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ABSTRACT

The problem of forced fluid sloshing in a partially filied spinning
spherical tank is solved numerically using the finite element method.
The governing equations include Coriolis acceleration, empirical fluid
damping and spatially homogeneous vorticity first introduced by Pfeiffer,
An exponential instability similar to flutter is detected in the present
simulation for fill ratios below 50%. This instability appears in the
model as a result of the homogeneous vortex assumption since the free
slosh equations are neutrally stable in the Liapunov sense.
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I. SUMMARY

The Galileo dual-spin Jupiter orbiter spacecraft carries an amount
of fluid that represents about half of the tota) weight. The fluid is
contained in four tanks symmetrically located about the spin axis of the
spacecraft. In order to evaluate the behavior of the fluid slosh in the
spinning configuration as it affects the attitude control, an analysis
was initiated early in the project. An analytical slosh model that
accounts for the steady spacecraft sgin was performed by Messerschmitt-
B&1kow-B1ohm Company (MBB?, at Munich, W. Germany, as part of the effort
of manufacturing the retro-propulsion module for the Galileo spacecraft,
The MBB analysis had several simplifying assumptions:

(a) 1In order to arrive at a practically solvable set of equations,
the vorticity was taken to be independent of the spatial
coordinates while it is a function of time only. This model
was first introduced by Pfeiffer at MBB in 1974.

(b) The steady-state spin as well as angular perturbation was felt
instantaneously in the fluid. Thijs assumption is inconsistent
w;thf%hedmechanism of vortex transfer from the tank wall into
the fluid.

(c) The Coriolis acceleration was retained inside the fluid but
was neglected in the free surface pressure boundary conditions
in order to arrive at an exact differential form,

The assumption of homogeneous vorticity was found to Tead to fic-
titious instabilities for certain fluid fill ratios. The inconsistency
of this model was further substantiated by a stability analysis per-
formed by T. K. Caughey, whu showed that a Liapunov function of the free
vibration equations had a vanishing first time derivative leading to a
neutrally stable system. It was concluded that the MBB analysis is only
valid for fluid fills above 55%.

An equivalent simplified dynamic pendulum model to represent the
fuel slosh was proposed for quick assessment of the fluid effect on the
attitude control system. Further investigation by JPL concluded that it
is impossible to achieve such a simplified equivalence for rotating
tanks where Corjolis acceleration and vorticity prevail. Therefore, a
pendulum model can only give an incomplete fluid behavior representation.

A complete analytical investigation of the fluid behavior is now
believed to be a very complex undertaking that for cost and schedule
reasons is not recommended. Instead, a testing program of the complete
spacecraft with its appropriate inertia, fluid fill, and spin rates is
suggested to obtain an understanding of the attitude control/fluid
interaction.



IT. INTRODUCTION

The problem of 1iquid slosh in spinning containers has lately
received substantial attention as it is an essential step in analyti-
cally assessing the destabilizing energy dissipation in dual-spin space-
craft, The solution of the governing equations is involved due to the
occurrence of the Coriolis term which destroys the self-adiointness of
the Euler equaticns. An alternate set of equations that exctludes the
pressure gradient can be obtained by applying the curl operator on the
Euler equations, thus obtaining the Helmholtz equation of vorticity.

In 1974, Pfeiffer (Ref, 1) introduced the concept of homogenous
vorticity; he argued that the spatially independent vorticity assumes
the value of its average over the fluid volume., Although the assumption
is valid for completely filled ellipsodial cavities, it is only an
approximation for a partially filled cavity.

The fluid perturbation velocity relative to rotating coordinates
fixed in the center of the tank is expressed by:

U =2 =V =0 «3+G X7

 1s the Stokes-Zhukovsky potential. The process of solution starts
with the determination of trial functions by satisfying the problem:

where ¢ is a velocity potential, & is the homogenous vortex vector, and

2

Y @n = ( inV

3¢n Una

ST by on SF (free surface)
Dd)n

w =0 on S, (wetted surface)

where_o, are the eigenvalues of the potential slosh problem. The poten-
tial ¢ satisfies the problem:

v = 0 in v
o . == .
5% = rXn on SF 4 Sw




Substituting the set {s,, ny} and ¥ intu ihe 1inearized Helmholz
equation and free surface boundary conditions arnd using the orthogonal~-
ity of the {#n} set, we arrive at a system_of Yinear ordinary differen-
tial equations in the dependent variables fi(t) and #p(t) (the general-
ized coordinates in the trial function expansion).

