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PRELIMINARY DESIGN OF 
LARGE REFLgCTORS iJITH FLAT FACETS 

Pradeep K. Agrawal,* Melvin S. Anderson and Michael F. Sard 

ABSTRACT 

A concept f o r  approximating curved antenna surfaces using f l a t  face ts  
is discussed. A preliminary design technique f o r  determining t h e  s i z e  of 
the  r e f l ec to r  surface face ts  necessary t o  meet antenna surface accuracy 
requirements is  presented. A proposed l a rge  Microwave Radiometer S a t e l l i t e  
is selected as an application, and t h e  far-f ield electromagnetic response 
of a faceted re f l ec to r  surface is compared with t h a t  from a spherical  
r e f l ec to r  surface. 

INTRODUCTION 

Recent research studies [I] ,  [2] indicate increased i n t e r e s t  i n  the  
f e a s i b i l i t y  of assembling and operating large-aperture antennas in  space. 
A challenging potential  application of a large  space antenna system is the  
Microwave Radiometer S a t e l l i t e  (MRS) [3] , [b]  . When orbi t ing  a t  an a l t i t u d e  
of 650 km and operating at a frequency of  1 GHz, t h i s  antenna system is 
required t o  produce simultaneously 200 contiguous beams each having a foot- 
p r in t  diameter of 1 km on earth.  This resolution requirement plus the  
requirement f o r  90 percent beam eff iciency y ie lds  a r e f l ec to r  with a 
1150m spherical  radius and an aperture diameter of  660111. 

A typica l  s t ruc tu ra l  concept fo r  such a system is  shown i n  Fig. 1. 
The concept consists  of a la rge  str. .:ural t r u s s  network with a mesh o r  
membrane re f l ec to r  surface. The t r , .ngular  arrangement of  nodes shown i n  
Fig. 1 is  typica l  of many proposed concepts f o r  l a rge  space s t ruc tures  
because of desirable s t ruc tu ra l  charac ter is t ics .  Of i n t e r e s t  i n  the  present 
paper is how the  s t ruc tu ra l  nodal pat tern might be  used t o  support f l a t  

*P. Agrawal was v i t h  NASA Langley Research Center, Hampton, VA 23665. 
He is  now with RCA Missile and Surface Radar Div., Moorestown, N J  08057. 
M. Anderson and b:. Card are  w i t h  NASA Langley Research Center, Hampton, 
VA 23665. 



membrane facets  t h a t  would s a t i s f a c t o r i l y  approximate t h e  desired r e f l e c t o r  
surface. One a t t r a c t i v e  approach f o r  erec t ing  a l a rge  ref lec t ing  antenna 
i n  space is t o  assemble an ar ray  of deployable t r u s s  modules each of  which 
supports a ref lec t ing  face t  as depicted i n  Fig. 2.* Near-optical f l a tness  
of these  f ace t s  i n  t h i s  r e f l e c t o r  concept can be achieved by tensioning a 
membrane with as few connections t o  the  t r u s s  as possible 151. A nearly 
t r iangular  membrane facet  is shown i n  Fig. 3 i n  which mirror-quality f l a tness  
has been achieved using only three  tensioned-cable attachments. 

Antenna accuracy requirements a r e  often specif ied by the  root-mean- 
square deviation (dm)  of the  ac tual  surface from the  desired surface. 
The purpose of the  present paper is t o  present a preliminary design 
technique f o r  determining t h e  s i z e  of the  r e f l ec to r  surface face t s  required 
t o  meet specif ied antenna surface accuracy requirements. Only t h e  r e g u l w  
but known deviation of t h e  flat facet from t h e  desired surface is considered 
and errors f r o m  other  sources are not included. Equations and generali-ed 
design curves are presented i n  the  paper f o r  both t r iangular  and hexagonal 
surface face ts  which approximate spherical  o r  paraboloidal surfaces. The 
proposed Microwave Radiometer S a t e l l i t e  r e f l e c t o r  is chosen as an i l l u s t r a t i v e  
example, and t h e  far - f ie ld  electromagnetic response of r e f l ec to r  surfaces 
with e i the r  t r iangular  o r  hexagonal face ts  is compared with t h a t  from a 
spherical  r e f l ec to r  surface. 

