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I. INTRODUCTION

The present work is an attempt to find an analytic approach to
the oblique shock wave - laminar boundary layer interaction problem.
It is well known that when a shock wave impinges upon a stationary
object in the flow, there results a complex interaction between the
shock wave and the boundary layer on the object, in which the press-—
ure rise can feed upstream along the object and the resulting inter-
action can, for certain flow conditions, lead to separation (see
Fig. 1). The thickening of the boundary layer caused by this up-
stream influence disturbs the external flow and it is therefore
impossible to compute the boundary layer independently of the
changes in the outer flow caused by the shock. Some free inter-
action conditions must be established to link the two regions.

The present work attempts to find a solution in the case of a
two-dimensional flow along a flat plate at zero incidence.

The earliest works in this field are experimental. These include
the works of Ackeret, Feldmann and Rott [1], Liepmann, Dhawan and
Roshko [2], Chapman, Kuehn and Larson [3] and Hakkinen, Greber, Trill-
ing and Abarbanel [4]. Later investigators used integral boundary
layer solutions coupled with an appropriate pressure law. These works
are based on the theory of Crocco and Lees [5,6]. These methods did
produce solutions tﬁat separated, reattached and met a downstream

boundary condition of zero pressure gradient flow, but were limited
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to a small range of Mach numbers, Reynolds numbers and wall temper-
atures.

Reyhner and Flugge-Lotz [7] carried the approach a step further
by coupling a finite difference boundary layer solution with a
Prandtl-Meyer pressure law and successfully obtained solutions
that included a separated region and met the downstream boundary
conditions dictated by a zero pressure gradient flow,

All the previous solutions rely on two basic factors:

1. Garvine [8] has shown that when a boundary layer is
coupled to the inviscid stream, the problem assumes an elliptic
character in that the upstream boundary conditions cannot be com-
pletely specified but rather that the correct solution is dependent on
satisfying a downstream bounéary condition.

2. Interacting boundary layer solutions exhibit a nodal
behavior in that they tend to branch away from weak interaction
solutions towards either separation or an expansive flow (see Fig. 2).

The advantage of the present work over the previous ones is in
the improved treatment of reverse flow regioné: the customary device
of eliminating or modifying the time-like terms in the streamwise-
momentum and energy equat.ons in this region [7, 9, 13] has been
eliminated by adding a time-like term to both sides of these
equations in the backflow region, thereby avoiding the change of
the basic nature of these equations, as called for by the previous

methods,



The main advantage of using the method employed in the present
work is that it provides a solution to a given case in a short time
(usually about one minute of computer time using the UNIVAC 1110) as
opposed to considerably longer tiﬁe when a Navier-Stokes procedure
is employed using present technology computers. This has a strong
bearing on cost considerations, yet the accuracy of a solution as
produced by the present method is good enough for engineering pur-
poses.

The present eifort assumes that the Prandtl-Meyer relation
adequately represents the external flow and the free interaction
condition between the boundary layer and this external flow is
through coupling the two regions along the displacement thickness
surface by a relation between the external flow turning angle and
the stream-wise derivative of the displacement thickness. Implicit
in this work is the assumption that the boundary layer equations are
applicable throughout the computational regime, which excludes large
separation bubbles, where the normal pressure gradient is no longer
negligible.

There are three par:ieters which are of fundamental importance
in this problem: the starting point of the interaction, the location
of the idealized shock, and its strength. Knowledge of the latter
two of these quantities does not permit the knowledge of the third,
and hence iterative calculations must be performed to find the third

parameter, namely, the starting point of the interaction. The



determination of this parameter 1s done through meeting the downstream
boundary conditions, which are: (a) weak interaction far enough down-
stream of the shock impingement location; (b) a downstream pressure
which is compatible with the one predicted from purely inviscid con-
siderations. These two conditions necessitate the employment of two
iteration parameters, such that only a unique combination of them
yields the correct downstream conditions. Adopting a combination of
the work of Reyhner and Flugga~Lotz [7] and of Dwoyer [9], the two
iteration parameters employed in the present work are the starting
point of the interaction (assuming knowledge of the shock impingement
location) and the second derivative of the displacement thickness at
the shock impingement point.

The boundary layer equations are solved by a linear implicit
finite difference technique [10].

Special treatment is applied for the backflow region, consisting
of adding a (-2pu %ﬁ) term to both sides of the streamwise momentum
equation and a (—2cp pu %%) term to both sides of the energy equation,
such that diagonal dominance of the resulting tridiagonal matrix is
assured. This method is more accurate than the one used by Reyhner
and Flugge-Lotz [7] and later by Dwoyer [9], which consisted of re-
placing the time—like terms in the streamwise momentum and energy
equations by one-tenth their absolute values., No such artificial
terms appear in the present work. The stabilizing method employed
here is bésed on the successive iterations performed on each down-

stream station, so that by the time a station is converged (i.e.,



the free interaction condition is met) the streamwise momentum and
energy equations are restored to their correct form to within a small

prescribed tolerance.
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II. LIST OF SYMBOLS

speed of sound, a = YYRt, [EEE]

Chapman-Rubesin constant (eq. 21)
T
I3 I3 3 : ’ F—3 — _w
skin friction coefficient, Cf (1/2X%DQZT—

cal ]

specific heat at constant pressure, [EE—FE

specific heat at constant volume, [Eéé%a]

exponent in power law for the viscosity

exponent in power law for the thermal conductivity

Yt

function of y used in Prandtl-Meyer calculation, G = y=1

counter for mesh points in the x-wise direction
J at the last computational station, x =

X downstream

counter for mesh points in the y-wise direction

‘coefficients in the xo-iteration procedure

cal

——=———=—]; also counter for mesh
m-sec* C

thermal conductivity [
pointé in the y-wise direction (will be clear according to
context)

reference length, [m] (L = xo)

Mach number |

number used to divide AX to reduce mesh size in x-direction

N
pressure, [—5]
m

nondimensional pressure, P = 2
P
pressure at the downstream station
U
Prandtl number, Pr = —%—R
o



32

>

(=

>

heat flux [—Eél—-

m rsec
case of variable mesh size (clear from caontext)
N

m .
gas constant, [kg-°C]

Reynolds number based on x, Re = X

.

temperature, [°C]

nondimensional temperature, T = fL

temporary temperature vector usedoin backflow region
calculation

intermediate solution'vector for the temperature at a
streamwise station, improved by each iteration at that

station

. . m
streamwise velocity, [—]
‘ sec

. . s . u
nondimensional streamwise velocity, U = 5

o
temporary streamwise velocity vector used in backflow
region calculations
intermediate solution vector for the streamwise velocity
at a streamwise station, improved by each iteration at

that station

normal velocity, 2
sec
povL

nondimensional normal velocity, V =
Ho

streamwise coordinate, [m] X

M X ) o
p u L? R
oo

nondimensional streamwise coordinate, X =

}J; also quotient- in power series for AX in the



X streamwise location of the beginning of strong interaction

Xsh streamwise location of the idealized shock impingement on
the plate

y normal coordinate, [m]

