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INTRODUCTION

In applications involving univariate data where estimates and confidence
intervals are required, the normal distribution is commonly employed. This
distribution is mainly utilized because the probabilities under a normal
curve are readily available. In contrast, use of multivariate probabilities
in p-variate normal data are less frequent, primarily because probabilities
for the multivariate normal case are generally not available. Except for
very special cases, the probabilities for sections of p-dimensional space
require extensive computations, since the canonical multivariate normal den-
sity changes with every change in correlation coefficient parameters. Even
the probability computation in the bivariate normal case (p = 2) with only
one value for the correlation coefficient over arbitrary sections of the
(x, y) plane is not easy. Probability computations, therefore, in p > 2
dimensions are correspondingly much more difficult. (Ref. 1)

In many applications, problems are posed which not only require the
probabilities over a section of p-dimensional space, but also the conditional
probabilities of r (r < p) variables when the remaining (p - r) variables are
either fixed, or are within designated intervals. For example, in aircraft
target tracking studies, it is of interest to know the probability of X
deviations from the target when Y deviations are considered within desig-
nated bounds. In aircraft performance studies it is important to know the
distribution of the pilot's cardiac R-R intervals either under an assigned
difficult aircraft maneuver or under the dynamic flight conditions.

The results on conditional and marginal distributions of r variables
when the (p - r) remaining variables assume fixed values are well estab-
lished. (Ref. 1) Similar results, when the remaining (p - r) variables
assume values within specified ranges involve complexities and are discussed
in this report.

In this study, results on bivariate normal distributions (p = 2) are
reviewed. Various derivations and properties of bivariate normal conditional
probabilities are derived. A computer program for conditional probabilities
for all assigned values is included. From conditional and marginal proba-
bilities, the rectangle probabilities are then obtained. Examples are pre-
sented to illustrate the use of the program. The program listing is appended
to this report.

SYMBOLS
Ay lateral acceleration
A, vertical acceleration
c a constant with fixed numerical value

exp(x) exponential function at x



F(s)

f(u, v)
f(x), f(y)
f(x, ¥)
f(x]a<Y<b)

f(x|Y=y)
f(x|Y<t, 0<0)

f(x]Y>~t, 0>0)
G (s, t)

9, (x)

9, (x[0>0)

9, (x]p<0)

Ps 1

Prla<Y<b]

Prlc<X<d, a<Y<b]

Pr[X<h, Y<k]

U, v, X, Y

u’ v’ x’yQt

conditional distribution of X at X =s Given Y is
in interval (a, b)

general bivariate normal density
standard normal densities

standard bivariate normal density at X =x, Y=y

conditional density of X at X is 1in

X given Y
interval (a, b)

conditional density of X at X =x given Y=y

conditional density of X at X =x given Y 1is less
than t and correlation is negative
conditional densitv of X at X = x aqiven Y is greater

than -t and correlation coefficient p 1is positive

double integral with two arguments s and t with a
fixed value of correlation coefficient »p

conditional density of X at X is in

X given Y
interval (-t, t)

x when correlation
is in interval (-t, t)

conditional density of X at X
coefficient p is positive and Y

conditional density of X at X = x when correlation

coefficient p s negative and Y ds in interval (-t, t)
dimension of multivariate data or distribution

probability that variable Y ds in interval (a, b)

joint probability that variable X 1is in interval (¢, d)
and variable Y 4s in interval (a, b)

probability that X ds less than h and Y is less

than K

random variables

specific values of random variables
forward velocity

fixed positive constant less than 1

mean of forward velocity Ve



Hys Wy mean of subscripted random variable

My mean of lateral acceleration Ay

u, mean of vertical acceleration AZ

p correlation coefficient between two random variables
¢ standard deviation of forward velocity Ve

Tys Oy standard deviation of subscripted random variable
oy standard deviation of lateral acceleration Ay

9, standard deviation of vertical acceleration A,

o(t) standard normal distribution at t

BIVARIATE NORMAL DISTRIBUTION

A bivariate normal distribution of a random vector (U, V) is charac-
terized by parameters: Hys Hys Oys Oy and p. The density function
-1

f(u,v) = [Znouov/(l - 2) ] exp<-3[(u - uu)/cu]z - 2p[(u - uu)/oucv]

+ [(v - uv)/c]Z}/Z(l - p2)>

is defined over the entire (u, v) plane. When the variables U and V are
standardized, by defining the new variables

, -1 v
f(x, y) = (?n/l - p2> exp[ - (x2 - 2oxy + y2) /'2(1 - pzﬂ

the density function of (X, Y) reduces to the canonical bivariate normal
density

X= (U - uu/ou,Y = (v - uv)/ov

defined over the entire (x, y) plane. The parameter o is called a cor-
relation coefficient and takes values in the 1nterva1_ (-1, }). N1Fhout.any
loss of generality, this canonical density f(s, y) is considered in this

study.



The density function f(x, y) exhibits certain properties. It is
symmetric in opposite quadrants since

f(x, y) = f(-x, -y)
and
f(X, '.Y) = 'F(-X, .Y)

Further, f(x, y) 1is constant over all the ellipses

x2 - 2oxy + y2 = ¢(1 - p?)

for every value of x. (Fig. 1) The intercepts made by these ellipses on
the x and y axes are equal. If p is positive, the major axis of the

ellipse is along the 45° Tine with a length of 2/c(1 + p); and the minor axis
is along the 135° Tine with a length of 2/e(l - p). If p is negative, the
major axis is along the 125° 1ine with a length of 2v/c(1 - p); the minor axis
along the 45° line has a length of 2/c{1 + p). (Ref. 2) The ellipse

x2 = 2oxy + y2 = (1 - p2) Tog 1/(1 - a)?