REFLECTOR SURFACE ERRORS 

Faceted Surface Geometry 

To subdivide a surface of revolution the  geometric scheme proposed i n  
[6] was a3opted. The mapping procedure is  i l l u s t r a t e d  i n  Fig. 4. A surface 
of revolution is divided a t  the  aperture c i r c l e  i n t o  N equal segments. 
A l i n e  connecting these points t o  the  center of the  r e f l ec to r  forms t h e  N 
sided pyramid shown in  the  upper par t  of Fig. 4. Each s ide  of the  pyramid 
is  then subdivided i n t o  M equal pa r t s  (bays) t o  form subelements. 
Finally, t h e  points of intersect ion of these t r i ang les  a r e  projected o r  
mapped on t h e  surface using a sui table  origin of coordinates t o  obtain 
the  f i n a l  nodal coordinates of the  members. It was found [6] t h a t  f o r  
shallcw re f l ec to r s  s i x  aperture divisions (~=6) and a center  of  projection 
at the  center  of curvature fo r  the  point  a t  the  center  of the  r e f l ec to r  
resulted in  nearly uniform t r iangular  face ts  t h a t  were close . to having 
equal sides. This method of subdivision was used i n  a l l  the  studies of 
t h i s  report.  

*A patent disclosure on t h i s  "Deployable Module for Constructing Large 
Surfaces" has been f i l e d  a t  the  Langley Research Center by H. Bush, 
M. Mikulas, Jr., and R. Wallsom. 
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Root-Mean-Square Surface Deviation 

To determine the  acceptable s i z e  of  a face t  f o r  preliminary antenna 
re f l ec to r  designs, t h e  root-mean-square deviation (62ms) of the  f l a t  t r iangular  
surfaces from the  ideal  r e f l ec to r  surface is  employed. Equations f o r  
determining 6- f o r  a general t r i ang le  with ve r t i ces  located on a sphere 
o r  paraboloid are given i n  the  Appendix. 

An i l l u s t r a t i v e  preliminary design result f o r  t h e  Microwave Radiometer 
S a t e l l i t e  r e f l ec to r  i s  shown i n  Fig. 5. I n  t h i s  example, a spherical  r e f l ec to r  
was invest igated with s i x  circumferential subdivisions ( ~ = 6 )  t o  obtain 
nearLy equal-sided facets .  The surface deviation i s  shown i n  Fig. 5 
f o r  t h e  number of beys M ranging from 1 3  t o  25. The v e r t i c a l  bar  f o r  
each M indicates t h e  range of d iscre te  member lengths and is  p lo t ted  a t  
the  6- f o r  tha t  configuration. The geometry of t h e  surface with ~ = 1 6  
is shown i n  Fig. 6. 

Simplified Facet Sizing Equations 

I f  the  r e f l ec to r  under consideration is  shallow, t h e  face ts  tend toward 
equi la tera l  t r i ang les  and the  p i n c i p a l  curvatures a r e  nearly equal f o r  any 
surface of revolution. Thus the  6ms calculat ion fo r  an e q u i l a t r i a l  
t r i ang le  on a spherical surface should be a good approximation f o r  the  
actual  geometry. In t h i s  case the  equations of the  Appendix a r e  grea t ly  
simplified. The maximum deviation H of a sphere of radius R from the  
plane of  an equi la tera l  t r i ang le  with ve r t i ces  on the  sphere i s  

where L i s  the  length of one s ide  of t h e  t r i ang le .  The ef fec t ive  sphere 
is defined as  t h a t  which minimizes the  6,, with respect t o  the  t r iangular  
facet .  A s  shown in  the  appendix the  distance between the  sphere containing 
the  ver t ices  and the  ef fec t ive  sphere is 314 H. The corresponding drms 
is  

1 L~ 6 = -  - 
rms 8 6  R 

Thus, the  member length required t o  s a t i s f y  a cer ta in  6rms requirement 
i s  then 



where F is the  focal  length of t h e  r e f l ec to r  taken as one-half t h e  radius 
>f curvature a t  the  center  of  the  r e f l ec to r  and D is t h e  aperture 
diameter. The general design curve contained i n  Eq. (3 )  is  plo t ted  i n  
Fig. 7 (a ) .  Assuming the  r e f l ec to r  i s  shallow (F/D > 0.5) t h e  number of 
bays M (assuming ~ = 6 )  is given approximately by 

The t o t a l  number of members Nm i n  the  r e f l ec to r  is  given i n  161 by 

and the  t o t a l  number of t r iangular  face ts  Nf is  

Figure 7(b)  presents generalized curves fo r  the  number of members and facets  
based on Eqs. ( 5 )  and ( 6 ) .  