Y nondimensional normal coordinate, Y = %

Greek Symbols

B dient i
pressure gradient, axX .
Y specific heat ratio, Yy = ER (= 1.405 for air)
v
8 boundary layer thickness, [m]
5% boundary layer displacement thickness, [m]
AX streamwise mesh size
AY normal mesh size
, . kg

v viscosity, [m-sec]
v Prandtl-Meyer angle, [rad]
S flow turning angle, [rad]
T shear stress, [l%]

K m
o) density, [—%]

m
€ tolerance
n nondimensional normal coordinate used for initial profiles,

=2
T\ 6 N



Subscripts

o evaluated in the free stream at X,

© evaluated at the outer edge of the boundary layer
a adiabatic

c a computed'value (i.e., 6:")

d,downstr. evaluated at the last streamwise station

f evaluated at a far downstream or final station
g a guessed value (i.e., 6;")
i a value for an iterated quantity at the ith iteration
INV a quantity evaluated through inviscid considerations
i.e.
(i.e., Pryy)

initial a quantity evaluated at the initial streamwise station

j evaluated at the jth streamwise station for any k

k evaluated at the kth normal station for any j

i,k evaluated at the (j,k) mesh point

jx evaluated at the streamwise station corresponding to xo
o ,

w, wall evaluated at the wall
X derivative with respect to x. Also, evaluated at x (clear

from context)

X evaluated at x X
o o

X evaluated at x = x (shock impingement point)

sh shock
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Superscripts

total derivative with respect to the appropriate independent
variable
* nondimensional quantity, used for p, k and u

nondimensional quantity used for 8 and &%



III. GOVERNING EQUATIONS

The flow field is divided into a boundary layer and an external
flow. The external flow is handled as a Prandtl-Meyer edge con-
dition for the boundary layer. Although ﬁhe Prandtl-Meyer reiation
is isentropic and correct only for expansions, it can be used for
weak compressions since the change in entropy is proportional to the
cube of the pressure change through compression waves, and this is a
very small quantity when proceeding from one station to the next
while marching streamwise through the mesh points. The presence of
the shock is compensated for by changing the reference Prandtl-Meyer
angle w =n the computation procedure arrives one station downstream
of the shock impingement point. The amount of change in the reference
angle is automatically determined by the combined strength of the
assumed shock and expansion fan and is corrected while the latter is
iterated during the computational procedure.

Figure 1 shows the physical phenomenon treated by the com-
putational procedure, indicating the important locations and geo-
metrical features. Xo is the location where the compression waves
first appear, and consequently where the pressure begins to rise from
its upstream value.

This compression turns the flow away from the wall with sub-
sequent separation possible. This is followed by the combination of

an oblique shock and an expansion fan at x This is the location

sh’
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where the boundary layer edge is most removed from the wall, and
where the flow turns most sharply towards the wall. The distance
" between X and Xon is the measure of the extent of upstream influence

present; the stronger the shock the larger this distance, and hence
the larger the resulting backflow region. Further downstream, a
second set of compression waves turns the flow back parallel to the
wall, followed by reattachment and gradual reversion back to a weak
interaction region. Since the present work does not incorporate a
normal momentum equation (and hence assumes mild flow deviations

from the flat plate and constant pressure normal to it) only small

separated regions can be treated by the present approach.

I11.a Boundary Layer Equations

The basic equations for the compressible, steady, two dimensional

boundary layer, assuming a constant Cp, are

f(w%%w'aé"i'%-&?ﬁ%&*%) | €9
Yl 2%01 =0 @)
pcr(u B rop=cBe FlPrg) ®

A perfect gas is assumed, for which

fa-{raf o @)



13

Power-law relations are used for both the viscosity and the

thermal conductivity:

fo=po GE)
+\F*

k=ko (&)

where Hy and ko are respectively the viscosity and thermal con-

(5)

(6)

ductivity at the reference temperature to. A value of 0.76 has been

used for both f and g.

The boundary conditions are

u

v

or

t

(x,0) = 0

(x,0) = 0 (for impermeable wall)

(x,0) = vw(x) (for suction)

(x,@) = u_(x)
(x,0) = &,

(x,2) = t_(x)

oty _
dy'y=o

(x,2) = t_(x)

constant wall temperature case

constant wall heat flux case

where um(x) and tm(x) are furnished by the solution of the inviscid

outer flow, to be discussed later.
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ITII.b Dimensionless Forms and Reference Quantities

The dimensionless variables employed in this work are chosen so
as to achieve two goals: (a) creating flow variables that are
most convenient for the finite difference procedure in which they are
to be used; (b) creating as few parameters as possible, to maximize
computational convenience.

With these in mind, the following dimensionless variables are

employed:
V=t V=EEE  T=£, PR, g% £,

Bk pe=f X~ V=F

where all quantities with subscript o are evaluated in the free
stream at xo, the point where the strong interaction starts, and L
is a reference length in the direction normal to the wall.

With these new variables, the dimensionless equations now

become

f*(U'%%*V%%‘) =“"'"FL?¢ "‘3)'0" zy) (12)

X *
A, ko
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g*(U%*l‘v%’;- “*-IUEZZ Fh\y(k g )+

v e
(‘6"~I)M3/“*(%7') (3a)
:—f‘*T | (4a)
/*: T‘f (5a)

where the free-stream Mach number at xo is

r1o== ""!‘dl"
(TRt

and the Prandtl number at the same location is

R.= A}ﬁ

The corresponding dimensionless Boundary Conditions are:

U(x,0) =0
0 (impermeable wall)
V(X,0) = { '
vV (X) (suction)
W
u_(X)
UK,®) = = U_(%)

o}
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For constant wall temperature

T(X,0) = Tw

t (X0

t
(o]

]

T(X,=)

= Tw(X)
while for constant heat flux q

_k*.a_T =_CLL
Y'y=0 = k t_

T(X, =) = T_(X)

Note: 1In all subsequent equations the asterisk used to indicate

dimensionless density (p*), thermal conductivity (k*) and dynamic
viscosity (p*) will be dropped, with the understanding that these
variables are dimensionless as defined above.

The following quantities are given in the free stream at

X =x + M, po, uo, to and ko. Based on these, the reference

(o} o

quantities are defined as follows:

Velocity: Lo = Mo SR
Static pressure': ,2=£@t5,

The reference length, L, is chosen as the distance from the leading
edge of the plate to the location of the start of the strong inter-
action, namely

L= Xo

which leads to the following dimensionless coordinates:
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where

Rv.x::' & u?f

III.c Edge Conditions

The edge conditions necessary for the solution of the governing
equations are calculated from the Prandtl-Meyer relation which is
strictly valid only for isentropic expansions. However, the
Prandtl-Meyer relation can be used for weak compressions since the
change in entropy is proportional to the third power of the change in
pressure for cOmpresgion waves, and this entropy change is very small
when proceeding from one mesh point to the next one while marching
downstream during the computational procedure. This approach has
been found also by previous authors to work reasonably [7,9,13].

