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A General Framework for Pixel
Classification

G

The ideas presented here represent an attempt to define a natural !‘%;°
set of pixel cateqgories which will be represented in a typical LANDSAT Q P
scene and which we hope can be delineated with some success by the use ‘aL
of available spatial/spectral clustering algorithms. The pixel categories

and their characteristics are:

P - The set of "pure" pixels; i.e., pixels from within fields.
these are characterized by a high degree of local spectral
homogeneity; that is, elements of P have adjacent pixels
which look spectrally alike.

Tl- The set of "trash" pixels. These pixels do not have homogeneous
spatial neighborhoods and are relatively distant, spectrally, from o
the set P. 3 1

PRI

B - The set of boundary pixels, pixels at the common boundaries of i
adjacent fields. Elements of B have spatial neighbors in P ! !
and no spatial neighbors in the set Tl.

TZ' A1l other pixels. These have no pure neighbors or else have
neighbors in the class Tl' thus the spatial information is
ambiguous. However, elements of T2 are relatively near, spectrally, to
the pure pixels.

Obviously if these four categories can be identified, they require
different means of processing to extract estimates of the acreages of the
real classes. T1 will not be processed at all, since there is neither
spatial nor spectral evidence that it consists of agriculture. The
processing of TZ’ if it occurs, will rely almost wholly on spectral
measurements, since the spatial information is ambiguous for elements of T2.
B consists of pixels whose spectral response can be properly regarded as
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a mixture of pure pixel responses and a fairly detailed proposal for handling
B follows.

There is considerable doubt about whether a normal mixture model with
mixing proportions easily related to "real™ class acreage proportions is
valid for LANDSAT agricultural data. It seems clearly inappropriate for
categories T1 and B and possibly appropriate for T2 and P. There are
objections to applying it to P. First, the reason for preferring the density
estimation approach to the clustering and counting approach, namely that the
proportion estimates are unbiased, may be invalid for P because the spectral
observations are far from independent. Second, the proportion estimates are
meaningless unless the component densities of the mixture are related to
real classes. This means the field structure of P must be respected by the 1
estimator. Meeting the first objection requires that the dependence between :
nearby pixels be somehow modeled. The obvious (but probably not adequate)
solution to the second problem is to use the clusters generated in P by
a spatfal/spectral clustering algorithm which preserves the integrity of
fields to initialize the parameters in a maximum 1ikelihood algorithm for the
normal mixture distribution. For example, the algorithm AMOEBA, after
determining the best clustering of some test data, then assigns whole fields
to single clusters by a nearest cluster center classification of the field
means. It should be noted that in terms of the assumptions underlying AMOEBA}
it is senseless to graft the familiar maximum 1ikelihood procedures UHMLE
and CLASSY to AMOEBA in exactly the naive way just suggested. Indeed, they
are based on the wrong likelihood function for the kind of partitioned
sample we are considering with P.

In processing B, the boundary pixels, we suggest that the following
procedure should be considered. We assume that the set P of pure pixels

has been classified, so that a class label 1(r)C{1,...,m} is assigned
to each pixel re¢ P.
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Given a pixel r in the scene, let x(r) denote its vector of spectral

measurements, for r ¢ B let

P(r) = {s ¢ P | s is a neighbor of r}.
and
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Clr) = {i(s) | s ¢ P(r)}.
Thus C(r) is the set of class labels of pure spatial neighbors of r.
Let € be a set of <« 4 (or < 8) of the class labels (1, ..., m}. Define
B.={rcB| C(r) = C}.
Thus Bc is the set of boundary pixels whose pure spatial neighbors have
exactly those classifications listed in C. For acreage estimation, we
treat each set Bc separately and then combine the estimates to get an
acreage estimate for B. TFor simplicitly we suppose that € = (1,2}.

