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THEORY OF TWISTED NONUNIFORMLY HEATED BARS

B.F. Shorr

An approximate theory of twisted, nonuniformly heated bars of /141%

arbitary cross section 1s discussed, with the nonlilnear distribution
of normal stresses taken into account, as applicable, according to
experimental data, up to twist parameter 32%5.

The theory of twisted pars, which is of great importance in calcu-
lation of airscrews and compressor and turbine blades, has been developed
in two directions. In the studies of P.M. Riz [1, 2], A.I. Lur'ye and
G.Yu. Dzhanelidze [3] and others, the problem was solved by the methods !
of elasticity theory. Because of the complexity of the solution, they !

were reduced to final form, only for bars of the simplest cross sections.
V.P. Vetchinkin and N.N. Polyakhov [4] and I.A. Birger and the author

(in 1954) proposed approximate methods, which are applicable to uniform-
ly heated pagrs with specific types of cross sections. A general theory,
which imposes no restrictions on cross section shape and is valid for
both slightly and moderately twisted paps (a refined classification of
baps by degree of twist will be established below), with nonuniform heat-
and with account taken of variable elasticity parameters, 1s presented
below.

1. We conslder a bar of constant cross section with, in the un-
stressed state, a uniform twist relative to the rectllinear zy axis,

which passes through a certain point 1 normal to the cross section axis
(Fig. 1).

We limit ourselves to analysis of bars, for which, before and after
deformation, the followlng condition holds true

(@R)* < 1 (1.1)

“lumbers in the margin indicate pagination in the forelign text.
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where q 1s the relatiyve angle of twist of the‘kar,
R is the distance from the z1 axis to the most
remote point of the sectlon.

Since

ar=tgd, (1.2)
where §,, 1s the angle between the zy axis and the

screw line which connects the corresponding points

of adjacent sections, condition (1.1) is equivalent

to the assumption that this angle is small, which /142
permits it to be considered that

Fig. 1

sind, =8 =ar, cosé, ~ 1 (FEY)) (1.3)

Together with plane of the cross section I,» we ‘introduce "orthogonal
nl I, a surface, the shape of which would be the cross section,

if the bar were reduced to the twisted state (a-a ) from the untwisted
state (a=0) by free twisting (Fig. 2).

section

3 2, o W By definition, the orthogonal section
coincldes with the warp surface at a=an and,
with condition (1.1), it is described by the
equation [5, 6]

v, = 2,2 (z, V) (1.4)
in whilch

(xo9=)* i 1, (xop)* < 1 (1.5)
Fig. 2.

1 1
where ¢(x, y) 1s the twisting function, ¢ =8¢/3x,¢y =3¢/0y; X, ¥, 2

is the rectangular coordinate system which moves together with the cross
section. For bars with variable elasticity parameters E(x, y) and

L The term "orthogonal section" was proposed by I.A. Birger, as applied

to bars of elongated cross section, for which section Il can be identifiled
approximately with the surface normal to the screw lines.




and G(x,y), function ¢ should satlsfy the equation [7]
(Gox)s” + (Goy' ) =G’ (y— ¥} =Gy (z— =) (1.6)
and the boundary conditions on the profile
(P’ —y+y)dy— (3 +z—z)dz =0 (1.7)
Because of condition (1.5), no distinction can be made between the
areas and equations of the profiles of the orthogonal and plane sections.

To be definite, we assume that a given orthogonal section I corresponds
to the plane section Ho’ with respect to which

S""?”'” (1.8)

Eq. (1.4) characterizes the configuration of a twisted bar, to
within the position of twist axis Zy The final results do not depend
on the direction which satisfies conditions (1.1), selected as the
direction of the’axis; however, as for prismatic bars, the theory is
simplified if it is assumed that the =z
of rigidity of the section.

1 axis passes through the center

Since, corresponding to twist a_, the initial "shifts"

0’

T =’ — Y+ Yi) Ta® =& () 2 — zi) (1.9)

should not depend on selectlon of the position of the axlils,

?S'm%'_yh QV'-?QV'+I( (1-10)

Here, ¢o is the twisting function, determined as usual, on condi-
tion that the axls of rotation passes through the coordinate origin.