The main difficulty in the solution of the governing equations (1 - 6),
is that the pressure, p, is one of the unknowns, since in the casé of
a strong interaction the viscous and inviscid regions mutually

affect each other and the pressure field is a result of this inter-
action. This is the basic difference between strong and weak inter-
action cases, since in the latter the pressure field is dictated by

the inviscid flow, so it becomes a known variable as far as the
viscous layer is concerned. In the present situation an additional
equation is necessary which expresses the mutual determination of

the pressure field by the viscous and inviscid regions. This is
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done by coupling the two regions along the displacement surface (see

Appendix Al) by the relation

¥

e = - "'(’ g )
hw(wﬂ #=+%o (Fx Q)
where the index « refers to the conditions at the outer edge of the

boundary layer. ¢ is now used in the Prandtl-Meyer relation through

the Prandtl-Meyer angle v:

P=Yo— % (8)

where

v = ,—.%‘:’_‘7/ &:’/%(Mi‘/) - ul“ Mfo-/ (9)

and vy is the reference Prandtl-Meyer angle. The value of 90 is that

for M0 until one station downstream of the shock impingement point,

where it assumes a new value that depends on P, through the combination

f

of incident shock strength and expansion fan such that it also guaran-

tees continuity of pressure across the shock impingement location.

- This new value of v, is updated during the iterations performed on the

shock strength plus expansion fan, as part of the computational pro-
cedure. Once equation (9) is solved for M (see Appendix B), the edge

conditions may be evaluated as follows:

(10)

P = TP -
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u,.'_-ﬂN% ™ (12)

?w:-: % - (13)

and the pressure gradient

(14)

In equation (14) the term :i appears, which has the following

value:

4 — A% Resx. X ;%226*
54 x [+ (%) (14a)

The first term on the R.H.S. vanishes for a flat plate. It should
be noted thaﬁ the second term contains both 6% and X . Hence
changes in both influence the computation of the edge flow para-
meters, independently of each other. This has a strong bearing on
the method of iterations employed in the present work which is
basically a double iteration loop where §* and X each change while

the other is frozen in its latest value.
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IV. METHOD OF SOLUTION

IV.a Difference Equations

The basic équations, eqns, la - 6a, will now be rewritten in
finite difference form. A linea? implicit form has been chosen,
having the distinct advantage that all equatiops are linear in the
various unknowns, thus at each step the momentum equation may be
solved for the streamwise veldcity values at the new station,
followed by the energy equation yielding the values of the temper-
ature at this new station, then the density is obtaiﬁed from the
équation of state, and based on these the continuity equation is
solved to provide the normal velocity at the new station. Finally
the viscosity and thermal conductivity are found and the procedure
may be advanced one step downstream. Backward differencing is
employed for the streamwise derivatives and central differencing is
used for the normal derivatives iﬁ both the streamwise-momentum and-
the energy equations, while backw;rd differencing is used in both
directions in the continuity equation. The differencing for both

. . 2 .
the momentum and energy equations is correct to order (AY)® in the

normal direction and to order AX in the streamwise direction, whereas

for the continuity equation the differencing is correct to orders
AY and AX. Since the truncation error is of second order in the
streamwise direction, a relatively. large number of mesh points has

been employed, resulting in a fine mesh. The difference equations

20
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to follow are stable for all mesh sizes so long as U > 0.

Finite difference formulation of the governing equations;

(2b)

Sier ht Um A -f.;, R+t Uy, R+ ' Pg‘n,gﬂ V-‘flikﬁ “ﬁwgg VJf[gk =0
AX Ay =¢

| T =T T T P
6L Ty P el el Pt

i b e ket ~2 Tisi,h + Tiet, b I | Rs, het =Rin-
yfrsee P, b AJY)I].z

[Tom ke ‘F«Lk-J 2 Ujsgkns = Vin, bo1]
_ P
Siur= 7{%,_'; (4»)

f
/f,,' kz(TJ\-H, h) o =0

}
C— (6b)
k“ﬁ'k = T'j.+'l k)
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IV.c Matrix Form of Equations

The momentum equation is rewritten in the form:

This equation, written out for all k, assumes the form

=

£

| ola

Q,
Pz Qa

F’ Qs

Vint e

Ujﬁ, 3

{ U&HJI\ f¢' W

S Vik _ AT AT ,l Qi Uin _ |
Z(A; (67) + 4(ay)* it k- 1’[ . (AY ]Ujﬂ,h-l-

/e 4 /“.' =P
[l - Limlagely, | utlh Ta-i_m

&
P
¢-an:
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where
= __ﬂ,’ AVie (/:bk'“ /‘J,k-l
A= 2(ay) (Ay)‘ $(ay
B - SJ'_,RUiLk /J;
/%k T AY t2 Cayfr

_ SueVip _ ik _ (S~ 1)
Q= 2Cay) ~ (ay)* 4(2»’)‘

é _Sorx Uin __| &tg g;
k A = ¢MT

This matrix equation is used to solve for U using a tridiagonal

j+l,k

matrix inversion technique.

The energy equation is written as:

0

[ _5 k\/.,,g _L Lﬂ',g __I_(ki,ku"‘.l,k-g
“zcay) " P @yt TR $(ay)* . Toyier +

d

‘ ?) kUb* 2- kJ k T—
;9.4 Prz @y)t| ik

-

SixVin 1k 1 (Rirst= ki, n- _
_T‘z W TR BT B G(ayT | ket =

2

_IU'l Pm P.; +(X' I)M /( [UJ+5, hz”(ﬁl%ﬁ-'] +

I
fj,k (/Jlk AX

(3c)



24

Wiitten out for all k for the case of constant wall temperature, we

get
g«
oke le; o,

o

where

d = - £k Vi 1 Ri
’ °<k - Pr -é3‘57'+'f3‘

2(ay)

f ik

Thmer

\

| (k ske =Ry, k-—r)

2’ _ fi,k (Ji,n i
k== ax "‘& ayr

o Sin Vo _ 1 kin 1 (kupn ki)
L, ="20ay) "B @R 4ay

& =2=1L Pis —Pi M
¢h‘ N uh_&‘f'f"*(r I)Mo/:')k

v I
f&,kum‘ff'

$(aY)?