The steady spin of the spacecraft is assumed to be felt all over
the fluid instantaneously, although the perjodic anaular motions from
control and nutation are only transmitted to a very thin boundary layer
of fluid adjacent to the wetted surface of the tunk with a radial thick-
2ess on the order of vv/u, where v is the kinematic viscosity and . the

requency.

The method of finite elements was adopted in determining {#n, onl
as well as the coefficients in the resulting ordinary differential
equations. Evaluation of the characteristic eigenvalues indicated that
the equations possess an instability for a range of the angle # (angle
formed by the resultant gravitational acceleration and the spin axis).
The phenomenon is very similar to flutter in the fact that two eigen-
values coalesce in the range of instability. As in the case of flutter
where bending and torsion frequencies approach each other, the present
motion involves the free s:rface and vortex motions. The range of
instability was found to ducrease as the fluid volume ratio (Vfluid/
Vtank) increased, up to & 55% volume ratio, heyond which the motion was
stable for all g,

A stability analysis was then performed on the original governing
equations. A Liapunov functional was established and shown to have a
vanishing first time derivative. This proves that the motion is neu-
trally stable. It would, therefore, appear that the assumption of
homogenous vorticity may be true for filling volumes more than 55%,
while for Tesser volumes this assumption cannot possibly be true, even
approximately,

Great care should then be taken in using Pfeiffer’'s model in flow
problems involving intrinsic resonances.

4
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ITI. EQUATIONS OF MOTION

Let XYZ be a rotating orthogonal coordinate system with origin at
the CG of the spacecraft such that the Z corresponds to the spin axis.
Let xyz be a local rotating orthogonal coordinate system with its origin
at the center of the spinning spherical tank and parallel to XYZ. The
angular velocity vector of XYZ with respect to inertial space is:

by = 8 B (1)



where & = gk 1is the steady-state spin about Z, and = 1s the perturba-
tion angular velocity vector applied to the spacecraft from control,
rigid body, and elastic appendage motions.

Let R be the position vector from the spacecraft center of mass C
to any point P in the volume V or boundary S of the sphere. Then,

R = R + P (2)

Ro 1s the radius vector from C to the sphere center o, and © is the
radius vector from o to any point in V or on S (Figure 1).

The total velocity vector at P(x,y,z) 1s:

- dR d 5 o2 = T4l 4B xb (3)
L A (Ro +r) Vot U+ 2 X ¥ }

Yher§ Vo = dﬁo/dt, and U is the liquid particle velocity relative to
Xyz).

At this point it is necessary to understand the mechanisms of
transfer of vorticity from the boundary of the tank to the contained
fluid. Assume that the tank is motionless for t « to and that the spin
about Z reaches its steady-state value of 9¢ by accelerating smoothly
in order not to incur any ripples on the free surface. Vorticity can
only be transmitted to the liquid by stresses tangential to the boundary
as those generated by viscosity. It can be shown that vortex motion 1in
a viscous fluid is governed by the diffusion equation, It is evident
from the solution that the time it takes to achieve a uniform fluid

vortex is of the order:
- olaz (4a)
t - 0(4‘))

where a is the radius of the sphere, and v is the kinematic viscosity of
the Tiquid. Furthermore, enforcing a steady periodic excitation to the
same vorticity equation shows that only a thin boundary layer of fluid
is entrained, having a radial thickness of:

2 4b
sr...og_é'z‘) (4b)



The results (4a, b) demonstrate that although a steady-state spin
equilibrium may be reached throughout the viscous 1iquid after some
transient time, small periodic rotations will never be transmitted in
the core of the 1iquid and can, therefore, be neglected.

