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THE USE OF SOURCE AI!D SINK CONCEPTS I N  THE CALCULATION 

OF WING CHARAmIsrICS AT SUPERSONIC Sems 

By Clinton E. Brown 

Langley Aeronautical Laboratory 

The calculation of wing charac ter i s t ics  within the lint.:.- - 
i s  performed by a superposition of known solutions of a mor 
elementary nature. In incompressible flow the use of sourc 
and vortex solutions has proven very useful, perhaps because - 
elementary solutions themselves have been easy t o  visualize; certa,,,, , 
the idea of building up a body of revolution by a continuous distribu- 
t ion  of sources and sinks i s  a na tura l  one. A t  supersonic speeds the 
use of sources, doublets, and vort ices  can lead t o  many simplifications 
and give the student a physical picture  of what i s  occurring i n  the flow, 
Qon K&& and Moore (reference 1 )  were f i r s t  t o  introduce source and 
sink concepts t o  supersonic ,aerodynamics when they calculated the flow 
about bodies of revolution by an axial dis t r ibut ion of sources. Ln 1935> 
a t  the Qolta  Congress, Ton I(&& (reference 2) suggested the use of 
surface source dis t r ibut ions in the calculation of wing charac ter i s t ics  
and thus l a i d  the ground work f o r  much of the  present work. 

Unfortunately, the spherical symmetry of incompressible source flow 
i s  l o s t  a s  the velocity of the stream becomes greater  than the speed of 
sound, a s  may be seen by comparison of the potent ial  function jd of a 
source in incompressible flow and supersonic flow: 

xhere K i s  the strength of the source and M i s  Mach n u d e r  of the 
undisturbed stream. Prandtl  (reference 3 )  has given a very good 
derivation of the potent ial  function of a sxpersonic source system tha t  
uses a superposition of sources fixed i n  the f l u i d  but varying i n  strength 
with time. Consider a body moving a t  supersonic speed through a 
compressible f l u i d  or iginal ly  a t  r e s t .  The motion produced must sa t i s fy  
a d i f fe rent ia l  equation which, upon re s t r i c t ion  t o  motions tha t  are s-11 
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compared with t h e  ve loc i ty  of sound,  becomes t he  wave equation in th ree  
dimensions, well-known in  mathematical physic s. That i s, 

where c i s  t he  speed of sound. 

The solut ion of t h i s  equation representing a f ixed  source of f l u i d  
i s  a l so  known and more complicated solut ions  may be b u i l t  up by d i s t r i -  
buting sources i n  t h e  f l u id .  In order t o  g e t  t o  t he  solut ion f o r  a body 
o r  disturbance rnoving through t he  f l u id ,  Prand t l  asswnes t he  x-axis o r  
f l i g h t  ax i s  t o  be covered with sources, each source being f ixed  and 
having s t rength vary with time. (see  f i g .  1 . )  As  a given disturbance 
moving along t h e  z - a x i s  reaches any source, t h s t  source starts t o  flow, 
flows according t o  a cornon l a w ,  and ceases t o  flow when t h e  disturbance 
has passed. The po t en t i a l  a t  any point  (x,y,z) i n  t he  f l u i d  i s  then 
maae up of t he  contribution from each source i n  accordance with t he  
known expression f o r  t h e  po t en t i a l  function of t he  source flow. This 
expression i s  given i n  f i gu re  1 f o r  a source located a t  a point  on t h e  
x-axis and i s  as follows:' 