{or a11)0 < a < 1, contains the o proportion of the (X, Y) distribution.
Ref. 3

The marginal distributions of X and Y are standard normal with the
covariance between x and y equal to p. When p = 0, then

(v2m)~1 exp( -x2/2) (/2m)71 exp( -y?/2)

f(x) - f(y)

which is a product of standard normal densities, implying that o =0 if and
only if X and Y are independent. When p F 0, bivariate normal probabil-
jties Pr(X < h, Y < k) for a few selected values of h and k are avail-
able from tables and graphs. (Ref. 4, 5) For general values of h and k
approximation and interpolation methods are used.

f(x, y)

DERIVATION OF CONDITIONAL DENSITIES

Conditional Density of X Given Y =y, It was stated earlier that if a
random vector (X, Y) has a bivariate normal distribution, then the marginal
distribution of either X or Y is normal with mean 0 and variance 1.
The conditional distribution of X for a fixed value of Y =y, however, is

normal with mean py and variance (1 - p2). The conditional density f(x|Y = y)
is derived below.
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Figure 1. Marginal, conditional densities and ellipses of constant
densities from bivariate normal density.



f(x, y)/f(y)

-1
(Zm’l - 02) expl -2 - 2oxy + y2) [ 2(1 - 52)]
(vzr)~1 exp( -y2/2)

[/Zn(l - 02)] . exp 3-[x2 - 20xy + y? - (1 - pz)yzjf
[?Zn(l - p2) ]_1 exp [-(x2 - 2oxy + pzyz)/b(l - 02)]
[/Z'rr(l - 0%) -l_l exp [-(x - o)/t - pz)]

which is the density of a normal distribution with mean py and variance

f(x]Y = y)

[}

(1 - p2) and is shown in Figure 1.

Conditional Densitv of X Given a <Y <b. The conditional density of X
given a <Y <b is not normal and is derived as follows.

(Zm/l - o2 )—1'/:exp[-(x2 - 2oxy + yz)/2(1 - 02).‘ dy
b

_1 > 2
(V27) exp( -y“/2) dy

f(x]a <Y < b)

n
[

3(b) - ¢(a)]-1(2nm)—1 .

_[:xpg -[y2 - 2pxy + pzx2 + x2(1 - 02)] /2(1 - pz)fdy

= (/?F)-l exp( x2/2) [®(b) - Q(aﬂ

[?5??1_:—327] . exp[ -(y - pX)z/%(l - 02)] dy

= f(x)[@(b) - @(a)]_l 3@[“’ - "X)/'l TP ] - q’[(a " DX)/fl‘—"Z]z



where
f(x) = (/EF)-l exp( -x2/2)

is a standard normal density and

t
o(t) = J f(x)dx

e OO

is the standard normal distribution function.

This conditional density is neither normal, nor symmetric. However, in
- special cases discussed below, symmetry is identifiable.

Symmetry in Conditioning -t <Y < &, With -t <Y <t, the conditional
density of X at specific values of x and -x are

gt(x) = f(x|-t < Y < t)
-1
= #(x)[s(t) - (-1)] H(t - o)A - 6 - ef(-t - )V pz]f
9, (-x) = f-x]-t < ¥ < t)

f(-x)[<1>(t) - <1>(-t)]—1 %Q[(t ¥ "X)/'l - "2] - q’[('t ¥ pX)//l__—p?];

The symmetry of a standard normal density shows that f(-x) = f(x). With the
asymmetry of distribution function o&(t) = 1 - #(-t), it is seen that

<I>[(t + px)/»’l - pz] - Q[(-t + pX)/ /1 - pz]
1 - @[(-t - px) //f-’?] - §1 ~af(t - o)/ /f_?]g
@[(t - px)/ vl - p2] - @[(-t - px)/ /1 - pz]

Thus gt(-x) = gt(x), showing that for -t <Y <t the conditional density

of X 1is symmetric in x, as shown in figure 2.
The conditioning, -t <Y < t, with positive and negative values of
correlation coefficient p also show symmetry of gt(x). It is to be noted

that
gt(XIO > 0)

= (0 [e(t) - o(-t)]7T -
g¢[(t - ox)/ 1 - 02] - ¢[(-t - ox)/ /1 - 02]2
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0.60 1

—— Conditional density
--- Standard normal density
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-3.00 _%.00 “1.00 a.00 1.00 2'.00 3.00
X

Figure 2. Conditional density of X given -t<Y <t (t =1.000,
probability = 0.6826) where (X, Y) is bivariate normal with p = 0.9000,
and standard normal density.




g, (xlp < 0) = F(x)[a(t) - o(-t)]

3[t+px)//1_-_p7] [t+pX//1_-_p_]E

By the symmetry of f(x), the asymmetry of ¢(t), and the arguments given
earlier, it is seen that gy(x|e > 0) = gu(x[p < 0). The graph of such a

density is shown in figure 2.

Symmetry when - < Y <t and -t <Y < +o, In these cases it is to be noted
that ¢(-») = 0, @&(») = 1. Thus the conditional densities of X are

(x|]p > 0) = f(x]Y < t)

ol 1Y et - o0/ A - 2]

(x|p > 0) = f(x]-t < Y)
= £(x)[1 - o(-t)] ~? %1 - @[(—t - ox)/ /5—:_;215
= [@t)]lg[t+px/‘/1—-;—2]£

(-x|p > 0) = f(-x|-t < Y)

x){e(t)] " -1 g [ (t - ox) / /€~:_;—]$

Thus g.(x) = g_ ( x), showing that a one-sided conditioning on Y yields
t

the same dens1ty for x as does the conditioning on the other side for the
opposite X. Further, for negative and positive values of p, it is to be
noted that

(x]p >o)=-ﬂxn¢u>]-1§¢Dt-pxn’h.-02]}
and
(xlo < 0) = 0 G(0)] " Je[ts + 01/ A= 57 ]|

(x|p > 0)




Therefore, if the conditioning on Y and the sign of the correlation co-
efficient are reversed, the density remains invariant. An example of these
densities is shown in figure 3.

DERIVATION OF CONDITIONAL DISTRIBUTIONS

istributi i = ¥. The distribution
function from the conditional density

Fx]Y = y) = [?2 (1 - 92:]—1 exp[ -(x - oy)2/2(1 - p2>]

derived earlier, is easily obtainable via the normal distribution function

with mean py and variance (1 - pz). It is to be observed from figure 1,
that mean py is a function of the correlation p and the specific condi-
tioned value of y, but the variance depends only on o and is invariant
for all values of y. Thus the width of any o level confidence interval
remains the same irrespective of the conditioned values of .

In applications, the conditioning of variable Y 1is seldom a fixed
value. The conditioning is usually in a range a <Y < b, and the formulae
for this case are different from the results for Y =y.

