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DYNAMIC STABILITY 

By Leonard Sternfield 

Zangley Aeronautical Laboratory 

The problem of dynamic s t a b i l i t y  of airplanes i s  concerned with the 
motion of an airplane following a disturbance from an i n i t i a l  condition 
of equilibrium. Such disturbances may be caused by sudden gusts of wind 
or  by deflection of the control sm-faces. I f  the motion of the airplane 
caused by the disturbance damps, the airplane i s  said t o  be dpamically 
stable; i f  the motion cause3 by the disturbance btlilds up, the airplane 
i s  dynamically unstable. The mode of motion which may characterize 
dynamic ins t ab i l i t y  i s  e i ther  an aperiodic divergence or  an unstable 
osci l la t ion.  For many airplanes, the  divergence of the aperiadlc mode 
occurs at  a slow r a t e  and therefore p i l o t s  do not f ind  t h i s  type of 
i n s t a b i l i t y  troublesome; hence, thase airplanes a re  considered satlsfactory, 
from the dynamic-stability viewpoint, even though the aperiodic mode i s  
divergent. The osc i l la tory  mode, however, may be objectionable t o  the 
p i l o t  deapite the f a c t  t ha t  the osc i l la t ion  i s  stable.  The present paper 
on d y n d c  s t ab i l i t y ,  therefore, w i l l  be mainly concerned with the 
osci l la tory mode of motion. 

The general'equations of motion representing the motion of an airplane 
a re  referred t o  a system of axes which a re  fixed i n  the airplane and move 
with it. A system of axes tha t  i s  commonly used by NACA a-dthors i s  h o r n  
as the s t a b i l i t y  system of axes. (See f ig .  1 . )  The s t a b i l i t y  axes 
const i tute  an orthogona1,system of axes having i t s  origin a t  the center 
of gravity and i n  which the Z-axis i s  i n  the plane of symaetry and 
perpendicular t o  t h s  r e l a t ive  wind, the X-axis i s  i n  the plane of symmetry 
a d  perpendicular t o  the -is, and the Y-ax i s  i s  perpendicular t o  the 
plane of symmetry. An equation of motion referred t o  these axes i s  se t  
up fo r  each one of the six degrees of freedom. Three of the equations 
a re  obtained by equating the a i r c r a f t  mass accelerations along each axis 
t o  the aerodynamic forces and the other three equations a re  obtained b j  
equating the r a t e  of change of moment of momentum about each a l s  t o  the 
aerodynamic moments. (see references 1 to  4.)  

A complete treatment of the dynamic s t a b i l i t y  of airplanes using ths  
six equations would be extremely lengthy and very complex. Certain 
simplifying asounptions have therefore been made t o  f a c i l i t a t e  the 
analysis. Since the airplane i s  symmetrical with respect t o  t h o  plarle 
t h a t  includes the fuselage axis and is perpendicular t o  the span %is 
and the steady motion about which the disturbances occur i s  symmetrical 
with regard t o  tha t  plane, the s ix  equations can be separaked in to  a 
symmetric or longituclinal group consisting of three equations and an 
aspmetr ic  or l a t e r a l  group coasisting of the othar three equations, with 
no coupling between the two groups. The dynamic-stability investigation 
i s  therefore divided in to  two parts ,  a la te ra l - s tab i l i ty  analysis and a 
longitudinal-stability analysis. The second ass.lmption consists of the 
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application of the theory of amall osc i l la t ions  t o  both l a t e r a l  and longi- 
tudinal s t ab i l i t y ,  which means tha t  second-order t e r m  a re  neglected. The 
th i rd  assumption i s  tha t  the aerodynm1.c forces depend solely upon the 
instantaneous motion of the airplane and not upon the r a t e  at  which the 
motion i s  changing. That is, it is  assumed tha t  when the angle of attack 
of the wing changes ouddenly from one steady value t o  another, the l i f t  
changes instantaneously - although actually tihe l i f t  approaches asymptoti- 
ca l ly  the -value corresponding t;o the new angle of attack. 