The above argument explains the use of (fig x F) rather than (IR x F)
in equation (3), since the latter form is inconsistent with the proper
mechanism of vortex transmission discussed above,

The total acceleration vector at P(x,y,z) is:

a = %% = o X R+ Ay X (ﬁg X R) + %%~+ 2;0 X b (5)

The centrifugal acceleration term i, x (i, x R) does not include the

perturbation angular velocity «, since thls latter motion is not felt by

Eze :éuig:t Using the definition of the substantial derivative d/dt and
e identity:

Bovd o= gt - Gx (VX 0)

in the momentum equation, we get:

(6)

where p and p are the fluid density and pressure, respectively, and f is
the constant body force per unit mass. Superscript ('° denotes the par-
tial derivative with respect to time. For an incompressible 1iquid, the
continuity equation has the form:

V,§,=o::>v-ﬁ=0 (7)

We distinguish two sets of kinematic boundary conditions:

A Neuman condition on the wetted surface S, enforcing
no flow through the boundary:

ven =0=PDiu-n =0 ons (8a)

-
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Let F(R,t) = 0 be the equation of the free surface., Then,

so—

t ot

'

gF(h,t) - g,lti(ﬁ,i;) + 0 VF(R,t) = 0 (8b)

In addition to the kinematic relations, the dynamic condition of
constant pressure at the free surface Sp is imposed:

p(R,t) = constant on Sg (8c)

In general, the relative velocity vector U can be expressed as a
combination of an jrrotational potential and a rotational term to allow

for vorticity:

U= Vo + 8 X7 (9)
where

loxv = 8. = & +@

2 F 0

is the total vorticity. Using the definition in (10) and relation (3):
=YXV =VXU+VKX (@0 X r)

> vxi = 20+8) ~vx(@, xF) = 28

Therefore,

-

ux(vxu) = 28 xu

Substituting (9) in (7) leads to:

Ve = 0 (10)

—~— .



T R T,

Substituting (9) in (8a), we arrive at the boundary condition tor ¢:

(M)

The form of the boundary condition (11) suggests representing ¢ in the
form

¢ = ~p-0-9 (12)

We now introduce the concept of homogenous vortex moticn (Ref. 1).
Assume that the vorticity & is independent of the spatial coordinates
and is only a function of time. This assumption is an approximation for
the partially filled tank, while it is an exact description for rotating
motions of jdeal fluids totally filling spheroidal containers (Ref. 2).
Based on this assumption, (11) can be rewritten as:

W oo myny.p o= 2, g 09
an (FPxn) -0 = Y AT on S,

Since the operator on ¥ and associated boundary condition can be
prescribed arbitrarily, let:

v2p = 0in V; 3% = pXxn on s, +Sg
2 (13)
=92 = 0inV; 5 = 0 on S,

The Stokes-Zhukovsky potential vector y is used to satisfy the
inhomogenous boundary condition (11). The scalar potential ¢ satisfies
a homogenous Neuman condition on Sw and, as will be shown later, the
linearized free surface condition. Substituting (13) in (10) with the
assumption that & = Q(t):

U = -V6-QR-W+axr (14)

—~



The linearized free surface condition is now derived. At first we
define the steady-state equilibrium free surface equation by estimating
all time-dependent quantities in the momentum equation (6):

8, x (8, x R) = -%'po +f

where subscript "o" denotes quantilies at equilibrium. Rewriting the
cross product in the form of a gradient and using the dynamic condition
on the free surface (8c):

XRP - F+«R = const. (18)

If the body force is a thrust -go along the Z axis, then f-R=-g,Zk,
where k is a unit vector along z. The steady-state free surface equa-
tion becomes:

- 1o 2(x2 + y2) - -C =0
Fo(XY,2) = 50 2(K% + ¥2) - 9.2 - Gy

]

Fo(X,Y,2) = 0 describes a paraboloid of revolution, where C, is a con-
stant that can be determined from the known fluid volume (Figure 2.)

Let n be the perturbation wave height in the direction normal to
the free surface and (z,p) its components in the Z and R directions.
Incrementing R by p and Z by ¢ and retaining terms to the same order of
smallness in (15{,

o= 8 R - gL (16)

where p' is the perturbation free surface pressure. Let ng and nz be
the direction cosines of the unit normal to the free surface. Then
(Figure 2),

N = _1 % - _Qosz

R gp IR 9%

n = ..-]_._a.[q_ = gg (]7)
Z 9p 81 9p

o = \/gz + (2,2R )2

—
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Substituting (17) in (16) and noting that

n = '(an + nzC)

we obtain the perturbed free surface boundary condition

B = gon (18)
By definition,
no=n-.u on Sg (19)
Substituting (14) in (19) using (13),
ho= -n.ovg = -8R (20)

(20) states that the perturbation velocity normal to the free surface
results only from the potential ¢, while ¥ is purely geometric. Substi-
tuting (14) in (6) using (3) and (5),

