
 

 

 

 

N O T I C E 

 

THIS DOCUMENT HAS BEEN REPRODUCED FROM 
MICROFICHE. ALTHOUGH IT IS RECOGNIZED THAT 

CERTAIN PORTIONS ARE ILLEGIBLE, IT IS BEING RELEASED 
IN THE INTEREST OF MAKING AVAILABLE AS MUCH 

INFORMATION AS POSSIBLE 

https://ntrs.nasa.gov/search.jsp?R=19800019196 2020-03-21T16:48:36+00:00Z
brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by NASA Technical Reports Server

https://core.ac.uk/display/42864344?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


NASA Tcchnid Memorandum 82535 

STRESSES AND DEFORMATIONS 
IN ELLIPTICAL CONTACTS 

(~asr-ra-8153s) STRESSES a . v ~  D E P O R U A Z I C ~ ~ S  N ~ I O - L ~ ~ S ~  , 
II E L L I P T I C A L  CONTACTS ( N A S A )  

19 p HC A02/flP A01 CSCL 13'1 
I 

Unclas 
G3/37 28066 

Bernard J. Hamrock 
Lewis Research Center 
Cleveland, Ohio 

Lecture 1 of a series given at the 
University of ~ u l e i ,  ~ u l e i ,  Sweden, 
July %-August 16, 1980 



STRESSES AND DEFORMATIONS IN E L L I P T I C A L  CONTACTS 

Bernard 3 .  Hamrock 

Nat iona l  Aeronautics and Space Admin is t ra t ion  
Lewis Research Center 

Cleveland, Ohio 44135 

CONFORMAL AND NONCONFORMAL SURF HLES 

Hydrodynamic l u b r i c a t i o n  i s  gene rd l l y  c h a r ~ c t . e r l z e d  by sur faces t ha t  
are conformal. That i s ,  t h e  sur faces f i t  snugly  i n t o  each o ther  w i t h  a h i gh  
degree o f  geonletr ical  confoml i ty ,  so t h a t  the  load  i s  c a r r i e d  over a  r e l a -  
t i v e l y  la rge  area. Furthermore t he  )odd-carry ing sur face area remains 
essen t i a l  l y  constant  whi l e  the load i s  i r~creased.  F l u i a - f  1 l m  j o u r n a l  and 

7 s l i d e r  bear ings a re  conformal surfaces. I n  j o u r n a l  bear ings t he  r a d i a l  
c l e a r w c e  between the  s h a f t  and t he  bear ing  i s  t y p i c a l l y  one-thousandth o f  
t h e  sha f t  diameter; i n  s l i d e r  bedr ings t he  i n c l i n b t i o n  o f  t h e  bear ing  sur- 
face  t o  t he  runner i s  t y p i c a l l y  one p a r t  i n  d thousand. 

Mdny machine elements have con tac t ing  surfaces t h a t  do no t  conforrr~ t o  
each o the r  very we) 1. The f u l l  burden o f  the  load  must then be c a r r i e d  by a 
very smal l  con tac t  area. I n  general  t he  con tac t  areas between nonconforn~al 
sur faces en large considerably w i t h  inc reas ing  luad  b u t  dre s t i l l  snldl l  corn- 
pared w i t h  t he  con tac t  areas between conformdl surfdces. Some examples of 
these nonconformal surfaces a re  mat ing gear teeth ,  canls and fo l lowers ,  and 
ro l l i ng -e lement  bearings. 