The general methods involved i n  a dynamic-stability investigation w i l l  
be presented fo r  the la teral-s tabi l i ty  analysis but a similar procedure i s  
a l so  applicable t o  the longitudinal--st%bility analysis. The linearized 
equations of motions, referred t o  th3 s t a b i l i t y  axes, uaed in  the  la te ra l -  
s t a b i l i t y  analysis fo r  the condition of controls fixed a re  as follows: 

Roll  - 

Yaw - 

An equation of motion i s  presented f o r  each one of the three degrees of 
freedom involved i n  l a t e r a l  motion: r o l l ,  yaw, and sideslip.  On t h s  le f t -  
hand side of the equations a re  writ ten t h s  moment of i n e r t i a  and product of 
i n e r t i a  times the acceleration and on the right-hand side are written the 
aerodynamic forces or moments expressed a s  s t a b i l i t y  derivatives. '  These 
equations a re  l inear  d i f f e ren t i a l  equations with constant coeff ic ients  and, 
therefore, the solution of th s  equations of motion follows the usual 

p r o c e d ~ ~ e  fo r  l inear  d i f fe rent ia l  equations. When foeLs i s  substi tuted 

for  g, $oeXs f o r  4, and POeXS fo r  P i n  the equations m i t t e n  i n  determinant 

form, X muat be a root  of the equation 

Where the coeff ic ients  4, B, C, D, and E a re  functions of the mass and 
a e r o d y n a ~ c  paramsters of the equations. The roots  of t h i a  s t a b i l i t y  
equation determine the mode3 of motion. A r ea l  root  indlcateo aperiodic 



mode and a complex root  indicates an osci l la tory mode. The signs of the 
roots  determine the s t a b i l i t y  of the  system. I f  the r e a l  roots  w e  
negative and the real. pa r t  of the complex roots  i s  negative, the airplane 
i s  dynamically s table ,  If any one of the  r e a l  roots  i s  posi t ive or the 
r e a l  pa r t  of the  complex root  i s  positive, the airplane i s  dynamically 
unstable. The conditions f o r  complete s t a b i l i t y  (reference 5 )  a re  
t h a t  all the coeff ic ients  of the  s t a b i l i t y  equation and the 
discriminant R = BCD - AD2 - B ~ E ,  known as Routht a discriminant, be 
positive. However, as mentioned previously, the mode which i s  of parti-  
cular in t e re s t  i s  the osci l la tory mode. Tha f i r s t  s tep i n  the analysis 
of the osc i l la tory  mode is  t o  determine the  boundary f o r  neut ra l  oscil'u- 
atory s t ab i l i t y .  This bounc'lary i s  usually plot ted a s  a function of two 
of the most important s t a b i l i t y  derivatives affect ing l a t e r a l  stability - 
the direct ional  s t a b i l i t y  parameter CnB9 which expresses the variat ion 

of yawing-moment coeff ic ient  with sideslip,  and the effect ive dihedral 
derivative C 

'8 
which expresses the variat ion of the  rolling+uoment 

coefficient with sideslip.  The necessary and 8-afficient conditions f o r  
neut ra l  osci l la tory s t a b i l i t y  a re  t h a t  the coeff ic ients  of the s t a b i l i t y  
equation sa t i s fy  Routhrs discriminant s e t  equal t o  zero and t h a t  the B- 
and I!-coefficients have the same sign. (see reference 5.  ) The l a t e r d -  
s t a b i l i t y  boundaries f o r  a high-+peed airplane a re  given i n  f igure 2(a) .  
The ordinate i n  t h i s  f igure i s  Cn* and the abscissa i s C 

B 2 e e  The so l id  

boundary labeled R = 0 i s  the boundary f o r  neutral  osci l la tory s t a b i l i t y ,  
This boundary divides tha quadrant in to  a s table  and unstable region. For 
example, f o r  combinations of C and C located below th i s  boundary, 

nP 2B 
.that is, on the  shaded s ide of the boun3ary, the osc i l la t ion  of the airplan3 
i s  unstable. The dashed boundmy labeled R = 0 s a t i s f i e s  the condition 
t h e  Routhts discrimfnant i s  zero but v io la tes  the condition tha t  the B- 
and D-coefficfents must be of th3 same sign, becauae the B-coefficient i s  
poaitive and the D-coefficient i s  negative f o r  combinations of C 

P 
and C below the boundary D = 0. Hence t h i s  curve R .= 0 i s  not a 

20 
n e u t r a l k s c i l l a t o r y  boundary. The curve obtained by se t t ing  the E- 
coeff ic ient  equal t o  zero i s  known a s  the sp i ra l - s tab i l i ty  boundary. This 
boundary determines the s t a b i l i t y  of the nwnerically mall r e a l  root, known 
as the s p i r a l  mode. For combinations of Cn and C 2  on the shaded side 