For the  Microwave Radiometer S a t e l l i t e ,  t h e  accuracy of the  design 
formula ( ~ q .  ( 3 ) )  i s  indicated i n  Fig. 5, where r e su l t s  from Eq. ( 3 )  a r e  
seen t o  be i n  the  middle of the  range of actual  member lengths f o r  each 
value of number of bays M. Thus, the  accuracy of estimated facet  s i z e  
presented i n  Eq. ( 3 )  is adequate fo r  preliminary design. 



Hexagonal and Square Facets 

Even though ident ica l  regular  polygons cannot i n  general be mapped 
onto a curved surface, the  r e s u l t s  of  Fig. 5 show f o r  t h e  t r i ang le  the  
a s s u p t i o n  of  equal s ides  provide the  bas i s  f o r  a good estimate of required 
mcmber length t o  achieve a given 6-. Making a s imi lar  assumption f o r  t h e  
square and hexagon results i n  an equation s imi lar  t o  Eq. ( 3) a s  summarized 
i n  t h e  following t ab le ,  

For equal-sided hexagonal face ts ,  it can be shown a lso  t h a t  

and 

FORMULA 

L 
D 

FACET TYPE 

Hexagonal 

Square 

Triangular 
* 

The required number of members and facets  fo r  hexagonal and t r iangular  
face ts  are  compared i n  Fig. 7 (b ) .  For the  same re f l ec to r  accuracy 
requirements, a la rger  number of hexagonal members is required and each 
member i s  shorter  than i t s  t r iangular  facet  counterpart ( ~ q .  ( 7 ) ) .  

C 

4.046 

6.160 

7 -872 

ELECTROMAGNETIC PERFORMANCE 

Ideal Reflector 

The 200 beams mentioned in  the Introduction are obtained by stacking 
200 ident ica l  feed horns along a c i r cu la r  arc t h a t  is concentric t o  a 
spherical r e f l ec to r  ( ~ i g .  8 ( a ) ) .  Each feed horn i s  pointed along the  radius 



of curvature and thus illuminates a  art of t h e  r e f l ec to r .  Due t o  t h e  
spherical  symmetry, each of these  illuminated spots on t h e  r e f l e c t o r  i s  
essent ia l ly  ident ica l .  Dimensions corresponding t o  one illuminated spot 
on t h e  r e f l ec to r  are shown i n  Fig. 8(b) .  The feed is a z-polarized c i r cu la r  
corrugated horn. Its far - f ie ld  radiat ion pat tern is essen t i a l ly  axisynmetric 
and has approximately a cosine-squared behavior as shown i n  Fig. 9. The 
edge illumination f o r  a spot on t h e  r e f l e c t o r  turns  out t o  be  about -27 dB 
with respect t o  the  peak illumination a t  t h e  center of t h e  spot.  

To compute the  secondary far - f ie ld  radia t ion  pat tern [7], f i r s t ,  t h e  
rays are traced from the  feed horn t o  t h e  r e f l ec to r  and then t o  an aperture 
plane located i n  f ront  of t h e  ref lec tor .  Next, using equations of geometric 
opt ics  f o r  each ray, the  e l e c t r i c  f i e l d  is  fcund a t  many points  i n  the  
aperture plane and by numerically performing a double integrat ion over the  
aperture plane t h e  secondary far - f ie ld  radiat ion pat tern is computed.. 