7;4'1 w J

2
Twa “Uw,-k-r] +

2 (ay)

J
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This is solved for Tj+1 K using, again, a tridiagonal matrix

inversion. Now we can find from the perfect gas law

f,“ k:—-—P_‘iL_ (4b)
v Tis1, k

Next the continuity equation is solved to yield

Hh Ay J' R+ —_—
v.'rﬂ,lw é ) m,k"'A €ivr by Uj,‘lu-l U_,'-H, R+! (2¢)

This solutlon is started at the plate (y=0) where V = 0 (or

j+l,o0

v, =V (X)) and marched out to the free stream. Finally, the
j+l,o0 W
viscosity and thermal conductivity for the (j+l)st station are

computed:

/:ﬂk ( -H,k) (5b)

kw,a - (—GH, k) (6b)

This completes the solution for the (j+1) st station and the method

is now applied to the next downstream station.



V. COMPUTATIONAL PROCEDURE

V.a Initial Profiles

The initial velocity profile is generated by an iterative pro-
cedure that is started with the Pohlhausen polynomial for the flat

plate laminar boundary layer.

b & '

Vi =27 -27% +7 (15)
where
p=-f —
In terms of the Y-coordinate,

— XX
7 intaf
where §,

initial

dl.z..¢,=50 xiﬁ:“

is tentatively taken at its Mach zero value

The initial station, X,

initial’ is the predetermined station where

the computational procedure starts. Hence

4
e olYXe _[(YXe ¥ Xo
U_nd_-— Z,E&—J 6‘{{2;) +(&~L&I—) (15a)

and in finite difference form

- q 4 .
Ughzz%kay—(yﬁuy) +§’£_wf5my) (15b)

26
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with k going from zero up to kfinal’ corresponding to the last
5
mesh point in, the normal direction.
The initial representation of the temperature profile uses the

Crocco relation between temperature and velocity for a flat plate

with zero pressure gradient which is strictly valid only for Pr = 1:

-EAN:%'*(‘“%:)U%(*%:LM? v (!"‘ UW) (16)

which becomes, in finite difference form,

Tox =%*(1“§‘)Uh. +°]:z:"l'\7«a U, s (’- Usk) | (162)
Since these profiles do not correspond to the situation in the flow
field (M # 0, Pr # 1) at our initial station, they are refined
iteratively by using them to solve the equations of motion for one
step downstream with zero pressure gradient, and then using the
resulting profiles as new initial profiles. This procedure is
repeated 10 times to ensure realistic initial profiles that are
solutions to the difference equations and thereby allow smooth

marching downstream from them.

V.b Treatment of Reversed Flow

The matrix U-equation was found to be



r 2 ¢ ) r )
. ﬁ Q' U-lﬂ ! *n
0(2 & ‘Q'l U;-u 2 ¢,‘
0(3 [; 'Q" Uw,:s ¢3
{_t= r

*-hl F‘-‘ Qw—i UJM,‘\" ¢\~"
i _ A Pw _ ku-i":“/ ?;"RnU“J

where

,< :—_‘ng._viz_L... /‘-Lk jJ;iH /Qa,k#)
2@y T aptt 50yt

/3 fJ/k Ud¢ +2 i; | a

X T ¥MT 4x 18)
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In order to maintain numerical stability of this tridiagonal equation,
diagonal dominance (DD) must be preserved. This means that the

following must be maintained:

LB +Q, >0

A

This shows that DD will be lost when Uj Kk < 0, that is, in a

’

reversed flow region (see Appendix A2).

In order to avoid this problem, the usual method employed by
several authors (C.F. Ref. 7) is to drop the time-like term
pu-ux for u < 0, which provides marginal stability:

oy + Bk + Qk = 0, or, to assure that a, + Bk + 0 > 0, the term

k k
pu-u_ is replaced by O.1|pu]ux wherever pu < 0. This means that
P.

the term —li%illk in the expression for Bk, eq. (17), is replaced

0.1p, k!U, kI
by i&. LX), Physically this implies adding a small artificial

convection term to the momentum equation. The claim usually made is
that this creates only a small additional error as compared with
that caused by the neglect of the pul; term, and it guarantees DD.
However, both of the abové methods actually change the basic

nature of the momentum equation in the backflow region, and this
should be avoided.

The method employed in the present work is to add
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2 U
(- ——1X§—1LE)Uj+l K to both sides of the momentum equation, eqn.
H

(1c), whenever Uj x < 0. By doing so it is guaranteed that the
’

momentum equation remains unaltered in the backflow region. There

is a difficulty in doing this, however, since the term added to
the R.H.S. of the equation in its matrix form, i.e., to ¢k,

eqn. (18), contains the term (Uj+l,k)’ which is not known (the
{Uj+l,k} vector is the unknown of the matrix equation). This
problem is solved by taking advantage of the fact that there are

iterations performed at each J-station. Thus, a term

20, .U, .
- 1.k i,k G is added to ¢, for U, < 0, where ﬁ is the solution
AX k k i,k k

~

Uj+1,k obtained from the previous iteration on the J+lst station.
This term becomes closer and closer to the correct value, Uj+l,k'
with each iteration, and by the time the last iteration on the J+lst
station is reached, the following exists:

U
,,"(}E < EE

341, R

and hence akis within € from Uj+1,k’ thereby guaranteeing that the
momentum equation at each J-station is qorrectly represented whether

in the backflow region or not.

By employing this approach, the effective result=is that the
p. U, o, U, ]
ik i,k j.k' i,k
term AX is replaced by A% for Uj,k

guaranteeing DD, and yet no alteration of the momentum equation is

< 0, thereby

caused as a consequence,



31

A similar situation holds for the energy equation:

The matrix form for the energy equation was found to be

P~ ) 1 4 -
g o T | [F-4T)
¢ P) ’
L £ Twe | |#
o*; /33 Q) Tiwa ¢
L ¢ b= >
Lo /,{. "ol T '
i Lo B[ Ta, \¢,{-x>fw7:,)
where

/ __.JJ¢ !, Lb» +) k& 4)
“ =2y &?%9)"" N CTOL

& fa,ulg,k +'Ff‘ k)'ls o
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Jch.k ' __L (k‘h+l'k'k~l)
Sl V)3 - Y

2
zu_ P -P; 2 U'ol, l—U-u, -
4’ Uie =g+ =DM, A hé(a;') k

T
+ S Uin —%—A (20)
Again, to maintain DD it is necessary that
’ 4 y)
°<h +ﬁ "'-‘2* >O
which means that the following must hold:

p. U,
Hence the term (- —mllk—lLE)T. is added to both sides of
AX j+l,k

the energy equation, eq. (3c), so as to keep the energy equation
. Ny
unchanged in ‘the backflow region. This time a temporary Tk vector
is needed to multiply the above term when adding it to ¢L, eq. (20).
The solutions TJ+1 K of the successive iterations on each J station
. 9’

are used for this purpose, and by the time the last iteration is

reached, station J+1 is converged'and the relation

'] | <E

is guaranteed, thereby keeping the energy equation unaltered in the

backflow region and yet maintaining DD there.