P P 
of the l i n e  E = 0, the airplane i s  sp i ra l ly  unstable. There i s  one more 
mode which usually occurs i n  l a t e r a l  motion. This mode corresponds to  the 
hea~ry damping of the ro l l ing  motion due t o  the damping-in-roll derivative C 

2~ 
In general,thsrefore, the four roots  obtained from the la te ra l - s tab i l i ty  
equation usually consist  of one conjugate complex pa i r  and two r e s l  roots.  
For some airplane configurations, both branches of R = 0 are  t rue  
ne~~tral-oscillatory-stability boundaries, a s  shown i n  f igure 2(b). The 
significance of the two boundwies can best  ba understood 'by analyzing 
the modes of motion fo r  combinations of Cn and C represented by 

P P 
the points , @.; , (C , D) , and @, i n  t h i s  figure. A t  point (A,, 



the roo-ts of the s t a b i l i t y  equation a re  two-negative r e a l  roots  and one 
conjugate complex pa i r  with the r e a l  par t  negative. Hence, the airplane 
i s  dynamically stable.  Passing through the boundmy E = 0 t o  point @ 
causes one of t h s  r e a l  roots  t o  change sign, which indicates tha t  the 
airplane i s  Ciynamically unstable because of sp i r a l  ins tab i l i ty .  Upon 
crossing the boundary R = 0 t o  point @ ,. the  r e a l  par t  of the complex 
root  changes sign as expected, which indicates tha t  the osci l la tory mode 
i s  unstable. Thxs fa r ,  the roots  consisted of two r e a l  roots  and one 
con jugate complex pair.  A t  point @ , however, the solution of the 
s t a b i l i t y  equation r e s ~ r l t s  i n  two pa i r s  of complex roots  with the r e a l  
par t  of each pa i r  of roots  negative. The period of the osc i l la t ion  
-zhich corresponds t o  one pair  of the complex roots  i s  about the  same 
order of magnitude as the period of the  osc i l la t ion  a t  points @,@, @ - 
approximately 3 seconds. The period of the  other osc i l la t ion  i s  much 
greater - f o r  some airplanes, the period of t h i s  osc i l la t ion  is of the 
order of magnitude of 15 seconds. It i s  t h i s  long-period osc i l la t ion  
which becoees lmstable upon crossing the boundary R = 0 from point @ 
t o  point @. That is, a t  point (E; two pa i r s  of complex roots  a re  
obtained with a posit ive r e a l  par t  of the complex roots  tha t  corresponds 
t o  the long-period osc i l la t ion  so t h a t  an unstable osc i l la t ion  i s  indicated, 
an3 a negative r e a l  pa r t  of the complex roots  t h a t  corresponds t o  the short- 
period osc i l la t ion  so t h a t  a s table  osc i l la t ion  is indicated. .Thus the 
two curves for  R = 0 represent neutra3;-oscillatory-stability boun3aries, 
one boundary f o r  the long-period osc i l la t ion  and the other boundary f o r  
tha short-period osci l la t ion.  

The second s tep i n  the analysis of the osci l la tory mode i s  t o  
determine the re la t ion  between the period and damping of the osc i l la t ion  
i n  the s table  region. As  mentioned previously, a pa i r  of complex roots  
indicates osci l la tory mode. The r e a l  par t  of a complex root  gives 
the damying factor  and the imaginary par t  of the complex root  gives the 
angular frequency of the osc i l la t ion  from which the period i s  computed. 
A convenient measure of the damping i s  the  t i m e  required f o r  the amplitude 
of a disturbance t o  damp t o  half amplitude. The r a t i o  of the time 
required t o  damp t o  half amplitude t o  the period r e s u l t s  in the 
nueriber of cycles required t o  damp t o  half amplitude. Figure 3 shows the 
curves of constant period and consta;nt dimping fo r  a hypothetical air- 
plane plot ted ae a function of and C2 ( ~ e e r e f e r e n c e 6 . )  The 8'  
values corresponding t o  t h s  sol id  curves repressnt the t im i n  seconds 
t o  damp t o  half amplitude. As  t h i s  time increases, the damping of 
the  osc i l la t ion  decreases. The so l id  curve labeled i s  the neutral- 
oscil latory-stabili ty boundary; combinations of 

cn8 
and C located 

8 
balow t h i ~  boundary w i l l  r eaul t  i n  an unstable osci l la t ion.  The period 
of th s  osc i l la t ion  in seconds i s  indicated by the values corresponding 
t o  the dashed curves. There are, at  present, two schools of thought on 
the question as t o  which region i n  the Cng, C p l m e  would r e s u l t  in 