Assuming t h a t  t h e  r e f l ec to r  surface is  perfect ly spherical ,  t h e  computed 
secondary far - f ie ld  pa t tern  f o r  the  configuration of  Fig. 8(b) is  shown i n  
Fig. 10 fo r  the  xz-plane. The secondary pat tern is a l so  a x i s - m e t r i c .  
The beam eff iciency of the  secondary pat tern a t  two and a hal f  beam widths 
away from t h e  main beam i s  about 94 percent which upon inclu Ang the  e f fec t  
of sp i l lover  energy from the  feed corresponds t o  an overa l l  beam eff iciency 
of about 91 percent. 

Reflector with Triangular Facets 

Now l e t  t h e  r e f l ec to r  surface be generated from f l a t  equ i l a t e ra l  t r iangular  
facets .  If t h e  permissable surface e r ro r  is assumed t o  be 0.012~1 
(XI25 f o r  a frequency of 1 G H Z ) ,  then the  use of the  geometry of Fig. 8 and 
Eq. ( 3 )  yields a face t  member length of 2O.7m. The secondary fa r - f i e ld  
pat tern for  the  faceted configuration is  shown i n  Fig. 11. The r e s u l t s  from 
the  idea l  spherical  r e f l ec to r  are  a l so  shown. Note from t h e  i n s e r t  i n  Fig. 11 
tha t  the  geometric pat tern i. di f ferent  i n  the  y and z direct ions which 
resu l t s  i n  d i f ferent  far - f ie ld  pat terns i n  the  two di rec t ions ,  The surface 
deviation has a three-fold symmetry along the  axis ,  and the  average period 
of i t s  var ia t ion  along the  xz-plane (E-plane) is smaller than t h e  average 
period o f  variat ion along t h e  xy-plane (H-plane). In other words, t h e  
surface deviation in  the  xz-plane has a smaller e f fec t ive  period than i n  the  
xy-plane. Apparently, a s  a r e su l t  of t h i s ,  a s  shown i n  Fig. 11, not only 
do the  far - f ie ld  pat terns i n  the E- and the  H-plane d i f f e r ,  but the  pat tern 
i n  the  xz-plane (E-plane) has higher s ide lobes than i n  the  xy-plane (H-plane). 
It appears therefore,  tha t  it i s  not the  magnitude of the  RMS surface 
deviation alone, but a lso  the  way i n  which t h i s  deviation var ies  over the  
r e f l ec to r  surface tha t  determines i t s  e f fec t  on the  secondary far - f ie ld  
pattern. 



Comparison of Reflectors Made From 
Square, Triangular, and Hexagonal Facets 

The points macie at the  end of  the  preceding parwraph are fu r the r  
i l l u s t r a t e d  i n  Fig. 12 where the  computed far - f ie ld  radiat ion pat terns  i n  
the  H-plane (xy-plane) a re  p lo t ted  f o r  t h e  same r e f l e c t o r  when it i s  made 
out of planar hexagonal, t r iangular ,  and square face ts  such t h a t  t h e  F W  
surface deviation i n  each case is the  same (=X/25). In t h i s  case, as 
shown i n  Fig. 7(b) ,  there  w i l l  be fewer hexagons than t r iangles .  Thus, 
the  average period of surface deviation var ia t ion  i n  the  hexagonal case is  
s l i g h t l y  la rger  than i n  the t r iangular  case. O r ,  equivalently, t h e  surface 
de-tiation is  more slowly varying over the  r e f l ec to r  approximated by planar 
hexagons than over the  r e f l ec to r  approximated by planar t r iangles .  
Apparently a s  a r e s u l t ,  t he  pat tern f o r  the  r e f l ec to r  made out of hexagonal 
face ts  is  s l i g h t l y  b e t t e r  than t h a t  f o r  the  r e f l ec to r  made out of 
t r iangular  facets .  However, f o r  t h e  r e f l ec to r  surface made out of square 
face ts ,  the  pat tern has qui te  high s ide  lobes. This is  a t t r ibu ted  t o  t h e  
regular i ty  of t h e  surface deviation. Calculations made a t  angles from the  
re f l ec to r s  axis  grea ter  than shown i n  Fig. 12 indicated presence of 
grat ing side lobes which would be of s ignif icance t o  the  MRS applicat ion and 
would require m t h e r  investigation. 