Conditional Distribution of X Given a <Y <b, The conditional density
e < ¥ < 8) = 100 B) - o171 {ol(0) - 00/ A 3Z] - ofta - o)A 7|

where

f(x) = (/2'1?)-1 exp( -x2/2)

o(t) i}(tf(x)dx

was derived earlier. A general expression for the distribution function

F(s)=3/:(x|a < Y < b)dx

= [a(b) - Q(G)J—{/ni(x)g <I>[(b - ox)/ol - 02] - @I}a - px)/vl - p2] de

and

for all the values of s 1involves integration of the expression which is the
product of the normal density and distribution function in the appropriate
range of the x values. Specifically, for the computation of F(s), the

10
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X
Figure 3. Conditional density of X given - <Y <t (t = 1.00,
probability = 0.8413) where (X, Y) is bivariate normal with p = 0.6000,
and standard normal density.
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value of double integrals such as

G (s,t) =] exp( -x2/2) exp( -u2/2)du dx

p

/S /(t - ox)N1 - 2

(-2}

for all values of s, t and p are required. In terms of these functions,
it is easily seen that

F(s) = {enle(o) - o]} [o,(s.b) - 6,(5.2)]

A closed analytical expression for 'Gp(s, t) is not available and for

specific values, numerical methods may be employed. However, in cases where
symmetry occurs, the numerical computations for a smaller range of values
are needed. In order to calculate F(s) for all values of s, a, b and p,
a computer program using quadratures was developed at DFRC and is given in
the Appendix.

Rectangle Probabilities. The region (c < x <d, a <Y <b) is a rectangle in
the (x, y) plane. Thus the joint probability Pr(c < X <d, a <Y < b)

for real values of a, b, ¢ and d corresponds to a rectangle probability.

The appended computer program can be used to calculate all such rectangle
probabilities. The procedure is to identify first that

Pr[c < X <d, a<Y<b]l=Pric<X<dla<y<b]lPrla<yV<b]

[F(d) - F(c)] Prfa < Y < b]
[F(d) - F(c)] [e(b) - e(a)]

for all values of ¢ < d and a < b, and then use the computer program with
the proper inputs.

COMPUTER PROGRAM INPUTS AND OUTPUTS

The computer program developed at DFRC computes the conditional density
and distribution function as outputs for specified values of x given the
end points of the interval of the conditioning variable Y, and the corre-
lation coefficient p. Thus the inputs to the program are specific x
values, end points of the Y interval and the p value. The output has
two options. Either the density or distribution function, or both may be
obtained by stating the options in the program.

The rectangle probabilities are to be obtained by finding the conditional
Rrobagjlities. The computer program with its options is explained in the

ppendix.

12




The following examples illustrate the use of the program and tables
shown in the Appendix to calculate various probabilities.

The data for the examples are taken from a Closed Circuit Television
In this experiment, two pilots, A and B, landed an air-
craft with the help of an ajrborne television camera and video monitor.
Each pilot made ten (10) touchdowns under visual flight regulations, and
eighteen (18) touchdowns utilizing the closed circuit television monitor.

(CCTV) experiment.

EXAMPLES

The summary of data from the twenty-eight (28) touchdowns is given in Table 1.

For this illustration the data parameters are vertical acceleration, A,,

forward velocity, V. and lateral acceleration Ay.

TABLE I. SUMMARY OF 28 TOUCHDOWN DATA OF CCTV EXPERIMENT

Parameter | Mean S.D.

Pilot| (Units) u o Correlation Between
AZ(G) 1.313 .2021 (AZ,VC) = .2481
VC(MPH) 60.25 1.3089 (Az’Ay) = -.0715

. .122 VvV ,A ) = .2807
A,(6) 023 1227 (VesA))
AZ(G) 1.294 .1044 (AZ,VC) = -.2569
VC(MPH) 62.04 1.8747 (AZ,Ay) = -.2199
-. . JA ) = -.1993
Ay(G) 007 0801 (VC y) 1

The variables (AZ, Vv

tribution.

figure 1.
eter values.

Example 1. Computation of a 95% confidence interval of forward velocity (V.)
given vertical acceleration (A,) mean is within + one standard deviation (o).

¢y

A.) are assumed to follow a multivariate normal dis-

Thus any two variables follow a bivariate normal distribution
and any single variable, a univariate normal distribution, as shown in
Further, all the values in these date are considered to be param-

It is desired in this example to determine a 95% confidence interval for air-
craft forward velocity (Vc)’ in miles per hour, at the point of touchdown,

given the pilot's average vertical acceleration (AZ), in G's, within = one
standard deviation. The 95% confidence interval end points for V. given AZ
mean is within + o are obtained by solving for t from the equation

13



.95

t

Pri<t < (Vg = ue)/og < t]-1< (A, - u,)/o, < 1]

Pri-t < X < t[-1<Y < 1]

and identifying the interval as (-tog + ug» tog + uc).

The solution of the equation for pilot A data of ue = 60.25, o, = 1.3089,
u, = 1.313, 0, = 0.2021 and correlation (AZ, VC) = -,2481, yields the value
of t = 1.91666. The 95% confidence interval, therefore, becomes

(67.7413, 62.7587)

This shows that if in pilot A data, the aircraft's vertical acceleration
at touchdown is within +1.3 0.2 G's, he has a 95% chance of landing the
aircraft between 58 and 63 MPH.

For pilot B data, from table 1, the t value computes to be 1.9136.
Thus the 95% confidence interval is

(57.7453, 62,7547)

indicating if pilot B's vertical acceleration data at touchdown is within
+133 3:0.1 G's, he also has a 95% chance of landing the aircraft between 58
and 63 MPH,

Example 2. Computation of the probability that the forward velocity (V.)
and (Ay) are both within 20 of each variable. The probability of V. and A

y
being within *c of each respective mean is an example of rectangle proba-
bility. In this example, the probability that simultaneously, V. and A ,

will be within one standard deviation of each variable's respective mean is
to be computed.
This rectangle probability can be obtained by finding

Pri-1 < (VC = Hc)/cc <1, -1« (Ay - UY)/Uy <1
=Pr[-1<X<1]-1<Y<1IPr[-1<Y<1]

From univariate tables, Pr[-1 <Y < 1] = ¢(1) - ¢(-1) = .6826 and is not
affected by the correlation coefficients. In order to obtain Pr[-1 < X <1
| -1 <Y < 1], the values of the .correlation coefficients are needed.