8 
a more sat isfactory type of osci l la t ion.  For example, i f  t h s  values ' 

of CnB =d C fo r  a given airplane correspond t o  point A and it is  
2~ 

desired t o  improve ths  re la t ion  between the period snd damping of the 



osci l la t ion,  one group i~l of the opinion tha t  the  weathercock s t a b i l i t y  
of the airplane should be increased. Thus, in going from @> t o  @ , the 
damping of the  osc i l la t ion  i s  increased from 16 seconds t o  -to 
half anrplitude at  @ t o  6 seconds a t  a. But the period i s  shortened, 
thereby causing the nuniber of cycles t o  damp t o  half  amplitude t o  increase 
from 4 cycles a t  @ t o  6 cycles at  @. For t h i a  modification i n  the 
design of the airplane, therefore, the  damping i n  seconfis i s  improved 
but the  damping i n  cycles i s  worsened. The opinion of the other group 
i s  tha t  the combinations of C and C should be r e s t r i c t e d  t o  a 

n0 2 6 
amall region near the origin, from point '(A) t o  point @ . The damping 
in seconds i s  now reduced but because the  period i s  lengthened the damping 
in cycles i s  improved, from 4 cycles at  @ t o  1.67 cycles a t  @. ~t i s  
apparent tha t  the desired c r i t e r ion  cannot be determined by the 3ynamic- 
s t a b i l i t y  investigator but must be based upon the opinions of p i l o t s  from 
more extensive fl ight-test  resu l t s .  Once t h i s  c r i t e r ion  i s  established, 
however, a f igure similar t o  f igure 3 which shows the curves of constant 
period and constant damping i s  necessary t o  indicate  tha possible 
combinations of Cn and C that w i l l  s a t i s fy  the c r i te r ion .  

P P 

The dynamic-stability calculations have thus f az  yielded only an 
indication of the  character of the f r e e  motion. The motfon of the 
airplane, subsequent t o  a disturbance from i t s  trimmed condition, i s  
compounded of the several modes of motion in d i f fe rent  proportions. The 
motion can be calculated by applying the  Heaviside Operational Calculus 
or the Laplace transform t o  the equation of motion. The Laplace transform 
i s  considered a more powerful method than the  Heaviside method because 
the i n i t i a l  conditions of the problem, i n i t i a l  displacements or i n i t i a l  
veloci t ies ,  a re  inherently taken in to  account by the Laplace transform, 
The application of these methods t o  the  calculation of airplane motions 
can be found i n  several N N A  and B r i t i s h  reports. (see references 7 
t o  311,) 

The present discussion has thus f a r  been mainly concerned with the  
general methods of dynamic-stability analysis. The e f fec t s  of some of 
the more important mass snd aerodynamic parameters on t h s  lateral-  s t a b i l i t y  
w i l l  now be i l l u s t r a t e d  by showing the r e l a t ive  location of the  neutral- 
osci l la tory-stabi l i ty  boundaries i n  the CnP, C plane as these mass 

28 
and aerodynamic parameters a re  varied. 

Unti l  recently, the product-of-inertia effect ,  which resu l t s  from 
the incl inst ion of the principal longitudinal axis of i n e r t i a  r e l a t ive  
t o  the f l i g h t  path, has usually been neglected in la te ra l - s tab i l i ty  
analyses because some calculations f o r  conventional airplanes h%d indicated 
t h a t  t o  neglect the angularity of the pr incipal  longitudinal ax is  t o  the 
f l i g h t  path did not seriously a f f ec t  the l a t e r a l  s tabi l i ty .  (see reference 12.) 
The angularity of the principal axis re l a t ive  t o  the f l i g h t  path causes 
the i n e r t l a  forces t o  produce a coupling between the  ro l l ing  and yawlng 
motions so tha t  a ro l l ing  acceleration produces a yawing moment and a 
yawing acceleration produces a ro l l ing  moment. Recent s tudies  have 
shown, however, t ha t  th3 Froduct of i n e r t i a  may have a very pronounce4 



ef fec t  on the l a t e r a l  s t a b i l i t y  of present-day airplanes designed fo r  
high-speed high-altitu3e f l i g h t  becaus9 of high wing loadings, large 
differences between ro l l ing  and yawing moments of iner t ia ,  and the 
aerodynamic charac ter i s t ics  of low-aspect-ratio or  swept wings. (See 
references 13 t o  15.) 