V.c Iteration Logic

As can be seen from the Prandtl-Meyer equations employed in the
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present work, eqs. 7 - 1l4a, the edge conditions are based on 6* and

its 1st and 2nd derivatives. Since 6* is dependent on the velocity

and density profiles, which are themselves dependent on the edge

conditions, it is obvious that an iterative approach is necessary.

Hence the computational procedure is as follows:

1,

n
An"initial guess is made for §*, denoted by

8%,
g

This guess is integrated numerically to

obtain Gg'. (See Appendix C1)

6;" and 62' are used to obtain the boundary layer
edge conditions through the Prandtl-Meyer procedure,
eqns. 7,8,9,14 and 1l4a.

The edge conditions are used to integrate the
boundary layer equations at the new x-wise station.

From the new profiles, a value for &§* is

computed, denoted by 6:.

5: is twice numerically differentiated to obtain
dg". (See Appendix C2) Since a three-point back-

ward differentiation is used here, a numerical
problem exists at station Jx + 1, where the pro-
sh
cedure smoothes out the jump in §* that is induced
at JX . This may account for the local instabilities
sh
which occurred at station Jx + 1 and continued for
sh
a few stations downstream of it, as will be seen in
the figures. '

6;" and 6:" are compared. If they do not agree to

within a required tolerance, a new guess for 62"

is made, using a Newton-Raphson procedure (see Appendix
C3), and a return is made to step #2. When 5:" and

6;" agree to within the specified tolerance, the
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present x-wise station is considered solved and
the whole procedure is marched one step down-
stream, with the last (6;")J ucsed as the first

guess for 6*" at the J + lst station.

The above procedure beginé with the subplied initial profiles
and marches downstream until no further changes in the pressuré field
occur, indicating that the shock wave-boundary layer interaction is
over,

Two distinct cases may occur at the downstregm region (i.e.,
far enough downstream for the effect of the shock to diminish);

a. the pressure does not acquire a steady value, buﬁ.
rather, either goes rapidly to zero to increases rapidly;

b. the pressure has a steady value, which, however, is
different from the one physically occurring (determined by the shock
strength).

The present work employs two distinct procedures to correct
these behaviors and to pick successively better branches.

In case (a), the branching solutions are controlled by fixing
6*" at the station corresponding to the shock impingement location,
Jx . (see Appendix D). The perturbation in &6*" is created by using
thz value at the last station before Jx h, multiplied by a parameter
called PARDEL. This in effect means iniroducing a pressure gradient
discontinuously at this station, thereby triggering a branch. The
successive values for &*" (through PARDEL) are determined by a

Newton-Raphson procedure such that the correct §*" leads the com-

putational procedure to a level branch, i.e., consﬁgnt pressure at
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the downstream weak interaction region (see Appendix C4). Figure 2

shows the effect of 63" on the branching behavior. Along with this
X
sh
branch control, v, is also changed at Jx + 1 to keep a constant
sh
pressure across Jx » where the shock and accompanying expansion fan
sh

are located. The iteration procedure described above (steps 1 - 7)

is not performed at station Jx to keep the discontinuity in press-
sh
ure gradient introduced by PARDEL.

In case (b), the branching solutions are controlled by fixing
a new value for X (see Appendix D). The closer xo is to the point
where the ideal shock impinges on the boundary layer, (xsh), the
weaker the resulting interaction and the weaker Pf, while the further
X, is upstream of the shock impingement point, the stronger the

resulting interaction and the stronger P Hence too compressive

f’

branches are corrected by moving X downstream, closer to Xho

while too expansive branches are corrected by moving X upstream,

further away from X (see Appendix E). Changing X changes Re, ,
0

of course. Figure 3 shows the effect of x, on the branching
behavior, indicating that minute changes in X, suffice to impose a

large change in P This behavior has been indicated also by

£
Reyhner and Flugge-Lotz [7]. While an X iteration is performed,

8%'"  is frozen at its latest value, and vice versa, Usually only a

X
sh

few 6;" —-type of iterations are necessary to obtain a steady

v sh

downstream pressure. Once this is attained, all further iterations

are of the xo-type, with 6;” frozen  at its latest wvalue.
sh
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¢
The accompanying flow chart (Fig. 4), explains the coﬁputational
procedure, and Fig. 5 shows how 6;"’varies with x. This figure
shows regions of both strong and weak interaction within the same
"case. For the weak in;eraction it is possible to use the relation
for the displacement thickness in the case of a compressible laminar

flat-plate flow with Pr = 0.72 [20] as a check on the numerical

results:

P <c [|.7zoa+l.3384(—§—3- )

+0.2878 (3~ ML (v

P_U
where C is the Chapman-Rubesin constant C =

which is unity in
w" e
-our case, since Tw = 1.0,

Inserting numerical values into equation (21) and using the
t

factthatzﬂ-= 1, yields, for the particular Rex of Fig. 5 (in
bt sh
dimensional form - all lengths in meters):

¥ =8.5437x10" 4% (22)

and
¥ - -3/
%‘9\(1-=-2.l374 xl0 "X (23)
and, with
X=(T-)AX
equation (23) becomesl
-3/2

—%%:=—.5‘2.4047 Ead)) | (24)
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where the numerical value of Ax for the particular case of Fig. 5
has been used.

It is obse;ved that the strong interaction case sharply deviates
from the weak one between J = 60 and J = 150. The oscillatory
behavior between J = 60 and j = 85 is attributed to the inherent
numerical instability that results frpm numerical differentiation.
As may be observed in Fig. 12 the boundary layer thickness (and
hence also 6*) exhibits a mild oscillatoryAbehgvior over the region
corresponding roﬁghly’to 60 < J < 85. (Emphasized by heavy dots.)
When such a curve is twice numerically differentiated, the -
result may lead to unstable oscillations, since the

nature of differentiation is to amplify any existing instability.

However, the iterative procedure used in the algorithm always
managed to stabilize the computations based on 6*" since the effect
of the iterative procedure is to produce an average trend line of
§*'" in the oscillatory region. Downstream.of J , &*" > 0 (dis-

X

o
regarding a few isolated points where §*" < 0 as a result of local
numerical instabilities downstream of J » where reattachment
X
sh

occurs), which is characteristic of strong interactions (see also

Fig. 19). Around J = 115 the strong interaction begins to decay

and approaches the downstream weak interaction region asymptotically.



VI. COMPUTED RESULTS

Several examples have been run to test the method used in the
present work. Common to these examples are the following flow

5

parameters: Mo =2.0, T =1.0, Pr = 0.70, and Res = 3.89 x 107,

w h

corresponding to an altitude of 16,500 meters. The only parameter
that was varied from one case to the next was the overall pressure
ratio, Pf, which in effect, selected the shock strength. Examples
have also been run with an adiabatic wall (Tw = 1,67) but became unr
stable for shock strengths corresponding to Pf > 1.025.

