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TWO-DIMENSIONAL NONSTATIONARY MODEL OF THE PROPAGATION

OF AN ELECTRCN BEAM IN A VACUUM

S.L. Ginzburg and V.F. D'yachenkc

USSR Academy of Sciences, Keldy h lnstltute

1. The dynamics of a relativicstic electron béam in 1its inherent

of Applled Mathematics_  '.oscow

electromagrietic field, injected into vacuum, are considered, without

taking account of partlecle collisions, within the framework of the
Maxwell-Vlasov equations [1]

Here, E(t,x), H{(t,X) are the electric and magnetic fields, f(t,x,p) is

the electron pulse
W(p) = v’m2ci+c2'§2

elementary charge,
n(t,x) and current

impulse space

The electrons
L along the normal

-I’Ofi‘z*“""éo , div€=-4nen (1)

,g_fn?g; -e (Eﬂgn?x/?])g «0 (2)

distribution function, p, V=w§ is the velocity,

is the electron energy, m is its rest mass, e is the

¢ 1s the velocity of 1light. The electron density

density Jj(t,x) are expressed by the integrals over

ne fhap , Te-eJrien (3)

are injected from a circular plane cathode, of radius

to it, with energy

and producing a current

(4)
W, = yme?
L;=<y%%f$ (5)

the density of which

F - me
Jo = 64/791_"’

(6)

¥Jumbers in the margin Indicate pagination in the foreign text.
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is constant (y and o are assigned constants).

There are no external fields. The plane whi~h contains the
cathode 1s assumed to te equipotential and, consequently, here, the
tangentlal componert of the electric field equals zero.

In cylindrical coordinates r, 2z, Y, where z = 0 is the plane of the /5
cathode, and r = 0 is the axis of symmetry, we obtain two dimersional
problem (1)-(3), with 3/3¢=0, relative to Er(t,r,z), Ez(t,r,z),H (t,r,2)
and f= 6(P¢)F(t,r,z,Pr,Pz), with initlal data at t=0,

Erbambly=Fro, (7)
with the boundary conditions at z=0

epx/:ffg}fﬂ/-hc) at r<i, p, -0 (8)
o at r>L._ p, >0
£;=o
(9)
and with irtrinsiec conditions on the r=0 axis
be=Hp=o , F(R)=FCR) (10)

The following two dimensionless parameters in the problem thus
formulated prove to be declsive

- We 4 2
5\/:___ 6=—g’L=4”9L'

mec? mc

ot o (ll)
the Injected electron energy and current.

2. The problem fcrmulated was solved by computer. To integrate
Vlascv equation (2), a macroparticle model was used. The latter con-
sists of presentation of the electren gas as a discrete set of macro-
particles, each of which 1s a group of electrons with the same coor-
dinates and impulse. OCf course, the electron motion is described by the

equations : y
_— o5 _ o
jg:z/- , -f:—e(é-w«a’-[zrr///).
(12)
The electrcon denslty 1s calculated by the formula
CRET) e SN ST 5 _
bo)s o M 90X (5] (13)




where summing 1s carrled out over all macroparticles, and 8§ is a deltoild
function, with a carrier on the order of the dimensions of the calcu~
lation cell. The current density 1s calculated similarly. /8

The calculation reglon 1ls a cylinder 0<r<r1, 0<z<zl, on the outer
boundaries of which the following conditions are lald dewn

E,,“//r-:o at Z=2,
(14)

EytHyp=0 at rer

which simulates the absence of electrcmagnetlic radiation from the cutsige.

Electrons leaving the boundaries z=0, z=zl, r=r,, are excluded from
the calculation, and those striking the r=0 axis are reflected from it,
in accordance with (10). Quite large values of ri,2z, are chosen, so as
not to affect the recult.

z
L 3. We prcceed to description of the
] calculaticn results. First and foremost, we
note that, in all (with respect to y, o)

T versicrs, practically steady state behavior
is observed. We dwell on transient detalls
below, and we now give the gerieral character-

istics of these behaviors.

The two schemes of mcvement presented in
5 Figs. 1 and 2 are typical. The current lines
for twc versicns, which differ in the magnitude
¢f the injected current {(0=0.2 and o=2, re-
spectively), with the same energy y=2, are

] presented here.