The load per u n i t  area i n  conforn~al  bear ings 1s r e l a t i v e l y  low, t y p i -  
c a l  l y  o n l y  1400 N I ~  and seldom over  35 000 N1mL. By con t ras t ,  t h e  load 
per  u n i t  area i n  nonconfom~al  contdcts,  such as those t h a t  e x i s t  i n  b a l l  
bearings, w i  11 gene ra l l y  exceed 700 030 ~ l n g ,  even a t  modest appl  i e d  
lodds. These h i g h  pressures r e s u l t  i n  e l d s t i c  de fomlo t ion  of n ~ d t e r i a l s  such 
t h a t  t h e  e l l i p t i c a l  con tac t  areas a re  formed f o r  o i l  f i l m 1  generat ion dnd 
l odd  support. The s i g n i f i c a n c e  o f  the  h i gh  con tdc t  pressures i s  t h d t  they 
r e s u l t  i n  a cons iderab le  incredse i n  f l u i a  v i s c o s i t y .  lnasn~uch as v i s c o s l  t y  
i s  a  measure o f  a f l u i d 8 s  res is tance  t o  f l ow,  t h i s  increase great  l y  enhances 
t he  l u b r i c a n t ' s  a b i l i t y  t o  support  load w i t hou t  be ing squeezed o u t  o f  t h e  
con tac t  zone. 

F igure  1 shows t he  nonconformal sur faces o f  o b a i  l bear ing. The b a l l  
and race conform t o  sonie degree i n  the  sec t i on  shown i n  f i g u r e  l ( a ) ,  bu t  the 
sec t i on  view shown i n  f i g u r e  l ( b )  c l e a r l y  e x h i b i t s  l i t t l e  conformi ty .  We 
a re  concerned o n l y  w i t h  nonconfom~a 1  contacts.  



CURVATURE SUM AND OlFFERENCE 

The unaeformea geometry o f  contact ing s o l i d s  can be represented i n  gen- 
e r a l  terms by two e l l i pso ids .  The two s o l i d s  w i t h  d i f f e r e n t  r a d i i  o f  curva- 
t u r e  i n  a p a i r  o f  p r i n c i p a l  planes ( x  and y)  passing through the contact 
between the s o l  i ds  make contact a t  a s ing le  p o i n t  under the  cond i t i on  o f  
zero appl ied load. Such a cond i t i on  i s  c a l l e d  p o i n t  contact and i s  shown i n  
f i g u r e  2, where the  r a d i i  o f  curvature are denoted by r ' s .  I t  i s  assuned 
throughout the l ec tu re  t h a t  cor v - A  surfaces, as shown i n  f i g u r e  2, e x h i b i t  
p o s i t i v e  curvature and concav~  ~ r f  aces, negat ive curva+llre. Theref ore, i f  
the center o f  curvbture l i e s  w l t h i n  the so l id ,  the radiu, o f  curvature i s  
pos i t i ve ;  i f  the  center o f  curvature l i e s  outs ide the so l id ,  the  rad ius  o f  
curvature i s  negative. I t  i s  important t o  note t h a t  i f  coordinates x and 
y are chosen such t h a t  

coordinate x then determines the d i r e c t i o n  o f  t he  semiminor ax i s  o f  t he  
contact area when a load i s  appl ied and y, the d i r e c t i o n  o f  the semimajor 
axis. 

The example of a b a l l  bearing i s  used t o  i l l u s t r a t e  the  d e f i n i t i o n  o f  
the r a d i i  o f  curvature. A cross sect ion o f  a thrust-loaded b a l l  bearing 
operat ing a t  a contact angle 6 i s  shown i n  f i g u r e  3. Equivalent r a d i i  o f  
curvature f o r  both inner- and outer-race contacts in,  and normal to, the 
d i r e c t i o n  o f  r o l l i n g  can be ca lcu la ted  from t h i s  f igure.  The r a d i i  o f  cur- 
vature f o r  the b a l l  - inner-race contact arc 

ae - d COS 8 
r r  
bx 2 cos 6 

The r a d i i  o f  curvature f o r  the b a l l  - outer-race contact are 

de + d COS 6 
r = -  
bx 2 cos 0 ( 6  

Note tha t  the b a l l  - inner-race and b a l l  - outer-race contact i nequa l i t y  (1) 
i s  s a t i s f i e d  and t h a t  the s ign  convention mentioned e a r l i e r  has been adopted. 