The generality of the discussion will be obvious, If r ¢ Bc then r has

pure neighbors in classes 1 and 2 only. (Recall that r may have impure
neighbors, but noie of them belong to the trash class Tl‘) Let
Pr(r) = {s « P(r) | 1(s)
Polr) = {s ¢ P(r) | i(s)

1}
2}

and

Pl(Bc) = U Pl(r)

chc

Py(B.) = (W Pz(r)

rd
““c

The following are our assumptions about the spectral measurements of
elements of Bc. Let r be an arbitrary element of Bc.
1) For cach s « P(r), a fraction g(s,r) of the area of pixel r

has the same refiectance properties as s. The spectral response

from r can be written as
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x(r) - Hl(r)xl(r) + ua(r)x?(r) + o (r),

where
A (r) = X t(s.r)
kl(') Slp‘(r)
y =% “(s,r)
“2(') s:Pz(r)
AL R
- ¥ Relr) x (S
xl(r) S-Pl(r) 1
RLS,r
xp(r) = ¥ ”é&TF} x (s)
: %.Pz(r)

and « 1is an error tem whose expectation is O,
2) #; and x, arc uncorvelated as are R, and x,.
o

3) E(xj(r) LroB.)- Crx{s) | s Pj(BC)l j=1

If assumptions (1) - (3) are valid then

(*) Erx(r) | r. B! = [1ul(r) I r o Bcutrx(s) l's . Pl(Bc)1

+ Elﬁz(r) I r. BC1E[x(s) | s ¢ Pz(Bc)l

The numbers Erﬁj(r) | r. B are easily related to the acreages of classes

1 and 2 in B,

i In practice, we intend to estimate E[Bj(r) | reB.1j=12 as least

” squares solutions of (*). I[f any set ‘Bc produces an unacceptably larqe
residual error we take that as an indication that the set Bc defined by

“ the alaorithm does not consist of boundary pixels. [f many sets Bc pro-

duce large residual errors, cven after experimenting with the tolerances

implicit in the definitions of P.B.Tl, and T2 then we would tend to

believe that the boundary pixel model of assumptions (1) - (3) {s wrong.
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1. Introduction

A possible objection to the use of UHMLE or CLASSY in conjunction with
AMOEBA is that both these algorithms ignore the association of pixels in
fields. Indeed AMOEBA is based on the explicit assumption that pixels in
the same field represent the same real class [1), while the assumptions
underlying the maximum likelihood algorithris imply that the classification
of a pixel is independent of the classification of other pixels. In this
report a statistical mcdel based on normal mixtures is proposed which takes
into account the organization of LANDSAT agricultural data into fields
which are homogeneous as to crop type. Likelihood equa.ions for the
parameters of the model are derived which may be solved iteratively as in

UHMLE.

2. The Model

We assume that the data elements (pixel data vectors) are real n-vectors

each from one of the statistical populations "l' cees Hm with n-variate
density functions D(Xlﬂz)- £ =1, ..., m. We assume that the data is
organized into sets (fields) Fis vees Fp. where Fj has N\j data elements

which have been previously ordered in some arbitrary fashion so that the
X
J1

data elements in Fj form a nﬂj-dimensional vector denoted by xj =
YN
Define random variables {ojke{l. ceos M=, L., Py k=1L, NJ} by Ojk=z if

and only if Xjk is from "z' We assume that all the observations from Fj are




from the same class, so that we may write ejk = eJ for all j =1,
cos Pi ky R=1, ..., NJ. Fin;lIy. we assume that (xl. 91), cevs (xp.ep) are
independent, that the ej's are idenL.cally distributed, that

a, = Prob [eJ = 2] >0 and that z a, = 1. Under the stated assumptions,
L=1

p
the joint density of Xps eees xp is p(xl. cees X ) -jn La,p (x ),
=] 2=}

where pz(xj) = p(le. vees xijlej = 2) is the joint density of the elements of
Fj given that Fj represents class "z’

Let N = N1 + + Np and for each 2 let M2 denote the total number

of the N observations xjk which come from class nz. The following
proposition shows that with reasonable restrictions on the field sized Nj
the values of {ME: 2=1, ..., m} can be inferred from a knowledge of the
parameters a,. Thus, acreage estimates of the classes can he derived

from estimates of the parameters ag.

