CAivUNICAL VAR]JABLE YIELUS AN F UPPER HBUUND
F{l,0) = leuvell (UPPER BOUND)

O R O P NN AE TE A IEEDE®EE N ®EE®E G S wwmnmemwmm e o oo m o . o o e - e w oo www w®mw
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7/74UICAE Siianl,SAD /6, 5HAKUN

1 ' STATISTICAL ANALYSIS
NOTES THe JUb 25350506 HAS BEEN ®RUN UnUtk KELEASE T76.5 0OF SAS AT VPI & SU.
t CATA Uk INPUT GRUUP Y1i=Y53
2 CaKLS;
NUTES DaTA SET wURR UWE HAS 12 UnSEhVATIURNS ANU 6 VARIAYLES.
NUTES Tht UAlA SEATEAEN] USEU wveds SclLUMIS Anb 128K,
15 PRUL Prladg
NOTES The FRUCEUUKRE PREINT USED Uesl SELUNUS AWU 128K AND PRINTED PAGE 1.
15 PAaUL AwUVAZ LLASSED LKkUUPS
16 Myurl Yie=YSzLxUuP;
17 MANUVA RELROUP/PR]INTH PrIGIE;
NOTES Trk PNOULEUURE ANUVA USEU 1.55 SECunLS Aivb 170K ANU PRINTED PAGES 2 TO 10.
NITES 5AS LSEU L17uA wEiUnY,
NOTES nlam, GUUUNIGULRT, SALL AnL HELwlu

SAY indIiTule InCe

P.Us LUX lUVbS

walelon, n.C, 2760%
PRUCESOUR EnvEU, CU~PLETIUN CduE = SULY, UYULVL

Caxud LIwtS CPuU StC EXCFS KBS PRIORITY TOTAL

NUAES U 17 ¢4 -5 97 Ty PRIOKITY
CHERGES .ue el iy oV 14 .

S Ve .

08.53.27 05707778

SYSTEM

KBS=1024 BYTE=SEC

8353 TUESDAY, MARCH 7, 1978
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Y —

e e —
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S 1T A1 1.5 l'l C AL ANALYSTIS SYS I &M 8:95 TUESDAY, MARCH 7, 1978 e

ANALYSIS UF VARIANCE PROCEDURE
CLASS LEVEL INFURMATION
CLASS LEVELS VALUES
GRUUP 3 12 3

NUMBER UF UBSERKVATIONS IN DATA SET = 12

| X4



VEFENOENT vanlaplies Y1

SUunCi DF
MUOEL c
EMRUR

Cuk=ELTEL TULTAL 11
SouxCt (Vg
GruuP ¢

ST AT1S85T1CAL ANALYSIS S YSTEM

Sut UF SWUAKES
51.451606667
1.47500000
Y2.9Vbbbbb7

AiNUVA S§S
- 91.431666067

ANALYSIS OF VARIANCE PROCEDURE

MEAN SGUARE F VALUE

25.71585533 156.91
L.l63588889

F VALULE PR > F
156.91 0.0001

PR > F
VeUOUY
STO utEv
0.40483195

R=SQUAKE
G.972121

8353 TUESDAY, MARCH 7, 1978 3

C.Vv.

3.2045

Y1 MEAN
12.63353333

e



VErEOENT VAKIAGLES: Y2

SOu~Ce DF
DI e
EHRUR ’ 9
CumngCltu TUTAL 11
SJdunCt V1 g

GruLP : 2

S TallsTIiceal
ANALYS1S UF VARIANCE PROCEDURE

SUM UF SWUAKES
19.7600000Y
v.95u00vu00

2V /1000000

AINUVA S8
19.76000000

ANALYSIS

MEAN SQUARE
9.,88000000
0.105955%¢6

F VALUE
935.60

PR > F
0.0001

SYSTEM

F VALUE
93.60

PR > F
0.0001
STO LEV
0.32489514

8353 TUESDLAY,

R=SUUAKe
U.9541¢28

MARCH 7, 1978 q

CoVe

3.1391

Ye MEAN

10. 355000000
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ST AT1S8ST ILCAL ANALYSIS SYSTEM 8:53 TUESDAY, MARCH 7, 1978 5
ANALYSIS UF VARIANCE PROCEDURE ’
EFeNIEin] vAk]lAadLz: Y4