The curvature sum and di f ference, which are quan t i t i es  of some impor- 
tance i n  the analysis o f  contact stresses and deformations, are 



where 

Equat ions (10) and (11) e f f e c t i v e l y  r e a e f i n e  t h e  problem1 o f  two e l l i p s o i d a l  
s o l i d s  approaching one another i n  te rn6  o f  an equ iva len t  e l l i p s o i d a l  s o l i d  
o f  r a d i i  R x  and Ry approaching a p lane i n  t h e  manner shown i r l  f i g -  
u r e  4. From t h e  rad ius-of -curvature expressions, t h e  r a d i i  Rx  and 

Ry f o r  the  con tac t  example discussed e a r l i e r  can be w r i t t e n  f o r  t h e  
b a l l  - inner-race con tac t  as 

and f o r  the  b a l l  - outer-race con tac t  as 

Q(de d COS 8 )  

Rx = 

GEOME T R l  CHL SEPHRHT I O N  OF ELL1 PSOlOAL SOL IDS 

The geometr ical  separa t ion  (Sax + Sbx{ o r  ( S a  + Sb ) between 
two el l ipsoia.1 s o l i d s  i s  thus nlade equiva e n t  t o  i n a t  b i tween a s i n g l e  
e l l i p s o i d a l  s o l i d  and a p lane i n  t h e  manner shown i n  f i g u r e  4. The geomet- 
r i c a l  requirement i s  s imply  t h d t  a t  any value o f  x and y ( f i g .  4 ( a ) )  the 
geometr ical  separat ion between t h e  two e l l i p s o i d s  must be t h e  same as t h e  
separa t ion  between the  equ iva len t  e l  l i p s o l d  and a p lane  a t  t he  same values 
o f  x and y ( f i g .  4 ( b ) ) .  From f i g u r e  4 (a )  t h e  f o l l o w i n g  can be w r i t t e n :  



But 2rax >> Sax, so ( 1 7 )  becomes 

This i s  the we1 1-known parabol ic  approximation t o  the c i r c u l a r  sect ion o f  
the s o l i d  and i s  v a l i d  as long as the separat ion i s  much smaller than the  
radius of curvature. S imi la r  expressions f o r  Sa , Sbx, and S can 
be wr i t ten ,  and the expression f o r  the t o t a l  separation of an e ? ~ i p r o i d a l  
s o l i d  and a plane ( f i g .  Q ( b ) )  can thus be w r i t t e n  as 

SURFwCE STRESSES AND DEF ORMHT IONS 

When an e l a s t i c  s o l i d  i s  subjected t o  a load, stresses are produced 
t h a t  increase as the load i s  increased. These stresses are associated w i t h  
deformations, which are defined by s t ra ins .  Unique re la t i onsh ips  e x i s t  be- 
tween stresses and t h e i r  corresponding s t ra ins .  For e l a s t i c  so l i ds  the 
stresses are 1 i nea r l y  r e l a t e d  t o  the  s t ra ins ,  with the  constant o f  propor- 
t i o c a l i t y  being an e l a s t i c  constant t h a t  adopts d i f f e r e n t  values f o r  d i f f e r -  
en t  mater ials.  Thus a simple t e n s i l e  load appl ied t o  a bar  produces a 
s t ress  01 and a s t r a i n  ~ 1 ,  where 

Load 
"1 Cross-sectional area = Stress i n  a x i a l  d i r e c t i o n  

in len th = S t r a i n  i n  a x i a l  d i r e c t i o n  '1 ' Origqnal leng:h 

and 

E = 2 = E l a s t i c  constant o r  modulus o f  e l a s t i c i t y  ( 2 2 )  
c 1 