Proposition 1: (a) E(Mz) = aN

M
(b) 'N& + a, in probability as p » = if and only if

1im —IT g N o,

pr J
w My

(c) If x j// o 5 Wy then N *oa almost surely.
p
Proof: (a) MWrite M, § Z Xg (ejk)
Jj=1 k=

p

e e Bt . i

e M il A o
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1 r=2
where X,(r) = 1o .y
The p p
nE(M) =2 Nj E(xt(aj)) =5 Nj ay = Nay.
j=1 je=l
My My My
(b) Since —;— -a, ® —;—- -{E -;—— is bounded, it converges to zero
M
in probability iff var —N&- +0as p+= Since the terms ijz(ej) are
independent,
M 1 p 1 »p
2 2 2
var|{ — }= £ N var (x,(6,)) = I N a,(l-a,).
N N g Lt T A A A

The conclusion follows.

(c) The assertion follows immediately from Kolmogorov's version of the

strong law of large numbers [ 31.

3. taximum Likelihood Estimation of the Parameters

In this section we suppose that the class conditional densities
p(xlnz) of the data elements Xy are n-variate normal "(x:“z'zz) and that

{Xjk: k=1, ..., Nl} are class conditionally independent; i.e., that
N

Pg(xj) 'kgl N(xjk; Mg E&).

for j=1, ..., p. In this case the joint density of Xis oons xp.

. i o, B i Sk a8 s, sl




T W T R B e N 2% LR AT

9
4. 1
p m N ,A
p(xl' seny xp) ’jl.ll 251 °2 kIlIl N(xjk’ “l’ zﬂ,)’ j 4
is parametrized by {(al. Mg 22)|£-1, «evy M} where a, 2 0, I a, = 1, E
”2‘Rn' and I, is a real n x n positive definite symmetric matrix. Whenever f‘i
a density is evaluated usina estimates of its parameters, we denote it, |

e.g., by ﬁ(xl. cees xp). By a maximum 1ikelihood estimate (MLE) of the
parameters {(a,, uy, L,)} we mean an element {(32. Gz' £)le=1, ...y m)
of the parameter set which locally maximizes S(xl. censy xp). By arguments

similar to those used in [2], the following necessary conditions for a MLE

are derived.

p By lxy)
1) —2— __L_J___ < 1 with equality
P =1 B when a, > 0

. ijg(xl) / By (xy)
plx;) =1 Bx;) |

A N E
A P p,(x:) N, (X ) ﬁ
3) I, = % +J— ): (xjk-uz)(xﬁ- fe)7 _J_i__ ;
J=1 p(xj) J 1 p(x
- 1 j
In equation (2) X, = X is the mean of the jth field observations.
U P 1
By multiplying (1) by &z we obtain 'i

¢ P j=1 plx,)




which, together with (2) and (3) suggests an iterative procedure for
solution of the likelihood equations (2) - (4) analogous to that used

§ in UHMLE [2]. However, the 1ikelihood equations can be considerably
simplified by observing that the sequence (¥y, ;). ..., (X, S).
4 ; sufficient statistic for the model, where Sj is the sample scatter matrix
'é f ‘ of the jth field:
{ N
Y s-:j(x - %) (xy - )T
(R | S L | S

Equation (3) may be rewritten

5 bo. b (xj) Nypy(x4)
£
1 Blx;) s Blx;)

o>
o)
——
S
S

: N.
. + ? —ip—lg)-{i)—— (x -ug)(){ .“2)7 g il
p: 1 Blxy) J J j=1

o>
—~
>
Cse
~—

The sufficiency of {73. Sj)}g,l implies that

L

Bylry)  §(%y. sy)
Blxy) 8%, s4

3

where qz (xj. S.) is the estimated jownt density of xj and Sj given that F1

T T T T T

represents class £ and q(xj. Sj) = 71 ugq (xj' Sj) The joint density

o



8y (¥;, S4) may be expressed as

o I TR B Ny B

Wy Sg) =ty By B = Tp) WglSs L 5y)