There has b e e n a  trend i n  the design of recent high-speed airplanes 
toT.wd the  use of r e l a t ive ly  large angles of wing incidence t o  permit 
the fusslage t o  remain a t  a low angle of a t tack while the wing goes up 
t o  the high angles of a t tack required because of the high sweep and 
low aspect r a t i o ,  The purpose i n  designing the airplane so t h a t  the 
fuselage remains at a smll angle of a t tack i s  t o  reduce the fuselage 
drag f o r  high a l t i t ude  or  cruising f l i g h t  or  t o  reduce the fuselage 
ground angle and thereby simplify the  landing-gear design. The important 
factor  t o  consider i n  analyzing the e f fec t  of wing incidence on the 
l a t e r a l  osc i l la tory  s t a b i l i t y  i s  the incl inat ion of the pr incipal  longi- 
tudinal  axis re l a t ive  t o  the  f l i g h t  path. Figure 4 shows the calculated 
osci l la tory-stabi l i ty  boundaries as a function of and C f o r  a 

8 
rnodel tes ted  in the Langley free--flight t m s l  with the  wing s a t  at  two 
angles of incidence, iw = 0' and iw = 10'. In  each of these canfigu- 

ra t ions  the model w a s  f l o w  at  t h s  same l i f t  coeff ic ient  which corresponded 
t o  an angle of a t tack of lo0 f o r  the  wing. The r e s d t e  indicate tha t  when 
ths! w-ing was s e t  a t  0' incidence, both the wing and'the pr incipal  longi- 
t -din& axis of the model, which coincided with the fuselage reference 
axis, were lnclined 10' above the f l i g h t  path t o  obtain the  l i f t  coeffi- 
c ient  for  t r i m .  For t h a t  condition, i l l u s t r a t e d  by the lower sketch in 
the figllre, the boundary f a l l s  i n  the lower region of the quadrant; thus, 
os2i l la tory s t a b i l i t y  i s  indicated fo r  a large number of combinations 
of CnR and C located above the boundmy. However, i f  the wing i s  

20 r r 

s e t  a t  an angle of incidence t o  obtain l i f t  ( for  t h i s  case lo0) ,  as  has 
been proposafi fn  several designs, and the principal ax is  i s  alined along 
th3 f l i g h t  path, the osc i l la tory  boundary f a l l s  i n  the upper region of 
th s  quadrant and thus it i s  very d i f f i c u l t  t o  obtain osci l la tory s t a 3 i l i t y  
because the s table  conibins;tions of Cn and C a re  l imited t o  the 

P 8 
small region above t h i s  boundary. The s tab i l iz ing  s h i f t  i n  the boundary, 
from i, = l o 0  t o  iw = 0°, i s  caused 'by the f a c t  t h a t  the principal 

longi-tudlnal ax is  i s  inclined 10' above the f l i g h t  path for i, = 0'. 

The boundaries indicate t h a t  the model with .values of Cn and C P 8 
shown by the t e s t  point on the figure, t h a t  is, C a b w t  0.0025 

an3 C approximately 4.003,  i s  s table  when the incidence i s  0' and 
IJ 

1ms.tn3ls xhen the incidence i s  10'. This f a c t  was ver i f ied  by f l i g h t  
t e s t a  of the model i n  the Langley fie-flight tunnel. (See reference 14. ) 

The inportant e f fec t  of tha product of i n e r t i a  on the osci l la tory 
ot;abilit;y i s  smphasized by f igure 5 .  The bound=ies ?resented i n  t h i s  
figure are for  a high-speed airplane with a wing loading of 70 pounds 



per square foot  cruising a t  an a l t i t ude  of 30,000 fee t .  The boundaries 
a re  again plot ted as a, function of Cn and C f o r  two cases: Tha 