X, .. .
All computations were initiated at ~initial | 0.50, with

X
constant step sizes in both X and Y direc;izzs, the magnitudes of
which changed during the execution of the program according to
the current value of X s such that the final step sizes were
determined by that X, which produced the correct bfanching solution.
The mesh size consisted of 200 points in the streamwise direction
and 72 points in the normal direction. Increasing the number of
points above 200 in the streamwise direction did not produce any
change in the computed results, |

Figure 6 shows the development of the streamwise velocity pro-
files over the flat plate. The separation develops smoothly but
the reattachment is abrupt, with the first reattached profile

exhibiting a reduced velocity region in the upper part of the sub-

sonic section of the boundary laver (refer to corresponding profile

38
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in Fig. 8). Since this is the profile immediately downstream of
shock impingement, the reason for its shape is perhaps the local
favorable pressure gradient that occurs at this location (Fig. 13),
which in turn may be the result of the numerical calculation>of

Gg" that smoothes out the’jump in g;-at Jx h. The profiles further
downstream do not exhibit this bulge but tieir shape, possessing an
inflection point; indicates a gradual recovery from this profile.

The fourth profile after reattachment exhibits a small reversed

flow near the wal;. This tendency of an attached flow to re-separate

has been observed also by Reyhner and Flugge-Lotz [7] and attributed

to the combination of the Prandtl-Meyer relation and the assumption

P

Y = 0, both of which are deficient in the reattachment zone. The

method used here to eliminate this problem was to replace eqn. (14)
dp P

beyond reattachment by a simple backward difference, dxm = AJZ; 1

Figure 6a is an enlarged detail of Fig. 6, showing the separation
region.

Figure 7 is a comparison of streamwise velocity profiles for
the cases of incipient separation (Pf = 1.1é) and of a separated
region (Pf = 1.31). It is observed that the thickening of the
boundary layer is considerably more pronounced in the case of the
separated region, as expected for a stronger interaction (stronger
shock) .

Figure 8 shows the development of the Mach number profiles for
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Pf = 1.31. It is observed that the subsonic part of the boundary
layer is roughly its inner 30% upstream of the shock impingement
region and this changes to approximately the inner 40% of the bound-
ary layer thickness downstream of this region. As the shock
impingement region is approached, the subsonic layer increases up
to about half of the boundary layer thickness, and decreases again
after the shock impingement (see also Fig. 12).
Figure 9 shows the behavior of the normal velocity profiles.
It will be observed that a part of the strong interaction region,
starting at J=82 may be subdivided into five regions:
Region I : 82<J<90, with negative normal edge velocity;
Region II : 91<J<97 with positive normal edge velocity;
Region III : 98<J<101 with strong negative edge velocity;
Region IV : 102§J§;09 with strong positive edge velocity;
Region V ¢ J>110, with negative edge velocity, gradually
diminishing to zero.
The behavior in Region II is a consequence of the flow over the
separated region, which has a component directed away from the wall,
The behavior in Region III stems from the rather sharp velocity
comﬁonent directed téwards the wall at the region of reattachment,
while the behavior in Region IV is a result of the sharp turning
of the flow away from the wall so as to become parallel to it
downstream of reattachment. No explanation has been found for Regions
I and V, except that the gradual diminishing of normal velocity in
Region V is a demonstration of the slow switch to weak interaction,

as can clearly be seen in Fig. 5. Since the strong interaction

region is noted for its high irregularities (Fig. 5) and since the
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normal velocity calculation is very sensitive to these irregularities,
it is not helpful to analyze the normal velocity profiles in great
detail.

Figure 10 shows “the development of the static température
profiles in the case of a cooled wall. The dissipation in the
boundary layer causes a rise in the temperature, which is then re-
duced near the wall by the ccoling (Tw =1.0).

Figure 11 shows the development of the stagnation temperature
profiles. The reductién in stagnation temperature throﬁgh the
boundary layer is caused by the conduction of heat from the bound-
ary layer into the wall (cooled wall case). It is observed that
the reduction in stagnation temperature is less in the separated
region than in the attached regions‘indicating a lower heat transfer
rate for the separated fegion than for the attached flows.

Figure 12 shows the development of the stagnation pressure
profiles. The decrease in stagnation pressure is due to reduced
velocity in the boundary layer. Note that the decrease is sharp in
the supersonic part of the boundary layer and becomes smaller and
smaller through the subsonic layer, until, at the immediate vicinity
of the wall the stagnation pressure approaches the local static
pressure. In the separated region, because of the small recirculation
velocities, the stagnation preésure retains nearly its wall yalue
further into the flow. Also indicated in Fig. 12 is the behavior
of the boundary layer thickness over the blate (dotted). The most

upstream part behaves in the manner of a flat plate profile. The
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boundary layer thickness then shows a moderate increase downstream

of X becoming sharper as the shock impingement location is

approached and attaining a peak in the vicinity of shock impinge-
ment, wanstréam of reattachment there is a rather sharp decrease
in boundary layer thickness, forming the well knowﬁ "neck", and
further'downstream a flat-plate-type of profile is attained again,
indicating transition from strong to weak interaction (see also
Fig. 19). The heavily dotted points indicate tﬁe regions where
the boundary layer thickness profile wiggles the most (as a result
of numerical instabilities) and the region dpwnstream of X is
causing the oscillatory behavior of &*" at that zone (see Fig. 5).
For comparison, a compress1b1e boundary layer thlckness profile on
a flat plate has also been 1nc1uded (dashed line). The computed
thlcknesses are sllghtly below the theoretical, but close enough so
that the computed thicknesses are credible.

Figure 13 shows a typical static pressure profile over the
plate, as produced by the program. It starts with a constant vaiue
corresponding to the upstream boundgry conditions; followed by a
relatively moderate increase starting at X . This continues until
a short plateau is attained downstream of the point where the shock
impinges. At the second comp:ession.region an abrupt jump in
pressure occurs, followed by a constant value all the way down-
stream, cofresponding to the downstream Boundary conditions. The

bulge seen immediately before the Plateau is a’result of slight
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pressure drop just downstream of shock impingement and occured in al-
most every case in the present work. This pressure drop is perhaps
due to the local numerical instability introduced by 6:" at J. + 1,

xsh

" that smoothes out the jump in ar » and may be the reason behind

dXIjx
the shape of the first reattached p%gfile-(see Fig. 6).

Figure 14 shoes a typical skin friction profile over the flat
plate, as produced by the present program. The initial flat plate-
type of behavior gives way, starting at X s to a rather sharp decrease
in Cf leading to separation, followed subsequently by reattachment,
and further downstream the profile again attains a flat plate-like
shape. The wiggles in the separated region are due to local numerical
instabilities (associated perhaps with the treatment of backflow
regions) that plagued all cases which did not incorporate suction.