Cur(E DF SUM UF SUUAkeS MEAN SHUAREL F VALUE PR > F KeSWUAKE C.V.
QuEL P SU.42106067 25.21083553 225.21 0.0001 0.980410 2.2825
HHUR . 9 l.uul5vuu0 0.11194444 STD0 vev Y5 MEAN
O CHEL TUTAL 11 51.4¢Y1b067 0.35a45948100 14.65833333
Uu~CE vk ANUVA 355 F VvALut PR > F
rUUP [ Su.42100667 2éb.2l 0.00V1

9¢



berewvrnl VARIABLE:

SUUKRCE

TWvEL
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First, all univariate F-statistics are given comparing function values
for separate frequencies. In addition, the z and H matrices are given.
The Hotelling's T2 value is given for the case of two functions and the
largest eigenvalue of E™!H is given for the case of three functions.
In both cases, the test statistic is significant. These examples are

shown in the Appendix.

Recommendation of Experimental Design

Through Power Study

An extensive Power Study was made in which the power of the test was
computed for varying number of frequencies, number of replicates, correla-
tion structure, and assigned differences between the function means. A
set of plots are provided in order to give the reader an indication of
what magnitude of power can be expected for various combinations of the
parameters and to devise.recommendations of what are reasonable values
for the number of replicates and frequencies, given a particular correla-
tion structure. It should be emphasized that regardless of power con-
siderations there is a certain restriction that must hold. For the case
of two functions, if we call n the number of replicates for each frequency-
function combination, the denominator degrees of freedom for the F

statistic will be non-positive unless
2n >t -1 (5)

Thus equation (5) represents a necessary restriction in the case of two

functions. In the general case it would be adviseable to keep the same
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restriction, i.e., that given by equation (5) because it is unlikely that
the quality of the test (i.e., powet) will be good at all unless n
satisfies equation (5). In addition since is is recommended to compute
the power on the basis of Hotelling's T2 (tests on two functions) one
. cannot assess the power unless equation (5) holds.

We attempt here to give some rationale regarding our power study.
The most difficult variable to cope with was the covariance structure.
Keep in mind that the correlations represent association between observa-
tions from one frequency to another within functions. The following
covariance or correlation structures were studied:

(a) Low correlation, correlatioﬁ constant (0.1, 0.2)

(b) High correlation, (0.6-0.9)

(c) Mixed correlation between high and low (0.1-0.95) .
In addition, the power (through the noncentrality parameter) is a function
of u

=1
we are assuming that there is a typical difference which is a proportion

- Yy the difference between the means of the two functions. Here,

of o, where 0 is the same at each frequency. Proportions of 0.3, 0.5,
0.7, and 1.0 are used in this study. We feel that it is reasonable‘to
~assume that 0.70 - 1;00 is a reasonable range in the difference between
the two functions which one would like to detect. It is clear from the
plots that for any value leés than 0.70, experimentation is much too
demanding if one wishes to obtain high power. The significance level of
the test was fixed at a = 0.10. Plots of power against frequency are

shown in the Appendix for various correlation structures. Curves are

shown for various proportions of ¢ which one is attempting to detect.
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The purpose of the plots is to attempt to show the role of t, the number
of frequencies and n, the number of replicates, on the power. . The plots
indicate the following:

(a) All correlations equal - low correlations (0.1, 0.2). The
role of t, the number of frequencies is displayed dramatically in the
plots shown. As t grows large, the power is reduced, and for t > 10 the
only condition under which power is moderately good is when n > 10.

Thus one can assume that the test will be ineffective unless t < 10;
but if t must exceed 10, the number of replicates should be 10-12.

(b) High correlation (0.7-0.9). Here it is very clear that despite
the number of frequencies, in order to obtain any effectiveness in the
test, at least 12 replicates should be used. Of course, it is probably
an unusual experimental situation for which all correlations would be
high.

(c) Correlations mixed between high and low. This condition likely
represents the most typical experimental condition that one confronts.
Again, however, it appears as if small numbers of replicates will not
give power values that are acceptable if one desires a quality test.

For 8-10 frequencies, n = 10 is barely acceptable whereas for t > 10,

a sample size of at least 12 is necessary.

Conclusions

A test procedure is given for testing equality of k different pilot
describing functions. The method for handling the power for the case of

two functions is described. It is felt that this is not an unreasonable
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assessment of power as long as the number of functions is four or less.

For rather typicai types of‘correlation structures-a powér study is made

in order to determine reasonable number of replicates and frequencies.

