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PHASED MODFLS FOR EVALUATING THE

PERFORMABILITY OF COMPUTING SYSTEMS

by
L. T. Wu and J. F. Meyer

The University of Michigan
Ann Arbor, MI 48108

Abstract - On-line control applications of fauli~tolerant com-
puters often require the computers to execute different sets of
computational tasks during different phases of a control process.
To evaluate the system's "ability to perform", a phase-by-phase
modeling technique is introduced. Intraphase processes are allowed
to differ from phase to phase, where the probabilities of interphase
state transitions (which occur at the time of a phase change) are
specified by interphase transition matrices. Based on constraints
imposed on the intraphase and interphase transition probabilities,
various iterative solution methods are developed for calculating
system performability.

I. INTRODUCTION

During recent years, the Use of probabilistic models as a basis
for evaluating the performance and reliability of computing systems
has become increasingly widespread. Typically, the models employed
are Markov processes (e.g., [l]) or queueing models (e.g., [2])} which
can often be analyzed in terms of imbedded Markov processes. However,
it is usually assumed that the underlying process is "time-homogenecus"
in the sense that state transition probabilities are invariant with
time. (By "state" here we mean the state of the "total svstem", i.e.,
the state of the computing system and its environment.} Although this
assumption of time-homogeneity is appropriate for certain applications,
there zre many situations where the user's demands on the computing
system can change appreciably during different phases of its utiliza-

tion. This is particularly true for real-time control applications in



which the computing system is required to execute different sets of
computational tasks during different phases of a control process.

One approach to dealing with a time-varying environment is to
decompose the system's utilization period into consecutive time peri-
ods (usually referred to as a decomposition of the system's "mission"
into "phases"; see [3]-[5], for example). Demands on the system are
then allowed to vary from phase to phase; within a given phase,
however, they are assumed to be time~invariant. This permits intra-
phase behaviors to be evaluated in terms of conventional time-
homogeneous models, but raises the interesting question of how the
intraphase results are combined. This is the essential guestion
addressed in investigations of "phased mission" reliability evalua-
tion methods {e.g., [3]-[5]) where the problem has been constrained
as follows. It is assumed, first, that a "success criterion" (formu-
lated, say, by a "structure function"; see [5] for example) can be
established for each phase, where the cirterion is independent of
what occurs during other phases. It is required further that success-
ful performance of the system be identified with success during all
phases, that is, the system performs successfully if and only if,
for each phase, the corresponding success criterion is satisfied
throughout that phase.

Although the above constraints are reasonable for certain types
of systems, they exclude systems where successful performance involves
nontrivial interaction among the phases of the mission. In more
exact terms, it has been shown (see [6], Theorem 6) that such
"structure-based" formulations of success are possible if and only if

the phases are "functionally independent" in a precisely defined
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manner. What we wish to do, therefore, is to examine the utility
of "phased models" in a less restricted context. é

In addition to removing the above constraints, we extend the

AT T e

domain of application to include evaluations of computing system
"performability" {71, [8]. (Although performability concepts will
be introduced as needed in the presentation that follows, some prior ;
familiarity with this background may improve the reader's perspective
of what is being accompliched.) Finally, unlike the models used in
phased mission reliability evaluation, we permit the state sets of
the intraphase models to differ from phase to phase. Thus, the
modeling of a particular phase can be tallored not only to the
computational demands of that phase but also to the relevant pro-
perties of the total system which influence performance during that

phase.

II. PHASED MODELS

Generally, in modeling the performability of a computing system
C in some specified computational environment E (see [7], [8]), the

most detailed view of the total system S = (C,E) 1is represented by

S referred to as the base model of S. XS is

defined over a time interval T called the utilization period and each

a stochastic process X

random variable Xy (teT) takes values in a state space Q, i.e., with
respect to a common "description space" Xt:ﬂ+Q. In general, a
state geQ represents a particular status of both the computer C and
its environment E. Moreover, the computer coordinate of g may include
both the structural state of C and the internal state of the struc-

ture.