The corrélation coefficient (v Ay) for pilot A data is equal to -0.2807.

The computer program output, therefore, for this correlation yields
Pr‘[uC = 0¢ < VC < U t o My - gy < Ay < Hy + cy] = 47554

Thus, for pilot A there is a 48% chance that simultaneously at touchdown,
the aircraft's forward velocity will be within 60 *1,3 MPH and the lateral

14




acceleration is within 0 %0,1 G's. Conversely, the probability is 0.52
that both variables will not simultaneously be within one standard deviation
of their respective means. Similarly, for pilot B with the correlation

(VC, Ay) equal to .1993, the program yields

Prluc - o¢ < Vc < pe tocs Hy = Oy < Ay < uy + cy] = 47078

which represents a 0.47 probability that the forward velocity will be within
62 +1.9 MPH and lateral acceleration is within 0 x0.08 G's.

Example 3. Computation of the probability of forward velocity (VC) and
lateral acceleration (Ay) being within *o of each variable, given vertical

acceleration is equal to its mean (A, = u,). This rectangle probability can

be obtained as in Example 2, except in this case the vertical acceleration
(Az) is set equal to the variable's mean value (u,). The probability in other

words, is a function of a conditional correlation coefficient which is differ-
ent from the coefficient given in the table. : .

For the pilot A data, this conditional coefficient is equal to .3809 and
the program output yields

Pr[uc - 0. < Vc <u. to o, < Ay <

A +0,] = .48391

¢ y

which represents a 0.48 probability that the forward velocity will be within
60.25 +1.309 MPH, and lateral acceleration within .023 +0.1227 G's given
that vertical acceleration is 1.313 G's.

For pilot B, the conditional correlation coefficient is equal to -.2807
and the corresponding rectangle probability is

Priue - oc < Vo < * Oc » Wy = Oy < Ay <y + oy] = .47554

This represents a 0.48 probability that the forward velocity will be within
62.0 +1.9 MPH and lateral acceleration is within 0 +0.08 G's given the ver-
tical acceleration is +1.294 G's.

Dryden Flight Research Center
National Aeronautics and Space Administration
Edwards, California, March 17, 1980
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APPENDIX

The program to compute the conditional density and distribution
function for specified values of x given the conditioning on
variable Y.
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PROGRAM MAIN

Ch¥kk
Chkkx
CHkkk
Chidk
Chkk
Chexk
Chakk
Cohkdk

CHkdk

73774 aPT=1 FTN 4.2+75260

PROGRAM MAIN(JUTPUT)

PRINT 1,
PRJINT 1,
PRINT 1,

PRINTL»
PRINT 1,
FIRMAT (%
END

ILLUSTRATIVE USE OF THE ENCLOSED COMPUTER
PROGRAMS T3] CUMPUTE VARIOUS

PRIBABILITIES ASSOCIATED WITH THE EXAMPLES
GIVEN IN THE TEXT JF THIS PAPER...

BY 3RJIWNLIW, SDC/ISI

‘(PRUB"‘L-’I.1"10’1.,‘.2807)
RPROB("I..)].-9'1-)1l)"c1993)
RPROB(-IC,I.’-IC,IO’ 03809)

TINV(e95s=1usler=e2481)
TINV(.35s=1esles=02569)
¥F10.5)
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TION CO

18

Chrk:
Chetk
CHkkk
CHe*x
Chekx
Ckkk
Chkkk
Ceexx
CHkkk
CHkkx
CHekk
Chakk
CHkkk
Chekx
CHkxk
Crkks
Chkkk

Chuks

73/74 0PT=1 FTN 442475060 10725773

FUNCTION COD(X)

CONDITIONAL DENSITY FUNCTION
COUXNACY<SB) = L1o/SQART(2*PI*EXP(X*X))*%
( PHI( (B-R*X)/(SART(1=-R*¥R)) = PHI( (A=-R*X)/(SQRT(1=R*R)))

/0 PHI(B) - PHI(A) )
WHERE R = COEFFICIENT OF CORRELATION BETWEEN
X AND Y
1
PHI(T) = INTEGRAL F(X) DX

~INF

AND F(X) = Lo/SQRT(2*PI*EXP(X%*X))
BY 3RJIWNLOWs SDC/ISI

COMMON/PARAM/A,BsR»SQAR
CD = +39834228/SART(EXP(X*¥X)) * ( PHI( (3=-R*¥X)/SQR)~
o PHIC(A=R*X)/SQAR))/(PHI(B)I=PHI(A))

RETURN
END
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20

25

39

35

40

45

55

FUNCTION FINT2

CHexxxk
Coexn
Cohkkk
CHdax
CHkxsk
Cordeden
Chexk
Chhkik
CHwkk

Chkdx
CRkk
Cwkkk

Crkkn

CHexk

73/74

0PT=1

FUNCTIAN FINT2(Fy»A,3)

DJUBLE PRECISIIN RJIOT(43)y

INTZ35RAL JF THE

3Y

35AJSSTAN~-LESENDRE JQUADRITURE.
REJULRES 95 EVALJATIONS OF F{X).

F MUST 3E DECLARED EXTERNAL IN
THE CALLING PRIGRAM,

3Y 3RJANLIW,

DIUBLE PRECISIAON ARY(43,2)

EQUIVALENCE

(ARY(1,1)9R33T(1)),

WEISHT(43),

SAC/151

(ARY(1,2)sWEIGHT(1))

SET UP RIJTS AND WEIGHTS...