In the first case, we have a uniform, ex-
pandirg beam, propagating along the z axis.
1 In the second case, the movement rattern is

completely different. There is an envelope

. 2 " in tre family of trajectories, the z=z,(r)

Fig. 1. Current at surface, which reflects electrons ("pseudo-
v=z2. 020.2 cathode"), and a ncnuniform, multivelocity flow.
e, Ve c,

3
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Fig. 2. Current at y=2, o=2

On the other hand, there are stabllizing factors, steady state 1in-
Jection from the nearby cathode, constant current drift and a decrease

in density with distance from the axis.

The electrons flow past
the r/znl cone, and a sub-
stantlal fraction of them
returns to the cathode,

4, A priori, it is
clear that conditions are
procduced in the pseudo-
cathode behavior, for the
develeopment of the known two
beam irstability [2]. There
are twe counterteams, for-
ward and reflected, in which
tlre density of the fluxes
le high in the reversal re-
gicn and, consequently,
high frequenclies should be /11
excited.

As the calculation results show, the interaction of all these facters !
results in an c¢scilllatory process, the amplitude of which is small, ard ‘
the average state correspcnds tc the stezdy state behavior pointed out

above.

The transient effects intensify with increase in current. There-

fore, we turn tc the version with y=2, o=4 to describe them. Ez(z)
curves on the r=0 axis at differernt moments c¢f time are presented in
Fig. 3. The points where EZ pacses through zero correspond to the
pseudocathode iccation zy. Ez vs. time i1s shcwn in Fig. 4, at a point
located on the r=C axic near the pseudocathode (z~n0.25L), for the same
vereion, Y=2, 0=4, 1In this area, because of the large field gradiert
in the direction of movement cf its proflle, the amplituce cf the os-
cillations 1s comparable tc the size of the field itself.
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Fig. 3. E, profiles on axls at y=2, o=4.
As a result of the
(1 pseudocathode pulsations,
met™2
3 1 a small fraction of the elec-
trons perlodically prove to be
2 / above 1t, and they are dumped
in the space beyond the cathode.

These pulsatlions give rise
to translient phenomena in the
entire flow. Electrons which
reach the pseudocathode along
one current line acgqulire various
velocities upon reflection from
it and, then, movirg practically rectilinearly, they are located on
curves, the shapes of which are similar to the Jet from an oscillating
hose. The movement of such Jets basically determines the structure of
the weak turbulent flow which arises.

1 2 3 4 § ¢ 7 & 9 10 /L

For this reascn, in deccripticn cf the steady state characteristics

cf the behaviors bty meens of the currenrnt lines, we have representecd the
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Filg. 5. Flow at y=2, ¢=0.5

T — 2/

g Fig. 6. E_ and P, profiles on
5 axls, at v&#2, 0=0V5

latter provisionally in the figures, by a dashed line which shows the

% It can be sald that the tranclent nature c¢f the process 1s reduced
' to the transient nature of the pseudocathode.

5. We know dwell 1in greater
detall on the dependence of the aver-
age steady state prorerties of the
flow on current . We consider ver-
sions with injected electron energles
y=2,

The results of calculation of the
version with 0=0.5 are presented in
Fig. 5. Although, the trajectcries
intersect in a narrow boundary layer,
cn the whole, the team remains uni-
form, with prectically cconstant current
density over the cross section, which
rises slightly at the boundary 1itself.
Compered with the ¢g=0.2 version
(Fig. 1), the rate of broadening of
the beam has increased appreciably.

Curves of the E_(t) and pulse
Pz(z) fields along the z axils are giver
in Fig. 6, for the same version 0=0.5.
The polrnt where Ez=0, Pz=min corre~
sponds tec the mirnilmum potential. Upon
rassing 1t, the flow 1s accelerated.
However, electron energy W(Pz) remains
less thar the initial WO=Ymc2.

On the same terms, the variant
with 0=0.65 1s shown in Figs. 7 and¢ 8.

Uniformity 1is preservea only 1in thre




‘axial region. A pseudocathode
forms in the outer layers. The i ;
outer boundary of the injected 3
beam (current lire V) proves to be '
inside the flow. Eighty percent
of the current mcves outside it.