- A 1 A . -
where N (x .Aug. - :l) is the ri-variate normal density of xj and
Hn(sj; "j-l' Xz) is the Wishart density of Sj with Nj-l degrees of freedom (31.
Thus the 1ikelihood equations may be written as

P 4G sy)

A 4= / A -
7 - g qug(_{t Sj) . g Niqg(xl. j)
Lo A sy ] 1 AT s,)

8) ;\ ,?: ql‘x ’ l) s /

2 ‘o Agees j
J=1 O.(XJ. Sj)

+ I __J_"_.'L__L (x ug)(){j-ﬁg)‘/ ? Lqi(’j i
=1 q(x . j=1 a(xys S,

Equations (6) - (8) are to be used as the basis of the iteration procedure.

indeed when each Nj = 1 they reduce to the likelihood equations employed
in UNMLE.

4. oncluding Remarks.

The questions of the existence of a consistent MLE as p » « and the
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local convergence of the iterative procedure wil) be addressed in a future

report. e rnnufk that the standard congistency results of Cramer, Chanda,
and Wald (see 2] for references) are not directly applicable since the
(73. 53) are not fdentfcally distributed. Numerica) results will also

be reported at a later date.
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Abstract

General theorems concerning the strong consistency of the MLE of ex-
ponential mixture parameters are proved. These theorems imply the strong
consistency of the MLE of normal mixture parameters when the data is or-
ganized into "fields" each of which is a random sample from one of the com-

ponent normal distributions
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1. Introduction

In [ 5] a statistical model for LANDSAT agricultural data based on normal
mixtures was introduced which admits a specific kind of dependence among the
observations, namely their association into fields each representing a single
agricultural class. Necessary conditions were derived for a maximum likeli-
hood estimate of the parameters of the model and a numerical procedure for
solution of the 1ikelihood equations was suggested. The question of the
consistency of the maximum 1ikelihood estimate is complicated by the fact
that it is no longer possible to reduce the sample to a set of independent
identically distributed variables. The purpose of this note is to establish
a general theorem on the existence of a consistent maximum 1ikelihood estimate
when the observations are not identically distributed and to show its applica-
bility to the statisti.a: noadel described in detail below.

We assume that each pixel is identified by a pair (j,k) of positive
integers, where the first index j, 1 = j s p, identifies the field containing
the pixel and the second index k, 1 <« k < Nj, distinguishes it from other
pixels in the same field. We suppose that the field structure is predetermined,
perhaps as part of a spatial clustering algorithm such as AMOEBA. Let
xJk ¢ R be the random vector of spectral measurements from pixel (j,k) and
let ejk e {1,°°*,m} be an unobserved random variable indicating its class

index. We assume that the class indices Oy, O:n, *°', O from the jth
J1°® 732 jNJ

field are all the same and denote their common value by oj. We further

assume that, conditioned on oj = 2, the measurements le. Tty N are

J




P

independently distributed as N (<, uJ, £2), the n-variate normal with
0 Q - s re

unknown mean My and unknown covariance I+ let xj = (le. K xij) .

Our final assumptions are that (Xl, 0,)y s (x 0 ) are independent

and that {Oj} are fdentically distributed with unknown a = Probl0O=2] > 0 .

