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THE GEOMETRY OF THE 37-TILE
MICROWAVE ANTENNA SUPPORT STRUCTURE

FOREWORD

The purpose of this report is to specify the geometry of the

support structure for a proposed parabolic-shaped microwave antenna.

The surface of the antenna is comprised of 37 hexagonal-shaped

tiles, each connected to a truss module. These units are joined

together to form a rigidized, faceted, concave parabolic surface

(see Figure 1). (A 37-unit array is discussed here, but the results 	 J
may be easily extended to larger structures.)

Although the antenna and its related supporting structure form

a complex system of surfaces, points, and lines, a few simplifying

assumptions regarding their relative locations make the entire pro-

blem of description much more straightforward. In particular, if

certain restrictions are placed on the locations of the truss mem-

bers relative to the hexagonal grid formed by the tiles, the geom-

etry of the structure becomes very manageable. Specifying this

geometry requires an explanation of the structural components which

make up the antenna, a description of the coordinate system devised

to identify the structure, and a presentation of the nondimensional

results.

STRUCTURAL COMPONENTS

The structure is composed of two types of members: repeating

hexagonal tiles, and repeating skewed triangular-truss modules.

Since this work deals principally with the support structure, all

that we are interested in concerning the tiles is their size and

arrangement relative }^ the support structure.

The tiles form a large hexagonal array comprised of three

concentric hexagonal rings around a central tile. The outer edge

of this array is a sawtooth pattern. It can be stipulated that
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the tiles fcrm a regular array of identical hexagons when projected

into a plane perpendicular to the axis of revolution of the para-

boloic surface (see Figure 2). Thus, the tiles %,e are considering

are only approximate hexagons, the actual lengths of each edge

varying over the surface of the antenna. Nothing is assumed about
the surface curvature of the individual tiles. Only the vertices

of each one are restricted to lie within the theoretical parabolic

surface of the antenna. (For_ future reference, this theoretical

surface is designated as the "upper" surface.)

Attached to each of the tiles just described) is a skewed

triangular-truss module. Just as the basic shape of the hexagonal

tile is continuously altered to form a paraboloidal surface, so are

the dimensions of a simple skewed module altered throughout the

structure to form a rigid support for the tiles (see Figure t).

To describe this structure accurately, it is first necessary to

describe to necessary modifications of its dimensions as its lo-

.ation in _he structure changes.

The basic truss module (see Figure 3) is made up of nine
struts arranged in the following manner: six struts of equal

length _ make up two equilateral triangles. The vertices of

these triangles are connected by the remaining three struts. The

triangles are positioned such that they are in parallel planes a

distance of 0.885 . apart. They are clocked 60 degrees from one

another %.:hen viewed along ;:heir line of centers. The skewed con-

necting struts are oriented in the sense of a right-hand screw.

The length of the connecting strut in this basic configuration is

1.057

In crder to generate a paraboloidal surface with this module,

it is necessary to vary the length of all the members so as to

produce the correct curvature when they are joined together. To

do this in a regular manner, use is made of the fact that the
vertices of the two triangles also form a hexagon when they are

viei..ed from along their line of centers. The geometry of the
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entire structure becomes remarkably simple if the hexagons formed

by the projection of these vertices into the plane, perpendicular

to the axis of rotation of the paraboloid, coincide with the similar

projections of the vertices of the hexagonal tiles used to make up

the surface of the antenna. (This also assumes that the line of

centers of all triangle pairs is parallel to the axis of revolu-

tion of the paraboloid.) Now the structure is almost determined,

except for the description of the manner in which the tiles are

joined to the truss. Simply stated, the vertices of the upper

triangle of each truss module are attached to alternating vertices
of each hexagonal tile. All of these points are assumed to lie

within the upper surface.

There is a further geometric restriction of the vertices of

the unattached lower triangles of the truss modules. They must

also fore a paraboloid of revolution with the s,.-e curvature as

the upper surface, but displaced along the axis of rotation by

an amount equal to the depth of the truss, 0.885 x. In addition,

the projections of all the intersections of all the truss members

in the lower plane all lie at the locations of the projections of

the vertices of the hexagonal tiles in the perpendicular plane.