where t i s  t he  time, T i s  the  time a t  which t h e  source s t a r t e d  t o  
flow, c i s  t h e  speed of sound, R i s  t he  dis tance be-bween t he  source 
m d  f i e l d  point ,  f i s  t he  l a w  which governs the  s t rength of t he  
source flow. A s  no disturbance can be produced a t  t h e  point  (x,y,z) 
u n t i l  t he  sound o r  pressure wave reaches t he  f i e l d  point, t he  po t en t i a l  
i s  only a f fec ted  by those sources, t he  i n i t i a l  waves of which have already 
reached t h s  f i e l d  point  a t  t he  time t. It should be noticed t h a t  l i n e s  
from the  i n i t i a l  point  of t h e  disturbance tangent t o  t h e  wave f r o n t s  
from t h e  sources form the  Mach cone o r  region of influence of t he  distur-  
bance. The po t en t i a l  w i l l  then be  expresoed as an i n t e g r a l  and w i l l  be 
a function of tha  space coordinates and time. I f ,  however, t h e  obser- 
vat ion point  i s  allowed t o  move along a t  t h s  same speed as the  distur-  
bance, t he  time element disappems, and f i n a l l y  8 n  i n t eg ra l  expression 
i s  obtained f o r  a system of sources moving ,at ,a ouper sonic M%ch nwnber M. 
Tha following expression w a s  used by Yon K a r w  and Moore (reference 1) i n  
coxputing t he  flow over slender bodies of revolution at  supersonic sp=.eds: 



In this equation, the field point is at (x,y,z) and the position on the 
axis xl may be considered to be the location of a supersonic point 
source having as its potential field the expression of equation (2). 

For wing problems, however, lifting surfaces, and therefore surface 
soiurce distributions, are of interest. The potential. at any point in the 
space will then be made up of the contributions from sources distributeu 
over a region of the xy-plane and  ma^ be written as a double summation ctr 
integral: 

In this expression the quantity g(xl,yl) is the expression describing 
the source intensity at the point (xl,yl). Care must be taken in 
choosing the limits in the integral so that the area of integration 
incluiies only those so;rrces which can effect the field point, that is, 
the sources which contain the field point in their Mach cones, 

The veldcity component normal to the xy-plane containing the sources 
is obtained by differentiating the potential function with respect to z. 
Puckett (reference 4) and others have shown that this normal velocity at 
a point on the surface z = 0 is affected only by the sources in the 
immediate vicinity of the point and is given by the expression 

It is seen that the normal velocity is discontinuous at the surface and 
of magnitude proportional to the local-source strength. This result is 
not surprising if it is remembered that the source solutions u5ed in the 
previous derivation produced a radial flow and therefore could not 
produce a velocity normal to the plane containing the source except 
directly at the source itself. 

At the surface, the slope of the streamlines is given to ~1 first 
approximation by 



The source d is t r ibut ion  over the surface then produces a s p l i t t i n g  
of the flow streamlines and i s  therefore capable of representing the 
e f fec t  of thichness on a wing plan form. For example, on a w i n g  of 
given plan form the  surface slopes a re  known and, hence, from equations (6)  
and ( 7 )  the source dis t r ibut ion is  known. The potent ial  function fo r  the 
wing can therefore be calculated by inser t ing fo r  g(xl,yl) in equation ( 5 )  
the expression obtained from equations (6)' and (7) t o  obtain 

Once the potent ial  function i s  known, it i s  possible t o  obtain the 
ve loc i t ies  by different iat ion.  The method f o r  calculating the pressure 
dis t r ibut ion and drag of symmetrical wings a t  zero angle of a t tack i s  
thus d i rec t  and involves only the solution of def in i te  integrals.  This 
method has numerous applications i n  calculating the drag of supersonic 
wings. Rectangular wings, trian@;ular wings, and tapered and untapered 
sweptback wings having various a i r f o i l  sections have been calculated and 
are  available. 

A s  has been seen, a source d is t r ibut ion  produces a parting of the 
flow and hence an ident ica l  flow pat tern above and below the xy-plane. 
Sources alone, therefore, w i l l  not produce a l i f t i n g  force on a body. 

What i s  needed i s  a potent ia l  function which i s  discontinuous at  
the plane of the wing and which w i l l ,  therefore, produce a difference 
of pressure or l i f t  on the wing. I f  the ve r t i ca l  velocity produced by a 
source dis t r ibut ion i s  used as a new potent ial  function, t h i s  type of 
potent ial  function can be obtained because, a s  demonstrated previously, 
the normal velocity i s  discontinuous a t  the plane of the sources. The 
new potent ial  function, which i s  the derivative of a source potential ,  
i s  cal led a doublet potent ia l  because it can be formed by an operation 
on a double sheet of posit ive and negative 8ources. The doublet potent ial  
may be written now as 