Although no s t ress  acts transversely t o  the  a x i a l  d i rec t ion ,  there w i l l  
nevertheless be dimensional changes i n  t h a t  d i r e c t i o n  such t h a t  as a bar  
extends a x i a l  ly, i t  contracts transversely.  The transverse s t r a i n s  c 2  
are r e l a t e d  t o  the a x i a l  s t r a i n s  c l  by Poisson's r a t i o  v such t h a t  



where the negative s ign  means t h a t  the transverse s t r a i n  w i l l  be o f  the 
opposite s ign t o  the a x i a l  s t ra in .  The modulus o f  e l a s t i c i t y  and Poisson's 
r a t i o  are two important parameters used t o  describe the mater ia l  I n  the 
analysis o f  contact ing s o l  ids. 

As the stresses increase w i t h i n  the mater ia l ,  e l a s t i c  behavior i s  re- 
placed b j  p l a s t i c  flow, i n  which the mater ia l  i s  permanently deformed. The 
st ress s ta te  a t  which the t r a n s i t i o n  from e l a s t i c  t o  p l a s t i c  behavior oc- 
curs, known as the y i e l d  stress, has a d e f i n i t e  value f o r  a given mater ia l  
a t  a given temperature. I n  these lectures e l a s t i c  behavior alone i s  con- 
s 1 dered. 

When two e l a s t i c  s o l i d s  are brought together under a load, a contact 
area develops, the shape and s ize  of which depend on the appl ied load, the 
e l a s t i c  proper t ies o f  the materials,  and the  curvatures o f  the surfaces. 
When the two so l i ds  shown i n  f i g u r e  2 have a normal load appl ied t o  them, 
the shape o f  the contact area i s  e l l i p t i c a l ,  w i t h  a being the semimajor 
and b the  semiminor axis. I t  has been common t o  r e f e r  t o  e l l i p t i c a l  con- 
t ac t s  as p o i n t  contacts, b u t  since these lec tures  deal mainly w i t h  loaded 
contacts, the term e l l i p t i c a l  contact i s  adopted. For the special  case 
where rax = ra and rbx  = rb,,, the  r e s u l t i n g  contact i s  a c i r c l e  
ra ther  than an i!lllpsr. Where ray and r b  are both i n f i n i t e ,  t he  
i n i t i a l  l i n e  contact develops i n t o  a rectangle when load i s  applied. 

Figure 5 shows the contact e l l i p s e s  obtained w i t h  e i t h e r  a r a d i a l  o r  a 
th rus t  load f o r  the b a l l  - inner-race and b a l l  - outer-race contacts i n  a 
b a l l  bearing. These lectures are concerned w i t h  the conjunctions between 
so l i ds  w i th  contact areas ranging from c i r c u l a r  t o  rectangular. lnasmuch as 
the s ize  and shape o f  these contact areas are h igh l y  s i g n i f i c a n t  t o  the suc- 
cessful  operat ion o f  machine elements, i t  i s  important t o  understand t h e i r  
character is t ics.  

Hertz (1881) considered the stresses and deformations i n  two p e r f e c t l y  
smooth, e l l i p s o i d a l ,  contact ing e l a s t i c  so l i ds  much l i k e  those shown i n  f i g -  
ure 2. His  app l ica t ion  of the  c l a s s i c h l  theory o f  e l a s t i c i t y  t o  t h i s  prob- 
lem forms the basis o f  s t ress  ca l cu l s t i on  f o r  machine elements such as b a l l  
and r o l l e r  bearings, gears, seals, and cams. The fo l l ow ing  assumptions were 
made by Hertz (1881) : 

(1)  The mater ia ls  are homogeneous and the y i e l d  s t ress  i s  no t  exceeded. 
( 2 )  No tangent ia l  forces are induced between the sol ids.  
(3)  Contact i s  l i m i t e d  t o  a small p o r t i o n  o f  the  surface, such t h a t  the 

dimensions o f  the contact region are small compared w i t h  the r a d i i  o f  the  
el1:psoids. 