P '8  
upper boundary represents the case i n  which the pr incipal  ax is  i s  
f n c l h e d  at  an angle of 2O below the f l i g h t  path at  the  nose, +q = -203 
and the lower boundary represents the  case i n  which the pr incipal  =is 
i s  alined with the , f l i g h t  path, 7 = 0'. A comparison of the two 
boundaries shows a large destabilizing s h i f t  i n  the boundary as the 
pr incipal  ax is  f a l l s  below the  f l i g h t  path. That is, as the boundary 
s h i f t s  upward from 7 = o0 t o  7 = -2O, the s table  region located above 
the boundary i s  reduced. Such a =ked s h i f t  i n  the  boundary i s  cailssd 
by only 2' variation i n  t h s  incl inat ion of the pr incipal  longitudinal 
ax is  t o  the f l i g h t  path, 

The ef fec t  of wing loading and a l t i t ude  on the ossi l la tory-stabi l i ty  
boundary i s  i l l u s t r a t e d  by f igure 6. The s f f ec t s  of theae two paraaeters 
a re  t reated simultaneously by considering variat ion i n  the relative- 
density factor  pb, the r a t i o  of the  airplane density t o  a i r  density, sinze 

t h i s  factor  var ies  d i rec t ly  with both wing loading and a l t i tude .  The 
boundaries a re  shown f o r  vwioue values of %. The values of pb can 

be interpreted i n  terms of wing loading and a l t i t ude  as follows: A value 
of pb of 5 corresponds t o  a l i g h t  plane with n - i n g  loadfng of 10 polm.9~ 

per square foot  a t  an a l t i t ude  of 10,000 fee t ;  a value of of 30 

c~rresponds t o  a World W a r  11 f ighter  with a wing loading of 40 pounds 
per square foot a t  an a l t i t u d e  of 40,000 fee t ;  and a v d u e  % oP 1000 

would correspond t o  a postwar high-speed design airplane with s wing 
loading of 100 pounds per square foot  f ly ing  a t  an alti;tude of 60,000 
fee t ,  It i s  apparent from t h i s  f igure t h a t  an increase i n  wing loading 
or a l t i tude ,  or an increase i n  pb3 s h i f t s  the boundarfes upward so 

tha t  a decrease i n  the s table  regfon i s  indicated. However, it i s  impor- 
t an t  t o  note tha t  the most pronounced e f fec t  of wing loading and.  altitude 
on s t ab i l f ty  occurs fo r  values of % l e s s  than 30, i n  the rmge of l i g h t  

a i rcraPt  desi*, whereas f o r  values of pb above 30, wing loa3ing and 

s l t i t u d e  have very l i t t l e  e f fec t  on s t ab i l i t y .  (see referenca 16,) 

One of the most important s t a b i l i t y  derivatives affect ing l a t e r a l  
s t a b i l i t y  i s  the damping-in-roll derivative C z  which becomes s:nal'esr 

2) 
a s  the aweepback is increased and as t h s  aspect r a t i o  i s  decreased. 
Figure 7 shows the e f fec t  of C on the oscil latory-stabili ty boundary. 

'P 
The boundaries a re  plot ted fo r  several values of C : 0, -0.1, and 4.2. 

'P 
The value of C for  a straight-wing conventional airplane i s  %bout -0.4 

'P 
or -0.5. These boundaries were calculated f o r  a hypothatical transonic 
airplane and a re  intended only t o  indicate the trends obtained as  C 

IP 
i s  varied. It i s  evident from the b a n d a r i e s  tha t  reducing C reduced 

2~ 



the l a t e r a l  s t ab i l i t y .  Altho1qh the e f fec t  shown i s  typical  fo r  most 
airplane designs, calc-alations have indicated t h a t  the reverse e f fac t  
might bs  present f o r  some airplane configurations. The ef fec t  of some 
of the other s t a b i l i t y  derivatives and mass charac ter i s t ics  on the l a t e r a l  
osc i l la tory  s t a b i l i t y  a re  presented i n  several NACA reports. (see 
references 15 and 17 t o  19 , )  

The d p m i c  longitudinal s t a b i l i t y  of airplanes with controls fixed 
nas receivsd very extensive treatment by many authors, among whom may 
be ffiantioned Bryan, Bairstow, Wilson, and Zimmermrn-. (see referenses 1 
t o  3 acd 20 t o  22.) In general, the longitudinal motion consists of two 
osn,illatory modes - a s l igh t ly  damped long-period osci l la t ion,  hown as 
-the pkugold, an3 a heavily damped sbort-period oaci l la t ion.  Because of 
th s  re la t ion  between the period and damping of each one of the osci l la t ions,  
the longitudinal s t a b i l i t y  of most airplanes has been sat isfactory t o  the 
p i lo ts .  