"Two other recommendations come to light, in addition to those involving

the experimental design. These are given in the following two paragraphs.
In using the techﬁiques described here the NASA Langley personnel

should be very careful to sample to determine what correlation category

prevails. The power is very much dependent on the correlation. In fact,
if possible it might be adviseable to take data initially to determine
the approximate correlation structure, then supplement with the required
data according to the experimental design recommendations.

The user should not be attached to a particular significance level.
We used ¢ = 0.10 for the power study. However, because of the inherent
lack of power in tests such as these one should be prepared to consider
that a test which is significant at the 0.15 or even 0.20 level is
evidence in favor of differences between functions. This is particularly

true if one is forced to use a large number of frequencies.
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APPENDIX

Computer Program and Writeup

There are three subroutines supplied in_the appendix for calculating
various multivariate statistics for many hypothesis testing situations.
Some notation:
H.— The hypdthesis sum of squares matrix.
E - The error sum of squares matrix.
NP - The dimension of H and E.
NUH - The hypothesis degrees of freedom.
NUE - The error degrees of freedom.
The first subroutine ROY requires as input:
H, E - Square matrices of order NP stored columnwise in the vectors
H and E respectively.
NUH, NUE - Degrees of freedom are also supplied by the calling
program. |
RTS - A work vector of length NP.
N - A work vector of length NP*NP.
Output:
RTS - Contains the ordered eigenvalﬁes of HEL.
theta = (i%§i§;) where Amax is the iargest eigenvalue of HE™!.

LS, RM, RN are S, M, N respectively for use in Heck's charts.

The second subroutine NILKS needs as input H, E, NP, NUH, and NUE as
previously described, where H and E are square NP*NP matrices stored

columnwise in a vector of the same name.



Output:

Wl= |LE$| for comparison with Wall's Tables.

W2 = —(NUE—(NP—NUH+1)/2)*LN(W1) for comparison with chi-square
tables, in large samples where W2 has NP*NUH degrees of
freedom.

W3 = F-ratio having INUM numerétor and IDENOM denominator degrees

of freedom when and exact F-test is available otherwise

W3=0 and INUM=IDENOM=0.

The third subroutine HOTEL can calculate M T2-statistics. The

necessary input includes

Qutput:

X - a vector of length M*NP containing M sets of mean vectors
of length NP stored colummwise.
S - Sigma - where X(J), (J=1,M) has covariance-matrix

(1/A(J))*Sigma.

n,n,
nytm,
the number of replicates in the ith function), stored

A(J) - A vector of length n containing (where the n, are
columwise.

T2 - is a work vector of length M.

S: S-inverse

T2 - contains the M values of Hotelling's T2 for direct comparison
with tables

IEH - comes from matrix inversion routine

0 No error occurred during inversion

-1 No result because of wrong input parameter n or the
matrix is not positive definite

k if there is a loss of significance.
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SUBROUTINE ROY(HF Wy NP,NUH,NUE,RTS, THETA,LS.RM,RN)
SUARVUTTINES WENUIRED: DNRUDT ANU DEIGFEN SUPPLIED BY USER.

MATRICES M LDUF TU HYPOTHESIS AND E DUE TO ERXOR, NIMENSION NP,

JEGREES OF FREEQUM, nuUM FOR HYPOTHESIS AND NUE FNDR ERRUR, ARE SUPPLIED IN
Tk CALLIHG PHUunJJ

4 AN FOARE QuuA«t NA!HIC&S OF UPIFN NP STORED COLUMNWISFE,

ST78 Ly v Lwhk owURK VECTOKS OF DIMENSTUNS NP AND NP=NP, Pe SP!-CTIVFLY.

VAl uES Htluﬂutu AkF THE VFECIOR RIS OF ORNDERED LATE nr kOUTq (F H*E=INVERSE,
Tap Tz (LARGEST RuUT)/(1,+4L4PGFST ROODT), AND PARAMFIFRS L3, KM, AND RN FOR
QEFEREANCE TO HECRKR®S CHARTS (DKRUP THE FIWST LETTER QF FACH),

s .