+

8 02 . 3 4R _FL.R+102+ (5 xR) - P-sf x@
{20l F Rk (xR - PR, x R

-The physical meaning of each of the terms in (21) is elaborated in
what follows:

%% unsteady translational potential satisfying the
free surface boundary condition

g-- f.R pressure and body forces

Jz_a 2 convective acceleration



perturbation tangential acceleration caused by

(@ x Ry) - ¥ rotation about the spin axis assuming that only
translational oscillations are transmitted to the
1iquid

%(ﬁo X §)2 steady-state centrifugal acceleration

%% X r tangential acceleration from vortex oscillations

2§F X U total Coriolis acceleration from spin and vortex

motions

In order to express the perturbation pressure_at the_free surface
p' (equation 18) explicitly in terms of the ¢, 2, w, and 9 , the terms

ot.
>

r o+ 2§F X U (22)

are omitted in (21) so that the momentum equation may be expressed as an
exact differential, That is,

'~
P

DI
~F>
+
el
<
1
——
€
x
=
N
-1

(23)

The neglect of the acceleration terms (22) is cons1stent with the
linearized free surface condition (18). Eliminating p'/p from (18) and
(23), we obtain the perturbed free surface boundary condition:

«+k>

cPH(FxR) W (24a)

gRn o

Differentiating (24a) with respect to time and eliminating f using (20),

2 v e (e . .
9% g% + gfg ~ o0 .- (Qo Xr)xRY @

- (FxR) - w (24b)

; An approximate solution to the slosh problem can be found by adopt-
ing the Galerkin technique. A set of simple trial functions is sought

10
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that satisy the boundary conditions of the irrotat1ona1 problem (equa-
tion (24b) with & = & = 0). A candidate set is composed of the eigen-

functions of the problem:

v2¢o = 0 in V

89,

T = 0 on s, (25)
2

a¢o 1 9 s _

wn tgaer T 0 on S

The eigenfunctions of problem (25) satisfy the orthogonality condition

./i-_¢ ¢ s = &

where 6mn is the Kronecker delta,

The functions ¢ and n in (24a) are expressed in terms of a trunca-

ted series in ¢n:

N
o(R) = Z] a(t)e, (R)
N

n
, (26)
MR = D) g (t)en (R)
n=1
Combining (20) and (25) using (26), we obtain:
a9, o2
D L
- - 1.
== - En:gRe,, % (27)

where {o,} are the eigenfrequencies of problem (25).

-1
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Equation (27) yields to relations between En and A,

£, = "’nz"n (28)

Substituting (26) and (28) in (24a),
N
1 . L . - o= s
Do lakz by rsa)o = B B GxR)E ()
ne=1

Multiplying both sides of (29) by $,/9g, integrating aver the
free surface, and using the orthogonality of "the {¢,} set,

N
by ¥ ontey = 2 (Ajpdy ¥ Cypfhy)
i=1

. dw
{Ain} ) '?;[Ro]{bin}

o
{Cin} = 7 14}
- f b/ 9pdS (30)

S

F ’
- a%, oV
Yn %[yi'é-x;"kds - é’n"é‘rrds

f(?'xﬁ)i ¢, dS
S

b f 9%y, ds f X,
in T Mk S T Snag N B

./‘"-n ny ds
S

[Ro] is the skew symmetric tensor form of Tio.

12




The total vorticity fz; is governed by the Helmhoiz equation in
rotating cordinates:

diak
T

= (A - v) ¥

¥

. (31)
XV

fe]]

T % >
n

NA—’

(31) can be derived by applying the curl operator to both sides of the
momentum equation. In order to remove the spatial dependence, we define
an average vorticity over the volume:

)
Averaging equation (31),

)
The expression for V is found by combining (3) and (14):
Vo= g xRo+R.XF -G v - v (33)

The gradient of the first two terms in (33) vanishes identically.
The contribution of the third terms v{(3) is:

- . = - 95 .
(QF v)vi Z 2y Bx; (2 vq:‘].)
j=1
Averaging throughout the volume and linearizing,
3

-%— f(s'z'F . v)vi(s)dv = - Z QJRU

J=1

8 /=
B, W) A (34)

——d,
[ 4
<f—

<[—
m\‘ <k.~_\

o

2, oV,
. N R )
F \U njds = v_/ax3"1
S

13
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The 1inearized average of the fourth term '\7(4) can be expressed as:

‘l N
TSR

y n=j
(35)

0 Q a¢
= -9- iL G\ = ..9- ......0..'
v faz(w’n)d\' v faz nds
) S

The linearized vector equation for homogeneous vorticity is then:

54 (R+ TP hy (36)
94-(R+szo)n = n.-‘"}:zgn

where R is a tensor whose components are given by (34), Tfn is the vector
defined in (35), and ’5 is the skew symmetric tensor of vecto e

The coupled equations given by (30) and (36) define the approximate
rotational unsteady slosh motion of an ideal fluid with homogeneous

vorticity in a spinning tank. The time history can be calculated once
the truncated sets {fbn} and {c }are determined.