(4)  The so l i ds  are a t  r e s t  and i n  equ i l i b r i um (steady s ta te) .  
Making use o f  these assumptions, Hertz (1881) was able t o  ob ta in  the 

fo l low ing expression f o r  the pressure w i t h i n  the  e l l i p s o i d a l  contact shown 
i n  f i g u r e  6. 

I f  the pressure i s  in tegrated over the contact area, i t  i s  found tha t  

3F 
Pmax ' 2rab 

Equation (24 )  determines the d i s t r i b u t i o n  o f  pressure o r  compressive s t ress  
on the common interface; i t  i s  c l e a r l y  a maximum a t  the  center o f  the con- 
t a c t  and decreases t o  zero a t  the periphery. 



The e l l i p t i c i t y  parameter k can be w r i t t e n  i n  terms o f  the semimhjor 
and semiminor axes o f  the  contact e l  l i p s e  as 

Har r i s  (1966) has shown t h a t  the e l l i p t i c i t y  parbmeter can be w r i t t e n  as a 
transcendental equation r e l a t i n g  the curvature d i f fe rence (9 )  and the el 1 i p -  
t i c  i n teg ra l s  o f  the f i r s t  S and second 4 kinds as 

where 

A one-point i t e r a t i o n  method t h a t  was adopted by Hamrock and Anderson (1973) 
car, ae used t o  ob ta in  the e l l i p t i c i t y  parameter, where 

The i t e r a t i o n  process i s  normal ly continued u n t i l  kn+l  d i f f e r s  from 
k g  by less  than lx10-~. Note t h a t  the e l l i p t i c i t y  parameter i s  a func- 
t i o n  o f  the r a d i i  o f  curvature o f  the  s o l i d s  only:  

That is,  as the load increases, the semimajor and semiminor axes o f  t h e  con- 
t a c t  e l  1 ipse increase propor t ionate ly  t o  each other, so the e l  1 i p t i c l t y  
parameter remains constant. 

F igure 7 shows the e l l i p t i c i t y  parameter and the  e l l i p t i c  i n teg ra l s  o f  
the  f i r s t  and second k inds  f o r  a range o f  the  curvature r a t i o  Ry/Rx 
usual l y  encountered i n  concentrated contacts. 

When the e l  l i p i c i t y  parameter k, the  normal appl ied load F ,  Poisson's 
r a t i o  V, and the modulus o f  e l a s t i c i t y  E o f  the contact ing so l i ds  are 
known, the  semimajor and semiminor axes o f  t he  contact e l l i p s e  and the  maxi- 
mum deformation a t  the center o f  the contact can be w r i t t e n  from the analy- 
s i s  o f  Hertz (1881) as 



where 

I n  these equations a and b are propcr t iona l  t o  ~ 1 1 3  and 6 i s  pro- 
po r t i ona l  t o  ~213.  

SUBSURF ACE STRESSES 

Fatigue cracks usua l ly  s t a r t  a t  a c e r t a i n  depth below the surface i n  
planes p a r a l l e l  t o  the d i r e c t i o n  o f  r o l l i n g .  Because o f  t h i s ,  specia l  
a t t e n t i o n  must be given t o  the shear s t ress amplitude occurr ing i n  t h i s  
plane. Furthermore a maximum snear s t ress i s  reached a t  a c e r t a i n  depth 
below the surface. The analys is  used by Lundberg and Palmgren (1947) w i l l  
be used t o  de f ine  t h i s  stress. 

The stresses are re fe r red  t o  a rectangular  coordinate system w i t h  i t s  
o r i g i n  a t  the center o f  the contact, i t s  z-axis co inc id ing  w i t h  the ~ n t e r i o r  
normal o f  the body considered, i t s  x-axis i n  the  d i r e c t i o n  o f  r o l l i n g ,  and 
i t s  y-axis i n  the d i r e c t i o n  perpendiculdr t o  the r o l l i n g  d i rec t ion .  I n  the 
analysis t h a t  fo l lows i t  i s  assumed t h a t  y = 0. 