2. With condition (1.1), the elastic twist deformation can be con=~
sidered as a continuation of the initlal "deformation," and the shifts
can be determined by the formulas
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5 =00y O (2 z), we=lp (2.1)

where 6 1s the relative angle of elastic twisting which, at small
initial twist angles, can be commensurable with ay-
The twisting stress in an orthogonal section 1s

Tul) = GO(p — y + y), i =Cl(g) +2—1x) (2.2)

For determination of the normal stresses, we conslder that, at /143 g
all points, the profile of the orthogonal section is normal to the
open lateral surface of the bar. Therefore, it can be proposed that
the tangential stresses on this section, which are not connected with
twisting (at 6=0), are of secondary importance (Just as for a plane
section in the theory of transverse bending of beams). Therefore, as
the initial direction of a longitudinal fiber of a twlsted rod No
(Fig. 2), it is natural to assume the direction normal to the orthogonal
surface with the directing cosines

l. = €08 (Vg2) = — s’y m, = COS (Noy) = —aogv" Ry = cos (Noz) =1 (2.3)

and, followlng the general theory of bars, to disregard the pressure of
one longitudinal fiber on another, i.e., to consider

o= E (¢ — q1) (2.4)

where ¢ is the longitudinal stress and yt i1s the thermal expansion of
the fiber.

It is evident that, in the general case, the directions of the
longitudinal and screw fibers do not coincide.

The length of a unit fiber in the initlal state is

dsy= dz V' 1T+ 1T mf ~dz [1 + -;—a,' (¢ +?v")] (2.5)




and, after deformation,

drm VAT FRFme (2.6)

where €, 1s the deformation of the fiber parallel to the rod axis, &=
2°+A£, m-mo+Am and A%, Am are the increments of the angles of inclina-

tion of the longitudinal fiber, in connection with elastic twisting of
the bar. | |
Based on the "orthogonal sections" hypothesis similar to the

‘hypotheses of plane or irregular sections, we assume that, in stretching

and bending, the orthogonal section does not change 1ts shape, moving

according to the laws of solids. Then [8],
8 = 8 — %2 — w,y + b (2.7)

where € _, Ky k, are conponents of the plane of deformation, 6=d6/dz,
and

M"f’@"%). Am = 8 (z — 1) (2.8)

In conformance with (2.3) and (2.8), Eq. (2.6) takes the form

dszds{t +e, + Haggs 4 0(y — y* + } [apy’ — O(z — 1Y) (2.9)
from which

¢ = —afp, + 1002 (2.10)

where polar coordinates r, Y, with the pole in the center of rigidity,
are introduced, and it is taken into consideration that

o =z — )9 — (v —wfe (2.11)

The normal stress in the orthogonal section with direction N(%2,m,n)

is

0w E (g — %7 — 2y + 69-«,09,,’-{‘,";0%’—11) (2.12)
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(1) act

in the orthogonal sections. The latter are connected with stress ¢ by
the equation of equilibrium

Besides torsional stress t » tangentlal shear stresses ¢

® o'

where p 1s the bulk force component in the direction of the longitudinal
fiber.

The total tangential stresses

(1)

= +r(2)

The stresses in the plane of the section can be found from the
conditions of equilibrium of a longitudinal element bounded by sections
I and I (Fig. 3), which gives

(2 —z)g~— 0] — M1 M1y ¢((1f — fi)g + *é"0) 0 — =13 = 71y
(0+°% = p) (2.14)
LA(438) + 5(*38)] m+ (2603 4 56%3) p+ 0 m 0

In particular, in the case of stretching
of the bhar, by dropping out all nonlinear terms,
we obtain, with xi'yi'o and (=0,

om0 ;' = — a0 [y + ;-2(?:'-— y)]

ﬂy‘A- -— aoa[—z.*. ;‘2(91;'"3)] (2 . 15)

Here, Ip is the polar moment of inertia, and
T is the geometric rigidity in twisting, which
Fig. 3. coincides with the preclse solution of P.M. Riz
[1].