DATA ((ARY(IsJ)sd=1s2)sI=1s13) /
2401527 57448 49602 36957900, 0.03255
0.04331 29351 35049 73111200, J.03251
0.03129 74924 64425 223394N0, D.03244
0.11359 53501 10555 22091100, J.03234
0414597 371406 54895 94198920y 2.03220
ND.,17309 53823 67512 00275900, 0.03203
0.21003 13104 63557 20362332, 0.03132
0.24174 31551 63340 0123238970, 0.03158
0.27319 848125 21349 14148720, 0.03131
7.30436 43443 54%95 33302400 0.03101
0.33520 35223 92625 42261600y 0.03067
0.35529 585614 72313 63533103, 0,03023
0433379 76493 28303 60323%)0s 0.029336
0.42547 83834 037303 54336300y 0.32945
De4947) 94221 AT743 00853600y 0.,22899
0.48345 73739 20596 35976800, 03.02846G
0.51107 21771 54667 57353600, D.22797
0.93733 31033 24357 43622720, 9.,02741

JATA  ((ARY(IsJ)sJ=1s2)s1=19537)/
0e99651 J4135 61397 16340400, 0.02682
0439303 23547 77572 03363400 0.02621
De51332 53401 2%453 57333600y 0402557
D.ou4%Llb 34037 34967 10473803, 0.02490
Qe55371 33100 43315 15395320, 0.32420
Jen9256 45360 42171 50134423, 0.02348
D.71557 03123 43367 52622533, DJ.02273
D.733933 N6437 14400 13235100, 0.02136
J.79900 23411 76647 49379370, 0.02117
D.78036 92438 57433 21760423, 0.02035
J.380050 37441 34140 381722920 0.,019351
0e519%9 23107 37331 675539D0» 0.914366
0433722 35112 23127 12143420, 0.01778
0.85435 30334 34501 45545330, 0.016388
0.37133 35059 093236 32287400, 0.21597
J+33539 42174 122420 41605703, 0,01503
0.,90146 35353 15352 34131730, 0.01409
Dev1527 14231 23333 27429500, 0.01312
032771 24567 22303 59295500, 3.01215

06144
651187
71637
38225
62047
44562
37533
93307
64255
03325
13761
33154
53441
10899
45141
74110
00076
29627

68667
23407
J0360
06332
48417
33330
70635
bosb s
29398
57971
30311
0567995
25023
54798
05629
847210
03417
32295
16746

FTN 4.2

FUNCTION F FRIM A TO 8

+7505690

96 PJIINT FORM

AVSWER,DA,DB

32363
13868
14064
66575
94030
319932
94411
70727
968561
856313
23669
20827
3632¢
58167
50552
55085
15348
26029

25531
35672
05349
22483
92354
35326
58329
33744
92191
54333
40145
27411
16045
54245
22922
26994
72314
509361
71088

16524200,
335398700,
26336400,
92842900,
25356900
66321309,
00553500,
16855800,
35531300,
83742300»
14301400,
59373400,
38598400,
905373090,
23654300,
385645600,
33444900,
242323090/

762193300,
41331300
361439230,
51223800,
69123200,
213934200,
3749010J»
34319500,
293983800,
32439520
02241000,
46733500,
26333300,
17245000,
23138190,
933230600,
85331560,
57203700,
31353500/

19



60

65

70

8)

20

FUNCTION FINT2

Crks
CHxhk
CH ks
Coknk
C oo

Cesk

Chexx

Chwix

e e ® o ® & ® & o o o

73/74

JPT=1

DATA{(ARY(IsJ)s»J=1+2)+1[=383,43)/

3473937
0.95003
De95968
0.,96932
097533
0.,93251
J.98405
0499234
093533
0e79335
0979963

33337
27177
82914
53284
11745
72635
+1263
39003
18429
43758
35330

52795
84437
48742
532064
35135
53014
29523
23762
37209
03181
33239

21593203,
63573602
53939000,
21217407,
45545300,
677447090,
79943100,
62457203,
290650090
5777249,
75682810,

0.01116
2.J01016
0.00914
0.00312
0.00709
0.00605
0.00501
0.00396
0.,00291
J.00189%
0.000759

21020
07705
36712
63769
64707
85455
42027
45543
07318
39507
67320

INTESRATIION DINE BY TRANSLATING F
INTERVAL =1 TD L

D) 1 I=1,43

T = ((D3-DA)*RDIT(L) +(D8+DA))/2.D0
ANSAER = ANSAER + AEIsAT(I) * F(T)

T = ((D3=-DA)*(~RIAT(I)) +(I08+DA))/2.DD
ANSAHER = ANSWER + AZIGAT(I) * F{T)
FINT2 = (D3-DA)¥ANSWER/2.DD

RETIRN

END

FTN 442+75060

99838
35008
30783
25598
91153
04235
42927
38444
17934
38946
55552

TO THE

49359100,
41575800,
385663300,
75321700,
86526900,
96168300,
51759300,
68657400,
94540800,
92173200,
01242900/



FUNCTION RECT

CH¥kk
Cokdkk
CHakk
CRERR
Ch¥xx
Chks
ChExk

CrExxk

Chetkk

CHkkk

73/74 IPT=1 FTN 4.2+73269

FUNCTION RECT(As3sR)
RECTANGLE PRIBABILITY...
VILUME UNDER THE NJRMAL BIVARIATE DENSITY,
~INF<x<Ay =INF<Y<3,
3Y 3RJIWNLIWs SDC/ISI

CIMMON/GPARM/ AA,33,2R,54R

EXTERNAL G
AA = A
38 = 3
kR = R

SIR = SURT(Lle=R*¥R)
RECT = FINT2(Gs-13.54)

RETURN
END

21



10

22

FUNCTION

~
)

Ceukk
Crekk
Cehkx

Coekk

73/74 JPT=1 FTN 4.2475060

FUNCTION G(X)
CONDITIINAL DISTRIBUTION FUNCTION...
CIMMIN/GPARM/AsB,yR,SQAR
T = (3-R*¥X)/S2JR
g = EXP(=X¥X/2.)%PHI(T)*2,506628275

ETURN
END
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35

FUNCTIUON TINV

Chx*x
Cxx ¥k
CHixx
CHk ¥k
CHeks
CHdkk
C ook
Cxddok
CH* ¥
C oo x
Cedkk
Chkdk
C % ok

Chkkk

Cheks

Crsk

Chsdn

109

CHexk

73/ 74 JPT=1 FTN 4.2+75060

FUNCTION TINV(®,4,3,R)

DENIM
THAX
TAIN

GIVEN A<Y<3 FIND T SO THAT =T<X<T AND
P( -T<X<T \ A<Y<3) = P

WITA COEFFICIENT OF CORRELATION BETWEEN X AND
Y €uaL TO R,

P —T<X<T \ A<Y<B) = P( =T<X<T, A<Y<B)/P(A<Y<B)
T IS FOJUND BY INTERVAL HALVING.
3Y 3R3WNLIW, SODC/ISI

= PHI(3)-PHI(A)
= 10.
= )o

D) 1 I=1,50

T =

(TMAX + TMIN)/2.