(However, see Fig. 17.) This shape for the C_ profile in the separated

f
region has been obtained also by Reyhner and Flugge-Lotz ({7], Fig.
15), including, particularly, the relatively large negative peak
immediately prior to reattachment. The large positive bulge after re-
attachment is a direct consequence ofthe shape of the first reattached
profile near the wall. As may be seen in Fig. 6, this profile has a
large slope at the wall, causing the observed overshoot in Cf, This
bulge dies out further downstream as the profile asymptotically attains

its flat-plate value.

profile for the case P_. = 1.31

Figure 15 shows the original C £

f

and a "corrected" version where the positive bulge produced by the

local numerical disturbance (Figs. 6,13) has been removed. The dashed
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line indicates.this ‘'region. As may be seen by comparison with Fig.
21, the shape of this profile agrees qualitatively with experimental
data,

Figure 16 shows two skin friction profiles, one corresponding
to a case approaching incipient separation, the other to that of a
slightly separated region. It is observed that in the former case
xo is much closer to Xh than in the latter case, indicating a
weaker interaction. The bulge that occured in the lower figure at
the reattachment region (substituted by a dashed line) did not
occur in the weaker case, indicating that the local numerical dis-
turbance which apparently produces the bulges (Figs. 6,13,14), is
associated only with those cases that involve a strong enough
interaction to induce separation.

Figure 17 shows the behavior of Cf over the plate with con-
stant suction velocity of approximately 5% of the normal velocity
at the boundary layer edge. This suction is ‘applied at the indicated
region, starting at X and ending slightly downstream of the shock
impingement point. It is observed that all the numerical instabil-
ities at the separated region have disappeared, resulting in a smooth
profile. The separated region .itself is smaller than fﬁr a similar
case without suction (Fig. 14). The usual positive bulge at the
reattachment region has also disappeared

Figure 18 shows plots of pressure and skin friction over

the plate for the case Pf = 1.31. It is observed that the region
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of sharply decreasing Cf coincides with the region of pressure
rise downstream of X, - The upper part of this rise togethér with
the slight pressure plateau and the first part of the sharp rise
in pressure occur over the separated region (Cf < 0) and further
downstream both curves approach a constant downstream velue,

Figure 19 is a plot of a typical streamwise distribution of
boundary layer thickness over the plate, starting at'xo. There is a
sharp increase in thickness until a peak is reached at the shock
impingement point, .followed by a sharp decrease that forms the
well known "neck", with a subsequent gradual increase, forming a flat-
plate-like shape further downstream. (See also Fig. 12.) Note that
at the shock impingement point the boundary layer is 50% thicker
than at X - Note also that the curve is concave upward through
X = 1.19 Xop which explains why 8*" > 0 in the strong interaction

region.



VII. COMPARISON WITH EXPERIMENTS

The experimental work of Hakkinén, ,Gréber, Trilling and
Abarbanel [4] has been used here for the:pufpoée of comparison with
the present numerical work. The.experiménts.Were conducted with an
insulated wall, whereas the theory is forta“qooled wall.

Figure 20 shows the result of a'pfeés;;éuprofile comparison.

It is observed that the pressure ;iée étéfginé.at X is slightly
sharper than the one predicted by the presen£ analysié. Further-
more, the pressure plateau is better defined than the present work
predicts. Also, the seconq rise in préssure downsiream of the

shock impingement point, while exhibiting‘the same behavior, is
predicted somewhat upstream of the placevindicaped by experimeﬁt.
Lastly, while the program predicts a rathér abrupt rise to the
downstream pressure, the experiment indicates a more gradual behavior.
All in all, the comparison shows a reasonably good fit between

theory and experiment despite the ﬁismatch:in wall temperature.

Figure 21 compares skin friction profiles. It is seen that
the decrease in Cf towards separation is more gradual than predicted
by the program, and, while the point of separation is almost.the
same, the preéent work predicts a smaller separated region than
indicated by experiment. Both these predictions, ;.e., higher Cf
with more rapid drop-off prior to separation and reduced separated

region in comparison with experimental data, have been found also by

46



Dwoyer [9]. Downstream of reattachment the large discrepancy

between the present work and experiment is due to the large positive

bulge that is caused by the local nuﬁ?rical disturbance at the first
reattached streamwise station. In summary, the present work compares

quite favorably with experiment through separation.



VIII. CONCLUSIONS

The present work indicates that using the compressible boundary-
layer equations coupled with an exterior Prandtl-Meyer flow does
lead to an approximate solution to the problem of oblique shock
wave-laminar boundary layer interaction.

The agreément wifh experiments, although not completely satis-
factory, is nevertheless remarkable in light of the theoretical and
numerical difficulties involved in the use of parabolic equations
for the solution of an elliptic problem.

It is noted that the application of a relatively small amount
of suction in the shock impingement region significantly reduces the
size of the béckflow region. Introducing suction into the cal-
culation also provea to be especially helpful in reducing the
severity of the numerical instabilities.

The use of a linear finite difference approach in the present
wa;k,while significantly simplifying the formulation of the equations
and reducing computing time, might have nevertheless been part of
the reason behind the local numerical instabilities that occured in
critical locations in the strong interaction region. Employing a
non-linear Crank-Nicholson method for the finite differences might
have reduced or even eliminated these instabilities, and might have
also permitted a reduction in the numb%F of mesh points used in the

streamwise direction. %
48
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Thé numerical differentiation procedure for 6:", when performed

at the first station downstream of shock impingement, is most probably

responsible for the local numerical instabilities that occured at
the region downstream of shock impingement. A practical way to
eliminate this problemwould be to skip the iteration procedure on

the (Jx + 1) station (in addition to JX itself) and resume it at
sh sh

the (J + 2) station.
X
sh

In summary, the present work does produce a gross picture for

3

the behavior of the flow as a :esult of an oblique shock-laminar
boundary layer interaction on a flat plate, especially for the
pressure and skin friction distributions. However, the present work
comes short of providing a reliable detailed picture of the flow in

the strong interaction region.
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APPENDIX A

BASIC DEFINITIONS FOR QUANTITIES USED IN THE PROGRAM

¢
1. Displacement thickness:

[ (I ,,u,,)w

where u&'is the x-velocity component obtained from an inviscid

(A1)

solution of the flow field and evaluated at the wall., Likewise for

\

D .

©

In the program a Simpson's Rule is used for the integration
and the upper limit is determined by the simultaneous satisfaction

of the,followiﬁg two requirements:
22U
W e
3T
3T g

where ¢ is a prescribed tolerance. This determines the edge of the

boundary layer for each x-wise station.