At points where ¢=0, Eq. (2.14) coinclde with the conventional
formulas for the stress in inclined areas.

With the force factors in the plane of the section considered to
be known, we write the equilibrium conditions in the form

/144
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p -s ;'d F, Qzm ; 0 dF, Qy= 1 ty dF

- M - ;yi‘di‘, :M. -—i zo%dF, M, = ilm'(s =) — P uly —y)dF

(2.16)

We note that, between the force factors in a twlsted bar, there are
the relationships

am )
Q= — 5" +2(Pp— M)

daM
Q=g =

a(Pzi+ M,) (2.17)

which Eq. (2.16) identically satisfy.

By substituting the values of the stresses in the first and last
three equations of (2.16), we obtain a system of four equations, which
are linear with respect to the components of the plane of deformation
€os Kyo xy, and nonlinear relative to angle §. Without presenting the
general expressions, because of their bulk, we consider some applica-
tions of theoretical or practical value.

3.

stresses T 2

For profiles of dimensions x, y of one orcer, tangential
and the constrained twisting effect can be disregarded.

In this case, we arrive at the following system of equations:

~N
[
M —y
o

Po-Diemk,, {e,l" %38y %, - 0 [u, (Fy—T7) + 300, ]}
Myt My =l {-,S. —xelay—u, 0 o4-0 [a. (Fpe—Ts) + 30/ u]} (3.1)

My+ My -—En{'osv“"slv-*v’n +0 [“o(’n—rv) +%°’w]}

M, = CuT0 4 E,, {c. (2 (Tp—T) -k 01y) —xg [y (T — T) + 07, ) —

=08y Ty = T) + 01a) + O ey (1o — T+ (1, — Tog)] + 3007, } —
- —ay(Bi—DByy) — 0B,

-



Here, we introduce designations for the reduced geometric
characteristics

Sy ;va. 8, = Szz-aap. G.2)

A - EE.’W’ Iy= ;E’:’Jﬂ‘. Loy iE’zde

*

j - ;E'r'dl’. Iy §E‘r'ydl?, Iyym ;_E'r'sdr. j - ;gwp

7= ;E'(w'+ Mdf, Tyw= S_E'-(w'+ rY)dF, Tym ;g-,(,.-.,.,-,dp
Tom [ B U= WPIF,  Tog = {Eorey'4 )P

’ . 9
( g‘-k”:‘.-z,"’:. 5..-},;15#,2(“,.)0.. j = const )

and temperature factors

Py = §Eyldl-‘. oy ;I'.'«g:ydﬁ', My o ;E-gtzdl? (3.3)

Bi= ;E-;tr’dﬂ. Biym ;E.,, @+ rY)dF

»

In the derivation of system (3.1), it was taken into account that,
because of the properties of twisting function ¢ and the assumption
W,<<R, the role of the terms which reflect the effect of tangential
stresses on quantities P, Mx’ My is insignificant, within the limits of
accuracy of the theory. For simplicity in recording, subscript i in
moment Mx is dropped subsequently.

By proper selection of the coordinate origin and directions of the

X, y axes, condition Sx-sy-Ixy-O can be ensured. By introducing the
principal values of the components of the plane of deformation

o gy ; [a, (Ip—T) .p%o[,]
DLTRES - (XUMES PRSI (3.4)

A L LN

8 - é:ﬁ:::g‘;:azéf




the principal polar coordinate

el ey 0 2.5

v

and the principal value of function ¢ *

1,-T7 1 T 1,,-7T (3.6)
. (?.)0'—"‘ t ” } ”{' U 3"‘-"" ’”
which satisfy the conditions
] =] # ] ] (]
Ip -Ipx lpy =0, T -‘I‘x -Ty =0

where In', Tn* (n is an arbitrary subseript), are determined by Fq. (3.2),

2 2

with substitution of r,“ for r® and (¢*) ' for ¢W" we represent the
first three equations of (3.1) in the form

L A X x'_;_u,-;-u,', (3.7
zﬂ] 1" !m]-

Eq. (3.7) are the same in form as the corresponding relationships
for rectangular bars. However, in twisted bars, parameters Kx' and ‘y'
do not coincide with the components of the elastic curvature of the

rod axis or c¢* with its elongation.