From Lundberg and Palmgren (1947) the fo l l ow ing  equations can be 
wr i t ten :  

2 3F cos 6 s i n  s i n  
r 

''x L* (a2tanZy + bScosZb) 

z = a tan y cos 6 

The maximum shear s t ress amplitude i s  def ined as 

The amplitude o f  the shear s t ress  70 i s  obtained from 



For the p o i n t  o f  maximum shear s t ress  

ir 
tan g~ = t 

a 

ii tan y = ta - 1 

The pos i t i on  o f  the maximum p o i n t  i s  determined by 

Z = to = (*b 

where 

Furthermore the magnitude o f  the maximum shear s t ress  i s  given by 

SIMPLlF 1EO SOLUTION FOR STRESSES AND DEFORMATIONS 

The c lass i ca l  Her tz ian so lu t i on  presented i n  the previous sect ion re- 
qu i res  the ca l cu la t i on  of the e l l i p t i c i t y  parameter k and the complete 
e l l i p t i c  i n teg ra l s  of the f i r s t  and second k inds S and 8 .  This e n t a i l s  
f i n d i n g  a scj lut ion t o  a transcendental equation r e l a t i n g  k, g, and t o  
the geometry of the contact ing sol ids, as expressed i n  ( 2 7 ) .  This i s  usu- 



a 1 1 y accompl i shed by some i t e r s t  i v e  numerical proceaure, as described by 
Hamrock and Anderson (1973). o r  w l t h  the a i d  o f  charts, as shown by Jones 
( 1946). 

Brewe and Hamrock (1977) used a 1 inear regression by the  method o f  
l eas t  squares t o  ob ta in  s i m p l i f i e d  equations f o r  k, s, and 4. That i s ,  
f o r  given sets o f  p a i r s  o f  data, i l k j ,  (R /Rx)j], J - 1, 2, ..., n), 
a power f i t  us ing a 1 inear  regression by {he method o f  leas t  squares n- 
su i ted  i n  the fo l l ow ing  equation: 

The asymptotic behavior o f  4 and S was suggestive of the func t iona l  
dependerlce t h a t  and 3 might exh ib i t .  As a r e s u l t  a logar i thmic and 
an inverse curve f i t  were t r i e d  f o r  4 and S, respective1 . The fo l low-  
ing  expressions from Brewe and Hamrock (1977) prov ide an exce l en t  approxi- 
mation t o  the re la t ionsh ips  between 4 ,  F and Ry/Rx: 

z 

Values of r, z, and 3 are presented i n  t ab le  1 and compared w i t h  the 
Hamrock and Anderson (1973) numerical ly determined values o f  k, 4, and 
F. The agreement i s good. - 

Using these simp1 i f i e d  expressions f o r  k, and and equation 
(34 )  gives the deformation a t  the center o f  the contact 

where 

Note tha t  the load-def lect ion constant K i s  a func t ion  o f  the geometry lnd 
the mater ia l  prope.rtfes. 

The r e s u l t s  o f  comparing w i t h  6 are a l so  shown i n  tab le  1. The 
agreement i s  again q u i t e  good. Therefore the deformation a t  the center of 
the contact can be obtained d i r e c t l y  from (47) t o  (51). This valuable ap- 
proximation e l iminates the need t o  use curve f i t t i n g ,  charts, o r  numerical 
methods. 