Now that a general description of the structure has been completed,

it is possi)le to specify the location of all points exactly by

using a convenient coordinate system.

COORDINATE SYSTEM FOR POINT DESIGNATION

A right-handed Cartesian coordinate system k x,y,z) will be

used to specify the structure. The positive z axis points towards

the center of the earth and the positive x axis lies along the major

axis of the antenna. At a point d on the z axis (0,0,d), a
paraboloid of revolution with focal length F intersects the +z

axis and is concave towards the xy plane. The axis of revolution

is coincident with the z axis. The portion of the paraboloid lying

between the xy plane and the point (0,0,d) contains 37 nonuniform
hexagonal figures with the following characteristics:
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0 The projections of these 37 hexagonal figures into the
xy plane form a regulara,ff^ray of 37 uniform he=cagons
each with side length kI 3.

0 They are arranged such that their outer periphery
forms another large hexagon with a sawtooth edge.

•	 is the length of the side of an inscribed equilateral
jtriangle and is the principal characteristic dimension

of the support structure struts as shown in Figure 3.
(The 37 hexagonal figures in the paraboloid represent
the 37 tiles forming the surface of the antenna.)

• The +x axis lies along a major diameter of the= large
hexagonal array.

In addition to being the "vertical" projection o lf the tiles,
the hexagonal array shown in Figure 2 also has another important

characteristic: each vertex of each hexagon defines the location

of the projection of a joint between members of the support struc-

ture and, in fact, represent a one-to-one mapping of all such

joints into the xy plane. For this reason, it is necessary to

specify completely the xy coordinates of these vertices. Once

this is done, the geometric constraints of the support structure

waill determine uniquely the z values for each joint. M, ce these
are given, the purpose of this work will be accomplished.

The points in the structure are represented by their projected

position in the projected hexagonal tile array for convenience.

To easily identify each point, it will be useful to label each

hexagon. To do this, consider the hexagons forming a- grid centered

around the origin. The centers of each hexagon form an array of

points i•hich can be described by an ordered couple of* numbers (m,n).

If x and y are the coordinates of each point in question, the

quantities x %fY/ " and y v,3/ are two nondimensional integers whic:;
identify each point by its position relative to the origin. All

the numbered pairs and the associated hexagons may be seen in

Figure 2.

4
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If the alternate vertices of each hexagon are all connected,

two overlapping triangular grids are formed. In Figure 4a, we see

the grid which has vertices pointing along the +y axis. This grid

is the xy-plane projection of all the struts forming the upper sur-

face of the support structure. It is possible to identify each

point in this grid by using the hexagon number pairs (m,n). By

moving along the +y axis a distance Q/V-3 from each hexagon center,

a point of the grid is reached. This point in the upper surface

is designated by the numbered pair which describes the associated

hexagon center. The same number pair also labels the triangle

which is centered on the hexagon. This is shown in the small

figure shown in Figure 4a. (Notice that some points must be named

by use of imaginary hexagons outside the array mentioned, but which

are a continuation of the existing pattern.)

To specify the rest of the structure, it is necessary to des-

cribe the lower surface which is similar to the upper surface but

translated a distance H along the +z axis. The projections of

the members of this portion of the structure form the second tri-

angular grid obtained from the original hexagonal grid. The ver-

tices of these triangles point in the -y axis direction and are

named by moving a distance Z/v/-3' in the -y direction from the

identifying hexagon center (see Figure 4b). The triangles of the
lower surface are also labeled with the (m,n) designation of the

hexa gon they are centered on in the xy-plane projection. Thus,

for each hexagon number pair (m,n), there are two associated tri-

angles: the (m,n) triangle in the upper surface, and the (m,n)

triangle in the lower surface. These triangle pairs form the upper

and lower surface of each module previously described.

Thus far, we have described pairs of triangles separated from

each other by a distance H with the vertices of each triangle

lying in an upper or lower parabolic surface. To complete the

structure, it is necessary to connect the points of the triangles

in the lower surface to those in the upper surface by connecting
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eac. -er_ex in the lower triangle with a vertex in the upper tri-

ancle following a right-handed screw direction (see Figure 3).