An instance of the base model's behavior corresponding te an

outcome w is a state trajectory (or "sample path") u where
uw:T+Q with um(t) = xt(w), for all teT. The collection

U = {u [wef}

is referred to as the trajectory space of S. At a higher, less

detailed level of description, the user's view of total system behavior

is modeled by a random variable YS called the performance of S. Y

takes values in a set A of accomplishment levels where *‘t is assumec

that X, is refined cnough to suppox® Y., i.e., there exists a function
S S

YS:U+A, called the capability function of 5, such that, for all pef, -

YS (uw) = YS (U) .

Finally, the performability of § is taken to be the probability dis-

tribution function of the performance variable YS or, in case A is
discrete, the probability mass function Pg where, for all aeA

ps{a) = the probability that S performs at level a.

To generalize the notion of a "phased mission" in the context of
performability modeling, let us suppose that the utilization period
T is the continuous interval T = [0,h]. Suppose further that T is
divided into a finite number of consecutive phases (time intervals)
T, = [tortl}p T, = [tl,tzl,..., Tm = {tp-1/tp] where 0= t0 <t <.
<t = h During phase Ty, we assume that the system can be modeled

in the manner described earlier for the entire pericd T, i.e., by a

(continuous time) stochastic process

k _ k..
X+ = {Xt|taTk}
where each random variable Xt takes values in the phase k state space
QP (xt:g+Qk)' Xk is referred to as the intraphase process (of phase

k) and, combining these processes, we obtain the process

g A e a8 e s L

IR S —
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X n x
Xo = X7 = U {X]|teT, }.
k=1 t k

5  x

lc 3

1

On examining Xs we see that it is similar to a base model except

that, for each time instant tk’ 1gk<m-1, the state of the system is

represented by two random variables Xt and Xt+l
k

k
respectively, are the final state of the xth phase and the initial

h

whuse values,

state of the k+lt phase (see Figure 1). However, if we consider

an augmented utilization period
T =Ty {t£|k=l,2,...,m-l}

(where tk can be interpreted as the initial time of pahse k+1),

then XS can be expressed as

Xg = {thtsT}
where
1 . _

X0 if £t =0

x, =1{xk if te (& t. ]

t t k~1’"% (1)
xi*l if t=t).
k

If, further, we regard the state space of Xy as the union

m
0= yo
k=1 ¥

then XS is a base model in the sense defined above. When XS is so

constructed from intraphase processes, we will refer to it as a phased

base model.

Let us suppose now that the base model Xs of a performability

model is phased and that Xg "supports" the capability function Yg in

the sense that the end-of-pahse "samples"” of a state trajectory u

STt e

rr I
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uniquely determine the accomplishment level yg(u). More precisely,
a phased model Xg SUPPOLES Ygq if

u(tk) = u'(tk), for all k, implies Ys(u) = Ts(u'). (2)

*iven that XS supports Ygr the performability model can then be sim-
plified as follows. The simplified base model is taken to be the
imbedded discrete-time process

-fs = {Zk|k=’0;l;...,m}

where Zo = XO and, for each k21,

Z, =X . (3)

Since Zg is required only for the initial state distribution, the
trajectory space U of Xé can be effectively regarded as the product

space

{(where Qk is the state space of phase k). The corresponding simpli-
fication of Yg is the capability function
?s:ﬁ + A
where if u(tk) = Qs for k=1,2,...,m, then
YgldyeQyroerq) = vg(u)
Then, by (2), it follows that, for all acsA.,
-1 _ =-1

and hence the performability model {ES,?é) can be used to evaluate
the performability of S. We will thus refer to (Eé,;s) as being

eguivalent to the model (XS,YS).

Although the concept of "support® (2) might appear to be somewhat

restrictive, this is not the case when we look at what is typically



done in reliability modeling. Given a traditional single-phase
reliability model, thm system reliability can often be determined
by *sampling the state of the system at the end of its utilization
period. Such single phase eguivalents (or multiple phase equiva-
lents in the case of phased models) exist whenever traditional reli-
ability modeling assumptions are made with regard to the intraphase
processes.