IV. SLOSH FORCES AND MOMENTS

The slosh force and moment vectors (F, T), acting at the spacecraft
reference point, are given by:

F fpﬁ ds = pr dv (37)
S

v

1

T fﬁxpﬁds = fﬁprdv (38)
S v

14



Using the expression for ¥p in (6) and the definitions of u in (14),

""P{ §VU2+ﬂXU+282XU+wRXR

R, % (8, x R) - f} (39)
U = =9p=-(2 - 9)p+8xr
$ = - ¢
= % "N
= L
" rﬁ:l g °n P
Substituting (39) in (37),
Fo= mif- R, X (§0x§)}+ MR, X )
N e (kv g 27
- 2]{7,;2 (bngn 2, X by &y *op dngn>} (40)
n.‘:
5 = %fﬁdv = R, +§ (fluid c6)
v
ab, f
in f‘é&‘rd" AL
y 1 S
d = _/ ¢, N, dS
n n
°F

The terms M(F - ©_ x (R x S)) represent the equilibrium constant
thrust and centrifugal®body forces. The term M(R, X %) is the trans-
lational force (constant throuqhout the fluid) generated by the per-
turbation angular acceleration &. The last bracket of (40 1nvo1ves the
slosh unsteady forces as it depends on the generalized coordinates F
and their derivatives:

Bngn ~—— = translation inertia of slosh
250 X Bnén ————= Coriolis force due to relative velocity
anencn2 ————mrestoring force ficn potential energy

15



Note that the Coriolis effect is equivalent to a velocity proportional
damping force. Substituting (39) in (38),

N
- L1034 R R 2% (41)
nf-;'l 5 {(an * Robn) By + W08, * o 1:nf;n}

S is the skew symmetric tensor of vector § in (40)

>
n
©
ht
-
o
-

v
- T
B = pfrny dS
S
C = p_[F’erV
v
B = -engsy, fr~ (V) dv
v

- = = Jrhoe ds \
F .

/ / |

b= Jioe,ds gn=an¢nds

o= & + Ry S = RRy *+ SRy

= R T e al -MR SR

U:[(Mo +C)ﬂo] 0 0

V=D-MR°$'2°S

wn= Fn’Robn

16




T e e O s

Quantitics superscripted by (®) are tensors, while (*) denotes the
skew symetric matrix form of a vector., The first three moment terms
in (41) result from the first three force terms in (40), while the &y
dependent contributions are born from the slosh unsteady forces. The
& and {} dependent terms correspond to the couples produced by the vortex
tangential acceleration and Coriolis acceleration, respectively.

V. PROCESS OF SOLUTION

The eignevalue problem (25) and the inhomogeneous potential problem

¥ are solved using finite elements, Essentially, the fluid domain

bounded by the sphere wall and the equilibrium free surface is sub-

divided into isoparametric finite elements. The Laplace equation and
;ree surface boundary condition are written in a quadratic integral
orm:

| 2 x|
I = dv - —42 dS
(¢) gvf(w) gingp d (42a)
Hyy) = v‘zf(vwi)-”-dv - S[(‘y‘ X 11),¥; ds (42b)
v

The condition that the first variation of the functional in (42a)
be stationary leads to the lLaplace equation and free surface boundary
condition in (25). A similar process on (42b) leads to the Laplace
equation and inhomogeneous Neumann conditions of the potential .