Under these assumptions, the joint density of all the observations is

N
p m J
1 Xos tux)= N £ Q@M Mxg;,
( ) P( 1 p) j 1 221 Qz k=1 ( Jk 2 )

where xj = (le, R xjN') € R"Nj . This joint density is parametrized by
m
{(ag, ups Ep)ie=1, "**, m} where o >0 ’1§1a£ =154 ¢ R"; and L, fis

a real nxn positive definite symmetric matrix. For convenience, we let
v = {“z* My ZE)IE =1, ***, m} denote an arbitrary member of the parameter
space and y° the true value of the parameter. Thus the likelihood function

corresponding to the sample Xqs Tty X is

P

@ T P

Us X9 7Ty X)) = a 3 Ups

A P 7 o1 ge1 ey MK Vet R

- nNj
Ny
my = m, (x ) = —l—— I x
J .] k=1 Jk

and

N
J
Sj = Sj(xj) L (xjk -m )(xjk - mj)T
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be the mean and scatter matrix respectively of the vectors X519 "t ST

N
J _MN
(3) kgl ”n("jk‘ Mgs Z,p) = (2m) quj(xj; Mps Zp)

where

N
(4) qj(xj; Mgs Ip) = |Zg|- ’Zi'exp {-% tr Zil[sj +

Nj(mj - uz)(mj - Ug)Tl} .

Let

m
(5) Qj(lew) = Qzlaij(xj; uzo 22) .

By ignoring terms which are independent of the parameters we derive the log
1ikelihood function

P
(6) - 2(v) = I log q;(x;lv)
il :
which leads to the following necessary conditions for a local maximum of the

likelihood function. Equations (7) - (9) are called the likelihood equations
for the present model.

(7) . = 1 g quj(Xi; Ul' 22)
L = A R

EEE AR 1 S

h O A A IR e ot

e N
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X‘; ? : ’ [] X
Poq.(X:5 wps ) p N (X5 up, 5))
(9) =, = = JJl“’lsj SRR R R R
B qJ'()“IW) j=1 qJ'(X;l‘l‘)
. g fiqi(xi‘ Mgs Tp) (e ) (o) ? quj(xj; Mgs I,)
=t a;(x;le) R A S SR WA

2. The General Theorem

Let O be an open subset of %% and Tet ¢° ¢ O . Suppose Xpdpe
is a sequence of independent:.random vectors with A having Nr-variate density
function qr(-lwo) with respect to some fixed O-finite measure A  on RN".
Suppose the densitites qr(-lw) are defined for each ¥ ¢ O . Given a

positive integer p , define a maximum likelihood estimate of wo to be an

P
element y ¢ O which locally maximizes Lp(w) = I log q.(x.]¢) . The equation
r=1

DwLp(w) = 0 will be called the likelihood equation, where the symbol Dw

denotes the Frechet derivative with respect to v .

A number of theorems dealing with the consistency of maximum 1ikelihood
estimates, under the additional assumption that the kr's are identically
distributed, have been presented in the literature (see for instance Chanda [ » ],
Cramer | « ], and Wald [ s1.) Extending any of these results to the case of
nonidentically distributedvobservations is primarily a matter of finding a
convenient set of conditions which insures that a law of large numbers can be

invoked at several points in the proofs. The following theorem is such an

s i e
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outgrowth of the proof of strong consistency contained in [ 6 ].

Theorem 1: Suppose there is a neighborhood Q@ of ° and a Ar - null sets
N, in AN such that for all ¢ ¢ Q; x ¢ Noo 1.3,k 21,7772, re (the

2 3
3q,.(x|¥) 3%q.(x|v) 3”109 q.(x]v)
positive integers) r ; r ; and r exist and
a\bi 3“’13‘93 awia“’jawk
satisfy:
(1) aqr(x"l‘) l < fir(x)
3,
2%q_(x|v)
(if) L < f'ijl"(x)
awiawj
2310g Qu(x10) | 6 ()
(1i1) ijkr
awiawjawk
N ;
where f.  and fijr are ) -integrable on R ¥ and _ i

(iv) E[fijkr(xr)zl . d/r fijkr(x)zqr(xlwo)dxr(x) < M

Nr
R
for a1l r ¢ , where M is a constant. Suppose also that
4
3log q.(x.[v°)
(v) E’ [ r.r ] < M
aw{

and

1 KRCAUSIRN
a.(x.1v°) W30




for a1l 4,j=1,""",2 and r ¢ . Finally suppose that 3 ¢ >0 such that

(vii) Jr(w°) = E[leog qr(xr|w°)vwlog qr(xrlw°)71 > e 1o

for all r  , where the ordering is the usual one on wvxv symmetric matrices.
Then, it is almost surely true that, given a sufficiently small neighborhood

of w°; for large p there is a unique solution of the likelihood equation
DwLp(w) = 0 in that neighborhood. Furthermore, that solution is a maximum
1ikelihood estimate.