.
Q

OIVELSTION (1) ,E(1),w(1),RTIS(1)
DIURLE PRFLISInu M.E,Rls THETA, X, w
[ (NUH=LP)15,1%,20
LSz wuem
20T 28
S=rp
Mz (FLDAT(1AXS (FilIH=MP)=~1)) /2,
ME(FLOAT (e ="wPe=1))/2,
ALL DMNODT (LR, H,E,RTS,w)
HAETAZRTS(1)/7(1,00¢RTIS(1))
Eéunh
N

SURRQUTINE WILKS(H/E,NP,NUH,NUE, w1, w2, 03, INUM, IDENOM, TEW)
SJRRQUTINES REUUIRED: DVMFSD FxOM SSP LIERARY,
MaT«ICES 1 DUF TO HYPDTHESIS AND E DUE T0O ERROR, NIMENSION NP, AND
QEGHEES OF FREEDUM, NUH FOR HYPUTHESIS AND NUE FNR ERRUK, ARE PR (VIDED
3y THE CALLING PHDGRAM,
H AND E AwE STURED CuOLUMN=w1SE AS UPPER TRIANG:LAR MATRICES,

OUTPUT INCLUDES:

G12BET(F)/DET(E+H) FOW COMPARISON wITH viaLL’S TABLES,
aps=(LUE=(PatUMe1)/72) 2L (#1) FUP COMPARTSON wITH CHI=-SAUAKE HAVING
HP«NUR DEGREES OF FREENOM IN LARGE SA¥PURS' (LN(.) 1S NATURAL LOG).
AZ3=FARATIO AV ING [rUd NUMERATOR AU JDFNNM DENOMINATOGR Dl‘(,Hb[-S
UF FREEDUM anmkN bxaC F=TESTS awt AVATILARLE: NTHERKISE w3z

Iw4=0, 4D LUEWNGME0

DIVMENSTION M(1),k(

DIURLE PRECISION H,E,Toviloti2evid, aM,DETE,DFTT,PROD
TOL=.000001)

_ZNPA(VPe]) /2

I3 Qv 1=1,L

T==4(1)+t.(])

M(l)=1

CALL OMFSD(e NP, YOLoIEE)
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My= [nPJT CONDE
0 CHYPUTE EIGENVALUES AND EIGENVECTGRS
1 CUMPUTE EIGENVALUES ONLY (R MEFD NOT BE
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MBER NAME  DMFSD

DMSD

Creccersrceecs et esttsse0 sttt ertecnnteracsanancstaseseasesoneneeVMSD
pDMSDH

SURKOUTINE QMFSD DMSH
. nMsSn
PUKPOSE nDMSNH
FACTOR A GIVEN SYMNETRIC POSITIVE DEFINITF MATRIX Dﬁg?
NwSD

USAGE oMS D
CALL DMFSO(A,N,EPS,IER) OvSD
nNM3nN

LESCKIPITION OF PANAMFTERS NMSH
a = Quijld PRECTISTION UPPER TRTIANGULAR PART OF GIVEN DMSH
SYMVETRIL PUSTTIVE DEFINITE N HY N COFFFICIENT [FRREIM)

MATRI X, [HMSD

UN RFETUNNY & CUMIATINS THE RESULTANT UPPER DVSDH

TRIANGULAR MATW]IX I DOUKLF PRECISION, DMSD

N = InE qUMHER OF w0aS (COLUMNSY) IN SIVEN MATRIX. DMSD
EPS = SINGLE PxECISINN [YPUT CONSTANT W4ICH 1S USED NMSD

LS WELATIvE TOLERAMCE FUR TEST 0OV LGSS UF Dvsn
blﬂr.FltﬁntF. NUSH

1ER - =ESULTING ExOR PARAMETFR CONFD. A4S FOLLORS NMSN
1ER=0 = N FRROR LIS

[Eh==1 = w0 RESHULT RECAUSE Nk wRONG TLPUT PARAME=  DMSD

TER 4 OR BECANSF SNOME RANICAAD IS NON- DMSD

POSTTIveE (MATWIXx A IS NOT PUSTTIVE DMSD

DEFTHITE, POSSIKLY DIF 10 LOSS OF SIGN]L- nmsn

FICanLE) nMsn

TER=K = AARNILG WHICH INDICATES LDSS OF STGNIFI=  HMSD

CAuCr, THE RADICAND FNRMEDL AT FACTORTIZ A=  DMSY

1139 STRP K‘. A3 STILL POSITIVh BuTl KO DMSD

LONGER GREATER TrRan ARS(FPS*A(R+T,K+1)), DMSD

HM&N
KFMARKS nHsSH

THE HPPER TRIANGULAR PART OF GIVEN MATRIX TS ASSUMED 10 HE  NMSD
STORKED COLUAVATSE TN va(M+1)/2 SULCFSSIVE STURAGE LOCATIONS.DMSD