CONCLUSIONS 

A concept f o r  approximating curved re f l ec to r  surfaces using f l a t  surface 
face ts  has been discussed. A preliminary design technique f o r  determining 
the  s i z e  of the  r e f l ec to r  surface face ts  required t o  meet antenna surface 
accuracy requirements has been presented. Results suggest t h a t  pract ical-  
s ized facets  which meet s tr ingent  accuracy requirements a re  feasible.  

Electromagnetic analysis  of far - f ie ld  pat terns of a large spherical  
radiometer ref lec tor  has been performed. Results fo r  square, hexagonal and 
t r iangular  faceted re f l ec to r  surfaces suggest t h a t  the  far - f ie ld  pat terns 
a re  governed by both the  magnitude of the  root-mean-square surface 
deviation and the  variat ion of the  surface deviation over the  r e f l ec to r .  
For the  same root-mean-square deviation, it appears t h a t  more slowly 
varying periodic deviation cause l e s s  deteriorat ion of the  far - f ie ld  than 
those with shorter  periods. Also, s l i g h t l y  i r r egu la r  face t  geometries seem 
t o  r e s u l t  i n  be t t e r  s ide  lobe behavior than more regular pat terns.  For the  
th ree  types of face ts  considered herein, the  main beam and f i r s t  s ide  lobe 
of a perfect spherical r e f l ec to r  were closely approximated by a l l  t h ree  
faceted ref lec tors .  However, for  side-lobes beyond t h e  first lobe, 
deteriorat ion occurs with hexagonal face ts  showing the  best performance and 
t r iangular  face ts  a close second. The presence of grat ing side lobes was 
noted but the  investigation of t h e i r  significance is  beyond the  scope of 
t h i s  paper. 



For large space antennas, triangular facets, which are desirable 
structurally, lead to the fewest number of structural members to meet 
accuracy requirements, and have acceptable electromagnetic performance. 
Considering all their factora, they appear to be the best configuration 
investigated for approximating curved reflector surfaces. 



APPENDIX 

SURFACE ERROR OF A GENERAL 
TRIANGLE WITH VERTLCEB ON A SURFACE OF REVOLUTlON 

I n  t h i s  appendix exact equations are derived t o  determine the  root 
mean square deviations o f  a general t r i ang le  from a parabolic o r  spherical  
surface. These equations can be used t o  estimate surface e r ro r s  for .  deep 
re f l ec to r s  (F/JI < 1/21 and fo r  shallow s h e l l s  can be shown t o  reduce t o  the  
approximate equations contained i n  t h e  main t ex t .  

Consider the  general t r i ang le  shown i n  Fig. 1 3  located on a surface of  
revolution with ver t ices  located at x i ,  y i ,  z i ,  i = 1 3 A v e r t i c a l  
plane P containing the  x-axis and t h e  centroid of t h e  t r i ang le  f o r m  and 
angle 9 with respect t o  t h e  y-axis. Now consider a two-dimensional 
coordinate system , i n  the  plane of t h e  t r i ang le  with or ig in  a t  x l ,  
y1, 21, and the  5 axis p a r a l l e l  t o  t h e  in tersec t ion  of plane P with the  
plane of the  t r iangle :  The centroid of the  t r i ang le  i s  at 

The angle between tile x-axis and the  6-axis i s  

-1 cos 

where B and C are constants defining the plane of the  t r iangle  

x = A + B y + C z  



The angle 8 i s  given by 

-1 zc 0 = t a n  (-1 
c 

The coordinates ti can now be determined aa 

I 

Ei = [(yi - yl) COBB + (zi - el) s ine]  - 
s i n  y 

From t h i s  it follows (Fig. 13)  t h a t  

The planar  coordinates of  all  t h e  v e r t i c e s  a r e  now known f o r  the  general  
t r i ang le .  Using a shallow s h e l l  approximation the  equation of t h e  surface 
of revolution can be wr i t ten  f o r  t h e  deviation from t h e  E,n plane as 

where a i s  t he  n o r j l  dis tance from the  points  ti, ni t o  the  surface 
representing t h e  e f f ec t ive  r e f l e c t o r  surface.  In  order  t o  minimize the  
r.m.8. e r ro r ,  a i s  var ied and w(Ei,ni) = a. The remaining constants a r e  
then 