Remark: In the proof we make repeated use of the following simple version
of the strong law of large nymbers (see Chung [21): Let 2,,Z,, *°" be

uncorrelated random variables and suppose the sequence of variances {var(Zl)}?___1

is bounded. Then '1\—

[ Mg b= |

(Z1 - E(Zi)) +0 a.s. as n->w
i=1

p
Proof of the theorem: Let «ﬁp(w) = —%— zl leog qr(XrIW) . By assumption (i)

r
E(tp(w°)) = 0 and by assumption (v) and the strong law, £p(w°) +0a.s. as
p+ o Now consider the vxv matrix Dﬁlp(w°) whose i jth element is

1 p 3%0g qr(xrlwo) 1 p 1 320r(Xr|wo)

z X
= - 0
p r=l aw1§wj p r=l q.(x.[v") WM

1 p g a,.(x %) dlog a . (x.[v°)

By assumption (ii) the expected value of the first term on the right is zero.
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1 p
Hence, by assumptions (v) and (vi) D¢ (v°) + — & J_(¢°) » 0 a.s. as
Ve I
€

p+= It follows that with probability 1, for each n in 0 <n < —

2
there is a P, € so that for p - Py
Dw:p(w°) < -2nl
Without loss of gemerality we can assume 2 is convex.
Thus, for v ¢,
1 p | %09 q (x.[v) %109 g (x.]4°)
p rel 3330, TR
1 3, o o
1 p v o 371eg qu(x lv” + t{y - v7))
p r=]1 k’l 0 awia\bjawk
1 p v o (x)
S=— I I [y - foo (X
p rel kel k Tk | ijkr’r

With probability 1, for large p

: P e (x ) <1 : N Ef.. (x )1 <1+ M*
—— 3 ¢ X < L U < + R
prel fjkr*’r p ral ijkr'tr

by assumption (iv).

It follows that for any particular norms on R and on the wxv symmetric
matrices there is a constant M such that with probability 1 there is a
Py ¢ such that for all p2pj, and Ve 0,

4/

L
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- 0 - Q
1o, (w) - 0,8, (WM T < Wiy - v¥l
Thus, there is a convex neighborhood §° of y° such that
Dw&p(w) < 'Yﬂ
for all pe0°, p> Py - It now follows as in [ | that for p > p,

£, 1s one to one on Q° and that the image under £

at y° of small radius & contains the sphere Qns(rp(wo)) at sp(w°) of

of the sphere Qd(wo)

{

[

radius né . Since 0 is eventually in Qné(gp(wo))’ there is a unique
solution of .ip(w) =0 in Q.(y"). Since Dwgp(w) is negative definite,

this solution is a maximum 1ikelihood estimate. This concludes the proof.

Theorem 1 shows that by restricting attention to a fixed neighborhood
of ° it is possible to speak unambiguously of the unique consistent
solution of the likelihood equations or, equivalently, of the unique

consistent MLE of y° This terminology will be adopted in the next theorem.

J. Application to Cxponential Mixtures

In this section we apply Theorem 1 to a class of mixture models which
contains the normal mixture model of Section 1. Referring to the notation of
that section, we assume that conditioned on Oj = ¢, the random n-vectors

le""'XjN. are independent with a common density of exponential type
J

- (1) fixl1,) = Cl1,) exp <1 |F(x)>

with respect to a dominating o-finite measure )\ where the parameter 1,

is an arbitrary member of an open subset U of a finite dimensional vector
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space V with inner product <<|+>. We assume also that C {5 one to one
and that the support of the measure induced on U by F and XA coitains

an open set. These conditions imply that the parameter T, is idéntifiable
{ 1), and any parametrization of the form (1) satisfying them will be called

a canonical representation of the given family of distributions.