I Trt SAaME STORAGE LOCATIONS THE WESULTING UPPER TRIANGU- DMSD
LAR MATKIX [S S10<ED CULuwvaQF oo, DMSD
THE PRUCEDURF GIVES RESULTS IF N IS GREATER THAN O AND ALL DYSD
CALCULATED RADICANDS AME PU\ITIVE HDMSNH
THFE PIUDUCT OF RETURNED DRTAGCNAL TtRVS 1S FOUAL T0O THE DVSD
SWJARE=-ROOUT (F THE DFTERMINANT OF THE GIVFN MATRIX; NDvSH
DMSD

SURKRCUTINES A6D FUNCTIOV SUBPROGRAMS REQUIRED - DMSD
MHUNE DMSD
DMSD

ME THOD NDMSD
SOLUTIOW IS DONE USTVGR THE SQUARE=RONT METHOD OF CHOLESKY. DOMSD
THE GIVEN “ATRIX 1S WEPRESENTED AS pRQOUCT OF Tw0 TRIANGULARDMSD
MATRICES, =H™ERE THE LEFT HAND FACTOR 1S THF TRANSPUSE OF DMSD
Trk oRETURDED RIGHT HAND FACTOR, DMSN
DMSH
..........‘..'.......".'.‘.........‘....I...Q..Q‘.'ﬂ...‘..."l...DMb')
pMsnN

SUBRUUTIME DYFSD(A,YN,EPS,1ER) NMSD
DMS)

- ' DMSD
DIMENSTON A(1) OMSD
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NaMde  DSTHNV

DSIN
.!'.ll!.l..l....l..-b.llQ.D....O...ao......-..-..Cll..l...l.l‘l...DSlN
. OSIN
SUNROUTINE DSINV DSIN
NSIN

PURHMOSE C OSIN

: IhVERT A GIVEH SYMMETRIC POSITIVE DEFINITFE MATRIX gé%N
SIN

USAGE DSIN
caLL l)SINV(AerEQSllt‘R) 82}4

sSInN

DESCHRIPTION UF PARWAMETERS DSIN

A - DUUKRLE PRECISION UPPRER TRIANGULAR PART OF GIVEN DSIN

SYwni [RIC POSTITIVE DEFINITE N BY N COEFFICIENT NSIN

MATRIX, OBSIN

DN RETURY A CUMTAINS THFE RFSULTANT UPPER DSIN

IRTADGULAR MATWRIX IN DOUHLE PHECISION, DSIN

b} - THE NUYHER OF WU®S (COLUMNS) IN GTVERN MATRTX, DSIN

EPS - SINGLF PRECISION INPHT COUNSTANT AHICK 1S USED NSIN

BS RFLATIVF TOLERANCE FOR TEST ON LUSS OF DS1H

S1GHIFICANCE, DSIN

1R - HESULTING FHRUOR PARAMETER CNDED A4S FOLLOWS NDSIN

1ER=0 = N FRKHUK NSIN

1ERz=1 = MU RESULT HMFCAUSE OF AROMG INPYT PARAME= DSIN

12R & 0@ BECAISE SOME RANICAND IS NOl= DIIN

POSTTIVE (MATRIX A IS nNOT POSITIVE DS1IN

NEFTGITE, PU3STHLY DUE TN LOSS OF SIGNI-  BOSIN

o FICAMCE) NSIN

1ER=K = WAL aHICH IMDTCATES LUSS UuF STGNIFI=  DSTN

CAMCE. THE RADICAND FORUFD AT FACIURIZA=  1ISIN

TION STEP K4t #&8 STILL ROSITIVE SUT #O NSIN

LUNGER GREATER THAM ABS(EPS*A(K+1,K¢1)), ?g%P

1ISIN

HEMARKS DSIN
[HE UPPENR TRIANGULAR PAKT OF GIVEN MATRIX 1S ASSUMED 10 Bt DSIN
STURED COLUVEIWNISE [N Ne(N+1)/2 SUCCESSIVE STORAGE LUCATTOMNS.DSIN

11 Trt SEsp STCRAGE LOCATIONS THE RESULTING UPPER TRIANGU= DSIN
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