It follows from (2.12), (3.4)=(3.7) that, with 6=0,

P+P, M, +M Mo+ M, b1 (3.8)
=[St - e 1 Sy a4 ows—v]
The last equation of (3.1) can be presented in the form
| lo—T,* 1, (3.9)
0 —ay® w04 v+p?) +3(1+p) a0l —— -+ (1 +p)P—5
9

/146

A g s




M,

~ b= i (3.10)
/

"'W[ (’.-T) T"(’”—TU)"' 'r'(’ '_rl‘)"(nl -B‘..)] (3-11)

(3.12)

where Bt* and Bt¢' are determined by Eq. (3.3), with the substitution
2 2

of r,“ for r® and (¢’)w' for ¢W" and

B =21+ W et T (3.13)

With o =0 (initially untwisted bar), Eq. (3.9) changes to

(1+ﬁ)!§.:0’+(l+v)o-.o. (3.18)

For cases of stretching and twisting bars of circular and elongated |
rectangular crcss sections, with t=0, formulas are obtained from (3.14),
which ccincide with the results of S.P. Timoshenko [9]. With eo-o,

i Eq. (3.14), besides the trivial solution =0, has a second solution

_ (3.18)
| "i]/"lr"utm

which takes on a real value at yg-1l.

J147

By assuming in (3.12), the value y=-1, we find the condition
for loss of stability of a rectangular bar due to twisting. At Mx'

My-O, t=0, this gives the known formula for the value of the critical
force [10]

g 10
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4, By disregarding the 8" and 63 terms in Eq. (3.9), we solve it

for ¢,

buki®—e" (b= ) (4.1)

The formula for the effective geometric torsional rigidity of the
twisted bar results from relationship (4.1)

2
TQ-T(l+v+s )

which, at v<<1+3§, coincides with the formula obtained for this case by

Chen Chu [11], as applied to hollow tubes with an elongated bisymmetrical
sectlion.

Dimensionless coefficlent 32 plays an important part in the theory
of twisted bars, and it can bLe called the twist parameter. Depending on
the value of 32. 1t 1s expedient to provisionally divide twisted bars
into three groups.

a. Slightly twisted bars, 8%«1. In this case, witl ao-o. elastic
| twisting angle & 1s proportional to angle Ugys strains ¢ and €, practi-
i cally coincide, and normal stresses ¢ can be calculated by the conven-
tional formula for a rectangular bar,

For a section with two axes of symmetry, with t=0 and V‘<1(k9§1).
we have

» M, (1 ] M
P Sy = Ezr—l._c.;r(.*-‘i). V;-b.

(4.2)
M, Pyl N,
’-—c‘-ir—ﬁ’jc (%—’), x.-—n—‘.

which coincides with the results of G.%Yu. Dzhanelidze [12].

b. Moderately twisted paps, the value of 32 is commensurable
with unity. With increase of 32, the torsional rigidity of the bar
increases considerably, which is confirmed by experiments [11], the
tensile and bending rigidities decrease (for asymmetrical profiles),

- 11
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and the normal stresses in the orthogonal section (and the stresses
practically equal to them in the plane of the cross section) are
redistributed according to relationship (3.8).

As was shown by the tensile tests of twisted bars by the author
(13), the approximate theory reported, based on assumptions (1l.1),
gives good accuracy up to B2¢5.