To illustrate this point, consider a continuous time Markowv
model of a ™R (Triple-Modular-Redundancy) system with a perfect

voter where the simplex system has falliure rate X, i.e., the base

model X, = {thtsT} is represented by the graph
1
5 3
33 %

If the utilization period is T = [to’tl] and the accomplishment set
is A = {ao,al} (where a, = success and a; = failure) then a, is
accomplished if and only if the system is in state 1 or 2 throughout
T. Thus the capability function is
1 if uf{t)e{l,2}, £fer all teT
Yglu) =
0 otherwise

and accordingly the performability at ag {i.e., the reliability) is
pglag) = Privgi(ay)) = Pr{ulyglu) = ag}).

Since state 3 is absorbing, it follows that Pr{{u[ys(u) 5 a, and
u(t;)e{l,2}}; = 0, and hence

pglag) = pr({ulys(u) = ay}) + Pr{{ulyg(u) # a; and u(t;)e{l,2}})
= Pr({uju(t)e{l,2}}

1

s i e e
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Accordingly, the equivalent base model is a pair of random variables

X¥. =12

S le}

0
describing the state of the original model at the beginning and the

end of the utilization periocd, i.e.. ZO = X, and 2, = X, - Tke

0 1
correspording equivalent capability function is the structure function

?s:Q + A where

a if ge{l,2},

0
Ygla) =

al otherwise.

III. PROBABILITY COMPUTATION OF CARTESIAN TRAJECTORY SETS

If (ES,?S) is a performibiiity model of S, then the performability
of 8 is determined by the probabilities of the trajectory sets ?;l(aﬁéU
(see (4)) where, for each acA, ?;l(a) is the set of all state trajec-
tories of ?é corresponding to accomplishment level a. Generally, the
evaluation of Pr(?él(a)) requires a detailed knowledge of how intra-
phase processes cooperate to accomplish level a, i.e., a thorough
understanding of their "functional dependencies" (see [6]}. The dif-
ficulties are further aggravated by statistical dependencies between
phases. However, we have found that when a trajectory set V=U is
Cartesian in the sense that, for every phase k, there exists Ré;Qk
such that Vv = R

x R2 X ves X Rm' then Pr(v) can be determined iter-

1l
atively using matrix multiplications. Moreover, given this ability to
compute the probabilities of Cartesian sets, the probabilities of more
general sets can be determined by decomposing them into disjoint
unions of Cartesian components. (The latter is taken care of auto-
matically by algorithms which determine ?;l(a); see [8]). Hence, the

problem reduces to that of computing the probabilities of Cartesian

trajectory sets.



If Xg is the phased model from which Xg

phase k, let ¥ =X,  be the initial state of the k! intraphase pro-

is derived, for each

cess and let ny be the numher of states in Qk. Then, for a Cartesian

trajectory set V = Rl ¥ R, X ... X Rm’ the conditional intraphase

2
transition matrix of the kth where,

phase is the n, x n, matrix P

k V/k

for all i;jEri
Py y(1:3) = Pr(Zk=J[Yk=1,zk_leRk_l,...,leRl).
In other words, PV k(i,j) is the initial~to~final state transition
r

probability of the kth

intraphase process, conditioned by the first
k-1 components of V. Similariy, for all but the first phase, the

conditional interphase transition matrix is the np_q X 0y matrix

H where, for all ier_l and jeQ, .

V:k
Hy (d03) = Pr(Yk=j]ZL_l=i,Zk_zst_2,...,ZleRl).

th phase

h

In other words, HV k(i,j) is the probability that the k
’

initiates in state j given that the f£inal state of the k-lt phase

is i, conditioned by the first k-2 components of V. For consistency,

we let HV ] be the n; X ng identity matrix. Finally for each phase,
r

th

the characteristic matrix of the k phase is the n, x ny matrix

GV,k where

1 if i=3j and ist

Gv,k(i'j)
0 otherwise.
In terms of the above matrices, we are able to establish the following
matrix formula for computing the propah§lity of a Cartesian trajectory
set V. Given X_., let I(0) denote its initial state distribution, i.e.,
1(0) = [py/Pys--.sp,) where p; = Pr(z,=i) = Pr(Xy=i); and let P,

denote the n, X 1 column matrix with "1" in each entry. Then by
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induction on k, it can be established that