PCIAPT = RPROB(A»39=TyTHR)I/DENIM

IF(PCIMPT JGTe P) THMAX =
IF(PCIOMPT LT ?) TMIN =
ABS(PCIMPT-P) JLE. 1.

IF(

T
T
E=-5) GJ T0 2

CIONTINUE

PRINT 100, PeAs3sRr
FIRMAT(* CJULON'T FIND T IN 350 ITERATIONS: Ps*,F7.4,% As*,F7,4

%
TINY

Bk F7,49% RakesFT,4)
= (TAIN#TMAX) /2,

RZTURN

TINV

=T

ReTURN

END

23




FUNCTIIN R?P33 73774 Jri=l FTN 4.2475060

FUNCTTIIN RPRIB(A,3,5,0,09)

CHesx
Chaks RECTATIGLE PRIZAIILITY FIR BIVARIATE
CHrexk NIRAAL DISTRIBUTION oo
5 Cxkkk
CHexx £<X<D
Ceakk A<Y<3
Crkxs
Craxx AND TH4F CIEFFICIANT OF CORRELATION BETWEEN
190 CR¥xkx X AN Y IS R,
Cebkk 3Y 3RIWNLIAs SOC/ISI
Ckdek
RPRI3 = (RECT(De39R) = REZT(Z»3+R)=RECT(DsA»R) + RECT(CsAs»R))
. #0.159151343
15 Crek®
C o dokk
RETURN
END

24
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FUNCTION PHI

Ch¥kk
Chdk

RETURN
END

73/74

aPT=1

FTN 4.2+47536)

25
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25

26

FUNCTION PHI

Chuksk
CHiekx
Cakx
CHku
Crakx
Crexk
Chexnx
Ca%sx

Crise

Chrkis

Chktk
ChEkk
SEkkk
Ceexx

Chkkx
CHreas
Crexx

Cexex

Cheehs
CHkak
Crexx

Chexx
CHExx
Cskk

CoHRNE
Crkwx
Cokax
Cakkx
Cx*kk

Chekx

73/74 J?T=1 . FTIN 4.2+475060
FUNCTION PHI(X)

NORMAL(O,1) DISTRIBUTION FUNCTION
PHI(X) = INTEGRAL 0OF NIRMAL DENSITY
FR3I4 ~INFINITY T3 X.

BY 3RJIANLINs SDC/ISI

LIGICAL FLAG

IF(X +GT. =10.) GJ T3 1
PHI = 0.

RETURN

IF(X +LT. 10.) 53 TO 2
PAI = 1.
RETURN

FLAG = oT.

DETERMINE IF X>Jy SERIES EXPANSION IS FIR
PJSITIVE VALUES IF X

GTe J4) 50 T2 3

IF (X
AS oFo

il
-
un e

INITIALIZE VALUES FOR 2ARTIAL SUM OF THE SERIESess

A
U
5:M
Tipe
3T

A35(X)
l.

0.
b4

l.

CIONTINUE
SAVE = 5UM
SJM = SUM + TOP/BIT

CONTINUE T3 SUM UNTIL MACHINE UNDERFLIWS.s.
IF(SAVE +E2. SUM) 30 TQ 5

UPDATE EXPRESSICNS FOR THE SUM...
T3p

337
31 T

TIP*ZI%Z
+ 2'
33T%)

4

2
1]
w o

[ )

DEPENDING JPIN WHETHER JIRIGINAL X>0 IR X<0,
GET APPRJIPRIATE INTEGRAL VALUE...

94T = SUM/SART(He2331853I3%EXP(X%X)) +,5
IF(FLAG) RETURN

241 = 1.-°41
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FUNCTION FRAC

CHekk
Chrax
CHxkk
CHxk®
Chkex
CHrxk
CHk k%
Chiaks
CrExk
ChEkx
Chexx
CHkik
Crbkk
Chxkk

Chkdkk

Chkkx

100
CHkdk
Crakk

CChREH
Ceek%
Chuks

Coedekk
Chske

Chek¥
Crrkx

Chakn
Chukk
Chrxk

Crexx
Creks

73/74%

IPT=1 FTN 4,2+75060

FUNCTION FRAC(PV,Y1,Y2)

KJUNT =

TYIN = 0.
10.

TYAX =

GIVEN A 3IVARIATE NORMAL DISTRIBUTION
4174 COEFFICIENT OF CORRELATION RH3D

AND Y1 <€ Y < Y2, FRAC{(PV,Y1l,Y2) RETURNS
THAT VALUE T, SUCH THAT:

PROB( =T < X < Ty Y1 €Y < Y2 ) = 2V

BINARY SEARCH, LIMITED TO A MAXIMUM OF 20 ITERATIONS

8Y 3RIWNLOW, SDC/ISI» 11/79

T = (TMIN+TMAX) /2,

VAL = ReCT(=TsTsY1sY2)

PRINT 100,

FIRMAT(

&

VALY T
*¥2F10.,0/77)

IF WERE 'WITHIN 1l.E-5 DF THE VALUE, WE
HAVE FOUND THF SOLUTION«..

IF( ABS(VAL=°V) LLT. l.E=5) GO TO 2

IF(vaL
IF(vaAL

IF(KDUNT

LT
o GT.

PV) TMIN=T
PV) TMAX = T

CHECK FOR MAXIMUM NUMBER OF ITERATIONS...

«5E.20) RETURN

KJUNT = KIINT + 1

o) T 1

FRAC =

RETURN
END

T

27
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15

20

28

FUNCTION CINDEN 13174 JPT=1 FIN 4.2+75060

Chekk
CHExk
Crkkk
CHrxk
Crexx
Chrek
CHrnx
Crsks

Chxkx
CHxkxk

CHAkk
CHskk

Cekk

Crexx

FUNCTIIN CONDEN(X)

CONDITIINAL DENSITY FUNCTION OF X» GIVEN
A<Y<3 FROM BIVARIATE NORMAL DISTRIBUTION
FIX,Y) WITH COEFFICIENT OF CORRELATION RHO.