The functional I(4¢) can be discretized as:

* \
o) = 5 100)(4tK)) (43)

where M* is the total number of finite elements in the fluid volume V.,
Within each element, the field variable ¢ can be expressed in terms of
its values at the nodal points using the interpolation functions

Ni(d)(x,y,z):
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n* denotes the number of nodes for some element and @1 is the field
¥ariab1e at node 1, The condition that the functional I be stationary
5%

"k
sie) = 3 a1fklplk)y g

i
(k)

w.l-(&-:-a:-la = 0 1‘1,0!.’"
L

Using (42a) and (44),

ng ‘ [Ny o oNy oy oN, fﬁi]} W
i=1

[ox 3x oy a8y Bz oz

Sy f{:ﬁ%ds} by = 0 M,

Sk
which can be writcten in matrix form for each element as:
*
N (k) (k) -
=1
aN; oN ON, N, 8N, oN
(k) (T LT i .
My’ = \x % ey ey T e mek OV v (45)
ng) = ﬂiﬁi on S
1J 9p X F

where 43 denotes the_column_vector of_the nodal values ¢j. Furthermore,
by splitting 4 into ¢ and ¢, where ¢2 contains the free surface nodes
only, (45) becomes:

A A 0 o]

[ ] 2:] - A [ ] {-1 = 0
B, B, o 8| |3,

= [(B, - 8, A7 &) - 28] G, = 0
SR R

b= M Ay
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Applying tne above procedure to the functional I(§(k)) with the same
interpolation functions Ny(x,y,z) leads to a set of inhomogeneous
simultaneous equations of the form:

5 alfy o b ey (47)

J=1

A§§) is identical to the matrix in (45) and

* - -
by = gr(r X n),i Ny dS

VI, SLOSH DAMPING SIMULATION

The energy dissipation associated with a sloshing liquid is
qoverned by many complex processes that depend mainly on:

(a) Fluid kinematic viscosity

(b) Frequency and amplitude of excitation

(c) Tank geometry and fluid volume

(d)
qualitaiively the damping mochanion (Rer -10: 1t 15 thougnt. 1n this

work that the problem is tractable only through empiricism that relies
largely on experiment.

Ratio between centrifugal and thrust accelerations

Summer and Stofan (Ref, 5) measured slosh forces on spherical tanks
subjected to translational periodic motions of various amplitudes. The
1iquid kinematic viscosity ranged fram .29 x ]O-g mé/sec (10-° ft/sec)
for water to a maximum of 9.29 x 10~% m</sec (107° ft</sec) for glycerine,
For some fixed geometry and 1iquid properties, the nondimensional first
mode slosh force Fg/pgD?® was found to vary linearly with the excitation
amplitude parameter X /D for small XO/D, where

Fs = glosh force

p = 1iquid density

g = gravitational acceleration (or thrust)
D = tank diameter

Xo = amplitude of periodic excitation

19



A smooth transition region follows, beyond which the slosh force
asymptotes to a constant value depending on liquid kinematic viscosity.

The observed trend can be explained as follows. For small amplitude
vibrations, Fg is proportional to X, as expected for a linear oscillator
with constant proportional damping:

X X
=2 1 ;5 < 0(1)
D Vw? - wZ)2 + (2 ww,)?

= 3
=> Fs CF pg D

CF = force coefficient function of geometry and fluid filling
W0, = excitation and resonant frequencies, respectively
% = equivalent viscous damping

t dependz only on kinematic viscosity for linear motions. As the ampli-
tude increases, free surface motions become nonlinear while the observed
asymptotic behavior suggests that z is proportional to XO/D (CﬂCQXO/D);

= F. = C. pgD? st -(i‘l>2>0(1)
s © Vg PV T \D
rg
It appears from the above limiting cases that the ¢ variance with

XO/D is a hyperbola:
X \2
= 2 2{—a 8
c—\/c:o *‘1(0) (48)

An empirically derived expression for %o is given in (Ref. 5) in

»
S mma .

the form:
e . 0.3 (v x 10“) 039 ) .
() 2\ g D3 h'"a (49)
G0 - LN e e o
fu(h)) = & for  Ls

h is the depth of the quiescent liquid in the tank.
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In order to determine the dependence of %, on the 1iquid and
geometric parameters, the steady-state slosh was computed for a periodic
excitation corresponding to the fundamental siosh resonance in transla-
tion. A viscous damping term, proportional to the free surface normal
velocity, was introduced in equation (30):

(33 ‘ . 2 = ; - :
€, * 2% o & +o2¢ = flo, 8, Q) (50)

The damping factor ¢ was varied until a numerical value of the
slosh force Fg coincided with the experimental value. A hyperbola was then
fitted to the resulting {z, X /D} set in the form:

X \4
L = JCOZ + 10(1 + 2"50)(7)9-) (51)

The frequency response spectrum was computed for a periodically
excited spherical tank based on the damping factor expression (51). The
geometric and liquid characteristics were:

a =184 cm (7.25 in.) h o
3 3 Xo
o = 1000 kg/m" (62.2 1b/ft") D" 0.0083
0.5 < n* < 2.0 g = 9.8] m/sec® (32.2 ft/secz)

n* is the nondimensional frequency parameter
a
* - w ——
n g

Figure 3 compares the present analysis with test data from Ref. 12.
The correlation is satijsfactory up to n* = 1.3 just after the funda-
mental slosh resonance. Beyond this point, the analysis tends to under-
estimate the slosh force, while the error increases uniformly with fre-
%u$?cy. A possible explanation for this discrepancy is given in what
ollows.

Liquid slosh in spherical tanks falls in one of four different
regimes:

(1) At low frequencies (n* < 1.1) the small amplitude free surface
motion is in phase with the excitation. The Tiquid is mainly
acted upon by slug forces (externally applied translational
accelerations). The response is very similar to that of a

21
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linear damped single degree of freedom oscillator having a
mass equa) to the total fluid mass.

- (2) As the frequency increases beyond n* = 1.1, the fundamental
resonance is approached, This results in an increase of the
Tiquid mobility (degrees of freedom) and greater free surface
amplitude. The slosh wave is broken down into small drops as
a result of splashing against the tank wall, In addition, it
froths due to surface cavitation and releasc of entrained
vapor. These phenomena are associated with an appreciable
increase in energy loss that is considerabiy higher than that
in the linear regime.

(3) Beyond the first resonance (n* > 1.25), the excitation and
response are out of phase. This leads to an increase in
relative velocity between the slosh wave and the solid
boundary. Breaking of the slosh wave as it follows the
adverse slope of the wall occurs whenever the tank is more
than 40% full and the wave amplitude is sufficiently large,.

It is believed that the dissipation mechanism is far more omplex
in the case of a spinning tank. Experiments were conducted at Hughes
Aircraft in 1972 (Ref. 13) on a spinning table supported by an air
bearing. The measured rate of energy dissipation from slosh was found
orders of magnitude higher than that predicted analytically. In fact,
the energy dissipation from slosh has destabilizing effects for a
certain range of the ratio between spin and transverse inertias of the
spacecraft.

VII. NUMERICAL RESULTS

Since the resultant gravitational acceleration gp enters as a
parameter in thg definition of the nondimensional frequencies, a value
9R ; 9.81 m/sec was assumed throughout the computations while the
angle g:

B = tan”

1 (Rox * Sx)Qo2
g

was varied by changing both thrust g and spin rate Q. for a mixed geom-

etery and fluid volume. The "Galileo" tank was assumed with the follow-

ing parameters:

0.37 m

o2
n

=
1]

ox 0.64 m
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872 kg/m®  (1ight-fluid)

p:
v = 0,277 X 10'6 m2/sec
Y15quid'tank = 0.5

The tank was spun to a constant rate (o,) on a rigid platform with
a superimposed periodic excitation about the spin axis such that the
equivalent maximum oscillatory amplitude at the center of the tank was
always one percent of the tank diameter (XO/D = 0,01). Thus,

w, sin et k

w
D

w = 0.01 2%
ROX

where w, and w are the excitation amplitude and frequency, respectively.

Table 1 shows three test cases in the g range of interest,

The_variation of steady-state nondimensional circumferential force
Fy/(pgpD3X0/D) with frequency parameter n* for the three cases in
Table T are shown Figures 4,5, and 6. As ~xpected, case A (no spin)
exhibits one resonance at n* = 71.25. A similar behavior is noticed for
case C (no thrust) except that the resonance occurs at a Jower n* = 1,04,
The response for case B is different in that three resonances are
encountered. The first resonance is associated with a vortex dominant
motion, The next two resonance correspond to mostly potential jrrota-
tional modes about two orthogonal axes on the free surface. A weak
fourth resonance can be detected at n* = 1.6 and relates to the slosh
mode with two circumferential nodes at the free surface. '

In the process of numerical experiments, a slosh instability was
detected fluid fills V = (V#1yid/Vtank) less than 0.55. The exponential
instability was_found to exist in a range of B angles_that depends on
the fluid fi11 V. The range is largest at the lower ¥ and decreases