The joint density, given oj = ¢, of xj = (le""'xij) is also of

exponential type; i.e., for Xy ® (le"“'xij)

(2) pJ(ijTQ) = 13(11) exp <T&‘Gj(xj)>
where

vy(1y) = clr )
N
6, (x,) -kglr(xjk)

and the representation (2) is also canonical.

Some useful facts about exponential families are collected in the

following letma. For proofs see Barndorff-Nielsen f1 |.

Lemma 1: Let (1) be a canonical representation of an exponential family.

For each 1 ¢ U let x(t) = - InC(1) = In Jexp <t|F(x)> dx(x). Then
R

(1) for each 1 ¢ U, F(x) has moments of all orders with respect
to f(x|t);
(1) «x(t) has derivatives of all orders with respect to 1, which
may be obtained by differentiating under the integral sign. In-
deed D: k(1) can be represented as a symmetric k-linear form

on V which is a polynomial in the first k moments of F. In

particular,

2%
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(111) D x(r) = <E_(F)[+> = fp<F(x)[*> f(x|7) dA(x)
and
(1v) 02(r) = nov_(F) = / <F - E_(F)|+>? f(x| ) dAlx) , which is
positive definite.
(v) «x(1) {s strictly convex on U.

(Expressions <ol~>k like that in (iv) are meant to denote k-linear forms;

e.g. <o|->2 denotes the bilinear form b(n,v) = <o|n><o|v>.)
We are now ready to apoly Theorem 1 to the mixture model

p
(3) (x]y) = (x;1w)
q(x| j:lqj X1

where y g'(“l""'“m-l'Tl'“"Tm)

X = (xl.....xp)

m
4 . . = NET) .
(O allo) = b yagly)

m-1

1“Q'°j‘*j|‘2) - pilx;lr. )]

= pylxglrg) ¢ i3 m

z
L=
and pj(lerl) has the canonical exponential representation given in (2).

Theorem 2: If the numbers {Nj} in the mixture mode! (3) are bounded, then

with probability 1 there is a unique consistent MLE of the parameter wo.

Proof: Using Lemma 1 and writing wu.(1,) = E_ (G;) the nonzero derivatives
- h T, J

of qj(lew) up to order 2 are:

(5) Dulqj(lem) = pj(lexl) - pj(letm) ,e=1,....m=1

“
i ol
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(6) D.‘.lqi(lew) - °R.pj(xj|11) <Gj(xj) - uJ(Tl”°> AL TN PO |
(7) DT"DGR.QJ(“JIW) s PJ(KJIT'.) <Gj - “jhz)'" sy isl,...m-1
(8) DTmD‘llqj(xJ'W) = 'pj(“.,hm) <GJ - NJ(?m)'°> sl l,...m-1

(9) szq‘j(xj|0) b a"pj(xj"l) (<GJ - uj(Tz)I.>2 - cole(GJ)} »

L=l,...,m.

Instead of verifying conditions (1) and (1i) of Theorem 1, it is easier

C

to recall that they were needed only in order to conclude that the integrals
of the first and second order derivatives of qj(lew) are zero at y = y°.
This is obvious form (5) - (9). Similarly, using Lemma 1 and the boundedness
of {NJ} the verification of conditions (iif) - (vi) presents no problem

more serious than tedium. It remains to verify condition (vii). We may

B, xlio]

Lo | Wy

where 51 and !2 are, respectively, the identity operators on / m-1

write Jr(w) in matrix form as

, | o A
J,(w)-[‘l s["