Figure 8 shows three d i f f e r e n t  degrees o f  b a l  1-contact conformity: 
a b a l l  on a b a l l ,  a b a l l  on a plane, and a b a l l  - outer - r ing  contact. 
Table 2 uses t h i s  f i g u r e  t o  show how the degree of conformity a f f e c t s  the 
contact parameters. The t a b l e  shows t h a t  k i s  no t  exac t ly  equal t o  u n i t y  
f o r  the bal l -on-bal l  and ball-on-plane s i t ua t i ons  because o f  the  approxima- 
t i o n  represented by equation (47). The diameter o f  the b a l l s  i s  the same 
tnroughout, and the mater ia l  o f  the  so l  i ds  i s  s teel .  The b a l l  - outer- r ing 



contact i s  representative of a 209 r aa ia l  b a l l  bearing. A 4.45-N (1-lbf) 
normal load has been considered f o r  each s i  turt ion. The ntclximum pressure 
decreases Signif i can t l y  as the curvature o f  the f i~ating surface approaches 
tha t  o f  the ba l l .  Table i! shows t ha t  the curvature o f  the mating surfaces 
i s  very important i n  r e l a t i on  t o  the magnitude of  the maximum pressure or 
surface stress produced. A b a l l  and r i n g  o f  high conformity are thus 
desirable from the stanapoint o f  minimizing the stress. 

Table E also shows t ha t  the area o f  the contact nab increrses w l th  
the conformity of  the contacting solids. Although t h i s  e f f ec t  a in lml ter  
contact stresses, i t  can have an undesirable ef fect  on the force o f  f r i c t i o n  
since f r i c t i o n  force increases as the contact area, and hence the area of 
the shearea lubricant, increase i n  a bearing operbting under elastohydro- 
dynamic conditions. The curvatures o f  the bearing races are therefore gen- 
e ra l  l y  a compromise tha t  takes i n t o  consideration the stress, load cryacity, 
and f r i c t i o n  character ist ics o f  the bearing. 

I n  equations (42) t o  (46) the locat ion and magnitude o f  the maximum sub- 
surface shear stress are wr i t ten  as functions of t,, an aux i l i a ry  par-- 
ter. Furthermore i n  e q u ~ t i o n  (41 )  the e l l i p t i c i t y  parameter i s  wr i t ten  r s  a 
function of t,. The range f o r  l / k  i s  0 < l/k < 1, and the corresponb 
Ing range for ta i s  O < t 1 + 4 A ITnerr regression by the 
method o f  least squbres ;as ufed t o  obtain a s impl i f ied fornula f o r  t, 
i n  terms o f  k, the e l l i p t i c i t y  parameter. That i s ,  f o r  given sets o f  ph i rs  
o f  data (((1 - ta)a, (11" j, J m 1, 2 ,  ..., n). r power f i t  using r 
l i near  regression y the ndthoa o f  least  squares resulted i n  the f t l l ow ing  
equation: 

The dgreement between t h i s  approximate equation ana the exact solut ion i s  
w i t h i n 1 2  percent. Using equation (52) great ly  s i n ~ p l i f i e s  f ind ing the val- 
ues f o r  the locatlon and magnituae of the maximum subsurface shear stress 
expressed i n  equations (42)  t o  (36). 

CONCLUDING REMARKS 

An assorted group o f  topics has been presented dealing wi th  conformal 
and nonconfornul surfaces, curvature sum and difference, and surface and 
subsurface stresses i n  e l l i p t i c a l  contacts. ~oad-def lect ion relat ionships 
have been developed f o r  any type of  contact. The deformation w i th in  the 
contact i s  a function, amorlg other things, o f  the e l l i p t i c i t y  paranstet and 
e l l i p t i c  integrals of the f brst and second kinas. Simpl i f ied expressions 
have been wr i t ten tha t  a1 1ou deformation t o  be calculated qulck l y  and, gen- 
era l  l y ,  wi th  adequate accuracy. A simp1 if ied expression was also developed 
that  enables the iocat ion and magni tuae o f  the maximum subsurface shear 
stress t o  be wr i t ten d i r e c t l y  without re ly ing  on an i t e ra t i ve  procedure. 