An snalysis of l a t e r a l  or longitudinal motion of the airplane with 
controls f r ee  involves an equation f o r  an additional degree of' freedom, 
tha t  is, f o r  the motion of the  ,control i t s e l f .  The disr,ussion of control- 
f r e e  s t a b i l i t y  w i l l  be mainly concerned with the rudder-free case, 
although similar analyses have been carr ied out f o r  the case of elavstor 
f r ee  and ai leron free.  (see references 23 t o  28.) Fl ight  t e s t s  have 
shown tha t ,  under cer ta in  conditions of ru3der balance, undamped l a t e r a l  
osc i l la t ions  may occur when the  rudder i s  freed. The o s c i l l ~ t i o n s  
Involve coapling be twea  the yawing motions of th s  airplane and mvements 
of the rudder and depend on the amount of f r i c t i o n  i n  the control system. 
Two of the most important para,meters affect ing the control-free s t a b i l i t y  
a r s  the restor ing moment parameter Chg, which expresses the variat ion of 

rudder h i n g m o w n t  coeff ic ient  wi'th rudder deflection, and the  floating- 
m3mt3nt parameter C 

h4f ' which expresses the  ariat ti on of the hingemoment 

coeff ic ient  with the m g l e  of yaw. Figure 8 shows the calculated rudder- 
free-stabili ty bomdaries with the e f fec t  of f r i c t i o n  i n  the control 
system taken in to  account. Thess boundaries a re  plot ted with ' C as 

hs 
sbscissa sn3. C- as ordinate. Posi t ive v d u e s  of C correspond t o  

nJr % 
positive f loat ing tendency, t h a t  is, surfaces whosf: f r ee  movements tend 
t o  oppose m y  dist?u;baice of the atrplane. The boundaries indicate that ,  
fo r  combinations of C kg and Ch$ located on the shaded side of R = 0, 

the osc i l la t ion  i s  anstable. If there i s  no so l id  f r i c t ion  i n  t5e system, 
the sompletely s table  region i s  between R = 0 a?d the  divergence boundary. 
Hoi~ev$r, i f  theye Z s  sol-id f r i c t i o n  i n  the system, constsnt+iql i tude 
3t:zil lations occur fo r  combinations of C and C 'Is h$ 

located 

S~twsen R = 0 a id  the cilrve labeled " f r ic t ion  bo~mdary." Ths amplitude 
of tki: stesdy oef:illation is proportional t o  the amount of so l id  f r i c t ion  
in t L e  zantrol system. Fl ight  t e s t s  w i l l b s  necessary t o  indicate the 
-.~-xi~:txn a a m t  of stea3y osc i l la t ion  tha t  i s  dLowable in an airplane. 



The present paper indicates i n  general the e f fec t  of some of the 
mass and aerodynamlc parameters on the l a t e r a l  osci l la tory s tab i l i tyg .  
The r e s u l t s  a re  i l l u s t r a t e d  f o r  an airplane or  model with a gfvan s e t  
of values of mass and aerodynamic parameters, Howevar, a s  shown i n  
more complete la te ra l - s tabf l f ty  studies, mall variations fn  Borne of 
these parameters may cause a pronounced change i n  the  osci l la tory s t a b i l i t y .  
On the bas is  of these detal led studies, therefore, it appears necessary 
t o  make a separate s t a b i l i t y  analysis f o r  each airplane. 

Some of the sgbjects tha t  require fur ther  theore t ica l  o r  experimental 
research are:  

1. The ef fec ts  of the aeroe las t ic i ty  of wings on s t a b i l i t y  
derivattves and hence on ciyn&c s t a b i l i t y  

2. The ef fec ts  of power on s t a b i l i t y  

3. Analysis of the making or  l i gh t ly  damped short-period 
osc i l la t ions  encountered recently in high-speed f l i g h t  

4. Stab i l i t y  derivstives fo r  transonic region 

5 .  Analysis t o  determine important combinations of mass md 
a e r o d y n d c  parameters which a f fec t  dynamic s t a b i l i t y  