( "  - X1) 



and by referr ing again t o  equation (6) it i s  seen t h a t  the potent ial  a t  
the surface z = 0 i s  

where k(x,y) i s  the doublet- o r  source-distribution function. A t  the 
surface, the x-, y-, and z-component ve loc i t ies  may be wri t ten a s  follows: 

Inasmuch as the pressure i s  proportional t o  the x-component velocity, 
ak it can be seen tha t , t he re  i s  a difference in pressure or l i f t  wherever - ax 

exis ts .  The z-component of the disturbance velocity i s  found t o  be contin- 
uous a t  the surface and the streamlines above and below the swface  are  
therefore deflected i n  the same direction. The doublet d is t r ibut ion  i s  
thus capable of representing the e f f ec t s  of c d e r  and angle of a t tack of 
wings. 

In problems i n  which the c-er or p g l e  of a t tack i s  given and the 
pressure dis t r ibut ion i s  required, the doublet-distribution method i s  
rather  d i f f i c u l t  t o  use because the doublet dis t r ibut ion function i s  not 
known but i s  beneath the in tegra l  signs, as i n  equation (13). The camber 
or  angle of a t tack can give the value of the ve r t i ca l  velocity vZ, but 
the function k(xl,yl), the doublet dis t r ibut ion,  i s  not known. This 

type of equation, cal led an in tegra l  equation, i s  often quite d i f f i c u l t  
t o  evaluate. 



When the pressure d i s t r i b u t i o n , i s  given, potent ial  on the 
surface and, therefore, the doublet. dis t r ibut ion can be calculated 
direct ly .  The caniber can then be,obtained by calculating the ve r t i ca l  
velocity at  each point. The d i f f i cu l ty  of solving an in tegra l  equation 
i s  therefore not met i n  t h i s  case. 

In order t o  i l l u s t r a t e  b r i e f ly  the ma,bner in which camber l i nes  may 
be calculated, consider a uniformly loaded triangular wing. The pressure 
coefficient may be prescribed a s  a constant A and, therefore, from the 
pressure equation, vx ' i s  constant; t h a t  is, 

Inasmuch as the potent ia l  i s  the in tegra l  of the velocity vx by 
definit ion, the potent ial  on the surface becomes 

A t  the leading edge, however, @ = 0 and, therefore, the unknown 
function ~ ( y )  may be evaluated as follows: 

X = 191 t an  A (16) 

hence 

F(Y) = - 171 tan A (17 

where A i s  angle of sweepback. 

Since the surface potent ial  dis t r ibut ion and doublet dis t r ibut ion 
a re  equal except f o r  a constant factor  n, the potent ial  of the complete 
flow i s  given by the doublet dis t r ibut ion as 



This in tegra l  can now be evaluated and, from the potent ial  function 
obtained, the v e r t i c a l  velocity a t  the surface may be computed; t h ~ s  
the caniber l i n e s  can be found. The camber on such a wing has been 
given already by Jones fn reference 5. 

In the solution of the in tegra ls  used i n  t h i s  paper the order of 
integration and different iat ion is  found t o  be quite important. The 
solutions a re  d i f f i c u l t  because the elementary solution i s  not defined 
at  i t s  Mach cone. Hadammd (reference 6) has t rea ted  such problems, 
however, and Heaslet and Lomax (reference 7) have applied, h i s  procedure 
t o  the solution of wing problems. 

The foregoing mthod of doublet dis t r ibut ions can be t i e d  in  with 
the familiar vortex-theory concept of incompressible flow. Consider a 
three-dimensional wing represented by a cer ta in  doublet or  surface- 
potent ial  distribution. The circulat ion r about a chordwise s t r i p  can 
be computed i n  the usual manner by i n t e ~ a t i n g  the ve loc i t ies  along a 
l i n e  d i rec t ly  above and below the surface. The circulat ion thus becomes 

The integration is complete a t  the t r a i l i n g  edge because the 
x-component-velocity difference vanishes at  t h i s  point. The potent ial  
difference i n  the wake becomes, then, only a function of y. The pressure 
on the s t r i p  i s  given by the  r e l a t i an  

The l i f t  on the s t r i p  of width dy i s  then 

p T.E. 