8Y BRIWNLIWs SDC/ISI» 11/73

CIMMON/ARG/RAD» Ay B

SeT UP THE PARAMETERS, PHI IS THE UNIVARIATE
NJRMAL DISTRIBUTION FUNCTION,

SAAT (1. -RHI*RAHT)
PHI(B)}=-PHI(A)

R
D
T PHI( (3=RAQ%X)/R) = PHI( (A=RAO%X)/R )

CINDEN = EXP(=X¥X/2.)%T/(D%2.506628275)

RZ TURN
END




10

15

20

FUNCTION S

CHnkk
N ELL
CHakx
Creex
Cresk
Crisk
kA%
Chkak
CHrkax
CHkxs
Corskx
Ch bk
Chxkk

CHkkx
Chrkss
CHirk

CHkke

m
< 1T

713774

J2T=1 FTN 4.,2+75060

FUNCTLIN G(SeT)

EXTERYAL FoN

Tr =7

TURN
J

ALVALIATE NIMAL DISTRIBUTIIN FUNCTION.
G(S+1) = DIYBLE INTEGRAL OF NORMAL
AIVAKIATE JENSITY FUNCTIIN, —INF TQ 3,
-INF TD T,

MITILE TAAT THE NUMERICAL CIMPUTATIONS
Use THE FACT THAT THE CONTRIBUTION TO THE
INTZG6RAL vaLUR FRIM ~INF T7 =15,

15 INSIGHIFICANT.

AY 3uJANLIWs SDT/ISIy 117739

CINMIN/PASS/UT

O = FINT2(FINs+=13453)/5.283135308

29
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15

29

30

FUNCTION FCH

SRRk
CHrhd
Chaxk
Cee®s
Chrns
Cakkk
Crkex
Caxdn
CHakk
CHexs

Cokdk

Cr¥es
Chert

Cekxk

CHskx
Cekxx

73/74 3PT=1 FIN 4.2+475060

FUNCTIIN FIN(X)
DENSITY FINCTION FOR DJUBLE INTEGRAL,
PHI(X)*Z(LK)y WHERE PHI AND Z ARE THE

NIRMAL ODLISTRIBJTION AND DENSITY FUNCTIONS
RESPECTIVELY,

RY 3RJaNLIAy SUC/ISIy 11/79
CITNIN/ARG/RHAD A 3
CIMMON/RPASS/TT

Z0ARG) = EXP(=AR3¥4R5/2,)

J o= (TT=RAJex)/SAIRT(Le=43%R4])

FCN = PHI(UYRZ(Xx)*2,4309623275

RETURN
cND




10

FUNCTIIN R=CT

CHkwk
Cxxxk
CHkak
Créxx
Crrxe
Chrax
Coks
CHexx

Crve

73/74% 3°T=1 FTN 4.2+75060

FUNCTIIN RECT(X1sX2,Y1lsY2)
QECTANGL: PRIBAITILITIES FOP BIVARIATE NORMAL
SIS5T=i3JTION, X1€X<X2sy Y1<Y<Y2, AND THE
CIEFFICSIENT JF CIRRELATIIN IS RHO.

3Y 3I4NLIWs SOC/ISIs 11779

(X29Y2)=G(X1spY2)=5(X24YL)+G(X1sY1)

A
"
(@]
—
[
G2

31
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15

32

FUNCTION CINOIST 75/7+ JPT=1 FTN 4.2+75060

Cohkxxk
Cexks
Crdxxk
CHkkx
CHiss
Chrkk
Cresx
Chkkk

Chkek
Ok Ak
Crekk
Crexk

CHxkk

FINCTIIN CONIISTIX)
CONOITIINAL DISTRIBUTIION FUNCTION JF X GIVEN
A<Y<3 FRIM IIVARIATE NORMAL DISTRIBUTION
F(XsY) WITH CIEFFICIENT 3F CORRELATION RHO.

3Y 3IRDANLIA, SOC/ISI, 11779

CIMMIN/ARG/RH I 808

PAL IS THE UNIVARIATE NO«MAL DISTRIBUTION

FUNCTION,
CINDLST=(G{X»B)=5{XsA) )/ {(PHT(B)=PHI(A))¥64283135308)
PETURA
END
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FUNCTION FINT

CxkXxx
Chrkkx
CHxks
Chomx
Crexs
Chakx
Crnxx
Chkkx
Cosnn

Crevs
Cekhn
Chbhx

Chddk

CHexns

2

e ®© o o © & © o s o & & o

7377

4 13T=1

EJNCTLIN FINT2(rsas3d)

JDIJ3LE PREZIST I

ZIUIVALENS

0.01627
Je043s)
De0d127
Jellldng
Jed25937
Ocl7i0)
Je21003
0424174
De2731L73
Je33435
Ga33529
Dedb504
UeddnTy
Ded2947
Der5470
Je4d3al
Jedllnd
Ve23 i

dATA ((Ax
Oedobul
Uob‘/jl\-)_i
JeHl392
Ceb44ln
Debn3lL
Ned42%n
Jelibon7?
Je734903
Celoidd
2edd33)
Jedl 3490
3.337)2
Vo34
043713143
Vet 3539
0.99145
Ve1ind7
Je32771

FTN 4.,2+75069

INTEGRAL JF THF FUNCTION F FRIM A TO B
5aJ>31AN=LESENDRE QUADRITURES
5 EVALJATIINS JF F(X),

3y

eyt RES

F 4J5T 43¢

T4s
AY 34 TaNLIds

cALLI

2031 L

JECLARED EXTerNAL IN

15

48)

T O(ARY(191)5233T(1))y

AEIGHT(43),

PR)5344,
5007181

ST J® RIITS AND JEIGHTS e
DATA ((ARY(Lsd)ed=142)9I=1s1R)

57443
23351
74354
53501
371456
533823
13104
31551
33123
479443
35227
nRH]1 1
71545938
33334
44221
797393
41771
31323

Y(isd)
J4l3ds
23h47
34401
3437
331G3
+23%85
53123
Inai37
23411
30%33
37441
DRIEVNS
35112
29334
3373593
*3174
Js353
14231
24,67

43602
30043
54425
Lubhs
56435
57513
53567
53349
31043
94495
202y
72313
24303
27300
57743
20336
54967
24327