Theorem 1:

If v = Rl X ... % Rk ® Qk+l X ,,. X Qm then
k
Pr(v) = I(Or[nngvfz-Pv’g-Gvfll-Fk .
Proof:
For k=1,
I(O)‘Hv'l'Pv,l = I(O) .PV,l = [al,-..,aj,.-.,anl]
where
1
a, = ] Pr(z,=i)-Pr(z,=j|g,=i)
J i=1
n.
= :él Pr(%,=1,2,=3) = Pr(2;=j).
=
#ultiplied by Gv 1 and Fl,
I(0)-H .G

v,1° V 17%v,1° l

= ) pr(z 1=3) = Pr(z eRl)
jERl

= Pr{z sRl,Z EQZ,...,Z EQ )

= Pr(v).
Suppose that the formula holds for k<m, then

k+1

I(0)[ 1 H <P G 1-F

=1 V., "V, TV, k+1

k

O T By, 0Py, 0y, 00 "By 1Py, ka1 B0, e T

It

Ay By 411 °Py, kel Gy, kel Trl

BT R i S )
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where

A. = [bl,...,bj,...;bn ]
1
and

Pr(Zk=j,Zk_lERk”l,. -o;ZlERl) if jERk

0 otherwise,
by applying the equation for k.
When we iteratively compute the matrix product, beginning from

the left, the first two terms become

Az = Al.HV,k"I'l = [cl'...'cj’.'-’cnk+l]

where

Oy

i£1 By Hy, gy (103)

Q
)

) Pr(Z=i,%y 1€Ry /00 ZER ).

iERk
Pr(Yk+l=jIzk=l'zk—lERk~l"'"ZlERl)
= _Z Pr(Yk+l=j,zk=i,zk_lst_l,...,ZleRl)
1eR
k
= Pr(Yk+l=j,ZkaRk,...,leRl).

The next partial product is the result of multiplying A2 by the

transition matrix Pv,k+l which yields:

A, = AP, = [d

3 2’ By, x+1 dsreesd

F e «wy v ]
i J Dyer1

where

K+l
i' Py, k1 (1 3)



Tl

L) Pr(Yk+l=l,zkeRk,...,ZleRl)

-Pr(zk+l=jlyk+l=i,zksnk,...,zlenl)

Dl

Pr(Zk+l=j 'Yk-!-l:i' ZkERk, e ,ZlERl)

= Pr(zk+l=J,ZkERk,...,ZlERl) .

The product is completed by multiplying A3 by the characteristic

) th L) .
matrix Gv,k+l of the k+l pPhase and the summing vector Fk+l’ that is,

k+1
I(O)%ggl Hv,z'Pv,z'Gv,zl'Fk+1
= A3'Gv,k+1'Fk+l
= ] Pr(zk+l=i,zkeRk,...,zleRly
1Ry 41
= Pr (g

k+lERk+l'ZkERk""'leRl)

= Pr(ZlERl'""zk+lERk+l’Zk+2EQk+2'""ZmEQm)

= Pr(RIX...XRk+lXQk+2X...me).

Accordingly, the equation holds for all ksm, which completes the

pProof of Theorem 1.

Corollarx:
For any Cartesian set V = Rlszx...me,
m
Pr(v) = 1(0)[ &n HV’E-PV’Q-GV'QJ-Fm. (5)