S = 52 '13 - E3 '12 = area of  t r i a n g l e  
2 

R radius of curvature i n  meridian d i rec t ion  
5 

Rn radius of curvature i n  circumferent ial  d i rec t ion  

The rms e r r o r  i s  found from the  following in t eg ra l :  



2 > C: - c2E3 + c3 ; - n2n3 + n3 2 
where f = + - . -  

then 

Appl icat ion t o  a Sphere 

For a sphere  t h e  fo l lowing equat ions  apply: 

R = p = R = cons tan t  
5 11 

a = 6 = constant  

Though i t  i s  impossible t o  de f ine  a f a c e t e d  s u r f a c e  wi th  e q u i l a t e r a l  
t r i a n g l e s  that have v e r t i c e s  l y i n g  on a sphere  (excep t  f o r  smal l  numbers of 
f a c e t s )  t h e  geometry r e s u l t i n g  from t h e  subd iv i s ion  used i n  Ref. 7 r e s u l t s  
i n  very near ly  e q a i l a t e r a l  t r i a n g l e s  f o r  p r a c t i c d  r e f l e c t o r s .  For t h e  case  
o f  an e q u i l a t e r ~ l  t r i a n g l e  : 



and 

This expression can be minimized with respect  t o  a t o  y i e l d  

1 2  The minimum occurs at a = -4 /R which i s  3/4 of t he  maximum dis tance  the  
sphere and the  plane of t h e  gr iangle.  

Application t o  Parabolic Surf ace 

The equation of the parabolic surface containing the  ve r t i ce s  of t h e  
t r i angu la r  f ace t s  is  

'The equation defining the  e f fec t ive  paraboloid i s  

where F' and 6 are  varied t o  minimize 6-. 



The re la t ion  between 6 ,  F' end the  parameter a t h a t  appears i n  6- 
can be obtained by passing a l i n e  throu* the  centroid of the  t r i ang le  
nonnal t o  i ts  plane. The equation of t h a t  l i n e  i n  a plane passing through 
the  centroid i n  terms of r (r2 = 9 + y2) and x is  

Solving t h i s  equation and equation (A.14) yields the  solut ion f o r  the  radius 

rq at which the  l i n e  pierces t h e  parabolic surface as 

Similarly the  point t h a t  pierces t h e  ef fec t ive  parabolic is  



then 

The radii of curvature f o r  t h e  parabola a r e  

and 



Procedure For Numerical Calculations 

I t  i s  necessary t o  determine the  value of 6 and f o r  a parabola, F' , 
t h a t  w i l l  minimize 6- i n  order t o  es tabl i sh  the  ef fec t ive  ~ f l e c t o r  
surface. For a real surface a l l l e n g t h s a r e  s l i g h t l y  d i f ferent  and the  general 
procedure must be used. A s t a r t i n g  value of 6 is taken as 3/4 of the  
maximum deviation found between any t r iangular  f ace t  and t h e  desired surface. 
The general expression f o r  4 (EI. A9) is  evaluated f o r  each facet  and 
s m e d  over a l l  facets .  The results divided by t o t a l  area is  62$,,,+. 
Varia t ims of 6 g e n e r d l y  show t h e  i n i t i a l  value chosen yields rmnimum 6- 
except for very deep ref lec tors .  For parabolic surfaces the  i n i t i a l  F' 
i s  taken as F and for  p rac t i ca l  r e f l ec to r s  t h i s  was found to  y ie ld  a 
minimum 6 rms' 
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Radiation p a t t e r n  o f  circular corrugated feed  horn 
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Fig. 11 Secondary f a r - f i e ld  pa t te rn  of r e f l e c t o r  having f l a t  t r i angu la r  
f ace t s  



Fig. 12 

0.1 0.2 0.3 0.4 0.5 
Angle Off the Reflector Axis (Degrees 

Comparison of seccndary f a r - f i e l d  pa t t e rns  f o r  r e f l e c t o r s  
having f l a t  square,  t r i a n g u l a r  o r  hexagonal f a c e t s  
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Fig. 13 Geometry of general t r i a n g l e  located on surface of revolut ion 
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