1J=1s2
21397
77272
25453
FERLYS
433ln
42171
L3357
CE R N]
T6ha!
27433
37149
37351
25127
34591
PEEE 1]
D242)
12352
23393
22303

/

46357903y  N,03255 056144
73111200y 0403251 61187
55393420, 0.03244 715637
92091100, 2.03234 33225
941398900, 2.03220 352047
0275300y 0403203 44562
293523002, J.23132 37583
212323800, 0.03138 33307
14143720, J.,03131 64255
32302430, 2493101 03325
422614820y 0403067 13701
935031D9s Q433229 23154
50323500, 0.,02939 63441
24335500, 0.02945 10399
00863400 24028739 45141
35376300, 0422349 74110
573546927 2.02797 00076
43022730y 0.02741 29527
) 1=13,37)/

16340400y 0.020682 63667
133653400y 0,02621 23407
57033500, 0402357 00300
12579520, 0.02490 06332
19395399,  0.32420 43417
56134493, 0.02348 33930
3292253 0.22273 703696
13235109,  J.02136 6bH444
43370320, 0.02117 29398
21750403y 2492035 67371
317229990y 0.91351 30311
673593433y .0,013606 057936
12144402y 0,01778 23223
49345393, 0D.,01638 54798
302374203y J.01537 05629
41603570 J J.01503 87210
34131300, J.01409 03417
274290507 0,01312 32295

59395200,

DATA((ARY(IsJ)sJ=1s2)9»1=233,43)/

7.01215 15046

36 POINT FIRM

32363
13368
14964
58575
34030
31992
34411
70727
36861
86313
23669
20827
36328
58167
50555
65085
16348
26229

25591
35672
35349
22483
92364
35326
38329
38744
92191
54333
40145
27411
16045
64245
32562
26394
72314
66961
71088

ANSWER»DA» DBy ARY (48 2)
(ARY(152)sWEIGHAT(1))

16624200,
33598700,
26336400,
923423D0»
25056900,
66321300,
00533500,
16355800,
35531300,
837423D0»
14901400,
59377400,
33538400
90597000,
23654300,
38564500,
33444900,
24232300/

76219300,
41331300,
36149300,
61029800,
69128200,
219434200,
37430109
34319500,
29338300,
32429500,
02241000,
46733500
260333800,
172459000,
29138100,
338006D0»
36071600y
57263700,
31953500/

33




62

6>

72

75

80

85

34

FUNCTIIN FINT

Cxxixx
Chk %% i
Cxxnx
Ch¥kx
Chxxx

Cox%vkx

Cudssk

Crexx

2

21020
07705
50712
68769
54707
85455
42027
45543
07318
39607
67320

TRANSLATING F

73774 JPT=}
093337 53397 22752 21%93¢9)y 0401116
QDed3Ud3 27177 34437 235756D0, 0.0101¢
Jed5%0% 42314 3742 539302300, 0.00914
vednindld H3234 53254 21217410 Je00312
Jed97243 Ji745 39132 45045300, J2.00709
Ved3231L 12235 53214 57744700 0,00605
Uev3335 41263 29523 793431N0, 0.00501
De929% 33303 23742 5245723, 2420336
Oe#3095 1Rwdw 372307 29065000y 2,30291
Je9383n 43753 H3L12Ll 57772400, J.00185
Je7d9953 39033 332302 766824920, D.I0079
INTZGRATIIN DINE RY
INTE=<Jep =1 T) 1

11)41—{ = \.‘.L)O

J3 = 3

J\ = A

) 1 I=1,43

T o= (()s=0A)r%P? J3TAI) +(D3+DA))/2,00

ANSWER = ANSAER + 4EIGAT{I)Y = F(T)

To= (()3=-0AY%(=23T37([)) +{D3+DA))/2,.,D0

ANSwitx = ANSYER ¢ delonwT(I) * F(T)

FidT2 = (03=-Da)*aANSAER/2,.,0D0

RETURN

N

FTN 4.2+75060

99838
35008
30783
25698
91153
04235
42927
38444
17334
33946
65552

TO THE

49359100,
41575300,
386%33D0,
75321700,
36526900,
96168300,
51759300,
68557400,
94640800,
92173200,
01242900/

(
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FUNCTION PHI

CHekx
CrEkk
Chikk
Creks
CHkkk
Crekk
Chaxx

CHekk

Crdokk

Chkd
Crkks
Crexs
CHkks

Crdk
CHrkxk
CHrhxxk

Chkk

Cxkix
Cha*k
Chekk

ChekE
Cheks
Chuksk

CHkix
Crax%
Cresk
CH&x%
Crekk

Crexs

CHkkk

13/74 JPT=1 FTN 4,2+75050

FUNCTION PHI(X)

NORMAL(O0,1) DISTRIBUTION FUNCTION
PHI(X) = INTEGRAL OF NIRMAL DENSITY
FROM =INFINITY TO X,

LIGICAL FLAG
IF(X oG6Te =104) G2 TJ 1

P4 = O,
RETURN
IF(X oLTe 104) G3 T 2
PALl = 1.
RETURN
FLAG = +T.
DETERMINE IF X>J» SERIES EXPANSION IS FOR
POSITIVE VALUES JF Xaeo '
IF(X «5Te J¢) GI T3 3
FLAG = «F.
INITIALIZE VALUES FOR PARTIAL SUM OF THE SERIES...
7 = A3S(X)
D = 1.
SJM = Q.
TP = Z
37T = 1.
CINTINUE

SAVE = SUM
SJM = SJUM + TOP/3OT

CONTINUE T SUM UNTIL MACHINE UNDERFLOWS.s.
IF(SAVE +EJ. SUA) GJ TD 5

UPDATE EXPRESSIINS FOR THE SUMeso

TIP = TiP*xlx7Z
D = D + 2,
33T = 33T*)
Gl TJ ¢4

DEPENDING UPON WHETHER ORIGINAL X>0 OR X<O0»
GET APPRIPRIATE INTEGRAL VALUEse.

PHL = SUM/SART(5,233185308%EXP(X*X)) +.5
IF(FLAG) RETURN

041 = 1,=-PA41
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FUNCTION PHI

Ckxk

RETURN
€40
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