2, Skin friction coefficient and the criterion for reversed flow:

_-,.L ( ll‘L_ | (A2)
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Hence the condition Cf < 0, indicating backflow, is determined as
]
follows:

(7]
1Y) o~ Ui ”Vf:
BY Yco AY

so that Cf < 0 is equivalent to
3
U (
Re, fuUzay <O

or

Uy < 0



APPENDIX B

NEWTON-RAPHSON PROCEDURE FOR THE PRANDTL-MEYER EQUATION

The general Newton-Raphson equation is:

v oo f(x;)
Xu.'xi "m .' (B1)

In our case,

£60= 68 BT B2\ T ¢ - 7, &2
and

( : |
f (X) “ﬁ'\ ‘ ;‘ x{) +‘§% (B3)

G= [
'Niz J:
J ”-f("s..u..)d'y Lf(‘“xa.m,.mo-)dy

= L[J‘ f ] | (84) .

= Lff., T '"— f u., dy

:LMJ‘:: é‘;{d“* | (B5)
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3

and hence

*
XA Mo
Order of magnitude analysis for the terms in Eqn. (B3):

X=2. (e, Muz2):

x/./x‘~l -
[+ (X"—-l)/@"“ 0.77

}ﬁ)ﬁ‘éaza_

For a flat plate

d5*~ 0.86

X T [Rey
NN i

Also

1

S~ 5’* 328/5-

and

dMn

'-"-r [7(1)



b

Hence

Fhm=0

Away from the immediate vicinity of x =

in comparison with the other two terms in eqn. (B3). Hence

I
Rex.

is negligible, noting that

79 _| |

c‘lé\*

4 Ma [T+ (57)E|drdms

and the term in the brackets is typically of 0(1) for a flat plate.

56

So the Newton-Raphson procedure becomes

i

ﬁa-l

X :x.-m("%—’)-tx' X3~
P X;

| +$-Vs

—rT -

XE -~
I+

)
Xt

0 this term is negligible

dé

dM_

(B7)

:



APPENDIX C

C.1 Numerical integrations of 3;"

Since the iterations on each j station begin only at a point
which is one step downstream of the beginning of the strong inter-
action, i at that stage 1is usually larger than 4, typically 50
(allowing the development of a weak interaction over 49 stations

before triggering the strong interacticn). Hence the integration of

Eg” employs an inversion of the ¥ basic formula for the
second derivative, using a back 1+ scheme, namely
A H| _ZHI- 4 M) HHS |

¥ - Hy 3= -2 +O (AX) (C1-1)
dx*|; 2(4x)

Based on this we have

C’?/=§{2[(”)§H+a§5’] "‘Et’z} (c1-2)

T * Kl 5 Tx'Y_Fx Tx_7x
Gr=3{e(aD (2T 25) (e ) S
These formulae, when applied for the first two times, use the in-

compressible weak interaction values for &* and §*' namely

Fe=(7208 X 5 F*'= L8604
6\ €
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C.2 Second derivative of 3:

Special care must be exercised when numerically differentiating
a variable, since differentiation tends to introduce instabilities.

It was found that the best formula for 5:" is a simple backward
J
scheme, namely

—t [ ®_oF% LT¢
O &j 24, *&i-;_

907 (AX)*

C.3 Newton-Raphson Procedure for Improving (3;")j

(C2-1)

The basis for the convergence of a calculation at each x-wise
station is the agreement between the guessed and calculated §%" for
that station to within a specified tolerance. Hence the Newton-

Raphson procedure is

. =[a)

=2 _[=s#
[833 ]i _‘Y:jja-: (C3-1)

where j stands for any x-wise station and c means a computed value.
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C.4 Newton-Raphson procedure for improving (3;")j
X
sh

The basis for obtaining a successively better guess for &*"

. X
is picking that branch which will result in the correct down- sh

stream pressure with negligible pressure gradient. Hence the Newton-

Raphson procedure is

I g | A wf;ﬁ) -ﬁ_)) )

(C4-1)

where Pf is the inviscid downstream pressure (see Appendix D) and

P[(d*” .] is the pressure at the downstream station, as calculated
P

*sh
using the jth guess for 6;" . The starting values used in the pro-
sh '
gram are:

| . ‘w1th Kl

"
|
o
—

(52), =
(1), -

d\ *I/
I

K,

A — e A

K (6}* ) . with K, = 1.5
L\ Ixg



APPENDIX D

FIRST GUESSES FOR 6;" and X

Xsh

Since the downstream boundary condition demonstrates a nodal-

Ix

produce large changes ;n‘the brapching.solutions. Hgnce

type 6f behavior, extremely small changes in;(dg")

the first guess for &*" is important'in order to start a branching

X
R . . . Sh - .._.‘
solution. A good initial guess enables the employment of small

corrections to it ‘as an effective controI parameter. For incom-

pressible flow over a flat plate,

§*=17208 .&x o o (1)

from which

o**":—o.4302jﬁ‘>—~1—g— B (02)

Lh
In nondimensional form this becomes

e .2 ” : l I

60

o X
and ' ‘ A "
:II - o .
6\){“’ - 0. 4302 u—oixj— (D3)
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giving as the first guess

ot 3 _ 3/2 (X 3
_Z_X—" N O.QBOZ(R"‘SL) (X:A
Xsh (D5)

The first guess for X, is based on Rose's empirical formula

(Ref. 16):

0.73 X.l
Jxé_ - "G;B s (r¥f‘l) Xsh
X -~ . M"‘ RO.T"
sS4 ° ex,
(D6)
X
This equaticn is iterated upon until a converged value for —

sh

is obtained. Here LI is the point where the idealized shock

impinges on the boundary layer, and Pfinal is determined from

inviscid considerations:

TFITFTTVTFT TTrIFrr o777 777277777777/ 7777777777

P
E=%




APPENDIX E

PROCEDURE FOR THE x, ITERATION

The following method 1is employed for the successive improve-
ment of x :
o

(X.)z«f, = (Xe)e '(K:)t :

(E1)

(X_o)i,ﬂ = (Xo)o' ‘-sz)i

(E2)

where Kl.< 1 to produce a smaller X and thereby a more compressive

branch, and K

2 > 1 to produce a larger xo'and thus 'a less com-

pressive branch. Once a correction has been done on xo, the K's

are updated as follows:

(E3)

(}G)z*,:ei[’* (Kr):’] (s =0.85‘

o -l
(o=t 6] Gl o,

One of these new K's is used in the next x5-iteration to produce a
corrected either more expansive or more compressive branch, as
necessary, until the right branch is found. This iteration is per-
formed in conjunction with the (3*")j iteration: explained in

Xsh -
Appendix C4.
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‘——;—J_,> Expansion

Waves

Incident
Shock

compression

—  Waves

Compression
Waves

Fig. 1 Oblique shock-laminar boundary layer interaction on a
flat plate, showing separated region.
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Fig. 2 Influence of branch control parameter, Pardel, on branching
- behavior. _ '
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: ) Pr = 0.70
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5

Fig. 3

x/x
s

Effect of changing the location of the start of the strong

interaction, X with fixed location of shock impingement.
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Fig. 4 Flowchart for computer program
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Fig. 13 Typical static pressure profile.
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