For blades and air screws, the value of 32 can reach 2-3 or more.
Together with the concise notation of (3.7) and (4.1), the basic

system of equations of a twisted bar of arbltary cross section, with
82§5 and v«1+32. can be represented in the following developed form

4
s = .2 auls (4.3)
L] )
where ‘J should be understood to be strain components €or Ky» xy. 6 and
Lk’ the force and temperature factors P+P,, My+Myt‘ Mx+Mxt’ /14

Mz+a°(Bt-Bt¢), and coefficients aJk’ which satisfy the theorem of
reciprocity, have the following values

(4.4)

L ‘ (,--1)3 l,-7
8y - L F P op)hgat - P —]' CITERY T "'G"flf
ey ’;;:,"’ 'l 12 p) ke ‘{i ;7 y)’ ] €y - Ayt Kye {’b?;;;:!

gy — }.:; ri F2(i A4 p) ket "Eﬁ?-’:- , 8y = — dgy v kyBy l—?:;:-’?
! .
o1y = 8y - — kya,t ..(1". 1‘.’1(,' i,:r') , Snm —ay = ka,t “P- r)ﬁui.‘.ll_ T,) ,
"

¢. Strongly twisted bars, 8255. A general theory of such bars
has not been developed.
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It follows from Eq. (3.2) that, ln the case of slightly warped
profiles, for which ﬁo, the equality T uL occurs , and all the terms
which contain angle % revert .to zero, i.e., in this case, the initial
twist does not play a part. An example of such a bar 1is a round

cylinder.

5. Twisting has the greatest effect on bars with elongated, strong-

1y warped profiles, for which the value of integrals (3.2) depends
basically on the values of the subintegral functions at points remote
from the rod axis, where r>>h (h 1is the greatest thickness of the pro-
file), and the initial "shifts" in the plane normal to the radius

T =a(r+ o) (5.1)

become small, compared with the initilal "bends" of the fiber

w,‘.;,"..-:-,}a,(r—-lr—'cpg,') (5.2)

With the assumption that yzw°g0, we find (Fig. 2)
P = —r? cos (:Vgt) == — %_3 Qo = ayr =8, (5.3

l.e., at points sufficlently remote from the axis, the longitudilnal
fiber coincides with the screw line, and the orthogonal section, with
a section of the corresponding screw surface, as was adopted by I.A.
Birger.

Because of equality (5.3), we have

Ta=0, (9)) = -1} T,°=0, B, =0, B, =0, vy

and all formulas of Sections 3 and U4 are significantly simplified.

Instead of relationship (2.3), there will be

lo = a, (." - y',' "‘0 = au (I o I‘)

(5.4)

13
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o= Loy e | 6'? 4 20t eyt (5.5)

If, to condition (1.8) adopted above

S. Feoydl' =: 0 S Eoadl' == 0 (5.6)

is added, formulas (3.7) remain in force, and conditions’ (5 6) are
used to determine the coordinates of the center of rigidity.

By the substitution of (5.5) in torque Eq. (2.16), without con-
sideration of the 62 and 63 terms, we obtain

' MN 201 4 ) _
Op=aev=0(l-Fv+ 0% 5 ‘Tﬁ‘ ﬂodpglz'f;r,’dl" 5.7

Where MZ(T) is the torque of tangentlial stresses 1(2), which can be
found for elongated sections without determining the stresses them-
selves, if it 1s assumed that ¢r'<<r°l¢ ', i.e., that warping is re-
duced primarily to rotation of individual elements of the cross
section relative to the radius. Then,

?"zy—yh !py'z-—(x—:r‘) (5-8)

' M = — §~l(‘-’:x(”‘?);"+(Twm‘9)u'l dF + Q @lltx™) (“zvm)v JdF =

q;_fl'q

= e— &9[“::‘”d"/ hand ftu(g’dx] ?g" dr _S ?de

I!

Because of the boundary conditions on the profile, the first
integral equals zero, so that, with 3t/3z=0, we have

AI,‘*):=-—~I:’,,JJ)'-—E,,\% ﬂE;r ’dl’-—SdeF (5.9)
. 12
where

1, = i E*dF

. (5.10)
w 14




By substitution of (5.9) in (5.7), we arrive at the differential
equation of constrained twisting

B N0 = — kA2 (0, — gy - Q) (5.11)
where
? _ T {
= TEaRG b= g e (5.12)
F

‘I
O A R R A A AR o

with the boundary conditions €=0 in the end connection and €=0 at the
free end.