This equation shqws t h a t  th3 Joukowski;hy-pothes.is i s  val id  a l so  i n  the 
supersonic r a z e  of f l i g h t  and the familiar coacepts of vortex flow must 
apply. It w i l l  be interest ing t o  shaw how a horseshae vortex can be found 



by a doublet distribution. In  the sketch, consider the area i n  the xy-plane 
enclossd by the s t ra ight  l i n e s  t o  be uniformly covered by doublets, 

The surface potent ial  i n  t h i s  region w i l l  a l so  be constant as discussed 
previously. The circulat ion computed along any c i r c u i t  enclosing the 
boundary of the region w i l l  then be a constant which i s  proportional t o  
the strength of the doublet dis t r ibut ion.  The doublet dis t r ibut ion i s  
therefore seen t o  be equivalent t o  a single vortex l i n e  along the 
bounday of the region considered. This r e s u l t  i s  d i rec t ly  analogous 
t o  t h s t  found i n  incompressible flow; however, the induced velocity 
f i e l d s  i n  the two cases a re  d i f fe rent  except a t  a large distance behind 
the l i f t i n g  l i n e  where they become the same. Any wing and i t s  wake may 
be represented by a vortex dis t r ibut ion i n  the usual manner, although 
f o r  supersonic wing problems the l if t ing-line theory i s  unsatisfactory 
because of the discont inui t ies  present i n  the solutions which make the 
assumptions used i n  l if t ing-line theory very poor indeed. The al ternat ive 
is, of course, t o  proceed t o  a surface dis t r ibut ion of vort ices  or 
doublets i n  which case the objections a re  overcome. Calculations of t h i s  
type have been performed by Schlichting. (see reference 8.) A t  a great  
distance behind the wing, the change i n  potent ial  with respect t o  the 
f l i g h t  direction approaches zero and the d i f f e ren t i a l  equation of motion 

approaches Laplace's equation i n  two dimensions involving only the cross- 
flow velocities.  The downwash produced by the wing i s  then seen t o  be 
affected by only the t r a i l i n g  vortex system as i n  incompressible flow. 
(See reference 3.) It might be supposed tha t  the induced drag of the 
wing could be calculated from the energy i n  the wake; however, an 
additional amount of energy due t o  l i f t  i s  found t o  be transported t o  
in f in i ty  by the sound waves produoed at  the wing. (see reference 10.) 
The calculation of the induced drag f o r  cer tain cases requires the use of 
second-order terms, which were or iginal ly  dropped i n  the analysis. The 
use of such terms is, therefore quite a controversial subject. Available 
information on the subject, however, indicates tha t  s. proceaure i n  which 
thes? terms are  included i s  a t  l e a s t  q i~s l i t a t ive ly  correct. 



Puckett and others have demonstrated t h a t  under cer tain conditions the 
flow over l i f t i n g  surfaces may be obtained by source dis t r ibut ions instead 
of doublet dis t r ibut ions which in7Tolve in tegra l  equations. Such conditions 
mbse when the flow component normal t o  a lead%% edge i s  s9personi.c; then, 
the two sides  become independent. This f a c t  i s  i l l u s t r a t e d  by the f i r s t  
sketch of figure 2. The region of influence of a disturbance on one side 
of t h s  triangular w i ~ g  does not in te rsec t  the leading edge; hence, the 
e f fec t  of the disturbance i s  not f e l t  on the opposite side. The pressure 
dis t r ibut ion on the  surface f o r  the case i n  which the opposite surface 
forms a wedge is  the same a s  t h a t  f o r  the case in which the opposite side 
i s  coincident with the or iginal  surface. The potent ial  can therefore be 
found for  both cases by the source-distribution method. 