I_o | W, w[s'

r

and V@ and
[Pe(X l7y) = p (X Jt ) UpL(X, f 1) - p (X 11 ))
,
q,.()l,.lw)7
£,k=],...,m-1
aPix |1 ) p (X f1,) - p (X |1 )]
k"r k L -
Br - r r'e T r'r'm Nri "‘Gr-ur(tk)l.)

a,.(x.'v)

=1,...,m-1
ksl,....,m




P.(X |t ), (x, lr )

® ur‘rl),.)

ko=l
We remark that it rl.....r. are distinct then as functions of ¢ « U,
o""r>.... <1.lF>'e<r.|F>F vor,e<TalPo are Tinearly independent; i.,. .
I ... Ay are scalars, Al' oAy €V and Ale""r’ .+ Ame"ﬂlr’
+ <T1|F>

Flhp e e e<T",F><FM~> "0 forall .y, tnen
Al . LI IN'] . Am . 0 GM Al = LI Y . A. L4 00

It is easily seen that if !
Je(¥) fatis ¢o be positive

definite then there is a

nontrivial linear
combination of these functions which i{g Zero

almost surely with respect
It follows that J.(v)
Condition (vii) win

the smallest eigenvalye

to the distribution of F.

is positive definite
for each .

of Jo(v) s bounded away from Zero as N,

Let o(A) denote

the smallest eigenvalue of a Positive definite
Operator A,

Clearly,

o(J.(v) » o [

Observe that

P, (X lt

s . 1
B;T-;T-;T- QXD!-Vr(x(r‘) - x(tk) - <, - rkbn;-6r>]}
If Y. 15 2 sample from f(x|,

k)' then the expression n square brackets
Converges to
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K(Tz) - K(Tk) - <1y - rkIETk(F)> = K(Ti) - K(Tk) - K‘(Tk) (7, - rk)

which is > 0 by the strict convexity of «. Hence,

ngxrltz) +0 as N +»=,
P(Xl7y) r
Therefore,
c Peliplrde adrd b pe(XdTy)
i BTN AL

converges to 0 if & # k and ?}—- if 2=k as Nr + o, Thus,

. 1 89k .
EW[AF I 5" + i as Nr .
a ay

Given that X _ is from f(xlrk), N;'15 (G, - ur(rk)) converges in distribution

to a normal random variable 7 with mean zero and covariance cov_ (F). Hence,
k

p.(x lT ) 1
.I_._r__g‘_ er (Gr - ur('rk))
q, (x.|v)
r
converges in distribution to 0 if 2 # k and 1%-z iD=k
k
Let A be any element of V and consider
N
- 4 _ -2, " 4
INF <G - w (AT = N [j£1<F(er) - ETk(F)|A>J

After expanding and taking expectation with respect to Tyo it will be

seen that the only nonvanishing terms are those of the form

- 2 2
E’k[ F(er) - ETk(F)|A> <F(X.,) - ETk(F)|A> ]

o i R e

e e R
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Ny
of which there are N + (2) = O(Ni). Thus

-k 4
Etk{Nr <G, - u.(r, )M

{s bounded as Nr + o, It follows from a standard theorem on convergence

of moments [ 3,p. 95] that
pulx l1) |
i A Nr‘ﬁ (6, - u(r, )| ~0 as N+
k| a.(x.l¥)
Thus Ew(ar) + 0. Similar reasoning shows that
Ew(cr) + (le coka(F))

as Nr + o, Therefore o(Jr(w)) is bounded away from 0 and this concludes
the proof.

4. Concluding Remarks.

Clearly the assumption in Theorem 2 that {Nr} is bounded can be
weakened. In fact.Theorem 1 could be modified in such a way as to show that
the MLE of exponential mixture parameters is strongly consistent when

2
N

z r/r2 < o,

Redner [ 7 ) has shown that when each N. = 1, a certain numerical
procedure for obtaining the MLE of exponential mixture parameters is con-

vergent. The generalization to bounded {Nr} should not be difficult, and

will be addressed in a future report.

kst im 2 ik e
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