APPENDIX - SYMBOLS 1 
a semimajor a x i s  o f  contact  e l l f p s e ,  m 
b semirninor s x i s  o f  contact  e l l i p s e ,  m 
d b a l l  d idnuter .  m 
a e p i t c h  diameter, m 
E modulus o f  e l a s t l c i  ty,  ~ l m ~  -- 

e f f e c t i v e  nloaulus o f  e l a s t i c i t y ,  il / 1 + I ,  N I ~  

. . 

8 e l l i p t i c  i n t e g r a l  o f  second k i n d  w i t h  modulus ( 1  - l lk2)11' 
F nom101 app l i ed  load, F( 

JT e l l i p t i c  i n t e g r a l  o f  f i r s t  k i n d  w i t h  moaulus ( 1  - 1 / k2 ) l 12  
K load-aef l e c t i o n  constant aef ined i n  eq. (51) 
k e l  l i p t i c i t y  parameter, d l b  
n nreccarri, ~ l t d  

;ma x mbximum pressure w i t h i n  contact,  3F/krdb, 
Curvature sum, m 

r race curvdture radius,  m 
5 geonet r i ca l  separat ion of e l l i p s o i d a l  so l ids ,  nl 
t a a u x i l i a r y  parameter 
X * Y  cooraina t e  system 
6 contact  ~ n g l e  
r curvature d l t f e r e n ~ e  
6 e l d s t i c  deformation, n~ 
'1 s t r a i n  i n  a x i a l  d i r e c t i o n  
2 s t r a i n  i n  t ransverse a i r k c t i o n  

v Poisson's r a t i o  
"1 s t ress  i n  a x i a l  d i r ec t i on ,  
T shear stress, N l d  
0 nraximun, subsurf ace stress, ~/m;! 

Subscr ipts:  

a s o l i d  a  
b s o l i d  5 
i inner  race 
a ou te r  race 
X,Y,z coordinate sys tern 

Superscr ipt :  
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TABLE I .  - COYP-N OF APPROXMATE AND EXACT W U  W 

%'% 
k k Per- k M  klnd Numerkd. From Rr- 

c a t  a c u n c n t  cu 
Ermr I ji Pdr- F Per- Epuulon. ~ m t  

con1 - 
nnt 6 

Error Error 

TABLE 2 .  - EFFECT OF DEOREE OF CONFORMITY 

CONPACl' PAWETEIIB 

k o r  d l  three c u e s .  E' - 2 . 2 8 ~ 1 0 ~ ~  N/m2 bt..l on rtsel), 
F = 4 . 4 5 N , a n d  r U = r l y - 6 . 3 S m m .  Forthebal l -  
a n c r  rinp contat,  4, - ( r ~  mm, B - 0'. to - 0.52 
(uaumc 209 r l d l d  b d l  tear1ngj.1 

Contact 8 . 1 1  on M I  P.11 on Plane MI- Cmter 
Fr-meter7 -- R l w  ConUct 

'bx 6.35 mm - -I. B mm 



.T Balls 

Figure L - Ball bearing componenb. Example of n o n m h n u l  
surfaces. 

Figure 2 - Geometry d contacting elastic solids. 



Figure % - Cross sottion d bmll bearing. 

, R, - Sx 

y -0 Plane x - 0 Pltne y 0 Pkne x 0 Plane 

U) Two different e l i l W d r i  sollds. tb) Equivaknt elllpsoldrl solid near r plane. 

Flgure 4 - tqulvaknt ell1psdQl sollds. 



Figure 5. - Contact 3 r m  in a ball bearing. 

Figure 6. - Pressure distribution In on ellipsoidal contact 



Figure 7. -Ellipticity parameter and elliptic integrals of first and semd kinds as 
a function of curvature r r t k  

(a) Ball on ball. 
I 

m) Ball on plane. 

(c) Ball - outer-ring contact. 

figure - Three degrses nf rm:urmity. 
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