The second sketch i n  f igure  2 indicates tha t  when the flow component 
normal t o  the leading edge i s  subsonic, the two surfaces a re  not indepen- 
dent, and the source dis t r ibut ion method cannot be used without fur ther  
consideration. Eward (reference 11) has found a very ingenious way t o  
extend the source-distribution method f o r  calculating l i f t  t o  those cases 
in which the leadfig-edge components of velocity become subsonic. It i s  
assumed t h a t  the wing leading edge i s  extended u n t i l  the normal component 
of flow i s  supersonic and the two sides  become independent. The problem 
i s  th8n t o  determine the proper source dis t r ibut ion over the wing extension 
t h a t  makes the potent ial  difference i n  t h i s  region zero. In f i v e  2 the 
region on the wing extension affect ing the f i e l d  point shown i s  labeled A. 
E-ward discovered t h a t  the e f fec t  of the proper source dis t r ibut ion over 
t h i s  area w a s  equal but opposite i n  sign t o  the e f fec t  produced by the 
sources i n  region B. The potent ial  a t  the f i e l d  point can therefore be 
calculated by performing an integrat ion of the sources over region C. 
Problems involving the use of two interact ing wing extensions a re  no 
longer as simple but  can s t i l l  be done, The aforementioned method i s  
indeed of great  u t i l i t y  a s  it i s  very simple t o  apply and obviates the 
necessity f o r  solving in tegra l  equations. 

The theore t ica l  work discussed herein must be carefully checked 
experimentally before it can be t rusted t o  any great  extent. A t  t h i s  
time it i s  too early t o  s e t  down the limits of appl icabi l i ty ,  such a s  
the Mach number range, maximum angle of attack, or  thickness ra t ios ;  
however, the f a c t  t h a t  the theory i s  of great  value cannot be questioned 
inssmuch as the r e s a l t s  provide a ra ly t i c  expressions from which trends 
and the effects  of variation of parameters may be found. 



1. Von x&&, Theodor, and ~ o o r e ,  Norton B. : Resistance of Slender 
Bodies Moving with Supersonic Velocities with Special Rsference t o  
Project i les .  Trans. A.S.M.E., vol. 54, no. 23, Dec. 15, 1932, 
pp. 303-310. 

/ 
2. Ton K&-, Th.: The Problem of Resistance i n  Compressible Fluids. 

G&,Cn Pub. No. 75, 1936. (From R. Accad. d' I t a l i a ,  c l .  s c i .  f i s . ,  
m a t .  e nat., vol. XIV, 1936.) 

3. Prandtl, L.: Theorie des ~ lugzeugt ragf l&els  i m  zusammendruckbaren 
Medium. Luftfahrtforschung, Bd. 13, N r .  10, Oct. 12, 1936, 
PP* 313-3190 

4. Puckett, Allen E.: Supersonic Wave Drag of Thin Airfoi ls .  Jour. Aero. 
Sci., vol. 13, no. 9, Sspt. 1946, pp. 47-84. 

5.  Jones, Robert T. : Estimated Lif-KDrag Ratios at  Supersonic Speed. 
MACA TN No. 1350, 1947. 

6. HEldamard, Jacques: Lectures on Cauchyts Problem in Linear P a r t i a l  
Different ial  Equations. Yale Univ. Press' ( ~ e w  Haven), 1923. 

7.  Heasle-t, Max A., and L o w ,  Harvard: The Use of SourceSink and 
Doublet Distributions Extended t o  the Solution of Arbitrary 
Boundary Value Problems i n  Supersonic Flow. NACA TN No. 1515, 1948. 

8. Schlichting, H. : Airfo i l  Theory a t  S~lpersonic Speed. NACA TM No. 897, 
1-939 

9, Lagerstrom, P. A., and Graham, Martha E.: Downwash and Sidewash Induced 
'by Three-Dimensional Lif t ing Wings i n  Supersonic Flow. Rep. No. 
SX-13007, Douglas Aircraf t  Co., Inc., April 14, 1947. 

10. Von ~krm&, Theodore : Sl~per sonic Aerodyndc s - Principles  and 
Applications. Jour. Aero. Sci., vol. 14, no. 7, July 1947, 
PP. 373409. 

11. Eward ,  John C. : Distribution of Wave Drag and L i f t  i n  the Vicinity 
of Wing Tips a t  Supsrsonic Speeds. NACA TN No. 1382, 1947. 



Vo SIN A> c 

Figure 1. - Source system in motion. 

Figure 2. - Illustration of Eward ' s  method. 