Table 1. Representative test cases

Voo ’ s
S I P B )
A 0.5 2.0 9.81 9.81 0.01
B 0.5 31.5 5.50 9.8] 52
C 0.5 34.0 0.0 9.81 90
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uniformly as V increases to a ¥ of 0.55, be{ond which the instability
vanishes. The stability boundary (Figure 7) is independent of the
resultant gr.avitational acceleration 9p-

The unexpected occurrence of the instability suggested further
investigation into its nature and mechanism. The complex characteristic
eigenvalues of the governing system of Tinear differential equations
(30) and (36) were determined for different V in the range 0 < 8 <
90 deg. The varjation of the nondimensional imaginary roots represent-
ing the frequencies and their corresponding nondimensional real parts
representing the dampina is plotted versus g in Figures 8 through 14
with V as a parameter. For low V (nearly empty tank) the first fre-
quency vanishes at 8 = 0, then rapidly increases to coalesce with the
second resonance in the range of <instability. The two frequencies then
separate once more in the stable regime, while the iowest frequency
approaches a finite value as £ reaches 90 deg. The damping associated
with the first frequency starts at zero for B = 0, while that corre-
sponding to the second frequency is finite. As the instability region
is approached, the first mode damping assumes larger negative values,
while the second mode becomes overly damped. This behavior ceases as
we exit the instability range. The frequency separation between the
first two modes increases uniformly with fluid fi11 V, an indication of
a weaker instability. The dashed lines represent the first two reso-
nances of the approximate eigenvalue problem (25). The different
negative damping parameters of the first mode are plotted against g
with V as a parameter in Figure 15.

The phenomenon bears resemblance to aeroelastic flutter in which
the bending and torsional elastic wing frequencies coalesce (Ref. 14).
In the present model, the vortex and irrotational slosh frequencies
couple in a manner similar to the wing frequencies in flutter,

VITI., STABILITY ANALYSIS OF FREE SLOSHING

A separate stability analysis on the "free-slosh" equations was
performed for all cavity fill ratios and all values of 0 < g < 90 deg.

Consider Euler's equation for fluid motion in a rotating system
(Eqg. 6 with @ = & = 0) with homogeneous boundary conditions given Ly
(8a,b,c). The steady-state solution is given by (15).

Let ¥(x,t) be the infinitesimal perturbational velocity of the
fluid, and p1(x,t) be the infinitesimal perturbational pressure. Then,
using (6) and (15), the equation of perturbed motion of the fluid is:

v - = 1
st 2 xV -5y (52)

v.v =0 inV
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Outside of V, there is a "gravitational field" 5; given by:

9o = w?[xI+yj] = gk (83)

As a result of the perturbed motion, the free surface is perturbed.
Let the elevation of the perturbed free surface relative to the equili-
brium free surface SF be denoted by z, measured normal to SF .
0 . 0
From (15) and (53) it is easily seen that Gé is normal to the free
surface, and is directed into the fluid,

As before,

v.n=0 on S
Yo

The pressure on the equilibrium free surface SF is given by:

0
P1 = p§e .z on SF (correct to 0(z))
SF‘ 0
0
Consider the Liapunov functional (Ref. 15):
= 1 VeV 1 2
L"szV'VdV(,*nge /; dSF (54)
Vo Se 0
0

9o = Gg* D

Consider the time derivative of L:

L o- f"v'atdvo+f"9e;at 43¢ (65)
) S 0
0 Fo
Using (52) in (55):
= TR v L
L = -\.l[p(Zﬁxv v+pv Vpl)dVO+S[pger,,atdsFo
0 Fo

25



Usin? the divergence theorem on the remaining terms in the first

integral (note 4xv.v = 0),
L = f V. vdV f ndS -fpl\'l.ﬁds +_[pg -a%dsF
Vo S Fo 3 o S e’ d
Wo 0
Now
V.V = 0dinV; V.n = O0onS. ; v.n = 2&ons
o’ ' wo’ ot Fo

PL = POet on S

Hence, L = 0. Thus, the functional

"“f V.vdv '%'fgpt.:zds
F Fo

is conserved in free sloshing. Therefore, free sloshing is stable
(marginally stable).

This proves the assumption of homogeneous vorticity is invalid for
problems of free sloshing and, therefore, by implication, for problems
of forced sloshing.

.
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Figure 1. Reference and local rotating coordinate systems
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