Thus, if we are considering the triangle pair (m,n) in tie upper

and 1^.:er surfaces, the following points would be connected:

From (lower surface)
	

To (upper surface)

(m, n)
	

(m-l,n-1)

(m-l,n+l)
	

(m, n)

(m+l , n+l )
	

(m+l,n-1)

The only other fact necessary to completely characterize the

str;:c=ure is the depth H of the truss. It is important to note

th3. =his is determined by a nondimensional ratio characteristic

cf _h t=uss module, and not contained in the parabolic specifica-

ti=_q cf the antenna. For this study, a value of 0.885 = H/: is
,. Q :^. This number arises because of the retraction/deployment

re..__e~ents of the module ccnfiguratf.on and is independent of the

a.._`...._ =ize or shape.

An assumption in this paper is that all the struts intersect

at =^^:.c ?eints :hich lie exactly in the upper and lower para-

_--i ial surfaces. No corrections are made for hin ges, joint

t is*'.nesses, or actual lengths or cross-sectional areas of struts.

NO::DIMENSIONAL FORMULAS AND RESULTS

'e :_—n ing •::ith the basic cell designations shown in Figure 2,
the	 cccrdinates of all truss points in the upper and lower sur-

fa_^^ --an --e simpl y calculated by

(m n)	 _ +m	 (1)2

for the y coordinates we get

(m,,n)	 _ ^ (n	 3)	 (2)

6



Here the t refers to the values of the y coordinate in the upper

and lower surfaces, respectively. The values of these points are

calculated and shown in Tables I and II.

It now remains to calculate the z coordinate of all the points

in the upper and lower surfaces. The values of z for each point

are

z - (-1/4F) (x 2+y2 ) + d	 (3)

in the upper surface and

Z =	 ( -1/4F) (x 2 +y 2 ) + Ii + d	 (4)

in the lcwer surface.

.;e recognize that the surface has the uppermost point at

(7,-1 1P on the upper surface, so this is the point used to evalaate

the parabola parameter. From Eqs. (1) and (2), the coordinates

of _h_s point are x = 3.5 R, and y = -1/2 VT.	 these values are

substituted into Eq. (3), it is possible to solve for d by

z = 0 = -1/4F (3.52 22 + . 2/4(3)) + d

c.

d = U 2/4F) (12.333333)

The expression for z aecome3

Z =	 (% 2 /4F) (12.333333 - ( x /-6)2
	 (y/.4)2)

or

z(4F/R2) = 12.333333 - WO 2 - (y/Z) 2	(5)

•	 7



For the 1v.:er surface, this becomes

(z-H)(4F/1-:2)
	

12.333333 - (x/;) 2 - (y/:) 2	(6)

These exLressions containing z in the upper and lower surface have

been calculated and are shown in Tables III and IV.

These results conclude the specification of the location of

the important points in the support structure. The results are

presented in terms of nondimensional parameters. Tables III and IV

reveal score extremely unusual information regarding the values of

the z cc--rc'inate of the points of the upper and lower surface. The

: ondi-ensicnal quantity 4zF/ 2 is an integer for all points of the
structure. Since F and • are fixed quantities, it means that the

z coordia=e is directly proportional to an integer multiple of a

set q:antiL for all points. This in turn has a great effec'. on

t'e	 the str is in the structure. This can be seen by
considerinc the expression used to calculate the length of a line

se4r , ent :et :_zn two points:

1/2
^(x l -x 2 ) 2 + (y l -y 2 ) 2 + (z l - z 2 ) 2

it -,,a_• :.^e see=n by ins?.-ection that the difference in the x and y
_oord-na__s :or all roints of intersection in the upper and lower

surfaces are equal. Thus, the length of any strut will vary only

as the	 of the differences between the z coordinates and its

e,ni oints c :tinge. Be(:ause these are all integers, their dif-
ferences :: 11 also be small intecers. In fact, for the structure

under cons--aeration, there are only seven different values for zl `2

in the e-.-.r-, re structure. Hence, the*:e afe only seven lengths of
struts necessary to fabricate t`-^ entire upper and lower surfaces.