With ao=0, p=0, t=0, Eq. (5.12) coincides with the equation of
constrained twisting of the theory of thin bars [8].

By designating

\ dn \
By= —Enl$, Mo==Z2%,  Mj =M.~ M, + \ opdh —Gulay (5.13)
: )

we obtain M

and, consequently,

PA P MM, MM, B
. 6= v ._i_.._..__-.!_]......!_x.‘ .__I‘._T__"_.y._.il?.*. (5.15)
x Q .

v
") “'.l. T .
‘ 21 4 ) ko, -t Iyt

M ’
Tmar'? = () inax b "‘1'?“" (5.16)

For thin wall profiles, on the basis of (5.8),
o' ==y —(z—x)y/ (5.17)

where s 1s a coordinate read along the midline of the profile.

15




After integrating (5 17), with changes of ¢ through the profile
disregdrded, we ohtain, to within a constant,

IR —w

(5.18)
where @ 1s the doubled sector ares.

Tangential stress 1(2)’ which acts along the midline of the profile,

is

= = gl§ Pk de + 2o o)k (e) ds,] (5.19)
L] ]

which, with 9t/9z=0 and with (2.17) taken into account, gives

(5.20)

%' = m{ (s) SP(S)’&(S)JS—S p(‘l)"(ﬁ)d&.-}- Q,Sv (s) +

QS:(0) M, S (s) .
¥ rg[‘ ¥ Lo . —ao[(PJ‘_M"‘ _(P‘t""M V) Slm + B, ,}.(.')]}
where e , .
F(S) = S E°hd3u Sx (3) = S E‘hyds,, Su (8) S E"lzds,
J ; ) |

(5.21)

Su () = S Ehods,,  I,*(s) = S Ehr s,
. 0 °

and So is the length of the midline.

6. In a number of cases, the constraint effect appears only near
fastened cross sections, where 6=0. and the initial twisting has no
effect but, in sufficiently remote sections from the end connection,
the twisting can be considered practically free, which considerably
simplifies the calculations.

Without consideration of constraint, Eq. (3.9), for elongated




profiles, is reduced to the form
P+ +2(1 43+ BE=26—B) (E=E0b="20) o
Analysis of Eq. (6.1) which reduces arbitrary cases of deformation

of twisted bars to the qingle relationshilp g-g(g vsB), confirms that
the role of nonlinear terms g s 53 is small, as a rule.

By using the equations of elasticity theory in a nonorthogonal
curvilinear coordinate system, V.M. Marchenko developed, in general

form, a theory of free torsion and tension without bending of a uniform-

ly heated twisted bar, with an arbitrary value of angle Ogs in which,
for an elongated elliptical section with semiaxes ab(a>b) and H=1/3,
the solution in approximate form (by the method of variations) was
reduced to calculation formulas, which have the form (in our notation)

omn(egn)  (e[EB=]) s

r 20 a%agt Ma,"
8 == - SRR DR i)
° k‘hr0+u n) 4&7J

For an elongated ellipse (n<l), with u=1/3 and v«:1+32, by
formulas (3.13), (4.1) and (4.4), we have

1 .

_ 8 a'aytl-! ky 31 a'a,?
ko=[1+‘4—5 ﬂ] ' au=Eﬁ(1+g§—ﬁ"-)-
k
au=‘c‘%- au——au—'—"hoz-ch‘

and comparing solutions (4.3) and (6.2) shows that they practically
coincide. The normal stresses in the center of the section are:

according to V.M. Marchenko

0(0) = b [(14 22 ] —Beo 1) (6.3)

according to formula (5.15)

a(q>=k.[(1+;“;—{,flgi)" 2 '.‘&]

17
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The divergence of the results also 1s small.

Thus, comparison of the approximate theory with experimental data
and with the partial solutions obtalned with the use of the system of
elasticity theory, indicates its sufflcient generallty and accuracy.
The author thanks I.A. Birger for discussion of the work.
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