The version g=0.75 is pre-
sented in Fig. 9. The pseudc~
cathode has formed completely and
reached the axis. The outer layer
of the beam becomes the inner one
(line V)., The flow "was turned
Fig. 7. Flow at ys=2, ¢=0.65 inside cut". The main portion of
the current, 84%, flows in a cone
between lines II and V. A negli-
gible fraction of the current (n4%)

i o

/3

-] leaks through the pseudocathede in
‘& a transient marner. A reverse
current develops. ' 4

As we see, a qualitative re-

&%ﬂ arrgngement of the structure and

shape of the flow occurs cver a

| small interval of change of ¢

g from 0.5 to 0.75. A critical cur- "

3 Y\ L7 rent value can be spoken of, in /19
this case, ocr&O.G.

Fig. 8. E_ and Pz prcfiles on
axis, et yvé2, 0=0765. With further incresse in

current, the flow pattern does not change qualitatively. The pseudo- i
cathode subsides and becomes flatter. The reverse current fraction in-
creases. At 0=2 (Fig. 2) 34% of the electrons return on the z=0 plane

and, at o=4, 56%.

In the outer zone, the flow retains the shape ¢f a cone with the
same angle «A5°. Cf ccurse, the fraction of the current treveling in
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it decreases.

6. We have reported the
calculation results of versions
with injection energy ye=2. At
other y, the quantitative char-
acteristics of the solution are
different, of course, but &ll
the effects described are pre-
served. Fig. 10 gives an idea
of the presence of the pseudo-

~cathode and its height 2z, (at

r=0), in versions with other vy.

Specific informaticn on z,
and acr vs. Y also can be obtain-
ed, by means of analytic estimates.

7. In the limit, as g+=, the
pseudocathode approaches the
cathode without restriction,
z4/L+0. But, with z,<<L, the
finite-dimensions of the cathode
should not affect the processes

- in the axial region. Therefore,

1if the increase of o occurs
through an increase in cathode
radius L, with the density of the
injected current preserved, for
determination of the asymptotes
of the solution in the axial zcme,
a unidimensional version of oupr
problem, 3/9r=0, which corresponds
to an infinite cathode, can be
used.
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This probler was investlgated in 3 . The steady state version of

it has an analytical solution, which can be written in the form

F el 8R) O (W -ymets o o) (15)
[cf;-l/?hvc’ﬁ , & *Homo (16)

in which the relationship between W(Pz) and z is determined, with
0<g<z,, by the integrel

-2 Ve ¢
E%—"f'[f"ff"dx an
4
and z, itself v
& .y [
Bet) oo

Fig.

Precisely these values for the correspending y ere represented in
10 by a dazhed line. The asymptote 4is expressed completely

cleerly.

€. Simple »easuning permits an estimete c¢f the eritical current

acr(y) tc he obtained, at which a chenge in type of behavicr ccours.

Ve finé¢ the ccnditlions of the existence cf a stesdy etate, single
velocity flow, unbounded along the z axls,

b v¢--§, occurs with retention of its total en.rgy, w-e¢-const. Since,
at the time of injection, all the electrons have the sare energy
Wo=Yme, and the cathode plane is equipotential, ¢|,.0"4os

W-epsWy-eq,  Wa2me? (19)
for all electrons in the cntire flow.

The potential satisfies the Pocisson equaticn
r._
4(1'“4’7'61‘? (20)

The motion of ar electron in & steady state field with potentiel

end it is finite at infinity.
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¥or a =ingle velocity flcw, the current density
S=eny (21)

By virtue of the assumed boundedness of the beam with respsct to
r, at each z, evidently, ¢+¢, as r»» . Thig gives a basis for pre-
aenting the radial portiocn of the Laplace cperator in the form

2P wu (22)

where a 1s a dimensionless, indetermincte coerfficlent, and R is the 21
effective radius of the beam, such that

)
Ry ln Gae (23)

is the total current.

Wwith (19), (21)-(23) taken into ccnsideration, we rewrite equaticn

(20) in the form
2

On the assumption that R/z <const, it 1s easy to detzrmine that a
necessary conditiocn of the existence of a bcunded solution of equatioen
(24), a8 z »» , is the possibility of the reduction of its right side
to zerc. Otherwise, either Wee, or the solution exists only in a finite

interval, since ¥W cannct be less thar mca.

By making the right side of (24) equal tc zerc, with fixed I, and
6, we obtain an equation for W. Simple analysis shows that it has 2
reel rcot, only in the event

Caol(yh- )" (25)

This formula gives an estimate of the value of the critical cur-
rent aer(y}« If qn.3, 1t 12 .1 good agreement with tre calculation
results (Fig. 10). In particuiar, this Justifies the "simplicity" of

10
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the reasoning used.
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Lekutslyevskiy and K.V. Khodatayev, the initiators of this work and
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