A similar result can be found regarding the lengths of the skewed
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connecting struts. 0 hen the necessary calculations are performed,

it may be determined that only four different lengths of skewed

struts are necessary.)

To show how these results may be used to size a structure,

the lengths of all the struts in the upper and lower surfaces have

been calculated and are shown in Figures 5 and 6. For this example,

1.5 meters and F - 4.2 meters.
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TABLE I. VALUES OF x(^n) AND (y R,n) FOR THE UPPER SURFACE*

n
m	 -4	 -3	 -2	 -1	 0	 1	 2	 3

7	 3.500000
-0.288675

	

6 f	 3.000000	 3.000000

	

1	 -1.154701	 0.577350

5	 2.500000	 2.500000	 2.500000

	

-2.020726	 -0.288675	 -.443376

	

4 j	 2.000G00	 2.000000	 2.000000	 2.000000

	

1	 -2.886751	 -1.154701	 0.577350	 2.309401

	

3 j	 1.500000	 1.500000	 1.500000	 1.500000

	

1	 -2.020726	 -0.28865	 1.443376	 3.175426

	

2 J	 1.000000	 1.000000	 1.000000	 1.000000

	

l	 -2.886751	 -1.154701	 0.577350	 2.309401

	

1 f	 0.500000	 0.500000	 0.500000	 0.500000

	

l	 -2.020726	 -0.288675	 1.443376	 3.175426

0
	0.000000	 0.000000	 0.000000	 0.000000

	

-2.886751	 -1.154731	 0.577350	 2.309401

Symmetric abou m = 0.

*The top entry of the number pairs is the x coordinate and the
bottom entry is the y coordinate.
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TABLE II.	 VALUES OF 
x(m,n) AND	 (Q n) FOR THE LOWER SURFACE*

n
-3	 -2	 -1	 0	 1	 2	 3	 4m

7
{

3.500000
0.288675

6 f 3.000000	 3.000000	 .1 -0.577350	 1.154701

5	 J 2.500000	 2.500000	 2.500000
l -1.443376	 0.288675	 2.020726

4
1

2.000000	 2.000000	 2.000000	 2.000000
 -2.309401	 -0.577350	 1.154701	 2.886751

3 1.500000	 1.500000	 1.500000	 1.500000
-3.175426	 -1.443376	 0.288675	 2.020726

2	 f 1.000000	 1.000000	 1.000000	 1.000000
l -2.309401	 -0.577350	 1.154701	 2.986751

f 3

0.500000	 0.500000	 0.500000	 0.5000001 1 -3.175426	 -1.443376	 0.288675	 2.020726

0. 00 0 000	 0. 00 0 000	 0.00 0 000	 0. 0 000 000

t -2.309401	 -0.577350	 1.154701	 2.886751

Symmetric about m = 0.

*The top entry of the number pairs is the x coordinate and the
bottom entry is the y coordinate.
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TABLE III. VALUES OF z(4F/Z 2 ) FOR POINTS
ON THE UPPER SURFACE

Symmetric about m = 0.
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Figure 1. The 37-tile parabolic microwave antenna
showing detail of the supporting structure
(skewed connecting struts are darkened).
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1, six places)

Figure 3. The basic truss module.
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- 
^	 1

Point namea by moving along y axis

+ -= from cell center

Cell center (m,n) (from Figure 1)

Figure 4a. Upper surface point designations.
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,0	 I	 6,1

g

4,1

2,1

Cell center (m,n) (from Figure 1)

Point named by moving along y axis

- = from cell center
VrT

Figure 4b. Lower surface point designations.
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Symmetric about y axis.

1.5 m

F = 4.2 m

Figure 5. Lengths of members between points of
upper surface (shorn in meters).
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x
1

about y axis.

1.5 m
= 4.2 m

-:cure 6. Lengths of members bet...een points of
loner surf ice ;shoran in meters).
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