=1
To illustrate thig method, consider a System with three identical
subsystenms Ml’ M2 and MB' During the first phase Tl = [to,tl], each

of the subsystems ig dedicated to different computational tagks.
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However, during the second phast T2 = [tl'tzj’ the system is recon-
figured into a TMR configuration. The system is capable of degraded
performance which occurs when (i) at least one subsystem has failed
during phase 1 and at least two subsystems are fanctional thr .ugh . u:
phase 2, or (ii) no failures occur during phase 1 and the sysuwem
functions as a simplex system at the end of phase 2. Suppose that
each of My My and Mg fail permanently with a constant failure rate
A and failure characteristics of the subsystems are statistically
independent. Then the probabilistic natureg of phase 1 and phase 2
can be represented, respectively, by finite-state time-homogeneous
Markov processes with transition graphs as illustrated in Figure 2.
Based on the above description of the system, three accomplish-
ment levels can be established, i.e., A = {ao,al,az} where a, = no

f3

= degraded performance and a., = failure. When expressed

failure, a 2

1l
in terms of the state trajectories

Yg (ao) = {(1,1),(1,2)} = {1}x{1. 2}
Yoo (ag) = {2,3,4)x{1,2}y{1}x{3}
?f;l(az) = {2.3,4,5}x{3,4}y{1}x{4}y{5}x{1,2}

Then, solving the intraphase probabilities which, in this case, are

the same for all Cartesian sets V,

r3 rzs rzs rzs 3r52+s§
0 r2 0 0 2rs+52 —A(tl-to)
2 5 r = e
P = 0 0 x 0 2rs+s
v,1 =1
2 5 g8 = -r
0 0 0 r 2rs+s
0 0 0 0 1l

and
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j= 392q 3pq q3 T
0 pz 2pg q2 p=e 2 1
P =
v, 2 0 0 P gl a=1-p
0 0 0 1

Suppose that the initial state distribution of ié is 1(0) = [1,0,0,0,0].
If at time tyo the system is in state 5 with respect to the phase 1
model (i.e., at least two subsystems have failed) then, depending on

the exact number of subsystems failed, the state of the system with
respect to phase 2 model is either 3 or 4.

By applying the definition of interphase transition probability,

Pr{two failures before tl)

HV,2(5'3) = Pr (two or three failures before tl)
BE—A(tlmto)
= =X (€] ~E,) =%
1+ 2e
and
~A(t-tn)

H. . (5,4) = +—¢ S e
v,2'7! —A(tl-to) 2

1l + 2e

Transitions from states other than 5 happen to be deterministic, and

thus we obtain the following interphase transition matrix

1 0 0 0
0 1 0 0
HV,2 = 0 1 0 0
0 1 0 0
_0 0 cl cz_ .

HV 17 by definition, is the 5x5 identity matrix.
F .
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Using these intraphase and interphase matrices, the probability

of v = ?gl(ao) can be computed using equation 5, i.e., since
(1000 0] |
00000 100 0
GV,l = 10000 0| and GV,Z =|0100
00 0C0O0 c 000
_p 0 00 q_ LO 00 q_
we have
Pr(v) = I(0)+Hy 3-Py 1°Gy,17Hy, 2'Py,2 %y,2°F
= r3p3 + 3r3 p2q .
Similarly,
Pr(?él(al)) = 3r25p2 4+ 3r3pq2

and

Pr(?;l(az)) = s3+3r52+3pqr23+3qr25+r3q3.

Although equation 5 provides us with a general formula for computing
the probahility of a Cartesian set, its disadvantages derive from

the fact that HV,k and Pv,k matrices may be difficult to obtain in
practical applications. In particular, these matrices will generally
depend on V as well as xS and, moreover, will generally depend on the
history of Xg prior to phase k. However, the latter objections dis-

appear when the transition probabilities are "memoryless". More pre-

cisely, let the {(unconditional) intraphase transition matrix of the
th

k phase to be the n matrix P, where, for all i,jer,

x © Py k
P, (i,3) = Pr(z,=j|y,=i),

i.e., the probability that the g0

intraphase process ends up in state

s e

[P R St S

j given that it initiates in state i. Similarly, let the {(unconditional)

interphase transition matrix be the n_y X 0y matrix H, where, for all
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ieQ,_; and jEQk,

Hk(l,j) = Pr(Yk=j'Zk_l=l),

i.e., the probability that the kth

intraphase process initiates in
state j given that the k-lth intraphase process ends up in state i.