ASPENDIX 

SYMBOLS AND C O E F P I C ~ S  

angle of bank, radians 

angle of azimuth, radians 

angle of sideslip,  radians (9) 
s ides l ip  velocity along the Y-axis ,  f e e t  per second 

airspeed, f e e t  per second 

mass density of air, alugs per cubic foot 

dyns.mic pressure, pounds per square foot  (F*) 
wing span, f e e t  

wing area, square fe.et 

weight of airplane, pounds 

mass of airplane, slugs (3 
acceleration due t o  gravity, f e e t  per second per second 

r e l a t i v d e n s i t y  fac tor  

angle of attack of pr incipal  longitudinal ax is  of airplane, 
posit ive when principal *is i s  abovg f l i g h t  path, degrees 

angle between f l i g h t  path and horizontal axis, posit ive i n  a 
climb, degrees 

radius of m a t i o n  i n  r o l l  about principal longitudinal axis, 
f e e t  

radius of gyration i n  yaw about th s  principal ve r t i ca l  =is, 
f e e t  

nandimensional radius of gyration i n  r o l l  about principal 

longitudinal mi s (3 



nondimensional radius of gyration in yaw about principal 

vertic, ,s (2) 
nondimensional radius of gyration in roll about langitudinal / .  \ 

stability axis coe21 + K 2sin2.1 ) 
zo 

nandimensional radius of gyration in yaw about vertlcal 

stability axis 2 cos21 + K 2sin21) 
X, 

nanaimensional product-of-inertia parameter 

t time, seconds 

sb distance along flight path, in spans e) 
differential operator (k) 
trim lift coefficient (" y y, 

rolling-moment coefficiant 

yawing-moment coefficient 

(,ate,, force 
C-Y lateral-force coefficient 

2 effective-dihedral derivative, rate of change of rolling- 
P moment coefficient with angle of sideslip, per radian 

in equations and per degree in figures 

cnP 
directional-stability derivstive, rate of change of yawing- 

moment coefficient with angle of sideolip, per rad3a.n in 

equations and per degree in figures 
i 



lateral-force derivative,.rate of change of lateral-force 

coefficient with angle of eideelip, per raaian 

damping-in-yaw derivative, rate of change of yawing-moment 
coefficient with yawing+mgular-valocity factor, pc?r 

radian ($), 
rate of change of yawing-moment coefficient with rolling- 

angular-velocity factor, per radian 

damping-in-roll derivative, rate of change of rolling-moment 
coefficient with rolling-angular-velocity factor, per 

/ ac,\ 
radian (-3 

rate of change of rolling-m.onent coefficient with yawing- 
/ &.\ 

angular-velocity factor, per radian (2) 
rate of change of lateral-force coefficient with nolling- 

angular-velocity factor, per radian 

rate of change of lateral-force coefficient with yawing- 
/ &,,\ 

angular-velocity factor, per radian \g) 
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Figure 1.- The stability system of axes. Arrows indicate positive directions 
of moments, forces, and control-surface deflection. 



DIRECTIONAL STABILITY 

-.803 -.002 -.001 0 .001 .002 .003 .004 .005 

EFFECTIVE DIHEDRAL DERIVATIVE, -C 
z~ 

(a) The case for which only one of the two branches of the curve R = 0 is 
a boundary for neutral oscillatory stability. 
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(b) The case for which both branches of the curve R = 0 a r e  boundaries 
for neutral oscill-atory stability. 

Figure 2.- Lateral-stability boundaries for two hypothetical high-speed- 
airplane confirrurations. 



-.002 -.001 0 .001 .002 -003 -004 -005 .006 
EFFECTIVE DIHEDRAL DERIVATIVE, -C IS 

Figure 3. - Curves of constant period and constant damping. 
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Figure 4.- Effect of wing incidence on the oscillatory stability of a model 

tested in the Larigley free -flight tunnel. 



DIRECTIONAL STABILITY 
DERIVATIVE, 

cn.B 

EFFECTIVE DIHEDRAL DERIVATIVE, -Cl 
B 

Figure 5.- Effect of the angle of attack of the principal longitudinal axis on 
the oscillatory-stability boundary. 
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Figure 6. - Effect of the relative-density factor pb on the oscillatory- 

stability boundary. 
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Figure 7. - Effect of damping in roll on the lateral stability of a high- 
speed airplane. 

Figure 8.- Calculated rudder-free-stability boundaries for conventional 
attack airplane. 