Then the intraphase transitions of X_ are memorvless for V at phase k

s
if
PV,k = Pk'
Similarly, the interphase transitions of XS are memoryless for V at
phase k if
HV,k = Hk'

Accordingly, when transitions are memoryless through phase k, by the
riefinitions and Theorem 1 we obtain

Theorem 2:

If v= Rlszx...kaka+lx...me and the intraphase and inter-

phase transitions of X_, are memoryless for V through phase k, then

S

k
Pr(v) = I(0)[ Il H,*P, *G,, ,]"-F

Corollary:
For any Cartesian set V, if the intraphase and interphase tran-

gitions of xs are memoryless for V for all phases, then

.m
Pr(V) = I(0)[ I H P +Gy 1-F .
=1
When V is a Cartesian set and Rl e QE, for 4 =1,2,...,k-1, then the

intraphase and interphase transitions of X, are memoryless for Vv

through phase k. Moreover, is an identity matrix for & =1,2,...,

Sy, 1
k=1. Accordingly, applying Theorem 2, we obtain the following formula

for' the probability of the trajectory set V = le...ka_lkaka+lx...me
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which, alternatively, is the probability of the event "zkst .
Theorem 3:

If Vv = le.,.ka_lkaka+lx...me, then

k
Pr(v) = I(0)[ T H,-P,]1-G
9=1 £ 72

v,k Tk
When Theorem 3 is specialized to singleton sets Ry = {i}, where
ist, it permits us to compute the probability of the event "Zk=i".
More generally, if we denote the probability distribution
of the random variable Zk by the nk-dimensional vector I(k) =
[pl’pZ""'pnk] where P; = Pr(Zk=1), then
Theorem 4:
k
T(k) = I(0)»[ I Hy-P,].
=1,
Proof:

By Theorem 3,

Il

Pr(Z,=1) Pr(le"'ka~1X{i}ka+1x"°me)

k
I(o)}[ T H
=1

o Pel Gy, x F

where, by the nature of V, G *F.=E,, i.e., the n, x 1 column matrix
v,k "k 71 k

with "1" on the ith

th

entry and "0" elsewhere. Thus, Pr(Zk=i) is equal
to the i entry of the nk-dimensional row vector
k
I(0)[ T H
=1

R'Pﬂl'

By Theorems 2~4, when certain intraphase and interphase transi-
tions are memoryless for V, the probability of a Cartesian set V is
relatively easily obtained. However, such results may still be

difficult to use due to the fact that, even though the transitions

are memoryless for V, they may not be memoryless for other Cartesian

S P

e SV Ny SV TAe §
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sets. Accordingly, we have sought to identify stronger conditions

o=

under which the formulas will hold for all Cartesian trajectory sets.

First, by extending previous definitions, the intraphase (interphase}

transitions of xs are memoryless at phase k if they are memoryless

for all Cartesian sets V at phase k; the intraphase (interphase) transi-

tions of X_, are memoryless if they are memoryless at all phases. The

8
advantage of memoryless transitions are obvious, for by their defini- :

tion and the corollary to Theorem 2, we have
Theorem S5S:
If Xg is a phased model and the intraphase and interphase transi-

tions of X, are memoryless then, for all Cartesian sets V,

S

m
Pr(v) = I(0)[ I H

P, .G 1.F_, (6)
2=1 m

LTV, R

Moreover, we find that the memoryless property is relatively easy to

characterize, that is, we are able to show the following characteris-

tic conditions for the memoryless property. It is important to note

that the conditions do not involve any specific Cartesian sets.
Theorem 6:

{1) The intraphase transitions of X_, are memoryless at phase

S
k if and only if, for all izeQR (2=1,2,...,k-1),

Pr(zk;JlYkzl’Zk—l=lk-l""’lell) = P (i,3). (7)

{2) The interphase transitions of Xs are memoryless at phase k
if and only if, for all iﬁeQ% (2=1,2,...,k=2),

Pr(Yk=3lzk-l=l’z”"2=lk-2""’lell) = H (i,3). (8)

LS
Proof:
Suppose P is memoryless for all Cartesian sets V = R,XR,X...XR_,
V,k l 2 m
By taking R, to be the singleton set {ig}, 2 =1,2,...,k-1,

Pv'k(l,j) = Pr(zk=j|Yk=i,Zk_l=ik_l,...,Zl=il)

Pk(l,j).
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Now, suppose that, for all igeQz (2 =1,2,...,k~-1),
Pr(Zk=3|Yk=1,Zk_l=1k_l,...,Zl=il)
= Pr(Z,=j|y,=i).

Then, for any Cartesian set V = RIXsz...me,

Pv'k(l,J) = Pr(zk=jIYk=1,Zk_leRk_l,...,lenl)

[Pr(z,=jly =i,2, _.=1 toeeerZo=il)
. o k k k-1 "k-1 1771
llERl""'lk-IERk-l

-Pr(Yk=1,Zk_l=1k_l,...,Zl=1l)]
Pr(Yk=1,Zk_lst_l,...,ZleRl)

Thus, by the assumption, Pv,k(i'j) is equal to
) Pr(zk=3|yk=i)-Pr(yk=i,zk_l=ik_l,...,zl=il)

llERl""'lk-lng-l
Pr(Yk:J.,ZJ_:,‘_l Rk—l""’zl Rl)

Factoring out the term Pr(zk=jlYk=i), we have

Pv,k(i’j) = Pr(Zk=j]Yk=i)'l = Pk(i,j)
which completes the proof for part (1) of the theorem. Part (2) is
proven in a like manner.

Finally, when the transitions of XS are memoryless, the equiva-
lent model fs is a time-varying Markov chain. This ¢un be demonstrated

as follows.

By Theorem 6 and the definition of memoryless transition, we have
Pr(zk=ik]Yk=j,zk_l=ik_l,...,zl=il)

= Pr(2,=i, |¥, =j)

= Pr(Zy =iy |Vie=degy (=i ).

Accordingly, for each k<m and izng (2 =1,2,...,k),
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i jgo Pr(zy =i [V, =3, 2) _1=iy yr...08p=8)).
K

Pr(Yk=jIZk_l=lk_l,...,Zl=ll)

ng Pr(Zy =iy ¥, =3,2, =i 1) Pr(v=jlz, ;=i ,)
k

= qu Pr(zk=ik’yk=3|zk—l=ik~l)
k

it

Pr(2,=1, |2, =1, _;)-

Henge, Eé = {Zk|k=0,l,...,m} satisfies the Markov properties.

Moreover, the transition probabilities of ks associated with
phase k can be expressed as a matrix.

B, = [F) (i,3)]
where

P, (i,3) = Pr(zk=3|zk_l=1)

= th Pr(Zk=j|Yk=h,Zk_l=l)'Pr(Yk=h|Zk_l=1)
k

it

hZ Pr(2,=3|¥,=h) -Pr (¥, =h|z, _;=i)
€Q,

P (h,i)-H (i,h).
thk k k

Accordingly, in terms of matrix multiplication,

Pp = HeePy

and equation 6 can be represented in a more convenient form:

F

mn
Pr{V) = I(0).[ T ﬁz'GV,ﬂ]' m"

=1

st L e et et

b ot A e el A

W s ] e ke S R bl Q.
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IV, SUMMARY
It has been shown that the concept of a "phased mission” .an be
gxtended to performability models via the notion of a "phased”" base

model Xg- Under reasonable conditions, X yields an equivalent per-

formability model (X ) and, as demonstrated by the results of the

S';g

paper, the intraphasé and interphase probabilities of X_ suffice to

S
determine the probabilistic nature of Eé. In particular, it has been
shown that, for any trajectory set V of Xé with a "Cartesian" struc-
ture, the probability of V can be computed as a product of matrices
(Theorem 1l}. In general, each matrix depends on xs and V but, as
established in subsequent results (Theorems 2~5), the formulations

may be simplified when certain phases of X_. are "memoryless for v."

S
Finally, it has been demonstrat=d (Theorem 6) that transitions which
are memoryless for all Cartesian sets V are characterized by a

"Markovian property" relative to preceding end-of-phase observations

of the phased base model XS.
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FPigure 1
A state trajectory of XS

1
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22
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Figure 2
Markov model transition graphs for XS
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